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Synthesis

This is a thesis in Algebraic Geometry and its interactions with another field
of mathematics: Number Theory. More precisely, we will study rational
points on schemes with emphasis on the case of algebraic curves. Let’s cite
a famous open problem concerning rational points in which we can see how
the two fields of mathematics may interact.

Open problem (the perfect cuboid). It’s not known if there exists a
cuboid having rational sides, rational face diagonals and rational space diag-
onals. Equivalently, it’s not known if there exists a solution over Q to the
following Diophantine problem:

x2 + y2 = a2

x2 + z2 = b2

y2 + z2 = c2

x2 + y2 + z2 = d2,

where x, y, z, a, b, c, d are indeterminate.

This kind of problem can be studied with an arithmetic approach, that uses
tools from the world of Number Theory (for example, one can start asking if
there exists a solution over Z), and with a geometric approach. The geomet-
ric approach consists in the interpretation of the system above as a closed
subscheme X in P6

Q (it was proven by van Luijk that X is a surface of gen-
eral type) and the rational solutions of the system (if any) will correspond to
Q-rational points of the scheme X. Now that we have an idea of our subject,
let’s go through this work.

Let X be a k-scheme with structural morphism f : X → Spec(k) and let X(k)
be the set of sections of the k-scheme X, i.e. the morphisms s : Spec(k)→ X
such that f ◦ s = idSpec(k). The first concept we introduce is the definition of
k-rational point on X.
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Definition of k-rational point. Let X be a scheme over k. A point x ∈ X
is called k-rational if there exists s ∈ X(k) such that s((0)) = x. If s ∈ X(k),
the map s 7→ s((0)) is a bijection between X(k) and the set of k-rational
points, which we will identify.

The structural morphism f induces an injection k ↪→ k(x), which allows to
give the following characterization of k-rational points:

Proposition 1. Let X be a scheme over k. A point x ∈ X is k-rational ⇔
the injection k ↪→ k(x) associated to the structural morphism is surjective.

Therefore, for a k-rational point x ∈ X we have k ∼= k(x), but the converse is
not true: just take k := Q(x1, x2, . . .) where x1, x2, . . . are indeterminate over
Q, X := Spec(k) and define as structural morphism the morphism f induced
by the ring homomorphism ϕ : k → k obtained by extending xi 7→ xi+1,
i ≥ 1. It’s easy to see that k((0)) ∼= k while the inclusion k ↪→ k(x) induced
by f is not surjective. However, k(x) ∼= k implies x ∈ X(k) with some more
hypotheses, for instance assuming that k is a finite extension of its base field
or k = k and k ↪→ k(x) algebraic.
k-rational points on a k-scheme X behaves well with subschemes.

Proposition 2. Let X be a k-scheme and let Y ⊆ X be an open or closed
subscheme. If i : Y → X is the inclusion morphism, Y can be viewed as a
k-scheme through the structural morphism f ◦ i, where f is the structural
morphism of the k-scheme X. Then Y (k) = X(k) ∩ Y .

Now we focus our attention on k-schemes locally of finite type. In this case
k-rational points are closed points.

Theorem 1. Let X be a scheme locally of finite type over k with structural
morphism f and let x ∈ X. If k ↪→ k(x) is induced by f , the following are
equivalent:

(i) x is closed;

(ii) k ↪→ k(x) is finite;

(iii) k ↪→ k(x) is algebraic.

Since it is a topological fact that a nonempty, quasi-compact and T0 topo-
logical space has a closed point (this is a consequence of Zorn’s Lemma), we
get at once the following result:

Proposition 3. If X is a nonempty scheme of finite type over k = k, then
X(k) 6= ∅.
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Now we come to the previously announced link between k-rational points of
a scheme locally of finite type over k and polynomial systems over k.

