Compactified Jacobians of nodal curves

Lucia Caporaso

Ezpanded notes for a minicourse given at the Istituto Superiore Tecnico
Lisbon - Portugal, February 1-4 2010

Dedicated to the memory of Professor Eckart Viehweg, who suddenly passed away a few

days before this course was given.

CONTENTS
1. Preliminaries 1
1.1. Conventions and Notations 1
1.2. Representable functors. 2
1.3. Rational points of moduli spaces 3
2. Lecture 1 4
2.1. Moduli of stable curves. 4
2.2.  The boundary of M, 8
3. Lecture 2 12
3.1. Picard functor and Picard scheme 12
3.2.  The universal Picard variety over M,. 14
3.3. Non-separatedness and the degree class group. 16
4. Lecture 3 20
4.1. Balanced line bundles. 20
4.2. Compactified Picard shemes of nodal curves. 23
5. Lecture 4 27
5.1. Linear series on nodal curves. 27
5.2. Theta divisor. 28
5.3. Torelli problem. 31
References 33

1. PRELIMINARIES

1.1. Conventions and Notations. We work over an algebraically closed
field of any characteristic.

The word “curve” means projective scheme of pure dimension one. The
genus of a curve X will always be the arithmetic genus gx := 1 — x(Ox).
For an irreducible curve, the geometric genus is defined as the genus of its
normalization.

By a “family of curves” we mean a flat projective morphism f: X — B
such that for every b € B the fiber X;, := f~1(b) is a curve.
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1.1.1. Let Z C X be a subcurve. We denote by Z¢ := X \ Z, and by Z- Z¢
the Weil divisor
Z-Z°= Y n

nezZNze
Also, 67 :=#Z N Z° so that 07 = deg, Z - Z°.

1.1.2. A graph I' is a finite one-dimensional simplex whose set of vertices
(0-dimensional simplexes) and edges (1-dimensional simplexes) are denoted
by V(T') and E(T") respectively. Every edge e joins two verteces v, w, called
the endpoints of e; if v = w we say that e is a loop.

An orientation on I is the choice, for every edge e € E(I"), of a starting
vertex and an ending vertex between its endpoints.

The first Betti number of I' is the integer b1 (I') = rankzH,(I',Z). A
connected graph is called a tree if its first Betti number is equal to 0

1.2. Representable functors. Let B and B’ be two schemes over a base
scheme S; we denote by Homg(B, F') the set of S-morphisms, i.e. S-
regular maps, from B to B’. If S = Speck for some field k& we write
Homgpeck (B, F)) = Homy (B, F). If S = SpecZ we simply omit the sub-
script: Homgpeez(B, F) = Hom(B, F).

We denote by SCHg the category of schemes over a base scheme S and
simply by SCH the category of all schemes (over SpecZ).

Definition 1.2.1. Let F be a contravariant functor from the category of
schemes over S to that of sets

F :SCHg — SET.

A pair (F,Ur), with F € SCHg and Ur € F(F), is said to represent F if
for every scheme B € SCHg the natural map of sets

Homg(B, F) — F(B); ¢ — F(¥)(Ur)
sending an S-morphism v : B — F to the image of Uz under the map
F() : F(F) — F(B),
is a bijection.
Example 1.2.2. The prototypical example of a representable functor is the
following. Let X be a scheme; define the functor Hom(..., X) : SCH — SET

which assigns to a scheme B the set Hom(B, X). It is easy to check that
the pair (X, idx) represents this functor.

Now, as we shall see, many interesting moduli functors, e.g. the mod-
uli functor for smooth curves, are not representable. This motivates the
following weakening of Definition 1.2.1.

Definition 1.2.3. Let F : SCHg — SET be a functor as above. An
S-scheme F' is said to coarsely represent F if there exists a functor transfor-
mation

®: F(...) — Homg(..., F)
such that
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(A) For every algebraically closed field k over which S is defined, the map
®(Speck) : F(Speck) — Homg(Speck, F')
is a bijection.
(B) (Uniqueness) If N is an S-scheme and ¥ : F(...) — Homg(...,N)
a functor transformation, then there exists a unique morphism 7 :

F — N such that the corresponding functor transformation II :
Homg(..., F') — Homg(..., N) satisfies ¥ = IT o ®.

We say that a functor F is a moduli functor if for any scheme B the set
F(B) parametrizes equivalence classes of geometrically defined objects. The
main examples that we will consider are moduli functors for curves, and the
Picard functors.

Example 1.2.4. The moduli functor for smooth curves is the functor M,
defined from the category of all schemes (i.e. S = SpecZ) which associates
to a scheme B the set

My(B) = {C — B family of smooth curves of genus g}/,

where [C — B| = [C' — B if there is a B-isomorphism between C and C’,
i.e. a commutative diagram

o

N,

One of the first and most important results in classical moduli theory is the
fact that there exists a coarse moduli scheme M, for the functor M,.

C

C/

Definition 1.2.5. If F is a representable moduli functor and F' the scheme
that represents it, then F' is a called a fine moduli scheme and Ur the
universal family.

If a moduli functor is coarsely represented by a scheme F', we say that F'
is a coarse moduli scheme.

1.3. Rational points of moduli spaces. Consider Definition 1.2.3 for
some moduli functor; condition (A) means that the closed points of the
moduli scheme parametrize the objects for which the moduli functor is de-
fined. For example, if the functor is the moduli functor for smooth curves,
My, and M, is its moduli scheme, the closed points of M, over any al-
gebraically closed field k£ are in bijection with the isomorphism classes of
smooth curves of genus g over k. Let us explain this more precisely.

Let F' be a scheme over a field k and let p be a point in F'. We denote by
R(p) the residue field of p, that is, R(p) = Opp/myp. As F is defined over k
there is always a natural injection

k — R(p).

If the above injection is an isomorphism, the point p is said to be rational
over k or a k-rational point of F. Denote

F(k):={pe€ X : pisrational over k}

The notation F'(k) comes from a functorial perspective; in fact:
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Lemma 1.3.1. For every scheme F' defined over a field k there is a natural
identification:
F (k) =2 Homy(Speck, F).

Proof. Given a v : Speck — F, denote by p the image point of 1. Then
there is an induced natural homomorphism ¢* : Op, — k which (after
moding out by the maximal ideal of the left hand side) descends to a natural
homomorphism of fields R(p) — k. As we observed above, R(p) always
contains k, hence the above morphism in an isomorphism.

Conversely, for every p € F(p) there is a natural isomorphism R(p) = k
(by definition). Then the quotient map Op, — R(p) = k determines a
morphism Speck — F. |

So, the elements of Homy(Spec k, F') can be identified with the k-rational
points of F'. Thus, to say that a moduli problem admits a coarse moduli
space F, is to say that for any algebraically cosed field k over which F' is
defined, the k-rational points of F' are in bijection with the geometric objects
parametrized by the functor F, and defined over k.

Example 1.2.4 continued. Consider the moduli scheme Mg; it is is defined
over SpecZ. For any algebraically closed field k the set of k-rational points
of M, is in bijection with the set of isomorphism classes of genus g smooth
curves defined over k.

2. LECTURE 1

2.1. Moduli of stable curves. For further details about this part we refer
to [DM69], [Gie82] and [HMI8]

2.1.1. Nodal curves. Let X be a connected curve having only nodes (ordi-
nary double points) as singularities. We will denote by v the number of
irreducible components of X, and X = U]C; the irreducible components
decomposition of X; moreover we set § = # Xgine and denote by
v: XV =U_,CY — X
the normalization. We have the associated map of the structure sheaves
o X — @) XV

which yields the following exact sequence in cohomology:

(1)

0— H(X,0x) — HY(X",0xv) — k* — H'(X,0x) - H{(X",0xv) — 0.
From this sequence we obtain a formula for the (arithmetic) genus of X,
g="h! (X, Ox)

v
(2) g=h(X"0x)+0-7+1=> gi+6—v+1
i=1
where g; = h(C?, Ocv) is the geometric genus of C;.
Let us now consider the sheaf of regular, never vanishing functions, i.e.
the subsheaf of units in the structure sheaf, denoted O% — Ox for X
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(similarly for other schemes); we have a cohomology sequence looking exactly
as (1), by replacing Ox and Ox» by O% and O%. respectively, and k by
k*. Identifying Pic X = H'(X,0%) and Pic X¥ = HY(X", 0%.) we get the
following important short exact sequence

(3) 0 — (k)° 7 — Pic X %5 Pic X¥ — 0
where the map v* above denotes the pull-back of line bundles.

2.1.2. Dual graph. Let Y be a nodal curve, having dy nodes, ~yy irreducible
components and cy connected components. The dual graph of Y is the
graph I'y whose vertices are identified with the irreducible components of
Y and whose edges are identified with the nodes of Y; an edge joins two
(possibly equal) vertices if the corresponding node is in the intersection of
the corresponding irreducible components. So, I'y has dy edges, vy vertices
and cy connected components. Its first Betti number is

bi(I'x) =0y — v +cy.

Lemma - Definition 2.1.1. Let X be a connected nodal curve. The fol-
lowing conditions are equivalent.

(1) Every node of X is separating (X ~\ n is disconnected Vn € Xing).
(2) The dual graph of X is a tree.
(3) 6 —v+1=0.
(4) The pull back map induces an isomorphism Pic X = Pic X".
If the above conditions hold X is called of compact type.

