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Introduction

Throughout this Thesis we use an asymptotic-numerical method to compute

solutions and zeros of second-order linear ordinary differential equation as

' +a(x)y =0, (1)

on a half-line, in the oscillatory case.

Recall that every second-order linear ordinary differential equation like
Y"+a(x)Y' +b(x)Y =0, (2)

can be taken into the form (1) by appropriate changes of indipendent and

dependent variables [3], as

t(z) = to + 1 / e o N g (3)

Zo

where x, tg, t; # 0, or
YV = o2 )% a(T)dTy’ (4)

whenever coefficient a(z) has a continuous derivative.
We therefore consider the “canonical” form in equation (1) as the starting
point under the appropiate regularity of the coefficients a(z) and b(x) of (2).
Following Boruvka’s terminology [3], we refer to the coefficient ¢(x) in
(1) as to the carrier of the equation. Below, we apply our method to several

cases, i.e.:

b
a(z) =a+ —+O0( ) witha>0, beR, p>1; (5)
q(z) = cx™ [L+o(1)] as & — +o00, with ¢,m € R™; (6)

q(r) = e+ 0(e") with x € (p; +00), )
p,a>0,0<b<a.
Actually, we can pass from a case to another by simple transformations

hence all problems could be treated in a unified way. In fact, from
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d?y

-3 e +9(2)]y =0, (8)
setting t = €”, y(z) = y(logt) := Y (¢) and appling the transformation in (4)
we obtain

g(log 1)

1 a—2
Z" + oA Z =0. (9)

Note that the dominant term in the carrier is =2, hence for, e. g., a = 2 we
are in the case of the asymptotically constant carrier, for a > 2 we fall in the
case of the asymptotically polynomial carrier. When 0 < a < 2, equation
(1) may not have oscillatory solutions since the condition ¢(x) > 0 does not
sufficient to ensure the oscillatory behavior. Indeed, the following Theoreme

provides a sufficient condition for the oscillatority of solutions to equation
(1)

Theorem 1 |6, Theoreme 7.1, p. 362|. Let g(x) be real-valued and con-

tinuos for large z > 0. Then, if

1 1
—oo < limsup 2%¢(z) < 1 or o < liminf 2%q(z) < 400 , (10)

T—00 T—00

equation (1) is nonoscillatory [ or, respectively, oscillatory | as  — +oc.

It is easy to see that, for every value of a > 0 in (9), the carrier there
satisfies the condition (10), which implies that the equation is oscillatory.

If we start from equation (1) with the carrier in (6), i.e.,

d*y
T h(t = 11
e h]y =0, (1)
and set t = e, y(t) = Y(x), and apply transformation (4) with a(z) = —1,

as before, we obtain

Z" 4 et L e¥p(et) — 2| Z =0, (12)
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In this case, == a+2 > 2 < «a > 0, hence the leading coefficent of the
carrier is e, that is, we have an asymptotically exponential carrier

In this Thesis, we studied the problem of the asymptotic-numerical the
approximation of solutions to second-order linear ordinary differential equa-
tions in the rapidly oscillatory case. Zeros of the corresponding solutions
can also be evaluated by our approach without computing first the solutions
themselves.

The basic ingredients of the method are the theory of transformation of
second-order differential equations, developed by the group theorist O. Boru-
vka [2, 3], and the so-called Liouville-Green (or WKB, or WKBJ) asymptotic
theory, rigorously founded by F.W.J. Olver, [7].

We have applied the algorithm to three classes of rapidly oscillatory “car-
rier” gq(z) (see (5), (6), (7)), to compute a basis of solutions to equation (1)
as well as zeros of solutions, providing convergence results for the first two.
In each case, a few examples have been given, showing (in suitable Tables
and pictures) efficiency and accurancy of the algorithm.

Boundary-value (BV) problems and Cauchy problems for equation (1)
with rapidly oscillatory solutions have been solved by such algorithm. In
the Cauchy problem, we compared such solution with that obtained by a
very accurate, well established numerical method, the Runge-Kutta-Nystrom
method with 12/10 stages. Here some examples were also given, for which
Tables and pictures show the accurancy achieved by our algorithm. All ex-
amples have been worked out in the environment of MATHEMATICA, since
symbolic manipulations were essentials and the ensuing numerical treatment

rather simple. The Runge-Kutta-Nystrom code was runned in MATLAB.
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1 The underlying theories

O. Boruvka’s transformation theory was developed from Kummer’s theory

starting from an equation written in the “canonical” form

' +a(x)y =0, (13)

