TROPICAL CURVES OF UNIBRANCH POINTS AND
HYPERTANGENCY

LUCIA CAPORASO AND AMOS TURCHET

ABSTRACT. We study plane curves meeting at a single unibranch point
and show that they must satisfy two equivalent conditions. A geometric
one: the tropical curves associated to the contact point are isomorphic.
An arithmetic one: the local invariants at the contact point satisfy a
simple relation. Furthermore, we prove closed formulas for the delta-
invariant of a unibranch singularity, and for the dimension of the locus
of curves with an assigned unibranch point. Our work is motivated by
interest in the Lang’s exceptional set.
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1. INTRODUCTION

1.1. Results. In this paper we study unibranch points of curves, i.e. points
which have a single preimage in the normalization of the curve. Our first
goal is to study under what conditions two projective plane curves of degree
at least 2 intersect in exactly one point, and this point is unibranch for both
of them. This problem is also relevant for the study of the Lang exceptional
set appearing in some conjectures related to arithmetic and hyperbolic ge-
ometry, as we shall explain later in this introduction.

To a unibranch point ¢ of a plane curve C' C P? of degree at least 2 we
associate a type made of a pair of integers (m,n), where m = mult,(C) is
the multiplicity of C' at g, and n is the multiplicity of the intersection of C'
with its tangent line L at ¢, i.e. (L-C), = n; we say that ¢ is a (m, n)-point
for C'. Then, in Section |3 we associate a tropical curve, denoted by r(mn)
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to a unibranch point of type (m,n). Our main result answering the above
problem can be stated as follows.

Theorem 1.1.1. Let B,C C P? be integral curves of degree at least 2 such
that BN C = {q}; assume that q is an (m',n’)-point for B and an (m,n)-
point for C. Then there is an isomorphism of tropical curves between T
and T equivalently, m' /n' = m/n.

See Theorem [3.2.4] and Theorem K.1.1

Tropical curves are metric graphs, i.e. graphs enriched by the assignment
of a length (a positive real number) to each edge; see [MZ08]. In the classical
literature non-metric graphs, such as Enriques diagrams, have been widely
used to study singularities of plane curves; see [EC85] or [Wal04]. Even
though such graphs do not quite fit our purpose, they inspired our construc-
tion of the tropical curve I'(™™): see Subsection for more details.

In the second part of Section [4] we investigate the opposite problem, de-
scribing the intersection of two curves at points of the same (or, more gen-
erally, equivalent) type.

Finally, our techniques enable us to obtain closed formulas for the delta-
invariant of a unibranch singularity, in Proposition and for the di-
mension of the space of curves with an assigned unibranch point, in Propo-
sition [5.2.1] The proof of these formulas occupy the last section of this
article.

1.2. Context. Our work in this paper is motivated by the algebro-geometric
counterparts of some outstanding conjectures from diophantine and hyper-
bolic geometry. To introduce them, let B C P? be a complex projective
curve of degree at least 3, having at most nodal singularities. The so-called
algebraic exceptional set of B, introduced by Lang, is denoted as follows

(1) E(B) ={C c P?: C rational, |v;'(C'NB)| <2}

where v : C¥ — C' is the normalization, so that C¥ = P! if C is rational.
One of the main ideas behind the circle of conjectures of Lang, Vojta, De-
mailly and Campana, is that £(B) should contain all the infinite families of
integral points in the quasi-projective surface P? \ B, and all the images of
nonconstant holomorphic maps C — P? \ B.

Conjecturally, £(B) is finite as soon as deg B > 4, which corresponds to
the pairs (P2, B) being of log general type. More generally, Lang conjectured
that the fact that £(B) is a proper closed subset of P? should be equivalent
to the fact that (P2, B) is of log general type (and this should hold more in
general for projective varieties X with a normal crossing divisor B). For P?
this conjecture is known only for B reducible with at least three components;
the finiteness follows from [CZ13, IGNSW25|, and we refer to [CT25] for
further references and explicit bounds. It remains open when B is irreducible
or has only two irreducible components, although [Che04, [PROT7, [CRY23|
ATY?24] show that it holds for a very general B.
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If C € &(B) and C N B = {q,q'}, then it is clear that ¢ and ¢’ must
be unibranch points of C. Therefore one is naturally led to investigate
unibranch points, and curves having high order of contact at such points.
In particular when B has (at least) three components, any C € £(B) will
intersect at least one of the components of B in a single unibranch point.
This is precisely the setting of Theorem [1.1.1

As an example of application of this type of results we mention that, in
our previous paper [CT25], we used as a crucial ingredient a special case of
Theorem (Theorem 2.2.1 in loc.cit. which assumes B is smooth at q) to
show that £(B) is empty for a general B with three irreducible components
of total degree at least 5.

1.3. Notation. We work over C. Throughout the paper, S will be a smooth
projective surface endowed with a birational morphism to P?, and C' C S
an integral projective curve.

Given a point p € C, we write mult,(C) for the multiplicity of C at p; if
m = mult,(C) we say that p is an m-fold point . We denote by v¢ : C¥ — C
the normalization. If [v;'(p)| = 1 we say that p is unibranch.

If C,B C S are reduced curves with no components in common, and
p € CN B, we write (C - B), for their multiplicity of intersection at p.

If (C- B), = mult,(C)mult,(B) we say that B and C' are transverse at p.

It |1/51(B NC)| =1, we say that C is hypertangent to B.

Acknowledgements. We are grateful to Pietro Corvaja, Kristin DeVlem-
ing, Luca Ferrigno, Nicola Ottolini, Wei Chen and an anonymous referee
for useful comments. Special thanks to Laura Capuano for showing us
Lemma [5.1.2] LC is partially supported by PRIN 2017SSNZAW and PRIN
2022L34E7W, Moduli spaces and birational geometry. AT is partially sup-
ported by PRIN 2022HPSNCR: Semiabelian varieties, Galois representa-
tions and related Diophantine problems and PRIN 2020KKWT53: Curves,
Ricci flat Varieties and their Interactions, and is a member of the INDAM
group GNSAGA.

2. UNIBRANCH POINTS

This section is devoted to foundational concepts on unibranch points of
curves on surfaces.

2.1. Resolving unibranch points.

Definition 2.1.1. Let ¢ € C' C S be a unibranch point; set m = mult,(C).
Let F' C S be a smooth integral curve, F' # C; set n = (C - F),. If n > m
we say that ¢ is an (m,n)-point of C' with respect to F'.

For brevity we write: “q € C' is an (m,n)-point w.r.t. F”.

If S =P? and F is the tangent line to C at ¢, we simply say that ¢ is an
(m,n)-point of C'.
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For example, a (1,2)-point of a curve C' C P2 is a smooth point which is
not a flex.

