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Abstract: We consider infinite dimensional Hamiltonian systems. We prove the exis-
tence of “Cantor manifolds” of elliptic tori—of any finite higher dimension—-accumulating
on a given elliptic KAM torus. Then, close to an elliptic equilibrium, we show the exis-
tence of Cantor manifolds of elliptic tori which are “branching” points of other Cantor
manifolds of higher dimensional tori. We also answer to a conjecture of Bourgain, prov-
ing the existence of invariant elliptic tori with tangential frequency along a pre-assigned
direction. The proofs are based on an improved KAM theorem. Its main advantages
are an explicit characterization of the Cantor set of parameters and weaker smallness
conditions on the perturbation. We apply these results to the nonlinear wave equation.
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1. Introduction

A central topic in the theory of Hamiltonian partial differential equations (PDEs) con-
cerns the existence of quasi-periodic solutions. In the last twenty years several existence
results have been proved using both KAM theory, see e.g. Wayne [30], Kuksin [24],
Poschel [25,27], Eliasson-Kuksin [17] (and references therein), or Newton-Nash-Moser
implicit function techniques, see e.g. Craig-Wayne [15], Bourgain [9-11], Berti-Bolle
[5] and with Procesi [6]. We mention also the recent approach with Lindstedt series by
Gentile-Procesi [19]. An advantage of the KAM approach is to provide not only the
existence of an invariant torus but also a normal form around it. This would allow, in
principle, to study the dynamics of the PDE in its neighborhood.

In the existing literature only quasi-periodic solutions of PDEs in a neighborhood
of an elliptic equilibrium (see Kuksin [24], Craig [14] for survey) or perturbations of
finite gap solutions of integrable PDEs (see Kuksin [24], Kappeler-Poschel [22]) are
considered.

In this paper we study the dynamics of infinite dimensional Hamiltonian systems
near an elliptic torus. In particular we develop an abstract KAM theory for proving the
existence of “Cantor manifolds” of elliptic invariant tori near a given elliptic torus.

For finite dimensional Hamiltonian systems, the dynamics close to a lagrangian KAM
torus has been deeply investigated, see for example [20]. On the other hand the existence
of lower dimensional tori in a neighborhood of an elliptic torus requires, also in finite
dimension, a more refined KAM theorem (it is a corollary of our general results). As is
well known, the difficulty comes from the presence of the elliptic directions.

Our first result states, roughly, the following (see Theorem 2.1 for a precise state-
ment):

Given an n-dimensional torus with an elliptic KAM normal form around it, we
prove, under the natural non-resonance and non-degeneracy assumptions, the
existence of “Cantor manifolds” of elliptic tori—of any finite higher dimension
n > n— accumulating on it.

This result is based on two main steps. We first perform a Birkhoff normalization
(see the “averaging” Proposition 6.1) assuming the natural non-resonance conditions
on the tangential and normal frequencies of the torus, see (2.12). These conditions are
similar to those used in Bambusi [1], Bambusi-Grébert [4], for an elliptic equilibrium.
The next step is to apply KAM theory. Due to the third order monomials on the high
mode variables in (6.3)—(6.4), the KAM theorems available in the literature would apply
only requiring stronger non-resonance assumptions, see Remark 2.2. Therefore we use
the improved KAM Theorem 5.1.

Note that these refined estimates are required only for the search of small amplitude
solutions and not for perturbations of linear PDEs as considered in [23,24,30] where
the size of the perturbation is an external parameter.

For finite dimensional systems a similar result has been proved by Jorba-Villanueva
[21].

As a second result, we prove an abstract theorem describing a branching phenome-
non of Cantor manifolds of elliptic tori of increasing dimension (see Theorem 3.1 for a
precise statement):

Close to an elliptic equilibrium there exist, under the natural non-resonance and
non-degeneracy assumptions, Cantor manifolds of elliptic tori which are “branch-
ing points” of other Cantor manifolds of higher dimensional tori.
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This result relies on Theorem 2.1. The main difficulty is to check that, after the first
application of the KAM theorem close to the equilibrium, the perturbed frequencies
of the deformed elliptic torus, fulfill the non-resonance conditions required by Theo-
rem 2.1. This is achieved in Sect. 7, thanks to the explicit characterization of the Cantor
set of non-resonant parameters provided by the basic KAM Theorem 5.1.

Theorem 3.1 can be also seen as a “building block™ for constructing small ampli-
tude almost periodic solutions for PDEs without external parameters. Actually, with the
present estimates, we can prove the existence of only finitely many branches of finite
dimensional elliptic tori. The existence of almost periodic solutions has been proved by
a similar scheme in Péschel [28], for a nonlinear Schrodinger equation with regularizing
nonlinearity, using the potential as infinitely many external parameters.

We apply these abstract results to the nonlinear wave equation (NLW), which is more
difficult, for KAM theory, because of the linear asymptotic growth of the frequencies.

From Theorem 3.1 we deduce in Theorem 4.1 the existence of a new kind of quasi-
periodic solutions of

Uy — Uy +mu + f(u) =0
Iut(tt,O):u(t,n):0 (.1

for almost all the masses m > 0 and for real analytic, odd, nonlinearities of the form

fu)= Z auk, a3 #£0. (1.2)

k>3,0dd

These quasi-periodic solutions are different from the ones obtained in [8,27] since they
accumulate to a torus and not to the origin.

As already said, a basic tool for proving the above results is the improved KAM
Theorem 5.1. Its main advantages are:

(i) the KAM smallness conditions are weaker than in [26], see comments after KAM
Theorem 5.1.
This is achieved modifying the iterative scheme of [24,26], as described in Sect. 5.
(i) The final Cantor set of parameters, satisfying the Melnikov non-resonance con-
ditions at all the KAM iterative steps, is completely explicit in terms of the final
frequencies only, see (5.13).

A new aspect of Theorem 5.1 is the complete separation between the iterative scheme for
the construction of invariant tori and the existence of enough non-resonant frequencies
at every step of the iterative process, see [5] for a similar construction in the Nash-Moser
setting. In previous KAM theorems the Cantor set of non-resonant parameters is known
“a posteriori”, see [25]. The key point here is that the final frequencies are always well
defined also if the iterative KAM process stops after finitely many steps (and so there
are no invariant tori for any value of the parameters).

The present formulation simplifies considerably the necessary measure estimates,
see, as applications, Theorems 5.2, 5.3, and Sect. 7.1. The characterization in (5.13) of
the Cantor set in terms of the final frequencies only is new also for finite dimensional
elliptic tori (for lagrangian tori see [12, 13]). It allows also to prove in a simpler way the
results of [21] valid in finite dimensions, see Theorem 2.1. It simplifies also the measure
estimates of degenerate KAM theory, see for example [3] for an extension to PDEs. In
particular it allows to avoid the notions of “links” and “chains” used in [29].

Thanks to the explicit characterization of the Cantor set (5.13) we are also able to
answer positively a conjecture by Bourgain in [9]. We prove
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- the existence of elliptic invariant KAM tori with tangential frequency constrained
to a fixed Diophantine direction, see Theorem 3.2. An application to the NLW
equation (1.1) is given in Theorem 4.2.

This kind of results was proved for finite dimensional Hamiltonian systems by
Eliasson [16] and Bourgain [9] who raised the question if a similar result can be achieved
also for infinite dimensional Hamiltonian systems. For a result for NLW in this direction
see [18].

We hope that the results and techniques of this paper will be used to develop a more
general description of the dynamics of the PDE in a neighborhood of a given elliptic
torus, proving, for example, stability results as in Bambusi [1], Bambusi-Grébert [4].

Before presenting precisely our results, we introduce the functional setting and the
main notations concerning infinite dimensional Hamiltonian systems.

Functional setting and notations

Phase space. We consider the Hilbert space of complex-valued sequences
P i=1z=(1.22...) ¢ |zlls, = Z |z 1% j*Pe® < +00
j=1
witha > 0, p > 1/2, and the toroidal phase space
oy, w) eT! xC" x 6,7, wi=(z,2) €y =07 x 7,

where T is the complex open s-neighborhood of the n-torus T" := R" /(2w Z)". Let
D(s,r) = {lImx| <s,|yl < P2, lwlla,p < r} c T} xC" x EZ"’, O0<s,r<l,

where |y[ :=sup;_; _, |;jl-

Hamiltonian system. Given a function H : D(s,r) — C, we will study the
Hamiltonian system

x,y,w)=Xpgx,y, w), (1.3)
where X g is the hamiltonian vector field of H,
Xy = (0yH, —0xH, —1J0, H),

where 9 H(x,y.2.2) == 4 _ H(x.y,z+ge;.7) withej := (0,...,0,1,0,...)

de |
(similarly for z;) and
0 -1
J = (1 0 ) .

We also define the Poisson brackets
(H,F}:=0yH -0yF —0yH -0, F —iJ 0y, F - 0,H , (1.4)

where “*-” denotes the standard pairing a - b := > ; a;b;.
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Analytic functions. Given a complex Banach space E, we consider analytic functions
f:D(s,r)xI1— E, (1.5)
possibly depending on parameters & € IT C R™. We define the sup-norm

[flsr == |fls.rmE i= sup IfCe,y,ws &g - (1.6)
(x,y,w;&)eD(s,r)xI1

We denote simply by | - | the sup-norm of functions independent of (y, w).
Any analytic function P : D(r,s) — C can be developed in a totally convergent
power series

P(x,y,w; €)= > Pjlx; &)y w,

i,j>0
where
i—times J—times
Pij(x) == Pij(x;6) e L|C" x ... xC" x ;" x...x 45", C (1.7)

are multilinear, symmetric, bounded maps. For simplicity of notation, we will often omit
the explicit dependence on &.
We assume the analytic Hamiltonian vector field is regularizing, namely Xp :

D(r,s) — C2" x zg’ﬁ, p > p. We identify Pjo(x) € L(C",C), resp. Py(x) €
L(y?,C), with the vector Pio(x) = dyy=0,u=0P € C", resp. Pyi(x) =
Ow|y=0,u=0P € ZZ’p, writing

Pro(x)y = Pio(x) -y, resp. Po(x)w = Por(x) - w.
Moreover we identify the bilinear symmetric form Ppy(x) € L(EZ‘p X EZ‘p , C) with the
operator Py (x) € LZ(ZZ”’ , ZZ’p ) defined by

Poz(x)w2 =Ppx)w-w, VYwe EZ’p.

In general we identify the P;; in (1.7) and 8@ 8,{) P with vector valued multilinear forms,
for j > 1, ’

i—times (j—D—times
Pij(x), 3105 P(,y,w) € L] C" x...xC" x €57 x...x el e | . (1.8)
Forj > 1,
[Pijls = sup || (x; &),
(x;6)€Ty xI1 (1 9)
103,04, Pls.r = sup 1920 P(x, y, wi )]l ’

(x,y,w;E)eD(s,r)xT1
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i—times (j—1)—times

where ||-|| denotes the operatorial normon £(C" x ... x C* x €7 x ... x ¢;7, ¢;'").
We define

P< := Py + Poyw + Pioy + Ppw - w. (1.10)

The [ ]-operator. We define the operator [-] acting on monomials Q = g(x) yi 278

i,a,a € N* by

iaza

[Q] := [(()Q> ={g)y'2?2" if a=a (1.11)

otherwise ’

where (g) := 2m)™" an q(x)dx denotes the average with respect to the angles.

Lipschitz norms. Given a function f as in (1.5) we define the Lipschitz semi-norm

A= ap MG SGOk 11
£.0ellE4 & — ¢l
and, given A > 0, the Lipschitz norm
i
|0y =1 b + AL 105 (1.13)
We will always use the symbol “A” in this role, not to be confused with exponentiation.
We denote the Lipschitz norm of functions independent of (y, w) more simply by | - |§.
Miscellanea. Given | € 7Z°° we define
=D M1 =D 3Pl (Da=max [ 1,]D j
j=1 jz1 jzl
and the unit versors e; := (0, ...,0, 1,0, ...) with zero components except the jth one.
We define the space
0= [Q = (R, 2,...), Qj eR 1 Qs :=sup jO|Q] < +oo]
Jj=1
and the Lipschitz norm
li li [€2(5) — 2(5)l-s
11" 5 == sup |Q(&)|—s + AQI where Q' = —= Tl
Eell £, cell E4C 1§ —¢|
(1.14)
Finally, for t > n — 1, n > 0, we define the set of Diophantine vectors
._ no. n n
Dy = Ia) eR" : |w-k| > T VkelZ \{0}] . (1.15)
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2. Cantor Manifolds of Tori Close to an Elliptic Torus
The KAM-normal form Hamiltonian

H=Hx.y.2))=N+P=0-y+Q-22+ » Pj)yw 2.1)
2i+j>3

possesses the elliptic invariant torus
To =T" x {0} x {0} x {0} (2.2)

with tangential and normal frequencies w := (w1, ...,®,) € R", Q 1= (Qu41,-..)
respectively. In (2.1) the variables are w = (z, ) with z = (241, . . .). We assume

e FREQUENCY ASYMPTOTICS. The 2; € R and there exists d > 1 such that
Q=j+.... j=1, (2.3)

where the dots stand for lower order terms in j. Ford = 1, let « be a positive constant
such that

Q; —Q; — .
—=14+0@(""), Vi>j. (2.4)
L=
We also set
1 if d>1
'u_ilc/(/c+1) if d=1. 25)
e REGULARITY. The vector field X p is real analytic and
. n n ap . p=>p ifd>1
Xp:D(s,r) > C" xC" x £,;" with [ﬁ>pifd=1. (2.6)

We aim to prove the existence of finite dimensional elliptic tori of any arbitrary
dimension 7 > n accumulating onto the elliptic torus 7g. We denote the augmented
frequencies

@:= (W], ...,05 L1, ..., ) eR", Q:=(Qjs1,-..),
the coordinates
2=(2,2), 2:=@nsts -5 Z0) 5 2= g1, .-, w=W, w), w=(Z,2), w=(2,2),

and the actions

A - - 1 _ _ A1 _
y = ()’7 )’) , yi= E(Zn+lzn+ls .. 7Zﬁzﬁ) 5 zZ = E(Zﬁ-}.]Zﬁ.{.l, .. ) .

We decompose any [ = (ly41, ...) € Z*>° as
=@, 0) with T:=Upets. . 0z), 1= Usegs ... 2.7

Given P;; (see (1.7)) we define the coefficients P;;;, for j, j € Nwith j+j = j, by
the relation
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We introduce the symmetric 7i-dimensional “twist” matrix
) ) 2[Pr0] [Pr20]
A € Mat(n xn), A:= , (2.8)
[P120]  2[Poaol

where the matrices [ Pxool, [ Po4ol, [ P120] are defined by1

[Paoly -y := [Pao0y?],  [Posol¥ -5 := [Poao®*],  [Piaoly -5 := [Praoyi?]

(2.9)
and the [ ] operator in (1.11). We also define [ P102], [ Po22], by
[Pio2]y - Z = [Pioay®],  [Pon]y - Z i= [Poaai* ]
and
B:= ([Pl [Po2]) € LC 57, (2.10)
the last property being valid thanks to the regularizing property (2.6). We set
2d -1 ' +n+1 ifd > 1
:{(n+2)(8*—1)6*_1+1 ifd =1 1D

with 8, fixed below.

Theorem 2.1 (Higher dimensional tori close to an elliptic torus). Consider an
Hamiltonian H as in (2.1) satisfying (2.3), (2.6), and, ifd = 1, © > 9/14 (see (2.5)).
Fix n > n. Then there exists a constant ¢ > 0 such that, if the following assumptions
hold:

e (Melnikov conditions) For some o > 0,

[ A
|w~k+Q-l|za%, VeeZ", l=(1)e N, p, (k,)#0, (2.12)

where T is defined in (2.11) with 8, = p — p, and

4 ifd > 1

Nip={ =Dl <2} uliil =Dl =1}, D::[6 ifd—1.

o (Twist) A is invertible. .
e (Non-resonance) VO < |[| < 2 there hold

(fz - éA*‘@) 1+0. (2.13)
e (Smallness) The third order terms satisfy

(IP11]s + | Posls)? < ca, (2.14)

! The matrices [Pa00] € Mat(n x n), [Poao] € Mat (A —n) x (7 — n)), [P120] € Mat ((A —n) x n).
Similarly [P02] € Mat(co x n), [Py22] € Mat (00 X (i — n)).
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then there exists a 2n-dimensional Cantor manifold of real analytic, elliptic, diophantine
n-dimensional tori accumulating onto the n-dimensional elliptic torus 7.