The coefficient ¢ is a continuous functions on the interval j := (a,b), where
possibly a = —oo and b = +o00. Boruvka called the function ¢ the carrier
of (13), respectively, and introduced the very important notion of phase (or
phase function) of a linear second-order differential equation. A phase func-
_ u(z)

tion, a(z), is any C®-solution of the equation tana(z) = o)

denotes a basis for equation (13). Moreover, a has the property that o/ # 0

where (u,v)

and, by differentiation, it turns out that

N w
o/(z) = u?(z) + v?(z)’ (1)

where W := wv’ — u/v is the (constant) Wronskian of u,v. It is possible
to avoid the explicit knowledge of u and v, and obtain a close-form third-

order nonlinear differential equation satisfied by « alone. This task can be

accomplished by repeated differentiations and using the fact that v’ = —qu,
v” = —qu. The resulting equation can be written as
2 1
o (x) = Q(*r) T 9 {av x}> (15)
where

{a,z} =

o(z) 3 (0/’2(33))2

o (z) 2\ o?(x)

denotes the so-called Schwarzian derivative of « |3, 8]. The close-form equa-
tion in (15) is a special case of the Kummer equation. As a consequence, it
can be easily shown that every solution to (15) is a phase function related to

the basis (u(z),v(z)) given by
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u(z) == |/ (z)|"Y?sina(z), v(z) = |a'(z)|"Y? cos a(z), (16)

see [2]

Therefore, knowing a single phase function, it is possible to retrieve a basis
(and thus all solutions) to equation (13). In addition, zeros of every solution,
for instance u(x), can be directly obtained through a(z), since u(xz) = 0 is

equivalent to a(x) = km, k € Z. Therefore, the relation
(k) — al@pa)| =7 (17)

holds, being x,_1 and x; any two consecutive zeros of any given solution of
(13). In fact, once that o(z) has been computed, and one of such two zeros
is known, it is possible to evaluate the other from(17). This amounts to solve
a nonlinear equation like «(x) = const. Note that, by (14), all phase func-
tions are strictly monotone. The concept of phase plays a central role in the
description of the solutions of second-order linear differential equations (and
of their properties). The approximation of a certain phase by the procedure
described below, enables to compute globally all zeros of any particular solu-
tion. We connected this idea to Olver’s Liouville-Green (WKB) asymptotic
theory.

In [7], F.W.J. Olver describes a method for obtaining the zeros of a Bessel
function and of other solutions of second-order differential equations solving
a certain nonlinear differential equation. More precisely, he derived a third-
order nonlinear differential equation satisfied by the generic zero, z = p(«),

of the solution y(z, @),
y(x,a) == u(z)cosa —v(z)sina = 0,

considering it as a function of the real parameter a. Here, u(z) and v(x)
represent any two linearly independent solutions of (1). This third-order

equation can be written as

= (1-50ad), (18)

1
q(p
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see 7, 8|.
It is easily checked that equation (15) can be taken into (18) upon the
transformation p = p(«a) and conversely. To evaluate the zeros of cylinder

functions, Olver used the iterative scheme

1 1
2
Pr - N 1__{Pn705}>7 TL:O,l,Q,...,
o q@m< 2

suggested by (18). It turns out that {p,a} = O(a™?) as o — +oo [7].
We found more convenient to base our approach on equation (15) rather

than (18), hence we used instead the iterative scheme

ay = q(x),
12 1 (20)
aml:q(x)—ﬁ{an,x}, n=20,1,2 ...

The sequence {a/,} defined in (20), with ¢(z) belonging to the classes (5),
6) or 7), converges (in a suitable sense) to a solution, o/(x), of (15),which
possesses a certain asymptotic behavior and satisfies the relation (14), (u,v)
being a Liouville-Green (or WKBJ) basis, see [8]. We call this phase function
a Liouville-Green phase and write a(x) = apg(x). The convergence of a, to
arq is usually very fast and thus the method seems to be very competitive,
especially to evaluate zeros of rapidly oscillatory solutions, when compared to
methods based on the preliminary numerical evaluation of the solution to the
original differential equation (1). The Liouville-Green basis is given by the
Olver’s Theorem [8, Ch. 6, Thm 11.1|, which is of fundamental importance
and ensure the existance of two linearly independent solutions, holomorphic
in a complex domain, of an equation written as
d*w

& =) ) w,
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where f(z) and g(z) are holomorphic and f(z) does not vanish.

Introducing the auziliary function ¢, setting

¢ = (), bpi= () n=0,12,..., (21)

equation (15) transforms into

¢(x) = q(x) + ¢, 2], (22)

where we

6, 2] == _EMJrE(M)z’

4 ¢(x) 16 \ o(z)

and the iterative scheme in (20) becomes

¢o(r) = g(x),

(23)
Ons1(x) = q(x) + [dn,x], n=0,1,2,....