By definition, if ¢ € C is an (m,n)-point with respect to F', then F' and
C are not transverse at q.

Our surface S is an iterated blow-up of P2, hence every point ¢ € S has an
open neighborhood isomorphic to A%; we will always choose coordinates in
such a neighborhood so that ¢ is the origin. We say that a curve F' C S such
that ¢ € F is a line locally at q if there is an open neighborhood U = A2 of
q such that the equation of F' N U has degree 1. In particular, if £ C S is
an exceptional divisor, then F is a line locally at any of its points.

For a unibranch point ¢ € C' C S we introduce an iterated sequence of
blow-ups. Set S; = 5, let S — S be the blow-up at ¢, and Es C S5 the
exceptional divisor. We denote by C? C S, the proper transform of C' and
by ¢*> € C? the point lying over ¢, i.e. ¢> = C? N Ey. We use superscripts
for strict transforms, and subscripts otherwise, but we denote C' = C' and
q = ¢* for convenience. We iterate to get a sequence of arbitrary length

Lol o ol ot =C

where C" C S}, is the proper transform of C"~! under the blow-up of S,_;

at ¢"~1 € €1, and ¢" = C" N E}, where E}, is the exceptional divisor of

Sy, — Sp_1. If F C S is a curve, we write F* C Sy, for its proper transform.
We need the following

Lemma 2.1.2. Let ¢ € C be an (m,n)-point w.r.t. L, where L is a line
locally at q; set k = |n/m|. Then ¢" € C" is an (m,n — (h — 1)m)-point
w.r.t. L™ for every h < k — 1, and ¢* is an m-fold point. Moreover

(a) if njm # k then ¢* € C is an (m,n — (k — 1)m)-point w.r.t. LF, and
"t e C* s an (n — km, m)-point w.r.t. Exiq;
(b) if n/m =k then C* is transverse to both Ej, and L*.

Proof. We proceed as in the proof of |[CT25] Lemma 2.1.1], of which the
present lemma is a generalization. We write, as above, ¢! = g€ C! = C C
St = S. We use local coordinates at ¢! € U = Aghyl so that ¢! = (0,0) and
L = L' has equation y; = 0. As ¢! € C! is an (m,n)-point w.r.t. L', the
defining polynomial, fi(x1,%1), of C* is

fi(w,y1) = aomyy” + Z ai,jxﬁy{
m+1<i+j5<d
with
(2) ag,m 75 0, an,0 75 0, a; 0 = 0 Vi<n.

We blow-up at ¢! and use local coordinates (z2,32) at ¢ = (0,0), with
x1 = x2 and y; = ysx2. The local equation of the exceptional divisor Ej is
ry = 0, and the local equation of L? is yo = 0. Let fao(w2,72) = 0 be the
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local equation of C?, so that

fo(@a, 1) = aomys' + D aigay "yl
m+1<i+j<d
We iterate: for every h < k we use use local coordinates (zp,y) at ¢" =
(0,0), with xp—1 = x5, and yp—1 = ypxn, so that the local equation of Ej, is
xj, = 0 and the local equation of L" is 35, = 0. The defining polynomial of
Cchis
i (he)m i
fol@nyn) = aomyl’ + > aigay”’ ( )myﬂ-
m+1<i+j<d
By , the smallest power of y;, appearing as a summand above is y;*, and
~(h=Dm  We have

3) n—(h—1m=n—hm+m>n—km+m>n—n+m=m

the smallest power of zy, is xz

using h < k in the first inequality and & < n/m in the second.

If h < k — 1, the first inequality is strict, hence n — (h — 1)m > m.
Therefore fj,(xp,yp) contains the summand y;* but not the summand z}".
Hence, as ¢" € C" is unibranch, all terms of degree at most m divisible
by zpyp must vanish. Hence mult s (C") = m and, as y, = 0 is the local
equation of L", we get (L" - Ch)qh = n — (h — 1)m, hence ¢" € C" is an
(m,n — (h — 1)m)-point w.r.t. L, as claimed.

Let h = k. If n/m # k then k < n/m and the second inequality of is
strict. Hence, by the above argument, ¢* € C* is an (m,n — (k —1)m)-point
w.r.t. L*. Now look at ¢! € C¥*+1, we have

_ m itj—km, j
Ser1(Tht1, Yr1) = a0 mYpr + Z @i j T Yiya
m+1<i+j5<d

As before, y;" | is the smallest power of y; 1 and xZ;fm the smallest power
of @41, but now n — km < m. Since ¢**! is unibranch, by the same
argument, multi+1 (C*™) = n — km and, as 441 = 0 is the local equation
of Ej 1, we conclude that ¢**1 € C**1is an (n — km, m)-point w.r.t. Egy1.

Assume n/m = k. Then in we have equality. Therefore we have both
a:’,;_km = z* and y;* appearing in fj. Since ¢* is unibranch for C*, this is
possible only if the homogeneous part, (fi)m, of degree m of fi, has form
(fr)m = (ayr + Baxr)™ with o, 8 # 0. Hence multx(C*) = m, and C¥ is

transverse to both Ej, and LF at ¢*. |

Remark 2.1.3. If k = 1 the first part of the statement is vacuous and the
only interesting part is @, which states that ¢> € C? is an (n —m, m)-point
with respect to the exceptional divisor Fs

If ¢ € C C P? is a singular unibranch point, hence an (m, n)-point, one can
resolve the singularity by a finite sequence of blow-ups of P2, each centered
at a point lying over ¢, such as the one described before Lemma This
process leads to consider the euclidean algorithm for the pair (m,n). This
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connection is known; see [Wal04], for example. Our setting here is different,
as we need to extend our analysis to smooth points of curves and to tangent
lines.

To a pair of integers, (m,n), with n > m > 0, the euclidean algorithm
associates a chain of integers determining their greatest common divisor,
¢ := ged(m,n), as follows

(4) lo=n>h=m>lb>...>l_1>lL,=c>lL11=0
where [; is defined inductively for 2 < j <r +1
L= lj—a = li-1llj-2/lj-1].

We refer to (4)) as the euclidean sequence of the pair (m,n). We set

]{Zj:Uj_l/ljJ, jIl,...,T.

As we shall see in Proposition in the resolution sequence resolving the
(m,n)-point ¢, the first multiplicities that appear over ¢ are ly,ls,..., [,
in this order. Moreover, each multiplicity /; appears exactly k; consecutive
times.

