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Synthesis

My work is a presentation of a lesson at several levels about the isometries

and their properties. I was able to try them into two �fth classes of a Primary

School and in a second class of Secondary School. I analyzed the mathematic

theory that is on the base of these lessons: Isometries

De�nition 0.0.1. An isometry (or rigid motion) of the plan and applica-

tion bijection f : R2 → R2 which preserves the distance between pairs of

corresponding points, ie t.c.

d(f(x), f(y)) = d(x, y) ∀(x, y) ∈ R2

Remark 0.0.2. The set of isometries of the plane form a group, respect to

the composition of functions, called the Euclidean group E2.

In fact, taken f, g ∈ E2

d(f(g(x)), f(g(y))) = d(g(x), g(y)) = d(x, y) ∈ E2 ∀(x, y) ∈ R2

respectively applying the de�nition of isometry for f and g we have that the

composition is still an element of E2.

The composition of functions is associative and the identity of the transfor-

mation plan acts as an element of identity.

Finally, each g ∈ E2 is a bijection and satis�es

d(g−1(x), g−1(y)) = d(g(g−1(x)), g(g−1(y))) = d(x, y)

so g−1 ∈ E2. We have thus proved that (E2, ◦) is a group.

We give some examples of rigid motions of the plane and then we'll demon-

strate, by Chasles theorem, which are the only existing.
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1. the translation of a vector −→v =
−−→
A,B denoted by τA,B (or τ−→v ) is a

transformation τ−→v : R2 → R2 that associates to each point A of the

plane the point B = τ−→v (A);

2. the re�ection respect to an axis m, denoted by σm, is a transformation

σm : R2 → R2 that associates to each point A of the plane the point

σm(A) =

{
A if A ∈ m
B if A /∈ m, m ⊥ AB passing through its midpoint

3. the rotation of center point C and θ angle, denoted by ρC,θ is a trans-

formation ρC,θ : R2 → R2 that associates to each point A of the plane

the point B = ρC,θ(A), with θ = AĈB;

4. the glide re�ection, denoted by γ
−→v
m , where −→v =

−−→
A,B is a transforma-

tion γ
−→v
m : R2 → R2 that associates to each point A of the plane, the

point

B = γ
−→v
m (A) = σmτ−→v with −→v ‖ m.

The glide re�ection is a composition of a translation and a re�ection.

Chasles's Theorem:

Theorem 0.0.3. (Chasles's Theorem)

Every motion of the plane is one of these transformation:

� a translation

� a rotation

� a re�ection or

� a glide re�ection

Leonardo's Theorem:

Theorem 0.0.4. (Leonardo's Theorem) A �nite group of isometries Γ is

either a cyclic group Cn or a dihedral group Dn.
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Wallpaper Groups: The �nite groups of isometries which can contain just

rotations and re�ections are called Rosette Groups.

Now we are interesting in discrete groups of plane isometries which are not

�nite and that have to contain, therefore, at least one translation (and so in-

�nite ones obtained by repeated application of one of them). The last ones

belong to translations subgroup.

If this subgroup is generated by one translation, the models of symmetry are

extended, inde�nitely repeated, in one direction, �lling in a strip of plane and

they are called Friezes. If translations subgroup is generated by two indepen-

dent translations, we have the Wallpaper Groups.

There are three types of discrete groups, depending on the size of the subgroup

of translations Γ′.

A discrete group Γ is classi�ed by its subgroup of translations as follows:

1. it does not contain any translation, but it contains rotations and re�ec-

tions

Γ =< E2 > Rosette Groups

2. it contains translations of collinear vectors Γ′ = {τ−→v ;−→v = n−→a , n ∈ Z}
Γ =< τ−→a > Friezes Groups

3. it contains translations of non collinear vectors

Γ′ = {τ−→v ;−→v = n−→a +m−→a , a ∦ b m, n ∈ Z}
Γ =< τa, τb > Wallpaper Groups

We have already faced the �rst point, so we'll be interested in the subsequent

point. We are enunciating, but we aren't giving a rigorous proof, the theo-

rem of friezes groups classi�cation. In mathematical speech the word frieze

means a plane shape whose symmetry's group (i.e. the set of transformation

of the plane that leave unchanged the distances and change the �gure in itself)

contains the translations, but only unidirectional ones and alls multiple of a

basic-translation. Such a �gure is necessarily unlimited.

