Compositio Mathematica 113: 209-236, 1998. 209
© 1998 Kluwer Academic Publishers. Printed in the Netherlands.

Enumerating rational curves: The rational
fibration method

LUCIA CAPORASO! and JOE HARRIS?

'"Mathematics Department, Harvard University, Cambridge MA 02138, USA and Dipartimento di
Matematica, Universita di Roma ‘Tor Vergata’, Roma 00133, Italy,

e-mail: caporaso@abel .harvard.edu

>Mathematics Department, Harvard University, Cambridge MA 02138, USA,

e-mail: harris@abel .harvard.edu

Received 23 April; accepted in final form 13 May 1997

Abstract. A new method to approach enumerative questions about rational curves on algebraic
varieties is described. The idea is to reduce the counting problems to computations on the Néron—
Severi group of a ruled surface. Applications include a short proof of Kontsevich’s formula for plane
curves and the solution of the analogous problem for the Hirzebruch surface [F5.

Mathematics Subject Classifications (1991): 14M10, 14M45, 14J26, 14N10.

Key words: rational surface, ruled surface, rational curve, enumerative geometry, Severi variety.

1. Introduction
1.1. STATEMENT OF THE PROBLEM

Let S be a smooth projective rational surface and let D be an effective devisor on
S.Let V(D) C |D| be the closure of the locus of irreducible rational curves. For
general results about the geometry of V' (D), we refer to [H] and to [C H].

If D has nonnegative self-intersection and V' (D) is nonempty the dimension of
V(D) is known (cf. [K]):

ro(D) :=dim V(D) = —(Ks - D) — 1.
The problem that will study here is to compute the degrees

N(D) :=degV (D)
of these varieties as subvarieties of |D| = P". Alternatively, N (D) is the number
of irreducible rational curves in | D| that pass through ro (D) general points of S. If
S is the projective plane P? and d = deg D, then one also uses the notation N (d)

to denote the number of irreducible, rational curves of degree d passing through
3d — 1 general points.
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210 LUCIA CAPORASO AND JOE HARRIS

1.2. TERMINOLOGY AND NOTATION

We will work over the complex numbers. Throughout, the words ‘surface’ and
‘curve’ will refer to projective varieties.

If D and D’ are effective divisors (or divisor classes) on a surface, we will say
that D > D' if D — D' is effective and nonzero.

We will denote by F,, the Hirzebruch surface F,, = P(Op; ® Op1(n)). On each
F, with n > 1 there exists a unique curve of negative self intersection, which we
will denote by E and refer to as the exceptional curve on F,,. We will denote by
F a fiber of the projection F,, — P!; the classes of £ and F' generate the Picard
group of F,, , with intersection pairing given by

E*=-n; (E-F)=1 and F?=0.

Another useful divisor class is the class of a complementary section, that is, a
section C' of the P!-bundle F,, — P! disjoint from E. Since (C' - E) = 0 and
(C - F)=1,wesee that C = E + nF’; so the classes C' and F also generate the
Picard group, with intersection numbers

C? =n; (C-F)y=1 and F?>=0.

For any positive integer m, we will denote by V,,,(D) C V(D) C |D| the closure
of the locus of irreducible rational curves, X having contact of order at least m
with E at a smooth point of X . These varieties will also be referred to a Severi
varieties. We set N, (D) := degV,,,(D).

1.3. METHODS AND RESULTS

Until very recently, the basic enumerative problem of determining the degrees
of Severi varieties was unsolved even in the case of P2. In 1989 Ziv Ran [R]
described a recursive procedure for calculating the degrees of the Severi varieties
parametrizing plane curves of any degree and genus (see also [R2]). Recently,
M. Kontsevich discovered a beautiful and simple recursive formula in the case of
rational curves on P? (see [KM] and [RT] for proofs). Kontsevich’s method was
based on his description of a compactified moduli space for maps of P! into the
surface S = P?; others (e.g., [DI], [KP] and [CM]) were able to use the same
method to derive similar formulas in the case of other surfaces S for which a
Kontsevich-style moduli space existed, such as S = P! x P!, the ruled surface
S = IF| and del Pezzo surfaces.

It was our feeling that the reliance of Kontsevich’s method on the existence of
a well-behaved moduli space was not essential. We were especially interested in
whether a similar formula might be derived for the Hirzebruch surfaces F, .

In [CH], we succeeded in recasting the Kontsevich method so as to remove
the apparent dependence on the existence of a moduli space: as we set it up, it
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ENUMERATING RATIONAL CURVES: THE RATIONAL FIBRATION METHOD 211

was necessary only to understand the degenerations of the rational curves in the
one-parameter families corresponding to general one-dimensional linear sections of
V(D). The resulting ‘cross- ratio method’ allowed us to derive a complete recursion
for all divisor classes on the ruled surace S = F, — that is, a formula expressing
N(D) interms of N(D') for D' < D - and a closed-form formula for certain divisor
classes on the ruled surfaces F,, for any n. (In fact, compactifications of the moduli
space of maps P! — S do exist for these surfaces, but they contain in general many
components,only one of which parametrizes generically irreducible rational curves
and the others of which may have strictly larger dimension. Kontsevich’s method
can be carried out in these cases, as was done by Kleiman and Piene [KP]; but at
present we do not see how to use the resulting formulas to enumerate irreducible
rational curves.)

However, we were unable to go significantly beyond this point: a similarly
derived formula in [CH] for the degrees N (D) of Severi Varieties V(D) on F,
espresses N (D) not solely in terms of N (D') for D' < D, but also in terms of the
degrees Ny (D") of the Severi varieties Vj,(D") parametrizing curves with a point
of k-fold tangency with a fixed curve E C S. For example, if S = F3, then N (D)
is expresses as a function of N(D') and of N(D"), where N,(D") is the number
of irreducible rational curves in | D"”| that are simply tangent to E and pass through
the appropriate number (that is, ro(D") — 1) of general points of F3. A complete
recursion in this case would have required a similar analysis of linear sections of
the Severi varieties V,(D), which in turn would have necessitated an analysis of
Severi varieties parametrizing curves with more complicated tangency conditions.