We want to use this to give a more convenient notation for the resolution
sequence. We define a total order on the following set of pairs associated to
the euclidean sequence

H(m,n) = {(j,l), Vj:L...,T, iZl,...,kj}.
We will use the index 7 even though its range depends on j to ease the
notation. We order I, ,,) lexicographically as follows
(5',i") > (4,4) if ' >jorj =3, i >4
If (5/,4') is the minimum in II(,, ,) such that (j/,i") > (j,4), we say that
(j',1") is next to (j,1), and write (j',i") = next(j,7). Explicitly:
Ui +1)  ifi<ky
next(j, i) = { G+1,1) ifi=k;.
We set Sll' = ]P2, Ct = C, ¢ = q Now, ¢} is the center of the first
blow-up o7 : S; — St with (j,4) = next(1,1). We denote by C: C Sj the
proper transform of C', and by q§ € C;: the point lying over q. We generalize
to all (j,4) > (1,1). We denote

) ) . ot y
q;-GC}CS;—]>S;-/ — P?
so that (j,4) = next(j’,’), the proper transform of C'is C%, and ¢} is the
only point of C]i- lying over q. The map a;- is the blow up at q;'-/,, and we
denote by EJZ - S;- its exceptional divisor. For convenience, we denote

L = Ef C S§ = P2. The divisors EJ1 and their proper transform play a
special role, hence for every j = 1,...,r we denote by

F; CS;
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the proper transform of Ejl, so that F' jl = EJ1 We abuse notation and denote
by O'; : C’; — lei the restriction of aj- to C’;

Proposition 2.1.4. Let ¢ € C C P? be an (m,n)-point, the euclidean
sequence of (m,n), and v, : Cy — C the desingularization of C' at q. We
have a chain B of birational morphisms

ke O 1 Or ko1
B:Cr —...=C. —C. | —...
kj

NG NG i Ny BN B No . E BENNG B
; e J j ] il
such that the following holds.
(a) For every j = 1,...,7 and i = 1,...k; with (j,i) # (r,k,) the point
g5 € Chis an (I, lj_1 — (i — 1)l;)-point w.r.t. F}.
(b) CF has a c-fold point in qFr where it is transverse to EFr and to FFr.
(¢) If c=1 then CY = C}, and q} is a (1,1.—1)-point w.r.t. F}.
(d) If ¢ > 1 then v, factors as follows vy : Cy — Chr 2.

Proof. The chain was defined before the statement. Of course, ¢ is an (m,n)-
point w.r.t. L = E{. If n/m € N then r = 1 and ¢ = m, and the statement
follows from Lemma [2.1.2] which is indeed a special case of this Proposition.

Assume n/m ¢ N, i.e. k1 # n/m. By Lemmal[2.1.2] for every i = 1,..., ki
the point ¢i € C1 is an (m,n — (i — 1)m)-point w.r.t. the proper transform,
F}, of E{; moreover, g3 € CJ is an (l2,11)-point with respect to EJ. Now
we continue inductively on j; assume the statement for the level j — 1 and
consider the j-th level of the chain, with 2 < j <7 — 1. Then qjl- € le is an
(lj,1j—1)-point w.r.t. EJ1 = Fjl, and Ej1 is a line locally at qjl-. By the same
lemma, for every i = 1, ..., k; the point q;- € C'j’: isan (I;,1;_1—(i—1)l;)-point
with respect to the proper transform, F ;, of E]1

Consider the last level, j = r. Now [, = ¢ and [,_1/l, = k.. By
Lemma ifi =1,...,k — 1 then ¢¢ € C! is an (¢,l,—1 — (i — 1)c)-
point w.r.t. the proper transform, F!, of E!. Moreover, by part of the
same lemma, C*" has a c-fold point in ¢*, and it is transverse to F** and
to the exceptional divisor. The rest of the statement is clear. |

We highlight the following

Remark 2.1.5. For every j > 1 the curve C} is tangent to Ejl», whereas C]’:
meets E; transversally for all ¢ # 1.

2.2. Normal crossings resolutions. Let ¢ € C C P? be an (m,n)-point
and consider the sequence of maps in Proposition We now add the
blow-up of the last surface, S¥, at ¢¥r, written

Okt S — Sff’“.
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Its exceptional divisor will be written F,; let C C S, be the proper trans-
form of C' and ¢, € C, the point lying over q. We set 3, = [ o0, so that we
have, abusing notation,

By:C, I Clr bl 0l — . —C.

The subscript “,” indicates that, if ¢ = ged(m, n) > 1, the type of singularity
of g, is not known a priori (we know it is a (¢, h)-point form some h) in which
case, by part (d)) of Proposition B is only a partial resolution of q.

Example 2.2.1. Consider a curve C C P? with a (3,5) point, ¢, with
respect to the line L. The euclidean sequence is 5 > 3 > 2 > 1 hence r = 3,
and k1 = ko = 1, and k3 = 2. The picture below represents the preimage of
C U L under four consecutive blow-ups. The first three blow-ups are those
described in Proposition the last, introduced above, is such that the
resulting curve has normal crossings singularities. The first blow-up gives a
(2, 3)-point whose tangent is the proper transform of L. The second blow-up
gives a (1, 2)-point whose tangent is the exceptional divisor.

For better clarity, the curve C and its proper transforms are curvilinear
and red. The line L and its proper transforms are horizontal and blue. The
exceptional divisor of each blow-up is a vertical segment, and its proper

transforms are segments (neither vertical nor horizontal).
L C
q
P

B, E? E} E}

S S3 Si Si 2

This example is a Fibonacci point, described in general in example [3.1.3]
We write

(5> D, = D*<q) = (6*_1(0 u L))red C S

for the reduced subscheme/divisor supporting 8, 1(C U L). In the above
picture, D, is the first from the left.
We write A; C S for the proper transform of E} in S, so that Al is the

proper transform of L = E{. Then
(6) D,=C.+E.+ Y, 6 A.
=1 r

,,,,,

By construction, two components of D, intersect in at most one point, and
no three of them intersect in the same point.

Lemma 2.2.2. Notation as above. Then
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(a) CuN Al =0 for every (j,7).

(b) E* n Az 7& @ Zf and Only Zf (]a 7’) € {(Tv kT)? (7", 1)}

(c) For every (j,1) &€ {(r, k), (r,1)} there is a unique (j',i') > (j,i) such
that A% N A;l, # 0, moreover

g .y mext(j,1) ifi#1
(7) (7 7) = { next(j +1,1) ifi=1.
(d) The divisor D, — Cy is normal crossings. If ¢ = 1 and C is normal
crossings away from q, then the divisor D, is normal crossings.