Proposition 4. Let x1, . . . , xn be indeterminate over k and let f1, . . . , fc ∈
k[x1, . . . , xn]. If we consider the scheme:

X := Spec

(
k[x1, . . . , xn]

(f1, . . . , fc)

)
,

there is a one-to-one correspondence between k-rational points of X (which
is a scheme over k with the structural morphism f induced by the natural
injection i : k ↪→ k[x1,...,xn]

(f1,...,fc)
) and solutions in An

k of the polynomial system:
f1(x1, . . . , xn) = 0
...
fc(x1, . . . , xn) = 0.

In other words, we have that:

X(k)↔ Z(f1, . . . , fc) := {p ∈ An
k |fi(p) = 0, ∀ i = 1, . . . , c}.

In particular:

X(k) =

{
(x1 − p1, . . . , xn − pn)

(f1, . . . , fc)

∣∣∣∣(p1, . . . , pn) ∈ Z(f1, . . . , fc)

}
.

Corollary 1. Let X be a scheme of finite type over a finite field k. Then
|X(k)| <∞.

Proposition 4 has a projective analogous:

Proposition 5. Let X0, . . . , Xn be indeterminate over k and let F1, . . . , Fc ∈
k[X0, . . . , Xn] be homogeneous polynomials. Consider the scheme:

X := Proj

(
k[X0, . . . , Xn]

(F1, . . . , Fc)

)
.

Then there is a one-to-one correspondence between k-rational points of X
and solutions in Pnk of the polynomial system:

F1(X0, . . . , Xn) = 0
...
Fc(X0, . . . , Xn) = 0.

In other words, we have that:

X(k)↔ V (F1, . . . , Fc) := {p ∈ Pnk |Fi(p) = 0, ∀ i = 1, . . . , c}.
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The property we mention here is that k-rational points are compatible with
field extensions. Roughly speaking, we mean that if X is a k-scheme and
k ⊆ K is a field extension, k-rational points on X are a subset of K-rational
points of XK := X ×k Spec(K). Formally:

Proposition 6. Let X be a k-scheme and let k ⊆ K be a field extension.
Then there is a natural injection X(k) ↪→ XK(K).

Now we study how some properties of a k-scheme X of finite type, such as
dimension, connectedness, irreducibility, reducedness and regularity, behave
under an algebraic extension of the base field. This discussion makes sense
because we want to introduce the concept of variety over a field which is not
algebraically closed, and this is worth to be clarified since a first approach to
Algebraic Geometry deals with the algebraically closed case. In our defini-
tion, we want that if a projective k-scheme X is a variety, then Xk is regular,
projective and irreducible. Of course we need to understand what happens
with this base extension in order to have Xk with the right hypotheses (and
X with the minimal ones). Let’s give some more details.

Proposition 7. Let X be a scheme of finite type over k and let k ⊆ K be
an algebraic field extension. Then dim(X) = dim(XK).

The key of the proof of previous proposition is Noether Normalization Lemma.
Now let P be a property between connected, irreducible, reduced and inte-
gral. It’s possible to exhibit schemes X of finite type over a field k with
property P such that Xk is not P . This motivates the definition of geomet-
rically P scheme.

Definition 1. A scheme X of finite type over k is said to be geometrically
connected (resp. irreducible, reduced, integral) if Xk is connected (resp. irre-
ducible, reduced, integral).

Geometrically P is stronger than P .

Proposition 8. Let X be a k-scheme of finite type. X is geometrically P ⇔
for each algebraic field extension k ⊆ K, XK is P .

However, if P = reduced and the base field is perfect, reduced and geomet-
rically reduced are equivalent. This is a consequence of next proposition.

Proposition 9. Let X be a reduced scheme over k of finite type and let
k ⊆ K be a separable field extension. Then XK is reduced.
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We treat now regularity and projectivity. Regularity is not preserved under
an algebraic extension of the base field, therefore we introduce the concept
of smooth scheme.

