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1. INTRODUCTION

We construct Abel maps for a stable curve X. Namely, for each one-
parameter deformation of X to a smooth curve, having regular total space,

and each d > 1, we construct by specialization a map og( D, G P%,

where X C X is the smooth locus, and Pi)% is the coarse moduli scheme for
equivalence classes of degree-d “semibalanced” line bundles on semistable
curves having X as a stable model. For d = 1, we show that a}( extends to

a map a}( X — E, and does not depend on the choice of the deformation.

Finally, we give a precise description of when a}( is injective.

The theory of Abel maps for smooth curves goes back to the 19th century.
In the modern language, let C be a smooth projective curve, and Pic? C its
degree-d Picard variety parametrizing line bundles of degree d on C. For
each d > 0 there exists a remarkable morphism, often called the d-th Abel
map:

cd — Pic? C
(p1,--spa) = Oc(Xopi).
This map has been extensively studied and used in the literature. For d = 1,
after the choice of a “base” point on C| it gives the Abel-Jacobi embedding
C — Pic! C = Pic’ C (unless C = P'). For an interesting historic survey
see [K04] or [KO05].

What about Abel maps for singular curves? Abel maps were constructed
for all integral curves in [AK], and further studied in [EGKO00], [EGK02] and
[EKO05]. In [AK], it is shown that the first Abel map of an integral singular
curve is an embedding into its compactified Picard scheme. However almost
nothing is known for reducible curves, not even when they are stable. This
lack of knowledge appears all the more regrettable because of the importance
of stable curves in moduli theory.

In the present paper we construct Abel maps for stable curves. As we
see it, Abel maps should satisfy the following natural properties. First, they
should have a geometric meaning. More explicitly, recall that for a smooth
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curve C' the d-th Abel map is the “moduli map” defined by a natural line
bundle on C?% x C; see 2.5. We want a similar property to hold for singular
curves as well.

Second, Abel maps should vary continuously in families. In particular,
given a one-parameter family of smooth curves specializing to a singular
curve, we expect the d-th Abel maps of the smooth fibers to specialize to
the d-th Abel map of the singular fiber.

Both requirements turn out to be nontrivial. In order to address the
second one we view stable curves as limits of smooth ones. So, let X be
a stable curve and f : X — B be a family of curves over a local one-
dimensional regular base B, with regular total space X, smooth generic
fiber and X as closed fiber. We observe that there exists a canonical way
to partially extend the d-th Abel map of the generic fiber of f, by using the
Néron model N}l of the degree-d Picard scheme of that fiber. The Néron
mapping property yields a close relative of the d-th Abel map of X, defined
on the nonsingular locus X% C X%, which we call the d-th Abel-Néron map
of X; see 2.6. The target of this map is the closed fiber of N]‘Z, rather than
the Picard scheme of X.

Néron models appeared first in [N64]; good references in a more modern
language are [R70] and [BLR]|. The great advantage of Abel-Néron maps
is their naturality, obtained directly from the universal property of Néron
models. However, they have two major drawbacks. First, they do not have
any a-priori modular interpretation. Second, they are not defined on the
whole X¢.

To attack these problems we consider the geometric compactified Picard
scheme introduced in [C94] and further studied in [CO05]. If X is suitably
general, more precisely “d-general” (Definition 3.6), there exists a proper B-
scheme P}i that is a coarse moduli space for equivalence classes of degree-d
”semibalanced” line bundles on semistable curves having the fibers of f as
stable models; see 3.8. These are line bundles whose multidegree satisfies
certain inequalities; see Definition 3.2. It is shown in [C05] that Pff contains

N}i as a dense open subscheme. Thus not only does Ff give a geometrically
meaningful description of N¢, but also a completion of it; alternatively see
(6) and (14).

So, assume for now that X is d-general. Let @ be the closed fiber of

Pjii. It does not depend on the choice of f, as it is explained in 3.8; see also
[C05], Section 5. Because N]‘? sits inside Pjﬁl, we obtain our d-th Abel map
a% : X% — P¢ (see Theorem 3.10).

The map agl( is modular but an explicit description for it is hard to ex-
hibit in full generality; we do this only for curves with two components (see
Proposition 3.12). The case d = 1 turns out to be easier. By means of
Theorem 4.6 we give an explicit description of the line bundle defining a}p
Using this description, we show in Corollary 4.10 that o does not depend
on the choice of f, a remarkable property not to be expected in general for
d > 1; see Remark 3.14. (More precisely, this property holds for d smaller
than a certain invariant of the graph of X; see [C06].)
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Using our modular description of a}(, we construct a completion for it

as a regular map o} : X — PL (Theorem 5.5). Finally, we prove that ol
is as close as it can be to an injection (see Proposition 5.9 for the precise
statement).

Finally, suppose that X is not 1-general; then g is even and [X] lies
in a proper closed subset of M, (see Proposition 3.15). Then P]} fails to
contain N }; nevertheless our existence results do extend, suitably modified
(see 5.10), whereas uniqueness and injectivity results (like Proposition 5.9)
may fail. In this case the setup is significantly more complicated for standard
technical reasons (presence of non-GIT-stable points, or of nonfine moduli
spaces.) This is why we chose to first work under the assumption of 1-
generality, and to later indicate, in 5.10 and 5.13, how to modify proofs and
statements to include the special case.

Constructing Abel maps for reducible curves presents difficulties not found
for integral curves, due to the lack of natural, separated target spaces. The
use of Néron models as target spaces is not new in the literature: in [E98]
Abel-Jacobi maps for nodal curves were studied by means of the Néron
mapping property, similarly to what we do here with our Abel-Néron maps.
However, Néron models are seldom proper and thus we cannot expect Abel
maps to Néron models to be complete. In this framework, our contribution
is that of bringing compactified Picard schemes into the picture. This en-
ables us to compactify Néron models and hence to obtain a target space into
which complete Abel maps might be considered. In fact, we prove that o&
extends over the whole of X. For d > 2 the completion problem is more
subtle and still open. A preliminary study, as well as the case of irreducible
curves, shows that to complete ozgl( one would need to blow up the source,
i.e. to blow up X¢9.

Our paper is organized as follows. Section 2 is devoted to preliminaries
of various types. In Section 3 we describe degree-d Abel-Néron maps to the
compactified Picard scheme. In Section 4 we establish the modular descrip-
tion of the Abel-Néron map in degree 1, and show that it is independent of
the choice of the deformation. Finally, in Section 5 we construct the com-
pleted degree-1 Abel map, give it a modular description and study when it
is injective. Finally, from 5.10 to the end of the paper, we explain how to
handle the special case of non-1-general curves.

We would like to thank Juliana Coelho and Steven Kleiman for helpful
comments.

2. NERON MODELS OF PICARD SCHEMES

2.1. Setup. We work over a fixed algebraically closed field k. All schemes
are assumed locally of finite type over k, unless stated otherwise.

For us, a curve is a reduced and connected projective scheme of dimen-
sion 1. Mostly, we will deal with nodal curves, that is, curves whose only
singularities are nodes.

A regular pencil (of curves) is a flat projective morphism f : X — B
between connected, regular schemes such that dim B = 1, every geometric
fiber of f is a curve, and f is smooth over a dense open subscheme of B.



We call a regular pencil f : X — B local if B = Spec R, where R is a
discrete valuation ring over k having k& as residue field. If X is the closed
fiber, we will also say that f is a regular smoothing of X.

For each regular pencil f : X — B we shall let K := k(B), the field of
rational functions of B, and denote by X the generic fiber of f. Notice
that Xk is a smooth curve over K.

Given any morphism f : X — B, and any integer d > 1, let f;: Xg — B
denote the d-th fibered power of X over B. If f is a regular pencil, we denote
the open subset of Xg where fg; is smooth by X"g; SO

Xjj = X~ Sing(fa)
If f is a local regular pencil, let X¢ denote the closed fiber of Xg — B; so

X4 = {(pla' .- 7pd) pi€X \Xsing}-

Given any morphism f : X — B and any B-scheme T', the base change
of f to T is denoted fr: Xp — T.

2.2. The relative Picard scheme. Let f : X — B be a regular pencil, and d
an integer. The closed fibers of f are geometric, by our general assumption,
and the general fiber is smooth. Thus the irreducible components of the
fibers of f are geometrically irreducible. By a theorem of Mumford’s, [BLR],
Thm. 2, p. 210, the (relative) Picard scheme Picy of f exists, and is locally
of finite type over B.

Furthermore, Pics is formally smooth over B by [BLR], Prop. 2, p. 232,
whence smooth over B by [BLR], Prop. 6, p. 37.

Let Picjcl be the degree-d Picard scheme of f, the open subscheme of Picy
parametrizing line bundles of relative degree d. Given any B-scheme S and
any line bundle £ on Xg of fg-relative degree d, there is a moduli map
associated to L,

. s .d
(1) pe: S — Pick

s = L,

where Ly € Pic? X, is the restriction of £ to the fiber X, := fgl(s). The
map po determines £ up to tensoring with pullbacks of line bundles from S.
Notice that to a map S — Pic;l there does not necessarily correspond a line
bundle on Xg, though the line bundle will exist, for instance, if f admits a
section; see [BLR], Prop. 4, p. 204.

2.3. Néron models of Picard schemes. Let f : X — B be a regular pencil,
and d an integer. Recall that a basic characteristic (and a drawback for
various applications) of the Picard scheme Pic? is that it is not separated
over B, if f has reducible special fibers. One way to fix this is to introduce
the Néron model:
N{ := N(Pic? Xx).