In the end, it seems that one way or another we need to deal with the degrees
of these ‘tangetial’ loci as well. This difficulty led us to the discovery of a compu-
tational technique different from and simpler than the cross-ratio method, which
we will describe in the present paper. It involves an analysis of the same basic
object as the cross-ratio method — that is, the one-parameter family x — I' of
rational curves through ro(D) — 1 general points of S and their limits — but extracts
more information from it. It is based on a description of the Néron—Severi group
of a minimal desingularization of x (we will therefore refer to it as the ‘rational
fibration method’). The main advantage of this technique for our present purposes
is that we are in fact able to compute the degrees of the tangential loci involved; at
least in all cases that we studied. It also yields other related formulas, such as the
number of irreducible rational curves having a node at a given general pointp € S
and passing through 7 (D) — 2 other general points.

1.4. CONTENTS OF THIS PAPER

In the following section we will describe the rational fibration method in general
setting. In the succeeding sections we will apply it in the cases S = P2, S = F,
and S = 3. In the first of these cases, we obtain another (simpler) proof of
Kontsevich’s formula, as well as some related formulas derived by Pandharipande
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212 LUCIA CAPORASO AND JOE HARRIS

[P]. In the second, we will recover the general recursion formula found originally
in [CH] for degrees of Severi varieties on I, . Finally, in the last section we derive
a complete set of recursions for I3, the first case for which the cross-ratio method
does not give a complete answer.

We have tried to keep this paper relatively self-contained; in particular it should
be intelligible to a reader unfamiliar with [CH]. We will, however, have to appeal
to Chapter 2 of [CH] for proofs of some of the basic assertions about the local
geometry of Severi varieties and the families of curves they parametrize.

2. The rational fibration method in general
2.1. OBJECTS AND MORPHISMS

As we indicated in the introduction, the rational fibration method, like the cross-
ratio method, involves studying a suitable general one-parameter family of rational
curves. To set it up, first let S be a smooth rational surface and D an effective
divisor on S. We will assume that D has nonnegative self-intersection and that the
Severi variety V(D) # 0, so that in particular we have dimV (D) = ro(D) =
—(Ks - D) — 1. Now, choose ro(D) — 1 general points py, ..., pypy-1 € S and
letT" C V(D) be the closure of the locus of points [X] € V(D) corresponding to
irreducible rational curves X passing through these points. Equivalently, if for any
point p € S we let H, C P" by the hyperplane of points corresponding to curves
passing through p, T" will be the one-dimensional linear section of V(D)

ro(D)—1
Ir=vV(D)n ( N H)
=1

i

Now, let x C I' x § — T be the family of curves corresponding to I' C |D].
Consider the normalization I' of X xp I'V to arrive at a family

XV - FV

over a smooth curve I'Y, whose general fiber is isomorphic to Pl

Next, we apply semi-stable reduction (which we should rather call ‘nodal reduc-
tion’, since our curves have genus zero): after making a base change B — I'V and
blowing up the total space of the pullback family x” xr» B, we arrive at a family
f Y — B whose total space is smooth, whose general fiber is a smooth rational
curve and whose special fibers are all nodal curves. In fact, a base change will turn
out to be unnecessary in each of the three cases considered below — the minimal
desingularization ) of the total space x* already has this property — but this is
not relevant, since even a superfluous base change will not affect the subsequent
calculations. We will denote by 7 : J — S the composite map

Y =>x'xwB—=>x' —>xCcIl'xS— 8.
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ENUMERATING RATIONAL CURVES: THE RATIONAL FIBRATION METHOD 213

Notice that 7 is a generically finite map, whose degree is equal to the product
of the degree of the map B — I'” times the number of irreducible rational curves
in the linear series |D| passing through the points py, ..., p, py—1 and p (that is,
the degree N (D) of the Severi variety V' (D)).

Here is a diagram of the basic objects and morphisms we have introduced:

e

S I'xS D x

\/

2.2. OUTLINE OF THE METHOD

Figure 1.

As we indicated, our method involves calculating in the Néron—Severi group of the
total space ) of our family. This is motivated by a simple observation: given any
two line bundles L and M on S, we have

(7*L-7*M) = deg{B — T”} - N(D) - (L - M).

Thus, in order to derive a formula for N (D), we want to compute intersection
numbers in the Néron—Severi group of ). For example, if S is the projective plane
P? we can take L = M = Opy(1). Then (7*L)?> = N(D); so if we can compute
(7*L)? we get a formula for N (D).

What makes is possible to perform such calculations is the fact that f expresses
Y as the total space of a one-parameter family of generically smooth rational
curves, so that to determine the class of a given divisor it is enough to know its
degree on each component of each fiber of f. More precisely, the Picard group of
Y will be freely generated by the class of a fiber, the class of any section A of f,
and the classes of all the irreducible curves contained in fibers of f and disjoint
from A. Moreover, in terms of these generators the intersection pairing on Pic())
is (except possibly for the self-intersection of A) easy to describe. This means two
things: first, we can express a given divisor class as a linear combination of these
generators once we know its degree on each component of each reducible fiber and
on A; and second, having expressed two divisor classes as linear combinations of
these generators, we can readily compute their intersection number.
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214 LUCIA CAPORASO AND JOE HARRIS

The method we will apply in each case thus consists of five steps:

e First, we need to describe the reducible fibers of ) — B; that is (given that
B will be in practice just the normalization I'V of the base of our original
family x — I'), the set of reducible curves in the linear series | D| through the
points pi, ..., Py (p)—1 that are limits of irreducible rational curves through
these points, and the branches of I' at each one. The characterization of such
curves is straightforward in the case of S = P? by simple dimension-counting.
In the case of S = F,, with n > 2 it is less obvious, since in contrast with the
case of P? most reducible curves through the points py, ..., Pro(D)—1 Whose
components are all rational are not limits of irreducible rational such curves;
the answer is worked out in [CH]. In either case the number of such fibers will
be known inductively.

e Second, we need to describe the local structure of the family x* — I'V near
each reducible fiber; specifically, we need to know whether x” is smooth or if
we have to blow up. This likewise is straightforward in the case of the plane,
where in fact x* is smooth. It is more interesting in the case of the Hirzebruch
surfaces F,,, where for n > 3 we see that x* will indeed have singularities;
again, this is worked out in [CH] and we will refer there for the relevant results.

e Third, we choose a basis for the Néron—Severi group of )/, and calculate the
intersection pairing on these classes.

¢ Fourth, since we know the images in .S of the components of reducible fibers
of f:Y — B, we can calculate the degrees on all such components of the
pullback 7* L of any line bundle L on S; and

e Fifth, we are able therefore to express the intersection numbers (7*L - 7% M)
for pairs L, M € Pic S of line bundles on S.