Definition 2. Let X be a scheme of finite type over k, x ∈ X and let
p : Xk → X be the projection. X is smooth at x if Xk is regular at x′ for each
x′ ∈ p−1(x). X is smooth if it is smooth at every point x ∈ X. Equivalently,
X is smooth if Xk is regular.

It’s natural to ask how smoothness relates with regularity.

Theorem 2. Let X be a scheme of finite type over k. If X is smooth, then
X is regular.

The proof of this theorem is delicate and involves k-rational points and the
Jacobian criterion of regularity, which we don’t state here since requires the
introduction of several notations. The converse of Theorem 2 holds if the
base field k is perfect. About projectivity and base field extension, we prove
the following more general result:

Proposition 10. Let A, B and C be rings with B graded A-algebra and C A-
algebra. Then we have a canonical isomorphism of schemes: Proj(B⊗AC) ∼=
Proj(B)×A Spec(C).

From this proposition we can understand how a base field extension operates
on a projective scheme over k, whose structure is here described:

Proposition 11. Let X be a projective scheme over a field k. Then there
exist n ≥ 0 and a homogeneous ideal I ⊆ k[X0, . . . , Xn] such that:

X ∼= Proj

(
k[X0, . . . , Xn]

I

)
.

Moreover, X is a noetherian scheme, of finite type over k and proper over
k.

After this discussion, we are ready to define varieties over any field k, in case
k ( k.

Definition 3. Let k be a field. A variety over k is a scheme X which is
projective over k, geometrically irreducible and smooth. A curve is a variety
of dimension one and a surface is a variety of dimension two.
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For the theory of varieties over non algebraically closed fields, see for example
the exposition of [Liu02]. Varieties of general type will be important to us.

Definition 4. Let X be a scheme of finite dimension n and let L ∈ Pic(X).
We will say that L is big if there exist a real number c > 0 and N0 ∈ N such
that for each N > N0:

h0(X,L ⊗N) > cNn.

Definition 5. Let X be a variety. X is said to be of general type if the
canonical sheaf is big.

A curve of genus g ≥ 2 is a first example of variety of general type. More
precisely, using Riemann-Roch Theorem we can show that a curve X is of
general type ⇔ g(X) ≥ 2. There is another equivalent definition of variety
of general type which uses the notion of Kodaira dimension, which we want
to introduce. First we fix some notation. If X is a variety over a field k and
L is an invertible sheaf on X, define:

N(X,L ) := {m ≥ 0|h0(X,L ⊗m) > 0},

which is a commutative monoid under addition (it’s always true that 0 ∈
N(X,L )). Therefore, if m ∈ N(X,L ), we can define a rational map:

φL ⊗m : X 99K P(H0(X,L ⊗m)).

Definition 6. Let X be a variety and let L ∈ Pic(X). We define the
Iitaka dimension of X relative to L , in symbols κ(X,L ), to be −∞ if
N(X,L ) = {0} and:

max
m∈N(X,L )

{dimφL ⊗m(X)}

otherwise. The Iitaka dimension of X relative to ωX is called the Kodaira
dimension of X, which is denoted by κ(X).

The Kodaira dimension is an important birational invariant. The equivalent
definition of variety of general type is a consequence of next theorem:

Theorem 3. Let X be a variety and let L be an invertible sheaf on X. L
is big ⇔ dim(X) = κ(X,L ).

Corollary 2. A variety X is of general type ⇔ dim(X) = κ(X).
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An example of variety which is not of general type is for instance P2
k.

As mentioned earlier, we want to focus on the study of k-rational points on
curves and hyperelliptic curves will play a central role. Therefore we de-
velop in details the theory of hyperelliptic curves, with particular emphasis
on the study of their isomorphism classes. Here we put ourself in the case
of classical Algebraic Geometry over an algebraically closed field k of char-
acteristic different from 2. In P1

k
we make the identification∞ := (1 : 0) and

a := (a : 1).

