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The goal of this work is to give a survey of the mathematical techniques
exploited in some advanced economic and financial models with special attention
to models for pricing and hedging derivative securities.

Since the early fifties, a growing body of studies have become to apply to
economic and financial models those mathematical techniques developed to deal
with stochastic phenomena, that is those phenomena of the real world whose
dynamics is influenced by some random mechanism. This on the ground that
the time evolution of the near totality of important features of economic and fi-
nancial phenomena is affected by the occurrence of random events. For instance,
the prices of commodities and consumption goods, exchange rates, bond returns,
stock and derivative prices and so on clearly show, at least partly, an erratic
behavior. Hence, probability theory and specifically the theory of stochastic
processes has begun to play a crucial role in economic and financial modeling.

All epistemological value of the theory of probability is based on this: that
large scale random phenomena in their collective action create strict, non

random regularity.
(Kolmogorov, Limit Distributions for Sums of Independent Random Variables)

In economics and financial phenomena, randomness stems from the incom-
plete knowledge of reality, from the lack of information, from complexity, from
the fact that causes are diverse, that tiny perturbations may result in large ef-
fects. For over a century now, Science has abandoned Laplace’s deterministic
vision, and has fully accepted the task of deciphering randomness and inventing
adequate tools for its description. The surprise is that, after all, randomness
has many facets and that there are many levels to uncertainty, but, above all,
that a new form of predictability appears, which is no longer deterministic but
statistical.

Financial markets offer an ideal testing ground for these statistical ideas.
The fact that a large number of participants, with divergent anticipations and
conflicting interests, are simultaneously present in these markets, leads to unpre-
dictable behavior. Moreover, financial markets are, sometimes strongly, affected
by external news, which are, both in date and in nature, to a large extent un-
expected. The statistical approach consists in drawing from past observations
some information on the frequency of possible price changes. If one then as-
sumes that these frequencies reflect some intimate mechanism of the markets
themselves, then one may hope that these frequencies will remain stable in the
course of time. For example, the mechanism underlying the roulette or the game
of dice is obviously always the same, and one expects that the frequency of all
possible outcomes will be invariant in time, although of course each individual
outcome is random. The “bet” that probabilities are stationary is very reason-
able in the case of roulette or dice; nevertheless, it is much less justified in the
case of financial markets. It is clear, for example, that financial markets do not
behave now as they did 30 years ago: many factors contribute to the evolu-
tion of the way markets behave (development of derivative markets, world-wide
and computer-aided trading, etc.). “Young markets” (such as emergent coun-
tries markets) and more mature markets (exchange rate markets, interest rate
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markets, etc.) behave quite differently. The statistical approach to financial
markets is based on the idea that whatever evolution takes place, this hap-
pens sufficiently slowly (on the scale of several years) so that the observation of
the recent past provides some information which is useful to give a statistical
description of a not too far future. However, even this “weak stationarity” hy-
pothesis is sometimes badly in error, in particular in the case of a crisis, which
marks a sudden change of market behavior. Hence, the statistical description of
financial fluctuations is certainly imperfect. Nevertheless, it is extremely help-
ful: in practice, the “weak stationarity” hypothesis is in most cases reasonable,
at least to describe risks. In other words, the amplitude of the possible price
changes is, to a certain extent, probabilistically predictable. It is thus rather
important to devise adequate tools, in order to control financial risks when it is
possible.

Trying to give a definition of financial markets, we could say that financial
markets are all trades of financial tools performed with the goal of transferring
assets from individuals in surplus to individuals in deficit and redistributing the
risks of economic and financial business. These two features are the primary
office of financial markets. Hence, financial markets are the key in allocating
economic and financial resources to get profit and reduce risk. In a financial mar-
ket, demand and supply of capital are to be balanced and investments of money
are to be efficient. Financial tools are those contracts concerning obligations
and rights of financial nature suitably exchanged and negotiated via financial
markets to achieve the target of getting profit and reducing risk. In particular,
we call financial tools: securities representative of risky capital, government se-
curities negotiable in market of money, mutual funds, general contracts to trade
goods, money and even rates of interest, and all possible combinations of the
mentioned contracts and securities. Securities (often called assets) are financial
tools, which in exchange of an amount of money (asset price) at a specified time
give the right to get a profit (asset dividend) at a future time. It is customary
to distinguish between securities whose profit can be considered safe (bonds)
and securities whose gain is not certain (stocks). However, the price market of
both bond and stocks fluctuate continuously in response to the arrival of fresh
information. Interesting is the case of derivatives markets, which are financial
tools whose price depends upon or is derived from one or more assets, called
underlying. A derivative is merely a contract between two or more parties. Its
value is determined by fluctuations in the underlying asset. In our work we are
interested primarily in options. An option is a contract between two parties, a
holder and a writer. By paying a prime to the writer, the holder acquires the
right, but not the obligation, to buy from the writer (call option), or to sell
to the writer (put option), one unit of an underlying asset, represented with S,
within a fixed date T , called maturity or expiration date, at a predetermined
price K, called strike-price. The writer, upon the payment of the prime, takes
the obligation to satisfy the holder’s right upon the exercise of the option. In
particular, we will deal with European call option whose characteristic feature
is that they can be exercised only at the maturity. If ST is the price of the
underlying asset at maturity, then the payoff of the option, that is the value of
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the contract at maturity, is given by