Evidently, the particulars of this process will depend on S and D; for the moment
we shall just fix some notation and make some preliminary observations. First, for
b € B we use the common notation Y, := f~!(b) to denote the fiber of f over b.
The class in NS()) of such a fiber is denoted by Y.

Secondly, recall that our family parametrizes curves through certain base points.
We pick two of them, ¢ and ¢, and we denote by A and A’ the corresponding
sections of f. The following relations are clear:

Y2=A.-A'=0 and A- Y =AY =1.

Notice also that by symmetry A% = %(A — A")? which will be useful to compute
the left-hand side. In fact A — A’ is supported on exactly those fibers where ¢ and
¢’ lie on different components, the number of which we will be able to count.
One further note: the description above of the Néron—Severi group of ) as
generated by the classes of A, Y and components of reducible fibers assumes that
the base B of the family is connected, which we will not always know in practice.
This assumption is not essential, however: in case B has irreducible components
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ENUMERATING RATIONAL CURVES: THE RATIONAL FIBRATION METHOD 215

By, ..., By we simply have to replace every multiple of Y in the formulas below
by a suitable linear combination of fibers Y; lying over points of B;. As the reader
may verify, this does not alter the outcome of the subsequent calculations.

3. Plane curves

Here we study the cases S = P2, If D and D; are divisors on P2, we denote their
degrees respectively by d and d;. Since a divisor class in the plane is determined
by its degree, we will introduce the notation N (d) := N (D).

We have that ro(D) = 3d — 1, so we choose general points py, . .., p3q_» € P,
letT" C V(D) be the locus of curves in V(D) containing the points p;, and proceed
as described in the preceding section. To describe the resulting family of curves, let
A be the locus of V(D) parametrizing degenerate curves (that is, curves that are
reducible or have singularities other than nodes). Since our curve I' C V(D) will
intersect A only at general points of components of A, we may apply the results
of [DH] and [H] to conclude the following

A. Any fiber X, of x — I is either

. an irreducible curve with exactly 6 = (d — 1)(d — 2)/2 nodes;

. an irreducible curve with exactly § — 1 nodes and a cusp;

. an irreducible curve with exactly § — 2 nodes and a tacnode;

. an irreducible curve with exactly § — 3 nodes and an ordinary triple point;
or

5. a curve having exactly two irreducible components X, X», of degrees d;

and dp, with exactly (d; — 1)(d; — 2)/2 and (d, — 1)(d — 2)/2 nodes

respectively, and intersecting transversally in d;d; points.

EENENOS T S R

B. In cases 1, 3 and 4, the curve I' is smooth at -y and the family ¥ — I'V is
smooth at the unique point of I'” lying over . In case 2, I" has a cusp at y but
the family xy¥ — I'V is still smooth at the unique point of I'V lying over v.

C. In case 5 the curve [ has d;d, smooth branches at y (corresponding to defor-
mations of X, smoothing any one of the d;d; nodes of X, coming from a
point p € X; N X, of intersection of X and X3). At each point of I'V lying
over +y the fiber of the family x¥ — I'¥ has two smooth rational components
meeting transversally at one point (more precisely, it is the normalization of
X, at the remaining (d; — 1)(d; —2)/2 4+ (do — 1)(d2 —2)/2 +didr —1 =
nodes of X,), and smooth total space.

D. Finally, if X C P? is any curve of type 1-5 passing through the points
P1,---,P3d—2, then conversely [X] € T'; that is, X is a limit of irreducible
rational curves X, through py,...,p3s—2.

We see in particular that the total space x” is smooth and that the fibers of x* — 'V
are all nodal, so that no further base changes or blow-ups are necessary; that is, we
may take B = I'V (as we stated earlier) and )) = x”. Note also that every reducible
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216 LUCIA CAPORASO AND JOE HARRIS

fiber of Y has precisely two irreducible components, meeting transversally at one
point.

We shall call a reducible fiber of f a fiber of type J and we shall denote by
B the subset of points of B such that the corresponding fiber is of type J, that
is, reducible. (This new piece of terminology probably seems pointless, but it will
be useful in the sequel.) For any b € B, we then denote the two irreducible
components of the fiber over b by .J; j, and .J, ;,. We shall always denote by .J; , the
component containing the point ¢ = p;. The picture of Y is thus:

Y Joy
Al
A
\\ /
Jip
Figure 2.

Let D; be the class of 7(J;;). We denote by j(D;, D,) the number of all such
fibers, for any given decomposition D = Dy + D,. To determine j(D;, D;), note
first that if X = X; U X, € I' is any reducible curve, D; the class of X, then X;
can contain at most ro(D;) of the ro(D) — 1 = 3d — 2 points py, . . . , p34_2. Since

ro(D1) +10(D2) = ro(D) — 1,

it follows that each component X; must contain exactly ro(D;) of the points
P1,---,DP3q—2. Thus,to specify such a curve, we have first to choose a decomposition
of the set & = {py,...,p34 2} into disjoint subsets &, P, of cardinality ro(D;)
and ro(D,) respectively, with the point ¢ = p; € ®1; and then to choose, for each
i, one of the N (D;) curves x; € V(D;) containing ®;. The number of such curves
X is thus

(To(D) -2

ro(Dy) — 1 > V(D) - N(D)

and since we have seen there are (D; - D) = dyd, points of B lying over each
point [X] € T" corresponding to a curve of this type, we have
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ENUMERATING RATIONAL CURVES: THE RATIONAL FIBRATION METHOD 217

ro(D) —2 )
o(Dy) — 1

7

§(D1,D2) = N(D1)N(D2)(D: - Dy) (

= N(d)N(dy)dyd> (ig;_i) :

Note that by a simple dimension count, any of the curves X; € V(D;) passing
through ro(D;) of the points py,...,p3qs_» will be irreducible and nodal. By a
standard further argument as in Lemma 2.1 of [CH], we see that any pair X, X,
of such curves will intersect transversally, so that the union X = X; U X, will
indeed be a curve as described in (5) above.