Proof. By Proposition m the curve C* has a unibranch c-fold point in
qffr, where it meets transversally both the proper transform of E! and the
exceptional divisor, E,’?T. Hence the exceptional divisor, E,, of the blow-up
in ¢¥, intersects C, and the proper transforms of E! and of EF (i.e. Al
and A in three different points. Hence the first two statements follow,

To prove (d), let (j/,4') > (j,4); notice that A% N Aé-l, # (0 if and only if
for some S = S;x with (5”,4") > (4/,4) the proper transforms of E; and
E]Z; in S intersect away from the proper transform of C. Suppose i # 1;
Proposition implies that E; ‘is transverse to C]i-, hence in the next
blow-up, the proper transform of E% intersects the exceptional divisor away
from the proper transform of C'. Suppose ¢ = 1; then EJ1 is tangent to C’]l,
and its proper transform is tangent to C} for every ¢ < kj;. In S} 1 the curve
le+1 is tangent to Ejl»_i_17 hence the proper transform of E]1 intersects E;_H
transversally in q]l 41- Therefore in the next blow-up, the proper transform
of E} intersects the exceptional divisor away from the proper transform of
C. () is proved.

All components of D, — C, are smooth, intersect transversally, and only
pairwise. Hence D, — C, is normal crossings. If ¢ = 1, then ¢* is a smooth
point of C*, hence D, is normal crossings if so is C' away from q. This
proves (d) and concludes the proof. [ |

3. TROPICAL CURVES OF UNIBRANCH POINTS

In this section we introduce the “contact” tropical curve associated to a
unibranch point of a curve.

3.1. Dual graphs of partial resolutions. Let C' C P? have a unique (for
simplicity) singular point in ¢. It is well known that there exists a unique
surface S, with a birational morphism p : S, — P? such that the strict
transform of €' in S, is smooth, the reduced scheme underlying p~HO) is a
divisor with normal crossings, written D,, and S, is minimal with respect
to these properties. The dual graph, G,, of D, (whose vertices are the
irreducible components of D,, with an edge between two vertices if the two
components intersect) is often called the resolution graph of ¢; [Wal04]. The
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graph G, is not suitable here, and we will define a variant of it which will
lead, in turn, to a tropical curve.
We consider the dual graph,

G. = G(D«(q))

of the divisor D,, defined in Section @ The vertices of G, are the irre-
ducible components of D,, hence G, has 2+ 3", k; vertices, and there is an
edge between two vertices if the two components intersect. We shall abuse
notation and denote the vertices and the components they represent by the
same symbol. For the next lemma, recall that a leaf of a graph is a vertex of
degree 1 (and the degree, or valency, of a vertex is the number of half-edges
adjacent to it).

Lemma 3.1.1. Let g € C be an (m,n)-point.

(a) The graph G(D«(q)) is a tree with a unique vertez, E., of degree 3 and
three leaves among which Cy and A, and has the following form

Al
.T

E/
Go= oo e e . e

@
Akr

(b) G(D4«(q)) only depends on the pair (m,n), i.e. if ¢ € C" C S’ is an
(m,n)-point, then G(Dy(q)) is isomorphic to G(D4(q')) via an isomor-
phism that takes the vertex Cy to the vertex C..

Proof. Write G, = G(D4(q)). (The fact that G, is a tree should to be clear
from its definition, but we give it a proof below.)

Lemma[2.:2.2)implies that E, is the only vertex of degree 3, and it is joined
by an edge to Cy, A% and A, as shown in the picture. The same lemma
implies that C, and A% are leaves of G, (and that the third leaf is A% if
ki = 1, and A% if k1 > 1).

Let v; be the number of vertices of degree 7 in G.. Then v3 = 1 and
1 > 2. The number of edges of G, is thus

|E(G*)‘ = (Vl + 2v9 + 31/3)/2 = (I/l + 29 + 3)/2

hence 11 must be odd, hence v; > 3. Since G, is connected, its genus
9(Gx) = b1(G,) satisfies g(Gx) = |E(G4)| — |[V(Gy)| + 1. Moreover, since
|[V(G4)| = v1 + v2 + 1, we have

9(Gy) = +21r+3)/2—(i+1rr+1)+1=8-11)/2<0
with equality only if 1 = 3. Since g(Gx) > 0 we get 1 = 3 and g(G,) =0
@ is proved. Part is clear. |

As G(D+(q)) depends only on the pair (m,n), we set Gimm = G(D«(q))
for any (m, n)-point ¢ on any curve C. We will show later (see Lemma |3.1.5))
that it depends only on the euclidean sequence of (m,n).
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Different pairs can give the same graph, as in the next example.

Example 3.1.2. Let ¢ be a smooth point of type (1,4), hence r = 1 and
k1 = 4. The graph G(D.(q)) is as follows

R .
o*\o ° °

1.

Al

Let now ¢’ be a (2,8)-point, then ¢’ is singular, r = 1 and k; = 4, and the
graph G(D.(q")) is the same as above.

Example 3.1.3. Fibonacci singularities. A Fibonacci point is an (m,n)-
point such that (m,n) is a pair of consecutive integers in the Fibonacci
sequence { f,} defined by f1 =1, fo =2, and f, = fn—1 + fa_2:

1, 2, 3, 5, 8, 13,21, ...

The “blow-up” of a Fibonacci point of type (fn, fn—1) is a Fibonacci point
of type (fn—1, fn—2). The euclidean sequence for a Fibonacci (m,n)-point
is equal to the reversed Fibonacci sequence truncated at n, for example for
(m,n) = (13,21) we get

lp=21>01=13>1=8>13=5>1,=3>15=2>1g=1.

An (m,n)-point is a Fibonacci point if and only if k, = 2 and k; = 1 for all
j=1,...,r — 1. For such a point the chain of blow-ups in is

C,—C*—=cl -, — ... —C—C.
The graph G, for Example is the following

Ay A

® 2 .1
A3 A2
If r is even, G, is as follows
Al Al A
@ { ] L ] . o—O0
C E*/
@ .\
® 2 .1 { ] I L ] . [ ] I .1
AT Ar—l Ar+1 AS Al

We now study under what conditions different pairs give the same graph.

Definition 3.1.4. Let (m,n) and (m/,n’) be two pairs of integers such that
n>m >0 and n’ > m’ > 0. The euclidean sequence for (m,n) is given in
(); let the euclidean sequence of (m/,n’) be

(8) n=>m=0>...0l=d>l,,=0
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where ¢’ = ged(m/,n'). Set kj = [l;—1/l;] for j =1,...,r". We say that the
two pairs are equivalent, and write
(m,n) ~ (m/,n'),

if r=1"and k; = kj for every j =1,...,7.

If ¢ € C C P?is an (m,n)-point and ¢’ € C' C P? is an (m/,n’)-point we
say that ¢ and ¢’ are equivalent if (m,n) ~ (m’,n’).
Lemma 3.1.5. If (m,n) ~ (m/,n) then Gim’n) ~ GSZ”"”').