Definition 7. Let C be a curve over k of genus g ≥ 2. Then C is said to
be hyperelliptic if there exists a degree 2 regular map f : C → P1

k
. Using

Hurwitz formula we get immediately that f has 2g + 2 ramification points,
and hence 2g + 2 branch points. The map ι : C → C such that ι(p) := q
where f(p) = f(q) is called the hyperelliptic involution. Obviously, ι is the
identity on the ramification points and ι ◦ ι = idC .

Theorem 4. Let C be a hyperelliptic curve over k of genus g with f : C → P1
k

as degree 2 regular map. Then C is isomorphic to the desingularization of
the projective closure of the affine plane closed subset of equation:

y2 =

2g+2∏
j=1

(x− aj),

where the aj ∈ k are the distinct branch points of f (here we assume, up
to compose f with a projective transformation of P1

k
, that f hasn’t a branch

point at ∞). In addition, the morphism f is uniquely determined up to an
automorphism of P1

k
.

Corollary 3. Let C1, C2 be two hyperelliptic curve over k with degree 2
morphism f1 and f2 respectively. If the branch points of f1 differ from those
of f2 by a projective transformation of P1

k
, then C1 and C2 are isomorphic.

The following is a sort of converse of Theorem 4

Theorem 5. Let C̃ be the desingularization of C , which is the projective
closure of the affine plane closed subset of equation:

y2 = P (x),
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where P ∈ k[x] with distinct roots and degree n ≥ 5. Then C̃ is a hyperelliptic
curve with genus g given by:

g =

{
n−1
2

if n is odd,
n−2
2

otherwise.

Now we start studying the isomorphism classes of hyperelliptic curves.

Definition 8. Let g ≥ 2 be an integer, S2g+2 the group of permutations of
2g + 2 objects and let E be any set. If (e1, . . . , e2g+2) ∈ E2g+2, define:

π(e1, . . . , e2g+2) := (e1, . . . , e2g−1).

If σ ∈ S2g+2, define also:

σ(e1, . . . , e2g+2) := (eσ(1), . . . , eσ(2g+2)).

If F is a second set and ϕ : E → F is a function, define:

ϕ(e1, . . . , e2g+2) := (ϕ(e1), . . . , ϕ(e2g+2)).

Now consider the following open subset of A2g−1
k

with respect to Zariski
topology:

X g

k
:= {(β1, . . . , β2g−1) ∈ A2g−1

k
|∀ i, j with i 6= j, βi 6= 0, 1 and βi 6= βj}.

Define an action of S2g+2 over X g

k
as follows. Take σ ∈ S2g+2, (β1, . . . , β2g−1) ∈

X g

k
and let be β2g := 0, β2g+1 := 1, β2g+2 := ∞. Let ϕσ be the projective

transformation of P1
k

such that:

ϕσ(βσ(2g), βσ(2g+1), βσ(2g+2)) = (0, 1,∞).

Then define:

σ ∗ (β1, . . . , β2g−1) := πϕσσ(β1, . . . , β2g+2).

Lastly, let Yg
k

be the set X g

k
modulo the action of “ ∗ ”.

Proposition 12. There is a bijection between Yg
k

and the isomorphism classes

of hyperelliptic curves over k of genus g.
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Observe in particular that Y2
k

parametrizes all genus 2 curves. Over a field
k which is not algebraically closed, we will say that a curve C over k is
hyperelliptic if Ck is hyperelliptic.

Let’s start with the study of k-rational points on curves considering the case
g = 0. First we observe that:

Proposition 13. Let C be a curve over k of genus 0. Then C is isomorphic
to a smooth conic over k and conversely.

Then, if we know that at least one k-rational point exists, we can give ex-
plicitly all the others (here we put ourselves in zero characteristic).