This completes the first two steps in the general method. Next, we give a basis
for the Néron—Severi group NS())). We now choose as a system of generators
for NS()) the class A of the section of f:) — B coming from the base point
q = p; of our family; the class Y of a fiber of the map f:) — B, and the classes
{J2,b}be B, - Most of the pairwise intersection numbers of these classes are readily
given: we clearly have

(A-Y) =1
Y2=0
(A-Jap) =0 Vb
(VD) =0 Vb
(Jop-Jop) =0 Vb#Db; and
(Jop-Jop) = =1 Vb

In fact, there is only one intersection number that is not evident: A2. To compute
it we choose a base point ¢’ # ¢, so that ¢’ determines a second section A’ of
Y — B disjoint from A. Since the base points p1,...,p3q_» of our family are
general points in the plane, by symmetry we have A”> = A?; hence we can write

247 = (A— A"
To compute the right-hand side, let
Sy = {b € By such that q' € W(Jzyb)}

be the collection of points in B over which the sections A and A’ meet different
components of the fiber; let n; = | S| be the cardinality of S ;. Forevery b ¢ S, A
and A’ have the same intersection number with each component of the fiber Y.
For b € Sy, on the other hand, we have (A - J;,) = 1 and (A - J,) = 0, while
(A" Jip) =0and (A" - Jrp) = 1.1t follows that the classes

A and A — Z Jop
besSy
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218 LUCIA CAPORASO AND JOE HARRIS

have the same intersection number with every component of every fiberof Y — B,
and so must differ by a multiple of the class Y of a fiber: that is ,

A—A =— 2: Jop +nY
beSy

for some integer n. In fact, n must be equal to n;/2 by symmetry, but that is
irrelevant in any case: squaring both sides, we find that

(A— A,)z = Z J22,b =-nJ
beSy

and hence

2 ny

A° = 5
Thus, it remains only to determine the number n; of reducible fibers of Y — B
lying over curves in our original family in which the points ¢ and ¢’ lie in different
components. We can do this in exactly the same way as we determined the total
number of reducible fibers: the only difference is that now we want to count only
decompositions ® = &; U ®, in which ¢ = p; € ®; and ¢’ = p, € ®,. We

ro(D) —2 ) in the formula for j(Dy, D5)

thus replace the binomial coefficient
P (To(Dl) -1

To(D) -3

b ith
above wi (TO(Dl) 1

) and sum over all pairs Dy, D, with Dy + D, = D to

obtain

_ . ro(D) — 3
ny = DI%EZD N(Dy)N(Dy)(D; - Dy) (ro(Dl) O ) :

This completes the third step of the process.
Now let L € Pic(PP?) be any line bundle on the plane, and write the class of its
pullback to Y as a general linear combination of our chosen generators

7*L = c A+ CyY + Z chZ,b-
beB;y

We will denote by J L the third term on the right, that is, we set

L ._ .
JY = Z ijz,b,
beBy

this is not immediately useful, but will become so in the succeeding calculations.
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We now intersect both sides of the above equivalence with each of our chosen

generators of NS()) to determine the coefficients cq, ¢, and ;. First, by intersecting
both sides with Y we find that

¢g=(r"L-Y)=(L-n.Y)=(L-D).
Next we intersect with A: we have
(m*L-A)= (L -mA) =0
sincer is constant on the curve A; and hence

cy=—A*L-D) = ”—Z‘I(L-D).

Finally, to determine ¢, we naturally intersect both sides with the class of .J ; we
find that

cp =—(7"L- Jz,b) =—(L- W*Jz’b) = —(L-D).
Thus, in sum,

L= (L-D)A+ %(L DY — 3 (L- Do) oy,
beB;

For the final step in the process, we evaluate the self- intersection of 7* L: we
find

(r*L)? = ZHL-DY = 3 (L- Da)?

beBy
- ¥ %N(Dl)N(Dz)(DrDZ)(TO(D)_3 >(L-D)2
Dy+Dy=D ro(D1) =1
ro(D) — 2 )
— N(D|)N(D,)(D; - D) (TO(Dl) 1 > (L - Dy)

Applying this in case L = Op2 (1) and recalling that (7*Op2(1))? = N(d), we
have

Pdid, (3d—4 3d -3
N(d)= > N(d)N(d)|—— — dids ;

comp4059.tex; 8/07/1998; 12:09; v.7; p.1ll



220 LUCIA CAPORASO AND JOE HARRIS

and expanding out d> = (d; + d,)? and using the symmetry with respect to d; and
dp we get the well known recursive formula of Kontsevich

3d —4 3d—4
N(d)= 3 N(d)N(d) ld%d% <3d1 —2> i <3d1 —3)]'

di+dy=d

Remark. In parts (A) and (B) of the statement of results quoted from [H] and
[DH], we describe completely all curves X, in the family x — I' having other than
0 nodes, and the local geometry of x¥ — I'V along each. This is in fact necessary
to describe the Néron—Severi group of ), since even in those cases where a fiber is
irreducible it is a priori possible that x* will be singular along such a fiber, giving
rise to a reducible fiber of YV — B. Looking back over the preceding calculation,
though, we see that even if this did happen, it would not affect the outcome of the
calculation, as long as the non-nodal singularities did not occur at base points of
the family: while the resolution of the singularities of x” would create additional
curves on ) independent in NS()), the sections A and A’ and any line bundle
pulled back via 7 from P2, would all have degree 0 on these curves, and so the
relations of linear equivalence above would still hold.

Thus it was only necessary to observe that every curve singular at a base point
is an irreducible curve with § nodes. Since this statement will also hold for the
families of curves on F,, that we will be considering in the following two sections,
we will in the sequel omit the description of the fibers y — I' other than reducible
ones.

As another application, we give a formula for the number N,(d) of plane,
irreducible, rational curves X C P? of degree d passing through 3d — 2 given
general points and tangent to a given general line /¢ in the plane. Equivalently,
this is the degree of the subvariety V>(D) of V(D) defined as the closure of the
locus of irreducible rational curves that are tangent to £ in P> at a smooth point of
[X] (notice that V5 (D) has codimension 1 in V(D)). To calculate this number, let
L =7 '(¢) C Y be the preimage of £ under 7. Then L is an irreducible smooth
curve, and the morphism f:) — B restricts to a finite morphism f: L — B of
degree d on L. Moreover, ~the set of fibers Y, C ) of f tangent to L — that is, such
that the intersection Y, N L has cardinality strictly less than d — corresponds to the
set of curves X in our original family xy — I tangent to £. Thus, N> (D) is equal
to the degree of the ramification divisor of the morphism f.