Proof. By Proposition for any (m,n)-point ¢, the divisor D, (q) is com-
pletely determined by the integers r and k1, .. ., k, of the euclidean sequence

of (m,n), hence Gim’n) depends only on the equivalence class of (m,n). W
The converse fails, as the following example shows.

Example 3.1.6. If (m,n) = (5,8), then ¢ is a Fibonacci point with r = 4
and the graph is as follows

A A
) .
Cix E/
Gf”g) = e—e~ o ° °
AT Ay A

Now let (m/,n’) = (3,7), then ' = 2 hence (m,n) # (m/,n’). The graph
)

below is clearly isomorphic to GSP’S

Ay A
° o
G>(k3’7) = e o~ o ° °

A3 A3 A

It is well known that the condition (m,n) ~ (m’,n’) can be expressed
more directly as follows.

Remark 3.1.7. (m,n) ~ (m/,n’) if and only if m/n =m'/n’.
See [HWO08|, Subsection 10.6 and Theorem 160], for example.

3.2. The contact tropical curve of an (m,n)-point. To improve upon
Lemma and give a geometric characterization for equivalence of pairs,
we now introduce a tropical curve associated to an (m,n)-point. We first
put on the graph G, = G(Dx(q)) a length on its edges, ¢, : F(G«) — Ry,
such that /.(e) = 1 for every edge e of G,. This defines a tropical curve
I, := (G4, ly). We shall now define the contact tropical curve of the (m,n)-
point ¢, written I';. The word “contact” is motivated by Theorem As
for notation, set

Iy = (angq)v Gy = (V(Gq)a E(Gq)’ L(Gq))
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with G a graph whose vertex set, edge set, and leg set are written, respec-
tively, V(Gy), E(Gq) and L(Gy) (a leg is a half-edge attached to only one
vertex), and ¢, is a function

l,: E(Gy)UL(Gy) — Ry
We define I'; as the tropical curve obtained from I'y by removing every vertex
A;- with ¢ > 1 without disconnecting the graph and adding the corresponding
lengths. Since the edges Ag have degree at most 2, this operation is well
defined. Indeed, if A; has degree 1, then the edge adjacent to it becomes a

leg, or part of a leg, of I'y; if A;- has degree 2 the two edges adjacent to Aé»
are merged in a new edge or in a leg.

Remark 3.2.1. By Remark we removed from G, those vertices cor-
responding to exceptional divisors E7 that are not tangent to the proper

transform C]i- of C.

We have an obvious surjection from the edges of G, to the edges and legs
of G4, written
p: E(Gy) — E(Gy) UL(G).

The length function ¢, is defined as follows

ly(x) = Z li(e)
e€p~1(z)
for any z € E(G4) U L(G,). The definition of the tropical curve I'; is now
complete. Let us describe it more closely. Its vertex set is

V(Gq) = {C*a E,, A;, =1 ... ,’r‘}.

An edge of G4 can be written unambiguously as e = vw with v,w € V(Gy),
hence, by Lemma [2.2.2] we have

{C.E., E.AL, EAL |, Aj A} |, Vj=2,...,r—1} ifr>1

E(Gy) = { (C.E., E.A1} iFr—1
and one easily checks the following

1 if vw = E,.C, or vw = E*A}n
9) ly(vw) =<k ifow=EAl

k; ifvw = Ajl-_HAl.

]_1, VJ:2777"—2

Finally, if » > 1 and k1 > 1 then G, has a leg attached to A} of length kq —1.
If r = 1 then Gy has a leg attached to E, of length k, — 1. In particular, I,
has at most one leg. Summarizing and applying Lemma [3.1.1

Lemma 3.2.2. Let ¢ € C C S be an (m,n)-point and T'y = (G4, 4,) its
contact tropical curve.
(a) Gq is a tree with r + 2 vertices, and a unique vertex, E,, of degree 3.
The vertices Cs and A} are leaves of G, (with no leg attached).
Gq has no legs if ki = 1, and a unique leg of length ki — 1 if k1 > 1.
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(b) If ¢ € C" C S is an (m,n)-point, then the contact tropical curves T
and 'y are isomorphic.

As T'; only depends on (m,n) we set, for any (m,n)-point g € C,

rmn =1,
Example 3.2.3. Here are the tropical curves corresponding to Example[3.1.6]
Af 1 A
1 ] L]
638 — 9 * o~ o °
1 2 Aé 1 A%
and
A
1 ®
F(3’7) — 9*7.—.
1 3 A%

These tropical curves are not isomorphic, while GEE”S) = G>(k3’7).

We can now geometrically characterize equivalent pairs.

Theorem 3.2.4. (m,n) ~ (m/,n') if and only if T = 7)) (je
rmn) gnd T'n) gre isomorphic as tropical curves).

Proof. If (m,n) ~ (m/,n’) then Lemmayields Gimm o~ G&m/’n,), hence,
by what we saw above, ['("n) o p(m'n)

To prove the converse, write I' = (™" and IV = I'(™") and assume
that there is an isomorphism of tropical curves ¢ : I' — I". Hence ¢ is a
length-preserving isomorphism between the underlying graphs.

Therefore T' and TV have the same number of vertices, equal to r + 2,
hence r = r’. Moreover, I' and I have the same number of legs, equal to
min{1,k; — 1} = min{1, k] — 1}; if this number is 0 then k; = k] = 1. If
min{1l,k; — 1} = 1 then I" and I” have each one leg of respective lengths
k1—1 and k] —1. Since the length of the leg is preserved by the isomorphism
¢, we get k1 = kj. We write

V(') ={C, E., (A}, Vi=1,....r}

Recall that T" and T have each a unique vertex, respectively E, and E., of
degree 3. Therefore the isomorphism ¢ has to map the vertex E, to the
vertex E,. If r = 1 then k; > 2, hence I" has a unique leg and looks as
follows

“
1
Ce 1 E/
[ ] o
k1—1

Since we already proved that k; = k|, we are done.
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If r > 2, Lemma [3.2.2] implies that I has the following form

AL ke AL,

1 o— 0O
C* 1 E*/
r————————— 0
kr A},71 kr72 A,},73

and the same holds for I/, mutatis mutandis. Since k. > 2, the edges F,A!
and E,Al_; have different lengths, equal to 1 and k.. The same holds on
I': as k! > 2 the edges E.(AL) and E.(Al_ ;) have lengths equal to 1
and k... Hence an isomorphism from T' to I maps Al to (Al)" and Al_,
to (Al_,)’, hence k, = k.. Hence the edge ALA!_, is mapped to the edge
(A})(A}_5), hence k,_1 = kj._;. Tterating, the edge AJA} , is mapped to
the edge (A})'(Aj_,), hence kj_1 = K}, for all j = 3,...r. The proof is
complete. [

4. HYPERTANGENCY

4.1. Hypertangency at unibranch point. Let B,C C S be two integral
curves and ¢ € BNC; let o : S — S be the blow up at ¢q. If B/, C" c &'
are the proper transforms of B and C, the following is well know and will
be used often

(10) (B'-C") = (B - C) — multy(B)mult,(C).

