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ABSTRACT. We use orientations on stable graphs to express the com-
binatorial structure of the compactified universal Jacobians in degrees
g—1and g over M, and construct for them graded stratifications com-
patible with the one of M. In particular, for a stable curve we exhibit
graded stratifications of the compactified Jacobians in terms of totally
cyclic, respectively rooted, orientations on subgraphs of its dual graph.

1. INTRODUCTION AND PRELIMINARIES

1.1. Introduction. The boundary of the compactifications of various mod-
uli spaces often exhibits a stratification in terms of increasingly degenerate
objects. A basic example of this phenomenon is M, the compactification
of the moduli space of smooth curves of genus g > 2 by stable curves, where
the boundary strata parametrize curves with an increasing number of nodes.

This widespread behaviour has received new attention lately thanks to
recent progress in tropical and non-Archimedean geometry. In fact, a thor-
ough study of the boundary of M, and of its combinatorial incarnation has
led to a remarkable discovery. In loose words, the Berkovich skeleton of Mg
(or, the tropicalization of M) is the moduli space for the skeleta of stable
curves over complete valued fields (or, the moduli space of tropical curves,

M"P); an analogous result holds for other moduli spaces, like M, or the
space of admissible covers. These facts are proved, building upon results of
[9], [11] and [26], in [1] for M, and in [17] for admissible covers; see also
[6], [27], [28], [7] for related progress. Apart from being of interest in its own
right, this discovery explicitly connects different areas of geometry, enabling
one to transfer ideas and techniques from one area to the other.

As we said, the starting point was the study of the boundary from the
combinatorial point of view. First, one shows it admits a stratification of a
specific combinatorial type, which we call a graded stratification by a poset
P; see Definition 1.3.2. Second, one identifies the stratifying poset, P, with
a combinatorial object interesting on its own. For example, for M, the
stratifying poset is SG,4, the set of all stable graphs of genus g partially
ordered with respect to edge-contraction. The graded stratification map
(again Definition 1.3.2), M, — 8G,, sends a curve X to its dual graph, G.
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The purpose of this paper is to study, from this perspective, the com-
pactification of the universal degree-d Jacobian (or degree-d Picard variety)
over Mg, constructed in [12]. Recall that for any d € Z the compactification

of the universal degree-d Jacobian is a projective morphism ¢ : ?Z — Mg
whose fiber over an automorphism-free curve X is Pic?(X) if X is smooth,
and a compactified degree-d Jacobian, P;l(, if X is singular. In general, the
fiber of v over X is the quotient of ﬁi by Aut(X); see Subsection 4.5. As

d varies, so does the structure of P;l — Mg, but it is well known that there
are only finitely many non-isomorphic types, each of which can be realized
by a value of d such that 0 < d < g.

In this paper we concentrate on the cases d = g — 1 and d = g, which are
of special interest. Indeed, the case d = g — 1 has been studied extensively
in the past because of its natural connection with Prym varieties, the Theta
divisor and the Torelli problem; see [8], [2], [16]. The case d = g is notable
because Fg is the coarse moduli scheme of a Deligne-Mumford stack, and
its fiber over the curve X is a compactified Jacobian of Néron type, i.e. it
compactifies the Néron model of the Jacobian of a regular one-parameter
smoothing of X.

The space ?;l( parametrizes line bundles on partial normalizations of X
having a special multidegree; as multidegrees on X coincide with divisors
on the dual graph, G, of X, we call such special multidegrees stable divisors.

This leads to a stratification of ?f( given by the sets of nodes that are
normalized, and by the sets of stable divisors on the partial normalization.
For a fixed curve X the existence of such a stratification was essentially
known, but a combinatorially interesting incarnation for it was not, with
the exception of the case d = g — 1. Indeed, it was known that a divisor of
degree g—1 is stable if and only if it is the divisor associated to a totally cyclic
orientation on G. Preceeding the notion of stable divisor, this observation
was made in [8, Lemma 2.1] while studying Prym varieties. Independently,
using the basic inequality of [12], this is a consequence of a theorem in graph
theory, known as Hakimi’s Theorem (originally in [21], for a formulation in

our framework see [3, Theorem 4.8]). The graded stratification of Pﬁ{l by
totally cyclic orientations was established in [16] to study the Torelli map
of stable curves.

We will prove results of a similar type in case d = g, and show that F‘()](
has a graded stratification by the poset of rooted (generalized) orientations
on (; see Definition 1.4.1. In particular, we show that a divisor is stable
if and only if it is the divisor associated to a rooted orientation. We note
that from this and [3, Lemma 3.3] it easily follows that the notions of break
divisor, as introduced in [22], and of stable divisor coincide.

To be more precise, we will introduce for a stable graph G two graded
posets: the poset (977306; of totally cyclic orientation classes on spanning sub-

graphs of GG, and the poset (9732; of rooted orientation classes on spanning
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subgraphs of G. The partial order will be given by edge removal. We treat
the cases d = g — 1 and d = g simultaneously, so we write b = 0,1 and
d=g—1+b. By mapping a point to its stratum we get a graded stratifi-
cation map P "0 — 0773%; see Theorem 4.3.4.