The Néron model is a smooth, separated (possibly not proper) scheme
of finite type over B with generic fiber equal to Pic? X, which satisfies a
fundamental mapping property that uniquely determines it. Namely, for

every smooth B-scheme Z each map Zx — Pic? Xk extends uniquely to a
map Z — N{; see [BLR], Def. 1, p. 12.
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The existence of N]‘Zl for any regular pencil f is likely well known. Since
this result is fundamental for our work, but we could not find the precise
statement to refer to, we sketch a proof of it using results in [BLR]. First,
assume that f is local, that is, B is the spectrum of a discrete valuation ring
R. Then there is a Néron model of Pic? Xk over B, which is equal to Picjlc if

f is smooth. Indeed, since Pic? X is a Pic® Xx-torsor, by descent theory we
may assume that R is a strictly Henselian ring; see [BLR], Cor. 3, p. 158.
In this case, f admits a section through its smooth locus, by [BLR], Prop. 5,
p. 47. This section can be used to produce a B-isomorphism Pic;l — Pic(}.
We may thus assume that d = 0. In this case, there is a Néron model of
Pic® Xx over B because Pic® X is an Abelian variety over K; see [BLR],
Cor. 2, p. 16. Furthermore, if f is smooth, Pic(} is an Abelian B-scheme,
whence is the Néron model of Pic® Xx over B by [BLR], Prop. 8, p. 15.
Now, consider the general case. Let U C B be the largest open subscheme
over which f is smooth, and set h := f|;-1). As we saw above, Picﬁf

restricts to the Néron model of Pic? X locally around each point of U.
Then Picg is the Néron model of Pic? X over U by [BLR], Prop. 4, p. 13.
Finally, the local existence of Néron models of Pic? X around each point
of B, and the existence of the Néron model over the dense open subscheme
U C B imply the (global) existence of the Néron model over B, by [BLR],
Prop. 1, p. 18.

Since Pic‘]ic is smooth over B, a first consequence of the mapping property

of the Néron model N}i is the existence of a canonical B-morphism
(2) qr - Picjlc — NJ‘?

which is the identity on the generic fiber.

Assume now that the geometric fibers of f are nodal. Let X be a closed
fiber of f. In the description of the Néron model, and also in our paper,
the following subgroup Tw; X C Pic® X of (isomorphism classes of) distin-
guished line bundles plays an important role:

_ {0x(D)[x : D € Div X with Supp D € X} _

~

Tw; X : Pic? X.

The divisors D appearing above are simply sums with integer coefficients of
the components of X, which are Cartier divisors of X because X is regular.
Line bundles in Tw; X are called twisters. Here is a useful observation:

(3) VT, € Tw; X, T =T < degT = degT’,

where deg denotes the multidegree of a line bundle on X. More precisely,
let X = U]_,C; be the decomposition into irreducible components, then the
multidegree deg L of L € Pic X is defined as deg L := (deg¢, L, . .. ,degc L).

Since twisters are specializations of the trivial line bundle of the generic
fiber, Oy, , all of them must be identified in any separated quotient of Pic(}.
In particular, ¢ (T) = q¢(Ox) for each T' € Twy X.

We shall now identify multidegrees that differ by multidegrees of twisters.
Let v be the number of irreducible components of X, and set

Ax :={degT:T € Tw; X} CZ".
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Define now an equivalence relation
d=d & d—d cAy.

The set of multidegree classes d + Ax with fixed total degree |d| := > d;
equal to d is denoted by A%. Thus

_{dez:ld=a)

on multidegrees by setting

(4) NE

It is well known that Ag( is a finite group, a purely combinatorial invariant
of X, called the degree class group of X in [C94], but known before as the
group of connected components of N}]; see [BLR|, Thm. 1 on p. 274 or [R70],
Thm. 8.1.2 on p. 64. In addition, for each d there are a (noncanonical)
bijection between the set of connected components of NJQ and that of N}l,
and a (nonunique) bijection A} — A% obtained by summing with any
multidegree d with |d| = d.

For each 6 € Agl(, let d be any multidegree representing §, and set

(5) Pic} := Pic} C Picf,

where Pic% parametrizes line bundles with fixed multidegree d on X. The
particular choice of representative d is not important; see [C05], 3.9.

Assume now that f is a regular smoothing of X. At this point we are
able to describe the Néron model of Pic? Xx:

I

[1scnd Pic}
(6) Ng o €05 T
K

where ~g” denotes the gluing along the generic fiber, equal to Pic? Xk; see
[CO05], Lemma 3.10.

Let N;l( denote the closed fiber of Nj‘él. Observe that N}j( is a disjoint
union of finitely many copies of the generalized Jacobian of X: picking a
representative d° for each class é € Agl(, we have

L6
Ng = JJ pic? X.
send

Although the above isomorphism is not canonical, we see that the scheme
structure of NV ;l( does not depend on f. The closed points of N}i( are in 1-1
correspondence with the degree-d line bundles on X modulo twisters. In
particular, for d = 0, we have q]l(qjc((’)x)) =TwrX.

2.4. Néron maps. Let f : X — B be a regular pencil. Let T be a B-scheme,
and £ a line bundle on X7 of relative degree d over T'. Let pp : T — Pic?
be the moduli map of £, defined in 2.2. Consider the composition:

fi : T 5 Pict 2L N

We call fiz the Néron map of L. Notice that £ is certainly not determined
by its Néron map, not even modulo pullbacks of line bundles on T'. In fact,
if D C X is a Cartier divisor entirely supported on a closed fiber of f, then
L ® Ox,(Dr) has the same Néron map as £, because N}i — B is separated.
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2.5. Abel-Néron maps. Let us recall the precise definition of the Abel map
of a smooth curve, using the set up of [GIT], Section 6, pp. 118, 119.

Let h : C — S be a smooth curve over a scheme S, i.e. a smooth morphism
whose fibers are curves. For each integer d > 1, let Cg be the d-th fibered
power of C over S. There is a canonical S-morphism

Cflg — Picﬁ
(7) d
C>(p1,---,pa) +— Oc,(p1+ - +pa)

defined over each s € S by taking a d-tuple of points of the fiber Cs to the
line bundle associated to their sum, which we shall call the d-th Abel map
of h. Recall that the above map is the moduli map of a natural line bundle
on Cg x g C, namely the one associated to the Cartier divisor Z‘f S;, where
each 5; is the image of the i-th natural section o; of the first projection
Cg xgC — Cg, given by

(8) oi(p1,---,pa) = ((p1,-- -, Pd); Pi)-

We may apply this construction to a regular pencil f : X — B. First of
all, since X is smooth over K, we may consider the d-th Abel map of Xx:

(9) ol s Xt — Pict X

The above map extends to a map X g — Pic?. Indeed, the extension is
the moduli map of the line bundle associated to the Cartier divisor E? of
Xg xp X, where E? is the sum of the images of the d natural sections
o1,...,04 given by (8) of the first projection Xg xg X — Xg. Composing
with the map ¢y of (2), we obtain the Néron map of OngBX(Ed) (see 2.4),

which is also an extension of a4
The first simple but crucial observation is the following (well-known) fact:

Lemma - Definition 2.6. Let f : X — B be a reqular pencil. For each
integer d > 1 there exists a unique morphism, which we call the d-th Abel-
Néron map of f,

N(a%) : X — N(Pic? Xx) = N¢

whose restriction to the generic fiber is a%. The map N(ajl() s the Néron
map of OngBX(Ed+D) for every Cartier divisor D of Xg X g X supported

on any finite number of closed fibers of Xg xXp X — B.

Proof. The existence and uniqueness of an extension of a4 is a straightfor-
ward consequence of the Néron mapping property, [BLR], Def. 1, p. 12:
since Xg is smooth over B and has generic fiber X Ido the Abel map og(
admits a unique extension N(af) : X¢ — N(Pic? Xx).

Since also the Néron map of OXgXBX(Ed + D), for any D as described in
the lemma, extends aﬁl(, the last statement follows from the fact that N}l is
separated over B. |



3. ABEL MAPS TO BALANCED PICARD SCHEMES

We want to give a modular interpretation of the Abel-Néron maps and,
at the same time, study the problem of completing them. To do this we shall
use some results of [C05], where Néron models are glued together over the
moduli space of stable curves and are endowed with a geometrically mean-
ingful completion. Our moduli problem is centered around Definition 3.2
below. First, we recall a few concepts.

3.1. Let X be a nodal curve of arithmetic genus g > 2. Denote by wx its
canonical, or dualizing bundle. For each proper subcurve Z C X, always
assumed to be complete, let Z' := X N\ Z and kz := #Z N Z'. Also, let
wyg = degywx. If Z is connected, denote by gz its arithmetic genus, and
recall that

(10) Wz :292—2+kz,

a well-known identity that can be proved using adjunction.

We call X semistable (resp. stable) if kz > 2 (resp. kz > 3) for each
smooth rational component Z of X. Those Z for which kz = 2 are called
exceptional. A semistable curve is called quasistable if two exceptional com-
ponents never meet each other. If X is semistable, then it has a stable model,
that is, a stable curve X and a map X — X contracting all exceptional com-
ponents. We may also say that X is semistable over X.

If X is semistable, it follows from (10) that wz > 0 for each subcurve
Z C X, with equality if and only if Z is a union of exceptional components.

A family of semistable (resp. stable, resp. quasistable) curves is a flat,
projective map f : X — B whose geometric fibers are semistable (resp.
stable, resp. quasistable) curves. A line bundle of degree d on such a family
f X — Bis aline bundle on X whose restriction to each fiber has degree d.

Definition 3.2. Let X be a semistable curve of arithmetic genus g > 2,
and let L € Pic? X.

(i) We say that L and its multidegree deg L are semibalanced if for each
connected proper subcurve Z C X the Basic Inequality below holds:

(1) m(d) < deg L < My(d),
where
dwy ko
Mz(d) := —
2(d) 2g—2 2
and

my(d) = Mz(d) — kz if Z is not an exceptional component,
2% =% 0 if Z is an exceptional component.

(ii) We call L and deg L balanced if they are semibalanced and if for each
exceptional component £ C X we have

degp L = 1.

(iii) We call L and deg L stably balanced if they are balanced and if for
each connected proper subcurve Z C X such that deg, L = mz(d) the
complement Z’ is a union of exceptional components.
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(iv) We denote by B% the set of balanced multidegrees on X, and by B‘}( the
subset of stably balanced ones (in [C05] B denotes the semibalanced
multidegrees).

(v) A line bundle (of degree d) on a family of semistable curves is called
semibalanced (balanced or stably balanced) if its restriction to each
geometric fiber of the family is.

Remark 3.3. Definition 3.2 is 4.6 of [CO05], which originates from [C94],
Section 3.1 and from [CCCO04], 5.1.1. There the Basic Inequality is
dwz kj
29 —21— 27
and the extra condition for when Z is an exceptional component is imposed
separately. For convenience, we presented a set of inequalities, (11), that
includes the exceptional cases. Abusing the terminology, we still call (11)
the Basic Inequality.