Now, using the adjunction formula, this degree is given by

Na(d) = (1*052(1))? + (wy/ - 7 Op2(1)),

where wy g is the relative dualizing sheaf of the family. Since we have already
calculated the class of 7*Op2(1) above, it remains only to determine the class of
wy/p in similar terms, and then we will be able to evaluate this expression. We
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do this as for 7*Op2(1): we first express wy, p as a linear combination of the
generators:

(_Uy/B = eaA + eyY + Z ebJZ,b
beBy

and then intersect both sides with the generators of NS()) to determine the coef-
ficients. First, intersecting with Y, we find that

€q — (u)y/B . Y) =-2
and then intersecting with A and using the fact that (wy /g - A) = — A? we find that
ey = A2

Finally, we have (wy /g - J2) = —1,Vb € By, and it follows that the coefficients
ep are all 1. Thus, in sum,

wy/p = —2A 4 A%Y + Z Jop.
beBy

We finally obtain a formula first found by Pandharipande [P]:

3d—4
Ny(d) = N(d)+ D N(di)N(d2)did3 ( >
dy+dy—d 3d; — 3

= Y N(d)N(dr)did, [dldz <3d_4 )

di+dr=d 3d; -2

)]
27\ 3¢, =3 )|

This technique can also be used to recover another formula of Pandharipande,
for the degree of the closure of the locus of irreducible rational curves of degree d
having a cusp. To obtain this, we simply apply Porteous’ formula to the differential

d(f x ) : Ty = (f x )" Tgyp2

ofthemap f xm:)Y — B X P2; the classes on ) involved have already been
calculated. It should also be possible to determine is similar fashion the degrees on
I of all the divisor classes introduced in [DH], and in particular obtain formulas
for the number of irreducible rational curves through 3d — 2 points and having a
tacnode, or the number of irreducible rational curves through 3d — 2 points and
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having a triple point, etc. At this point, however, we conclude our study of the plane
and turn to the Hirzebruch surfaces.

4. The general recursion for F,

Letnow S = F,. Let C, E and F' be the curves on [, described in Section 1. We
apply our method exactly as before: for any effective divisor class D on S with
V(D) # ), we choose ro(D) — 1 general points py, . . ., p, (p)—1 of S and consider
the family x — T of curves X € V(D) passing through the points p;; we let
x” — I'Y and Y — B be derived from this family as in the general set-up.

We first describe the various types of reducible fibers that our family Y — B
has. The following analysis is based on Propositions 2.1,2.5, 2.6 and 2.7 of [CH].
In particular, the various types of degenerations can be classified as an application
of Proposition 2.5, and the singularities of I' at the points v € I' corresponding
to each as an application of Proposition 2.6. Moreover, Proposition 2.7 assures us
that, just as in the case of P2, the normalization x” is smooth and so the total space
Y coincides with x”. In particular, we see that no irreducible component of any
fiber of ) is mapped to a point by 7.

With that said, we have the following calssification of irreducible fibers of
Y — B:

Type J. Fibers having two smooth irreducible components J; and .J,, meeting
transversally at one point, such that 7(.J;) = D; with D; > 0 and not equal to
E. We will always assume that ¢ € J;. For any decomposition D = D; + D,
we have that the number j (D, D) of fibers of type J such that w(.J;) = D; is

To(D) -2 )

§(D1, D2) = N(Dy)N(D2)(D1 - D2) (To(Dl) .

The factor (D; - D,) appears because, just as in the case of P2, if [X] € T
corresponds to a curve of type J, in the normalization map v: B — I the fiber
over [X] contains exactly (D, - D;) points (here we are using Proposition 2.6
of [CH]).

We let B be the subset of points b in B whose fiber X} is a curve of
type J.

Type G. Fibers having two smooth irreducible components G| and G g, meet-
ing transversally at one point, such that 7(Gg) = FE and «(G}) is simply
tangent to E. Clearly ¢ € G. The total number of such fibers will not matter
in the subsequent calculation.

We let B be the subset of points b in B whose fiber X, is a curve of
type G.

comp4059.tex; 8/07/1998; 12:09; v.7; p.l4



ENUMERATING RATIONAL CURVES: THE RATIONAL FIBRATION METHOD 223

Type H. Fibers having three irreducible components H;, H,, Hg, such that
w(Hg) = Eand n(H;) = D;,with D; > 0and Dy 4+ D, = D — E (again, we
will choose the labelling so that ¢ € H| always). By Proposition 2.6 of [CH],
if [X] € T is a point corresponding to this type of curve, then the fiber of B
over I contains exactly (D; - E)(D, - E) points. Hence the total number of
fibers of type H that correspond to a given decomposition D = D; + D, + E
is

WDi,Dy) = > N(D\)N(Dy)(D: - E)(D;-E) (
Dy+D>=D

ro(D) —2 >
ro(Dy) =1/

And just like for the other types, we define By to be the subset of points of B
parametrizing curves of type H.

The picture of Y — B thus looks like this:

G J H

SRR

Y GE
Hg
Y
‘ Hy £

A

_—_ .

Figure 3.
Now we choose the following set of generators for the Néron—Severi group of Y
{AYYU{Dp e, U{GEptoeBe U{Hop, HEptoeny, -
The following relations are obvious

2 2 2 . 2
Gpp=Jop = Hyp = —1; Hgp= -2
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and the intersection number of A with any generator other than A and Y is zero.
We compute A2 by the same argument as used in the preceding section. We
define

Sy ={be€ By suchthatq € Hy;}

and we let ny = |Ss|. Then we have

ng= Y N(Dl)N(Dz)(Dl-E)(Dz-E)<
D\+D,=D—E

ro(D) —3 >
To (Dl) —1
Similarly, we let Sy and 7y to be defined exactly as in the preceding section, and

notice that the value of n; is expressed by the same formula that we had in the
plane. We obtain

A—A =— Z Jop — Z (HE,b +2H2,b) +nY
beSy beSH
for some integer n. Hence
_nyj+2ng
—

Let now L € Pic(F,). We want to compute the coefficients of 7* L as a linear
combination of the chosen generators of NS())). The number of generators being
quite large, it is now convenient to use the following notation: if W is any of the
chosen generators, we shall denote by {7* L}y the coefficient of 7* L with respect
to . We shall then write

oL = {m* LY 2 A+ {7*L}yY + GL + JF + HL

A? =

where J% is defined just as in the preceeding section, and similarly

GL = Z{W*L}GE,bGE,b and

HY = Z({W*L}Hz,bHZ,b + {W*L}HE,bHEyb)'

We could now easily compute all the missing numbers in term of intersection
numbers on F, ; only we don’t really need it. All we need is the expression for 7*C';
in fact we shall obtain a formula for N (D) by using the fact that (7*C)? = 2N (D).
The following numbers are obtained in a straightforward way, just as in the case of
P2

{r*C}s = (C-D)=a.