Next, we extend our analysis over M,, which we know is stratified by

8G,4 ordered by edge contraction. Our goal is to endow ﬁzfl and ﬁz with a

graded stratification compatible with the one of M, and with the fiberwise
stratifications established earlier. In order to do that we first study the

. “AS0 . .
behaviour of OP under edge-contractions and prove, in Theorem 3.3.1,
that to every edge-contraction from G to G’ there corresponds a quotient of

posets (97772; — (97771)@. Second, we study the natural action of Aut(G) on
0777(2; and introduce a poset, [(97773], with a quotient of posets, [0777;] — 86y,

whose fiber over G is (’)7732 JAut(G); see Proposition 3.5.3.
The theorem below summarizes the main results of the paper.

Theorem 1.1.1. Let b =0,1. The following diagram is commutative. The
four horizontal maps, denoted by o, are graded stratification maps, and the
vertical map p is a quotient of posets.

Py : e
Py /Aus(X) i [OP¢)
Y ‘ \ng 4 o 0773[]0 7 l Iz
¥ / \ & \
M\g / 3 Sgg

The theorem gives the sought-for combinatorial presentation of the com-
pactified Jacobian of a curve, and of the compactified universal Jacobian
over Mg, for d = g — 1, g. The next question now is to provide the tropical
version of the theorem, starting from the fact that the left-bottom corner
of the diagram should be occupied by the moduli space of tropical curves,

M*P, while the right side should be the same, up to isomorphism. This

will involve constructing skeleta of ﬁ;l( and ﬁ; as moduli spaces of suitable
polyhedral objects. This research direction relates to results of [7], where
the skeleton of the Jacobian of a curve over a valuation ring is shown to
be the Jacobian of the skeleton of the curve. Results of [24] show that the
compactification considered there agrees with the one constructed in [12],
the one we are concerned with in this paper in case d = g. Results of [18]
indicate that one can extend this description to the universal setting on the
combinatorial side.
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Another natural question remaining is about the extention of our results

to fz with d # ¢g,g — 1. Apart from the case d = g — 2, which is essentially
immediate by taking the residual of the degree g case, we so far have no
candidate for a stratifying poset.

After a section containing preliminaries, Sections 2 to 3 establish the
framework for graphs and generalized orientations, together with the be-
haviour under edge-contractions of totally cyclic and rooted orientations on
subgraphs of the full graph. Although everything will be presented in a
self-contained manner, our way of thinking about these objects has been
influenced significantly by [20] and [5], which study the interplay between
orientations and the divisors they define (or as they are sometimes called,
the “indegree sequences of orientations”). In Section 4 we apply the combi-
natorial results to compactified Jacobians of degree g — 1 and g and prove
the claims contained in Theorem 1.1.1.

1.2. Graphs. Throughout the paper G denotes a vertex-weighted finite
graph of genus g; we allow loops and multiple edges. We denote by V =
V(G) the set of vertices of G, by E = E(G) the set of edges of G and by

w:V =N, v w)

the weight function of G. We write ¢(G) for the number of connected com-
ponents of G. The genus, g = g(G), of G, is defined as follows

9(G) =Y w(v) = [V|+|E| + ¢(G).
veV

We think of an edge of G as the union of two half-edges, each of which
has a vertex of G as end, so that the ends of an edge e are the ends of its
half-edges and e is a loop if the two ends coincide. We write H = H(G) for
the set of half-edges of G. We have a natural two-to-one surjection H — F,
and we write {h, h_ } for the preimage of e € E.

The degree, or valency, of a vertex v, written degwv, is the number of
half-edges whose end is v.

A subgraph of G will be endowed with the weight function obtained by
restricting the weight function of G.

For a non empty Z C V, we write Z2¢ := V ~ Z. The induced subgraph,
G[Z] C G, is the subgraph whose vertex-set is Z, whose edge-set is the set
of all edges of G having both ends in Z, and whose weight function is the
restriction to Z of the one of G. We set

9(2) = 9(GIZ]) = |B(GIZ])| - |Z] + (G1Z]) + 3 w(v).
veEZ
If S C F is a set of edges of G, we write G — S for the graph obtained
from G by removing S; notice that G and G — S have the same vertices, in
other words G — S is a so-called spanning subgraph of G. We denote by ()

the subgraph of G spanned by S, so that E((S)) = S and the vertices of (S)
are the vertices adjacent to the edges in S.
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A cut of G is a set of edges, S C E, such that for a partition V = Z LU Z°¢,
with ) € Z C V, our S is the set of all edges adjacent to both Z and Z°.
We also write S = E(Z, Z¢) for such a cut. For a non empty cut S we have
¢(G) < ¢(G — S). We shall use the following elementary

Remark 1.2.1. Let S C E be a cut of G and let H C G be a subgraph.
Then either SNE(H) =0 or SN E(H) is a cut for H.

If e € E is such that {e} is a cut, then e is called a bridge. We denote by
Gy C E the set of bridges of G.

Remark 1.2.2. For any S C E we have g(G) > g(G — 5), with equality if
and only if S C Gy,

A morphism between two graphs, n : G — G’, is given by two maps,
ny : V(G) —» V(G') and ng : E(G) — E(G') U V(G) such that ng(e)
has ends ny (v) and ny(w) for any e € E(G) whose ends are v and w. We
sometime write just n = ng and n = ny.

An isomorphism between two graphs, a : G — G’, is a morphism such
that ay is a bijection, ap : E(G) — E(G’) is a bijection, and such that for
every v € V(G) the weight of ary (v) equals the weight of v. An isomorphism
induces also a bijection between the half-edges of G and G'.