Remark 2.1.2. For a nodal curve X the dualizing sheaf wx is invertible. Let
ni,...,ns be the nodes of X and p;, q¢; € X" be the branches of the node n;
for every i = 1,...,d. Then we have

1)

l/*wX = wxv ((Z(pl + ql))

1
2.1.3. Stable curves and stabilization. The original definition of stable curves,
originating from ([MM64] and [DM69]), is usually given only for curves of
genus g > 2, but it can be convenient to generalize it to all g > 0, so as to
be able to define the “stabilization” of a curve ant genus (see Remark 2.1.8
for a different convention about stable curves of genus at most 1)

A connected nodal curve X of arithmetic genus g > 0 is called stable if
each smooth rational component £ C X meets E° = X \ E in at least three
points.

One easily checks that if g = 0 the only stable curve is P!, andif g =1 a
stable curve is either smooth, or irreducible with one node.

A nodal curve X of genus g > 0 is called semistable if each smooth rational
component ¥ C X meets E° in at least two points.

Let E C X with E = P!. E will be called a rational tail if #E N E° = 1.
E will be called an destabilizing component if #E N E°¢ < 2.

Given any nodal connected curve X, the stabilization of X is defined as
the curve X obtained as follows. If X is stable then X = X, oherwise let
E C X be a destabilizing component, we contract E to a point thereby
obtaining a new curve Xp. If Xj is stable we set X; = X, otherwise we
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choose a destabilizing component of X; and contract it to a point. By
iterating this process we certainly arrive at a stable curve X. It is easy to
check that X is unique up to isomorphism.

The stabilization of a non connected curve will be defined as the union of
the stabilizations of its connected components.

Given a family of nodal curves, f : X — B, its stabilization is a family of
stable curves f : X — B such that for every b € B the fiber X, of f is the
stabilization of Xj.

Remark 2.1.3. Let X be a connected nodal curve of genus g > 2. X is
semistable if and only if the dualizing sheaf wx has non-negative multidegree
(i.e. nonnegative degree on every irreducible component of X.)

Proposition 2.1.4. Let X be a connected nodal curve of genus g > 2. The
following are equivalent.

(1) X is stable.

(2) The dualizing sheaf wx has positive multidegree.
(3) wx is ample.

(4) X has a finite number of automorphisms.

Why are stable curves so important among all singular curves? Since ev-
ery nodal curve has a uniquely determined stabilization, the above question
is essentially equivalent to ask why nodal curves are so important. A simple
natural answer is: Because nodes are the simplest type of singularities a
curve can have. This is indeed true, but there is another, much less triv-
ial fact which provides a stronger motivation. This is the so-called stable
reduction theorem, which states the following.

Theorem 2.1.5 (Stable Reduction Theorem). Let B be smooth connected
with dim B = 1, and by € B a fized point. Let f : X — B family of curves
such that for every b € B \ by the fiber of f over b is smooth. Then there
exists a finite covering ¢ : B' — B and a new family h : Y — B’ all of whose
fibers are stable and such that on ¢~1(B \ by) C B’ the restriction of h is
the base change of f.

Moreover the family h : Y — B’ is uniquely determined by ¢ : B' — B.

We will not discuss this theorem in details, as we will not need it. But
we do observe that the existence part holds also if we replace the word
stable by the word semistable, or nodal. On the other hand the uniqueness
trivially fails. To have uniqueness for families of semistable curves we need
to require that the total space ) be a nonsingular minimal surface. If we
do that, then the singular fibers will necessarily be semistable (a rational
tail in the fibers would be contractible). Then uniqueness follows from the
uniqueness of minimal models for surfaces.

The stable reduction theorem implies that the moduli space of stable
curves (which we have not yet introduced, and whose construction was com-
pleted after the stable reduction theorem was proved) satisfies the valuative
criterion for separation (uniqueness of stable limit) and properness (exis-
tence of the stable limit up to base change).

Indeed, let M be the moduli space of stable curves; assume only that
M is a scheme whose closed points are in bijective correspondence with
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isomorphism classes of stable curves, and containing the moduli space of
smooth curves as dense open subset. Let R be a DVR with function field
K; let us prove that any rational map from Spec K to M extends to a regular
map from the whole Spec R to M. Let ¢ : Spec K — M be a morphism.
Then there exists an extension of DVR, R C R/, where R’ is a DVR with
quotient field K’, such that the associated map ¢’ : Spec K’ — M is the
moduli map of a family of smooth curves over Spec K’ which extends to a
family of stable curves over Spec R’ (this follows from the stable reduction
theorem). But then ¢’ extends to a regular map ¢’ : Spec R" — M. This of
course implies that ¢ also extends to a regular map Spec R — M (if M is not
projective, let M be any completion; then ¢ extends to a map from Spec R to
M, and such an extension must be compatible with ¢ : Spec R — M C M).

2.1.4. GIT-construction and properties of the scheme Mg and the stack Mg.
The moduli functor of stable curve is the contravariant functor defined anal-
ogously to Mg, in example 1.2.4. M, associates to any scheme B the set

My(B) ={f: X — B, f family of stable curves of genus g}/~

where two families f : X — B and f’ : X’ — B are isomorphic if there exists
a B-isomorphism between X’ and X”.

If ¢ : B — B’ is a morphism, then the map M,(¢) : M,(B') — M, (B)
is given by base change.

The fact that M, is coarsely representable was proved for the first time
using Geometric Invariant Theory ([Gie82]), completing a program initiated
by Deligne and Mumford ([DM69]) and [GIT]). The GIT construction has
several advantages. As Mg is the geometric quotient of a smooth scheme,
one obtains that M, is a projective, reduced and normal variety having
only finite quotient singularities. Moreover, it yields that the stack M, is a
projective Deligne-Mumford stack.

Fact 2.1.6. The moduli functor of genus g stable curves is coarsely repre-
sented by a projective integral, normal scheme M, containing the moduli
scheme of smooth curves My as a dense open subset. Moreover

(1) If g =0 then My = My is a point.

(2) If g =1 then My = P! and My = Al

(3) If g > 2 then M has dimension 3g — 3.

(4) The singularities of M, are all of finite quotient type (more precisely,
Mg 18 the quotient of a smooth scheme by a group acting with finite
stabilizers).

(5) Denote by Mg = {X € My : Aut(X) = {idx}}. Then the singular

locus of Mg s properly contained in Mg ~ MS.

2.1.5. Pointed stable curves. Together with stable curves, it is quite conve-
nient to consider stable curves with marked points.

Lemma - Definition 2.1.7. Let X be a nodal connected curve of genus
g >0 andletps,...,py ben smooth points of X. We say that (X;p1,...,pn)
s an n-pointed stable curve if the following equivalent conditions hold.

(1) The line bundle wx (> ] pi) has positive multidegree.



(2) The group of authomorphisms of X which permute the pointspi, ..., pn
18 finite.
(3) Let C C X be an irreducible component.
If C =P then |CNC N {p1,...,pn}| > 3.
If po(C) =1, then |CNC°N{p1,...,pn}| > 1.

Remark 2.1.8. We earlier made the convention that a smooth curve of genus
0 or 1 be stable. This convention was used to introduce the stablilization
of a curve of any genus. On the other hand, a smooth curve of genus 0 or
1 is not stable as a pointed curve, according to the above definition. More
generally, there exist no stable curves if ¢ =0 and n < 2, and if g = 1 and
n=0.11

Fact 2.1.9. If2g —2+n > 0 the moduli space of stable n-pointed curves of
genus g s a projective integral variety, denoted My, of dimension 3g—3+n.

2.2. The boundary of Mg. This section concentrates on an explicit de-
scription of singular stable curves, in case g > 2.

Example 2.2.1. Curves with one node. We will now prove that the closure
m Mg of the locus of curves having one node has codimension one. Since
every singular stable curve can be obtained as the specialization of a stable
curve with one node, this fact implies that the boundary, Mg N Mg, of Mg
is of pure dimension and

(4) codim My~ My = 1.

Suppose X is a stable curve of genus g with only node, n. Let X¥ — X be
the normalization. Then X is obtained from X" by identifying two points
p,q € XVY; the points p, g are called the branches, or the gluing points, of n.

Now there are two possibilities, either X is irreducible or it is reducible.

Suppose X is irreducible. Then XV is a smooth irreducible curve of genus
g — 1. For every smooth curve of genus ¢ — 1 and every pair of points p, ¢
in it we obtain a stable curve of genus g by gluing together the two points.
If g — 1 > 2 the curve X" has only finitely many automorphisms; therefore
the family of uni-nodal curves of genus g having X" as nomalization has
dimension 2. This yields that, if ¢ > 3 the closure, Ag, of the locus of
irreducible curves in Mg with one node has dimension

dimAg=dimMy_1+2=3(g—1)—-3+2=3g—4.

Moreover Ay is irreducible, because so is My_1. If g = 2 a curve in Ay
is determined by a curve of genus 1, and a pair of points on it modulo
the automorphism group of the curve, which has dimension 1. Therefore
dimAg=14+2—1=2=3-2—4. so the above formula applies also if g = 2.

Let now X” = C7 U Cy be reducible; let g; be the genus of C;; as X is
stable g; > 1 and we have g; + g2 = ¢g. Suppose that g; > 2 for both i. Then
for any pair C'; and (5 and any point p; € C7 and ps € C5 we have a stable
curve of genus g

X=0CU 02/p1=p2

Therefore the closure, Ay, , of the locus of uni-nodal reducible curves in Mg
having one component of genus ¢; (and the other of genus g — g; of course)



has dimension
dimAgy =391 —3+ 392 —3+2 =39 — 4.
We leave it as an exercise to show that the same formula holds if g; = 1 for
one or both i = 1,2. Since M, is irreducible, we have that Ay is a prime
divisor in M.
In conclusion, we have that the closure in M of the locus of curves with
only one node is a union of irreducible divisors:

AUUA1U...UA|—%J.