We mention some basic, useful consequences of the definition.

(A) If X is stable, then (i) and (ii) coincide, i.e. a semibalanced line bundle
is always balanced.

(B) There can only exist a balanced line bundle on a semistable curve X if X
is quasistable. Indeed, let Z C X be a connected chain of exceptional
components. If L is a semibalanced line bundle on X, then L has
degree 0 on every component of Z but possibly one, where L may have
degree 1. However, if L is balanced, L cannot have degree 0 on any
component of Z. Then Z = P! and deg, L = 1.

(C) To check whether L is semibalanced it is enough to check whether
deg, L > my(d) for every connected proper subcurve Z C X, and
deg, L > 0 if Z is exceptional. Indeed, let Z be such a subcurve, and
let Y7,...,Y, denote the connected components of Z’. By hypothesis,

degy L —

d’u}y. ky.
L> : > L =

for each ¢. Since ky, + --- + ky, = kz = kz, summing up the above
inequalities we get

dwzy  k
deg, L > Wz fZ
2g—-2 2

Now, since deg, L + degy L = d and wz + wz = 29 — 2, we get

del kl dU)Z kl
20—2 2 2g—2 2

deg, L =d—deg, L <d-—

3.4. In [CO5], Lemma 4.4, it is proved that each multidegree class has a
semibalanced representative. More precisely, fix an integer d, and let X be
a stable curve. Recall the notation in (4) and 3.2 (iv). Then Lemma 4.4
of [CO5] implies that the natural map below is surjective (square brackets
denoting classes):
BY — A%
d ~ |[d

We shall say that X is “d-general” if the map (12) is bijective; see Defi-
nition 3.6 below

(12) [...]:
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3.5. The moduli problem for balanced line bundles was introduced and
studied in [C94] to compactify the universal Picard scheme over M,. That
compactification was constructed as a GIT-quotient. We do not need to
recall all the details of this construction here. However we shall recall that
there are morphisms

Hy ™% Hy/G 24 3,

where H, is an open subscheme of a suitable Hilbert scheme, acted upon
by an algebraic group G, the map my is a GIT-quotient map, and ¢4 is a
surjective, projective morphism. The quotient scheme H;/G, denoted by
P, 4, is integral and projective. The fiber of ¢4 over a general smooth curve
X is exactly Pic? X; see [C94], Thm. 6.1.

Denote by U C Py, ¢ the nonempty open subscheme over which 7, restricts
to a geometric GIT-quotient, i.e. all fibers over points in U are G-orbits,
and all stabilizers are finite and reduced.

Definition 3.6. Let X be a stable curve of arithmetic genus g > 2. We say
that X is d-general if any of the following equivalent conditions hold:

(i) ¢;'(X) C U.

(ii) The class map (12) of 3.4 is bijective.

(iii) Every balanced line bundle on X is stably balanced, i.e. B% = B%.

The equivalence of these three conditions follows from [C94] Lemma 6.1.
It is known that all stable curves of genus g are d-general if and only if
the integers d and g satisfy (d — g+ 1,29 — 2) = 1; see [C94], Prop 6.2.

3.7. We need to recall when two semibalanced line bundles are defined to be
equivalent. Let X be a stable curve, and X; and X, two semistable curves
having X as stable model. For each ¢ = 1,2 let L; be a semibalanced line
bundle on X;. Let Y; be the semistable curve obtained by contracting all
exceptional components of X; where L; has degree 0. Then there is a unique
line bundle M; on Y; whose pullback to X; is L;. Since L; is semibalanced,
M; is balanced and Y; is quasistable. Let F; C Y; be the union of all the
exceptional components of Y;, and let Y; := F/, the complementary subcurve
of F; in Y;. Then Ly and Lo are equivalent if there is an isomorphism
Y1 — Y5 such that Ml‘?l o Mg]g under the identification given by it.
Notice that M; is equivalent to L; for ¢ = 1, 2.

Thus, every equivalence class includes always a balanced line bundle N
on a quasistable curve Y. The quasistable curve Y is unique, but NV is not.
What is unique is the restriction of N to Y, the complementary subcurve
of the union F' of all the exceptional components of Y. The quasistable
curve Y and N|; determine the equivalence class. The restriction N|p
is also unique, since a balanced line bundle must have degree 1 on every
exceptional component. So, our equivalence relation disregards the gluing
data of the bundles over the points in Y N F.

If X — B is a family of semistable curves, then two semibalanced line
bundles £; and Lo on X — B are called equivalent if and only if their
restrictions to every geometric fiber of X — B are equivalent in the sense
explained above.
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Let d and g be integers, with ¢ > 2. Assume first that d — g + 1

and 2g — 2 are coprime, so that every stable curve of arithmetic genus g
is d-general. Then the construction summarized in 3.5 can be improved,
by considering stacks. More precisely, there exist two (modular) Deligne—
Mumford stacks fdg and Py 4, each one equipped with a natural, strongly

representable morphism to Mg. (To tie in with 3.5, we mention that fd,g
is the quotient stack [H;/G|.) The following properties hold; see [CO05],
Section 5 for details:

(A)

(B)

(©)

For each (d-general) stable curve X, denote by Pj‘l( and Pij'g the fibers
of Py 4 and fd,g over X. Since Py, and ﬁd,g are strongly representable

over M,, both Pf( and Pifé are quasiprojective schemes.
The first, Pj‘é, is the fine moduli scheme of degree-d balanced line

bundles on X. The second, Pj‘g, is the coarse moduli scheme of equiva-
lence classes of degree-d semibalanced line bundles on semistable curves
having X as stable model; see 3.7. Actually, P)d( is not far from being
a fine moduli scheme; see (C) below.

Pj‘é lies naturally inside Pj‘é as an open and dense subscheme.
Let f: X — B be any family of (d-general) stable curves of genus g,
and consider the schemes

P}:=Bxy; Pag and Pfi=Bxy Pay.

(That these are indeed schemes follows, again, from the fact that the
maps Py, — My and Py, — M, are strongly representable.) We have

a natural inclusion P}i C PJ‘Z. An explicit description of P¢, for when

f is a local regular pencil, is (13) below. As for P}i, the following fact
holds: to each triple (T,) — T, L) where T' is a B-scheme, ) — T is a
family of semistable curves having fr : Xr — T as stable model, and £
is a semibalanced line bundle of degree d on Y — T, there corresponds
a moduli map

fic: T — Pf,
taking each geometric point ¢ of T' to the equivalence class of the re-
striction of £ to the (geometric) fiber of ) over t. We call jis the
moduli map of L.
The image of iz is contained in PJ‘él if and only if £ has degree 0 on

every exceptional component of every geometric fiber of ) — T
The scheme P¢ is a fine moduli scheme; see [C05], Cor. 5.14 and

Rmk. 5.15. Also, iji is not far from being a fine moduli scheme. In fact,
it is endowed with a quasiuniversal pair (Z — Fﬁ, N), where Z — Ff

is a family of quasistable curves having f57 : X5z — PJEI as stable
f f o
model, and A is a balanced line bundle of degree d on Z — P]?l that
has a role similar to that of a Poincaré bundle. Indeed, for each triple
(T,Y — T, L) where T is a B-scheme, Y — T is a family of semistable
curves with stable model fr : Xr — T, and £ is a semibalanced line

bundle of degree d on ) — T, there is a map ) — Z such that the
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diagram of maps below is commutative,
y— z

T . i
and such that £ is equivalent to the pullback of N to Y; see 3.7. (The
map )V — Z is certainly not uniquely determined, which is why we
call the pair (£ — P]‘f,./\/' ) quasiuniversal.) Furthermore, if Y — T
is a family of quasistable curves, and L is balanced, then the map

Y — Z can be chosen such that the above diagram is a fibered product
diagram.

Remark 3.9. If (d — g+ 1,29 — 2) # 1, almost everything in 3.8 works over
the open subset of Mg parametrizing d-general stable curves. For a proof,
it suffices to argue exactly as for Theorem 5.9 in [C05], after replacing M,
with the substack of d-general curves, and the stacks Py 4 and fdg with the
corresponding substacks (over d-general curves).

The only assertion in 3.8 that does not hold is the existence of a “Poincaré”
line bundle, in (C), which will never be used in this paper.

We are ready to go back to the study of Abel maps.
Theorem 3.10. Let f : X — B be a regular pencil of d-general stable

curves. Then there exists a canonical map
oz‘]ic L xt— P]‘ci
which restricts to the d-th Abel map on the generic fiber.

Proof. We may glue local extensions of the d-th Abel map of Xx because
they are unique. Thus we may assume f is local; let X be the closed fiber
of f. In this case, the explicit description of P]‘cj is (see [CO5], Cor. 5.14)

. d
B HQGBBi( Ple
-

(13) Py —
K

where, as in 2.3, “~g” means gluing over the generic fiber.

As we know from (6) in 2.3, N J‘f is described in a very similar way. Indeed,
by [C05], Thm. 6.1, we have a canonical isomorphism

d d = d
To describe it precisely is straightforward: for each d € Bgl( the restriction
of e‘]ic to Pic% is the natural isomorphism

Pic} — Picf) ¢ N,
restricting to the identity on the generic fibers. The isomorphism e‘]ic is

completely described because, since X is d-general, the class map B;i( — A‘)Z(
is bijective, by Definition 3.6. To conclude, use Lemma 2.6 and (14) to define
a? = (6‘})_1 o N(a%). [
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We call ajlc the d-th Abel map of f. The natural problem now is to describe
a? as the moduli map of a balanced line bundle on 7 : X xp X — x°
Since Pff is a fine moduli scheme, this should be possible. In fact, the
proof of [C94], Prop. 4.1, p. 621, can be used to produce an algorithm for
determining the necessary twisters we need to tensor O ya, . »(E?) with to
get the balanced line bundle.

However the explicit description of this line bundle turns out to be difficult
to find in general. In Section 4 we will give it for d = 1. And in the next
subsection, 3.11, we will give it for every d in a special case.