Theorem 6. Let C be a smooth conic in P2
k. Then C ∼= P1

k ⇔ C (k) 6= ∅.
Under these hypotheses, |C (k)| =∞ and if our conic is in the form:

XY + εXZ − (1 + ε)Y Z = 0

with ε ∈ k\{0,−1} (this can be assumed up to a projective transformation of
P2
k), then k-rational points can be parametrized in the following way:

C (k) = {((1 + ε)uv : −v(v − uε) : u(v − uε))|(u : v) ∈ P1
k}.

Hence, the only problem now concerns the existence of a k-rational point
on a genus 0 curve (of course, the answer is trivial if k = k). We will
give a criterion to establish the existence of k-rational points in the case
k = Q. After some elementary considerations, the study of the existence of
a Q-rational point on a smooth conic over Q is equivalent to establish the
existence of a solution to one of the following Diophantine equations:

aX2 + bY 2 = ±Z2,

where a, b ∈ N∗ are square free† (a, b are nonzero because the conic is smooth).
Obviously, equation aX2+bY 2 = −Z2 has no solutions. Hence the interesting
case is:

aX2 + bY 2 = Z2, (1)

which is known as Legendre’s equation.

Theorem 7. In equation (1), let h := GCD(a, b) and set a = ha1, b = hb1.
Equation (1) has a solution ⇔ the following congruences are solvable: α2 ≡
a(mod b), β2 ≡ b(mod a), γ2 ≡ −a1b1(mod h).

†a ∈ Z∗ is square free if a = ±p1 . . . pn where p1, . . . , pn are distinct prime numbers.
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The hard part in Theorem 7 is that the solubility of the three congruences
implies the existence of a solution. The idea is the following: if a > b (and
similarly if a < b), we build a second equation AX2 + bY 2 = Z2 whose
coefficients verify hypotheses similar to the ones verified by a and b. More
formally, A > 0, α2 ≡ A(mod b), β2 ≡ b(mod A) are solvable and, if H :=
GCD(A, b), A = A2H, b = b2H, γ2 ≡ −A2b2(mod H) is solvable. The
interesting fact is that the equation AX2 + bY 2 = Z2 can be build in such a
way that A < a and its solubility implies the solubility of aX2+bX2 = Z2. By
iteration, we can reduce ourselves to the cases cX2+Y 2 = Z2, X2+dY 2 = Z2

or eX2 + eY 2 = Z2, whose solubility can be easily established.

The case g = 1 is more complicated. Firstly, a genus 1 curve over k with at
least one k-rational point is isomorphic to a smooth plane cubic.

Theorem 8. Let C be a genus 1 curve with x ∈ C (k). Then L (3x) is
very ample and induces a closed immersion into P2

k whose image is a smooth
cubic.

An example of genus 1 curve over Q with no Q-rational points is Selmer’s
equation:

3X3 + 4Y 3 + 5Z3 = 0.

We show that this equation has no Q-rational points using standard tech-
niques in Algebraic Number Theory. Firstly, 3X3 + 4Y 3 + 5Z3 = 0 has
a solution ⇔ X3 + 6Y 3 = 10Z3 has a solution. If α := 3

√
6, K := Q(α)

and (x, y, z) is a (nontrivial) solution of X3 + 6Y 3 = 10Z3, we consider the
following ideals equality in OK :

(x+ αy)(x2 − αxy + α2y2) = (10)(z)3. (2)

By studying the factorization of the ideals involved in equality (2), we will
find a contradiction.
We focus now on elliptic curves :

Definition 9. An elliptic curve over k is a smooth cubic in P2
k with at

least one k-rational point, which will be denoted by O. If O is a flex and
Char(k) 6= 2, then our curve will be isomorphic to the projective closure of
the affine plane closed subset of equation:

y2 = Ax3 +Bx2 + Cx+D,

where the right hand polynomial is of degree three with distinct roots in k.
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Observe that an elliptic curve can be embedded in P3
k as the intersection of

two irreducible quadrics and, conversely:

Proposition 14. If Q1, Q2 are two irreducible quadrics in P3
k with transverse

intersection over k such that Q1 ∩ Q2 is smooth and k(Q1 ∩ Q2) 6= ∅, then
Q1 ∩Q2 is an elliptic curve over k.