2.2.1. Combinatorial decomposition ofﬁg. To study curves with more nodes,
we begin by endowing M, with a combinatorial decomposition by means of
the weighted dual graph of a stable curve. Let X be a stable curve of genus
g, the weighted dual graph of X is the weighted graph (I'x,wx) such that
I'x is the dual graph of X, and wx is the weight function on the set of
irreducible components of X, V(I'x), assigning to a vertex the geometric
genus of the corresponding component. Hence

g= > wx(®)+b(Tx);
’UEV(Fx)

we call the above number the genus of (I'x,wx). To say that X is a stable
curve is to say that every v € V(I'x) such that wx(v) = 0 has valency at
least 3. A weigthed graph with this property will be called a stable weighted
graph.

Now, for any stable weighted graph (T,w) of genus g, we denote by
Cy(I',w) the locus of curves in M, having (I',w) as dual weighted graph:

Cy(T,w) :={X € My: (I'x,wx) = ([',w)}.
Then we have
5) L= I Grw).
(T,w) stable of genus g
To better analyze the above decomposition, let us introduce a partial order-
ing on the set of weighted graphs.
Definition 2.2.2. Let (I',w) and (I, w’) be two weighted graphs, we say
that (I, w') is a (weighted) contraction of (T',w), and write (I, w) > (I, w’),
if (I",w’) is obtained as follows. There exists S C E(I') such that I" is
obtained from I' by contracting every edge in S. Let
o: I -1’
be the (surjective) contraction map and let
v: V() — V(I
be the associated surjection, mapping v € V(I') to o(v) € V(I''). Then w’
satisfies:
w'(v) = Z w(v) + #{loops contained in o~ 1(v')} =

ver—1(v')

(6) = Z (w(v) + #{loops in S based at v})

ver—1(v’)
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Remark 2.2.3. Let (I',w) > (IV,w'); then ¢g(T',w) = g(I", w’).
Moreover if (I',w) is stable so is (I, w’).

Proposition 2.2.4. Consider the combinatorial decomposition of M, given
in (5). Then

(1) Cy(IT",w'") C Cy(T,w) if and only if (I',w') > (T',w).

(2) C(T',w) is irreducible of codimension equal to #E(T).

Proof. Part (2) is proved in 2.2.8 [ |
Here is a basic lemma, with a simple instructive proof.

Lemma 2.2.5. A stable curve X has at most 3g — 3 nodes. Moreover if
# Xsing = 39 — 3 then X has 2g — 2 irreducible components all of geometric
genus 0; such curves are called graph curves.

Proof. Since every stable curve can be specialized to a curve having all
components of geometric genus 0, and the number of nodes grows under a
nontrivial specialization, a curve having the maximal number of nodes must
have all components of geometric genus 0. Let X be such a curve. Then
every vertex of its dual graph must have valency at least 3 (by stability),
therefore v < 20/3. We obtain

g=0—v+1>06—-20/3+1=0/3+1.

Hence 6 < 3g — 3; moreover if equality holds every vertex of I'x is 3-valent
and hence and v = 2g — 2. |

Example 2.2.6. Graph curves in Mg. Let X be a graph curve; hence it
has 3g — 3 nodes and 29 — 2 irreducible components, all of geometric genus
0, and every component C; of X satisfies degq, wx = 1.

As we have seen, the dual graph of a graph curve is 3-regular (every vertex
has valency equal to 3), and its first Betti number is equal to g.

Let us show that for every g there exist only finitely many graph curves.
Let X be a stable curve and v : X¥ — X its normalization. Then X" is the
disjoint union of 2g — 2 copies of P!, moreover, for every C¥ C X" we have

#CY N v (Xing) = 3.

Now, on P! a triple of points has no moduli, therefore the pointed curve
(XY, v} (Xsing)) is the same for every graph curve X. Therefore to deter-
mine X we just need to know how the points v~ !(Xgng) are glued. There
are obviously finitely many ways of gluing these points, so we are done.
Let v(g) be the number of points of M, parametrizing graph curves.

Problem 2.2.7. Find a formula for v(g).

It is very easy to compute (g) for g < 3, indeed y(0) = (1) =0, y(2) =2
and v(3) = 5. However, an answer to the above problem, i.e. an explicit
formula for v(g), is not known.

Generalizing what we proved in the previous examples

Lemma 2.2.8. Let § > 1 be an integer. The closure in My of the locus of
curves with exactly 6 nodes has pure codimension equal to 0.
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Proof. If g < 1 the statement follows from the explicit description of M,
given in 2.1.6. Assume g > 2. We will prove the lemma by showing that for
every weighted graph (T',w) of genus g the set C(T',w) C M, is irreducible
of codimension § = #FE(I'). A curve X € C(I',w) is determined by, for
every i = 1,...,7, a curve CY € M, for i =1,...,v with J; marked points
in it, where
0; 1= #I/_l(Xsing) N Czy

Indeed, once we have such v pointed curves, the gluing data of v 1 (Xsing)
are uniquely determined by the graph I'.

In other words, as the the d;-pointed curve C} varies in the moduli space
My, 5,, we have a surjective morphism

Mg1,51 X ... X Mg%‘;v — C(F,w).

This shows that C(I',w) is irreducible. Notice that for every i such that
gi = 0 we have ¢; > 3 (by the stability); for every ¢ such that g; = 1 we
have §; > 1 (because g > 2). Therefore for every i we have 2¢g; — 2 + 6; > 0,
hence fact 2.1.9 applies. Since the above surjection has finite fibers, we get
dim My, s, = 3g; — 3+ 0; for alli =1,...,v. We conclude

v v

dim C(T,w) = "(3g: =3 +06) =3) g —3y+20

i=1 i=1

(since D7 8, =25). Now g =37 ,9;+0d —~+1 hence
dimC(T,w)=39g—3+3y—3—-3y+25 =39 —3—0.
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3. LECTURE 2
3.1. Picard functor and Picard scheme.

3.1.1. Generalized Jacobians of nodal curves. Let X be a nodal curve; we
denote by J(X) the generalized jacobian of X. We shall always identify it
with the moduli space, Pic® X, of isomorphism classes of line bundles having
multidegree 0 (degree 0 on every irreducible component):

J(X) = Pic2 X.

J(X) is a commutative algebraic group with respect to tensor product, and
a semiabelian variety, i.e. there is a canonical exact sequence

(7) O—ﬂmMHJ@%QJMUZﬁﬂq»HO

where b = b1 (I'x) (compare with (3)).

Remark 3.1.1. By Lemma 2.1.1 J(X) is projective if and only if X is a curve
of compact type. In such a case there is a natural isomorphism

X
J(X) = ][ 7
=1

saying that a line bundle on X is uniquely determined by its restrictions to
the irreducible components of X.

The definition of generalized jacobian and Picard scheme generalizes to
families of curves over any base scheme B. To every family of curves f :
X — B one associates the relative jacobian, J; — B. It is a group scheme
over B whose fibers are the jacobians of the fibers of f.

Similarly, there is a relative Picard scheme, Picy — B, again a group
scheme, whose fibers are the Picard schemes of the fibers of f. We have an
injective morphism of B-schems J; — Pic;y.

The Picard scheme is a moduli space, in the sense that it coarsely repre-
sents a certain functor.

3.1.2. The Picard functor and the Picard scheme. Fix a flat projective mor-
phism

f: X —B
and consider the category SCHp of schemes over B. We shall use the fol-
lowing notation: if 7" is an object in SCHpg, we set X7 := X xp T and

fT:XT—>T

the base change of f. The Picard functor Picy associated to the above
f: X — B goes from SCHp to the category of sets, and associates to any
object T € SCHp the set

Picy(T) = {equivalence classes of line bundles on X7},

where we say that two line bundles £ and £’ on X7 are equivalent if there
exists a line bundle M on T such that

L2L' @ frM
Notice that Picy(T) is a group under tensor product of line bundles.
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The representability properties of the Picard functor were studied by
Grothendieck. To say that Picy is coarsely representable is to say that
there exists a B-scheme Picy with the following properties.

(1) For any B-scheme T and any line bundle £ on X7 there exists a
unique morphism, pp, the moduli map of L,

pe T — Picy.
The map pu,y maps a point t € T to the isomorphism class of the

restriction of £ to the fiber of fr over t. This property can be more
tersely stated by requiring that there exists a map

(8) p’ i Picy(T) — Homp(T,Picy); L+ pug.

(2) For every algebraically closed field k& the above map pSPeck s a bi-

jection. In other words, the closed points of Picy are in bijection
with isomorphism classes of line bundles on the fibers of f over the
closed points of B.

(3) Finally, the moduli scheme Picy is uniquely determined up to iso-
morphism.

The following theorem summarizes the main results see [SGAb] and [GIT].

Theorem 3.1.2 (Grothendieck). Let f : X — B be a flat projective mor-
phism with integral geometric fibers.

(1) There exists a group scheme Picy over B which coarsely represents
Pin.

(2) For every scheme T over B the natural map

Picy(T) — Homp(T,Pics), L~ pug

18 1njective.

(3) If f admits a section, then Picy is a fine moduli scheme for Picy
i.e. the above maps Pic — Homp(T, Picy) are isomorphisms).
.e. the ab Picy(T H T, Picy ' hi

If B = Spec k where k is an algebraically closed field, and X is an integral
projective variety over k, we find the classical Picard group of X, Pic X =
Picy where f : X — Speck is the structure map.