An automorphism is an isomorphism of G with itself. We denote by
Aut(G) the group of automorphisms of G.

G is semistable if it is connected, g(G) > 2, and has no vertex of weight
0 and degree less than 2.

G is stable if it is semistable and has no vertex of weight 0 and degree less
than 3. The set of all stable graphs of genus g is denoted by S§G,.

Notice that §G, is finite.

1.3. Posets. A poset, (P,<), or just P, is a set partially ordered with
respect to “ < 7. Let p1,ps € P. We say that py covers p1 if p1 < ps and if
there is no p’ € P such that p; < p’ < ps.

Let (P,<,) and (Q, <,) be two posets. We say that a map p: P — Q.
is a morphism of posets if p1 <, po implies p(p1) <, p(p2). We say that p
is a quotient (of posets) if for any q1,q2 € Q such that q1 <, g2 there exist
p1 € w1 (q1) and p2 € p~t(ge) such that p; <, po. In particular, a quotient
is a surjective morphism of posets.

We will apply the following trivial lemma a few times.

Lemma 1.3.1. Let P be a finite poset and ~ an equivalence relation on P.
Let m: P — P =P/ be the quotient. Assume the following holds

For every x,y € P with y > x and for every y ~ ' there exists ¥’ ~ x
such that y' > x'.

Then P is a poset as follows: for T,5j € P sety > T if there exist ' ~ x
and y' ~y such that y' > 2'. Moreover 7 is a quotient of posets.

The lemma holds if we switch roles between = and y, i.e. if we assume
that for every x ~ ' there exists ¥’ ~ y such that ¢’ > 2’
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A rank on a poset P is a map p : P — N such that if py covers p; then
p(p2) = p(p1) + 1. Of course, N is a poset and a rank is a morphism of
posets. A poset endowed with a rank is called a graded poset.

Definition 1.3.2. Let M be an algebraic variety and let P be a poset. A
stratification of M by P is a partition of M
M = Upep M,

such that the following hold for every p,p’ € P.

(1) the stratum M, is irreducible and quasi-projective;

(2) if My N M, is not empty, then M, C M,y;

(3) M, C M,y if and only if p < p'.
A stratification of M by P is called graded if the following is a rank on P

P — N; p — dim M,

Let 0 : M — P be a surjective map. We call o a (graded) stratification map
if the fibers of o form a (graded) stratification of M by P.

1.4. Generalized orientations. Let G be a graph and e an edge of G. An
orientation on e is the assignment of a direction so that one half-edge of e
is the starting half-edge and the other is the ending half-edge. Accordingly,
the vertex adjacent to the starting half-edge will be called the source of e,
and the vertex adjacent to the ending half-edge will be called the target of
e. If e is a loop then its base vertex is both source and target.

An orientation, O, on G is the assignment of an orientation on every edge
of G. If x € V is the source (respectively, the target) of e € E we say that e
is O-outcoming from x (resp. O-incoming at x); we say simply “outcoming”
or “incoming” when no confusion seems possible.

A generalized orientation on G is the assignment, for every e € E, of
either an orientation on e, or of both orientations on e; in the latter case we
say that e is bioriented. So, a bioriented edge has both its ends as targets
and sources.

For b € N a b-orientation is a generalized orientation having exactly b
bioriented edges. We thus recover usual orientations as O-orientations (which
we shall continue to call “orientations” to ease the terminology)

In this paper, we shall mostly be interested in the cases b =0, 1.

Definition 1.4.1. Let G be a graph.

An orientation (i.e. a O-orientation) on G is totally cyclic if it has no
directed cut i.e. if every non empty cut E(Z, Z¢) has an edge with target in
7/ and one edge with target in Z°.

A 1l-orientation on G with bioriented edge e is rooted, or e-rooted, if for
every Z C V such that e € G[Z], the cut E(Z, Z¢) contains an edge with
target in Z°€.

We denote
O°@G) :={0: 0O is a totally cyclic orientation on G}
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and
OYG) :={0: O is arooted 1-orientation on G}.
The terminology “totally cyclic” and “rooted” is motivated by 1.4.2 (b),
and 1.6.4, respectively.
Let G be a cycle. We say that G is cyclically oriented if it is given a
totally cyclic orientation (of course, a cycle admits exactly two totally cyclic
orientations). From [15, Lemma 2.4.3] we have:

Fact 1.4.2. (a) O(Q) is not empty if and only if G is free from bridges.
(b) Let G be connected. An orientation on G is totally cyclic if and only if
every pair of vertices is contained in a cyclically oriented cycle.

Convention 1.4.3. Assume G has no edges. Then the empty orientation
will be considered as totally cyclic, so that O°(G) consists of exactly that
orientation.

If G consists of a single vertex, then the empty orientation will be con-
sidered rooted, so that O°(G) = OY(G).

Notice that, by definition, an orientation on a graph is totally cyclic if and
only if its restriction to every connected component of G is totally cyclic.

Remark 1.4.4. Let O be a totally cyclic orientation on a connected graph
G. For any e of G, let O, be the 1-orientation having e as bioriented edge and
such that every remaining edge is oriented according to O. The definition
implies that O, is rooted. This gives an injection (not a surjection)

O%G) x E — OYG); (0,¢e) = O,.
Lemma 1.4.5. OY(G) is not empty if and only if G is connected.