Note that the nonlinear third-order differential equation in (15), satisfied
by «/(x) , has been reduced to the nonlinear second-order equation in (22),
satisfied by ¢(x). The phase function « can be then recovered from ¢ through
a quadrature. In addition, the scheme in (23) has the advantage with respect
to that in (20) of avoiding the evaluation of square roots, which would imply
some complications when working in the complex plane. Using ¢, instead
of a,, is also convenient in a view of symbolic manipulations. In fact, the
algorithm in (23) yields ¢, as a rational function of ¢ and its derivatives up
to the order 2n.

From (16) and (17), using to the auxiliary function ¢, we obtain
ute) =0 aysin [0 ar)

. (24)

o) = o7 (a)cos [ ooy,

and

/ o V2 (t)dt = 7. (25)
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If a(x) denotes a Liouville-Green phase, then the relation (25) ensures

that the equation
Tk
alzg) —alx) = / P2 (t)dt =, (26)

x) being any fixed zero, has the unique solution z = x;_;. The relation
(26) actually refers to the Liouville-Green basis (u,v). In practice we solve,

rather,

[ o - =o, (27)

x

and start from a certain “large” zero, xp, and compute successively the ap-
proximate values of the smaller zeros xp, Kk =h —1,h — 2, ..., which will be
denoted by .

Therefore, in evaluating zeros of solutions to (1), we can identify two main
steps: we first obtain an approximation, ¢,, to ¢, according to the algorithm
(23) (see Theorem 2 and 3), and then solve equation (27).

When, for istans, y(z) is a rational function, following this procedure, the
degree of numerator and denominator of the rational functions involved in
¢n(x), in general increase exponentially with n, thus implying an ezponential
computational complexity. The convergence of the algorithm is however very
fast (see (34),(39)-(40) in Sections 2, 3), thus providing very accurate results
in few iterations.

In the examples below, ¢(z) is given in terms of elementary functions,
hence we are able to combine symbolic manipulations with numerical evalu-

ations. We proceed as follows:

e compute ¢, symbolically with MATHEMATICA, following the
scheme in (23), for n =0, 1,2, 3,4;

e evaluate numerically the integral J(z) := [ ;/Z(t)dt using Simpson’s
rule,

m—1

Fa0)+2 3 Flan) + 43 faeia) + Flzam)

s=0

]2,m =

h
6
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, where

b—

h — ( a)’ m > ]‘7
m

and

h

xk:a+k§, k=0,1,...,2m.

In our case, f(z) = 71/2(x). To improve the accuracy in the evaluation

of the integral, we observed experimentally that the value of m should
increase with n, when n = 0,1,2 we choosed m = 5, when n = 3,4,
we choosed m = 7. The integration interval [a, b], in our case is [z, xx],

where x; represents the “large” zero from which we started;

e find the zero of the function fy,(x) := J(z) — 7 using the MATHE-
MATICA’s function FindRoot|f,{x,x¢}], which searches for a numer-

ical root of f using Newton’s method, starting from = = z,.

In the following examples, we find the first 20 zeros of a given solution
to equation (1), compare them with the exact values, and display the errors.
Moreover, we solved a boundary-value problem and a Cauchy problem using
the knowledge of the phase function of equation (1), constructing a basis of

solutions, and thus all solutions.

2 Asymptotically constant carrier

Assume that the carrier enjoys the following properties: first of all ¢(z) is a
restriction to the real halfline, say = > p, of a function ¢(z) holomorphic in

the annular sector
Spy ={2:2€C,|z] > p,|arg(z)| <}, (28)

for certain constants p,v, with p > 0 and 0 <~ < 7. Moreover, we assume

that ¢(z) possesses the asymptotic structure

q(2) =a+Q(2), a> 0 (constant), (29)
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where
Q(z) =0(z7?), p>1 (constant). (30)

Denoting by S(0, 8) the sector with vertex at the origin and semiangle 6,

consider the sequence of “decreasing” sectors
Sy =z, + 5(0,6), (31)

{z,} being the increasing sequence of their vertices. The convergence of

¢, to ¢ is given by the following theorem:

Theorem 2 |11, Theorem II.1], [12]. Suppose that equation (1) is given,
with ¢(x) in the class (5) with b = 0 and that S, is a suitable subsector
of S, .. Then, there exists xy € Sy N R, which depends, in general, on all
parameters entering the problem, such that the function ¢,(z), given by the

complexified scheme (23), “converges” to the function ¢rg(z) defined by

W2 B 1
L6 = R T P - @V @) (32
where
B U(z) + V(z)
) 2 ’ (33)
v(x) = W, reS,,NR,

(Liouville-Green basis).