Remark 3.1.3. The injectivity of the map Picy(T") — Homp (T, Picy) says
that if £ and £ are two line bundles on X7 which agree on every fiber of fr,
then £ and L’ are equivalent, that is, they differ by the pull-back of some
line bundle of T

3.1.3. Representability and Poincaré line bundles. What prevents Picy from
having a fine moduli space is the existence of non-modular maps T' — Pic;y.
In other words, a continuously varying family of line bundles on the fibers of
fr does not necessarily “glue together” to a line bundle on the total space
X7. The theorem says that such a “gluing” exists if f has a section.

Suppose that Picy is represented by a scheme Picy — B. What is the
universal element U = Up;., € Picy(Picy) (cf. subsection 1.2)7 By the
definition of the Picard functor, U is a line bundle on AXpic, = X xp Picy
with the following property. First, note that for any B-scheme T and any
L € Pic Xp the moduli map py, : T'— Picy obviously lifts to a map

br : Xr — Xpic, -
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Now, the pull-back jzz,“U is a line bundle on Xy whose moduli map must
coincide with pe. By Theorem 3.1.2 (2), we have that £ and pp U are
isomorphic modulo tensoring with the pull-back of a line bundle on T

A line bundle U € Pic(X x g Picy) with this universal property is called
a Poincaré line bundle.

By applying the universal property to Spec k for any field k over which B
is defined we have that for any k-rational point b € B and any L € Pic X,
the restriction of U to Xp x {[L]} is isomorphic to L.

3.2. The universal Picard variety over M,. Let f, : C;, — M, be the
universal family of curves of genus g > 3. So, for every [C] € Mg (i.e.
for every C such that Aut(C) = {0}) we have a canonical isomorphism
f7H[C)) = C, se we shall usually identify f;'([C]) = C. We can apply
the above Theorem 3.1.2 and obtain a so-called universal Picard scheme
Picy, — My; this Picard scheme has infinitely many components, one for
each d € Z, denoted by Pg, such that Pgd parametrizes line bundles of relative
degree d. So, for every d we have

. pd
7Td.Pg—>Mg

and for every [C] € M, 59 we have 7' ([C]) 2 Pic? C' (another common nota-
tion for Pgd is Py g).

The scheme Pgd above is called the “Universal Picard variety” or the
“Universal Jacobian” of degree d.

Theorem 3.2.1. Let g > 3 and let f, : C; — My be the universal family
of curves. There exists a Poincaré line bundle on Cy Xy, Pgd if and only if
(d—g+1,29g—2)=1.

The theorem was proved by Mestrano and Ramanan in [MR85], assuming
characteristic 0. The extension to any characteristic and to all stable curves,
with applications to the stack setting, was obtained later (see [C05, Sect.

5)).

3.2.1. Isomorphisms between universal Picard varieties. If C' is a smooth
curve then for any integers d, e the varieties Pic? C' and Pic® C' are isomor-
phic in a non canonical way (see below). This isomorphism is not, in general,
induced by an isomorphism between Pg and P7. The situation is summa-
rized by the following statement.

Proposition 3.2.2. Assume g > 2 and pick d,e € Z.
Pgd and Py are birational over My if and only if they are isomorphic over
My, if and only if d = e+ n(2g — 2) for some n € Z.

For the proof of this Proposition we need the simple Lemma 3.2.3. As
the Picard group Pic C is commutative we shall use the additive notation:
L+ M:=L®M forall L, M € PicC.

Lemma 3.2.3. Let C be a general smooth curve of genus g > 1 and d, e € Z.
Let o : Pic? C' — Pic® C be an isomorphism. Then one of the following two
possibilities occurs.

(1) There exists T € Pic®"?C such that a(L) = L+ T for every L €
Pic? C.
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(2) There exists T' € Pic®t?C such that o(L) = —L + T' for every
L € PictC.

Proof. Fix Ly € Pic? C' and M € Pic® C. Then we have two isomorphisms
ur, : Pic?C — Pic®C; L~ L — Lo

and
upg, : Picc € — Pic®C; M — M — M.

For any isomorphism « as in the statement we have a commutative diagram

Picd ¢ —= Pict C

_—

Picd ¢ — Pic®

where the vertical arrows are ur, and up, and ag == u Moauzol. So, every
arrow of the diagram is an isomorphism.

Recall now that the automorphism group of the Jacobian of a general
curve of genus g > 1 is generated by the involution and by the translations.
Therefore there exists Ty € Pic® C such that one of the two following cases
occurs:

(a) ag is a translation, i.e. ag(P) = P + Tj for every P € Pic C.

(b) For every P € Pic® C' we have ag(P) = —P + Tj.

Suppose ag is as in (a). The diagram is commutative, hence for any
L € Pic? C' we have

L— Lo+ Ty = apur,(L) = up,a(L) = a(L) — M.

Therefore a(L) = L — Lo + Ty + My. Setting T := Ty + My — Lo we have
that case (1) occurs.

Suppose now we are in case (b). As before, the commutativity of the
diagram yields

Lo— L+ Ty = apur,(L) =up,a(L) = a(L) — My

hence a(L) = —L+ Lo+ My + Ty by taking Lo+ Mo+ Ty = T" we have that
case (2) occurs. [ |

Remark 3.2.4. From the proof of the Lemma it is clear that the assumption
that C' be a general curve can be replaced by the more precise assumption
that C' be a curve such that the automorphism group of its Jacobian is
generated by the involution and by the translations.

Proof of Proposition 8.2.2. 1f d = +e + n(2g — 2) then P{ and P¢ are
isomorphic over M,. The proof of this fact is precisely the same as that of
[C94, Lemma 8.1].

Suppose now that there is an birational Mg -map ay : Pgd --» P7. Let
V C Pgd be an open subset over which «y is regular. Let C € M, be a curve
such that Pic? C NV # ( (identifying Pic? C' with the fiber of P; — M,

over C'). Denote by a¢ : Pic? C' --» Pic® C the restriction of ac. Then, as
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Pic? C' and Pic® C' are isomorphic to an abelian variety (namely Pic® C) we
have that a¢ is an isomorphism:

ac : Pict C =, PictC

(see [Mi08, Sect 1.3]). Of course, the set of C' € M, for which the above
discussion holds is a non empty open subset of M,. By Lemma 3.2.3 there
exists a non empty open subset U C M, such that for every C' € U the iso-
morphisms a¢ are all either as in part (1), or as in part (2) of Lemma 3.2.3.

Suppose first that (1) occurs, i.e. for all C' € U there exists To € Pic®™¢C
such that for all L € Pic? C we have ac(L) = L + Te. This enables us to
define a rational section of P;*d — Mg, namely

My —-» Pgefd; C—Tc.

Now, it is well known that the only rational sections of [[;., Pgd — M,
are those given by powers of the relative dualizing sheaf (this is the strong
Franchetta Conjecture, proved in caracteristic 0 by N. Mestrano in [Me87],
and later, in positive characteristic, by [S02]). Therefore, as Pge*d — M,
has a section, we must have e — d = n(2g — 2) as claimed.

Suppose now that case (2) occurs; hence for all C' € U there exists T/, €
Pic®™ O such that ac(L) = —L + T}, for all L € Pic? C. Hence we have a
rational section of Pge+d — My, i.e.

My --» Pet4 O T

Arguing as in the previous case we conclude that e + d = n(2g — 2).

We thus proved that if Pg and P7 are birational as M, schemes we have
d = +e 4+ n(2g — 2). By the first part of the proof this yields that Pg and
Py are actually isomorphic. The proof is complete. |

Remark 3.2.5. Proposition 3.2.2 extends to the compactifications of Pgd and
Py, by [C94, Lemma 8.1], whose proof (of the necessary part) relies on our
Proposition.

3.3. Non-separatedness and the degree class group.

3.3.1. One parameter families and the twisting operations. Let f : X — B
be a one parameter family of curves having smooth fibers over every b € B
with b # by, and singular fiber over bg; we call X the special fiber and
refer to f as a smoothing of X. To simplify matters we assume that X is
nonsingular.

The Picard scheme Picy — B decomposes into its connected components
PiC;l‘ — B, parametrizing line bundles of degree d. Now Picjlc — B is an
irreducible scheme, whose general fiber is non-canonically isomorphic to an
abelian variety. The special fiber will, however, have infinitely many con-
nected components, unless X is irreducible.

Let d = (di,...,dy) € Z"7 and set

Picd X = {LEPICX;@gL:d} ~ g

(X)
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the moduli space of line bundles of multidegree d on X. Then the special
fiber of Pic? — B is
I Pict x.

|d|=d
Let us now ask: is Pic‘]ic — B separated? The answer is: no, unless X is
irreducible.

To explain why, let £ := Oy (D) and suppose that D is not a multiple
of X; consider the trivial bundle Oy. It is clear that £ and Oy restrict to
isomorphic line bundles on every fiber but X. Indeed the restiction of £ to
the special fiber is nontrivial, as its multidegree is different from 0 (because
D # mX). This is a simple instance of the “non-separatedness” of the
Picard functor.

We now define a subgroup Tw; X of Pic X as follows Tw ¢ X is the set of
all line bundles of the form (’)X(D)‘ x where D is a divisor on X supported
on the closed fiber X. Elements of Twy X are called twisters (or f-twisters).
Twisters are the reason why the Picard functor is not separated.

Remark 3.3.1. (1) Twy X is a discrete subgroup of Pic® X.
(2) [EM02, Cor 6.9] Let L € Pic® X be such that there exists a subcurve
7 C X for which we have the following two identities:

LZ:OZ(—Z‘ZC) LZC :OZC(Z'ZC)

(notation in 1.1.1.) Then L is a twister, i.e. there exists a regular
smoothing X' — B such that L = Ox(Z)|x

(3) By the previous observation f-twisters depend on the family f, un-
less X is of compact type. On the other hand their multidegree does
not, i.e. let f'; X’ — B’ be another regular smoothing of X, then

deg Ox(D)|x = deg Oy (D)x-
For more details we refer to [CO5].