Proof. If G admits a rooted l-orientation then, by definition, every cut
E(Z,Z¢) is non empty, hence G must be connected.
Conversely, let G be connected and set

G-Gp =GiUGyU...UG,

with G; connected for ¢ = 1,...n. Of course, G; is bridgeless for every 4,
hence we can fix on G; a totally cyclic orientation, O;.

We pick an edge e of G5 and consider the 1-orientation on (G; having e
as bioriented edge and such that every other edge is oriented according to
O1. This is a rooted l-orientation, as noted in Remark 1.4.4. We fix this
orientation on G; from now on, and we fix the orientations O,, ..., 0O, on
the remaining G;.

Let us show how to orient Gy, to obtain a rooted 1-orientation. Let By C
Gy be the set of bridges adjacent to G and, up to reordering Go, ..., Gy,
let G, ..., Gy, be adjacent to By, so that the following subgraph of G

HQIGlUBluazU...UGm

is connected. Since G is connected, ny > 2. Orient every edge in By pointing
away from G7. It is easy to check that the so obtained 1-orientation on Hs is



8 COMBINATORICS OF COMPACTIFIED UNIVERSAL JACOBIANS

rooted. If Hy = G we are done. If not we iterate as follows. Let By C Gy, be
the set of bridges adjacent to Hy and let Gy, 41, ... Gy, be the components
not contained in Hs and adjacent to B, so that the following

HgZHQUBQUGn1+1U...UGn2

is connected. Orient every edge in By away from Hs so that the so-obtained
1-orientation is rooted. If Hy = G we stop, otherwise we iterate. Since G is
connected, after a finite number, say m, of iterations we get H,, = G. &

1.5. Divisors of generalized orientations. The group of divisors on G,
written Div(G), is the free abelian group generated by V. We shall identify
Div(G) = Z" and denote a divisor on G by d = {d, }vev-

The degree of a divisor d is defined as |[d| = 3", . d,, and we write Div¥(G)
for the set of divisors of degree k.

If d,d’ € Div(G) are such that d, < d, for every v € V, we write d < d'.

If S C F, then G and G — S have the same vertices, hence we shall identify
Div(G) = Div(G — S).

If Z C V we write d; for the restriction of d to Z and |dy| =) ., d,.

To a generalized orientation O € O°(G) (recall that if E(G) is not empty
b is the number of bioriented edges) we associate a divisor, d° € Div(G),
whose v coordinate, for every v € V, is defined as follows

g0 . Jw) =1 +1t9  if B(G) #90
- wv)—1+b I EG)=10
where t9 denotes the number of half-edges having v as target, so that t© :=
{t9} is also in Div(G).
Next, if G is connected and O € O°(G) one easily checks
(1) 14| = g(G) = 1 +b.

For any Z C V we denote by t?(Z) the number of edges not contained
in G[Z] having target in Z, and by b(Z) the number of bioriented edges
contained in G[Z]. Notice the following

(
)

(2) t9(2) =) ¢~ |E(G[Z])| - b(Z).

z€Z

The following trivial lemma generalizes (1).

Lemma 1.5.1. Let O be a b-orientation on G and let Z C V' be such that
G[Z] is connected. Then

(3) d2| = 9(Z) = 1 +b(2) +t°(2).
Proof. We have

91 = dY =D (w(z) —1+10) = > w(z) — 2]+ ) 1.

z€Z z2€Z z2€Z z2€Z
Now, g(Z) =>_.c,w(z) — |Z| + |E(G[Z])| + 1 hence, by (2),



COMBINATORICS OF COMPACTIFIED UNIVERSAL JACOBIANS 9

42| = 9(Z) =1 = |E(G[Z)| + Y. 10 = 9(Z) =1+ b(Z) +1°(2). &

The following lemmas characterize totally cyclic and rooted orientations.
They are slight generalizations of [10, Lemma 1] and the remark thereafter.

Lemma 1.5.2. Let O be a 0-orientation on a connected graph G. The
following are equivalent.

(a) O is totally cyclic.

(b) t°(Z) > 0 for every non empty Z C V.

(c) t9(Z) > 0 for every non empty Z C V with G[Z] connected.

(d) 1d9| > g(Z) — 1 for every non empty Z C V with G[Z] connected.

Proof. (a) = (b). By hypothesis the cut F(Z,Z¢) must have some edge
with target in Z, hence t°(Z) > 0.

(b) =(c) is obvious.

(c) =(d). By (3) (with b(Z) = 0) and by hypothesis we have

47| = 9(2) =1 +19(2) > 9(Z) — 1.

(d) = (a). Let E(U,U°) be a cut in G, we must prove that E(U,U¢) is
not a directed cut. Let Z C U such that G[Z] is a connected component of
G[U]. Of course, E(Z,Z¢) C E(U,U°). By (3) we have

t°(2) = |dz| — (9(2) =1) > 0

where the inequality follows by hypothesis. Hence E(U,U€) has an edge
with target in Z, hence in U. The same argument applied to U® shows that
E(U,U°¢) has an edge with target in U°. &

0 0

o———@

FIGURE 1. A non totally-cyclic orientation O with t© > 0.

Lemma 1.5.3. Let O be a non empty 1-orientation on G and let e be its
bioriented edge. The following are equivalent.

(a) O is e-rooted.