3.11. Two-component curves. Let X be a stable curve with only two irre-
ducible components, C1 and Cy. Let g be the arithmetic genus of X and
d:=#C1 N Cy. Set (see 3.2)

m = [mc, (d)] = "2(%;”_012 h gl

where [x] denotes the ceiling of a real number z, that is, the smallest integer
not smaller than z. The set B;i( of balanced multidegrees of X satisfies
(15) B 2 {(m,d—m),(m+1,d—m—1),...,(m+86—1,d—m—5+1)},
with equality if and only if m¢, (d) is not integer, if and only if X is d-general.

For each integer a define r(a) to be the integer determined by the following
two conditions:

0<r(a)<d and a—m=r(a) mod .

Using this notation we have:
Proposition 3.12. Let X be a stable curve with exvactly two irreducible

components, C1 and Co. Let § := #C1 N Cy. For each reqular smoothing
f: X — B of X, let

d
LD = Oy (B +D amér(a)c;l xCitx Cy)
a=0

where, abusing notation, we view
CixCyoxCrcXixXcxixpXx
as a Cartier divisor of X% x g X, by restriction. Then L@ is balanced on

fra: X xg X — XL Furthermore, if X is d-general, then the d-th Abel
map ajlc i P]Cf is the moduli map of L@,

Proof. Since each C{ x C’g_a x (1 is supported over the closed point of B,
the line bundle £(? coincides with O Fdx X(Ed) over the generic point of

B. This implies that £(® and O;\?deX(Ed) have the same Néron map.

If X is d-general, ajlc is defined and coincides with the Néron map of
O/\?deX(Ed) on Xgt. On the other hand, if the line bundle £(? is balanced
on7:X%xp X — X there is an associated moduli map fipy - xd — P}l
by 3.8 (B). Since fiy@) coincides with the Néron map of LD on X;‘é, it
follows that fi,) = oz;lc. Thus, it suffices to prove that £ is balanced.
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To verify this, we must compute the multidegree of the restriction of £(%)
to every singular fiber of 7 : X% x X — X%, Of course, all singular fibers
lie over X% So, let p € X9 and denote by X, the fiber 77!(p). The
point p determines a unique pair of nonnegative integers (ag, by) such that
ap+ by = d and p € C% x C%°. Then, identifying X, with X in the natural
way,

(16) (Ed . Cl, Ed . CQ) = (ao, bo) = (CL(), d— ao).

To compute the intersection degrees with C; and Cs of the remaining sum-
mands defining £(9), notice first that, since p € C7° x CSO, the only nonzero
degrees come from the summand indexed by a = ag. Now, using

(Cf0 x O x Cy) - (C1,C%) = (=4, 6)
and (16), we get
degy, £ = (deg £9|¢,, deg £V|¢,) = (m + r(ag), d —m — r(ao)),
which is balanced because 0 < r(ag) < 9; see (15). [ |

Example 3.13. Let X be a “split” curve of arithmetic genus g, that is,
X = CLUCy with C; 2 P! and #C1NCy = g+1. Then, for eachd=1,...,g
and any reqular smoothing f : X — B of X, the map a‘]ic is the moduli map

of OdeBX(Ed)' In particular, given p1, . ..,pq € X we have, independently

of f, ;
a$(p1,-- - pa) = Ox(p1 + -+ pa)

A split curve is d-general if and only if d = ¢ mod 2. Actually, the
conclusion of Example 3.13 is valid regardless of X being d-general, because
at any rate OdeBX(Ed) is stably balanced on fy.4.

Remark 3.14. The case of split curves is in a sense special. In general, we
should expect the restriction ajcl\ a Of the d-th Abel map of Proposition 3.12
to depend on the choice of smoothing f. For a simple concrete example of
this dependence, consider the case d = 2 and § = 2. Then X is stable and
2-general if Cy and Cy have distinct positive arithmetic genera. Indeed, X
is stable because the genera of C'y and C5 are positive. Moreover, since they
are distinct, we, /(g — 1) is never an integer, for any ¢ = 1,2. So the Basic
Inequality is always strict, and hence X is 2-general.

Suppose C; has smaller genus. Then m = 0, and thus (0) =0, r(1) = 1,
but 7(2) = 0. Let p, ¢ € C; ~ C1 N Csy. Then

at(p,q) = Ox(p+ q) ® Ox(Ch)|x-
Now, as f varies through all smoothings of X, the restriction Ox(C1)|x

varies through all line bundles restricting to O¢, (—r1 —r2) and O¢, (11 +72),
where 71 and ry are the nodes of X. So afc (p, q) depends on the choice of f.

Denote by Eg the locus in Mg of curves that are not d-general. Then Eg
is a proper closed subset of Mg; in fact, with the notation of 3.5, Eg is the
image via ¢4 of the complement of U. As we mentioned in 3.5, Eg is empty
if and only if (d — g+ 1,29 — 2) = 1. Since the rest of our paper is devoted
to Abel maps for d = 1, we conclude this section by describing the locus of
curves that are not 1-general.
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Proposition 3.15. Let g > 2.
(i) If g is odd then E}J is empty.
(ii) If g is even then Z}] is the closure in M, of the locus of curves X
such that X = C1UCy, with Cy and Coy smooth of the same genus and
#C1 N Cy odd.

Proof. If g is odd then
(l-g+1,29-2)=(9—2,9—-1) =1
So Part (i) follows; see 3.6.

For Part (ii), let X be a stable curve. Suppose first that X has the
description given in (ii). Then

where ¢ := k¢, = kc,. So X is in Zé. Since Z; is closed in M, it contains
the closure of the locus defined in (ii).

Suppose now that X is in Z}J, i.e. there is a line bundle L on X such
that deg L € B}( ~ B}( Then there is a connected, proper subcurve Z C X
such that either myz(1) or Mz(1) is equal to deg, L. Then both mz(1) and

Myz(1) are integers. Thus

17 — 4+ —€Z
(17) - T
where w := degwx = 29 — 2. Now, since X is stable,
(18) 0< 2 <1,
w

In particular, % is never an integer, and thus (17) implies that kz is odd.
Since ky is odd, (17) and (18) immediately yield 2 = 1.

If Z' is connected, then, since % = % as well, we have gz = gz/. Since
both Z and Z’ are limits of smooth curves, X lies in the closure of the locus
described in (ii).

Thus it remains to show that Z’ is connected. Let Zi,...,Z], be the
connected components of Z’. Notice that

(19) kZi"‘"’""kZ;n =ky =kg.
Suppose by contradiction that m > 1. Then

20 0< — <=
(20) -

for each i. Since deg L € B, we have

wy kg wy kg
1 1 < d , L < 1 1
2 Bz H = w + 2

w
for each i. Using (20), we get

11—k ko
7 <degy, L < 22’

for each i. Summing up, and using (19), we get

m—ky ko
B S degZ/ L S ?
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Now, since deg . = 1, we must have

2—kg

2—m+k:Z
5 .

Suppose first that deg, L = Mz(1), that is, deg; L = (1 + kz)/2. Then
(21) implies 1 + kz <2 —m + kz, and hence m < 1, a contradiction.

Finally, suppose deg, L = myz(1), that is, deg, L = (1 — kz)/2. Then
(21) implies 2 — kz < 1 — kz, a contradiction as well. [ |

(21) <degz L <

4. GEOMETRIC INTERPRETATION OF THE FIRST ABEL MAP

The following diagram represents the families we shall deal with in this
section, starting from a regular pencil of stable curves f: X — B:

C

X xpX X2 X
| S

. c =

X X Py,

where 7 is the projection onto the first factor.

We denote by A C X EQ; the diagonal. Its restriction to X x g X is a Cartier
divisor. Denote by Oy,  1(A) the associated line bundle. We may view
Oy ,x(A) as a family of degree-1 line bundles on the fibers of 7. Recall
that the first Abel map of the generic fiber of f is the moduli map of the
restriction of Oy, 1 (A); see 2.5. We want to interpret the first Abel map
a}, defined in Theorem 3.10, as the moduli map of a balanced line bundle
on 7, which will necessarily be a (possibly trivial) twist of O3, 3 (A).

In fact, we shall see that Oy, 1 (A) fails to be balanced over points of a
singular fiber X of f only if X has a separating node. To fix this, we will
tensor O Fx g +(A) by twisters supported on so-called “tails”.

We need a few preliminary results which hold for any curve X, possibly
having singularities other than nodes. For the sake of future applications
of the techniques developed in this paper, from now until 4.5, and in 4.8,
4.11 and 4.13, we shall be in this more general situation, i.e. X will be any
(reduced, connected and projective) curve over an algebraically closed field.

Let r be a node of X and X/ — X be the normalization of X at r only.
If X is not connected, r is called a separating node of X.

Definition 4.1. Let X be a curve of arithmetic genus g. A proper subcurve
@ € X will be called a tail of X if @ intersects the complementary subcurve
@' in a separating node r of X. We say that Q is attached to r or that r
generates Q. A tail @ of X will be called small if go < ¢g/2 and large if
90 > g/2. Let

Q(X) :={Q C X : Q is a small tail of X}.
If X has no separating node, for instance if X is smooth, then Q(X) = (.

If r is a separating node of X, then X has two connected components,
isomorphic to the two tails generated by r; hence every tail is connected.

For every tail @ C X we have that g = gg + go/. So, at least one of the
two tails attached to a separating node has arithmetic genus at most g/2.
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If the curve X is stable and 1-general, it follows from Proposition 3.15 that
no tail of X can have genus equal to ¢g/2, or in other words that every tail
of X is either small or large.

Remark 4.2. Let r be a separating node of X generating the tails () and
Q'. If Z C X is a connected subcurve not containing 7, then Z is entirely
contained in either @ or Q.

Lemma 4.3. Let X be a curve and Q1 and Qs two tails of X. Then
QUR2=X or QiNQ2=0 or Q1 CQ2 or Q2C Q1.
Proof. For each i = 1,2 let r; be the separating node of X generating Q;. If
r1 = 7o then either Q1 = @Y, and hence Q1 U Q2 = X, or Q1 = Q2. So we

may assume that ry # ro.