3.3.2. Multidegree classes and Degree Class Group. By the previous remark
twisters depend on two types of data:
(1) discrete data, given by the choice of D =Y n;C;, with n; € Z,
(2) continuous data, namely the choice of the family f.
We shall now focus on the discrete data. For every component C; of X
denote, if j # ¢
k‘m’ = #(Cl N C])
and
ki,i = —#(Cz NnX \ CZ)
then it is clear that for every pair ¢, 7 and for every non-singular X’
dego, Ox(Ci) = ki

Obviously we have that k; ; = k;; and that 22:1 k; ; = 0 for every fixed i .
Now, for every i = 1,..., set
C, = (kLiv - ,k%i) eZ”

and
Z:={deZ : |d =0}
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so that ¢; € Z. Consider the sublattice Ax of Z spanned by them

Ax =<y Gy >
Thus, Ax is the lattice formed by the multidegrees of all twisters, inside the
abelian group Z of multidegrees of degree 0.

It is easy to see that Ax has rank y—1, in fact any 7—1 among the ¢y, ... ¢,
are independent over Z, whereas the following natural relation occur

v
ZQZ‘ =0
1
(since -] ¢; = deg ,Ox(C) = 0).

Definition 3.3.2. The group Ax := Z/Ax is called the degree class group
of X.

The previous definition comes from [C94]. The degree class group has
other incarnations; most remarkably, it coincides with the group of compo-
nents of the Néron model of the Jacobian of a family of nodal, generically
smooth curves, with regular total space (due to A.Raynaud [R70], see also
[CO05] for more details).

Example 3.3.3. If X is irreducible Z = Ax = 0, hence Ax = 0.

If X is a curve of compact type, then again Ax = 0. More generally, we
have that Ax = 0 if and only if X is treelike, i.e. every node lying in two
different components is separating. We leave the proof as exercise.

Let d and d' be two multidegrees (so that d,d € Z"); we define them to
be equivalent if their difference is the multidegree of a twister, i.e.:

d=d & d—-d € Ay.
Now the quotient of the set of multidegrees with fixed total degree by this
equivalence relation is a finite set Agl(:

7 —
at o (d€:ld=d)

It is easy to see that the cardinality of Agi( is independent of d, and of course
AY = Ax.

3.3.3. Combinatorial description of the Degree Class Group. To better ap-
preciate the combinatorial nature of the degree class group, let us follow
Oda and Seshadri [OS79][??] with a short digression. Fix an orientation on
a graph I' (cf. 1.1.2), then we have the standard homology operators 0 and
d:

0:Ci(INZ) — Co(I',Z), e—v—w

where the edge e goes from the vertex v to the vertex w. Next
0:Co(I,Z2) — C1(1',Z); v Zej - Ze;

where the first sum is over all the edges e starting at v, and the second
sum is over all the e v. Then we introduce the group

a0, (T, Z)
85Co(T,Z)’
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The theorem of Kirchoff-Trent states that such a group is finite and its
cardinality is equal to the complexity of .

Proposition 3.3.4. For a nodal connected curve X with dual graph I'x we

have
L 0C1(I'x,Z)

Ay &2 ———
X7 06C,(T'x, Z)
In particular #Ax is equal to the complexity of the dual graph of X.
Proof. The proof is straightforward using the definitions of 0 and §. First

we identify Z = 0C,(I'x,Z) (because I'x is connected). Then we have
Ax =2 06Cy(I'x,Z), in fact if v; is the vertex of I'x corresponding to the

component C; of X, then, by definition, one obtains 9d(v;) = —¢;, for every
1=1,...,7.
The rest follows from the theorem of Kirchoff-Trent. |

Example 3.3.5. If X is a curve made of two smooth components meeting
at 0 points, or if X is a “cycle” of § smooth components, then Ax is the
cyclic group of order 6.

3.3.4. Boundary points. What type of boundary points for the compactified
Picard scheme can we use?

To answer this question, let us consider a curve X with a node n, its
normalization XV, and the two branch points p,q € X over n. Assume
that X" is connected, and pick M € Pic X¥; then the set of line bundles
on X pulling back to M is a k*. Let us try and complete this k*. Any line
bundle L € Pic X pulling back to M is obtained by gluing the fiber M,, of
M at p with the fiber of M at ¢, M,; after fixing local trivializations for
M, any such gluing is an isomorphism obtained by mapping 1 € k = M, to
some ¢ € k = M, with ¢ # 0. We denote by L = L the line bundle on X
corresponding to this gluing.

What happens when ¢ goes to 07 The isomorphism M, = M, degenerates
to the zero map. So the sections of M compatible with this map are the
sections vanishing at q. We can interpret this as the fact that M degenerates
to M (—q). Unfortunately, in doing so we have lowered the degree, which is
obviously a problem. To fix this problem, we choose to replace the curve X
by the “blow up of X at n”, i.e. by the nodal curve Y obtained by adding to
X" a smooth rational component E joining p with ¢. Now the limit of L©
as ¢ goes to 0 is a line bundle L € PicY whose restriction to X" is M(—q)
and whose restriction on F is Og(1) (i.e. the only degree 1 line bundle on
E). Now degf = deg M. Moreover the automorphisms of Y which fix X
and act only on F (a k* of them) act transitively on the set (again a k*) of all
line bundles on Y whith the same restrictions on X” and E. Therefore our
limit point L is uniquely determined up those automorphisms of Y which
fix XV.

With a similar reasoning, if ¢ tends to co the limit of L(¢) is a line bundle
on Y whose restriction to X* is M (—p) and whose restriction to E is again

Op(1).
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4. LECTURE 3

4.1. Balanced line bundles. The discussion in 3.3.4 served as motivation
for the fact that to compactify the Picard scheme we will use line bundles
on a simple type of semistable curves, the so-called quasistable curves.

Before we begin, let us point out that, although we will describe the com-
pactified Picard scheme for stable curves, there is no real loss of generality
in doing so.

Remark 4.1.1. Let Y be a connected nodal curves and X its stabilization,
The compactified Picard scheme of Y is naturally identified to the compact-
ified Picard scheme of X.

Definition 4.1.2. Let Y be a connected nodal curve of genus g.

If g > 2, we say that Y is quasistable if is semistable (i.e. it has no rational
tails) and if two exceptional components do not intersect each other.

If ¢ = 1 we say that it is quasistable if it is stable, or if it is the union of
two copies of PL.

If X is the stabilization of Y we say that Y is a quasistable curve of X. If
g > 2 we denote by €(Y') the number of exceptional components of Y, and

(9) Vexe 1= U E, Y :=Y VYo

E exceptional comp. of Y

so, Y is a partial normalization of the stabilization of Y at €(Y) nodes (see
4.1.3 for g =1).

Remark 4.1.3. Let g =1 and Y = C; Uy with C; 2 P! and #C1 N Cy = 2.
We fix a stabilization map Y — X, which contracts one of the two compo-
nents. We then use the convention that the non contracted component (the
normalization of X') is not exceptional, whereas the contracted component
is exceptional. With this convention, notation (9) makes sense also when

g=1
Remark 4.1.4. Let X be a stable curve with § nodes. Then the set of all
quasistable curves of X has cardinality 2°.

Recall that a nodal curve Y of genus g has an invertible dualizing sheaf
wy of degree 2g — 2, such that that for every subcurve Z C Y we have, with
the notation of 1.1.1, wy ® Oz = wz(Z - Z°) so that deg, wy = 297 —2+07,
where gz is the arithmetic genus of Z.

Definition 4.1.5. Let Y be a quasistable curve of genus g > 2 and let
L € Pic’Y.
(1) We say that L is balanced if its multidegree deg L is balanced. i.e. if
the following two properties hold.
(a) For every exceptional component £ C Y we have degp L = 1.
(b) For any subcurve Z C Y we have
d < 0z
29 —2 2
(2) We say that L, or deg L, is strictly balanced if it is balanced and if

strict inequality holds in (10) for every subcurve Z C Y such that
ZNZ°Z Yexe-

(10) |degy L — degzwy
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(3) We denote
Bd(Y) = {d : |d| = d balanced on Y} D) SBd(Y) = {d . strictly balanced}
(4) A stable curve X is called d-general if By(X) = SBy(X).

Remark 4.1.6. A couple of observations which simplify the computations.
First of all, if d is a multidegree on Y and Z C Y a subcurve we denote by
d, € Z the total degree of the restriction of d to Z.

(1) It is convenient to introduce the notation

d 52 d 5Z
¢ %z Myz(d) :=d _* %2
-2 2 z(d) egy wy +

29—2 " 2
Now (10) reads as follows:
mz(d) < dy < Mz(d).

(2) Condition (10) holds on Z if and only if it holds on Z¢.
(3) Condition (10) holds on every subcurve if and only if it holds on
every connected subcurve.

mz(d) := degz wy

Remark 4.1.7. Let X be a stable curve. Then every multidegree class [d] €
Agl( has a balanced representative; the balanced representative is unique if
and only if it is strictly balanced ([C94]).

Example 4.1.8. d = 0.
The inequality (10) gives

—6z/2 < degy L < 0z/2.