> a(ny+2ng)

{(r'Cly = —(C-D)A -

{n*C}a, =0 for any generator of type Gg.

{W*C}Jz,b =—(C- 7T(JZJ)))-
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And for any curve H = H| + H, + Hp of type H such that 7(H;) = D; we have
{m*C}y, = —(C-Dy) and {7*C}y, = =2(C - D).
In conclusion, we get the same recursive formula that we obtained in [CH]:

THEOREM. For any effective divisor D # E onF, with V(D) # 0,
1

N(D) = 5 Y N(Di)N(Dy)(D; - D)
D,+D,=D
ro(D) -3 ro(D) — 3 ,
(To(Dl) B 1) (D1 . C)(DZ.C) — (To(Dl) _2> (DZ.C) ]
+ Y. N(D)N(D)(D; - E)(D,-E)
D\+D,=D—E
TO(I)) -3 To(l)) -3 )
mel) _1) (D1 C)(Dy-C) — (m(m _2> (Dy-©) ] |

5. The general recursion for F;

Letnow S = 3 and let C', ¥ and F be as in 1.2. Let D be an effective divisor class
D on S with V(D) # (). We also introduce in this case two additional subvarieties
of the linear series |D|: the subvariety V2(D) of V(D) defined to be the closure
of the locus of irreducible rational curves X tangent to F at a smooth point X;
and the closure F'(D) of the subvariety of V(D) parametrizing irreducible curves
having a smooth point of intersection multiplicity 3 with E. Their degrees will be
denoted by N, (D) and N3(D) respectively.

Now we proceed as before: we choose 7o (D) — 1 general points py, . . ., Dro(D)—1
of S and consider the family y — I' of curves X € V(D) passing through the
points p;; we let x¥ — 'V and ) — B be derived from this family as in the general
set-up. Our method will again provide us with a recursive formula for the degree
of V(D), but there will be now an important difference: the recursion will involve
as well the degrees N»(D) and N3(D) of the varieties V2(D) and F(D). More
precisely, we are going to obtain three formulas:

(a) A formula expressing N (D) in terms of N(D') and N,(D"), where D’ < D
and D" < D — E,

(b) A formula expressing N»(D) in terms of N (D), N(D"), N»(D") and N3(D —
E),where D' < D and D" < D — E; and

(c) A formula expressing N3(D — E) in terms of N(D') and N,(D"), where
D'<Dand D" <D - E.
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We now describe the various reducible fibers of JV — B. Again we use the
results of [CH], in particular, Propositions 2.5 and 2.7 for the geometry of the
normalization map B — I' and of the total space x”. By 2.7 we have that x”
is smooth at points lying on fibers corresponding to types J, G and H below; in
other words, no irreducible component of a fiber belonging to one of these types is
mapped to a point of F3.

Type J. (This is the exact analog of the type J for F,.) Fibers having two
smooth irreducible components J; and .J;, meeting transversally at one point,
such that w(.J;) = D; with D; > 0 and not equal to E. We will always assume
that ¢ € J;. For any decomposition D = D; + D, we have that the number
J(Dy, D,) of fibers of type J such that 7(J;) = D; is

ro(D) —2 )

§(D1, D2) = N(D1)N(D2)(D - D) (ro(Dl) .

We have the coefficient (D; - D;) because, just as in the case of P2,if [X] € '
corresponds to a curve of type J, in the normalization map v : B — I the
fiber over [ X | contains exactly (D; - D,) points.

We let B be the subset of points b in B whose fiber X} is a curve of
type J.

Type G. Fibers having two smooth irreducible components G| and G g, meet-
ing transversally at one point, such that 7(G ) = E and 7(G1) has a smooth
point of contract of order 3 with E. Clearly ¢ € G|. The total number of such
fibers is N3 (D).

We let B¢ be the subset of points b in B whose fiber X} is a curve of type
G.

Type K. Fibers having four irreducible components K, K, K¢ and K, form-
ing a chain in the given order, thatis K| N Kg = KN Kg = KN K, =1
so that K? = K3 = —1 and K% = K = —2. As usual, we have that
q € 7(Ky). Moreover, 7(Kg) = E and 7(K,) is tangent to F; w(Kj) is a
point of E (namely, the point E N w(K3)), in fact the exceptional curve K
arises from the fact that the surface x" is singular at the point corresponding
to F N7 (K>) (cf. Proposition 2.7 in [CH]). Let Bg be the subset of B whose
corresponding fiber is a curve of type K. Finally, for any given decomposition
D = E + D; + D, we have that the number k(D;, D,) of corresponding
fibers of type K is given by

’I"()(D) -2
k(D1,D3) = No(Dy)N(D2)(E - D3) < > :

ro(Dy) —2
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K'. These are just like the fibers of type K with the only difference that the
point g belongs to the curve that is not tangent to F, that is, we have now
m(K>) tangent to E. We denote the irreducible components of such a fiber
K|, K{, K}, and K}, forming a chain in the given order, so that

(K} - Kb) = (K} - K) = (Kjy - ) = 1
and
(K{)? = (K3)?=—-1 and (Kp)* = (Kp)*=-2.

Moreover, 7(Ky;) = E and m(K}) is a point of E (namely, the point £ N
7(K71)). We define as usual Bk to be the subset of B whose corresponding
fiber is a curve of type K'. Finally we see that the number £'( D1, D;) of such
fibers is

, ro(D) —2
k'(D1, D) = N(D1)N2(D2) (D - E) ( ) -

ro(Dy) — 1

Type H. Fibers having four irreducible components H;, H,, H3 and Hg, such
that 7(Hg) = E and n(H;) = D;, with D; > 0 and D| + D, + D3 =
D — E. In Proposition 2.6 of [CH] we proved that if [X] € T' is a point
corresponding to this type of curve, then the fiber of B over I" contains exactly
(D, - E)(D; - E)(Ds - E) points. Hence the total number of fibers of type H
that correspond to a given decomposition D = D; 4+ D, + D3 + E is given

by
h(Dy, D, D3)
= N(D\)N(D2)N(D3)(D - E)(D, - E)(Ds - E)

( ro(D) — 2 >
ro(Dy) —2,70(D5) )

And, as usual, we define By to be the subset of points of B corresponding to
curves of type H.

Here is a picture displaying the various types of reducible fibers in our family:

comp4059.tex; 8/07/1998; 12:09; v.7; p.19



228 LUCIA CAPORASO AND JOE HARRIS

Figure 4.