For our next result, we shall assume that ¢ is an (m,n)-point of C' and
an (m/,n')-point of B. Recall, from Definition that two pairs (m,n)
and (m/,n’) are equivalent, written (m,n) ~ (m/,n), if r =’ and k; = k]
for every j = 1,...,7, where the integers ,1’, k;, k¥’ are determined by the
euclidean sequences of the pairs.

The proof of the next statement combines our earlier results with results
in [GBP15].

Theorem 4.1.1. Let B,C C IP? be integral curves of degree at least 2. Let q
be an (m/,n')-point for B and an (m,n)-point for C such that BNC = {q}.
Then the following equivalent conditions hold

(CL) T(mn) o~ p(m'.n)

(b) m/n=m'/n'.

(c) (m,n’) ~ (m,n).

Proof. The equivalence of the three conditions follows from Remark
and Theorem [3.2.41

Set b = deg B and d = deg C. By hypothesis (B-C), = (B-C) = bd. The
assumption implies that B and C' have the same tangent line, written L, at
¢, so that (C'-L); =nand (B-L), =n'.

To prove that m/n = m//n’ we apply the results in subsection 2.3 of
[GBP15], in particular the “Strong Triangle Inequality” in Theorem 2.8 and
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Corollary 2.9. They imply that the smallest among the following three
numbers are equal

mult,(B)mult,(C)’  multy(B)mult,(L)’  multy(C)multy (L)
We have,
(B-C)q bd bn m'n n (C-L),

mult,(B)mult,(C)  m'm ~ m/m = m'm m  mult,(C)multy(L)
(using d > n and b > m/ for the two inequalities). Similarly
(B-C)q n (L - B)qg

mult, (B)mult,(C) = mult,(L)mult,(B)’

Hence the second and third number in are the smallest, hence they are
equal, hence n/m = n’/m’ and we are done.

We now give a different, self-contained proof which applies the material
of the previous sections.

Alternative proof. We shall prove (m’,n’) ~ (m,n). We can assume r < r’.
Consider the chain of blow-ups described before Proposition for the
curve C. For every j = 1,...,r and ¢ = 1,...,k; we have a sequence of
blow-ups, S;, of P2, containing the proper transform, C’;, of C, and a point
qj» € C;, which is the center of the blow up of Sji»; we have ¢ = ¢f, C = C}
and P? = S]. We consider also the curve C, in the blow-up S, of S¥r at ¢/,
defined before Lemma 2.2.2

We denote by B((;)) C S; and B(,) C S, the proper transforms of B. Since

C and B meet only in g, if the curves Cj’: and B((;% intersect, they do so in the

only point of C} mapping to ¢, i.e. in q; Notice that if (m,n) ~ (m’,n’) the
chain of blow-ups for B described in Proposition [2.1.4] corresponds exactly
to the one for C, hence Bé;)) = B;
We prove (m,n) ~ (m/,n’) by contradiction. Then, setting
h = min{j : k; #k;, j=1,...,r}
we have h < r. We can assume kj, < kj, the case kj, > kj, is similar. By the

definition of h, we have B,Ifh = B((,IKL) and C}lfh N B}lfh = {q,’ih}.

Claim. If h < r then Cli+1 is not tangent to B((}IL)H); if h = r then CFr is
)

not tangent to Béf)’" .

Recall that, by Proposition for every (j,i) with i > 1, except the
pair (r, k), the curve C} is tangent to F} (the proper transform in Sk of
the exceptional divisor of Sjl), and C; is tangent to the exceptional divisor

EJ1 C S}. If h < r both C’,’Zh and B((,]XL) = B,’jh are tangent to F,fh, hence their

proper transforms in the blow-up at q,’jh intersect in q}L +1- Now, the proper
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transform of C' is C}L 41 and the proper transform of B, in the notation of

Proposition [2.1.4} is BZ’“LI (as kj, > kp,), and we have B}]jhﬂ = B((ill)ﬂ

q}LH, the curve C%H is tangent to E,ILH, whereas Bﬁhﬂ is tangent to the

) In

proper transform of F,lf " hence C} 41 is not tangent to B((,? as claimed.

+1)7
If h = r, according to Proposition the curve C*r is not tangent to

P in gFr, while BFr is, as &k}, > kj,. Since BFr = B((f)r ) the claim is proved.
By the claim, we necessarily have

(12) B(*) NnC, = 0.

If h < r a stronger fact holds, to state which we depart momentarily from
the notation in Proposition and write S, — S} 41 for the blow-up at
q,llH; denote by C*n Bn) Sk, the proper transforms of B and C. By the

1

claim, Ci%+1 is not tangent to B((h)ﬂ),

(13) Cknn Br) = )

(which is stronger than (12))).
We are ready to get a contradiction. Assume h < r; by iterating we
have

hence

h
(14) (Ckn . BE)Y = bd — 3" kjljlh + lpial,.
j=1
Indeed, C]i- has an [;-fold point at q} for j =1,...,hand i = 1,..., kp,

while C}ll 41 has an [ ;-fold point. The curve B((;)) has a l;-—fold point at q§

for j=1,...,hand i =1,...,kj, and B((}L)H has an [} -fold point. Hence
follows. We combine with Lemma (which can be applied as
kj = K for all j < h) and we get

(Ckr . BERY > bd — nn! > 0

(as b >n’ and d > n), contradicting .

Assume h = r, hence k; = k; for all j < r. Then for j = 1,...,r and
i=1,...,k., at qj» the curve C;: has an /;-fold point, and B((;)) has l;-—fold
point. Therefore,

.
(15) (C, - Bpwy) =bd — 3" kjl;l}.

j=1
Since .11 = 0 we get

> kilils =" kil + Ll < nn!
j=1 J=1

by Lemma with A = r. Hence
(c, - B(*)) > bd —nn' > 0.
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contradicting . The theorem is proved. |
We used the following elementary Lemma.

Lemma 4.1.2. Let and be the euclidean sequences of (m,n) and
(m/,n"). Assume r < 1" and let h <r. If kj = kj for every j =1,...h — 1
then

h
> kil + Ipgaly, < nn.
j=1

Proof. The proof is based on the following identity:

h Iyl if his even
(16) ; Filily + Il { lol, if b is odd.