The remarkable property of k-rational points on an elliptic curve C is that
they form a group together with an adequate operation “+”. If we put
ourselves over Q, a lot (but not everything) is known about (C (Q),+).

Mordell-Weil Theorem. Given an elliptic curve C over Q, the group
(C (Q),+) is finitely generated.

We can give thus the following definition.

Definition 10. Given an elliptic curve C over Q, we have from Mordell-Weil
Theorem that C (Q) ∼= C (Q)tors ⊕ Zr for some r ∈ N, where C (Q)tors is the
torsion subgroup of C (Q). r is called the rank of C .

About this torsion subgroup, we have two important theorems:

Mazur’s Theorem. Given an elliptic curve C over Q, the torsion subgroup
of (C (Q),+) is isomorphic to one of the following abelian groups:

• Z/nZ with 1 ≤ n ≤ 10 or n = 12;

• (Z/2Z)⊕ (Z/2mZ) with 1 ≤ m ≤ 4.

Moreover, each of these groups occurs as the torsion subgroup of (C (Q),+)
for some elliptic curve C over Q.

Nagell, Lutz Theorem. Let C be the elliptic curve over Q defined by y2 =
x3 + ax+ b with a, b ∈ Z. If (x, y) ∈ C (Q)tors, then:

1. x, y ∈ Z;

2. either y = 0 or y2|4a3 + 27b2.

The rank of an elliptic curve is hard to determine. For instance we have the
following conjecture:

Rank Conjecture. For each n ∈ N, there exists an elliptic curve C over Q
whose rank is greater than n.

11



More information about the rank can be found in [RS02].

Our starting point for the case g ≥ 2 is Faltings’ Theorem:

Faltings’ Theorem. Any curve of genus g ≥ 2 defined over a number field
K has finitely many K-rational points.

This theorem implies finiteness for the number of solutions of a Diophantine
equation which represents a curve of general type over a number field. We
won’t prove Faltings’ result, which involves important instruments of Dio-
phantine Geometry such as Weil Height Function and Vojta’s Inequality. A
reference for these arguments is [HiSi00]. Indeed, our interest is devoted to
the consequences of this theorem. As far as a curve over K of genus g ≥ 2
has finitely many K-rational points, it makes sense to ask if, fixed K and
g ≥ 2, there exists a constant in N, named B(K, g), such that any curve over
K of genus g has at most B(K, g) K-rational points. The existence of such
a constant is an important conjecture in Arithmetic Geometry:

Uniform Bound Conjecture. For every number field K and for every
integer g ≥ 2, there exists a natural number B(K, g) such that no curve of
genus g defined over K has strictly more than B(K, g) K-rational points.
We take B(K, g) minimal with this property.

In the same fashion, there is a second conjecture which rises:

Universal Generic Bound Conjecture. For every integer g ≥ 2, there
exists a natural number N(g) such that for any number field K there are
only finitely many K-isomorphism classes of curves of genus g defined over
K having strictly more than N(g) K-rational points. We take N(g) minimal
with this property.

It was shown by Caporaso, Harris and Mazur that this two conjectures are
indeed consequences of the Lang Conjectures, that we are going to state.

Weak Lang’s Conjecture. Let X be a variety of general type defined over
a number field K. Then the set of K-rational points of X is not dense in X
with respect to the Zariski topology.

Weak Lang’s Conjecture in dimension one is equivalent to Faltings’ Theorem.
This is because dimension one varieties of general type are exactly curves of
genus g ≥ 2 and a subset S of a curve which is not dense with respect to the
Zariski topology is a finite set. Hence Lang’s Conjectures try to generalize
Faltings’ Theorem to varieties of general type of higher dimension.
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Strong Lang’s Conjecture. Let X be a variety of general type defined over
a number field K. Then there exists a proper Zariski closed subvariety Ξ in
X such that for any number field L containing K, all of the L-rational points
of X are contained in Ξ, with the exception of finitely many of them.