Now we choose the following set of generators for the Néron—Severi group of Y:
{AYYU{Doptoen, U{GEp beBe YU {K2p, Kb Koptoen Y
U{K3 4, Kz, Koy oeBye U{H30, Hapy Hg b }oe By -
The following relations are obvious:
GJZE,() = J22,b = Kzz,b = (Ké,b)2 = Klz,b = sz,b =-1
K%E,b = Kg,b = (KJIE,b)Z = (K(I),b)z = -2
Hp,= -3

and the intersection number of A with any generator other than A and Y is zero.
It will also be convenient to have a symbol denoting the class in NS()) of all
generators of the same type. Therefore we introduce the classes

Gy = Y Ggy, Joi=Y Jop,

bEBG bEBJ
Kg:= Y Kgy, Ko:= > Koy, Kyi= Y Ky,
beBg beBk beBK
r ! . ! . !
’CE T Z KE,b7 ’CO T Z KO,b7 ’CZ T Z K2,1n
beBY, be By, beE B,
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and

Hp:= Y Hpgy, Hsz:= Y Hiy, Hy= > Hyy.

bEBH bEBH bEBH

We now use this notation immediately to write the class of the relative dualizing
sheaf wy/p of the family f: ) — B. We have

wy/p = =24+ A’Y + G+ Jo + Kp + 2Ko + 3K

+K§ + 2K + 3K, + He + 2h3 + 2hs.

Now we compute A2. Let ¢ be a basic point different from ¢, then ¢’ determines
a section A’ such that (A4 - A’) = 0. As before, we get 24% = (A — A’)? and we
can compute the right-hand side by expressing the difference A — A’ as a linear
combination of components of fibers. So, let nn; be the number of fibers of type J
such that ¢’ lies on a different component than q. We have

ro(D) — 3 >

ng= > N(Dl)N(DZ)(Dl'DZ)(TO(Dl)—l

Di+D,=D

Now let ng be the number of fibers of type K such that ¢’ lies on a different
component than g; we have

ng= y  N(D)N(D2)(E-Dy) (
Di4+Dy=D—E

ro(D) — 3 )
ro(Dy)—2)

We define n - analogously, and obtain

ngr= Y.  N(D)Ny(Dy)(D; - E) (
D+D,=D—-FE

To(D) -3 >
ro(Dy) =2 )"

and similarly n g, for which we have

ng = > N(D)N(D,)N(D5)(D; - E)(D, - E)(Ds3 - E)
Dy+Dy+D3=D—FE
(rO(D) -3 >
ro(D1) — 1,m9(D2) — 1
(where we will denote by (Z b) the multinomial n!/a!b!(n — a — b)!).

Let S; be the subset of B consisting of those points b such that Y}, is a fiber
of type J for which ¢ and ¢’ lie on different components. Obviously S; contains

comp4059.tex; 8/07/1998; 12:09; v.7; p.21



230 LUCIA CAPORASO AND JOE HARRIS

ng points. If b € Sy we write Y}, = J;, + Jo (hence g € Jy, and ¢’ € Jop).
In a completely analogous fashion we define Sg, Sk and Sg. If b € Sk then
we write Y, = K, + Kg + Ko + K;p, and similarly if b is in Sg+ or Sir. We
therefore have that if b € Sk (respectively, b € Sk and b € Sp), then ¢’ lies on
K, (respectively on Ké,b and H ). Now we have

A'— A= > Jiy+ > (BKip+2Kg,+ Kop)
beSy beSK

+ ) BK{,+2Kh,+ Kpy)+ Y (Hip— Hap) +nY.
bESK/ beSy

where n is some integer that is irrelevant for our computation. Finally we obtain

—’fLJ—2’fLH—6TLK
2

A% =
Now, for any L € Pic(FF3), we have
{m*L}a = (L- D),
{7*L}y = —(L - D)A?
and
{W*L}GE,Z; = _(L : E)
for any b in Bg. These are obtained, in the given order, from the products
(n*L-Y)=(L-D),(n*L-A)=0and (n*L-Ggyp) = (L- E)
Let us fix a fiber of type J which we write as .J; , + J, 5, as usual; let D; be the
class in 3 of 7(J, ). From the product (7*L - J, ) = (L - D) we see that
{W*L}Jz,b = _(L : D2)'

Fix now a fiber of type K, which we shall write as K, + Kgj, + Ko + Ky,
such that the image in F3 has corresponding divisor classes D for K j and D, for
K, . The relation (7*L - K ) = (L - D;) implies

{n*L}kp, = (L-Dy) = (L- D);

the above formula together with (7*L - K ;) = (L - E) gives
{r*L}k,, =2(L-Dy)—2(L- D) + (L - E);

and the two previous formulas combined with (7*L - Ky) = 0 gives

{(r*LYx,, = 3(L-Dy) = 3(L- D) + 2(L - E).
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With completely analogous notation and procedure, for a fixed fiber of type K’
we have

{r*L}x;, = (L-D1) ~ (L D),
{n* L}y, =2(L-Dy) — 2L~ D),
{w*L}yx;, =3(L-D1)=3(L- D) +(L- E).

Finally, fix a fiber of type H such that the class in F3 corresponding to H;  is D;;
again the same procedure yields

{=*L}u,, = (L D)~ (L- D),
{w*L}H_%’b =(L-Dy)—(L-D)— (L- Ds3)
and
{x*Lym, = (L-Dy) — (L- D) — (L- D).

We shall also use the following short notation:

7L = (L-D)A+ (L- D) (‘”J_”H_MK) Y

2
—(L-EGp +JF + KM + K'Y + HE (%)

Now we want to compute the intersection product on Y of the pull-back of two
line bundles L and M on Fz. We easily have

(7*L-7*M) = —(L- D)(M - D)A? — (L - E)(M - E)f(D — E)
+(JL-JM)+(KL-KM)—i—(K’L-K,M)—i-(HL-HM).

And now a completely straightforward computation yields

(JE- Iy == > (D1, Dy)(L- Dy)(M - Dy),
Dy +Dy=D
(K" K"y =— > k(Dy,D)((L-E)((M-Dy)— (M- D))+
D+D,=D-E

—(L-D2)(3(M - D7) + (M - E))),
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(KT K™) = — S K(Dy,D)((L-E)(M - Dy) —2(M - D)) +
Di+Dy=D—E

—(L-Dy)(3(M - D) +2(M - E)))

(HY . gM) = —= > h(Dy, Dy, D3)
Dy+Dy+D3=D-FE

X(—(L-D)(M - D)+ ((L-D)(M - Dy)
+(L - Dy)(M - D) — (L-D1)(M - Dy)
—(L - D2)(M - Dy) — (L - D3)(M - D3)).