We have m =1} < n =1y and m' = 1] < n = [, hence [;lj < nn’ and
l{lo < n'n. Combining this with the Lemma is proved.
We prove by induction on h, applying a few times the basic identities:

2 =kjli1+1l, o=k i +1
The base cases are h =1 and h =2. If h = 1 we get
kil + 1ol = (kily + 1)1 = 1ol
If h = 2 then k; = K}, and we get
kil Iy 4 kalaly +13ly = Kylily +(kala+13)ly = kil Iy +-1ly = 1i(kyly +l5) = L.
Let h > 3. If h is even we have

h h—1
S kil A+ Iyl = > kLl + kplaly, + lhgaly, =
j=1 j=1
h—1 h—1
=" kills + (kpln + )l = Y kbl + ly—alj, =
j=1 j=1
h—2 h—2
= > kbl + hoa (knall—y + 1) = D kil + Iha (kjy by +1,) =
Jj=1 j=1
h—2

kbl + Uyl = Ll}

Il
—

J
by the induction hypothesis (h — 2 is even). The case h odd follows in the
same way. The Lemma is proved. |

The following special case of the theorem is worth an explicit mention.

Corollary 4.1.3. Hypotheses of Theorem[{.1.1].
If ged(m,n) = ged(m/,n’) then (m,n) = (m/,n’); in particular, if B and
C are smooth at q, then n =n/.
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Example 4.1.4. Let B C P? be the projective conic of affine equation
y = 22, and C C P? be the projective cubic of affine equation y = z2 + y5.
A simple computation shows that B and C' intersect only at ¢ = (0,0). The
theorem implies that ¢ is not a flex of C' (which is easy to check in this case).

4.2. Intersection multiplicity at equivalent points. We proved in The-
orem [£.1.7] that if two curves B and C are hypertangent in one point ¢, then
q € B is equivalent to ¢ € C, i.e. their contact tropical curves are isomor-
phic. It is natural to pose the opposite problem, namely, what can be said
about the intersection of two curves at equivalent points.

Proposition 4.2.1. Let B,C C P? be integral curves and ¢ € BN C.
Assume that q is an (m/,n')-point of B and an (m,n)-point of C, with
(m,n) ~ (m/,n'); set k = |n/m]. If (B-C)q > m'm (i.e. B and C are
tangent in q), then

km'm if n/meN
(17) (B-C)g 2 { km'm+14 (0 —m')(n—m) ifn/m¢&N.

Proof. Let L be the tangent line at ¢ to C and B, and S; — P? the blow-up
at ¢; denote by L', B!,C! C S; the proper transforms of L, B,C, and by
q' € L' the point lying over ¢. Denote by Sy — S; the blow-up at ¢!, by
L?,B?,C? C S5 the proper transforms of L, B,C, and by ¢?> € L? the point
lying over ¢'. Iterating we get a sequence of blow-ups
Sk+1—>Sk—>5k_1—>...S¢+1—>Si—>...—>Sl—>SO:IP’2

such that L?, B', C* C S; are the proper transforms of L, B, C and S;.; — S;
is the blow-up at ¢' € L?, with ¢’ lying over ¢; we write E; C S; for the
exceptional divisor.

By Lemma for every i < k — 1 the curve C?, respectively B?, has a
point of multiplicity m, respectively m/, lying over q. Therefore, setting

(C"-LYg, = Y (C"- LY,
peE;
we have, as k < n/m
(C" LY, = (C-L)y—im = n—im > n—(k—1)m > n—(n/m—1)m =m > 1

hence, as L'NE; = ¢', we get (C* 'Li)qi > 1. An analogous argument applied
to B gives (B'- L") > 1 for all i < k — 1. Therefore ¢*~! € B*=1nC+!
hence
(B*-1. Ck_l)qkfl > m'm.
On the other hand
(B*-1. Ck_l)qk—l =(B-C)y—(k—1)m'm

hence
(B-C)y>m'm+ (k—1)m'm = km'm.
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If n/m € N there is nothing left to prove. Let n/m ¢ N, hence k < n/m.
Then C* has an (n — m,m)-point w.r.t. Ex, and B¥ has an (n' — m/,m’)-
point w.r.t. E (by Lemma ; let us show that this point is ¢* for both
C* and B*. We have

(Ck‘Lk)qk =n—km>n—nm/m=0
hence ¢F € C*. The same argument shows that ¢* € B*. Hence C* and B*
intersect in ¢*, as wanted. Now, since C* and B* are both tangent to Ej,
their intersection is not transverse, hence their proper transforms in Sk

satisfy
(BkJrl . CkJrl)qk-H > 1

with ¢**! lying over ¢q. On the other hand
(B¥ . CF ) geia = (B C)g — km'm — (n' —m/)(n — m)
hence (B-C)q > 1+ km/m + (n’ —m')(n —m). The proof is complete. W

5. GENUS AND DIMENSION FORMULAS

In this section we obtain bounds for the delta invariant (defined below) of
a unibranch point of a curve C' C P?, and for the codimension of the locus
of plane curves with a (m,n) point.

5.1. Genus computation. Let C C P? and ¢ € C; let degC = d > 2. The
geometric genus, g(C) = ¢g(C¥) (with C¥ the normalization of C), satisfies
9(C) = (d—1)(d-2)/2 - (q)

with equality if and only if ¢ is the only singular point of C'. The number
d(q) is called the delta-invariant of q. The following formula is well-known

(18) 3(q) =) my(mp —1)/2

where p varies over all points infinitely near to ¢ (the points added over ¢ in
the proper transforms of the blow-ups), and m,, is the multiplicity of p. For
example, if ¢ is an ordinary m-fold point (i.e. C has m branches meeting
transversally in ¢), then d(q) = m(m —1)/2.

Proposition 5.1.1. Let C C P? have degree d > 2 and let ¢ € C be an
(m,n)-point; set gcd(n,m) = c. Then

0(q) > (mnm—n—m+c)/2
with equality if ¢ = 1.

Proof. Proposition considers the desingularization, v, : Cf — C, of C
at ¢, and describes the points infinitely near to ¢ appearing in the partial
desingularization given by 5. This, combined with , gives

(19) 8(q) =Y kjli(l; —1)/2.
j=1
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Indeed, for every j = 1,...,7 we have exactly k; infinitely near points of
multiplicity [;, and each such point contributes by [;(l; —1)/2. Note that if
¢ = 1 the summand corresponding to j = r vanishes, as [, = 1. In this case
the desingularization of C' at ¢ is actually included in g, hence there are no
other infinitely near points, therefore in we have equality.