(b) t9(Z) > 0 for every non empty Z C V with e ¢ G[Z].

(c) t9(Z) > 0 for every non empty Z C V such that G[Z] is connected and
e ¢ GZ].

(d) 1d9| > 9(Z) — 1 for every Z C V such that G[Z] is connected.

Proof. (a) = (b). By hypothesis e € G[Z¢]. As O is rooted the cut E(Z, Z¢)
must have some edge with target in Z, hence t(Z) > 0.
(b) =(c) is obvious.
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(¢c) =(d). If e & G[Z] the proof is the same as for Lemma 1.5.2. If
e € G[Z] we apply (3); as b(Z) = 1 we get

dF| = 9(Z2) +1°(2) = g(Z) > g(Z) - 1.

(d) = (a). Let E(U,U¢) be a cut in G with e € G[U]. Let W be a
connected component of G[U¢], it suffices to show that E(U,U€) contains
an edge with target in W. Now (3) applied to W yields

g(W) =1+ 1(W) = |dfy| > g(W) — 1,
by hypothesis. Hence t©(W) > 0, as wanted. &
1.6. Equivalence of generalized orientations.

Definition 1.6.1. We define two generalized orientations, O and O’, on a
graph G to be equivalent, and write O ~ O, if d° = d°".
We denote by O the equivalence class of O.

Remark 1.6.2. Let O and O’ be two b-orientations, with b = 0,1. By
Lemmas 1.5.2 and 1.5.3, if O ~ O’ then O is totally cyclic (resp. rooted) if
and only if so is O'.

We now introduce the sets of equivalence classes of totally cyclic orienta-
tions, and of rooted 1-orientations, on G written
(4) 0°(G)=0"%G)/~ and O (G):=04G)/ ~.
Remark 1.6.3. FEquivalence of 1-orientations through reversal of directed
paths. Let O be a 1-orientation whose bioriented edge e has ends vy, v1. We
say that a path P C G is O-directed from e to v, with v # vy, vy, if the first
edge of P is e and if the component of P — e containing v is a directed path
with v as target.

Let P C G be an O-directed path from e to v,11 as in the Figure 2. Let
e/ C P be the last edge of the path, so that the ends of ¢’ are v,, and v,.
Define a new l-orientation, O’ on G as follows. Let ¢ be the bioriented
edge, reverse the orientation on every remaining edge of P, and fix on e the
orientation from vy to vg. Notice that P is an O’-directed path from e’ to
vg. Let O’ coincide with O on the remaining edges of G. It is clear that O
and O’ are equivalent.

Un Un+1
— e

vo V1 V2 Un Un+1
.(T>04>. >® e

V0 U1 V2
Q(To(ix °
O o4

FIGURE 2. Equivalence of l-orientations through the rever-
sal of a directed path.
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Lemma 1.6.4. Let O be a non empty I-orientation on a connected graph
G and let e be its bioriented edge. The following are equivalent.

(a) O is e-rooted.

(b) For every v € V there exists an O-directed path from e to v.

(c) For every ¢ € E there exists a 1-orientation O' whose bioriented edge
is €' and such that O ~ O'.

Proof. (a) = (b). Let x,y be the ends of e and let Z; = {z,y}. Since O
is e-rooted and e € G[Z;] the set, W1, of vertices in Z{ that are targets of
edges with source in Z is not empty. Set Zy = Z; U Wj. If W1 contains v
we are done. If not, we iterate as follows. As O is rooted the set, W5, of
vertices in Z§ that are targets of edges with source in Z> is not empty. By
construction, every vertex w in Ws is the target of an edge with source in
W1, and hence w is the last vertex of a directed path starting with e. If W5
contains v we are done, otherwise we iterate. Since G is connected, after
finitely many steps this process includes all vertices of G, so we are done.

(b) = (c¢). Let € be oriented from v to w and let P be an O-directed
path from e to v. We define O’ as the l-orientation obtained by reversing
the orientation of P, as defined in 1.6.3.

(c) = (a). By contradiction, suppose O is not rooted. Hence there exists
a cut F(Z,Z¢) directed away from Z and such that e € G[Z¢]. Up to
replacing Z with a subset, we can assume that G[Z] is connected. We thus
have t9(Z) = 0 and, as e € G[Z],

(5) 42| = 9(2) =1 +1°(2) = 9(Z) - 1.

Pick ¢’ € G[Z] and let O’ be a 1-orientation with e’ as bioriented edge such
that O ~ O'; which exists by hypothesis. As ¢’ € G[Z] we have

dg] =147 | = 9(2) +t7(2) = ¢(2)
a contradiction with (5). )

2. POSETS ASSOCIATED TO GRAPHS.

2.1. Edge contractions. Let G be a graph and S C FE a set of edges of G.
The (weighted) contraction of S is a map of weighted graphs, v: G — G/S
(introduced in [11]). Informally v is given by contracting to a vertex every
edge in S, and such that the weight of a vertex v of G/S equals the genus
of the subgraph of G which gets contracted into v. Rigorously, consider the
subgraph, (S) C G, spanned by the edges in S and let (S) = H; U...U H,,
be its decomposition in connected components. Now set

V(G/S) :=V(G)\V({(S)) U{vi,...,om}, E(G/S):=E(G)\ S.
We have two maps,
6) w:V(G)—V(G/S) and ~vg:E(G)— E(G/S)UV(G/S),

where 7y is the identity on V(G) ~ V((S)) and maps every vertex of H; to
v;, and g is the identity on E(G) ~\ S and maps every e € S to v; such
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that e lies in H;. It is clear that vy and yg determine a morphism of graphs
v : G — G/S, as wanted. Finally, the weight function w,g : V(G/S) — N
is defined as follows:

w/s(v) = g(y ™ (v)-
Indeed, v~ !(v) is the subgraph of G induced by the subset v;,' (v) C V(G),
hence its genus is well defined.
For convenience we view the identity G — G as the trivial contraction.