In the last formula, we divide by 2 because D, and D3 are not distinguished
from one another.

Now we are ready to write down the three formulas that we mentioned at the
beginning of this chapter. Before we carry out the computation, we can explain
briefly the procedure. We have to look at the relation (x) and keep track of the
Severi degrees on which the characteristic numbers depend.

(a) The first relation we shall use is
(7*C - 7*C) =3N(D).
This will give a formula expressing
N(D) intermsof N(D') and N,(D") with
D'<D and D"<D-E.

This is clear; since (C' - E) = 0 if we apply (LM) to L = M = Og(C) the Severi
degree N3(D — E) disappears.

(b) Now we need a formula for N, (D). We will imitate what we did to compute
the degree of the variety of rational curves tangent to a fixed line in the plane. We
define E to be the class of the irreducible component of 77~ ! (E) that dominates B.
Then we have

E=m*E —3Gg —2Kg — Ko — 2Ky — K} — Hp.

This is obte}ined as follows: for the coefficient of G we notice that for any b € B
we have (F - Ggj) = 0, while on the other hand (7*E - G ) = —3. The same
procedure yields the remaining terms.

Ny(D) = E* + (E - wy,p).
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This will give a recursion expressing
Ny(D) intermsof N(D),N(D'),N3;(D—E), and N,(D") with
D'<D and D"<D-E.

(c) The third and last step will be to find a formula for N3(D — E). This will
be done by using

(7*F -7*F) =0

which, as one can imply using (), will give
N3(D - E) intermsof N(D') and N,(D") with
D'<D and D"<D-E.

Example. If D = 2C we have on one hand that (7*C - 7*C') = 3N (2C), and
on the other hand our formulas give

(7*C - 7*C) = 3[—124% = 35(C,C) — k(C +2F, F) — 25K'(F,C 4 2F)
—14h(F,F,C + F) —2h(C + F, F, F)].
Here are the relevant numbers for the case D = 2C'.
7(C,C) = 105, k(C +2F, F) = 14, K'(F,C +2F) =2,
hF,F,C+F) =1, h(C + F,F,F) =21, ny = 60,

TLK:TLKIZZ, TLHZI?),
so that
A% =49

and we can conclude that N (2C') = 69.
‘We will now state our main result for F5:

THEOREM. Let D € Pic(F3). Let N (D) be the number of irreducible rational
curves in | D| that pass through ro(D) general points. Then

1

N(D) =z Y N(Di)N(Dy)(D; - D)
D{+D,=D
ro(D) —3 ro(D) — 3 )
'Kro(Dl)—l) (P2 €)= <m<D1>—2> (DZ'C)]
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+ ). Ny(D)N(Dy)(E- D)

D\+D,=D—E
ro(D) — 3 ro(D) —3 2
' (ro(Dl) —2> (P2 €) = (TO(Dl) —3> (P2 €) ]
+ > N(D)MN(Dy)(E- D)
D\+D,=D-E
ro(D) — 3 ro(D) — 3 2
. <7"0(D1) —1> (D OD2- €)= (TO(DI) —2> (P2-€) ]
LS N(D)NDYN(D)(E D) (E- Do) (E-Ds)-

D, +D2+D3:D7E

'[(TO(D) -3 )

ro(Dy) — 1,79(Dy) — 1
x [2(C - Dy)(C - Dy) + (C - Dy)(C - D3)
+(C - Dy)(C - D3) = (C - D3)’]

_ <’I"()(D) -3 >
ro(D1) — 2,7r0(D2)
x [(C - D2)* + (C - D3)* 4 (C - Dy)(C - D3)]].

Proof. We just have to compute. Applying (*) to 7*C' gives

(*C)* = —=(C-D)*A*— Y j(Dy,D:)(C-Dy)*
D,+D,=D

— > 3k(Dy, Dy)(C - Dy)?
D,+D,=D-E

— > 3k'(Dy, D)) (C - Dy)?
D,+D,=D-E

- > h(Dy, Dy, D3)[(C - Dy)?
Dy +Dyt D3=D—E

+(C- D3)* + (C - Dy)(C - D3)].
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This gives
ND) = xS N(DYN(D)(D; - Ds)
Dy +D,=D
ro(D) — 3 ro(D) —3 )
(TO(Dl) —1 > (Pr- Q)02 €)= (TO(Dl) - 2) R ]
+ Y NAD)N(D)(E-Ds)
Di+D,=D—E
To(D) -3
[2 (TO(Dl) - 2) (P12 6)
ro(D) — 3 o [roP)=3 2
_<7"0(D1)—1>(D1 < (To(Dl)—3>(D2 C)l
LS N(D)NDYN(D)(E D) (E - Dy)(E - D)
D\+D,+D3;=D-FE
| [(C-D)z ( ro(D) —3 )
To(Dl) — 1, TO(DZ) —1

—((C - D2)* + (C - D3)* + (C - Dy)(C - D3))

( ro(D) — 2 )]
ro(D1) =1, ro(D2) )]

And this concludes the proof.
We will write as well the formulas for the degrees of the other loci that we need.
The first formula is obtained by

Ny(D) = E* + (E - wy,p),
which gives

Ny(D) = =3N(D) +9N3(D — E) 4 (E - D)A?

+ Y j(Di,Dy)(E-Dy)
Dy+Dy=D

+ > 6(k(D,Dy) +k(Dy,Dy))
D\+Dy=D-E

+ > h(Dy,D,, D3)[2(E - D;) +2(E - D3) — 1].
Dy +Dyt Dy=D—E
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Finally, the degree of the Severi variety parametrizing rational curves having a point
of contact of order at least 3 with E is obtained by 7* F?> = 0, which translates into

N3(D — E) = —(F - D)*A?

— > j(D1,Dy)(F - Dy)?
D,+D,=D

— > k(D1 Dy)[1 +2(F - Dy) +3(F - D)’
D\+D,=D—-FE

B Z K (Dy, D2)[2 +4(F - Dy) +3(F - Dy)?]
D\+D,=D-FE

- Z h(DlaDZ’D:")
D\+Dy+D3=D—FE

x[(F-D)* = 2(F - D)(F - Dy) + (F - D)
+(F - Dy)* 4 (F - D3)3.
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