The convergence is intended in the sense that, for any § > a=/2,

|6n(2) = dr6(2)| = a™2(Ba )72 O((|2] = npvV2) 77, (34)

n=0,1,2,..., for z € S, where

nfv2

sin 6

T, = To+
(see (31)).

Clearly, the error in (34) is exponentially small.

Theorem 2 also holds for the more general class (5) with b # 0.
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3 Asymptotically polynomial carrier

We now consider the carrier in (6). It is required that g(z) be the restriction
to the real half-line = > p of a function, ¢(z), analytic in the annular sector
S,~ as in (28), and that

q(z) =cz™[14+0(1)], z—o00ins,,. (36)

Without any loss of generality, we stipulate that ¢(z) does not vanish in S, ,,
and thus ¢(z) > 0 for z > p.

The convergence of the algorithm (23) to ¢ is given by the following
Theorem, established in |10] (see also [11]).

Theorem 3 [10, 11]. Let equation (1) be given with ¢(x) “asymptotically
polynomial”, as in (6), (36). Then, there exists zy € (p, +00), depending on
all parameters of the problem, such that the sequence ¢, (x) in (23) converges

to the function ¢pg(x) defined by

_ WPuo] 1
Prc [u?(z) +U2($)}2 - [u2(z) —1—2)2(%)]2’ (37)
where
u(z) == Re [Us(z)] = U, () —; U,(;c)’ N
oz) = Im U, (z)] = 2+ - U_(x)

is a real Liouville-Green basis on the real half-line x > p/, and U, (z) = U_(x).

The convergence is intended in the sense that

|ora(x) — dn(x)] < Chy(2) (x — n\/§> _2, T > Ty, (39)
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where
h0<$> = 17
n—l -m 40
hn(:c)::C”H<x—j\/§> =123, (40)
j=0
and

Tp = Tg+N 1’020*7 n:()71727"'7 (41)

sin y*’
~v* and p* being the semi-angle and the radius of a suitable annular subsector

of S,~, and C a suitable constant.

4 Asymptotically exponential carrier

In this section we apply the algorithm (23) when the carrier is “asymptotically

exponential” as in (7). In [13] it was established the following

Lemma 4 [13, Lemma 5.1]. Assume that

q(z) = " + g(z), (42)
where a > 0, g (x) = O(e"), Vi > 0,0 < b < a, and that ¢,, n > 0, is
recursively defined by the scheme (23). Then,

On = €+ g(x) + ¢, + Gp(x), (43)

where

GRS (44)
Gy = 0, GO = O(e™*), mn>1,Vi>0,w:=a—0>.

cg = 0, Cp =

5 Boundary-value problems

The method described in the previous sections, makes it possible to approx-
imate a (Liouville-Green) basis of solutions to equation (1), and thus any
solution, to a given initial- or boundary-value problem for (1). In fact, know-

ing any phase, a(x), a basis can be constructed by the relations in (16).
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In practice, we are able to construct an approzimate basis (u,(x), v,(z)),

through the iterative scheme in (20), namely

|71/2

un(x) = |al () sina (), vn(z) = |a, ()72 cos ay(z). (45)

Consider, e.g., the boundary-value problem

vV +qx)y=0 a<z<b, (46)
y(a) = A, y(b) = B, (47)

where the coefficient g(x) belongs to one of the classes described above. Its

solution has necessarily the form
y(x) = cqu(z) + cov(x), (48)

where (u(z),v(x)) is a basis of solutions to (1), and the constants ¢y, ¢y can

be determined as functions of a, b, A, B, solving the linear system

{clu(a) + cv(a) = A (49)

cru(b) + cov(b) = B.

Since the phase function «(z) defines the basis in (16), the solution (48)

takes the form
y(x) = cl|o/(:z:)|_1/2 sin a(z) + 02|0/(:L‘)|_1/2 cos a(x), (50)
and the system (49) has a unique solution if and only if

sina(a) cosala)

[ (a)a (b)[ /2 = |o/(a)a/ (b)|7?sin[a(a) — a(b)] # 0,

sina(b) cosa(b)
and hence sin [a(a) — a(b)] # 0, or
ala) — a(b) # kn, Vk € Z. (51)

If such condition is satisfied, we obtain, by Cramer’s rule
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- Alo (a)|*/? cos a(b)—Bla/ (b)|1/? cos a(a)
1 sin[a(a)—a(b)]

(52)

Co — Blo/ (b)|1/2 sin a(a)— Al (a)|1/2 sin a(b)
2 sin[a(a)—a(b)] )

Consider now the approrimate solution

Yn(z) = c1(n)uy () + c2(n)v,(z),

where u,(z) and v,(x) are given by (45). The “constants” ¢;(n), c2(n) can
also be determined approzimately as functions of the known data, imposing

the boundary conditions, i.e., solving the linear system

{Cl (n) sin oy, (a) + ca(n) cos ay,(a) = Al (a)]/? 53)

c1(n) sin a, (b) + ca(n) cos a, (b) = Bla, (b)[Y/2,

for the unknowns c¢;(n) and ce(n). This system has a unique solution if
and only if sin [a,,(a) — a,,(b)] # 0 and the result coincide with that in (52),
replacing o/ with o/,.