(ST − K)
+ def

=

{

ST − K If ST − K > 0
0 otherwise

.

In case ST − K > 0, the holder will exercise the option and make the profit
ST − K by buying the stock for the strike price K and selling it immediately
at the market price ST . Otherwise, the option will be not exercised, since the
market price of the asset is less than the strike price.

More generally, we will consider European derivatives defined by their ma-
turity time T and their nonnegative payoff function h(ST ). At time t < T
this contract has a value, known as the derivative price, which varies with t
and the observed stock price St. Problems of pricing and hedging derivative
securities in an uncertain environment are important to investors ranging from
large trading institutions to pension funds. The most common underlying as-
sets include stocks, bonds, commodities, currencies, interest rates and market
indexes. As discussed above, the dynamics of asset prices in financial markets is
influenced by the occurrence of a large number of random events giving raise to
a stochastic perturbation, which, under suitable market condition, is modeled
by the celebrate Wiener process, or standard Brownian motion, constituting
the basic stochastic diffusion. The Wiener process is a real-valued stochastic
process starting from the zero state and advancing toward an infinite horizon,
with stationary normally distributed independent increments and continuous
trajectories. More precisely, writing (Wt)t≥0 for the Wiener process we have
that

1. W0 = 0;

2. the random variables
(

Wt0 ,Wt2 − Wt1 , . . . ,Wtn
− Wtn−1

)

are independent
for any finite increasing sequence of times 0 = t0 < t1 < . . . < tn;

3. the increment Wt−Ws is normally distributed with null mean and variance

E

[

(Wt − Ws)
2
]

= t − s for all times 0 ≤ s < t.

We denote by (Ω,E,P) ≡ Ω the probability space where our Brownian mo-
tion is defined and the expectation E [·] is computed.

The increasing family of σ-field (Ft)t≥0 generated by (Wt)t≥0, represents the
flow of information behind on the stochastic perturbation. Hence, the process
(Wt)t≥0 can be viewed as the quantitative counterpart of the continuous arrival
of fresh information in the market buffeting the dynamics of the asset prices.

The independence of increments makes the Wiener process an ideal candi-
date to define a complete family of independent infinitesimal increments dWt,
which are centered and normally distributed with variance dt and serve as a
differential model of noise. The drawback is that the trajectories of (Wt)t≥0

are not regular enough, in the sense that they are almost surely of no bounded
variation. Hence, they cannot be point wise differentiated in the standard way.
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Nevertheless, we can define an integral respect to Wiener process. For a fixed fi-
nite time T , let (Xt)t≥0 be a stochastic process adapted to the filtration (Ft)t≥0

generated by the Brownian motion up to time T , such that

E

[

∫ T

0

(Xt)
2
dt

]

< +∞.

Using iterated conditional expectations and the independent increments prop-
erty of Brownian motion, it is possible to show

E





(

n
∑

k=1

Xtk−1

(

Wtk
− Wtk−1

)

)2


 = E

[

n
∑

k=1

(

Xtk−1

)2
(tk − tk−1)

]

,

for any finite increasing sequence of times 0 = t0 < t1 < . . . < tn = t ≤ T ,
which is the basic equation for the construction of stochastic integrals. The Itô
stochastic integral of (Xt)t≥0 with respect to the Brownian motion (Wt)t≥0 is
then defined as,

∫ t

0

XsdWs
def
= ‖·‖L2(Ω) - lim

n→∞
Xtk−1

(

Wtk
− Wtk−1

)

.

As a function of time t, this stochastic integral defines a time continuous
square integrable process satisfying the Itô isometry

E

[

(
∫ t

0

XsdWs

)2
]

= E

[
∫ t

0

X2
s ds

]

,

and the martingale property

E

[
∫ t

0

XudWu | Fs

]

=

∫ s

0

XudWu P-a.s, ∀s ≤ t.