For the friezes, in addition to translations, there are others symmetries that

are added for composition. We consider symmetries under which such models
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are invariant by translation, we will see that there are seven possible types of

ornamental friezes.

De�nition 0.0.5. A frieze group with center c is an isometries group that

�xes a a given line c and whose translations form a in�nite cyclic group.

and Escher and the Tessellations of the plane: Now we have a look at the

symmetry of Escher art.

Escher's works, gathered from the book entitled Visions of simmetry by Doris

Schattschneider, and here presented, suggest us a visual idea of what is a

tessellation of the plane and what are the 'elements' of symmetry that part of

it. We therefore proposed to examine the artist's works by identifying, through

their careful analysis, which and what order are the pivot points and which

symmetries appear thus ascending to the type of unit cell used to produce

printing (the tessellation of the plane) and then to which crystallographic

group it is classi�ed. In the space group p1, we have already seen that there is

just the operation identity and therefore a material point is only repeated by

the translational lattice carriers. I already �nished this chapter by a roundup

of Escher's works, where, for the most of them, I illustrated the wallpaper
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group which them belong.
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In the second chapter I dealt some considerations about the teaching of math-

ematic in the compulsory education. These considerations are the result of

a selection of speeches by several authors and important people which work

in instruction's �eld also as educator of teachers of the compulsory school.

Actually on the base of these considerations there are also several di�erent

readings of didactic experience of various kind of important mathematicians

which, in a certain way,revolutionized the teaching of mathematic; two names

of all: Emma Castelnuovo and Serge Lang.

After these consideration I illustrated the change in the didactic planning hap-

pened by the approval of the law to reform the education system (Law No.

53 of March 28, 2003), the subsequent enactment of the implementing decree

(Decree No. 59 of 19 February 2004) and other legislations, the Middle School

has undergone to a transformation beginning from its same name: Secondary

School of First Grade, that with the Primary School, complete the �rst cycle

of studies. In this perspective it is interesting to see the news that such in-

novation introduced that actually required signi�cant changes in the way of

organizing the educational work and that reminded to ideas and key words by

then familiar in the Italian school, such as autonomy, �exibility, planning, cen-

trality of the student and learning. The background and the frame of reference

for the educational institutions continued to be represented by the autonomy,

meaning above all as the planning autonomy and the teaching research, ie

autonomy of those teachers who work to promote the integral education of

each student. This implies a challenging job, actually, the development of

the training objectives and their implementation. In fact, while the objec-

tives are centrally set and compete to the Ministry, it is up to the individual

schools to develop appropriate strategies and build educational pathways in

which speci�c learning objectives (knowledge and skills) can be transformed

into personal skills of the students.

I had an experience in two �fth classes of a Primary School, with my advisor.

This presentation has the following order: �rst of all I illustrated the planning

of the lessons, where I so listed the Speci�c Objectives of Learning concerning

these lessons:

Speci�c learning objectives FIFTH CLASSES that I
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MATHEMATICS

� exploring models of geometric �gures by recognizing the properties, build-

ing and drawing the main geometric �gures explored; working e�ectively

with the �gures by processing them;

� in simple cases determining perimeters, areas and volumes of the known

geometric �gures;

� classifying objects, pictures, numbers, making appropriate representa-

tions;

� identifying, describing and building meaningful relationships in di�erent

contexts;

� verifying by example a formulated hypothesis;

� strengthening the capacity of collecting data and distinguishing the qual-

itative from the quantitative;

� classifying uncertain situations, quantifying in simple contexts by using

the information held, in particular the possible outcomes of the symme-

try and the relative frequency of similar situations;

� identifying the information necessary to achieve a goal by analyzing the

text of a problem , organizing and achieving a solution path;

� considering the followed resolution procedure and comparing it with

other possible solutions.

We did several activities with the students, and I like to show just some of

works of them.
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Then, analogy with the Primary School, I had also an experience in a

second class of a Secondary School. We work also with the software Cabri,

in fact, I used this software with the second class of the Secondary School, to

show them the composition of the isometries.

At the end I presented some �nal works of the students.
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