Remark 2.1.1. We list some useful consequences of the definition.

(a) G is connected if and only if G/S is connected.

(b) 9(G) = 9(G/S).
(c) If G is stable, or semistable, so is G/S.

Let S C E(G) be a subset of edges of a graph G, we set
(7) G(S)=G/(E\S).

Lemma 2.1.2. Let S C E(G) and H :=G/S. Let T C E(H). Then
(a) H-T=(G-T)/S.

(b) H(T)=G(T)/S =G(T).

(¢) T is a cut of H if and only T is a cut of G.

(d) Hy. =0 if and only if Gy C S.

Proof. Tt suffices to assume S = {e}; let z,y € V be the ends of e. Denote by
ve € H the vertex to which e is contracted; we have natural identifications

E(H)=E(G)~{e} and V(H)=V(G)U{ve}~{z,y}.

Let us prove (a). Using the above identities and the fact that e € T', we
have natural identifications (viewed as equalities):

EH-T)=EH)\T =E(G)\(TU{e}) = E(G-T)~{e} = E(G;T>
and, since V(H —T) =V (H)
V(H-T) = V(G)U{ve~ {9} = V(G -T) Ufud~ ) = v(F20).

It is clear that the above identifications induce a natural isomorphism be-
tween H — T and (G —T)/e. (a) is proved.
(b). We have

H B GJe B G ~ G(T)
EH)NT EG)~(eUT) (E(G)~T)Ue e
(c). By (a) we have H — T = (G —T)/S, which is connected if and only

if G — T is connected.
(d) follows trivially from the preceeding parts. &

H(T) =
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For any two graphs, G and G’, we define the following edge-contraction
relation
(8) G >G if G=G@G/S for some S C E(G).
Edge-contraction is easily seen to be a partial order on the set of all graphs.
Proposition 2.1.3. The set §G,, endowed with the edge-contraction rela-
tion defined in (8), is a graded poset with respect to the following rank
SG, — N: G —39—3—|E(G)|

Proof. It is well known that for every G € SG, we have |E(G)| < 3g — 3.
Let us prove that SG, is graded. Let G, H € §G,4 such that H covers G.
Hence H = G/ S for some non empty S C E(G). We claim |S| = 1. Indeed,
if |S| > 2 there exists a non empty S’ C S. But then by Remark 2.1.1
G/S" € 8§G,4 and
H>G/S > G,
a contradiction. Therefore |S| =1 and |E(H)| = |E(G)| — 1 as wanted. &

2.2. The posets of bridgeless and connected subgraphs. Let G be a
graph and E its edge-set. The set of all subsets of E, written P(E), will be
considered as a poset with respect to reverse inclusion, i.e. we set

9) s<§ if §cS

for any S, S’ C E.

We are interested in two special sub-posets of P(E), written A% and A},
related to totally cyclic orientations, respectively rooted, orientations. We
saw that O°(G) # 0 (i.e. G admits a totally cyclic orientation) only if G
is free from bridges. We need to study all totally cyclic orientations on all
spanning subgraphs of G, so we consider the following set

AL :={SCE: (G- 8) =0}
Next, we know O'(G) # 0 (i.e. G admits a rooted 1-orientation) only if G
is connected, hence we set
AL :={SC E: G- S is connected}.
Of course, A}; is empty if G is not connected.
We have the following simple fact.

Lemma 2.2.1. Let b= 0,1 and assume G connected if b =1. Then AIE; s a
graded poset with respect to (9), with rank function mapping S to g(G — S).

In particular, A% has FE as unique minimal element and Gy, as unique
maximal element, with (G — E) = > _, w(v) and g(G — Gy,) = g(G). If
G is connected, then Aé has () as unique maximal element, and its minimal
elements are the S C E such that G — S is a spanning tree.

Remark 2.2.2. For any S C E we have AY ¢ — .A%. If S = Gy, the
injection induces an identification A% = AOG—GZ,T- Indeed, for every S € A%
we have Gy, C S, hence S is also an element of A%ber.
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2.3. Posets of orientations. We shall be considering generalized orienta-
tions defined on various spanning subgraphs of a fixed graph G. To keep
track of these subgraphs we shall use subscripts, as follows. Given S C E,
we shall denote by Og a generalized orientation on G — S. A generalized
orientation with no subscript will be defined on the whole graph.

Definition 2.3.1. Let G be a graph and let S, C E(G). Given two
generalized orientations Og on G — S and Or on G — T we set

Os<Or if S§<T and (OT)|G—S = Og.

It is easy to check that the above is a partial order.
We introduce, for a fixed graph G, the set of all totally cyclic orientations
on all spanning subgraphs of G.