To recover the phase function arg from the auxiliary function ¢, o we
should choose a branch of the square root, \/(bT(:E) (be-
ing ¢rc(z) = (o1 (2))?), and a value k associated with a point T € (0, c0),

such that a;q(7) = k,

ape(z) = / ' O (t) dt + k. (54)

Therefore, the approximate phase function «,(x) will be given by

an(z) = /x OL2(t) dt + k, (55)

setting a,,(T) = k and recalling that ¢, (x) approximates ¢pq(z), according
to Theorems 2 or 3.
We now estimate the error made when the approximate solution, y,(x),

is used instead of y(x), on the interval [a, b]. Writing

Cq (n) = c] + €7, CQ(n) = Co + €2, (56)
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we obtain promptly

yn(2) —y(@)| < e lun(2) = u(@)] + |esl|va(z) = v(2)]

57
+ lallun(@)] + [eo|[vn ()] o0

Hence we can recognize two kinds of error, one due to the fact that we use the
approximate basis of solutions (u,(z), v,(x)) instead of (u(x), v(z)), and the
other one due to the fact that we use the approximate coefficients ¢;(n), cz2(n)

instead of ¢; and cy. Setting
By = la||un(z) — u(@)] + [ea]|va(z) — v(2)], (58)

and choosing the positive branch of the square roots of ¢,, and ¢ we have,

after a little algebra,

|61|+|02|) ( |a;, — o] )
B, < ° +Vadla, —al ).
! <\/oz;1\/o/ Vol v | ‘

From the relation

¢n - QSLG
Oc;L — O/ == o/——l—o/’ (59)

being o/ (z) # OVx € (0,+00), there exist ng > 0 and 7, > 0 such that, for

n > ny,

H,(z)
Ny i= Sup < 0. (60)
z€[a,b] |Oz;1(:E) + O/(.I’)|

Here H,(z) depends on the class of the carriers. When the carrier is asymp-

totically constant, from Theorem 2 we have
Ho(x) = Ca™(5a?) " (x| — nf/2) .
When the carrier is asymptotically polynomial, from Theorem 3 we have
H,(z) = C'h, () (x - TL\/§> - )

where C' and C” are two positive constants. It follows that

o, — '] < o, (61)
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and furthermore
() — a(z)| < n.(b—a)

for all = € [a,b]. From (61) follows, for a and n sufficiently large,
()2 < (o, =) ? and o <l + .

Therefore the estimate for £} becomes, after some algebra,

1 5 2 -2
Er < V2 (lei| + [ea]) sup — T
z€[a,b] Oén(QT)

1 ay, () (b —a) + NCAG)

for n, sufficiently small, i.e. for n sufficiently large.

The error ¢; made using ¢;(n) instead of ¢; turns out to be

ler] < [3 (IA\(a%(a)+nn)1/2+|B|(a;(b)+nn)”2) (b—a)

sin? [an(a)—an(b)]

|Al(a (@) +1n) /24| Bl (o, (b)+1m) ~*/2
+ 2] sinjan (@) —an (B)]] ] T,

and the same holds for e5. Hence the global error can be estimated as

B < (] + el supacian [ 17250 0+ 225 ],

1 1
|Al(or, (@) +1n)~ 2 +|B| (e, (b)+nn) 2
+ (2\/§ + 2) SUPze(q,b] |: 2\/a{,l(x)| sin[an (@) —an (b)]|

1 , 1
5 (1A, @ n0)? 1Bl B tm? ) ()
" ( Vol @oan) ) O Y

+ > (b—a)—l—Z—\/if]nn.