The above Cantor manifold has the same geometric structure described in [25]. The
constant ¢ depends on n, 7, s, d, A, B, n, ®, 2, A, B.

Remark 2.1. By (2.3), (2.4) and the regularizing property (2.10) of é, (2.13) implies

inf |(&—BA™'®)-1] > 0.
0<|l|<2

Indeed (2 — BA~'®) - I| > 1/2 up to a finite subset of {0 < |I| < 2}.

The proof of Theorem 2.1 is based on two main steps. We first prove the “averag-
ing” Proposition 6.1, using the Melnikov conditions (2.12). These are similar to the
non-resonance assumptions in [1-4] (for the case of an elliptic equilibrium). Then we
apply the basic KAM Theorem 5.1, case-(H2), and Theorem 5.2. Condition (2.14) is used
in section 6 to check that the “new frequencies” (after the application of the “averaging”
Proposition 6.1) satisfy the hypotheses of Theorem 5.2, namely the “twist condition”
(5.16) and the non-resonance conditions (5.19)—(5.20) (see i.e. (6.5) and (6.18)).

Remark 2.2. Condition (H2) of Theorem 5.1 is strictly weaker than the KAM condition
in [26] (see comments after Theorem 5.1) and applies under the natural Melnikov con-
ditions (2.12). The KAM Theorem [26] would require the stronger Melnikov conditions
(2.12) with D = 6ford > 1and D = 7ford = 1 and i = 2/3 (as for NLW, see (4.5)).
See also Remarks 6.1 and 6.3.

3. Branching of Cantor Manifolds of Elliptic Tori
We consider an Hamiltonian

H=A+Q+R, 3.1)

where R is a higher order perturbation of an integrable normal form A + Q. In complex
coordinates (¢, ¢) and, setting

1 - - 1 _
I:= §(§1§1,~--a§n§n)a Z:Z §(§ﬂ+1§n+17-")7
the normal form consists of the terms
1
A:=a-I1+b-Z, Q::EAI-I+BI~Z, (3.2)

where a, band A, B denote, respectively, vectors and matrices with constant coefficients.
Fixed n > n,
we assume that:

(A) The normal form A + Q is non-degenerate in the following sense:
TWIST. (A1) detA #0
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NON- RESONANCE.
(A2) b-1#0, VI<||=z2
(A3) a-k+b-1#0 or Ak+BTl#0,VkeZ", leAyp, (k1) #0.
Moreover, ifd =1, a-k+b-(,0)+h #0 or Ak+BT({,0)#0,
VO <|kl<Ko, [|<D—=2, 1<h<Lo+h(D—2).

The constants Ko, Lo depend only on d, D, a, b, A, B, see (7.34).

(B) FREQUENCY ASYMPTOTICS. There is d > 1 and 8, < d — 1 such that b; =
JE+- 400,

(C) REGULARITY. The vector ﬁeld_s X, X g arereal analytic from some neighborhood
of the origin of EZ’I’ into EZ’p with p > p defined in (2.6). By increasing §, if
necessary, we may also assume

p—p=d8<d-—1. (3.3)

Concerning the higher order perturbation R we assume

IRl = 0(lzl} )+ OUICN5p) . 2:= Custs Cus2s .- ) . g > 1+3u7",

e 9/14, 1], (3.4
where p is defined as in (2.5) and, for d = 1, « is a positive constant such that
b; —b;

e A

i—J

K

Sa*j_ ’ Vl>.]7 (3'5)

for some a, > 0. For d = 1, by increasing §,, if necessary, we can assume —d, < k.
Fix 1 > n. We define the augmented frequency vectors

d:=(a,bpt,....b;) € R, b= (biy1, bpsn -..), (3.6)

the symmetric “twist” matrix

Ajj ifi,j<n
A e Mat(i x i), Ay =1 By o ifjsn<i=d @)
i, Rie=t=o) ifn <i.j<n
and
. . . B;j ifj<n<i
B € Mat(n x 00), B;j = { (azg,gjij|{=Z=0) ifn<j<h<i (3.8)

(A) We assume
TWIST. (A1) detA #0
NON- RESONANCE.
(Az) b-1#0, VieA;p, where A, p is defined in (2.12).
Moreover, if d =1, infien; , [b- 1] > 0.

(As)  (b—BA'2)-1#£0, Vi=Ws1, liso,...) with |[|=1,2.
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Clearly (Az) is stronger than (Ap).

Theorem 3.1 (Branching of Cantor manifolds of elliptic tori). Fix 7 > n. Suppose
H = A + Q + R satisfies assumptions (A),(B),(C), (A) and (3.4). Then

o (i) There exists an n-dimensional Cantor manifold of real analytic, elliptic, diophan-
tine, invariant n-dimensional tori.

e (ii) Each of these n-dimensional elliptic tori possesses another Cantor manifold of
real analytic, elliptic, diophantine n-dimensional tori with asymptotically full density.

The new result is (ii). Part (i) was proved in Kuksin-Poschel [25].

We prove Theorem 3.1 as follows. After a Birkhoff normal form step, we introduce
the actions as parameters, and, applying Theorem 5.1-(H3), we find a Cantor manifold
of n-dimensional tori close to the origin with asymptotically full density (part (i)). For
proving part (i) we only require

(A1), (A2),(B),(C),(34) and a-k+b-1#0 or Ak+BTI #0, VkeZ",
<2,k 1) #0, (3.9)

asin [25]. The key for proving part (ii) is that, thanks to assumptions (A3) and (A), there
exists a set of parameters with asymptotically full measure, such that the hypotheses of
Theorem 2.1 hold. This is verified in Subsect. 7.1. We strongly exploit the explicit form
of the Cantor set [1, in (5.13) proved in the basic KAM Theorem 5.1.

Another minor advantage of the KAM Theorem 5.1 is the following. Since condition
(H3) is strictly weaker, when d = 1, than the KAM condition in [26] (see comments
after Theorem 5.1), Theorem 5.1 simultaneously applies to both casesd > 1 andd = 1.

Actually we can also improve the result of Theorem 3.1-(i) proving the existence
of elliptic tori with tangential frequency restricted to a fixed Diophantine direction,
extending to infinite dimensional systems the results of Bourgain [9] and Eliasson [16].

Theorem 3.2. Assume (A1), (A2), (B), (C), (3.4), a # Oand (b—BA~'a)-1 £0,V1 <

Il < 2. Then if & € Dy ¢ (see (1.15)) with ag == py*¢, po = |&@ —a|] > 0, and ¢ > 0
is small enough, then

IT12cpo)™" — 1 as py— 0, (3.10)

where T C [1 — cpo, | + cpol are the t such that to is the tangential frequency of a
n-dimensional torus found in Theorem 3.1-(i).

Note that the hypotheses of Theorem 3.2 imply (3.9).

4. Application to Nonlinear Wave Equation

We now apply the results of Sect. 3 to the NLW equation (1.1). We first write (1.1) as
an infinite dimensional Hamiltonian system introducing coordinates q, p € £%”,a > 0,
p > 1/2, by setting

uzz ;—)%@, v:u,:ij\/)quﬁj where Aj:=,/j2+m, ¢j:=/2/7sin(jx).
j

izl e
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The Hamiltonian of NLW is

HNLW:/n £+ﬁ+mu—2+g(u) dx:A+G=lz)»'(q2+p2-)+G(q),
o \2 2 2 24 SRR

where
K b4 _12
g(s) :=/ fdt, G :=/ gD an; ", | dx.
0 0 ;
j=1
For 1 < n < n we choose arbitrarily the “tangential sites”
Z:={ity.rin} ST :={i1, .. insins1s....i5} C N*. 4.1)

By [27] there is a symplectic map transforming Hypw in its partial Birkhoff normal
form on the Z-modes,

H=A+G+G+K,

where X, X, Xk are analytic from some neighborhood of the origin in £%:7 into

Glzé“é 085 L (@+iD)) . 7= —=(q;—ip;)
=— ii2i2;2iZ; , Gjj i =———=, 2;=—=(q;+ip;), z; = —=(q;—ip;) ,
5 ijLiZiZjZj L ik J /2 q;+1p, J NG qj —1pj

G is of order four and depends only on z;, i ¢ 7, K is of order six and depends on all
the variables z;, i € N (for more details we refer to [27] or [7]).
In order to write H in the form (3.1) we renumber the indexes in such a way that the

first n modes correspond to the Z-modes and the first 7 modes to the Z-modes. More
precisely we construct are-ordering N* — N*, j — i; which s bijective and increasing

from {1,...,n}onto Z, from {n + 1, ..., n} ontof\IandfromN+\{1,...,ﬁ} onto
N*\ Z. Calling the variables

§j=z;, Vj=1,

the Hamiltonian H assumes the form (3.1)—(3.2) with

a:= iy hiy)s bi= ipeys o) s A= (Giidi<hk<n > B = (Gi,i)1<k<n<h »
“4.2)
and
1 _ o -
Ri=2 2 Gunlalalil+G+K. (4.3)

hork<n,h,k>n

Let us verify the hypotheses of Theorem 3.1. By [27] the matrix A in (4.2) is invertible,
actually

A ==

4
6 ( —5hk)ahak, 1<hk<n. 4.4)

4dn — 1



Branching of Cantor Manifolds of Elliptic Tori and Applications to PDEs 753

Then (A1) holds. Assumption (A7) holds because the frequencies A ; are simple and-non
zero. Still in [27] it is verified that (B), (C) are satisfied with

d=13 8*:_15 ﬁ=p+17
as well as (3.4) with (see (4.2) and (3.5))
g=6, u=2/3>9/14, k=2. 4.5)

Assumptions (A3) (which is new with respect to [27]) will be a corollary of the next
lemma.

Lemma 4.1. YO < |I| < oo, the function f; : (0, 00) — R, fi(m) := (b — BA™!a) -]
is analytic and non-constant.

Proof. By (4.2) and (4.4) we get (BA_l)ij = 4ajbi_1/(4n — 1) and

fitm) =" 1b7 am + f+i2) with a = L e iyl

= L0 j T -1 7T T =1
j>n

Let j, ;= max{j > n : l; # 0} and iy := max{i; :[; # 0}. Form > if we expand
the analytic functions b; (m)~! in power series

b_ fZCk (l m) with ¢o: =1,

k>0

1 1 1
P R |
Ck : 2( 3 1) ( 5 k+1)/k.7é0.
Then

fi(m) = as/m Z lj+—= chpkm k" where Pk = Z ljijz-qu,'j

n<j<j« k>0 n<j<jx

and g; = L; + 2(k+21) , L= (1 —a)i?+ B . We prove that f;(m) is not constant

showing that py # O for k large enough. Note that |gy;, | > 1/k> for k large enough: if
L;, # 0then q;, — L;, # 0, otherwise |qy;, | = |ai2(2k +2)~!| > 1/k? for k large.
Moreover |qkij| < 2if, V k. Hence

ol = i lqui,| = G = D D7 jllqui;| = 2672 = |Gy — D*2i7 — o0
n<j<j«
ask — oo. O

Corollary 4.1. Assumption (A3z) is satisfied with the exception of a countable set of m’s
in (0, 00).

Proof. Ifl € Ay pand Ak+BT/ =0, thena-k+b-/ = (b —BA~'a) -1 # 0 except at
most countably many m’s. Analogously, if Ak+BT(f, 0) = 0, then a-k+b-(i, 0O)+h =
(b—BAla)- ([,0O)£h#£0. O
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The last condition of Theorem 3.1 to verify is (A), where a, 6, A, 1§, defined in (3.6),
(3.7),(3.8), arelike a, b, A, B in (4.2) changing n with n. Then (Al) holds as well as (A3),
except countably many m. Finally, assumption (A2) holds for almost every m € (0, 00)
as a consequence of Theorem 3.12 of [4] (see also Theorem 6.5 of [1]). More precisely
infjep; , Ib(m) - I| > 0 is a consequence of the non-resonance condition (r-NR) of [4]
with r = D + 2, N = 1. Then Theorem 3.1 applies.

Theorem 4.1. Suppose f is real analytic and (1.2) holds. Fix n > n. For all the choices

of indices T, 7 asin (4.1), for almost all the masses m the conclusions (i)—(ii) of Theo-
rem 3.1 apply to the NLW equation (1.1).

Conclusion (i) was proved in Bobenko-Kuksin [8] and Poschel [27] (under different
restrictions on the set of the masses m and of the indexes 7).

On the other hand, the quasi-periodic solutions obtained in (ii) are new, since they
accumulate onto a n-torus and not at the origin.

They are not the 72-dimensional tori bifurcating from the fourth order Birkhoff normal
form of (1.1).

As a consequence of Corollary 4.1 we can prove the existence of quasi-periodic
solutions with tangential frequency restricted to a fixed direction, see [18] for a similar
result.

Theorem 4.2. Suppose that f is real analytic and (1.2) holds. Then, excluding a count-
able set of masses m € (0, 00), the conclusion of Theorem 3.2 applies to the NLW
equation (1.1).

5. An Improved Basic KAM Theorem

We consider a family of integrable Hamiltonians
N:=N(x,y,z,2:8) :==el§) +w(&) - y+ Q) - 22 (S.D

defined on T} x C" x £4P x £%P. The frequencies v = (@i1,...,w,) and Q =
(2441, 242, - . .) depend on m-parameters

EelICR"™, m<n, TIIbounded with positive Lebesgue measure, p := diam(IT).

For each & there is an invariant n-torus 7y = T" x {0} x {0} x {0} with frequency w(&).
In its normal space, the origin (z, z) = 0 is an elliptic fixed point with proper frequencies
Q(€). The aim is to prove the persistence of a large portion of this family of linearly
stable tori under small analytic perturbations H = N + P.

We assume

(A*) PARAMETER DEPENDENCE. The map w : I1 — R", & — w(§), is Lipschitz
continuous.
(B*) FREQUENCY ASYMPTOTICS. There existd > 1 and 8, < d — 1 such that
QE = +QAE ER, i>1,

where Q; =i +...and Q* : [T — 6;38* is Lipschitz continuous.
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By (A*) and (B*), the Lipschitz semi-norms (defined as in (1.12)) of the frequency
maps satisfy
o + 12 < M < +o0 (5.2)
for some M > 1.

(C*) REGULARITY. The perturbation P is real analytic in the space coordinates,
Lipschitz in the parameters, and for every & € I the hamiltonian vector field

maps Xp : D(s,r) = C" x C" x £,'" with p satisfying (2.6). More precisely,
using the notations (1.6), (1.12), we assume

; _
| Xplrsen+|Xplh p g <+00 where E:=C"xC'x ", (53)

Moreover, we also assume (3.3). We suppose that Pyo(x) has zero average, by
adding a constant to P.

We introduce the group (under composition) of analytic maps

& = {\If S v wi §) €TE X C' x £ x T > (x,y,w) € C2 x KZ’ﬁ
of the form x = x00(x+; §) , w = woo(x+; §) + wor (x+; §)wy
Y = Y00 (X4 &) + yo1 (x45 E)wy + yio(x4; ) y+ + yo2 (X5 H)ws - wy
where xqo, yij, w;; are analytic and bounded on T% and Lipschitz on H} .

(5.4)

The symplectic map ® in (5.7) has the form & = [ + ¥ with ¥ as in (5.4), like in
[26]. It is the composition of infinitely many time-1-flow maps (each having the form
I +W, ¥ e &) generated by Hamiltonians in F; defined in (8.7).