Thus r1 & Q2 or r1 € Q). Suppose first that 1 € Q2. Since Q2 is
connected, either Q2 C @1 or Q2 C @) by Remark 4.2. If Q2 C Q] then
Q1NQ2 CQ1NQAY ={r}, and hence Q1 N Q2 = () because 1 & Q2. So

either Qo C Q1 or Q1 NQ2 =10
The case where r; ¢ @ is treated similarly. In this case, either Q} C @,

and hence Q1 C Q2, or Q) N Q5 =0, and hence Q1 U Q2 = X. [ |

Lemma 4.4. Let X be a curve, and @Q a tail of X. Then, for any two line
bundles L1 on Q and Lo on @Q', there is, up to isomorphism, a unique line
bundle L on X such that L|g = L1 and L|g = L

Proof. Let r be the separating node of X to which @ is attached. For each
isomorphism p : L1y — Lal{ry, let L be the kernel of the composition

G L1 ® Ly — Li|(y @ Lalgry == Loy,
where fi := (—u,1). Since ¢, is surjective, L # L1 @ Lo. Also, since p is an
isomorphism, L # Li(—r) @ Ly and L # Ly ® La(—r). Since r is a node of
X, it follows that L is a line bundle, and L|g = L; and L|g = L

Conversely, if N is a line bundle on X for which there are isomorphisms
1: N|lg — Li and Ay : N|g — Lo, then N is the kernel of ¢,, where

1= oy 0 A gy

Finally, if 4’ : L1y — La|(yy is another isomorphism, the kernel of ¢, is
carried isomorphically to the kernel of ¢,/ by the automorphism

(a,1): L1 @& Ly — L1 & Lo,

where a is the unique scalar such that p = ap’. |
4.5. Twisters on tails. Let X be a curve. By Lemma 4.4, for each tail @) of
X there is a unique, up to isomorphism, line bundle on X whose restrictions
to @ and Q" are Og(—r) and Og(r), where 7 is the separating node of X

generating (). Denote this bundle by Ox(Q).
For each formal sum ) ag@ of tails Q with coeflicients ag € Z, set

Ox(XaqQ) = Q) Ox(Q)*2.

If X is a nodal curve, and a closed fiber of a regular pencil f : X — B, then

(22) Ox (2 aQQ)lx = Ox (3 aqQ)-
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So twisters supported on tails do not depend on the chosen reqular pencil.
To check (22) it is enough to observe that, for each tail @ of X, since

Ox(Q)lg = Og(—r) and Ox(Q)lq = Oq(r),
Lemma 4.4 implies that Ox(Q)|x = Ox(Q).

To state the main result of this section we need some notation, similar to
the one used in Proposition 3.12. Let f : X — B be a regular pencil. Let
Z be a subcurve of X, where X C & is a singular fiber of f. Then 7 is a
divisor of X. Now, the restriction 7z of the first projection 7 : X é — X
over Z is the trivial family

XEDOZx X% 7

Thus, for any other subcurve Z; C X, the product Z x Z; can be viewed
as a Weil divisor of X f?. Now, since the open subscheme X xg X C X 123 is
regular, the restriction of Zx 7 to it is a Cartier divisor. Let Oy, 1 (ZXZ1)
denote the associated line bundle. Using this notation, we have an explicit
description of the map a} c X — P} defined in Theorem 3.10.

Theorem 4.6. Let f : X — B be a reqular pencil of stable curves. Then
the line bundle

0 =0y ,x(0+ Y @xQ).
beB

QeQ(Xp)

is balanced on 7 : X xg X — X. Furthermore, assume that the fibers of f
are 1-general. Then the following two statements hold.

(i) The morphism a}c L X — P} is the moduli map of L),
(ii) If M is a balanced line bundle on 7 : X xpX — X having a} as moduli
map, then M = LY up to pullbacks from X.

Remark 4.7. But for Part (ii), the theorem generalizes to curves that are
not 1-general. See 5.10 and Remark 5.13.

Proof. The divisor Y @ x @ is entirely supported on a union of closed fibers
of X xp X — B. By Lemma 2.6, the Néron maps of L) and O(A) are
equal. Now, if the fibers of f are 1-general, 04]1( agrees with the Néron map
of O(A) on Xg. On the other hand, if £(Y) is balanced on 77 : X xp X — X,
there is an associated moduli map fi,) : X — Pf1 by 3.8 (B). Since fi,a)
coincides with the Néron map of L) on Xy, it follows that fipa)y = oz]lc.
Thus, to prove Part (i) it is enough to prove that £() is balanced on 7.

To prove Part (ii), it is also enough to show that £(1) is balanced, since
P} is a fine moduli scheme; see 3.8 (C).

Let us now prove that £(1) is indeed balanced. We need only check this
on each singular fiber of f, whence we may assume f is local. Let X be the
closed fiber. It suffices to consider the singular fibers of the first projection

ﬁ:XXBX—>X,
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which are all isomorphic to X. Let p € X be a nonsingular point, and set
L == £0], 1. Then

(23) L =0x(p)@0x( > Q).
QeQ(X)
PEQ
We conclude by Lemma 4.9 (ii), observing that, since X is stable, a semibal-
anced line bundle on X is necessarily balanced; see 3.3 (A). |

The next two lemmas are needed to finish the proof of Theorem 4.6.

Lemma 4.8. Let X be a curve, and Z a connected, proper subcurve. Let

(24) Q1 CQ2C - CQn1CQn
be a chain of tails of X, and let r; be the separating node of X generating
Q; for eachi=1,...,n. Then

-1 S degZ OX(Z Qz) S 1.

Furthermore, the extremes are attained if and only if there is a unique j
such that rj € ZNZ'. In this case, the lower bound is attained if Z C Q;,
and the upper bound is attained if Z C Q;.

Proof. If r¢y ¢ Z for any £ = 1,...,n, then deg, Ox(> Qi) = 0. Sup-
pose now that Z contains at least one 7. Let ¢ and j be the smallest and
greatest integers such that r; € Z and r; € Z, respectively. Since Z is con-
nected, Z contains as well all the irreducible components of X containing
Titl,...,7j—1. In particular, rp ¢ ZNZ' forany ¢ =i+1,...,5 — 1.

If ZNZ' contains both r; and r; or neither of them, deg, Ox (> Q;) = 0.
If ZN Z' contains r; but not r;, then deg, Ox(>-Q;) = 1 and Z C Q..
At last, if Z N Z' contains r; but not r;, then deg, Ox(>°Q;) = —1 and
Z CQj. |

Lemma 4.9. Let X be a semistable curve, and p a nonsingular point. Then
the following two statements hold.

(i) The line bundle Ox(p) is semibalanced if and only if p does not belong
to any small tail of X.
(ii) The line bundle

LM = 0x(p) 2 Ox( > Q)

QREQ(X)
PeEQ

is semibalanced.

Proof. The “if part” of (i) is a consequence of (ii), as the sum of tails in (ii)
is zero when p does not belong to any small tail. As for the “only-if part”,
recall from 3.1 that

(25) wyz =29z —2+kz
for every connected proper subcurve Z C X. In particular,
(26) wg < g — 1 for every small tail @ of X.
So, if p is contained in a small tail @), then

Mg(1) <1 =degg Ox(p).
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Hence the Basic Inequality (11) is not satisfied for Q. So Ox(p) is not
semibalanced.

We need only prove (ii) now. First, since X is semistable, wz > 0 for
every subcurve Z C X; see 3.1. As a consequence,

(27) wyz, < wg, for all subcurves Z; and Z, of X with Z; C Z,.

Let @Q1,...,Q, be the small tails of X containing p, and ry,...,r, their
generating nodes. Since wg, +wg; < 29 — 2 by (26), we have Q; U Q; # X
for each 7 and j. By Lemma 4.3, up to reordering, we may assume that

Q1 CQ2C - CQu1CQn

Let N := Ox(>_1 Qy); so Lj(gl) = Ox(p) ® N. Let Z be any connected,
proper subcurve of X. Then deg, N > —1 by Lemma 4.8, and hence
deg, Lél) > —1. As pointed out in Remark 3.3 (C), we need only show
that deg, L;l) > myz(1), and deg, L;l) > 0 if Z is exceptional.

First, suppose deg, N = —1. By Lemma 4.8, there is j such that r; € Z
and Z C Q;. By (26) and (27),

(28) wz Swg,; <g-—1,
and hence mz(1) < 0. Thus, if p € Z,
degy LV = 0> mz(1).

Suppose p € Z. Then Z # Q. Since rj € Z, either kz > 3 or Z is a tail of
Q;. Now, if Z were a tail of (), then @); \ Z would be a tail of X contained
in Q;, whence a small tail. Since p € Q; \ Z, we would have Q; ~\ Z = Q;
for some ¢ < j, or Z = Q; ~ Q;. But then deg; N = 0, a contradiction.
Thus kz > 3. In particular, Z is not an exceptional component of X. It
follows now from (28) that mz(1) < —1, and hence

degy ngl) > —1>myz(1).

Second, suppose deg, N > 0. Then deg, Lél) > 0. By (27) we have that
wyz <wx = 2g — 2. So, if Z is not a large tail of X, then mz(1) < 0, and
hence

deg Lgl) >0>mgz(1).
On the other hand, suppose that Z is a large tail. At any rate, mz(1) < 1/2.
Thus, if p € Z,

(29) degy LV > 1> 1/2 > my(1).

Finally, suppose p € Z. Then p lies on Z’, which is a small tail of X. Thus
7" = Qj for some j, and hence Z = Q. It follows that deg, N = 1, and
hence (29) holds as well. [ |

Let X be a 1-general stable curve. Let X := X ~ Xsing. For any regular
smoothing f of X, let

ak = a}|X:X — PL.

The notation is not ambiguous by the following consequence of Theorem 4.6.
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Corollary 4.10. Let X be a I1-general stable curve. Then a}( does not
depend on f. In fact, for each nonsingular point p € X we have

ak(p) =0x(p) @ Ox( Y Q).
QEQ(X)
PEQ
Proof. The expression of ak(p) follows from (23) in the proof of Theo-
rem 4.6. By 4.5 the map aﬁ( does not depend on f. |

If X s free from separating nodes then ol is injective. This follows
immediately from Lemma 4.13 below. The same lemma will be used in the
proof of Proposition 5.9, a more general and precise statement. For the
lemma and the proposition, the definition below is used.