(10) OPY = | | 0%G-29).
Se AL,

Similarly, for rooted 1-orientations

(11) oPg = | | o' G-9).
Se AL,

The notation “OP” indicates that (’)77% and OPIG are endowed with the
poset structure introduced by Definition 2.3.1.
Finally, we consider orientations up to equivalence:

(12)  OPg:= || 0"G-98) and OPy:= || O(G-9).
Se AL, SeAL

We will define a poset structure on (97772; and (9773%; We fix the following

Convention 2.3.2. Let S C E(G) and consider G(S) = G/(E — S). Fix a
b-orientation, O, on G(S). We have identifications E(G(S)) = E((S)) = S,
hence we can define a b-orientation, O*, on (S) as follows. Let e € S. If e is
O-bioriented then e gets O*-bioriented. If e is not a loop of G(S) then e gets
O*-oriented according to O. If e is a loop of G(S) we choose an arbitrary
orientation on e. We refer to O* as a b-orientation induced by O.

Lemma 2.3.3. Let b = 0,1 and S,T € A% with T C S. Then for every
Og € OY(G — S) there exists Or € O°(G — T) such that O > Og.

Moreover, if Og ~ Ol for some O € O°(G — S), there exists O'r €
OYG —T) such that O'r > O% and O'r ~ Or.

Proof We first assume b = 0. Up to replacing G with G —T', we can assume
=0 and G bridgeless. Hence G(S) is bridgless and we can fix a totally
cychc orientation, O, on it. Using 2.3.2, O induces an orientation, O*,
(S). Then O := Og U O* is an orientation on G. We claim O is totally
cyclic. By contradiction, let F' C E(G) be an Op-directed cut of G. Then
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FNE(G-S)=0,as G— S admits no Og-directed cuts. Therefore F' C S,
hence, using Lemma 2.1.2 (¢), F' is a directed cut of G(S), which is not
possible. Finally, if Og ~ O%, we construct O/, using the same orientations

O and O* used to construct Op. Obviously, dor = dO’T, hence we are done.

The proof for b = 1 follows the same steps. Up to replacing G with
G — T we can assume T = (). Now G(S) is bridgeless. Indeed, if e € S
is a bridge of G(S) it has to be a bridge of G, and hence G — S is not
connected, which is impossible by hypothesis. We can thus fix a totally cyclic
O-orientation, O, on G(S), and let O* be a 0-orientation on (S) induced by
O. Set Or :=0g U O*; arguing as for b = 0 one checks that O is a rooted
l-orientation on G. The rest of the proof is the same as for b = 0. &

Proposition 2.3.4. Let b =0,1. Then 07732; is partially ordered as follows.
For Og and Or we set Og < O7 if S < T and if one of the two equivalent
conditions below holds.

(i) There exist O € Og and O}, € Or such that (O)g_s = Of.

(it) For every Oy € Og there exists O € O such that (OF)g_s = Of.

Moreover, the forgetful map, (’)7731(); — Al&, sending Og to S, is a quotient of
poset, and the map sending Os to g(G — S) is a rank on (97771)0.

Proof. Lemma 2.3.3 yields that (i) implies (ii), and the converse is obvious.

Lemma 1.3.1 yields that we have a partial order on (’)7772. The two forgetful
maps are onto by Fact 1.4.2 and Lemma 1.4.5, and they are quotients by
Lemma 2.3.3. The rest of the statement is clear. )

Remark 2.3.5. If Og < Or then glOS < dOT, but the converse is not true.
See Figure 3, where all vertices have weight 1, T'= () and S consists of the
bottom edge on the right of the first graph.

/\3/\ 1/\?/\1

2.}\—/.@.1 o@o—n

dOT dOS
FIGURE 3. dY < d°T but Og £ O

Using Remark 2.2.2 and similarly to it, we have

Remark 2.3.6. For any S C E we have OPY_g C OPL. If S = Gy, we
have two identifications

OP% = OP%*GW OiPOG = inogfgbr.
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Remark 2.3.7. Consider the map
(13) OP% — Div(G);  Og > dOs.

Its restriction to @O(G —S) is injective for every S € .Aog, yet, the map is not
injective. See for example the following picture, where S and T are drawn
as the dotted edge.

/\/\ /\/\

o—>0—> %0—»

N

e o
FIGURE 4. d9 = d°T but Og # Or

3. FUNCTORIALITY UNDER EDGE CONTRACTIONS

3.1. Bridgeless and connected subgraphs. We begin by studying the
behaviour of A((); and A}, under edge-contractions. Let GRAPHS be the cat-
egory whose objects are graphs and whose morphisms are contractions. Let
POSETS be the category whose objects are posets and whose morphisms are
morphisms of posets. For b = 0,1 we have a map between the objects of
these categories,

(14) A {GraPHS} — {POSETS}; G — AL,

Using this map, we shall define two functors from GRAPHS to POSETS, a
covariant functor, written (A%, A%), and a contravariant functor, written
(Ab, A¥), so that A% and A% are the functor maps defined on morphisms.

Lemma 3.1.1. Let b=0,1. For anyy:G — H = G/Sy and any S € Alg;
set
Y5 = 8\ Sp.
Then the following hold.
(a) 7.5 € A,
(b) If T € Alé is such that S < T, then .S < T
(c) Let § : H— J be a contraction of H. Then (0 07)x = 0x 0 Yx.

In other words, the following is a covariant functor
(A% A%) : GRAPHS — POSETS
where A%(7)(S) = 7«8 for every v : G — H and S € AY,.