The key theorem which, together with the Lang’s Conjectures, implies the
Bound Conjectures is known as the Correlation Theorem.

Correlation Theorem. Let X → B be a proper morphism of varieties over
a number field K whose general fiber is a curve of genus at least 2. Then for
n big enough, the n-th fiber product of X over B admits a dominant rational
map h to a positive dimensional variety of general type W , and both W and
h are defined over K.

Proof. See [CHM97].

Assuming the Weak Lang’s Conjecture, Pacelli proved the following result
concerning B(K, g).

Theorem 9. Assume that the Weak Lang’s Conjecture is true. Let g ≥ 2
and d ≥ 1 be integers, and let K be a number field. Then there exists an
integer BK(d, g) such that for any field extension K ⊆ L of degree d and for
any genus g curve C over L:

|C (L)| ≤ BK(d, g).

Proof. See [Pac96].

This theorem generalizes Abramovich’s one with d = 2 (see [Abr95]).

What should we do with these two numbers B(K, g) and N(g)? A good idea
is to find lower bounds for B(K, g) and N(g). This is mostly for two reasons:
first of all, if we are able to increase indefinitely the lower bounds in some
particular case, the conjecture will be proven to be false. Secondly, if the
conjectures are true, it’s interesting to know the exact value of B(K, g) and
N(g). Therefore we explain Mestre’s idea which allows to establish:

B(K, g) ≥ 8g + 12, B(Q(ξ), g) ≥ 16(g + 1), N(g) ≥ 16(g + 1),

where K is a number field, g ≥ 2 and ξ is a primitive (2g + 2)-th root of 1.
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Proposition 15. Given n ∈ N∗, there exist distinct a1, . . . , a2n ∈ K such
that P (x) :=

∏2n
i=1(x− ai) can be written as P = Q2−R where Q,R ∈ K[x],

Q is monic, deg(Q) = n, deg(R) = n− 1 and, if n > 1, R has distinct roots
in K. In addition, (a1, . . . , a2n) can be chosen in a Zariski dense open subset
of A2n

K , that we call U2n
K .

That said, with the same notations, if K is a number field, g ≥ 2 and
n := 2g + 3, the hyperelliptic curve:

y2 = R(x),

has at least (aj,±Q(aj)), j = 1, . . . , 4g + 6, as K-rational points, hence
B(K, g) ≥ 8g + 12. Moreover, since (a1, . . . , a2n) can be chosen in a Zariski
dense open subset, we can exhibit infinitely many isomorphism classes of
hyperelliptic curves with at least 8g + 12 K-rational points, and this means
that N(g) ≥ 8g + 12. With analogous ideas, one can prove the remaining
inequalities.
A different method due to Brumer will lead to (a similar result):

B(Q(ζ), g) ≥ 16(g + 1), N(g) ≥ 16(g + 1),

where g ≥ 2 and ζ is a primitive (g + 1)-th root of 1. Brumer’s idea is to
consider the family {Ca,b} of hyperelliptic curves associated to the equations:

y2 = a(xn + 1)2 + bxn,

with a, b ∈ Q and ab 6= 0. The automorphisms:

ι : (x, y) 7→ (x,−y),

ϕ : (x, y) 7→
(

1

x
,
y

xn

)
,

ψi : (x, y) 7→ (ζ ix, y).