Definition 4.11. Let X be a curve. A rational, smooth component C of X
is called a separating line if C' intersects X ~\. C' in separating nodes of X.
More generally, a connected subcurve Z C X of arithmetic genus 0 is called
a separating tree of lines if Z intersects X \ Z in separating nodes of X.

4.12. Let X be a curve, and Z C X a proper connected subcurve such
that Z intersects X \ Z in separating nodes of X. Then the connected
components of X \ Z are tails of X. In addition, if r is a separating node
of Z, then r is a separating node of X.

A curve of arithmetic genus 0 is a curve of compact type, i.e. a nodal curve
with every node separating, whose irreducible components are smooth and
rational. So, if Z is a separating tree of lines, every node of Z is a separating
node of Z, and hence of X. It follows that every connected subcurve of Z
is also a separating tree of lines. In particular, every irreducible component
of Z is a separating line.

We shall later need the following lemma.

Lemma 4.13. Let X be a curve, and p and q distinct nonsingular points of
X. Let C C X be the irreducible component containing p. Then there is an
isomorphism Ox (p) = Ox(q) if and only if C' contains q and is a separating
line of X.

Proof. Assume first that C contains ¢ and is a separating line of X. Since
C' is smooth and rational, O¢(p) = Oc(q). We may thus assume C' # X.
Since C' meets C’ := X \ C in separating nodes, applying Lemma 4.4 a
few times, we can show that a line bundle on X is uniquely determined
by its restrictions to C' and to C’. Since Ox(p) and Ox(q) restrict to
isomorphic line bundles on C' and to the trivial line bundle on C’, it follows
that Ox(p) = OX((]).

Conversely, suppose Ox(p) = Ox(q). Since Ox(p) has degree 1 on C,
so has Ox(q), and hence ¢ € C as well. Now, since Ox(p) = Ox(q), in
particular O¢(p) = Oc(q). Since p # g, it follows from [AK], Thm. 8.8,
p. 108 that C = P

If C = X we are done. Suppose thus that C' # X, and let C' := X \ C.
Also, suppose by contradiction that C N C” is not made of separating nodes
of X. Then there is a connected subcurve Z C C’ such that C N Z is a
scheme of length at least 2.
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Since X is connected, the restriction 7 : HO(X, Ox(p)) — H°(C, Oc(p)) is
injective. But it is not surjective. Indeed, if a nonconstant o € H(C, O¢(p))
could be extended to ¢ € HY(X,Ox(p)), then & would have to be constant
on Z and hence o would be constant on C' N Z. Since C = P!, this is
impossible, o being a nonconstant section of Op1(1) So 7 is injective, but
not surjective, and hence h%(X,0x(p)) = 1. Since Ox(p) = Ox(q), it
follows that p = ¢, an absurd. |

5. COMPLETING THE FIRST ABEL MAP

The main result of this section is Theorem 5.5. We shall prove it first in a
simpler case in Proposition 5.2, where we have a neater statement concerning
the modularity, see 5.3.

As in Section 4, certain basic results of this section hold in more generality
for curves having singularities other than nodes. Apart from the notation
set in 5.1 below, these results are concentrated in 5.4.

5.1. Fix a nodal curve X. For each node r € X, let v, : X/ — X be the
partial normalization of X at r, and denote by X, the connected nodal curve
obtained by adding to X} a smooth rational curve E, connecting the two
points of v (r). Thus
X, =X'UE,

and there is a natural surjection o, : X, — X such that o.(E,) = {r}
and (0)xr = vr (so that o, is an isomorphism away from E,). The nodal
curve X, will be considered up those automorphisms of F, that fix the two
attaching points E, N X/Y.

Assume now that X is a 1-general stable curve, and let r» be a node of
X. Let 7 € E, be any point distinct from the attaching points. If X has
no separating nodes, then the line bundle O (7) € Pic! X, is balanced by

Lemma 4.9, and hence determines a point of @ \ Pk; see 3.8 (B). This
point does not depend on the choice of 7 because, in any case, the restriction
of O (7) to X is trivial; see 3.7. Thus we shall denote it by /;.

Proposition 5.2. Let f : X — B be a regular pencil of 1-general stable
curves free from separating nodes. Then a} X — P} extends to an injection

1. pl
o X — Pf
such that 07}(7') =/ € @ for each node r of each closed fiber X of f.

Remark 5.3. More precisely, the proof will show that 07} is the moduli map of

the line bundle Oy(A), where Y — X3 is a partial resolution of singularities,
and A is the proper transform in ) of the diagonal A; see 5.4.

Proof. Denotebyp: Y — X Jg the partial resolution of singularities described
in 5.4, from where we take some of the properties mentioned below. The
map p is an isomorphism away from the points (r,7) for r € X ~ X. On
the other hand, if r € X ~ X, then p~L(r,r) is a copy of P. In addition,
composing p with the first projection m,

vy Lo,
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we obtain a family of quasistable curves Y — X having 7 : X3 — X as
stable model.

For each closed fiber X of f, and each r € X,, C &, let Y;. be the fiber
of mopover r. Then Y, = Xr, where Xr is as defined in 5.1. On the other
hand, each fiber of 7o p over X is the same as the corresponding fiber of 7.

Let A C Y be the proper transform of A. By Property 5.4 (B), the map
p restricts to an isomorphism between A and A. Also, A meets each fiber
Y, =X, of 7o poverany r € X \ X transversally at a nonsingular point 7
contained in the exceptional component FE,.

To prove that a} extends, we prove two claims: first, that Oy(A) is

balanced on mop : Y — X, so it induces a morphism oz}c X — P}, its

moduli map; and second, to show that oz} extends a}, that the restriction of

Oy(A) to the each fiber of 7 o p over X is isomorphic to the corresponding
restriction of £(Y), whose moduli map is oz} by Theorem 4.6.

We may now assume that f is local. Let X be its closed fiber. For each
r € Xging, since A intersects Y, transversally at 7, we have

(30) Oy(A)ly, = 0% (7),
which is balanced by Lemma 4.9. In addititon, for each nonsingular point
p € X we have

Oy(A)ly, = Ox(p)

which is balanced and isomorphic to the corresponding restriction of £,

also by Lemma 4.9. Therefore Oy(A) induces a moduli map

1. Pl
ozf.X—>Pf

which extends oz}. Notice that (30) also shows that a}(r) = {, for each
rec Xsing' o

To show that a}c is injective it suffices to consider singular points of X,
by Lemma 4.13 and by the fact that a}(r) € PL \ Py for every node
r € X. Now, if r € X,g, then a}(r) represents a balanced line bundle on

X,. Hence, two different nodes r and 7’ of X are mapped to two points of
P)l( corresponding to balanced line bundles on different quasistable curves,

namely X, and X,,. Thus ;}(r) # 07}(7"); see 3.7. [

5.4. Resolution of singularities. In the proof of Proposition 5.2 we used a
partial resolution of singularities of X % which we are now going to describe
in detail, and in more generality.

Let f: X — B be a regular pencil. The threefold X % is singular at the
points (71, 7r2), where r; and r9 are (not necessarily distinct) singular points
of the same closed fiber of f.

Let X be a closed fiber of f, and r; and r9 nodes of X. Since f is regular,
locally around 7; the surface X is formally equivalent to the surface in A3
given by the equation x;y; = t, where t denotes a local parameter of B at the
closed point covered by X. Pulling back these local equations to X % under
the two projection maps X 123; — X, and abusing of the same notation, we
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get that X g is formally equivalent, locally around (r1,72), to the threefold
in A% given the equations

r1y1 = 1,

T2y2 = t.

If 71 = 7o, then the diagonal A C XL% contains (r1,72), and we may assume
that it is given locally around (r1,r2) by

r1yr = t,
xro = T1,
Y2 = Y1-

Locally around (r1,72) we may eliminate ¢, and view X3 as the cone
C c A* over the smooth quadric in P? given by x1y; = xays. Also, if
r1 = ro, we may view A as the plane D C Al given by xo = 21 and y2 = y1.
Notice that C is singular only at the origin. To resolve this singularity we
need only blow up a plane in C' containing the origin. Any plane will do,
but let us blow up the plane given by 21 = x5 = 0. The blowup is the
nonsingular threefold C' C P! x A% given by the equations

{ Sy = {172,
§1y1 = &2y2,

where &1, & are homogeneous coordinates of P'. The blowup 7 : C - C
is isomorphic to C' away from the origin. In addition, the fiber F' over the
origin is given by z1 = 29 = y; = y2 = 0, and hence is isomorphic to P*.

The exceptional divisor E of the blow up C is given by zs = 0 where
& # 0, and z1 = 0 where & # 0. In particular, I C E. Now, since
&oxp = &1xa, summing the divisor given by & = 0 to E we get the principal
divisor given by z; = 0. Thus £ - F = —1.

Suppose 71 = 3. Then 4~ 1(D) is given by x1(& — &) = y2(&1 — &) =0
where & # 0, and by z2(§1 — &) = y1(&1 — &) = 0 where §& # 0. Thus
7~1(D) is the union of the Cartier divisor given by ¢ = & and the fiber
F. The strict transform D of D is thus a Cartier divisor intersecting F
transversally at a point.

For i = 1,2, let ¢; : C — A2 be the composition of v with the projection
onto the plane with coordinates x;, y;. The fiber of ¢1 over the origin is given
by 1 = y1 = &122 = &oyo = 0. It is the union of F' and the affine lines Ny,
given by z1 = y; = & = y2 = 0, and Ns, given by 1 = y; = & = a9 = 0.
The lines N7 and Ny do not meet, and F' intersects each N; transversally
at a single point. Also, ¢ maps N; and Ns isomorphically onto the lines
y2 = 0 and x9 = 0, respectively.

The exceptional divisor F contains Ns, and intersects N; transversally.
Since &1 # 0 on No, we have E - Ny = 0. If r{ = 19, the strict transform D
does not meet either N7 or Ny, and intersects F' transversally.

(An analogous description holds if we reverse the roles of ¢ and ¢2.)

We will now consider the global picture. Let Za denote the ideal sheaf of
the diagonal A C X3, and let Za denote the dual sheaf, i.e.