Let X = C; Uy with C; nonsingular and 6 = d¢, = 2 for i = 1,2. Call
Xsing = {n1,n2}. The set of non stable, quasistabe curves of X, is made of
three curves: two curves Y7 and Y5 obtained by blowing up the node n; of
X; the curve X obtained by blowing up both nodes of X.
We have,

(1) SBO(X) = {(070)} and BO(X) = {(_L 1)7 (070)7 (17 _1)}

(2) SBo(Y;) =0 and By(Y;) = {(~1,0,1),(0,—1,1)} for i = 1, 2.

(3) SBo(X) ={(-1,-1,1,1)} = By(X)
where we ordered the multidegrees so that the degrees on the exceptional
components are at the end.

More generally, for every § > 1 one easily checks that X is 0-general if
and only if ¢ is odd.

Example 4.1.9. d=¢g — 1.
Condition (10) yields

gz —1<degy L < gz —1+dz.

Therefore a stable curve is (g — 1)-general if and only if it is irreducible.
By imposing condition (10) to Z and to Z€ it suffices to impose only one

of the two above inequalities to every subcurve of Y. In other words, a line

bundle L of degree g — 1 is balanced if for every subcurve Z we have

gz —1<degz L

and if strict inequality holds for exceptional components.



22

Let us show that
(11) Xosep 0 = SBy_1(X) = 0.

Let n € X¢ep and write X = ZUZ° with ZNZ° = n. Hence g = gz +gze.
Suppose by contradiction that there exists d € SB,_1(X). Then we have
dy; > gz and dgzc > gze; hence

g—1l=dg+dze>9z+9z: =9
a contradiction. The converse of (11) also holds, as we shall explain later.

Definition 4.1.10. The strictly balanced Picard functor associated to a
stable curve X is the contravariant functor 73‘)1( from the category of schemes

to the category of sets defined as follows. For any scheme B the set @(B)

is the set of equivalence classes of pairs () 4 B, L) where f:)Y — Bis a
family of quasistable curves having X as stabilization, and £ € Pic) is a
relatively degree d, stricty balanced line bundle.

For any morphism ¢ : B’ — B the map P%(B) — P%(B’) maps (¥ —B, L)
to (¥ xp B'—B’ E') where £/ is the pull back of £ via Y xg B' — ).

We define (Y ENy:) , L) and (y’ B, L) to be equivalent if the following
facts hold.

(1) The stabilizations of f and f’ coincide; let X — B be their stabi-

lization, and let Y 5 X — B and V' 5 X — B be the stabilization
maps.
(2) There exists an isomorphism « : Y — )’ which commutes with o

and ¢’ (i.e. « is an X-isomorphism) and a line bundle M € Pic B
such that o*L' 2 L ® f*M

Remark 4.1.11. Let L,L' € PicY be two strictly balanced line bundles on
the quasistable curve Y. Let L and L' be the restrictions of L and L' to the
curve Y C Y (the complement of the exceptlonal components, cf. 4.1.2).
Then L and L' are equivalent if and only if L & L'. Indeed, L = L’ if and
only if L and L’ differ only in the gluing data on Y N Yexe. On the other
hand the automorphisms of Y which fix Y act transitively on those gluing
data, and fix the stabilization of Y. Therefore L= if and only if L and
L' are equivalent.

4.1.1. The strictly balanced class of a balanced line bundle. To begin with,
observe that the terminology “strictly balanced” is not to be confused with
the terminology “stably balanced” used in [CCCO04] or in [C05]. They coin-
cide for stable curves; in general stably balanced implies strictly balanced,
but the converse fails, see example 4.1.13 below.

A balanced multidegree on a quasistable curve is called stably balanced if
part (2) of Definition 4.1.5 is strengthened by requiring that strict inequality
holds in (10) for every subcurve Z C Y such that Z¢ ¢ Yexe.
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The degree d compactified Picard scheme of X, denoted ﬁ, is con-
structed as the GIT-quotient of a certain scheme Vx, containing only GIT-
semistable points, by a certain group G. So that there is a quotient mor-
phism

(12) Vx — P4 =Vx/G.

Equivalence classes of strictly balanced line bundles of degree d on qua-
sistable curves of X correspond to the closed (and GIT-semistable) orbits of
G on Vx.

Equivalence classes of balanced line bundles correspond to GIT-semistable
orbits, i.e. to all the G-orbits in Vx, and equivalence classes of stably bal-
anced line bundles correspond to the GIT-stable orbits in V. Therefore a
stably balanced line bundle is strictly balanced, but the converse fails in the
presence of GIT-semistable points which are not stable.

Of course, if there are some non stable GIT-semistable points, some points
of the GIT-quotient parametrize more than one G-orbit. But every such
point parametrizes a unique closed orbit. Therefore to every point in the
compactified Picard scheme Pj‘g there corresponds a unique equivalence class
of strictly balanced line bundles.

Remark 4.1.12. By what we said, to every balanced line bundle L on a
quasistable curve of X there corresponds a strictly balanced line bundle,
L5B uniquely determined up to equivalence. Indeed the equivalence class
of LB written [LSB], corresponds to the unique closed orbit contained in
the closure of the orbit of L in Vx.

We call [L°P] the strictly balanced class of L. A formula for [L5F] will be
given in Lemma 4.2.4.

Example 4.1.13. Let X = C7 U (5 be a stable curve made of two smooth
components meeting at two points and let Y = C1; U Cy U E1 U Es be the
quasistable curve of X obtained by blowing up both nodes of X. Let d = 0.
Consider the strictly balanced multidegree on Y

d:=(=1,-1,+1,41) € SBy(Y)

(the exceptional components are listed at the end). Now, d is not stably
balanced, indeed the degree on C is equal to the minimum allowed by (10)
but, of course, Cf contains Cs.

4.2. Compactified Picard shemes of nodal curves. In the next state-
ment we will use the following notation: If ¥ is a quasistable curve of X
and L € Pic? X we denote by L the restriction of L to Y (see 4.1.2) and by

E the multidegree of E, so that L € Pic?Y.

Theorem 4.2.1. Let X be a stable curve of genus g > 2. There exists

a reduced, connected projective scheme Pj‘g of pure dimension g with the
following properties

(1) @ 18 a coarse moduli scheme for the strictly balanced Picard functor.
In particular, there exists a map

PL(B) — Hom(B, PL); L p.
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The above map is a bijection if B = Speck with k an algebraically
closed field.

(2) For any family f : Y — B of quasistable curves of X, and any rela-
tively balanced degree d line bundle L on Y, there exists a morphism

pre 2 B — @ such that, Yb € B, the point juc(b) parametrizes the
strictly balanced class of the restriction of L to F7HO0) (cf 4.1.12).

(3) Let P{ be the smooth locus of PL. If Xgep = 0 there exists a canon-
ical isomorphism

Piopri= J] Pidx.
deSBy(X)
If Xsep # 0 there exists an isomorphism PE = HgPiCdX where d

varies in a finite set.
(4) There is a canonical isomorphism

H PicE Y.

Y quasistable curve of X

deSBy(Y)

I

d
X

(5) The generalized Jacobian J(X) acts on @ by tensor product. Fach
stratum of the decomposition (4) is left invariant under this action.

Let us explain part (5). A point A in P¢ corresponds to a pair (Y, L)
where Y is a quasistable curve of X and L a strictly balanced line bundle
on Y. Recall from Remark 4.1.11 that A is determined by the restriction L
of L to Y C Y; in other words we can write A\ = [Y, L]. The curve Y is a
partial normalization of X, let o : Y — X be the normalization map. For
every M € J(X) = Pic® X the action of M maps [V, L] to [Y, L @ 7*M].
Since @gz = degv*M by gluing the line bundle 7*M to Og(1) on each
exceptional component of Y we get a strictly balanced line bundle. From
this we obtain that the stabilizer of A under this action is a torus:

(13) Stabyx)(A) ={M € J(X) : "M = Oy} = (k*)
with ¢t = bl(FX)* = bl(l“f/).

Remark 4.2.2. Parts (3) and (4) of the theorem imply that the singular locus
of Pj‘é has codimension one. In particular Pj‘é is not a normal scheme, unless
X is of compact type, in which case Pj‘l( is nonsingular (and irreducible).
In fact if X is a curve of compact type, for every d there exists a unique
quaistable curve Y of X such that SBy(Y) # (). We leave this claim as an
exercise.

Example 4.2.3. If X is a reducible curve not of compact type the structure
of Pfg varies with d. For example, consider a curve X = C; U Cy as in

example 4.1.8 (with the same notation). If § > 3 is odd then @ has §
irreducible components, one for every multidegree class. On the other hand

P;{l has only § — 1 irreducible components, as

SBg_l(X) - {(91792+6_2)7(gl +1792+5_3)77(91+6_2792)}
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On the other hand if § = 1, so that X is of compact type, @ ha one
irreducible component such that
PY = Pic®9 X = Pic® ¢} x Pic’ Cy.

What if d = g — 1?7 Then SB;_1(X) = (). Let Y be the blow up of X at its
node, so that Y = C1 UCy U E; we have SBy_1(Y) = {(g1 — 1,92 — 1,1)},
hence

Pyt = picrhe- Dy = Pict1 =1 ¢ x Pic®2 ! Oy x Pic! B

hence

1 D ogi— . g
P)g( >~ Picd' 1 O] x Pic?271 (.

4.2.1. Constructing the strictly balanced class. Given a balanced line bundle
L € Pic?Y we want to construct [L55]. This will be done in Lemma 4.2.4,
to state which we need some preliminaries. We say that a node n of Y is
exceptional if it lies in an exceptional component of Y, and denote by Ys‘fﬁg
the set of exceptional nodes of Y. We shall say that a connected subcurve

Z CY is d-minimal if d; = myz (notation in Rk. 4.1.6). Set
(14) S(d) == {n € Yaing \ Ying : 37 d-minimal with n € Z N Z°}.