generates a subgroup G of Aut(Ca,b) of order 4(g + 1). It’s possible then
to find four points (x1, y1), . . . , (x4, y4) ∈ Q2 and two rational numbers a, b
with ab 6= 0 such that the curve Ca,b passes through (x1, y1), . . . , (x4, y4) and
their orbits under the action of G are disjoint, hence B(Q(ζ), g) ≥ 16(g+ 1).
Moreover, N(g) ≥ 16(g+ 1), since in this way we can obtain infinitely many
isomorphism classes of curves.
The last method we study allows to find a (hyperelliptic) curve C defined
over Q over the rational surface P1 × P1 such that:

|C (Q)| ≥ 2|G|(3ρG(g)− 1),

14



where g ≥ 2, G is a finite subgroup of PGL(2,Q) and ρG(g) is the dimension
of the vector subspace of homogeneous polynomial of degree g + 1 in two
variables which are invariant under the action of G. So, the matter now is
to understand who are the possible finite subgroups G and then which group
makes the quantity 2|G|(3ρG(g)− 1) bigger for a fixed g.

Theorem 10. In PGL(2,Q) every finite subgroup is isomorphic to one of
the following groups:

{0},Z/2Z,Z/3Z,Z/4Z, (Z/2Z)× (Z/2Z),Z/6Z, S3, D4, D6.

Moreover, for each group G in the list there exists a subgroup of PGL(2,Q)
which is isomorphic to G.

We prove this theorem starting from Klein’s classification of finite subgroups
of PGL(2,C) (see [Kle13]) and taking some results from [Dre04].
In conclusion, the best we can obtain with this method is:

B(Q, g) ≥



6g + 12 if g ≡ 2(mod 6),
6g + 10 if g is even and g 6≡ 2(mod 6), or g ≡ 3(mod 6),
6g + 18 if g ≡ 1(mod 6),
6g + 30 if g ≡ 5(mod 6),
6g + 26 if g ≡ 1(mod 8),
6g + 14 if g ≡ 3(mod 8),
6g + 38 if g ≡ 7(mod 8).

which improves previous methods for g = 5, 7.
The bounds we found for B(K, g) and N(g) are not the best for some values
of g. The strength of our argument is that we were able to provide examples
of curves with many rational points for every g ≥ 2. However, one can
concentrate on a particular g. For example, in the case g = 2 the best
lower bound for B(Q, 2) is 588 and it was established by L. Kulesz with the
hyperelliptic curve:

y2 = 278271081x2(x2 − 9)2 − 229833600(x2 − 1)2.

As far as N(2) is concerned, the record is N(2) ≥ 128 (see [CHM95, Propo-
sition 4.1]).

As conclusion, assuming Lang’s Conjecture and therefore the existence of
B(K, g) and N(g), we make some considerations. It’s clear that for fixed
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N ∈ N, we can find a number field K and a curve C over K such that
|C (K)| > N . However, it can be interesting to find a way to exhibit a
number field K and a curve C over K with arbitrarily many K-rational
points in such a way that K is as “small” as possible. Roughly speaking, we
would like to economize on the base field K. The idea that we use is that
we can find an arbitrary long (but finite) succession of consecutive natural
numbers such that no one of these is a prime number.

Proposition 16. For any genus g ≥ 2 and N ∈ N, there exists a number
field K̃ and a curve C over K̃ such that:

|C (K̃)| > N.

In particular, if N := N(g), N(g) < B(K̃, g).

In the proof, K̃ will be Q(
√
p1, . . . ,

√
pn), where p1, . . . , pn are the prime

numbers smaller than M ! + 2 and M ∈ N is such that
∏2g+1+N

i=N i ≤M ! +M .

The curve with at least N K̃-rational points is y2 = (x− 1) . . . (x− 2g − 2).
Last proposition regards the number of isomorphism classes of genus g curves
over a number field K with more than N(g) K-rational points.

Definition 11. Let K be a number field and let g ≥ 2. Define e(K, g)
to be the number of K-isomorphism classes of curves over K with at least
N(g) + 1 K-rational points. This number exists if the Universal Generic
Bound Conjecture is true.

We prove the following result:

Proposition 17. Fixed g ≥ 2, there exists a succession K0 ⊆ K1 ⊆ K2 ⊆ ...
of number fields such that:

lim
m→∞

e(Km, g) =∞.
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