Ia == Hom(Za, (’)Xé).
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Since Za is a sheaf of ideals, Za is a sheaf of fractional ideals of X 1%- A piece
of notation: for each open subscheme U C X é and each sheaf of fractional
ideals M of U, consider its powers M", and form the associated sheaf of
Rees algebras:

RM) =OpdMoM* @ - oM@ .
Set ) := Projyz (R(Za)), and let p: Y — XZ be the structure map.
We may view p as a blowup. In fact, for any open subscheme U C X ]__2),
over which there is an embedding ¢ : fA|U — L into an invertible sheaf L,
we may view p : p~1(U) — U as the blowup of U along the closed subscheme

V' C U whose sheaf of ideals Zy|; satisfies NN Ty L. In other words,
¢t induces an isomorphism over U:

Projy (R(Zy|v)) — Projy(R(Za)lv)-

In the same vein, for each invertible sheaf of ideals J C Oy we have that
Hom(Zaly,J) = ZaluJ, and hence we obtain a canonical isomorphism
over U:

Projy (R(Za)|lv) — Projy(R(Hom(Zalu, J)))-

Since Z is invertible away from the points (r,7) for r € X \ X, it follows
from the above description that p is an isomorphism away from these same
points. In addition, around the points (r,7), where r is a node of a closed
fiber of f, the map p is formally equivalent to the blowup described above,
because

k[[x1, 2,91, )]

(191 — T2y2)
Then all of the properties above, verified locally, yield global properties of p.
Indeed, assume that the fibers of f are nodal. (It would actually be enough
to assume that the fibers are Gorenstein.) Then, recalling that 7 : X3 — X
denotes the first projection, the following statements hold:

HOHlA((xl — T2, Y1 — Y2), (901 —962)) = (1717362), where A :=

(A) The composition
mop: Y — X
is a family of curves whose fiber Y, over a point r of a closed fiber X
of f is X, if r is nonsingular, and X, described in 5.1, if 7 is a node.
(B) Let A C Y denote the proper transform of A. For each node 7 of each
closed fiber X of f, the transform A intersects the fiber Y; transversally
at a point lying in the exceptional component E, = p~!(r,7).
(C) Let @ be a tail of a closed fiber X of f, and r the node of X generating
Q. Let

Q*:=p 1 (QxQ).
Then Q2 is a Cartier divisor of )) containing E,.. Furthermore,
C/é-,Q'ET:_17 @Q:_la and QNQ‘lelv

where, using the notation in 5.1, Q := o, 1(Q) and Q =X, 0, ie.
Q is the tail of X, mapping to @ and containing E,, and ' is the
complementary tail.

We may now generalize Proposition 5.2.



26

Theorem 5.5. Let f : X — B be a reqular pencil of 1-general stable curves.
Then there exists a morphism

1 Pl

oy X — Pf
extending a} C X - P}. If r is a node of a closed fiber X of f, then
;}(r) € P)l( if and only if v is a separating node of X.

Remark 5.6. The result extends to curves that are not 1-general. See 5.10
and 5.13.

Proof. As in the proof of Theorem 3.10 we may work locally around each
singular fiber. So, assume f is local, and let X denote its closed fiber.

The new difficulty with respect to Proposition 5.2 is that, if X has sepa-
rating nodes, a} is the moduli map of a nontrivial “twist” of the diagonal
by Theorem 4.6, and thus the same must hold for its completion. Fortu-
nately, however, the divisors we need for the “twist” are already present in
the partial resolution of singularities p: Y — X 1523 described in 5.4.

Namely, let Q1,...,Qm be all the small tails of X. Let A C Y be the
strict transform of A, and set Q? := p~1(Q; x Q;) for i = 1,...,m. As seen

in 5.4, all the Q? and A are Cartier divisors. Define the line bundle

(31) Mi=Op(A+QF+- -+ Q).

We claim that M is semibalanced on the composition mop: )Y — X of p
with the first projection 7 : X L% — X. Once the claim is proved, we may let
ozjlc X — P} be the moduli map of M; see 3.8 (B).

To prove the claim, first observe that p is an isomorphism over X xp X,
whence

M|2€><BX gOXXBX(A_"Ql X Q1+ + Qm X Qm),

which is balanced, by Theorem 4.6, and defines a}. Thus, once M is shown
to be semibalanced, we have that 07}| »= a}.

Now, let 7 € Xgng. The fiber Y, := (7 0 p)~!(r) is equal to X, by
Property 5.4 (A). Also, A intersects Y, transversally at a point 7 of the
exceptional component E,. = p~!(r,r), by Property 5.4 (B).

For each i = 1,...,m, let r; be the separating node of X generating Q);.
Let

)i =0, 1(Q;) C Xy,

and let Q; be its complement in X}. Then Qz is a small tail of XT dominating
Q;, and containing E,. if and only if r € Q;. If r = 7y ‘Ehen also Qz ~ E,
is a small tail of X,. These are all the small tails of X,: the subcurves
Ql, R Qm, together with QZ N E, in case r =1y

For each ¢ = 1,...,m, the subscheme @; x Q; C Xé is a Cartier divisor
away from (r;,r;). Identifying Y, with X,, we claim that
{(9 < if r & Q;,

02\, o
(32) Oy(Q7)ly, = 0% (Qi) ifre Qi
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In fact, if r € Q;, then 512 does not meet Y;., and hence (32) holds. Suppose

now that r € Q);. Recall that Qz is a tail of X}. Let s; denote its generating
node. If r # r; then, since Q; x Q; is a Cartier divisor of X3 at (r,r;), we
have

(83)  Oy(@g, = Og (—51) and Oy(QD)lg = O (5:):

The same restrictions are achieved with O (Q;). Thus (32) follows from
Lemma 4.4. Finally, if r = r; then (33) still holds, by Property 5.4 (C), and
hence (32) follows in the same way. The proof of (32) is complete.

Now, notice that Q; contains r if and only if Q; contains 7. In addition,
if r =r; then 7 & Qz N~ E,.. Since Ql, ceey Qm, and Ql N Eyif r =7, are all
the small tails of X, it follows from (32) that

Mly, 20g (M@0 (Y Q)

Qeo(Xr)
TEQ

which is semibalanced by Lemma 4.9. Our claim is proved, and thus we
finish the proof of the existence of al.

To prove the second statement of the theorem, it suffices to prove that
for any node r € X we have

| 1 if r is not separating,
degp, M = { 0 otherwise.

To prove this, notice that, if » # r; then QZZ - E, = 0, whereas if r = r;

then Q? - E, = —1 by Property 5.4 (C). Since at any rate A-E, =1, the
degree of M|g, is 1, unless r = r; for some 4, in which case the degree is 0.
Since X is 1-general, each separating node of X generates a small tail, and

hence is equal to r; for some i. So 07}(7“) € P}( if and only if r is a separating
node. |

Ezample 5.7. Let X be a curve of compact type with two components, Cy
and Cy. Then Cy and Cs are smooth, and C; N Cy = {r}, where r is

the unique node of X. Assume g, < gc,- Then X, =CiUEUC, and
Q(X,) = {C1,C1 U E}, where E = PL. The line bundle M in the proof of

Theorem 5.5, whose moduli map is 07}, satisfies

M=0y(A+CP).
In this case, it is easy to describe the completed Abel map. First notice
that there is a canonical isomorphism P)l( ~ Pic? ¢ x Pic! C5, essentially
by Lemma 4.4. Hence, a point £ € P4 is represented by a pair (L1, L2) with
L; € PicC;. For i = 1,2 let ¢; € C; lying above r. Then

al(p) = { (Ocy(p = q1), Ocy(q2)) it p e Ch,
f (0017002 (p)) if pe Cs.

In particular, ;}(r) = (Oc,,O0c,(g2)). Thus, composing 07]10\01 with the
projection Pic? C; x Pic! Cy — Pic? Oy we obtain the classical Abel-Jacobi
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map of C7 with base point ¢, i.e.
Cc; — Pic’ C}
p = Ocglp—q).
The analogous composition for Cy gives the first Abel map Cy — Pic! Cs.

Let X be a 1-general stable curve, and f a regular smoothing of X.
The restriction a}\  coincides with a}| +, whence does not depend on f

by Corollary 4.10. So a}] x does not depend on f either, and we may set
al = a}| X-
5.8. Explicit description of the complete Abel map. Let X be a 1-general
stable curve and p € X. We shall now explicitely describe o (p), in formulas
(34) and (35) below, following the proof of Theorem 5.5.

First some notation. Let Pi,..., Py, be all the small tails of X containing
p. (The unusual naming of the tails using “P” rather than “Q” is to match
the notation of the proof of Proposition 5.9 below.) By Lemma 4.3 we can
write

P,CP, 1C---CPCh.
Set Z; .= P;— P41 for each ¢ = 1,...,m — 1 and Z,, := P,,, so that
Py = UZ;. Also, put Q := P),, a large tail of X. Hence
X=PUQ=U"Z;UQ.

Let r1,..., 7, be the separating nodes of X generating P, ..., P,. Notice
that Z,NZ, = {ri,rim}titi=1,...,m—1, and Z,,NZ], = {rp,}. Therefore
each of the Z; and ) meets the complementary curve in separating nodes
of X. Hence, by iterated use of Lemma 4.4, to give a line bundle on X it
suffices to give its restrictions to all the Z; and to Q.

We are now ready to describe a}((p) if p is a nonsingular point or a
separating node of X (in which case of course p = r,,). Recall that by
Theorem 5.5, a& (p) corresponds to a line bundle on X. We have

(34) @(p) = {OQ(Tl)7 OZl (TQ_Tl)> SRR OZm71 (rm_rmfl)v OZm (p_rm)}'

__ Now, suppose that p is a nonseparating node of X. Then we know that

al (p) corresponds to a line bundle on Xp. Let E C Xp be the exceptional

component of Xp, and let ZNm denote the normalization of Z,, at p only.
Keeping the above notation we have

X,=QUZ U---UZp 1UZyUE.