We let 0 : Y(d) — Y be the blow-up of S(d), so that Y (d) is a quasistable
curve, and o contracts one exceptional component, F,, C Y (d), for every
n € S(d). For every d-minimal Z C Y there exists a subcurve of Y (d)
mapping isomorphically to Z via ¢; we abuse notation and call Z this curve.
For every n € S(d) lying in ZNZ¢ there exists a unique point p, € Z C Y(d)
mapping to n; of course p, is a node of Y'(d). Let

v:YY(d) — Y(d)

be the normalization of Y (d) at all nodes of the form p,, for all n € S(d).
Finally, ¥n € S(d) we pick a smooth point r,, € Y”(d) such that v(r,) € E,.
With the above set-up, we have the following

Lemma 4.2.4. Let Y be a quasistable curve of a stable curve X and let
L € PiclY be balanced. Then the strictly balanced class [L°B] € P of L
parametrizes (strictly balanced) line bundles LS € Pic Y (d) whose pull-back
to YV (d) satisfies

(15) v L = 10" L@ Oyuigy( Y (rn — pn))-
nes(d)

Proof. Recall that we have a GIT-quotient map Vx — P% = Vx /G, and
that strictly balanced classes correspond to the closed orbits of the action
of G on Vx We use [C94, Lemma 6.1] characterizing the closed orbits in
Vx in terms of the multidegrees of the line bundles they parametrize. That
Lemma states that L is strictly balanced if and only if for every d-minimal
Z C Y we have that Z N Z¢ is contained in the union of the exceptional
components of Y.

The curve Y (d) has been constructed by blowing up every non-exceptional
node lyig in Z N Z¢ for every d-minimal curve. The pull-back of L to Y(d) is
not balanced, as it has degree 0 to the exceptional components F,,. To adjust
o*L to get a balanced (in fact, a strictly balanced) line bundle equivalent
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to L we need to tensor by Oy (4)(3_,,e5(4)(rn — Pn)) its pull back to Y (d).
Checking the details is easy, and we leave it to the reader. |
Theorem 4.2.5. Fix d and g > 3.

(1) There exists an integral, normal, projective scheme PT? with a projec-

tive morphism, mw, onto Mg, with the following property. For every
family of quasistable curves f : Y — B of genus g and every rela-
tively balanced, degree d line bundle on ) there exists a morphism
e B — Pg such that the diagram below is commutative:

jTes

.
Pl

B

f Mg
ya

d
g

where I3 is the moduli map of the stabilization f of f.
(2) The following conditions are equivalent

(a) (d—g+1,29—2)=1.

(b) Every X € M is d-general.

(c) Fg is the geometric quotient of a smooth scheme by a group
acting with finite stabilizers.

If these conditions hold, the morphism m is flat. Moreover Pgd 18

the coarse moduli scheme of a Deligne-Mumford stack fd,g with

a strongly representable morphism onto the moduli stack of stable

curves M.

Condition (2a) is the same as that of Theorem 3.2.1 ([MR85]). The con-
structon of the scheme Fg was performed in [C94], using GIT along the same
lines as the construction of M,. All of the above results, with the exception
of the part concerning the associated stacks, were proved in [C94].

For the stack version and the relation of the above construction with
Néron models of Jacobians see [C05]. More generally the Artin stack asso-
ciated to the scheme PT? for every d is studied in details in [MO08].
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5. LECTURE 4

5.1. Linear series on nodal curves. The central objects in the classical
theory of linear series on curves are the so-called Brill-Noether varieties,
which we will now define for any connected nodal curve Y. Fix two integers
dandr > 0.

Wi(Y):={L €Pic?Y : hO(Y,L) >r +1}.

Among the fundamental facts for line bundles on smooth curves which ex-
tend directly to nodal ones we recall

Theorem 5.1.1. Let Y be a nodal connected curve of genus g
(1) (Riemann-Roch) For any L € Pic?Y we have

RO(Y,L) —h'(Y,L)=d— g+ 1.
(2) (Serre duality) Let wx be the dualizing sheaf of Y; then
ho(Y,wy) = h'(Y,0y) = g.

Let us now state some other important facts which are easily seen to fail
for reducible nodal curves.

Theorem 5.1.2. Let C' be a smooth curve of genus g and let L € Pic? C.
(1) If d < 0 then h°(C, L) = 0.
(2) (Clifford theorem) If 0 < d < 2g — 2 then h°(C,L) < d/2+ 1. If
d=0 ord=2g—2, then equality holds if and only if L = O¢ and
L =wc.
(3) (Riemann theorem) If d > 2g — 1 then h°(C,L) =d — g + 1.

Example 5.1.3. Let X = C1UC, with g1 = go = 1. Suppose #C1NCy = 1.
Let L € Pic™' X be any line bundle of multidegree (—3,2). Then, calling
p; € C; the branches over the node, we have

hO(X7 L) = hO(C27LICQ(_p2) =1

because degL|c,(—p2) = 1. This shows that (1) of the above theorem fails.
Let L € Pic® X have multidegree (—3,3). Then, notation as above,

hY(X, L) = h°(Cy, Lic,(—p2) =2

showing that Clifford’s therem fails.
We leave it as an exercise to show that Riemann theorem, part (3) above,
fails for infinitely many multidegrees (and for any reducible curve).

As we have seen in the previous lectures, if one restricts the Picard func-
tor to balanced, or strictly balanced, line bundles, the functor has better
representability properties. Now we shall see that, with such a restriction,
also the Brill-Noether theory is better behaved.

Theorem 5.1.4. Let Y be a quasistable curve of genus g and let L € Pic?Y
be a balanced line bundle.

(1) If d <0 then h°(Y,L) = 0 unless L = Oy-.

(2) (Riemann theorem) If d > 2g — 1 then h°(Y,L) =d — g + 1.
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(See [CO8, Thm 2.2.1 and Lemma 4.4.1]) The situation for the Clifford’s
theorem is less clear. Let us summarize the known facts in a unique state-
ment.

Theorem 5.1.5 (Generalized Clifford theorem). Let Y be a quasistable
curve of genus g and let L € Pic?Y be balanced, with 0 < d < 2g — 2. Then
RO(Y,L) < d/2 + 1 if one of the following conditions holds

(1) d = 0 or d = 2g — 2. Moreover, in this case h®(Y,L) = d/2 + 1 if
and only if L = 0Oy or L = wy.

(2) Y has at most two irreducible components.

(3) d=1,2 and Y is free from separating nodes.

(4) d=3,4 and 'Y is stable and free from separating nodes.

The last two parts are sharp, as shown by several counterexamples. More-
over there are counterexamples showing that for d > 5 the Clifford theorem
fails for stable curves free from separating nodes; we refer to [C08, Sections
3 and 4] for more details.

The following question, having a strong combinatorial nature, is open:

Problem 5.1.6. How does Clifford theorem generalize (to balanced line bun-
dles) for any d with 0 < d < 2g —27?

5.2. Theta divisor.

5.2.1. Theta divisor of a smooth curve. We refer to [ACGH] for more details
about this subsection. The theta divisor on a smooth curve C' of genus g > 1
can be intrinsically defined in Pic9™! C' as follows:

©(C) =W, (C) C Picd" C.

Let us show that ©(C) is an irreducible codimension-one subvariety of
Pic9~! C. Consider the Abel map agc_l in degree g — 1, i.e. the morphism

g—1
(16) oz%fl 09— PicdTL O (P1s.--,Pg—1) — OC(ZPi)-
=1

It is clear that the image of oz%_l coincides with W7, (C), hence ©(C) is an

irreducible closed subscheme. Now the generic fiber of 04%_1 has dimension
0, in fact it is well known that if g > 3

g — 3 if C is hyperelliptic

: 1 _
dimWy_,(C) = { g — 4 otherwise

(see [ACGH, p.250]). On the other hand of g = 1,2 it is trivial to check
that W, ,(C) = 0.

The theta divisor turns out to be ample, and, which is perhaps its most im-
portant property, the isomorphism class of the pair (Pic/ ™! C, ©(C)) uniquely
determines the isomorphism class of C:

Theorem 5.2.1 (Torelli theorem). Let C' and C’ be two smooth connected
curves of genus g > 1. Then (Pic?=' C,0(C)) = (Picd~1 C’,0(C")) if and
only if C =’
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See [T13] or [ACGH].
The geometry of the theta divisor encodes some important properties of
the curve C and its linear series. A striking instance of this is the following

Theorem 5.2.2 (Riemann Singularity Theorem). Let L € Pic/~! C be a
line bundle on a smooth curve C such that h°(C, L) # 0; let [L] € ©(C) be
the corresponding point. Then mult;;;©(C) = h°(C,L).

See [ACGH, Chapt.VI]. In particular we have that the singular locus of
O(C) coincides with ng_l(C). This is one of the facts used to prove the
characterization of hyperelliptic curves given above.

5.2.2. Compactified Picard scheme in degree g — 1. Now let us consider a
stable curve X, and let us try to generalize the previous picture.

By what we said, it seems reasonable to restrict to the case d = g — 1.
Moreover, we have seen that the structure of the compatified Picard scheme

Pg‘é varies with d in general. This is another good reason to concentrate on

the case d = g — 1. Let us define the Theta divisor in P)g(_1 exactly as for

smooth curves. Recall that a point in ij(_l parametrizes a unique pair [Y, L]
where Y is a quasistable curve of X and L € Pic/"'Y is a strictly balanced
line bundle on Y. Now we set

O(X) := {[Y, L] € P{ " such that h°(Y, L) # 0}

where it is understood that Y is a quasistable curve of X and L € Pic?™'Y
is strictly balanced.