The composition of a sufficiently regular function g : R+ × R → R with the
Wiener process defines a new stochastic process (Yt)t≥0, where Yt ≡ g (t,Wt).
The purpose of the chain rule is to compute the differential dg (Wt) or equiv-
alently its integral g (Wt) − g (W0). A suitable application of Taylor’s formula
yields

g (Wt) − g (W0) =

∫ t

0

g′ (Ws) dWs +
1

2

∫ t

0

g′′ (Ws) ds,

or in the differential shorthand

dg (Wt) = g′ (Wt) dWt +
1

2
g′′ (Wt) dt,

which is the simplest version of the Itô formula. More generally, given an Itô
process (Xt)t≥0 satisfying some technical integrability condition, it is possible
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to define the Itô formula for a process (Yt)t≥0, where Yt ≡ g (t,Xt), which is
written in the differential shorthand as

dg (t,Xt) =
∂g

∂t
(t,Xt) dt +

∂g

∂x
(t,Xt) dXt +

1

2

∂2g

∂x2
(t,Xt) d 〈X〉t ,

where 〈X〉t =
∫ t

0
X2

s ds is the quadratic variationof the Itô process (Xt)t≥0.
The stochastic process which is most commonly exploited for modeling the

price of a stock (St)t≥0 is the geometric Brownian motion, given by

dSt = µStdt + σStdWt, (1)

where µ and σ are positive constant parameters known as drift and volatility of
the stock, respectively. Somewhat loosely speaking, in the geometric Brownian
motion model the infinitesimal expected return and the infinitesimal expected
variance are given by

Et [dSt] = µSt dt, and D
2
t [dSt] = σ2S2

t dt.

Hence, it is natural to think of µ as the instantaneous expected rate of return
and σ as the instantaneous deviation of the rate of return of the stock for each
unit invested in the stock. Actually, many authors formally write

Et

[

dSt

St

]

= µ dt, and D
2
t

[

dSt

St t

]

= σ2 dt.

Therefore, the right side of (1) has the natural financial interpretation of a return
term plus a risk term. It is worth noting that as stock prices are generated by the
agents’ demand for the stocks a diffusion model such as (1) should be explained
in terms of the interaction of the agents trading in the financial market. Indeed,
D. Kreps [36] showed that geometric Brownian motion can be justified as a
rational expectation equilibrium in a market with highly rational agents who
all believe in this model.

In 1973, Fischer Black and Myron Scholes published a market model, the
celebrate Black & Scholes model, in which they solved the problem of the pric-
ing of European call or put options having as underlying a stock, under the
assumptions of no arbitrage condition, meaning that there is not a risk-free way
to make a profit in the market, and continuous hedging condition, meaning that
it is possible to hedge a derivative continuously in time via a portfolio composed
by the underlying stock and a free risk asset. The derived analytic formula for
the fair price of the option, the so called Black & Scholes formula, is actually ex-
ploited in the real markets when the assumptions of the Black & Scholes (B&S)
model are likely reasonable. In B&S model, it is assumed the existence of a
risk free asset, a bond, whose price (Bt)t≥0 is driven by the ordinary differential
equation

dBt = rBtdt,
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where r > 0 is the instantaneous constant interest rate for lending or borrowing
money, and a stock, whose price (St)t≥0 is modeled according to a geometric
Brownian motion as in (1). The B&S analysis of an European derivative yields
an explicit hedging strategy in the underlying stock and risk free bond whose
terminal payoff is equal to the payoff h (ST ) of the derivative at maturity, no
matter the path the stock price takes. Thus, selling the derivative and holding
a dynamically adjusted portfolio according to this strategy covers an investor
against all risk of eventual loss, because a loss incurred at the final time from
one part of this portfolio will be exactly compensated by a gain in the other
part. This replicating strategy, as it is known, therefore provides an insurance
policy against the risk of being at a loss. It is also called a dynamic hedging
strategy since it involves continuous trading to hedge the risk. The essential step
in the B&S methodology is the construction of this replicating strategy and the
argument, based on no arbitrage principle, that the value of the replicating
portfolio at any time has to be the fair price of the derivative at that time.
If the price of an European call option at time t with underlying (St)t≥0, is
denoted by C (t, St), then C (t, x) is the solution of the celebrated B&S partial
differential equation (PDE)

LBSC = 0, (2)

where

LBS =
∂

∂t
+

1

2
σ2x2 ∂2

∂x2
+ r

(

x
∂

∂x
− ·
)

, (3)

with the terminal condition h (x) = (x − K)
+
. Equation (3) has a closed-form

solution, which is the B&S formula, given by

C (t, x) = xΦ(d1) − Ke−r(T−t)Φ(d2) , (4)

where

d1 =
log (x/K) +

(

r + 1
2σ2
)

(T − t)

σ
√

T − t
,

d2 = d1 − σ
√

T − t,

and

Φ (z) =
1√
2π

∫ z

−∞

e−y2/2dy.