Theorem 5.1 (Improved basic KAM theorem). Suppose that H = N + P satisfies
assumptions (A*), (B*), (C*). Let « > 0 be a parameter and assume that

© :=max | L [Py}, [Poall. D 1050] PIL,. 71070, PIL, t with

s,r?
2i+j=4
Ja

A= ad satisfies ® < — . (5.5)
M 3r

Then there is y := y (n, t,s) > 0 such that, if one of the following KAM-conditions:

Pools [Poils [Prols 1Poali ] _
A N A -

o(HI) &1 := max[

|Pool}  [Porl  |Piol}  |Poaly
24’ rad2’ a7 o«
|Pooly  |Potly  |Pioly | Poal? Py A
s =, =, 1<y and |Pulg, |Poly<—.
reak ro o o r
wherep:=1lifd>1land0<pu <lifd=1,

PRIz}
o(H2) & :=max[ ]5;/ and Py} < —
r

o (H3) &3:=max [

holds, then there exist:
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e (Frequencies) Lipschitz functions ws : I1 = R", Qoo : [T — Z;od, satisfying
0o — @, Q00 — QA , < v s (5.6)

and |wso|"™, |00, < 2M.
¢ (KAM normal form) A Lipschitz family of analytic symplectic maps

@ :D(s/4,r/4) X o 3 (Xoo, Yoo, Woo; £) H> (x, y, w) € D(s,r)  (5.7)
of the form ® =1+ W with ¥ € &4, where Il is defined in (5.12), such that,

HOO('§$) 3:HO(D('?%)zwoo(é)yoo‘i'goo(s)zoozoo*']’) has P2—O

(5.8)
see (1.10). Moreover X p : D(s/4,r/4) x Ty — C?" x ZZ’F_ and
|PY = Pitlsja < v~ ei(|Puls +aP™/%)
00 —1 Pa—1/2 (5.9
[Py — Posls/a < v™ &i(|Posls + | Prils +aPa™ /7).
e (Smallness estimates) The map V satisfies
1—pa L—p»p
o o
|x00|§‘/4, |)’00|?/4 5 |YO1|?/4 , |)’10|§/47 |)’02|if/4, |w01|§‘/4,
al=Pb O
woolly— <y 'ei, (5.10)
accordingly (Hi);=1,2,3 holds, where
2 if(HI) .
pa=15/4 if(H2)  ppo= [3{2 ii ;gg or (H2) (5.11)
1 if (H3) ’
o (Cantor set) The Cantor set is explicitly
I — Iy if (H1) or (H2) or (H3) — (d > 1) (5.12)
© T | Heo N (Dgu ) if (H3) —(d =1) ’ ’
where Dyu 1 is defined in (1.15) with n = o', and
Moo := 1€ €Tl : |wo(§) - k+ Qoo () - 1| > 2 {a
o - © e o0 T+ kT
Vk,1) € Z" x Z®°\ {0}, |I| < 2] . (5.13)

Then, V& € I, the map xo0 > P (X0, 0, 0; &) is a real analytic embedding of an
elliptic, diophantine, n-dimensional torus with frequency ws (§) for the system with
Hamiltonian H, see (1.3).

Note that (5.8) is the KAM normal form in an open neighborhood of the invariant
elliptic torus. Regarding the smallness conditions we note that:
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— In (H1) we make assumptions only on Py, Po1, P1o, Po2. This is quite natural
because, if they vanish, then the torus 7 in (2.2) is yet invariant, elliptic, and in
normal form.

— In (H2) we relax the smallness assumption on Py, at the expense of a smallness
condition on Pjj. Note that in (H2) we do not require any assumption on Py3. We
apply (H2) looking for tori in a neighborhood of a fixed torus (where, in general, Po3
does not vanish), see the proof of Theorem 2.1.

— In (H3) we further relax the smallness assumptions on Pyy and Py, at the expense of
stronger conditions on Pyj and Py3. We apply (H3) looking for tori close to an elliptic
equilibrium (where, after a Birkhoff normal form, both P;; and Py3 are small), see
the proof of Theorem 3.1.

COMPARISON WITH THE KAM THEOREM [26]. The KAM condition in [26] on X p
in (2.6) is

a 'Xpll, <const with A=a/M, (5.14)
where | Xp[:, = [Xplry.p.m +AXpI" o o is defined in (1.13) and

E = {(x, y,w)eC"xC" XZZ’p with norm |(x, y, w)|, := |x|+r72|y|+r71||w||a,;,} .

We note that (5.14) implies the KAM condition (H3). Indeed, by (5.14) we get
19 Poo(x)|> < car? which implies |P00|f. < car? since Pyy(x) has zero average.
Moreover, since Pjp = (3, P)(x, 0, 0), we deduce, by (5.14), that |P1o|§‘ < ca. Simi-
larly (5.14) implies the other conditions in (H3).

In the case d = 1 condition (H3) is strictly weaker than (5.14), since u < 1. This
is why we prove the result of [27] for NLW (where u = 2/3), avoiding the use of
Theorem D in [26] (see Theorem 4.1 and the proof of Theorem 3.1-(i)). Note that (5.14)
also implies ar~? > ¢0, namely \/Er’1 > /O, which is condition (5.5),uptoa
multiplicative constant (we have ® € [®(, 20¢] for some constant ®g > 0, uniformly
for o, r small).

On the other hand, the KAM conditions (H1)-(H2) are quite different from (5.14).
The iterative scheme in [24,26] would not converge assuming only (H1) or (H2). We
discuss below the KAM iterative process used to prove Theorem 5.1.

Finally note that, if |P03|§ = O(1), then (5.14) implies o > const r. This causes
difficulties for verifying the measure estimates because, as r — 0, also the size of the
parameters domain shrinks to zero, see Remark 6.3.

The KAM Theorem 5.1 is completed by the following remarks.

Remark 5.1 (Analytic case). If the Hamiltonian H is analytic in & € IT with IT C C”
we can prove the existence of limit-frequency maps & — (w0 (£), R00(£)) that are of
class C*° and, Vg > 1,

oo — @lca, [Qo0 — Qj—p.ct < Clg)sia' ™, (5.15)
see Remark 8.1. Moreover in the KAM conditions (H1)-(H3) and in (5.5) we can

substitute |P,~j|§‘ with |P;j|s thanks to Cauchy estimates. Here the | P;;|; are defined
as in (1.9) with a complex domain IT.
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Remark 5.2 (Lipeomorphism). If @ : I1 — w(I1) is a homeomorphism which is
Lipschitz in both directions (Lipeomorphism), with
4

lw """ <L and & < —— (5.16)
2LM

then weo : TT — oo (IT) is a Lipeomorphism with |w [P < 2L.

Remark 5.3 (Dependence on n). The constant y depends on the dimension 7 of the torus
like, for example, y = T7¢7, where T := (t +n) In ((t + n)/s) and ¢ > 0 is an absolute
constant, see Remark 8.2. We have not tried to improve such super-exponential estimate

to get larger values of y.
Let us briefly comment on the assumptions of Theorem 5.1.

Remark 5.4. The condition ® > 1 in (5.5) is not restrictive because, rescaling the vari-
ables

y—)pzy, w— pw, H—>,0_2H, (5.17)

we can always verify max{| P11, | Po3ls, 22i+j=4 |8§81{,P|5,,} > 1. On the other hand
note that the KAM conditions (H1)—(H3) are invariant under the above rescaling.

Remark 5.5. The KAM condition (H3) is obtained, for d = 1, performing a normal form
step before the KAM iteration, see Sect. 8.4. Such condition is used for the wave equa-
tion. Note that, if © — 0, then the condition (H3) improves, but the measure |Dyu |
decreases (see (1.15)—(5.12)).

The scheme of proof of Theorem 5.1 differs from that in [26]. In order to find the
symplectic map ® which transforms the Hamiltonian H into the KAM normal form
Hy ;= Ho ®in(5.8),1i.e.

P2 = Py + PYw+ Py + Ppw-w=0,

we perform infinitely many symplectic maps ®,, v > 1, as in [26]. Each Hamiltonian
has the form

H"=N"+P", where N"=uw,(&) -y+Q,(¢)-zZ, (5.18)

and P is analytic on D(sy, r,) with r, > ro/4 > 0 for all v > 0. It is natural to look at
the map

v v v v v+l v+1 v+l v+1
(POO’P01’P10’P02) = (P()O ’POI ’PIO ’POZ)

after any KAM step. An explicit calculus shows that the new Pgl is not a quadratic

function of P,: in the terms (Pl"o+ 1 Pd’2+ 1) there are linear combinations of Py, Py)»see

Lemma 8.13, with coefficients Py}, Pys. Ppy, Py,. These terms come from the transfor-
mation of the cubic and quartic terms of P" under ®'. However, after three iterations,
the map

v v v v v+3 v+3 v+3 v+3
(Poo> Pors Pio» Pon) = (Poo s Por s Pio s Poa ™)

turns out to be quadratic, see Lemma 8.16. Then the super-exponential convergence of
the iterative process is guaranteed under the smallness conditions (H 1)—-(H3) on the
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initial Pog, Po1, P10, Poz2, where o and r occur with different weights. Note that the
exponents of r come from the natural rescaling (5.17), while the different exponents
of « by explicit computations. Unlike the usual KAM scheme in [23,24,26], the KAM
normal form H® converges directly on an open neighborhood of the torus.

Also the KAM iterative scheme in [26] is not quadratic, see, for example formula
(13) in [26]. This problem is solved letting the domain of the normal form shrink to
zero (see also [23]). Hence, at the end of the iteration, the normal form converges on
the KAM torus only. The convergence on an open neighborhood of the torus is then
recovered by a posteriori arguments.

The Cantor set Tl. Note that the Cantor set [1, in (5.13) depends only on the final
frequencies (weo, L200). It could be empty. In such a case the iterative process stops
after finitely many steps and no invariant torus survives for any value of the parameters.
However w0, Q200, and so [, are always well defined.

The idea is as follows. Each KAM step can be performed only for the parameters
& such that the frequencies w, (§), 2, (&), satisfy the second order Melnikov non-res-
onance conditions (8.38). Actually this set could be empty. However we can always
extend the frequency maps w, (§), 2, (£), to the whole set of parameters £ € I1, see the
iterative Lemma 8.17-(52),.. This extension is Lipschitz continuous and, if the Hamil-
tonian is analytic, it is C°°, see Remark 8.1. Finally we verify in Lemma 8.19 that if &
belongs to the Cantor set I, then all the Melnikov non-resonance conditions required
to perform the previous KAM steps are all satisfied. We exploit that (w,, €2,)) converge
to (w0, R0) super-exponentially fast.

Note that we do not claim that the frequencies of the final invariant torus satisfy the
second order Melnikov non-resonance conditions, a fact already proved in [26]. We state
a stronger claim, namely that if the parameter £ is in 1, then the torus is preserved.

The number of parameters m in Theorem 5.1 is arbitrary. It could be strictly less
than n (degenerate KAM theory). In the PDE applications of this paper we have m = n
and the frequency map is a Lipeomorphism. In such a case the final frequency wx is a
Lipeomorphism too, see Remark 5.2. Then the following measure estimate follows by
the classical arguments in [22-24,26], see also Subsect. 7.1.

Let ¥ > 0 be such that (2.4) holds uniformly on IT and set u as in (2.5).

Theorem 5.2 (Measure estimate I). Let o : I1 — w(I1) be a Lipeomorphism and (5.16)
hold. If

QE) - 1#£0, Y|I|=1,2, VEeTI, (5.19)
HEeTl : wE) k+QE)-1=0}|=0, VkeZ"' 1eZ®,|l|<2, (k1) #0,
(5.20)

then, taking t asin (2.11), |1\ I | — O0asa — 0. If, moreover, w (), Q (&) are affine
functions of &,
IM\ao| < Cp" 'a*  where p := diam(IT). (5.21)
The following theorem states that, given a Diophantine versor @, there exist many
invariant elliptic KAM tori with tangential frequency 7@, r € R*.

Theorem 5.3 (Measure estimate I). Assume that w(§), Q2(&) are affine functions of
&, Oz w is invertible, and

(Q - agsz(agw)*lw) é

S 1A Vo<l <2, (5.22)
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Suppose that T1 is compact and 0 ¢ o (I1). If y defined in Theorem 5.1 is small enough,
there exists K > 1 such that for every versor ® € Dk,

|weo (IT \ TIno) N @R*| < Ka* (5.23)
(here | - | denotes the one dimensional Lebesgue measure).

Condition (5.22) is similar to condition (2) of [16] where it is required for 0 < |I| < 3
(see also (2.13) with 7 = n). By the Fubini theorem, integrating along the directions @,
the bound (5.23) implies (5.21).

6. Proof of Theorem 2.1

‘We have

A3-9= z Poy'@/ | and By -Z = Z Py ol i?
2i+]=4 2i+j=2

Proposition 6.1 (Averaging). Let H be as in (2.1). Suppose that (2.12) holds. Then there
exists a constant C := C(n, t,s,d,n) > 1 large enough, 0 < ry < r/4 small enough
and a symplectic map

D (xp, y+, wy) € D(sy,14) = (x,y,w) € D(s, 1), s4:=5/4,
close to the identity, such that, defining
H " :=Ho®=:N+P*,

the Hamiltonian vector field X p+ has the same regularity of X p, Pi; =0if2i+j <2
and®

P yizbfzbf=[PiAyizbfli}f] if 2i+j+] < D+1 and j+j<4, j<2 or j=I.

ijj ijj

(6.1)
Moreover
NP1 = [Pijjlll < Ci3a, ses = [Puils + [ Posly, W2i++j=4, [=0,2,4,

7=0,2. (6.2)

In other words, in the cased > 1, D = 4,

A = 1« N -
+ ~ A A A A3 A A A A A + A4
H" = ®-y+ + Q- 242+ + Poo3(x1)w3 + §A+Y+ Vit BiYi s 2424 + Py (x) Wy
+ PGl 4D Pheoyiwld]+ > Ph(e)ylol]
013+ W+ W, i 77 W) Y Wiy i)y wiws,
2i+j+]=5,]#1 2i+j+]>6
(6.3)

2 : + + + + + + + + :
In particular the terms Pllo’ P101’ POSO’ P021’ sz, Plll’ P031, P041 vanish.
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while, in the cased =1, D = 6,
H* =& 9+ Q- 22 + Poos(x) 3 + %Am Do+ Bui - 2424+ Py ()]
sPseedl s Y [Rgeowlel]+ > P eoviadel,
2i+j+j=5,6, j<2 2i+j+j=5,6,j>3
£ PEaoyidlel+ D PE eyl (6.4)
2i+j+i=T7,j#1 2i+j+j=8
where A, € Mat(i x A) and By € L(C", E&_p) satisfy
1A+ = All, 1By = Bl < C(1Py s + [ Pos|) e (6.5)
Proof. We start with some general considerations. We define the degree of a monomial
F=Fjyw =Fyald)  as  degFi=2i+j=2i+j+].
The Poisson brackets of two monomials is a monomial with
deg{F, G} =degF +degG —2 or {F,G}=0. (6.6)
We denote X', the hamiltonian flow generated by F at time 7. Then
HoX}=> LLH/jl where LLH:={L; 'H F} and LYH :=H. (6.7)
j=0

Let H = N + P be as in (2.1) and suppose that F = I*}]jyili)]ﬁ)f solves the homo-
logical equation

N, F}+ Py ol o) = [Py ol wl]. (6.8)

By (6.7) and (6.6), the terms of H and H o X }1; with degree less than or equal to degF
are the same, except for Pl-jfy"zi)frbf which is normalized into [Piijyiﬁ)fﬁ)f] . On the
other hand the terms of degree equal to degF + 1 are changed by a quantity of order
| F k.

For brevity for the rest of this proof a < b means that there exists a constant ¢ =
c(n,t,s, D,n) > 0suchthata < cb. o

By the Melnikov condition (2.12) there is a solution F = F;;;y'w/w/ of the homo-
logical equation (6.8) for every (i, j, J) satisfying the conditions in (6.1). Indeed the
existence of F and the estimate

|Fijilsa—1/p) <|P;jjls/c 6.9)

follows as in Lemmata 1-2 of [26]; we just note that the small divisors involved in the
definition of every monomial f (x)y"z9z% 2474 of F are w-k+Q(a —a)+$Q(a —a), with
Q= (Qut, .. Q) keZa,ae N ag.aeN°and |a+a|=7J, la+al =]
(then|d +al < J,|a+al < ).

We now proceed normalizing the terms of degree three with

G, 7,))=(1,1,0), (1,0, 1), (0,3,0), (0,2,1), (0,1,2). (6.10)
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Let us define F® := > Fi]jyilbizi)f, where the sum is taken over the indexes in
(6.10). Let 53 := s(1 — 1/D). For r3 > 0 we have that |3, F ¥, <r3, |8, F®|, <r3,
|0y F &) ls; < r32, since 2i + J + ] > 3. Therefore we can choose r3 small enough such

that X },(3) : D(s3,r3) — D(s, r). Moreover the terms of order three of H o X }m) are

the same of H except for P;; fyi w7/ with indexes as in (6.10) that are normalized;
note that, being of odd degree, they actually annihilate. On the other hand the term of
degree four are slightly changed by a quantity of order | F® ls3K3< /c32 /o by (6.9).