(a (2)) 2

(63)

(64)

(65)
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6 Cauchy problems

Consider the Cauchy problem

v +qx)y=0, x>a>0,
(a) =A (66)
y'(a) = B,

<

where ¢(z) belongs to one of the classes described above. Again, its general

solution can be written as
y(z) = cu(z) + cpv(x), (67)

where (u(z),v(x)) is a basis of solutions, and the constants ¢;, co can be

evaluated solving the linear system

cu(a) + cov(a) = A
B

68
au'(a) + cav'(a) = (68)

From the phase function «(z) we obtain the basis in (16), then the solution
will be as in (50). System (68) has a unique solution if and only if the

determinant is nonzero, and in fact

(a’(a))’l/2 sina( ) (o/(a))~"/? cos a(a)

—” a o (a . = —1.
_2(:4( ())3/2 Sln& —|— \/ O COS CL/ —W cos Oé(CL) _ Oé/(CL) Slna(a)

We obtain (by Cramer’s rule) the constants ¢; and c,

o A[a”(a) cos a(a)+2a’(a)? sin a(a)]+23a’(a) cos a(a)
C1 = 2(0/((1))3/2

(69)
- A[—a”(a) sin a(a)42a’(a)? cos a(a)] +2Bd/(a) sin a(a)
Co = 2(c (a))3/2 .

Considering now the approximate solution

Yn(x) == c1(n)uy(x) + ca(n)v,(x),
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with (u,(z),v,(z)) given by (45), the “constants” c;(n) and cy(n) can be

determined approzimately solving the linear system

c1(n)uy(a) + co(n)vp(a) = A (70)
er(n)id (a) + ex(n),(a) = B.
This system has a unique solution which coincide with that in (69), replacing
o/ with of,.
As in the previous section, we want to estimate the error made when the

approximate solution y, () is used instead of y(z). Also in this case we write
Cl(n) =c1 + €, Cg(n) = Cy + €9, (71)

and after rather lengthy though elementary calculations we obtain the same
estimate in (57). Again, there are two kinds of errors, one due to the fact that

we are using the approximate solutions w, (), v,(x) instead of u(x), v(z),
B = lea lun(z) — w(z)] + ol [on(z) — v(2)], (72)

the other due to the fact that we are using the approximate coefficients c¢;(n)
and co(n) instead of ¢; and cy.
The estimate for the error F' coincides with that in (63), but in this case

we impose that

= su () o0
= S )+ @] )
and N
|an(z) — a(z)] < / o (t) — O/(t)ldt‘ < (b — a), (74)
so that
P 1 el N W vaoe v/ SRR S
Bi< s ST | V@60 5 (x)] e (1)

where b > a can be always chosen to satisfy inequality (74).

To estimate ¢; define

=g su x| —n el el G 1)\/5)_1_17
T, = ane[fz;] [(1 | \/5) + N ]
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and
T, = 2K,C"! [H(m — j\/i)_m] [(m —nV2) 2+ (z — (n+ 1V2) 2],
§=0
where K, := max {K,, K}, lA(n = max {IA(Q, IA(b} and C' is a suitable con-
stant. Here K,, Ky, IA(a, [A(b are four positive constants. When the carrier is

asymptotically constant, exist two values xg, x(, > 0 such that

q'(z)

PESE < K, fora<uzy<z<b,

(76)

lg(x)|? < K, fora<a)<z<b

while, when the carrier is asymptotically polynomial, exist other two values

2o, Ty > 0 such that

q'(z)

< }A(a fora<£0§x<l~),

q(x)®/2 -
(77)
)72 < K, fora< il <z <b.
lq()| 0
Hence, when ¢(z) is asymptotically constant, an estimate for €; is
|A] |Al[ogr () 4T n+2(a, (@)4mn) 2] 42| Bl (o (a)+1m) 7
el < serarme EATEEL (b —a)
+ 14|A|(ail(a)+nn)2+10|3|(a;(a)+nn)+3\A|(a1{(a)+Fn)77
4(at, (a)+nn)7/? m
(78)
and proceeding similarly we obtain for e,
A 1Al [la7; (a)|+2(ev;, (a)?|+2|Bllag, (a)] =
e n(b—a)
(79)

2|Al(ad, (@))% 42| B||al, (a)|+3] Al (a
+ 2 (a)) 4|L;L|(\a)|7(/2)\ Al ()\nn_

Therefore, when ¢(x) is asymptotically constant, the global error can be

estimated as
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: A laltle| b—a)+ ———
E < supxe[mb]{ o @) { () a)+2x/ail<$>}%

2 1A |Al[adf () +Tn+2(c, (@) 4m0)2] 42| Bl (o (@) +1m) 7
T Ve [2<a41(a)+nn)3/2rn + 2l (@) +1n)2/2 (b~ a)
i 1 16]A| (a7, (a) 1) 2+12| B (0}, (a)+710)+6| A] (s (a)+T')
V() 4(a, (a)+nn)77? Tn
(80)

When ¢(x) is asymptotically polynomial, the estimates of ¢, €5 and E’ turn

out to be the same, with fn replacing T,,.