The following Lemma [5.1.2] completes the proof. |

Lemma 5.1.2. Let n > m > 0 be two integers and consider the euclidean
sequence (). Then kj = (lj—1 — lj+1)/l; and

(20) ikjlj(lj—1)/2:(nm—n—m+c)/2.
j=1

Proof. The expression of k; follows directly from its definition and the con-
struction of the euclidean sequence. The second assertion follows from a
special case of the following formula

T

(21) Z(lj—l —Li)(lG = 1) =loly —lo — Iy + L1 + 1 — lplrya.
j=1

In our case lg =n, 1 =m,l, = cand l,;1 = 0, from which follows.
To prove we proceed by induction on r. If r = 1 then
(lo —12)(ly — 1) = lply — lily — Iy + 1o,

as wanted. To prove the general case, the induction hypothesis reads as
follows
r—1

Z(ljfl — L)l =) =l —lo—l + L1+ 1 — L l—1.
=1

Thus we obtain
'

> (o1 =gl — 1) =

j=1
loly =lo—li+ Ly + L =Ll + (Lo = L) (L — 1) =
loh—lo—b+bLa+lL L a+Lal =Ll — L+l =
loly —lo — Iy +1p = lplg1 + g1
The Lemma is proved. |

5.2. Dimension computation. Let n,m be two integers with n > m > 0;
let L C P? be a line and ¢ € L a point. We denote by

Uém,n)( Liq) C pd(d+3)/2
or simply by U, ém’n), the space of integral curves of degree d > 2 having a
unibranch (m,n)-point at ¢ with tangent line equal to L. As it will be clear
(if it is not already), its closure, U, ém’"), is a linear subspace of P(d+3)/2,

We write codim U, Ugm’") = codim Uc(lm’n) for the codimension in P4(d+3)/2,
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Proposition 5.2.1. Assume d >n > m > 0 and set gcd(n, m) = c. Then
codimUC(lm’") >(mnm4+m+n+c—2)/2
with equality when ¢ = 1.

Proof. We choose, as usual, affine coordinates (z,y) so that L has equation
y =0and ¢ = (0,0). Let C € Uc(lm’n)(L;q) and let its affine equation be
f(z,y) = 0 with
flay) = > aiga'y.
0<i+5<d

By hypothesis a0, ao,m 7 0.

As (C-L)y = n we have f(z,0) = 2"p(z) with p(0) # 0, hence the smallest
power of x appearing in f is ™. This gives the following n conditions
(22) ajo=0 Vi=0,...,n—1

Next, as ¢ is an m-fold point we have a; ; = 0 for all i + j < m — 1; these
are m(m + 1)/2 conditions, but exactly m of them are also in (22)). Hence
the number of new independent conditions on f is equal to

(23) m(m+1)/2—=m=m(m—1)/2.

Next, C' is unibranch at ¢, and its tangent line there is y = 0. Therefore
the only summand of degree m is ag,,y™ and we get the following new m —1
conditions:

(24) ai; =0, Yi+j=m, ij>L

Now consider the blow-up of P? at ¢, let C" and L’ be the strict transforms
of C'and L, and ¢’ € C' the point lying over q. We set y = vz and use (z,v)
as affine coordinates in the blow-up. The equation of C’ is

/ _ m i+j-m_ 7 _ m h,l
f(x,v) = agmv™+ Z a; ;2T = ag ™+ Z Ah—i4m TV
m+1<i+5<d 1<h<d—m

m+1<I<d
with j =1 and i = h — [ + m. The conditions imposed earlier imply exactly
that f’ has no summand of type z" for all h = 0,...,d —m — 1, and no
summand of type o' for all I =1,...,m — 1.

Let m’ be the multiplicity of ¢’ € C’; the fact that C’ is unibranch at ¢
yields new conditions; we claim that the number of them is

m'(m’ —1)/2.

If n < 2m we have n—m = m’ and ¢’ is a (m/, m)-point of C’ with respect
to exceptional divisor, by Lemma[2.1.2] More precisely, the term of smallest
degree of ' is anox™ , and C’ has a unibranch m’-fold point at ¢’. Hence
every coefficient of a term of degree less than m’, and of a term of degree
equal to m/ other than z”, must vanish. These are m/(m’ + 1)/2 +m’
independent conditions, but some of them are already satisfied. Indeed, we
know that f’ has no term of type ! for all I = 0,...,m/ —1 (m/ conditions),
and no term of type v™ for all n = 1,...,m' (m’ conditions). There are no
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other cases, as if k,! > 0 the coefficient of zFv! is Ak—i4+m, corresponding
to a summand in f of degree kK + m > m + 1, and no conditions had been
imposed on such coefficients. Hence the number of new conditions is

(25) m'(m' +1)/2+m' —m' —m' =m'(m' —1)/2.

Let n > 2m. Then m = m/ and C’ has a an (m,n — m)-point at ¢’ with
respect to L', by Lemma 2.1.2, Hence in f’ there are no monomials of
degree less than m, and no monomials of degree m, except v"". These are
m(m+1)/2+m conditions, some of which are already satisfied, indeed f’ has
no term of type z! for alll = 0,...,m (m + 1 conditions), and no summand
of type v" for allm =1,...,m —1 (m — 1 conditions). Hence the number of
new conditions is

(26) m(m+1)/2+m — (m+1) — (m—1) = m(m — 1)/2.

Let n = 2m. Then C’ has a an m-fold point at ¢’. Hence in f’ there are
no monomials of degree less than m. Moreover, as we saw in the proof
of Lemma the homogeneous part of degree m of f’ has the form
(ax+pov)™ with @™ = agy,0 and 8™ = ag . This imposes m—1 conditions.
We get a total of m(m + 1)/2 + m — 1 conditions, but, as in the earlier
cases, some of them already hold. In fact f’ has no term of type z! for

all I = 0,...,m — 1 (m conditions), and no summand of type v" for all
n=1,...,m—1 (m—1 conditions). Hence the number of new conditions is
(27) m(m+1)/24m—-1—m—(m—1)=m(m—1)/2.

The claim is proved.

Now we need to apply the claim to all the curves appearing in the chain de-
scribed in Proposition [2.1.4], of which we use the notation. Proposition [2.1.4]
gives a sequence of curves whose multiplicity at the point lying over ¢ is
equal to [;, with j = 1,...,r. By the claim, each of these gives [;({; — 1)/2
new conditions. If j > 2 we get exactly k; such curves, hence a total of
k;l;(l; — 1)/2 conditions. For j = 1 we have only ki — 1 such blow-ups,
hence (k1 — 1)m(m — 1)/2 conditions. But in the first part of the proof
we had m(m — 1)/2 conditions; see (23)). Hence also for j = 1 we have
kym(m — 1)/2 conditions, hence

> kilil; —1)/2
j=1
conditions. Adding these to the ones computed in and we get
codim U™ = n+ (m— 1)+ 3 kjl;(l; — 1)/2.
j=1

By applying Lemma [5.1.2| we are done. |
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