We now normalize the terms of degree four with

(i, 7,)=01,1,1),(0,3,1),(2,0,0), (1,2,0), (1,0,2),(0,4,0),(0,2,2) . (6.11)
Letus define F® ;= > F; 7 fyi W’ W/, where the sum is taken over the indexes in (6.11).
If r4 > 0 is small enough and s3 := s(1 — 2/D) we have that X}m) 2 D(sq,r4) —
D(s3,r3). The terms of order three and four of H o X ;(3) o X ;(4) are the same of

HoX },(3) except for those with indexes as in (6.11) that are normalized. Note that the
terms corresponding to the first two triples in (6.11) annihilate.
The normalization of all the other terms of degree up to D + 1 is analogous. O

Remark 6.1. The cubic terms Pyo3 (x+)11)3 on the high modes can not be removed by
some averaging procedure because the tangential and normal frequencies satisfy only
the second order Melnikov non-resonance conditions (2.12).

We introduce parameters
£ 0,p0", pue(0,17/4),
and new symplectic variables
(X, Vi, W) = (Xx, )A’+ — &, ﬁ)+) € D(sx,14) C TSﬁ* X C;l X ZZ’P ’
Sx < 81, 7% < /P, /2,

where the 71-dimensional angles are defined by

Xaj = Xaj, VIS j<n, (J2(5 +ysj) (efix*’»eix*-") =wej, Yn<j<i.

After this symplectic change of coordinates the Hamiltonian H* becomes

H = N* 4 P = 0.(§) -y + Qu(®) - 22+ D Phxs O)yiwl  (6.12)

2i+j>0
with
wu(§) = O+ A, QuE) = Qo+ BiE, (6.13)
and, by (6.3), (6.4), denoting for simplicity | - | :=| - |§,‘*,
if d>1, [Pyl PG =0, [Pl PGl =002, |Pjl= 00",
| Pyl = O(1), (6.14)
if d=1, |Pyl, 1PG1 =00, 1P, PGl =00d),
IPil =0, PGl =0(). (6.15)

Moreover for o, > 0 and A := oy /M, with M := ||A+|| + ||1§+|| (recall (5.2)).
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We now apply the KAM Theorem 5.1. Take
ay =902, pyi=r2" where ¥ € (9/10,1) if d > 1, 9€(9/14, ) if d=1.
(6.16)

Remark 6.2. Other choices of o, > 9022 are clearly possible, giving different esti-
mates on the Cantor manifold.

Theorem 2.1 follows applying Theorems 5.1, 5.2 with® H = H*, P = P*,r :=
r«Q = o, etc. Let us verify the hypotheses of the above theorems. It is immediate to
check (A*), (B*), (C*). Let © as in (5.5) (with respect to the perturbation P*); note that
® = O(1) withrespect to £. By (6.14)-(6.16) the KAM condition (H2) of Theorem 5.1
holds:

—0 as ry, > 0. (6.17)

w, oGy ford > 1
P =N 62 ford = 1

Since A+ = A(Id +A-1 (A+ — A)), by the twist condition, (6.5) and (2.14) we get
that A, is invertible with
IAT = A7M < 2047 1P)AL - Al (6.18)

taking c in (2.14) small enough. Therefore, & — w,(§) is a diffeomorphism, see (6.13).
We finally verify that the frequencies w., €2, satisfy (5.19) and (5.20). The non-
resonance assumption (2.12) implies |2 - /| > «, V1 < |I| < 2, and sot

6.13) . .~ (6.5),(2.14)
[Q.8) -1l = Q-1 = |Bs& -l Za=204IB+ll = a=2p.(||Bsll+0) > /2

if 7, is small enough. So (5.19) holds.
Since w4 (&) - k + Q4 (&) - [ is an affine function of &, the condition (5.20) holds if

& k+Q-1#0 or Ak+BTI#0.
Suppose that Ak + I§‘Il =0, then k = —A:llﬂl and
b k+Q-1=(Q—BAT'G) 1= (Q— BA %) .z+(1§(A—‘ —A7Y
+(B — 1§+)A;1) &-1£0
by (2.13) and Remark 2.1, (6.5), (6.18) taking c in (2.14) small enough.
Then Theorems 5.1 and 5.2 apply and we obtain a family of elliptic 7-dimensional

tori parametrized by & € I, where the set [1, has asymptotically full measure as
r — 0by (5.21) and (6.17).

Remark 6.3. The KAM theorem in [26] does not apply. Indeed, with only the estimates
(6.14)-(6.15) the KAM condition (5.14) implies

consta™! (,05/2r’2 +r)=consta ("2 +r) ifd>1

—1
const > o | Xp|r > .
- [Xplrs.p.m = [ consta Y (p"2r 24 1) =consta ' ¢TP 2 +r) ifd=1"

which is incompatible with the measure estimate o < r20/1 (recall (5.21)).
3 We apply Theorems 5.1 and 5.2 with o := a4. Here ay is the parameter defined in (6.16) which is small

with r, and has not to be confused with the fixed o appearing in the statement of Theorem 2.1.
4 Recall that « is fixed and independent of py and ry (see also the previous footnote).



764 M. Berti, L. Biasco

7. Proof of Theorem 3.1

We divide the proof in several steps.

Step 1) Partial Birkhoff Normal Form on i > n modes. By the non-resonance assump-
tion (A) where D > 4, we transform H in partial Birkhoff normal form, up to order 4,
on the first 7 > n modes, namely

N fa oAt 1AA 7 AT 55
—a.-T+b-Zc+= AI [+BI-2c+0(2I213 )

+0(IZ1I; ) + 0(||c||§,p>, (7.1)

where 4, b are defined in (3.6), the matrices A, Bin (3.7), (3.8), g := min(g, 6), and

~

H=4a-1+b-2¢+

V‘rl)

E:Z(En+1a~--7gﬁ)5 8:2(2ﬁ+152ﬁ+27~")7 é‘:(gaé\‘)a i::EE’ IA:(Ivi)
The proof of this statement follows as in [2,25,27]. Note that the term O(|E | ||2 ||2’ p)

can not be removed because (A») requires only second order Melnikov non-resonance
conditions for n > 7.

Step 2) Parameters and action-angle variables on n modes. We introduce parameters

§€0,p", pe© D), (1.2)

and angle-action variables (x, y) on the first n modes, setting

Then I = £ + y and the Hamiltonian (7.1) assumes the form
H=ow@) y+QE&) 22+ Y Pixé)yw with o) :=a+As,
i,j>=0
Q) :=b+Bg, (7.4)

z=(n+1,---),w:=(z,2), and
PEE= 081578, V2i+j <3, |PE— Pyl =0(&1% ), V2i+j=4.
(7.5)
The Hamiltonian H is real analytic on D(s, r), forsome 0 <s < 1,0 <r < p/2.

Step 3) Apply the KAM Theorem 5.1 and Theorem 5.2 to H. The assumptions (A*), (B¥),
(C*) of Theorem 5.1 are implied by (B), (C), as in [25]. We take

o = 9072, p = . ve (ja, u) where
f=max{2(1+wg ™, 3g— D <p <1 (7.6)
by (3.4).

Remark 7.1. The parameter domain IT can not be the whole (0, p]” (see (7.2)) because,
by (7.3), the Hamiltonian H will be analytic in D(s, r) only excluding || < Cr?. This
difficulty can be handled as in [25], Sect. 7, Step 5. For simplicity of exposition we skip
this technical detail in the following.
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The KAM condition (H3) reduces, by (7.5)—(7.6), to
e3 = O(max{r8? =272 ,PG6=D=3y < and 0V H <1, 77
which are both verified for  small enough because (g — 3)9 — 1 > 0 and
e3—>0 as r—0.

By Theorem 5.1 there is, V& € Il defined in (5.12), an analytic symplectic map
®(; &) : D(s/4,r/4) — D(s, r) such that

H*® 1= H o ® = 05 () Yoo + Roo(E) - ZooZoo + P® with PP =0,¥2i+j <2.

Moreover the assumptions (5.19), (5.20) of Theorem 5.2 hold by (7.4) and (A). By
Theorem 5.2 the Cantor set of parameters I14, has asymptotically full measure

M/Me| _ (oz”p"—l
[T p"
By (5.9), (5.10) with p, = 1, and (7.6), we get

) =0@* )50 as r—0. (7.8)

P — PhI < C(IPf|+7) &3
[' T Phl = C 0P ) |P° — P < Ce3, V2i+j=4,

|Pgs — Posl < C(IPG51+ 1Pl +7) &3

(7.9)
where | - | :=| - I?/4 and C := C(y, ©). Moreover, (5.6), (7.4), (7.6),
w00 (§) —al < y~aes + | AlllE] < Cr?? (7.10)
I060(8) = blp—p < ¥ a3 + [BJIE| < Cr*7 .

Step 4) Apply Theorem 2.1 to H*®. Assumptions (2.3), (2.6) of Theorem 2.1 hold by
(7.4). The non-resonance assumption (2.12) holds

] Mo it d>1
Orany § € | MM (D) if d=1°

where

(Da
1+ k|7
Cll (7.11)

My := ’g €T : |woo(®) -k + Qoo(®) - 1] > 2a NkeZ", leA,;’D}

and Aj; pisdefinedin (2.12). In the next section we prove that also Iy has asymptotically
full measure

M\ "ok
| |\n|OI =0(p o )=0<r2<“"’>>e0 as r—0. (7.12)

Step 5) Check the Twist condition. The matrices A, B defined in (2.8), (2.10) (with
P = P™) satisfy, by (7.9), (7.5), (7.6),
IA—All < Cle3+r€Y), ||B—B| < C(e3+r?Y). (7.13)

The matrix A is invertible by (A1). The twist condition follows for r small enough.
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Step 6) Check the non-resonance condition (2.13). By (7.10), (7.13), for every 0 < |i| <
27

(Q—BA ') - I—B-—BA'a)-I| > 0 as r—>0. (7.14)

Assumption (A3) and Remark 2.1 imply

inf |(b—BA~'3)./| >0,
0<|i|<2

and (2.13) follows by (7.14) for r small enough.
Step 7) Check the smallness condition (2.14). By (7.9), we get, for » small enough,

(7.5).(7.6)

|PP|+ | PES| < 2P| + 2| P + O(esr) 0@ ye3r).  (7.15)

Then

(7.6)
(IPFI+IPEN 2™ < Cr2 9772462 50 as r— 0.

Proof of Theorem 3.2. We apply Theorem 5.3 to H in (7.4). The hypotheses of
Theorem 5.3 hold, in particular condition (5.22) is (b — BA_la) £ VI < <2
Moreover 0 ¢ w(IT) because a # 0 and p (namely r) is small enough. We fix
po = cp. The segment [1 — cpg, 1 + cpplo C weo(IT) for ¢ small enough. More-
over, o = pé“ = (cp)* > Ka by (7.6), for r and ¢ small enough, where K > 1is
the constant defined in Theorem 5.3. Then @ € Dk, and (3.10) follows by (5.23) and
since a”/p — O asr — 0 by (7.6).

Remark 7.2. Actually w(IT) is not a neighborhood of the frequency a, since I1 =
(0, p]" is not a neighborhood of 0. Nevertheless this small technical point is bypassed
as follows. For 1 < j < n, inverting the signs in the definition (7.3), namely

¢io= 265 — yj)e+i"f, the new tangential frequency in (7.4) becomes w(§) =
a+ A, ...,—§;,...,&). Taking all the possible choices of 1 < j < n and £
signs, & € IT span a whole neighborhood of the frequency a, except for n hyperplanes
passing through a (but not through the origin).

7.1. Measure estimates. The next proposition implies (7.12) concluding the proof of
Theorem 3.1.

Proposition 7.1. |1\ TIg| < cp” 'a*, where 1 is defined in (3.4) and the constant ¢
depends ona,b, A,B,n,n,d, D, ay, K, 8.

‘We have to estimate

M= |J Ru@, (7.16)
keZ",leh; p
where Ry are the “resonant zones”
20 (l)a
1+ |k|®

Rig(e) ==& €1 |woo(§) -k +Qoo(§) - I] <

In the case d > 1 there are at most finitely many nonempty resonant zones Ry ().
This is a consequence of the next lemmata. The case d = 1 is more complex.
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Lemma 7.1. Let d > 1. There are Dy, > 1, 0, > 0, such that
(ha = DMl W5, . V€ Ajp. (7.17)

~

Proof. We consider only the more difficult case [ = (i, ), [= ej —ej,i > j. We have
hg=i—G(—=DT=Da?>i""—pp? > %712 for i7" > 2DA?. (7.18)

Defining §p := max{é, 0}, 0 :==d — 1 — 89 > 0, we have
s, 115, < Di%Di% = D*4~", (7.19)

Let D, := 2D 1f i~ > 2Da?, then (7.17) follows by (7.18); if i¢~! < 2Da?, by
(7.19). O

Remark 7.3. For d = 1, D > 3 (as in this paper) the bound (7.17) is false. Taking for
example [ = () := eprj —ej — ey with j > 71 we have

(Dy=1, V)5, =a%, D)y, > j% > 00 asj— oo.

This motivates assumption (A3) for d = 1. The bound (7.17) is true ford = 1, D = 2,
see [26].

Lemma 7.2. There exists By > 0 (depending on d, b, n, D) such that
[b-l] = 4Bo(l)a, Yl € Asip. (7.20)

Proof. We consider only the subtlest case [ = €, 1), |f| =21 = e —ej, 1 > j.
We have

bl = [bi—bjl—ci. (ha<i’—j%+ca, (7.21)
for some ¢; := ¢ (D, bys1, ..., bs), c2 := ca(d, n, D) > 0. By (Az) and (B) there is
B1 > 0 such that

lb; —bj| > 2B:1G% — ), Vi>j. (7.22)

By (7.21), (7.22), for By < B1/4 we have that
B — i = Bieater = b1l =4Boll)a. (7.23)

Letd > 1.Ifi > ip wehave i — j¢ > dig_l, so (7.23) follows for ig large. On the other
hand, the set of |l~| <D —-2,j<i<ipisfinite and () < Dig. Hence (7.20) follows

by (Az) for Bo small enough. Let now d = 1. Take & large such that 81 > Bic2 +¢y.
Then (7.23) holds for i — j > h. On the other hand, ifi — j < h, we have (I); < h+nD
and (7.20) follows by (A») for Bg small enough. O

In the following r is small enough.

Lemma 7.3. [Qu0(§) - I| = 3B0(l)a, VE € T1,1 € A p.
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Proof. By (7.10), p — p > —8,, and Lemma 7.2, we have
1Q00(&) 1] = b+ 1] — |1]5,1R20(&) — bl_s, > 4Bo(l)a — Cll|5,r*" .