6.1 Comparing with the Runge-Kutta-Nystrom 12/10
method

In order to assess the performance of our method, we compared it with an-
other one very effective, that is the so-called “Runge-Kutta-Nystrom 12/10”
algorithm.
This method consist of a numerical integrator for ordinary differential equa-
tions of the form

y' (@) = f(z,y), (81)
subject to initial conditions y(z¢) = yo, ¥'(x0) = dyo, which exploits two
Runge-Kutta methods of order 10 and 12.
The MATLAB program RKN12(10) implements such methods providing a
high-order algorithm with automatically control of the step-size, used in prob-
lems where extremely stringent error tolerances are required.

In [4], it is assumed that the Runge-Kutta-Nystrom (RKN) process con-
sists of formulae of orders ¢ and p (with ¢ > p) and the algorithm is shown.
The conditions that the RKN parameters should satisfy for the process up to
order 6 were given in [5], and those for the process up to order 11 was found
by El-Mikkawy in 1986.

We considered two examples, both concerning a perturbed generalized

|
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Airy equation. Choosing first the phase function a(z), the carrier ¢(z) can
be estimated, and hence the exact solution is known. Thus, the accurancy of
our method and that of the RKN12(10) method can be compared computing
the discrepancy between the approximate solution and the exact one.

From such examples it appears that the RKN12(10) method is faster than
ours, but recall that our method exploits (in the present examples) also sym-
bolic manipulations which are rather slow. On the other hand, our method
works for arbitrarily rapid oscillations of solutions, and has an infinite accu-
rancy in those sections where symbolic manipulations are used.

Moreover, in several cases the RKN12(10) method fails completely, for in-

tfinftin
1012 ’

stance, when the step-size falls below the minimum acceptable value
see [4]. An example of this occurrence is encountred solving the Cauchy

problem for the harmonic oscillator,

Y+ w?y =0, x>0,
y(0) =0 (82)
y'(0) = w.

Choosing increasing values of w, the algorithm RKN12(10) at w = 10° had to
be stopped, while our method provided a solution with an the error essentially

equal to zero, even for values of w larger than this.

7 Examples

In this section we are concerned with the asymptotic-numerical approxima-
tion of zeros of a given solution to equation (1) when the carrier is asymp-
totically constant, polynomial and exponential. We also approximate the
solution of a boundary-value problem. All examples were worked out within
the MATHEMATICA environment.
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7.1 Computing zeros from the phase function

In this example, we start from an explicit form of a phase function, «o(x).
Recall that any given phase function uniquely identifies the carrier of (1)
throught the relation (15). Choosing for instance a(z) = z + 1, > 0, we
obtain

a8 —4x8 + 32 — 422 + 1

_ 83

hence equation (1) becomes

8 6 4 2
y x° —4x° + 32" —4a° + 1 B
Y +< 28 — 226 4 24 y=0. (84)

We want to compute the first 20 zeros of a solution to (84), starting from
the 21th exact zero, and compare them with the “exact” zeros that can be
obtained through MATHEMATICA. Figures 1 and 4 show the approximating
function ¢, (z) of the auxiliary function ¢(z) and the errors (in a logarithmic
scale) at each iteration. We can see that the functions ¢,, n =0, 1, 2, 3, 4
approximate the function ¢(x), from a certain point on, and that the errors

decrease dramatically increasing the values of k and n.

7.2 A perturbed generalized Airy equation

Consider now the case of a perturbed generalized Airy equation, correspond-

ing to the carrier ¢(z) = 2 — %5 in (1), i.e,,
(22— 2 Y y=0 2so0 (85)
42 ‘

In this case the phase function a(z) is known, a(z) = %2, and thus the

2
y(z) = 712 sin <%)

function
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is a solution to (85) (see (16)), and its zeros are

rr=V2km, k=1,2,3,...

To test our method, we evaluate the 21th zero from this formula, and then
compute the first 20 zeros using our algorithm for n =0, 1, 2, 3. Figures 2-5
show results similar to those in the previous example. Note that knowing
a(z) we also know ¢(z), in fact ¢(z) = (o/(x))* = x2. This function has also

been plotted in Figure 2.

7.3 A perturbed exponential carrier
Consider equation (1) with the carrier ¢(z) = €** — 4, i.e., equation
Y’ + (¥ — )y = 0. (86)
This is a special case of
Yy’ + ()\2621 — 1/2) y=0, (87)
whose general solution is given by
y(z) = Cy (A7) (88)

where C,, is the general solution to Bessel differential equation [1].