Now, recall from 3.7 that @(p) is uniquely determined by a line bundle L,
of degree 0, on the complementary curve of F; that is, arguing as above, by
the string of the restrictions of L to Q, Z1, ..., Zm—1, Zm. We have

(35) ak(p) ={0¢g(11),0z,(r2 —71),..., 0z, (Tm — rm—-1), OZ;(_TT”)}

Proposition 5.9. Let X be a 1-general stable curve. Let p and q be distinct
points of X. Then o (p) = ak (q) if and only if p and q belong to the same
separating tree of lines of X.
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A similar result for the Abel-Jacobi map to the (degree-0) Jacobian is
proved by B. Edixhoven in [E98], Prop. 9.5. His statement (necessarily)
excludes the case where p or ¢ is a nonseparating node, since there the
target space of the map is a noncompactified Néron model.

Proof. Suppose first that p and ¢ belong to a separating tree of lines Z C X.
Since Z is connected, to prove that al (p) = o (¢) it is enough to consider
the case where p and ¢ are nonsingular points of X in the same irreducible
component C of Z. Now, C is a separating line of X; see 4.12. Thus
Ox(p) = Ox(q) by Lemma 4.13. Since p and ¢ lie on the same component,
it follows that o (p) = ak (), and hence o (p) = al-(q).

Conversely, suppose ak(p) = ak(¢). We claim that p and ¢ are non-
singular points or separating nodes of X. Indeed, suppose by contradic-
tion, and without loss of generality, that p is a nonseparating node of X.
Then ok (p) € P+ ~ Py by Theorem 5.5. Since ak(p) = ak(q), it fol-
lows from Theorem 5.5 as well that ¢ is also a nonseparating node of X.

However, a (p) and @(q) correspond to balanced line bundles on different

quasistable curves, Xp and Xq; see 5.8. So @(p) #* @(q); see 3.7. The
contradiction proves the claim. o
Since p and ¢ are nonsingular or separating nodes of X, both o (p) and

ol (¢) are line bundles on X. Let Py, ..., Py, be the small tails containing
p and Q1,...,Q, the small tails containing ¢. (We may have m = 0 or
n = 0.) It follows from Lemma 4.3, as in the proof of Theorem 4.6, that, up
to reordering the tails,

P,CP,1C---CPCP and @Q,CQr1C-CQ2C Q1.

Set Py:= Qo := X. Let rq,...,rn be the separating nodes of X generating
b,...,P,, and s1,...,s, those generating @1,...,Q,. In addition, set
Pt :=Qny1 =0, and put 7,41 := p and s,41 = q.

We may assume m < n, without loss of generality. Let ¢ be the largest
nonnegative integer such that ¢ < m and P; = Q; for j = 0,1,...,4. Then
also rj = sj for j = 1,...,i. We claim that Piy1 N Q11 = 0. Indeed, if
i = m then Py is already empty. Suppose ¢ < m. If P11 C Q;41, then
Qi+1 is a small tail containing p. And since

P11 CQiy1 CQi =P,

we have P11 = @Q;41, contradicting the maximality of ¢. In a similar way,
Qi+1 € Piy1. Since P11 U Q11 # X, because Py and ;41 are small
tails, it follows from Lemma 4.3 that P11 NQ;41 = (), proving our claim. In
particular, ;41 # Sjy1.

As P; = Q;, we may consider Y := P; \ (P41 U Qi41). As Pipq and Q41
do not meet, their union cannot be P;, a connected subcurve of X. Thus Y
is a subcurve of X. It is also connected, being either equal to, or a tail of,
P; ~ P11, which in turn is either equal to, or a tail of, F;, a tail of X.

Since Y C P; \ P,11, the restriction of a}( (p) to Y is Oy (ri41 — 1i); see

5.8. Analogously, o (¢) restricts to Oy (sit1 — si). Since ok (p) = ok (q)
and r; = s;, it follows that Oy (ri+1) = Oy (si+1). Since 7i41 # Sit1, by
Lemma 4.13 applied to the curve Y, we see that r;1; and s;11 are contained
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in a separating line C' of Y. Since Y NY” is made of separating nodes of X,
so is C' N C’; see 4.12. In other words, C is a separating line of X.

For ¢ =1,...,m —ilet Y, :== Piyy— P;ypi1. Then a%((p) restricts to
Oy, (Ti4e+1 —Ti+¢). On the other hand, since Y; C Q; \ Qi1 for each ¢, but
neither s; € Yy nor s;41 € Yy, we have that a}((q) restricts to the trivial
bundle Oy,. Applying Lemma 4.13 to the curve Y,, we get that r;;, and
ri+¢+1 are contained in a separating line Cg’ of Yy. As before, Cf is also a
separating line of X.

Similarly, for each £ = 1,...,n—1 the points s;4, and $;4¢41 are contained
in a separating line C’g of X. The union of all the separating lines, namely,

ng—i’ Tt Cg’ Cf’ Ca Cf? Cga trey Cfg_ia
is a separating tree of lines containing p and gq. |

To give a finer description of the map ak, in particular to characterize
when it is a closed embedding, requires further techniques, such as the theory
of theta functions from [EO1]. We left this out to keep the paper to a
reasonable length.

5.10. Curves that are not 1-general. We conclude by discussing the case of
stable curves which are not 1-general. Recall that such curves form a proper
closed subset of M, nonempty if and only if g is even, and their combinato-
rial structure is described in Proposition 3.15. What kind of complications
occur for curves that are not 1-general, or not d-general?

The stack Py, introduced in 3.8 in the case (d — g+ 1,29 —2) = 1 is
constructed as a quotient stack, i.e. fd,g := [Hy4/G]J; notation as in 3.5. The
same definition can be given for each d, obtaining in this way a quotient stack
[H;/G]. However, when non-d-general curves appear, this stack presents
some pathologies.

More precisely, recall from 3.5 that the scheme-theoretic quotient Hy/G
is endowed with a natural surjective morphism ¢4 : Hy/G — Mg. The open
subset of Mg over which the quotient map 7g : Hy — Hy/G is a geometric
quotient is exactly the locus of d-general curves. The problem is that, as
soon as mgq : Hy — Hy/G fails to be a geometric quotient, the following
pathologies occur:

(i) [Ha/G] fails to be a Deligne-Mumford stack.
(ii) The natural map of stacks [Hy/G| — M, fails to be representable.
(iii) Néron models are not parametrized by [H;/G].

However, when studying Abel maps, we can still obtain some results.
Since the stack fdy behaves badly, let us consider the scheme Fd, g:=Hgq/G
introduced in 3.5. As we mentioned above, there is always a surjective
morphism ¢q : Py g — M,. By [C94], Thm. 6.1, p. 641, Py, is an integral
projective scheme. It is also normal, being a GIT-quotient of Hy, which is
nonsingular by [C94], Lemma 2.2, p. 609.

Although Fd,g is not a coarse moduli space, not even away from curves
with nontrivial automorphisms, Py , does satisfy useful functorial proper-
ties. Thus, let f : X — B be a regular pencil of stable curves. Let B — Mg
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be the associated map, and define
d._ o)
Pf =B X3, Pg g

If X is a closed fiber of f, denote by @ the corresponding fiber of ?ﬁ over B.

As mentioned above, PJ‘? may fail to contain the Néron model N}l. However,
a functorial property holds: the moduli property given in 3.8 (B) holds
exactly as stated. More precisely, to any semibalanced line bundle £ on a
family of semistable curves Y — T having Xr — T as stable model, where
T is any B-scheme, we can associate a canonical moduli map fip : T — P%;
see [C94], Prop. 8.1, p. 653.

The main weakness, when nongeneral curves are present, is that different
balanced line bundles on the same quasistable, or even stable, curve may be
mapped to the same point in PJEI. Let us give an example of this behavior
with regard to Abel maps.

Ezxample 5.11. Let X = C7 U Cs be a curve of compact type as in Exam-
ple 5.7. However, assume now that C; and C5 have the same genus. Then
X is not 1-general. As before, let r be the unique node of X, and let ¢; be
the point of C; lying over r for i = 1, 2.

We shall now exhibit three nonequivalent balanced line bundles that cor-
respond to the same point of P)l(. Notice that, by Lemma 4.4, to give a line
bundle on a curve of compact type is equivalent to give a line bundle on
each irreducible component of the curve.

Let p € C1 ~ {q1}. Our first line bundle is L; € Pic X corresponding to
the pair

(001 (p)v OCQ)’

Let Y := X,; so Y = C; U EUC(Cy, where E is the exceptional component.
Our second line bundle is Lo € PicY corresponding to the triple

(Ocy (p — @1), Or(ar), Ocy),

where ¢ is any point of £. Finally, our third line bundle is L3 € Pic X
corresponding to the pair

(OCl (p - ‘h)a Oc, (QQ))'

We leave out the proof that L, Lz and L3 correspond to the same point of
P, referring to [C94], 7.2, Example 2, p. 645 for more details.

The above example shows that, if f : X — B is a regular pencil with
a non-1-general fiber X, then P} and P)l( are not coarse moduli schemes

for balanced line bundles. However, we can still get a map } X — Pf1
restricting to the classical Abel map of X, by using our modular interpre-
tation of the Abel map. In fact, essentially the same line bundle M given in
(31) can be used to produce a moduli map a}c X — PJ}. Most of the results

in Sections 4 and 5 hold, provided we change one definition, as explained in
5.12 below.

5.12. Small tails, again. Let X be a stable curve of arithmetic genus g.
Taking into account the case where X is not 1-general, we need to adjust
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the definition of the set Q(X) in 4.1. Suppose that X has a separating node
that generates two tails Q and @’ of equal genus. It is easy to see that, if
such a node exists, then it is unique. (A 1-general curve will never admit
such a node by Proposition 3.15.) We must add to the set Q(X) of small
tails of X either @Q or @', thus making an arbitrary choice between ) and
@', which nonetheless turns out to be completely irrelevant.

So, Q(X) is defined as the set of all small tails of X together with one
tail of genus g/2, if any such tail exists.

Remark 5.13. The following results of the paper hold with essentially the
same proof, as long as we use the modified definition of Q(X) for stable
curves X of 5.12:

(i) Theorem 4.6, excluding Part (ii).

(ii) Corollary 4.10.

(iii) Theorem 5.5.
What will certainly fail is the possibility to interpret the Abel map in a
unique way. In other words, if f : X — B is a regular pencil, an extension
a} X — P} of the Abel map of Xk is obtained as the moduli map of

a semibalanced line bundle, however the line bundle is not uniquely deter-
mined.
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