If d > 1 Lemma 7.1 implies |/|s, < D4({l)4 and the thesis follows for r small enough.
If d = 1 we have §, < O (see (3.3)). Therefore |/|s, < D + 1 and we conclude again for
rsmall. O

Lemma 7.4. If Ry () # 0, o < Bo, then
k| = 6{l)q with 0 := By/(1+|a]). (7.24)

Proof. If there exists £ € Ry (a) then |wso(€) - k + Qoo (&) - 1| < 2a(l)4 and, using
Lemma 7.3,

[kllwoo (6)] = |k - oo (§)| = [Q260(8) - 1] = 2a(l)a = 3Bo(l)a — 2c(l)a = Po(l)a -
By (7.10) we have |woo(£)| < |a| + 1 for r small enough, implying (7.24). 0O

From now on we always assume o < fy taking r small enough. By the previous
lemma we shall restrict the union in (7.16) to the cases |k| > 6(/)4. In particular we
shall always assume k& # 0. In the following a < b means that there is a constant c,
depending on the same quantities as the constant of Proposition 7.1, such that a < cb.
Moreover M, L defined in (5.2), (5.16) respectively, are, here,

M= | Al +[B]. L=|A"].
Lemma 7.5. If |k| > 8LM|l|s, then Ry(e) < p" /(1 + |k|7).
Proof. Assume that r is small enough such that e3 < y/(2LM). By Remark 5.2 the
frequency map weo is invertible from IT to IT := weo(I1) with |a);ol|llp < 2L. We
introduce the final frequencies ¢ = weo(§) as parameters over the domain I1. Then
Q) =R (wgol(g)) satisfies (see Remark 5.2)

1905, < |90l |0 [P < 2M2L = 4ML. (7.25)

Choose a vector v € {—1, 1}" such that v - k = |k| and write { = sv + w withs € R
and w L v. Then

Ck+Q0) -1 =slkl+QGsv+w) -1 = fuls) (7.26)

and the resonant zones are written

) - [
Rkl(a) = Weo (Rkl(a)) = é‘ =Sv+w &€ IT : |fkl(s)| < 2(11 _<+_>|Z|r] :

By (7.26), (7.25) we have
Jki(s2) = fra(s1) = (s2 — s1)lk| —4ML|l[s,(s2 — s1) > |k|(s2 — 51)/2
because |k| > 8LM|l|s,. Fubini’s theorem implies

~ 2 (l)a
R < —(diam )"~ 20 —— .
[Ri ()| < |k|(1 ) T
Going back to the original parameter domain IT by the inverse map wgol and noting

that diam [T < 2Mdiam I1 (by Remark 5.2), (I)g < 6~ !|k| (by Lemma 7.4), the final
estimate follows. O
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We estimate the other resonant zones Rj;(c«) using that the unperturbed frequencies
in (7.4) are affine functions of & and assumption (A3z). We have

Woo(§) -k +K2(E) -1 = ag + by - &+ Ru(§), (1.27)
where
ay=a-k+b-1eR, by :=Ak+BTl eR", (7.28)
and
Ru(§) = (@00 (§) — @(8)) -k + (Roo(§) — Q(8)) - . (7.29)

Assumption (A3) implies that
Sk := min{lay|, |bul} > 0, VkeZ', I € Ajp, (k1) £0.
Moreover (7.29), (5.6), imply
Rt ()] < esa(kl +11s.) . |Rul™ < e3(1kl +1ll5.) - (7.30)
Lemma 7.6. Fix K, > 0. Forall 0 < |k| < Ky,l € Aj p, (k,]) #0,
o <08u/4 = [Ru()|<p" /. (7.31)
Proof. 1Ifd > 1, by Lemma 7.1, (7.24), and §, < 0, we get

“|<[UM§Kﬁ9ﬁd>l
8y =

. (7.32)
D+1 ifd=1.

Case L |ay| = 8. By (7.27), (7.30), (7.32) we get, for r small enough,
000 (€) - k + Qoo () - 1]
> Ja| — (LANNK]+ I BINDP — [Rial = lag| — cKur?® > 841/2
7.31 7.2

2V 2a ikl =
= = TR

implying that Ry () = 0.

Case Il. |by| = 6. Set & = & = bk1|bk1|_1s +w withs € R, w L by. By (7.27),
(7.30), (7.32) the function fi;(s) := weo(&s) - k + Qoo (&) - [ satisfies, taking r small,

[br Ski
8k1(52) — gri(s1) = T(Sz —51) = 7(S2 —51).

Arguing as in Lemma 7.5 by Fubini’s theorem we obtain

n—1

n—1
P alla " alk]

[Ry ()| < < ,
S (1 + 1k[T) = 81,0(1 +1k|7)

and the thesis follows (since T > 1). O

We now distinguish the casesd > 1 andd = 1.
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e Cased > 1. Let
Ly :=8D,LM0~',  K,:=8LM max |l|s,.

| (T*SL*

Lemma 7.7. | Ry ()] < p"'a/(1 + |k|7), Yk € Z", 1 € Ay p.

Proof. If |k| < K, |lls, < Ly, (7.7) follows by Lemma 7.6. Then we can suppose that
|k| > Ky or|lls, > Ly. If Riy(a) # ¥ and |l|s, > L, then

7.17) (7.24)
lkl = 0()a = Olllslls./Dsx = 8LMIls, .

On the other hand, when |/|,, < L, we have |k| > K, > 8LM|l|s,. So, in both cases
Lemma 7.5 applies proving (7.7). O

Lemma 7.8. card{/ : (I)g < 6~ [k|} < |k|7T .
Proof. We claim that
o(lla = la-1. ¢ =2D*". (7.33)

We consider only the case I = (i, e; —ej), i > j. Wehave [l|[;1 < D41 1If

9= < 2Dm?, then ¢,(l)g > ¢, > Di%"! > |l|4_;. Otherwise by (7.18) (I)g >
i971/2 > Di?"1/¢, > |l|l4—1/c» and (7.33) follows. Therefore
card{l : (g <6~ Vk|} < card{l : |llg1 < cx0 'K|} < [k|7T .
O
By (7.16), (7.24) and Lemmata 7.7, 7.8, we deduce
n—1 2 T 21D n—1
M\ Tol < D [Ru@)] <D p" 'alk|TT/(1+ k| "< p" e,
[k|=61) k
namely Proposition 7.1 in the case d > 1.
o Cased = 1. Set
Ko:=8D+1)ML, Lo := Ko/0 . (7.34)

Lemma 7.9. inf{8;; : 0 < |k| < Ko, ()1 < Lo} > 0.
Proof. Letl = «, f). Since the set {{[}); < Lo} N {|f| = 0} is finite, we consider |f| =1
or2.If [ =1V) = Le;, j >iwehaveay =a-k+b-([,0)£b; - tooas j — oo.
The same holds for [ = +(e; +¢j), i, j > n. It remains only the case [ = E(e;i —ej),
i > j . Then [ =10 = *(epsj —ej) for some 1 < h < Lo+ n(D — 2) (since
Lo> ()1 =h—|l|>h—n(D—2)).As j — co we have

ag =a-k+b-(,0) £ (bpyj —bj) > a-k+b-(,0)£h,

by = Ak +BT(l,0) +BT(0, £(epsj — €j)) — Ak +BT(,0).

We conclude by Assumption (Az). O
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Lemma 7.10. For all k € ", 1 € A} p, there hold | Ry (a)| < " Lo/ (1 + |k|D).

Proof. If |k| > Ko > 8LM|l|s, because |l|s, < (D + 1) (recall §, < 0) the estimate
follows by Lemma 7.5. If |k| < Ko we conclude by Lemmata 7.6 and 7.9. 0O

We can not estimate U; Ry («) with 21 | Rk ()| because, even with the constraint
(I)1 < |k|/6, there exist infinitely many [ = (i, eprj —ej), j > n, with (I); <
nD + h,Vh > 1. We need more refined estimates. We decompose

Aip=A1UAy, Ap:= {l= 0D, [=%(ensj—ej). j>h, h> 1},
Ay = Ay p\Aa.
Lemma 7.11. card (A N {(); < |k|/8}) < [k|>.

Proof. We consider only the case |i| =2,1= +(e; +ej), i, j > n (the cases |f| =0,1
are simpler). We have l[| < D—2and|i +j| < |klo~ ' +aD < |k, implying the lemma.

O
Lemmata 7.10, 7.11 imply
U Ru(@)] < ' i "o (7.35)
Iklf
leN
‘We now consider the more difficult case / € A,. We define
04y @ 1= { € € T1 ¢ Jose(®) -k + Q@) - 1,0) + 4] = 81 |
where
2a|k 2(1+]|B h
Sy = o k| N ( .|| ||);0+61.L'
O(1+ [k[7) Jo J*
Lemma 7.12. Let 1 <h < 60~ 'k|+A(D —2), j > i. For r small enough,
. n—1 o 14 1
19y @l <" (e + ) (736)

Moreover; if ') = a, l(f)) € Ay, [V) = ent+j — ej, then Ry (a) C leh](oz)

Proof. 1f |k| > Ky, arguing as in the proof of Lemma 7.5, for r small enough we get
| Qkihj ()| <p"_18khj/|k|, and the estimate follows since &1 < 6~ |k|+A(D —2). On the
other hand, if |k| < Ko we have h < Lo +7(D — 2); by assumption (A3) and arguing as
in the proof of Lemmata 7.6 and 7.9, for r small enough we have | Qkihj ()| < p™! Sknj

and the estimate follows as above. ' .
We now prove that Ry (o) € Qk[hj (o). We have Qoo (£) - 1) = Qoo (8) - (1, 0) +

Qoo(€) - (0,190). By (5.6) and (3.5) we have
Q60(8) - (0,19) — | < |Q00(®) - (0,19) —b - 1Y) — B -1V
+|BE -1V + |bjen —b; — A

1 —K

<2y aeslVs, + IBllpliV s, +ashj
< 2(IBll + D)pj** +achj™*
(for r small enough 2«0 < p); the thesis follows since (I); < 0~ k| by Lemma 7.4. O
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We choose

(1T
jo = . (7.37)

o

Since Ry, () C Qkihj(oe) C Qkihjo(oe) for j > jo, we have

n—1 ojo 14 1
U Ruo@| = D 1Ryo @] +1Q,5,,| < p (HW +— +—)

jK
j>h fi<j<jo .]0 0

by Lemma 7.10 and (7.36). By (7.38), (7.37), (7.6) choosing ¢ € (max{it, i + &«(1 +
/c)_l}, w) (note 8, < 0) we get, for r small enough (recall that —4, < k)

1 at
U Ry (@)| < p"™ ————.
het (1+ [k[7) T

Since (I); < |k|/0 implies h < A(D — 2) + |k|/6, and card{l : |I| < D —2} <1 we
have

al’L

U Ru(a)| < p" ' —————. (7.39)
leA, (1 + |k|7) 5T
By (7.39) and (7.35) we get
o otk
U Ryi()| < p" 1—57*-
leAs p (1 + |k|7) 81

Summing over k and by the choice of 7 in (2.11) we get Proposition 7.1 also whend = 1.

8. Proof of the Basic KAM Theorem 5.1

8.1. Technical lemmata. We first give some lemmata on composition of families of ana-
lytic functions depending in a Lipschitz way on parameters. We recall that the Lipschitz
norms defined in (1.13) satisfy the algebra property

A PR,
Lfgls, < 1f15, 1815 - -

Lemma 8.1. [f h(-; £) is analytic in T" and |y|*_, < 02, then

. 2
g(x; €)== h(x + ¥ (x;§); &) satisfies |gli_, < |h|}+ ;|h|s|w|§_<, <2/hlk. (8.1)
If U e &, (see (5.4)) satisfies
|x00|?—(f |y00|?—o’ |)’01 |§\—(1 | |)L | |)L |w00|?—(f |w01 |?—o’ < i
2 ’ r ’ le s—0 )’02 s—0 or ’ o — 16’
(8.2)

s
o r
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with 0 < 8 < 1, then, for all H(-; §) analytic in D(s, r),

H(x,y, wi €)= H ((x,y,w) +W(x,y, w; §); §) satisfies |H|\_,,_s <2|HI},.
(8.3)

Proof. Since h(-; &) is analytic in T, by Cauchy estimates,

o li li li li li
Vo =5 = lglls = 10l g V|2, +1h1" < |h|s|w| Lo +Ihl®
and (8.1) follows. The proof of (8.3) is similar. O
We now estimate derivatives of the composite functions.

Lemma 8.2. Given H : D(s,r) x I1 — C, there exists co > 0 such that, if

. . . r .S
D:D(5,7) D (x4, Y4, wy) > (X, y,w) € D(s,r) with) <7 < 7 0<s< 2
and ® = I + V with ¥ € &; satisfies
lxo0l2  Iyool%  [yorl? lwool?  |wor
L= = ol boeli, — ., — <« (8.4)
s r r sr s

then H = H o ® is analytic on D(s,7), V&€ € I, and

Floy2,, H 117 ;. 10 w+1§1|§; <30, V2i+j=4, with
O:=max {1, D 9y, HIL . r10y2, HI, (8.5)
2i+j=4

(we use the short notation H o ® to mean H(-, &) o &, V& € I1).

Proof. For cp small enough, conditions (8.4) imply (8.2) with

3s 3r 3s .
S§—> —,1r—> —,0:=——§ >
4 4 4

. 3r —4r
T 3

>

#l‘ﬂ
W | =

Then, for ¢g small enough, (8.3) implies that H is analytic in D(s, 7) and

E FI|§\;S2[|3y3H|%%(|YO1|§+|}’02|?F)2+2|3y2w1‘1|%%(1+|w01|?)

yew?
x(Iyoil3 + [yoalsr) + 2102 HI}  [yoal% + 10,2 HIL, (1+ |wm|§)2]
x(1+]yi0l}) <30,

using that, by Cauchy estimates,

12, 3H|3T v S 16r7 2|00 HIL, < 16r 720

4

The other estimates are analogous. 0O
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We conclude with a lemma on Fourier series. Fix an integer K > 0, we denote

Tef(x:€):= > fu®e** and Tg:=1-Tk.

keZn,|k|<K

Lemma 8.3. Let f(-; €) be analytic on T’. There is C := C(n) such that, VO < o < s,
Ko > 1,

K"eXoTE f1i_y, o K"K TE 1N oM Tk fIi, , o™ Tk f/12, <CIfIL.

s—0 s—0 s—0 s—0 —
(8.6)

Proof. We have

|Tlé_fllsf(r < Z |k||fk|e|k|(S—U) < |f|s Z |k|e—|k|0 < |f|s Z4n1ne—lg,

[k|>K [k|>K I>K

and the last sum is bounded by C(n)o ~'K"e~X? if Ko > 1. The other estimates are
analogous. 0O

In the following we will always assume Ko > 1.

8.2. A class of symplectic transformations. We introduce the space of Hamiltonians

Fs = A{F(x; &) = Foo(x; §) + Foi(x; §) - w+ Fio(x; §) - y + Foo(x; §)w - w
where Xp € C** x ZZ’pis analytic in (x, y, w) € Ty x C" x EZ’p
and Lipschitz in & € I1}. (8.7)

Note that the terms that we want to eliminate from the perturbation through the KAM
iteration have such a form. We shall also take “auxiliary” Hamiltonians in F; whose
time one flow generates the KAM symplectic transformations, see Lemma 8.9.

The next lemmata will be used to estimate the perturbation after the KAM step, see
Lemma 8.11. The time one flow map generated by Hamiltonians in F; has the form
I + ¥ with ¥ as in (5.4), see Lemma 8.6. Lemma 8.4 shows that F is closed under
composition with such maps. We estimate the transformed map in a slightly smaller
analytic strip for the convergence of the KAM iteration.

Lemma 8.4 (Composition). If F € F, ¥V € &_4,0 < o < s, with |xpo|*_, < 0/2,
then S ;== F o (I + V) € Fy_, and

Soo = 1:"00 + 1:"10 - Yoo t ﬁ01 - woo + ﬁozwoo - W00,

Sot = (I +wd) Foi + yg; Fio +2( +w{) Foawoo.

Spo=3 +y1To)F10,

So2 = Fio - yoo + (I + wi)) Foo (I + woy),

where Fij = Fij(xy) i= Fij (x +x00(x+)). By (8.1), | Fijli_o < 21Fyjl}.

§—0 —

It is a merely algebraic calculus that the space F; is closed under the Poisson brackets
(see (1.4)).
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Lemma 8.5 (Poisson bracket). Let R, F € Fy then G := {R, F} € Fy,¥V0 < s’ < s,
and

Goo = Fio - Ryy — Rio - Fyy — iRo1 - J Fou,

Go1 = Fio - R61 — Ryo - F(;l + 2iFpoJ Ro1 — 2iRp2 J For,
Gio = Fio- Rjp — Rio - Fip,

Gy = Fo - R62 — R0 - F62 —4iRpJ Fy; .

Given F € Fg, we consider the associated Hamiltonian system (see (1.3))

x = Fiox),
y = —Fy(x) — Fjy(x)w — F{,(x)y — Fl,(x)w - w, (8.8)
w = —iJ Fy1 (x) — 2iJ Fop (x)w,

with initial condition (x°, y°, w®) = (x4, y4, wy). For all £ € I1, the hamiltonian flow
at time ¢,

X;T(a &) (g, Yy, wy) > (xt, yl, wt)(x+» Vi, W),

defines a symplectic diffeomorphism which is close to the identity for 0 < r < 1 and
F small. In the next lemma we estimate each component of these symplectic diffeo-
morphisms separately. These finer estimates are required by our approach. This is a
difference with respect to [26].