Now recall that Y is the curve obtained by removing the exceptional
components from Y, and L denotes the restriction to Y of an L € PicY.
We already noticed that the pair (}7, E) uniquely determines the point [Y, L]
in the compactified Picard scheme. Moreover we have

Remark 5.2.3. Let L be a balanced line bundle on the quasistable curve Y,
then hO(Y,L) = h°(Y, L) ([CO7, Lemma 4.2.5])

Before continuing, we will show that, if d = g — 1, computations become
easier and the definition of balanced line bundles can be generalized. We
begin by a straitghtforward lemma.

Lemma 5.2.4. Let Y be a quasistable curve of genus g > 2. L € Picd™'Y
is strictly balanced if and only if the following hold

(1) degp L =1 for every connected E C Yeye;
(2) deg, L > gz — 1 for every Z CY such that Z N Z°¢ C Yeye;
(3) deg, L = gz — 1 for every Z with Z N Z¢ C Yeze such that Z C Yege.

Proof. The “if” part is clear. Conversely, assume L strictly balanced. The
first two conditions hold by definition; we need to prove condition (3). Re-
call that, since L is balanced, for every Z we have gz — 1 < deg, L (see
Example 4.1.9). Let Ey,..., E5, be the exceptional components intersect-
ing Z, and set Ez = EyU...UEs;,. Then L is balanced if and only if
degp, L =0z. It Ez = Z° we have

g—1=degy L+degp, L>gz—1+0z=9g-1
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(since gz = g — dz); therefore equality holds and deg, L = gz — 1. If
Z° C Yexc we are done.

Now suppose Z¢ ¢ Yexe, i.e. Ez C Z¢ recall that we can assume that Z is
connected (Remark 4.1.6). Let W = EY, so that Z is a connected component
of W. By the previous part of the argument we know that L is (strictly)
balanced if and only if degy, L = gw — 1; notice that g5 = > ;_; gw, +1—c¢
where Wy, ..., W, are the connected components of W. We have

c

C
degyy L=gw — 1= (gw, —1) <> degy, L = degy L

i=1 i=1
therefore equality must hold. Hence for every connected component W; of
W we have degy, L = gw, — 1. In particular this holds for Z. |

Our goal is to characterize strictly balanced line bundles by disregarding
the exceptional components. This would significantly simplify matters, aslo
in view of remark 5.2.3. The previous lemma enables us to do that. First
we need a definition.

Notice also that the inequalities defining balanced and strictly balanced
line bundles in degree g — 1 make sense for every g (not only g > 2, as in
Definition 4.1.5).

Definition 5.2.5. Let Y be a connected nodal curve of genus ¢ > 0 and
L € PicY. We say that L, or its multidegree, is stable if deg L = g — 1 and
if for every proper subcurve Z C Y we have deg, L > gz — 1.
If Y is not connected, we say that L € PicY is stable if the restriction of L
to every connected component of Y is stable (in particular, deg L = gy —1).
We denote by X(Y') the set of stable multidegrees on Y.

Example 5.2.6. If X is a stable curve we have X(X) = SB,_1(X).

Let Y = CoUCy with #Co N Cy = 2, Cg = P! (i.e. Cp is an exceptional
component) and Cy smooth of genus g — 1 > 1. Now X(Y) = {(0,9 — 1)}
whereas SBy_1(Y) = {(1,9 — 2)}.

Recall that for a quasistable curve Y of genus g the subcurve Y is a
(possibly non connected) curve, of genus g — €(Y') (cf.4.1.2).
The following is a trivial consequence of Lemma 5.2.4

Corollary 5.2.7. LetY be a quasistable curve of genus g > 2. The following
map 1s a bijection

SBy(Y) — S(YV);  dwds.

Now we will give a simpler description of P)’(l and, with it, state some
properties of ©(X). First, for any set of nodes of X, S C Xging, we will
denote by Yg — X the normalization of X at S; thus Yg is a nodal curve of
genus g — #S5. From the previous discussion and Theorem 4.2.1 we obtain
the following

Proposition 5.2.8. Let X be a nodal connected curve of genus g.
(a) There is a canonical isomorphism:
(17) Pyt [ Pictvs.

V’QSQXsmg
dex(Ys)
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(b) X(Ys) # 0 if and only if Ys has no separating node.

Now we turn to the Theta divisor. Let d = (di,...,dy) € X(X) be a
stable multidegree (in particular, X is free from separatig nodes). Consider
the following rational map

-
04%( (O™ %L x nylw -—» Pic? X ¢ P)’}_l; (p1,... Dg—1) — [OX(ZPi)]-
1

The above map is regular away from the preimages of the nodes of X. It
is a generalization of the Abel map described in (16), indeed the product

Cfl X .. X C'fyl” is an irreducible component of X9~! (notice that, as d is
stable, d; > 0 for each 7).

Theorem 5.2.9. Let X be a nodal connected curve of genus g

(a) There is a canonical isomorphism compatible with (17)

(18) ox)= [ wavs).

wgsgxsing
dex(Ys)

(b) ©(X) is a Cartier, ample divisor of P)g(fl.
(c) Assume that X 1is free from separating nodes. Then for every d € %(X)
we have

Pic? X D Im 4 = Wy(X).
aX -

In particular, every irreducible component of P)ggl contains exactly one
irreducible component of ©(X).

The previous statement summarizes results of [S94], [E97], [Ale04] and
[COT].

5.3. Torelli problem. The classical Torelli Theorem 5.2.1 can be stated
using moduli spaces. Namely, let A, be the moduli scheme of principally
polarized abelian varieties of dimension g (which exists and is a quasipro-
jective coarse moduli scheme); then the Torelli map

tg: My — Ay

mapping a curve to its Jacobian, polarized by the theta divisor (everything
up to isomorphism) is injective.

Now, we know how to compactify M, using stable curves, and we have
shown that every stable curve has a compactified Jacobian, endowed with
an ample Cartier divisor generalizing the Theta divisor.

It is thus natural to ask: does the Torelli map extend from Mg to some
good compactification of A,?7 If so, is the extension injective? If it is not
injective, what are its fibers?

The moduli space A, has been shown, over the years, to have several inter-
esting compactifications. We want to introduce one that has been costructed
recently, and which has the advantage of having a straightforward modular
description which ties in well with what we discussed so far.

To explain that, let us list some useful properties of our compactified
Picard scheme. Let X be a connected nodal curve of genus g, J(X) its
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generalized Jacobian, P)’}_l is compactified Picard scheme in degree g — 1

and ©(X) C ij(_l its Theta divisor. Recall that J(X) is a semiabelian
variety i.e. it fits in an exact sequence of algebraic groups whose kernel is a
torus (called the toric part of J(X)) and whose cokernel and abelian variety

(see (7)).

Fact 5.3.1. Let X be a connected nodal curve of genus g. Then

(a) P)’}fl s a connected, projective, reduced scheme of pure dimension equal
to dim J(X) =g.

(b) J(X) acts on Pf}_l with finitely many orbits. The stabilizer of every
orbit is a subtorus of the toric part of J(X).

(c) P§_1 is seminormal.

(d) ©(X) is an ample, Cartier divisor of P)ggl which does not contain any
J(X)-orbit, and such that h°(O(X)) = 1.

Some of the above properties have already appeared. For (a) see Theo-
rem 4.2.1. For (b), we have seen after Theorem 4.2.1 that each J(X) orbit
is canonically isomorphic to Pic?Yyg with d € Y¥(Ys), and its stabilizer is
the set of line bundles on X which pull back to Oy, (cf. (13) and Proposi-
tion 5.2.8). The seminormality of Pf{l is proved in [Ale04]. Part (d) has
almost entirely been discussed before; the fact that ©(X) does ot contain
any orbit follows from the fact that Wy(Ys) C PictYg for every stable d on

Ys (using the decompositions of P}"{l and O(X) given in Proposition 5.2.8
and Theorem 5.2.9)

A consequence of the above properties is that the pair (P)’}_l, O(X)) to-
gether with the action of J(X) is a so called principally polarized stable
semi-abelic pair, in the sense of Alexeev [Ale02].

As proved in [Ale02], is the fact that principally polarized stable semi-
abelic pairs admit a projective moduli space:

Theorem 5.3.2 (Alexeev). There exists a projective scheme Z;Md which
1 a coarse moduli space for principally polarized stable semi-abelic pairs of
dimension g. The main irreducible component of Z;n()d contains a dense
open subset naturally isomorphic to Ag.

See also [Bri07] for an expository description.

Now let us go back to the the Torelli map t,. The largest subset of Mg
admitting a regular map to A, extending t, is the locus of curves of compact
type (see Lemma 2.1.1). Moreover t, extends to a regular map

Ty My, — A [X] - (PY (X))

([Ale04]). Now we can ask how the Torelli theorem generalizes. It is not
hard to see that if g > 3 t, cannot possibly be injective. Indeed, it has
positive dimensional fibers over the locus of curves having a separating node
(see [Nam80, Thm 9.30(vi)]). The natural question is now: is t, injective
away from curves with a separating node?

This question, with a different formulation (i.e. using a different com-
pactification of Ay) was explicitely asked by Namikawa.
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The answer, obtained very recently, is: no. In [CV209] there is a precise
description of the fibers of ty; in particular, although on the locus of curves
free from separting nodes, t4 has finite fibers, it fails to be injective on that
locus as soon as g > 5.

[Ale02]
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[BL02|
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