This rather simple formula for the price of a call option, in terms of the current
stock price x, the time to maturity T − t, the strike price K, the stock volatility
σ, and the risk free interest rate r, explains the popularity of the model in the
financial services industry since the mid-1970s. The fact that C (t, x) given by
(4) satisfies Equation (2) with the final condition h (x) = (x − K)

+
can eas-

ily be checked directly. In this work we study some techniques to solve (2) in
more general frameworks than the original B&S one. Due to the crucial impor-
tance in financial applications, several different techniques have been developed
to solve (2), depending on the model given for the price of the stock and the
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structure of the terminal condition. Actually, it is widely recognized that the
simplicity of the popular B&S model is no longer sufficient to capture modern
market phenomena, especially since the 1987 crash. It rests upon a number of
assumptions that are limiting factors to obtain a stochastic model as realistic
as possible. Among these are continuity of the stocks price process, the ability
to hedge continuously without transaction costs, independent Gaussian returns,
and constant volatility. We shall focus here on relaxing the last assumption by
allowing volatility to vary randomly, for the following reason: volatility tends
to fluctuate at a high level for a while, then at a low level for a similar period,
then high again, and so on. It “reverts in mean” many times during the life of
a derivative contract. In addition, modeling volatility as a stochastic process
is motivated a priori by empirical studies of stock price returns in which esti-
mated volatility is observed to exhibit “random” characteristics. In addition,
the effects of transaction costs show up, under many models, as uncertainty
in the volatility. In this work we present three important models which con-
sider the stock satisfying a modified geometric brownian motion, in which also
the volatility is modeled as a stochastic process. The difference between these
models is the assignment of the volatility. The Hull&White model follows the
dynamics







dSt = αStdt + σtStdWt

σt = f(Yt)
dYt = bYtdt + cYtdZ(t)

,

where f(y) =
√

y, b < 0, and (Wt)t≥0 and (Zt)t≥0 are uncorrelated Wiener
processes. In the Cox-Ingersoll-Ross model volatility is a mean-reverting process







dXt = αXtdt + σtXtdWt

σt = f(Yt)
dYt = (a + bYt) dt + c

√
YtdZt

,

where f(y) =
√

y, a, b, c are constant parameters, and (Wt)t≥0 and (Zt)t≥0

are correlated Wiener processes. The last model volatility model presented is
the Log Ornstein-Uhlenbeck process which is also mean-reverting. The model
dynamics is given by







dXt = αXtdt + σtXtdWt

σt = f(Yt)
dYt = (a + bYt) dt + cdZt

,

where f(y) = ey, a, b, c are constants and the processes (Wt)t≥0 and (Zt)t≥0

are correlated Wiener processes.
In the last part of our work, we are interested in studying a model for the

pricing of options whose underlying is driven by the following bivariate Ornstein-
Uhlenbeck process

{

dXt = aXtdt + YtdWt

dYt = α (m − Yt) dt + βdZt
(5)
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where α is the rate of mean reversion and m is the long-run mean level of Y , a is
a constant and (Wt)t≥0 and (Zt)t≥0 are uncorrelated Wiener processes. The as-
sumption that the stochastic process (Xt)t≥0 is driven by an Ornstein-Uhlenbeck
process is reasonable when we think of risky-asset price of a commodity under-
lying the option or when we assume that (Xt)t≥0 models the logarithm of a
stock price, Xt = lnSt. Nevertheless, assuming stochastic volatility as a mean
reverting Ornstein-Uhlenbeck (OU) process does not prevent the possibility that
volatility become negative. On the other hand, since OU process is Gaussian,
the distribution of YT conditional on Yt is normal with mean

E [YT ] = m + (Yt − m) e−α(T−t),

and variance

D
2 [YT ] =

β2

2α

(

1 − e−2α(T−t)
)

Thus, the probability that YT becomes negative is given by

P (YT ≤ 0) = Φ

(

− E [YT ]

D2 [YT ]

)

.

This probability is undeniably small for a wide range of reasonable parameter
values. We will deal with the problem of pricing an European call option whose
underlying satisfies the bivariate O-U process (5), by exploiting the theory of
semigroups. We will study the problem of the existence of the resolvent of the
infinitesimal generator of the semigroup associated to the O-U process (5) and
give the guideline to find its explicit representation.
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