Lemma 8.6 (Hamiltonian flow). Let 0 < 0 < s < 1 and F € F; satisfy, for some
A >0,

|Fiol? < o/12, |Fol! <1/12. (8.9)
Then, forall t € [0,1], X% = I + V' with V' € &, satisfying
12 6
Ixbolt—o = 21F10l% + I¥boli—o = — (1Foolt +90F01l)?) « I¥folig = > IF10l}

(8.10)

36 27
oA A A A oA A A A

Moreover, if, for0 < § < 1,

oric Sro So So
| Fools < TR [ Forls < 216 * [Fiols < TR | Fozls < 108 (8.11)

then X;,(-; &) :D(s—o,r—96r)C D(s,r),VO<t<1,V& eIl
Proof. In the Appendix. O
Finally we study the composition of two symplectic maps of the form I + W with

W e &. The symplectic transformation (5.7) of Theorem 5.1 is the composition of
infinitely many maps of this form, see the iterative Lemma 8.17-(S6),,.
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Lemma 8.7 (Composition of diffeomorphisms). Let0 < s < §, ® = I+W with ¥ € &;,
and ® = 1 + W with W € & satisfy 2|x00|§‘/(§ — ) <n < 1. Then the composite map
has the form

Dod =1+V with Ve& and

%00 — x00ls < (L+m)l¥ools, |oo — wools < (1 +mn)[wools + 2[wo1l5lwools,

[Wo1 — worls < (1+n)|wo1l5(1+ [worls),

1500 — yools =< (1+mIFools +2I301 lslwools + 2151015130015 + 210215 1wool?.

[Fo1 — yorls < (L+m¥orlz (1 +worls) + 213105101 1s +41Fo2|5Iwools (1 + [wot ),

[$10 — y10ls < (L +m[F10l5(1 + |y10ls)s

1502 = yo2ls < (1+m[F0215(1 + [woils)* + 2l 710151 y02 s (8.12)
els =101

where for brevity | - |5 := | - |2

Proof. Wehave U—W = Wo(/+W). The estimate on £gq follows by X00(x4+) —x00(x+) =
X00 (x4 + x00(x4)) and (8.1). All the other estimates follow analogously. O

8.3. The KAM step. At the generic v step we have an Hamiltonian H” = NV + PV
like in (5.18). Both w,,, 2, are Lipschitz in IT, with |, | + |S2V|1i%* < M,. We set

. Ay Ay i aJ Ay 2 Ay
O, i=max { L [P} 0, [Pglle, D0 1050) PYLL .m0 0w PP
2i+j=4
. o0
with A, (= —. (8.13)
M,

Note that, unlike the KAM iterative scheme in [26], g will be kept fixed along the
iteration. We simplify notations in the next section dropping the index v and writing “+”
forv+1.So P = P, P* = P"*! etc.

The symplectic change of coordinates. We write
H=N+P=N+R+(P—R), where R := Tk P<, (8.14)
and P< is defined in (1.10). Then we consider the homological equation
{N,F}+R =[R], (8.13)
where
[Rl:=é+a-y+Qz-2, é:=(Pw), &:=(Pio), Q:=diag;.(07: Py=ou=0)

(8.16)

and (-) denotes the average with respect to the angles.
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Lemma 8.8 (Homological equation). Suppose that, uniformly on I1,

(Da
1+ k|7

@) -k+Q(E) -1 =« , VD FO k=K, |ll=2. (817

Let0 <o < s.Then, VR € Fy, Eq. (8.15) has a solution F € F;_ satisfying [F] =0
and

s
K|Pij|5
§=0 — qglttntl’

|Fijl 0<2i+j=<2, 0=x=—, (8.18)

WithK := K(n, ) > 1. We can take K = (1 +n)°*" for some absolute constant ¢ > 0.

Proof. The proof is given in [26], Lemmata 1-2 with the only difference that (8.17)
holds for every k. The truncation |k| < K does not affect the estimates, since Tk P;;
and, therefore, F;; are Fourier polynomials of order K. O

By Lemma 8.8 and 8.6 we deduce:

Lemma 8.9 (Symplectic map). There exist Co := Co(n, t) > 1 large enough—-we can
take Cq := K€ for some absolute constant ¢ > 0 with K defined in Lemma 8.8—such that,

if

|Pool% | Poil?

, . 1Pl P
P " |Proly, | Poal?

* < ‘i‘;c (8.19)
where

B:=2t+n+2, (8.20)
0<20<s<1,0<8<1,0<A<a/M, the symplectic maps

O =1+V" =X, : D(s—20,r—8r) —> D(s —o,r —r/2) (8.21)

are well defined NVt € [0, 1], and V' € E;_y, satisfy

A A 2
o <C [Prol; W < C [ Pooly +C (IPo1l)
00ls—20 = an,/g_l ) 00ls—20 = 020[0'/3 020120'2'3_1 )
| Prol? | Pop | | Poa |
<C S <C S <C S (8.22
|J’10|v 20 = C0 oo B | 01|s 20 = 0 woB |y02|9 20 = ©0 wo B ( )
A A
[ Potls Y [Poals

o
lwool§s—20 = Coaaﬂ_l s woils—ge =< Coao-ﬂ—l :

Note that (8.19)—(8.22) imply (8.2) (with | - instead of | - |§‘_U).

|s 20
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The transformed Hamiltonian under the symplectic map ®* = X } defined in
(8.21)is
h*:=H o <I>+:N+N+/l{(1 —1)N+tR, F} o X5 dt+(P — R) o ®"=:N*+P*,
’ (8.23)
where N* := N + N and N := [R] is defined in (8.16).
The new normal form N*. Wenow estimate N* := N+ N where N := é+&- y+Qz-Z.
We identify 2 with the vector
Q= (Q)izns1, Qi = (32 Ply=0.w=0) -
Lemma 8.10. |6 < |Piols. 16" < |Prols". Q05— < [Po2ls. IQ1, < | Poal” and
| - k+ Q- I < |Piolslk] + 2| Pyals{Dya, Y(k,1) € Z" x Z*°. (8.24)

Proof. We have Qj = ((Pn2)ej, ej)p, where (-, -), and e; (respectively (-, -) 5 and é_j)
denote the scalar product and the j element of the basis in €57 (respectively £, 7).
We have ¢; = ip_ﬁej' and, if u € EZ’p, u = Zi uje; = Zi uje;, then u; = il’_ﬁﬁ,-.
Denoting u := (Pyo)e;, we get

iPTPIQ = PPy e) pl = PP TP g | = L] = (u, @) ) < lulla,p < |Poals
(recall that | Ppa|s = supyer, ||PO2(X)||£(£Z"’,ZZ“3)) implying |2|5—, < |Po2|s. Similarly
|&| < | Piols- Then
&k +$2- 1] < &1k + 125,115, < |OIk] +1Q5-p2()a < |Prolslkl +2|Po2ls()a »

using (3.3) and |I|5, < |I|lg—1 < 2{I)4, V|I| < 2. The same estimates hold for | - [P, O

The new perturbation P*

Notation. For the rest of this section, A < B means that A < KB, where K is defined in
Lemma 8.8 and ¢ > 0 is some absolute constant. .
By (8.23), and since N = [R], we have to estimate P* = P* + P, where

1
P*::/{(1—;)[R]+tR,F}oX’th, P:=(P—R)od".
0

We estimate P* in Lemma 8.11 and P in Lemma 8.13.
We introduce the rescaled quantities

P A P A P A P A
— Izools . | Por | e [ Prolg Cd= | ozIS’ (8.25)
r=oPa roPo o o
where p,, pp are defined in (5.11). Since pg, pp > 1, if
bood< 3 (8.26)
@79 =T60, ‘

(the constant Cy is defined in Lemma 8.9), then (8.19) and, so, (8.22) hold.
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Note that the P;;. in (8.27),0 < 2i + j < 2, are “quadratic” in the variables a, b, ¢, d
(i.e. Pij)-

Lemma 8.11. P* := [['{(1 — )[R] + 1R, F} o X', dt € Fy_, and

|PGl* 5y < a2 %P r2aPa(ac +b%), PG 5y <0 PraPb(c+d),
1P, < 0¥ %Pac?, |PGIY ,, <0 %Pad(c+d), (8.27)
where B is defined in (8.20).
Proof. Inthe Appendix. O

We define the higher order terms of the perturbation

Pyi= > Pj(x)yw/ sothat P =P+ Pryw+Ppaw’+ Py (8.28)
2i+j>4

(P<3 was defined in (1.10)). Note that 8] 8;, P = 813}, P4 if 2i + j = 4. We also define

oo 1= Py, —0,w,=0) = X+ +X00(X+3 &), Yoo(x+3 &), woo (x4 §)) -
By Lemma 8.9, @y : {|Imx| <s —20} — D(s —o,r —dr/2), V& e I.
Lemma 8.12. We have

P10 @ool < © (57300l + 6" yoolwool” + wool*)
|3y Pa) o ®ool < © (87300l +wool?)
|97, P8) © Pool < © (@)~ Iyool + wool)
@ Pa) 0 @00l < © ((6r) 300l + 67" ool lwool + wool*) .
|32 P2) © @00l < © (57 1y0ol + lwaol?) .

(83 1y P1) © Poo| < © ((3r)_1|y00| + Iwool) ,

192, Pa) 0 Dool < OGN, 132, Pa) 0 Dool < Or) 2,
where all the norms | | := | |§‘_2 ., and © is defined in (5.5). The further estimates
|(a Py) o Pool, I(aywa4) o®y| < O

follow immediately from the definition of ® in (5.5).
Proof. In the Appendix. O

We now estimate P := (P—R)o®™. Note the “linear” term in the variables a, b, c, d.
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Lemma 8.13. P := (P — R) 0 ®* = (Pijyw + Pp3w® + Py + Tif P<3) 0 & € Fy o
and

< |Pulbriale P =2 (ab + b%) + | Pos |} riePr b3
+O8 14 a?Pa =2 (0% + b*y + K"e K2 qPa(a + b?),

< [PyljrPal N a + b?) + | PoslirPe b
+0O5 PPt P2 (g + b)b + K"e Ko ralrb,

< |Pylfra? b+ @57 'rPal  a +b%) + K"e K7

< (|1Py1 > + | P3| Myra?* b+ @5 2aPe " (a + b?)
+K"e K4,

< [Pi*c+d)+ 05 raPa +b),

< (|Py1 > + | Po3M)d + ©8 traPa a +b),

o8P oo

s—20

o %P3 By |+

s—20

o721 Pyt
P72 Poo 2

s—20

s—20

PN Py — Py
o271 Py — Po3l*_5,

where B is defined in (8.20).

s—20

Proof. Inthe Appendix. 0O
We summarize the previous estimates in the following key lemma.

Lemma 8.14 (KAM step). Assume (8.26). Then, V& € T1 satisfying (8.17), there is a
symplectic map

(&) : D(s—20,r —8r) = D(s —o,r) with 0 <20 <s,0<8<1,
satisfying (8.22), such that
H* :=Ho®*=N*+P*=(N+N)+P*=(N+[P]) +P*
and P* = P* + P satisfies the estimates of Lemmata 8.11 and 8.13.

Wedefine a,, by, ¢y, dy like a, b, ¢, d in (8.25), with P;jf., sy := s—20, a4, ry instead
of Pij,s,a,r.

Lemma 8.15. Assume (8.26), Or* < 18« and |P11|§‘ < 9aPle/r, |P03|§,‘ < 9aP!/r,
where

N £ T T ares
1 if (H3)
(8.29)
We have that
a, < Cilac+b* +ad°> + K"e_K“a)/Sa’g,
by < Ci(a+b* +bc+bd+K"e Kb) /80P, 530,

c; <Cib+c*+a +K"67K“c)/80’§,
di < Ci(b+cd+d®+a+K"e Kod)/s0P,

where B := 16T +8n + 12 and C1 = K for some absolute constant ¢ > 0 (K defined in
Lemma 8.8).
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Proof. By Lemma 8.14 (see the estimates of Lemmata 8.11 and 8.13), 8 = 88 — 4, we
get

oPa, < ac+b?+ (ab +bP)aPrtPe? 4 p3g3PrrPr—ra=3
+08 1@ + bHyrrala? + K"e Kog,
oPb, < be+bd + (a + bP)aPatPe=Pr=l L p2Pr+pr=2
+08 ! (ab +bH)r?aP + K"e Kb,
O’BC+ < +baP? P2 L ©5 7V (a + b)rPaP 2 + K e Ko,

oPd, < cd +d* + baP?*Pe? 4+ paP*Pi72 £ @57 (a + b rPaP 2 + K" e K4,

which imply (8.30) thanks to Or? < 18a, (5.11), (8.29) and (8.26). O

8.4. KAM Iteration. We fix x such that
<y <23, x*+1>x°. (8.31)

Lemma 8.16. Let {(a;, bj, cj, dj)}o<j<v be a sequence of positive numbers satisfying

) Gl 2 2 n —Ki2/
ajy1 <K (ajcj+bj+aj+K*e *“aj),

bjy < Kj+1(aj +b? +bjci+bjd; +KfeiK*2jbj),
5 ko (8.32)
j *

djsi <k bj+cjdj +d; +a, +Kre KV dy, vo<j<v—1,

Cjsl §K1+1(bj+c +aj+Klle cj),

where k > ¢© and K, > 2%+ 61nk + 16n2. There exist 0 < vy := vk, x) < 1/3 such
that

ao, by, co, do <e9 <yp — aij, bj, Cj, dj = )/0_1 EOe_Xj , YO<j=<v.
(8.33)

In particular one can take yo = k™19 for some ¢ = c(x) > 1.

Proof. The detailed computations are given in the Appendix. Note the linear terms
aj,bj in the last three inequalities in (8.32). This seems to contrast with the super-
convergent estimate (8.33). However the estimate of (a3, b;43, 43, dj+3) in terms of
(aj,bj,cj,dj)is quadratic. O

For v € N we define

. — . S . S|
o 0y,:=0027", 00:=7F, Spr1 =5 —20, (7,

o 8, =27"T3 ) rpy = (I_SV)VU\VOHEOZ()(I_(SU)>%07 D, := D(sy, 1),
e ap<1, M,:=My2-27") 72M,, )Wizj?/[—?)\f—ﬂgo,
o K,:=Ko4", Ko:=3 K ;:=0, K,:=20+6Ink+16n

S0
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Note that K0, = K.2" > 1. Let us define
K = 4C1 (4/50)", (8.34)

where C| = K¢, ,3 = 16t +8n+12 are introduced in Lemma 8.15 and K = (n+ t)c("”)
in Lemma 8.8. Here and in the following c, ¢/, . . . denote “absolute” constants depending
(possibly) on x only. We set

10 := yo(k, x) as in Lemma 8.16 with « in (8.34). (8.35)

Note that, for some 1 < c_ < ¢y,

e < g < 0 _L_O—c+r0 <y < rO_C’TO , with 19 := (t+n)In((tr +n)/s0) .

(8.36)
In the following lemma we set | - |, := | - ﬁ; for brevity.

Lemma 8.17 (Iterative Lemma). Let H* = N° + P° : Dy x T1_; — C be ana-
lytic in Dy with TI_; C R™, NO := eq + wo(€) - y + Q(€) - zZ in normal form and
o[ + 101" < Mo. Define

0 0 0 0
o |P()0|0 L |P()1|0 o |P1()|0 do = |P02|0
= 2 pa P0T pp 20T » 40 -= :
roog ro o0 %)

<3 .
There exist Co = vy ¢ > 1,y = yo“* < 1 (for some absolute constants c, > c* > 1),
such that, if the smallness conditions

) 0 : 0 P,
max{ao, b , co, do} =: €0 < Vu, rolPilo < &, rolPGlo < ey’ . Goro < ag,
(8.37)

are satisfied (the constant ©y is defined as in (5.5) for P°), then:

(S1), Y0 < j < vthereexist H = NJ + P/ : D; xI1;_1 — C, analytic in D;, with
N/ = ej+wi(§)-y+ Qi) - zz in normal form and
I = [~’§ €llj1 : |wj(§) - k+$2;(E) -1

(la

Tk

v

, V(k,l)#O,lkISKj,llISZ} : (8.38)

Moreover, V1 < j < v, HJ = H/7 Vo ®J, where &7 D; xIlj_1 - Dj_
are a Lipschitz family of real analytic symplectic maps of the form O =1+W/
with W/ € &, satisfying
g0l » I¥loly < C2@F~DUDe;
. o -
Iygolj < C2PP~DUDrdad ™ (a; 1 +b7 ), (8.39)
. . o »
Yorl + lwgoly < €22~ DU= D™ b,y

vl - lwgylj < €23~ DU=Da;
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where
J J J J
| Poolj | Poy | Piol; | Poal
aj = , b= , Cii=——, dj = —=. (8.40)
J 2, DPa J Db J J
rjao riog o &00]

(82), Y0 < j < v there exist Lipschitz extensions @;, Q j of wj, 2 defined on I1_;
and, for j > 1,

~ ~ ~ ~ 1i i—1
l@j —@j1l.|@j — @™ < [Py s, -

=& = s -1
195 — Qtlpop 195 — P < 1P (8.41)
1% + 192,15 < M; . (8.42)

(83)y {(aj,bj,cj,dj)}o<j<v satisfy (8.32) with k defined in (8.34).