For A =1, v = 2, we have thus
y(x) = Co(e”). (89)
Consider in particular the solution

y(x) = Ja(e”),

and compute the first 20 zeros of this function using (27), for k = 1,2, ..., 20,
and n = 0,1,2,3,4. We then compare the results with the first 20 “exact”

zeros of Jy(e®) obtained by MATHEMETICA. In Figures 3, 6 the behavior

1

of ¢n(z), for n = 0,1,2,3,4, and the errors, in logarithmic scale, ~TEE )

are shown.
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7.4 A boundary-value problem for a perturbed gener-

alized Airy equation

Consider the two-point BV problem for the perturbed generalized Airy equa-
tion

y'+ (22— )y =0, a<zx<b
(a)

y (90)
y(b)

A
B,

whose solution has (necessarily) the form
y(z) = 1o/ (z)| V2 sinaz) + el ()| 7% cos a(x)

with a(z) = %2 Let choose the value of the two constants, for instance, ¢; =
1, ¢ = —1, and compute the boundary values A, B so that the boundary
conditions in (90) are satisfied. Then, we compute a,(z) by (55), using the
Simpson’s rule to evaluate the integral, where we chose T = a and k = «a(a).

According to (45), an approximate solution is

|—1/2 |—1/2

yn() = c1(n)|al () sin o, () + co(n)|al,(x) cos a, (),

where ¢;(n) and co(n) have been determinated solving the linear system (53)
using the MATHEMATICA’s function LinearSolve[M,b]. Here the system

matrix, M, is the square matrix

Mo (@2 sinan(a) o (a)[ 72 cos an(a)
A\ e @) sinan(d)  [ag,(b)| 2 cos an(b) )

A
b= .
This problem has been solved on two intervals, 6 < x < 8 and 9.5 < x <
11.5, for n = 3, 4. The errors turned out to be of order of 10712 and 1071?,

and b is the vector

respectively.
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Figure 1: Functions ¢,(z), approximating ¢(z) = 1+ & — 5, for n =

0,1,2,3,4.
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Figure 2: Approximations of ¢(x) = x? by ¢,(x) with n = 0,...,3, when

q(z) = 2* — .

phi2
phi3

—  phi4

Ml H “ {

Figure 3: Approximations of ¢(z) by ¢,(z) with n = 0,...,4, when ¢(z) =

e*r — 4.
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Figure 4: —m for k = 1, 2,...,20, obtained using ¢, (x) with n =

0,...,3, when a(m):x—i—%.
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Figure 5: R for k = 1,...,20 using ¢, (x) with n =0,...,4, when
_ .2 _ .3
q(r) = 2° — ;5.
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. . 1 o . . _
Figure 6: ~TogG a0 for k =1,...,20 using ¢, () with n = 0,...,4, when

q(x) = e** — 4.
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8 Conclusion and future directions

There is no question that the second-order linear ordinary differential equa-
tions (see (1)), though so classical and simple, play a fundamental role in
the entire body of Mathematics, as well as in a large number of applications.
Investigations on them, in a way or another, have been continuing even over
the last years. These equations play a role, e.g., in celestial mechanics, quan-
tum mechanical scattering theory, theoretical physics and chemistry, and
electronics, as is witnessed by the recent scientific literature. For instance,
T.E. Simos and Z.A. Anastassi in [9] consider the numerical integration of
the Schrédinger equation, which describes the time variation of the quantum
state of a physical system, and the related IVPs with oscillatory solution. De-
veloping methods computationally effective and accurate at the same time,
in the rapidly oscillatory case, is still an open problem.

In this Thesis, we studied an asymptotic-numerical method capable of
computing rapidly oscillatory solutions as well as their zeros with high accu-
racy. This method rests on the investigations carried out by O. Boruvka and
F. W. J. Olver, and has been applied to a number of cases. In each example,
the results are shown to be very accurate, with absolute errors possibly of
order of 10718, The algorithm was not very fast, but just because we used
symbolic manipulations (carried out with MATHEMATICA) as an essential
ingredient. This however ensured a high accuracy. Since the method con-
verges very fast, only few iterations are required, and hence the exponential
complexity due to the symbolic part can be limited severely.

Symbolic manipulations could be used because, in our examples, the car-
rier, i.e., the coefficient ¢(x) in equation (1), was assumed to be explictly
known, in terms of elementary functions.

As a future direction, one can conceive to compute the phase function
a(x) (or the related auxiliary function ¢(z)), by purely numerical methods
which changes, in some sense, the difficulty of computing higly oscillatory
solutions into the evaluation of a phase function, which is a monotonic func-

tion. An efficient solution of such problem, which ultimately may shift the
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difficulty of handling rapidly oscillatory problems at worst to a stiff problem,

is expected to be fast and accurate at the same time.
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