(S4), YO<j<v-—1thea;, bj,cj,dj < yo_lso e with Yo defined in (8.35).
(85), V1< j<vwehave®; <90 (see (8.13)) and

. - o ip
|P1JI_P1]1 lj =27/ IC*80(|P101|0+010 / ), (8.43)

\Ply — PIT < 2777 Chso(1PSy o + 1P 1o + a1 2) (8.44)

(86), V1 < j < v, the composed map & = dlod20---0® = I+ U/ with

Wi &s; satisfies

150007+ 1310l 1321+ 19,1 < C2(1 =27 )ep, (8.45)

G - 1 i . » i

I530lj < C2(1 =275 0, 154,155 1ol < C2(1 =27 Droad” ™ ep .-
Proof. The statements (S1)¢ and (S2)o follow by the hypothesis of the lemma, (8.37)
and setting @y = wo, 20 = 2. The (S4)¢ holds by (8.37) because yy < 1/3 (see
Lemma 8.16). The (56); follows by (S1)g. Note that (S3)¢ and (S5)¢ trivially hold

since there is nothing to verify in (8.32), (8.43) and (8.44) for v = 0.
Then, by induction, we prove the statements (Si),+1,i = 1,..., 6.

(S4),+1 follows by (8.37), (S3), and Lemma 8.16.
(S1),41. By (84),41 we have, since g9 < v, = ",

(Svaf

cby.cy.dy < vy lege <yt le T < 20 8.46
ay, by, Cy, dy =Yy €o0€ =Y € = 16C, ( )

for ¢, large enough. Indeed, since o, := 5027"/8, §, := 2-v-3 B :=2t+n+2,we get

e—X” 3 ) B r+n c(t+n)
sup = supsy Pe 1B+ < (E) < ( ) :
v>0 8,07 V>0 ) 50

Then (8.46) follows, for c, large enough, by (8.36) and Cy = K¢ = (7 +n)™*" see
Lemma 8.9.

Then, by (8.46), V&€ € I1,,, Lemma 8.14 applies with N = N, P = P,, s = s5,,0 =
oy, F =1y, = op,6 = §,, M = M,. There exists a real analytic symplectic map
®V*!': D, x 1, = D,, Lipschitz in IT,, such that

HU+] — H\) OCDV+1 = NU+1 +PU+1 , Nl)+1 = NU +[PU].
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The estimates (8.39) follow by (8.22) and (8.40), taking C, large enough (namely c*
large enough).

(S2),+1. The frequency maps w,+12,+1 are defined on I1, and, by Lemma 8.10, satisfy
the estimates

li 1i
w1 — wy] < |P1U0|s,, oy — wy| P < |P1U0 sf, (8.47)

li li
101 = Qulp—p < 1PRls, s 11 = ol , < 1Pl - (8.48)

By the Kirszbraun theorem (see e.g. [25]), used componentwise, they can be extended to
maps @y+1, $2,+1 defined on the whole I1_ preserving the same sup-norm and Lipschitz
seminorms (8.47)-(8.48). As a consequence, and since | |5, < ||5—p (recall (3.3)), we
get

~ li = 1i li li -1
|@vat [P+ [Quit |25, < My + | PRLY + PR LY < My + 4 ao(ey +dy)
=M,(1+cy,+dy) <My

by (54), and for c, large enough.

(S3),+1 follows by (8.30) and the definition of k. The assumptions of Lemma 8.15 hold
by (8.46), by

5 (85 5 (8.37)
O,r r, = 9@01’ <9®0r0 < 9ap

(recall @9 > 1) and | P}, |, < 4a0 [Tvs [Pysly < 4aof/ru,that follow by (S5),. Indeed,
by (8.44) with j = v, and since p, > p. > py, we get by (8.37),

0 0 0 —1/2 0 0 —1/2
|Pd)3|u = |P()3|0+C*'90(|P03|0+|P11|0+0‘0a / ) < 2|Pyslo + |P11|0+a0a /

1/2 _ _ -
<3ry lotgf +ocgf / < dr, 1cng <dr, locgf (8.49)

’

for ¢, large enough (with respect to ¢*). The estimate | P} |, < 9a ¢ /ry, follows as well.

(S5),+1. By the last inequality of Lemma 8.13, (S4),+1,(8.37) and ®, < 90 we deduce

)

1 —1 3 —x" -1
1P — Paluet < Ky 027 e X (1P 1y + | PGy ly + ©pryad”

<2772C,e0(|PY o + | P10+l ™'/

with ¢* large enough, proving (8.44) with j = v + 1. The proof of (8.43) for j = v + 1
is analogous.
Finally, by (56), and c, large enough, we apply Lemma 8.2 with & = @V = J+WV+1,

Then (8.5) yields ©,41 < 90 because di,,; H"*' = 0,1, P'*! for 2i + j = 3.

(S6),+1 By (S1), we can apply Lemma 8.7 with ® = ®*, & = &"*! U = U"*! Then
P+l ¢ &;s,,, and (56),41 follows. The estimate for y“+1 follows by the bound in (S6),
for |y lv and the inequalities

(8 )
Sv+l 5 +3
|y(]))o _y(‘))()|v+1 |yoo Lyt +27 |X00 |v+l|y00|v
1,2
+2(|y01 |v|w |v+1 + [¥10lv |y |v+1 + Yoo lv |u) [5+1)

(SDv+1 2 1.2 —1
—V— P
< C.27" gy eo
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with ¢* large enough and, then, ¢, large enough (w.r.t. ¢*). All the other estimates are
analogous. 0O

Corollary 8.1. For all § € Tly, = Ny>oIl, the sequence Y =+ converges
uniformly on D(so/2, ro/2) to an analytic symplectic map ® = I +W, where W € & »
satisfies

| | | | (1) " ) | | 1 "
X00 > 1Y00 Y01 )
50/2 50/2 ro 50/2 "o

1—pp
X0 Ao X0 o %
|y10|SO/2, |y02|30/27 |w01|s0/2’ |w00|50/2

<y ‘€0 (8.50)
and the perturbation P 2( &) =0.

Proof. The ®"+! — ®¥ = W'l 5 ¥ is a Cauchy sequence by (8.39), (S4)v+1 and

(56),. Estimates (8.50) follow by (8.45), and since | - |§§//§ < 4 |12,. Finally
ng(-, &) =0,V e I, follows by (8.40) and (S4),. O
Let us define
Woo = lim w,, R = lim fZU

It could happen that IT,, = ¥ for some vy. In such a case Iy, = ¥ and the iterative
process stops after finitely many steps. However, we can always set @, := @, 2, =
Qyy, YV > 1p, and weo, Qoo are always well defined.

i Y
Lemma 8.18. |&, — oo, [Qy—Qoolp—p, [y —woo|P, |2, szooupp < yp “agege X"
Proof. By (8.41), (8.40), (§4),, we have

o0 o0
~ ~ ~ —1 ) —c —yV
@y — w0l < | D @js1 — @j| < ¥y 'w0g0 D eTF < yy Cansoe
= J=v

The other estimates are analogous. O

End of the proof of Theorem 5.1.
Case 1: Hypotheses (HI), (H2), or (H3)-(d > 1). We apply the Iterative Lemma with

S0 =S, rg = oy =, NO = N, PO = P, ©y:=0, My:=M, I1_{ :=11.

2 9
The smallness assumption (8.37) follows by (5.5), (H1), (H2), (H3), (8.29), taking
¥ < ¥ Theorem 5.1 follows by the conclusions of Lemma 8.17, Corollary 8.1 and
Lemma 8.18. Finally we prove the characterization of the Cantor set in terms of the limit
frequencies (Weo, 200)-

Lemma 8.19. I, C I1, := Ny>oIl,.
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Proof. By (3.3) we get |l|p—p < |llag—1 < 2(l)q. If & € Ils, we have, Vv > 0, V]k| <
KU7 |l| S 27

[
0€) K+ 2(6) 1] 2 2a- i)é' — |0v(®) — e @K — 212, — ol (ha
1
_a1+|k|f’ (8.51)

because, by Lemma 8.18, for y small enough,
o

lwy (§) — Quolp-p = m

o
- L —To'
wOO(E)|_2(1+K‘f)KV 122,

By (8.51) we deduce Il C I1,,Vv > 0. O

Case 2: Hypothesis (H3)-(d = 1). We first perform one step of averaging. The homo-
logical equation

{N, F}+ Py = (Poo)

has a solution F' := Fpo, for all £ € TT such that® w(£) € Dy ; (see (1.15)). The
symplectic map ® := X}: : D(s/2,r/2) — D(s, r) has the form

&)(x+7 Vi, W) = (X4, Y4 + Yoo (X4), w4)
and |Jools/2 < @] Pools, where, here and in the following, | - |; and | - |s/2 are short for
|- |*and |- |§/2 respectively.
Then H := H o ® = N + P satisfies

|1300|s/2 < a M| Pyls|Pols +a_2“|P00|? < 5%1’20( + 8%/’4 < 28§r2a,
|Potlss2 < |Potls +a | Piils| Pools < |Potls + o' 2e3r? < aesr,
|Piols/2 < |Piols +a "I Pools < | Prols +&3r% < &3,

|Poalss2 < | Poals +a ™| Pools < €30,

and so
= ~2,-11 p -1\ p -1 p ~11p
g:=maxr “a " |Polsp, o r |Potlsj2, @ |Piols2, @ [Pylspp <é&3.
Moreover
5 5 . - 2
[Py — Prilss2, |Po3 — Poslsy2 < |Jools/2 < o #[Pooly < e3r” < &3,

whence | P} ls/2 s | Po3 ls/2 < 2a/r,if y is small enough. By Lemma 8.2 we get 6 < 30.
We apply the Iterative Lemma with
H :=H N =N, PP.= P 5 := % ro = % oy = a,
Op:=30, My:=M, gg:=8,T1_1 =TI\ o " (Danr).
Then (8.37) follows since & < g3 < y, taking y small enough (with respect to y,).
We now prove Remark 5.1 for analytic Hamiltonians.

5 Actually it is sufficient to require in (1.15) only finitely many non-resonance conditions, i.e. for [k| < K.



Branching of Cantor Manifolds of Elliptic Tori and Applications to PDEs 787

Remark 8.1. We only modify the statement (S2), stating the existence of C°-
extensions of the frequency maps wxo, 200. We follow the cut-off procedure of [5].
The small divisor condition (8.38) holds with «/2 instead of «( in the neighborhood

N = {g ey : dist(5, 1)) < caon‘““)}, (8.52)

where ¢ is a small constant. Then H/*! exists for all & € N (I1 i), and the KAM iteration
implies

i
lwjs1 — ojl, 141 — Qjlj—p = Cageoe™ " .

By a cut-off procedure we define C*°-functions j+l— Q j forall the parameters & € IT1_;
coinciding with 41 —€2; on IT; and equal to zero outside N/ (IT ;). Moreover, by (8.52),
the derivatives of such extended frequency maps satisfy

D91 = @)l p = Cansoe ™ f(aoK; T = ) pe T KT g = 1
An analogous estimate holds for @;41 — @;. Summing in j > 1 we get (5.15).
We now discuss the estimates of Remark 5.3.

Remark 8.2. By Lemma 8.17 the small constant y := y(n, 7, s) of Theorem 5.1 can be
taken y := yj, where yy is defined in (8.35). Then (8.36) implies the estimate for y
given in Remark 5.3.

Proof of Remark 5.2. By (5.6), (1.14), .. = a/M, we get
0o — [P, Q00 — QU < Mei/y. (8.53)

By (5.2), (3.3) we have |weo|'P, |szoo|1};* < M+ Ms;]y <2M.Let&, & e Il and
wj = woo(&)), j = 1,2. We have |§] — & = |og) (1) — 03] (02)| < L|w; — w;| and

o) — @] 2 101 = 0] = [ — O)E) — (@00 — D) (E)]
> (L7~ o —0l™) 161 — &2l
(8.53)

> (L =y MenlE - &) = QD78 - &)
Therefore w is injective and |a)go1 [P < 2L.

Proof of Theorem 5.3. We have w(§) = a + A&, detA # 0, Q(§) = b+ B& and (B*)
implies

b, = i? + lower order terms, i >n, B e L(C", Kgo‘s*), 8. <d—1. (8.54)
Since IT is compact and 0 ¢ w(IT) there exist 0 < t_ < f4 such that
weo (I NORT C [1_, t1]® .

By Remark 5.2, for &; small enough, the perturbed frequency map w is invertible.
Then, for all r € [f_, t,] such that t® € wyo(IT) we define

Qoo(t) 1= Qoo (wgol (m‘))) =b+BA~ (16 — a) + (1),
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where r(t) is a Lipschitz map satisfying, by (5.6) and (8.54),
Irl-s, @~ 1, < cer < c . (8.55)

The map 7 (¢) can be extended to a Lipschitz map on the whole R preserving the bounds
(8.55) applying the Kirszbraun theorem componentwise. We define

fu(®) =1 k+ Qoo(t) -l =b—-BA ) - [+1(k+A™'BT))-@+r@t)-1. (8.56)

We have to estimate the resonant set

woo(IT\ Tao) N@RT C U Ry where
keZr |11<2,(k,1)#0
Rw=Paum:meZW”I
1+ k|7

Let Ajy :={l/| <2 : [; =0, Vi > ip}. Note that A is a finite set.

Lemma 8.20. There exists B1 > 0 (small enough) and iy (large enough) such that
a<pi, L ¢A, [kl<()a/8t, = Ru=9. (8.57)

Proof. We first prove that if i is large enough then

I(b—BAla+BA™'®) - 1| = (I)a/4, Vielt_,t,], 0< || <2, 1 ¢ Ajy. (8.58)

We consider only the subtlestcase l = ¢; —e;, i > j.Sincel ¢ A;j, we havei > iy. By
(8.54) we get |b- 1| > (I)4/2 for iq large enough. If d > 1 then (I} = i? — j¢ > di?~.
Then (8.58) follows for i( large enough since, by (8.54), |(BA~'a+rBA~ @) - 1| < Ci%
and 6, <d — 1.Ifd = 1, §, < 0 and it is enough to prove thati — j > Cj‘s* for some

C > 1. Forall j > jj such that ng* < 1 the thesis follows because i — j > 1. For all
Jj < Jjo the thesis follows taking ip > jo + C. By (8.56), (8.58), (8.55), if . |k| < ([)4/8
and o < B is small enough, then

1 1 2al)a
[ fru ()] = Z(l)d —consta — tylk| > §<l>d > TH

implying that Ry = ¢. O

Lemma 8.21. For @ € Dkq . with K > 2/t_ then Ry = 0. Moreover for o small

|Ru| < const— VkeZ", |l|<2, (k1) #0. (8.59)

GVid
1+ k|7’
Proof. Since @ € Dggy . with K > 2/t_ then, fort € [t_, t,],

Ifio| = It - k| > t_|w-k| = 2a/(1+ k") = Rpo=9.

We then discuss [ # 0. Moreover, by Lemma 8.20, we consider only [ € A;, or |k| >
(l)a4/8t+. By the hypotheses (5.22) and (8.54), arguing as in Remark 2.1,

c:=0b-—BA'a)- I satisfies || >8>0,V0<]|l|<2. (8.60)
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Now set my; := (k+ A™IBTI) - @. If my| < 3/(3t+), by (8.56), (8.60), (8.55), for «
small enough,

1)
[fi ()] = |er] — 3 2cya

[\
| oo

If Imyg| = §/(3t.) we have | fiy(12) = fu(r)| = |2 —11|(Impa| = 2¢y) = |12 =118/ (41..)
for y small enough and (8.59) follows with const = 8t,/5. O

Now the proof of (5.23) proceeds as in [26] or Subsect. 7.1 (recalling Remark 7.3,
now (7.17) holds also for d = 1 since n = n, D = 2). Note that (8.57) and (8.59) are the
analogues of Lemma 7.4 and Lemmata 7.7 (case d > 1), 7.10 (case d = 1) respectively.

Acknowledgements. We thank Michela Procesi for useful comments.

9. Appendix

Proof of Lemma 8.6. We take 0 < t < 1. For brevity we write | - | instead of | - |*.

Step 1. The solution of the first equation in (8.8) with x% = x, has the form
t
x' = xy +x(y(xs) where x{y(xs) = / Fio (x4 + x§o(x)) dt.
0
By (8.9) and (8.1) we get |x{|s—o < 0/2 and the estimate (8.10) for x{, follows.

Step 2. Substituting x’ in the third equation in (8.8) we get

W' = —iJF}| — 2iJ Flyw' =:b' + A'w' where Fi’j = Fij (xe + x00(x0) .
9.61)

By (8.1) we have |F;j|s_(, < 2|F;j|s and so

(8.9)
b'ls— < 2|Fo1ls, |A"[s—0 < 4|Fpls = 1/3. (9.62)

Let M" be the solution of the homogeneous system M’ = A’ M’ with M = I. We have

t ! T T ©62) 1 t
|M - I|s—0 = |A |S—O'|M |s—0 dt =< = sup |M |s—o
0

0<r<l

< ! + ! IM" — 1|
—+— su —Ils—o,
=3 3 05121 s—o
whence
3 3 (9.62) 8.9 1
|M[|s—a < - and |Mt —Is—o < = sup |At|s—a < 6|Fnls < =. (9.63)
2 2 0<i<1 2
Then, by Neumann series,
(M) < DM =11, <2. (9.64)

j=0
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The solution of the non-homogeneous problem (9.61) with w® = wy, is

t
w =wi+ (M — I)w++Mt/ (M) 'D" dr = wy + wh; (xs)wy + why(xy) .
0

(9.65)
The estimates (8.10) on wf)o and wf)l follow by (9.65), (9.63), (9.64), (9.62).
Step 3. Finally, substituting x” and w’ in the second equation (8.8), we get
V' = —Fly — Fow' — Flyw' - w' — Floy' = b + A"y, (9.66)
where ﬁi’ = F}; (x+ +x(p(x4)) Al = —I:"l’o, and, using (9.65),
b =- (Féo + Fgywiy + Fiywhy - w60) - (ﬁél(l + why) +2(wh) TF (I + w61)) W
_ ((1 +wh ) TEL (I + wf)])) W - W, (9.67)

Since |x60|s_g < 0/2, by Cauchy estimates and (8.1) we get

. 4 ) 1
|thj|s—0 = 2|Fi/j|s7% = E|Ft/|€ - |At|v —0 = _|F10|€ g . (968)

Let M' be the solution of M' = A’ M' with M° = I. Reasoning as in Step 2 we get

9) 1 Sriy—1
z and |(M) |s—a§2-

(9.69)

~ 3
|MI|S—O'S§7 |Mt_1|s - = |At|s —0 = _|F10|s

The solution of the non-homogeneous system (9.66) with yO = y; is
'
yo=yi+ (M =Dy, + M[/ (MT)_IbT drt
0

=y+t )’(t)o(x+) + Y(tn (x)wy + )’€0(x+))’+ + Y(t)z(x+)w+ C Wy,
where, by (9.67),

t
t rt rin—1 ( T T T T . T T
Yoo = —M /0 (M*) (F00+F01w00+F02w00'w00) dr,

t
Vo, = —M’/ W)™ (B (1 + i) + 203 TR+ wf)) de
0
y{O = Mt - 1,
t
¥, = —M’/ W (4w TR + wf) ) de
0

The estimates (8.10) on yf ; follow by (9.69), (9.68) and the previous estimates for
woo, Wo1-

We finally prove that X} :D(s —o,r —6r) — D(s,r). If (x4, y4, wy) € D(s —
o,r — or) then

(8.10) (8.9)
Mmx’ (xy)| = [Imaxy + Imxjy(x)| <5 — 0 +|x{gls—0 < s—0 +2|Fiols < s.

The estimates |y’ (x4, y4, wy)| < r2, [|[w’ (xy, wy)lla,p < 7, follow as well by (8.10),
(8.11). o
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Proof of Lemma 8.11. We estimate fol t{R, F} o X' dt. The term fol(l —){[R], F}o
X' dt is analogous. The statement follows by Lemma 8.4 (with s — s — 37", s—0 —>

s — 20), Lemma 8.5 (with G = {R, F}), Lemma 8.3, and (8.1), (8.6), (8.18), (8.19),
(8.25) (8.26). Indeed, using r, @ < 1 and 2pp, > p, + 1, we get

A A 2 A A s
|Pyols—2g < IGools_zTg +|G10|S_370Iyools,Q(7 +|G01|s_37(7Iwools,z(7
A A2
+HGo2l!_ 3 (Iwools_o4)
2
A
< |Fiols_o 1Tk Pool + | Tk P10l Fyol + 1 Forl| Tk Poil
1282 pa—1 2
+(ITg P{ol| Fiol + Tk Piol| F{gl) o' =2 raPa=l @+ b?)
1-2 -1
+(IF10l1 Tk Py |+ Tk Piol|Foy 1+1Tk Potl| Foz |+ Tk Po2l| Foil) o Brapr=1p
248 2 2py—2,2
+(IF10l1Tk Pyl + Tk Prol| Fopl + | Tk Pozl | Foal) o>~ P r2a?Ps=2p
-1 _2— 2 22 pa—l 2
< oo [ ool Prol + | Por 2+ | Prolra? ! (a + b?)
~1 2.2 2pp—2;2
+(IP1ol + 1Po2D)| Pot|(1 + raP? ™ b) + | Poa| “r=a“PP~<b ]
<o 1208 [rzap"ﬂac +r2aPrb? 4 r2aPatl (g 4 b2y 2
+262Pb (¢ + d)b? + r2a2””_2b2d2:| < g2 6B 2yPage,

where in the second term of the chain of inequalities all the norms are | - |*__, in the
third term all the norms are | - |§,‘, and we used Cauchy inequalities. Next

A Py A A A Py
|Poil5—20 < Goil_s +1G10l{_s0 [Y01[5-20 +1G02[_30 [wools 25
A
< |Fioly_o | Tk Poy| + | Tk Prol| Foy | + | Fo2|| Tk Pot| + | Tk Poz|| Foi

+(|TKP{OIIF10| +|Tk Piol | Fiol + | Fiol| Tk Py, |

+|Tx Prol | Fool + |TKP02||F02|) x o' = rallp
<o Trafb(c+d) + b +bd(c+d)] <o "Prafb(c + d),
where in the second line all the norms are | - |*__. Moreover
POl —20 <1G10l;_sp < IFi0l—o Tk Ploli—o + | Floli—o | Tk Proli_y < 0 arc?.
Finally

A A A A
[PHls a0y < |G10|s_37rr [y02l5_ 0y + |G02|S_37(7

< (IF10l*_, | Tk P{o| + Tk Piol| Fiol) o' =% d
+|Tk Py || Frol + | Fool| Tk Piol + | Tk Poz|| Foz|
<o!"™a?d +cd +d>) <o *Pa(c+d)d,

where in the second line all the norms are | - [*__. O
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Proof of Lemma 8.12. We only prove the estimate for 83} Py o Oy where, for brevity,
33 := dyww. Forall (x, y, w; &) € D(s, r —8r/2) x I, since 83 P4(x, 0, 0; £) = 0 (by
definition of Py), we have

182 Pa(x, y, w; &)l = 18] Pa(x, y, w; &) — 8 Pa(x,0,0; )|
< sup 11838y PaCx, ty, tw; )|y + sup (182 Pax, ty, tw; ) [ |wlla, p
()Stfl OSISI
< 0@ Nyl + wlla, p)

(]| - | denote the operatorial norm) because, by Cauchy estimates, and the definition of ®,
|92,0y Paly 3, < Or) 711950y Pals.r < ©(Gr) 7" (9.70)

ThenV|y| < (r — 6r/2)2, lwlla,p <r —0dr/2,
105 P4y, wi s 0105 0: PaC, y, w3 Hs—o < OGSyl + lwllap). (9.71)

Then, since Lemma 8.9 implies |x00|§‘_20 < /16, lyool < (r — 8r/2)%, |wools—20 <
r—oér/2,

103 Py o ®ools—20 < sup 33 Pa(x, yoo(x+; &), woo(x4; £); O
xeT?, cell

[y00ls—2
<® (# + lwools—20 ) -
or

With similar estimates |33 P4 o doolth < ©A~1(|yo0l*_,, (6r) ™1 + [wool*_,,). O

s—20 s—20
Proof of Lemma 8.13.. Let for simplicity ®* := ®. We have
Poo=((P=R) 0 ®),—0u,=0 + Por =u, (P =R)o®)jygu,=0.  (©.72)
- - 1
Pio =3y, (P = R)o®)|y,—0,w,=0 » Po2= Eai+w+ (P —=R)o®)y,—0,u,=0-

- ~ 1
2 3
P]] = aerw+ ((P - R) o ®)|y+:0’w+20 ) P()3 8w+w+w+ ((P - R) o q))ly+:0’w+:0 .

6
For brevity we set || := ||, ||, := |-|*_, . The Pl.]l.(f) i= T Py (xF +x00(x4)),
0 <2i+j <2, satisfy, since |x00|§\72Cr < 60/16 (by Lemma 8.9),
8.1) (8.6) _
|P7le < |TgPijls—o < K"e X7|Py]. (9.73)

All the following estimates are a consequence of (9.72), the definition of Py in (8.28),
Lemmata 8.12 and 8.9, (8.25), (8.26), (9.73) and 2pp, > p,+1. Setting Q := P4+TI% P
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we have

5 3
[Pools« << | P111lyool«lwools + [ Po3llwooly + | Q o Pool«
< |Pii|o? P rale 2 (ab + b%) + | Po3 |07 e p?
-1 2 -1 2 4
+0 (7" 10012 + 87 [yool< wool? + ool
1 1 1 1 2
+| Pools + | Pop llwools + [ Piglslyools + [ Pz l«lwooli
< |Pii|o® ¥ PaPt P2 (ab + 1Y) + | Pos|o” P PP p?
+05 gt 84 (azl’a—z(a +b%)% + a41”’_4b4)
+K"e Ko g2=4B 2 g pa (a +b>+ca+b?)+ de) .
Next

|Potlx < P11l (Iyotlslwools + |1+ wotl«lyools) + | Posllwoo 17 + wor |«
+|8w+(Q o ¢)|}’+:O,w+:0|*
< |Pilo**r2ale= (a + b%) + | Pos|o® P ria»=2b% + (3, Q) o Dools|yor |«
+(0w Q) o Pool« | + wot |«
< |P|o 2 ¥ r2aPa (a + b?)

2482 2pp—2,2 - 2
+ Pos|a >~ r2a?2p +®(5 |y00|*+|w00|*) [vot ]«

+0 (@)~ 1yool2 + 87" |yool-waol + wool?)

+ P71l T+ worls + | Piglel yo1 [« + | Pgs |l woo | T + wor |«
< |Pi|oX P r2aPa  (a + b?) + | Pos|rio > P o —2p?

+08~ o3P PPt 2 (q + b?)b + K" K0! 2P ratrh .

Moreover
|Prols < | Prillwool 7 + yiols + 19y, (Q © ®)jy,=0,u,=0
< 1Pulo ' Pra b+ © (57 yool. +lwool2) + Pl + ol
< |Pilo " raP b+ 05 o> 2aPe g + 0P + Ke K %ac.
By (8.22) and (8.26) we have |yg1 |+ < ér and then

|Po2ls << | P11l (Iyo2lslwools + 11 +wor l«|yo1 ) + | Pos|lwool« |1 + wor |2
+d, 1, (Q © D)y, =0,w, =0
< (IP11]+ PN~ *raPr= b +1(32, ) 0 Pool+lyo1 12
+(33,) @) © Pool« | +worl«|y01 |
+(3y Q) 0 Pool«ly02ls + (35, Q) © Pool«| +woy |3
< (Pul+ P3N0 ra=1b + ©1y012 + © (6r) " yoo e+ lwoolx ) [yon

+0 (67 00l + lwool2) 1302k + © (57" Iyools + wool?)

1 1 2
+| Pigls|yo2ls + | Posl« 1 +wor |5
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< (P 1+ 1Pl ra?=1b+ @57 (1yo112 + 00k + lwoollyor s + lwool?)
+Pig |02l + | Pgs s
< (IP11] + |Po3)a > *PraPr=1p + @8 1024 2qPa= (g + b?) + K"e K61 72Byq .

The estimates of Iﬁu — Pi1]4 and |f’03 — Py3|« follow in the same way. O

Proof of Lemma 8.16. Let yy := )7036_)(4, where

—il (=1t T S0 N N Ry O RV AV
70 nf{ J=Lel=Dx"" ==l C=0x! ==l =X
>

0

OOI»—a

i 3y Jt2
1= xx }

Note that y9 > €Nk for some ¢ = &(x) > 1, since inf ;> )= eex’ > —¢In(nk)
for some ¢ = ¢(x,«) > 1, (recall k > €°). By the choice of x we have 0 < 39 < 1.
We claim that
A=y i+ -_1 4=y -2 xA—xd .
Cljfg()e ) b]fy() goe ) ij d]fy() goe ) VOE.]EU
(9.74)
Note that (8.33) follows by (9.74) since )70_2ex4 < yo_l. We prove (9.74) by induction

over j. The case j = 0 follows by ag, b, co, dy < yo. Then we prove that (9.74) holds
for j + 1. We have

i _ J
aji1 5K1+1(ajc<+b2~+a2~+K"e k.2 aj)
_ _9 _nyJj2 oy jt4 ; 4_ )+ _ J
<e 2)( 2K1+1(y 2 peanisv) +V 2 2x +e 2x )+8()KJ+1K;1€X X K2
5
< goeX 4yt

since,V j > 0,

~— 4 - 1 R I o 4 _ 1 L N
80)/0 2eX <70 < -k J ]e(X +1—x7)x , 8())/0 28X SVOSgK j 16(2 xHx ’

4 - 1 _._ ! ; G5t Aj
goeX < < —k I 1@ KJ”[(:eHX XK

The first three estimates directly follow by the definition of j4. The last one holds since,
by
K. >20+6Ink+16n>, 1+ /" — y/* K, 2/ < /¥ _ Kk, 2/ < —K,2/7!

and® (j + D) Ink +nln K, — K,2/~! < 0. We have

IA

bt < K/ (aj + b2 + by +dp) + Kle KV b))

4 ; _ 4 -~ 4_n,,j+2 ~_ 4_ L j¥2_
e gon /! (e KT 4 gy RegeX T2 4 2, ggeX X X)

IA

~_ ; 2 _ J ~_ 4_,j+3
+7 ISQKJHK::eX XK 7o LegeX —X

6 This inequality holds for j = 0, 1, by Ky > 20 +61In« + 1602, while, for j > 2, (j + 1) Ink +nln Ky —
K27V <+ DInk+ninKy —Ky(j— 1) <3Ink+nln Ky — Ky <0.
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. . ; ¥ g oai
since, V j > 0, K-/+1K::€1+X X K:2' <1 and

1 _._ 1y t3 1 4 - 1 _._ oyt
Vo< gk’ e gleX ey < < g< teGm

~ 2 x4 ~ L =yt
Vo "¢ a0 = o < gr Il HHITONT,

reasoning as above (note that x> + 1 > x3). Finally

_K,2

j+1 2 n
cj+1 < K’ (aj+bj+cj+Kle cj)
4 . _ 4 ~_ _ 2 ~_ 4 _ J ~_ : 4_,j_ J
< X g (e +7 Te=x +7 4eX gpe2x )+ 7, S ALY 2 S
4_ . j+l
=% 2806)( X

. . _ T
since, ¥V j > 0, k/*1KIe! X" =x'=K:2) < 1 ‘and
2 oo Lot s L e e
VofVOSgK e s VOSgK e ,
I PN P R Y RV
Yo €" €0 =)0 = gK e .

. ~— 4 j+1
The estimate dj41 < ¥, 2soex =1 follows as well. O
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