Proof. We have, by Lemma 2.1.2(a)
G — (S~ So)
So )
If b = 0 we must check H —~,.S has no bridges. As G — S has no bridges any
bridge of G — (S . Sp) must lie in Sp, hence its quotient by Sy is bridgeless,

H—-~S=H-(5\5)=
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and we are done. If b = 1 we must prove H — ~,.S is connected. As G — S
is connected so is G — (S \ Sp), hence so is its quotient. (a) is proved.
(b) and (c) are obvious. &

Recall that AOG and .AlG are graded posets. Now, the map =, does not
preserve the gradings. Indeed, let e € E(G)\ Gp,. Set S = Sy = {e} so that
7S = 0. We have g(G—S) = g(G) —1 and g(H —.S) = g(H) = g(G). By
contrast, the “pull-back” map, with the associated contravariant functor,
defined below does preserve the grading.

Lemma 3.1.2. Let b = 0,1. Foranyy: G — H = G/Sy and T € AY
define v*T C E(G) as follows

TU@G-Th ifb=0

(15) 7T = {T ifb=1.

Then the following hold.
(a) VT € A% and g(H —T) = g(G — *T).
(b) If R € A% is such that R < T, then v*R < y*T.
(¢c) Let 6 : H— J be a contraction of H. Then (6 o~y)* =~* o d*.

In short, the following is a grading-preserving, contravariant functor
(AP, A%) : GRAPHS —» POSETS
where A (y)(T) = y*T for every v: G — H and T € Ab;.

Proof. The only nontrivial claim of (a) is the last, i.e. that v* preserves the
rank. The proof in case b = 0 trivially gives the proof for b = 1, so let us
concentrate on the former.

o1 ~1) = (S 1) = 9(G-T) = g (G~ T) ~ (@~ T), )= 9(G '),

where we used Lemma 2.1.2(a) in the first equality, and that contractions
and bridge-removals preserve the genus in the second and third equality.

(b) is obvious if b = 1. Let R € AY such that T C R. We must prove
v*T C v*R. Tt is clearly enough to prove (G — Ty, C (G — R)y,.

Since (H — T)p = 0 and, by Lemma 2.1.2(a), H — T = (G —T)/So, we
have (G—T)p- C Sp. Hence (G—T)p-NR = (). Therefore, as G—R C G—T,
we have (G — 1)y C (G — R)pr as wanted.

We omit the direct proof of (c), which follows easily from 3.1.3(c). )

We have the following

Proposition 3.1.3. Let b = 0,1. Fiz a contraction v : G — H = G/Sp.
Let S € A% and T € Ab;. Then

(a) vy*T =T (equivalently, A%(v)A(v) = id g )-

(b) T Cv.S<~y*T CS.

(c) v*T is the smallest element of Alé whose image under v, equals T.

(d) Ab(v): A% — AY is a quotient of posets.
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(e) If Sy C Gy, then AL(7) : .AbG — Al}{is an isomorphism.

Proof. (a), (b) and (c) are obvious if b = 1, so assume b = 0. We have
VYT =7 (T U (G = T)iy) =(T U (G — T)pr) ~So. By hypothesis (H — T,
is empty, hence, by Lemma 2.1.2, (G — Ty, C Sp. Therefore

’7*")/*T :(T U (G — T)br)\SO =T\ So =T.

(a) is proved. The implication < in (b) follows trivially from (a). For
the other implication, the hypothesis is T' C S ~. Sy, hence T' C S. Since
YT = T U (G — T), it is enough to prove (G — T)y. € S. We have
G — S C G —1T, hence every bridge of G — T' is either contained in S, or a
bridge of G — S. As G — S is bridgeless, we conclude (G —T). C S.

(c) follows immediately from (b).

(d). Part (a) implies A%(y) is surjective and, for any T, 7" € A%, we have
T = v~*T and T' = v,v*T’. By Lemma 3.1.2, if T < T” then v*T < ~*T".
Hence we are done.

(e). Notice that A**(v) is obviously injective. If Sy is made of bridges of
G then Sy C S for any S € A%, and SN Sy = 0 for any S € AL. Hence

Ab(7) is injective, and we are done. )

3.2. Direct image of divisors and orientations. In this subsection we
will denote by v : G — G/Sp = H a contraction, with Sy C E(G). To any
contraction v we associate a map, easily checked to be a surjective group
homomorphism, from Div(G) to Div(H) mapping d to v.d defined as follows

(Vd)w = Z d,

z€y ' (v)
for any v € V(H). Let § : H — J be a contraction. Then
(16) (5 o ’7)*(d) = 5*(’7*(4))

In the sequel we shall employ the following notation. Let O be a gen-
eralized orientation on G and let v : G — H be a contraction. As E(H)
identifies with a subset of E(G) we can restrict O to E(H), thus defining a
generalized orientation on H, denoted by O|g.

Let S C E and let Og be a generalized orientation on G — S. We have
E(H—~.5)=E(G—-SUSy) C E(G—Y5), so we can define (abusing notation
again) the following generalized orientation on H — .S

(17) 705 = (OS)\H—W*S'

As a final piece of notation, to v and S C F we associate the divisor ¢’
on H such that for any v € V(H)

(18) S = {e€ NS : y(e)=v}

If S = E(G) we write ¢ = ¢"F(@) . Of course, ¢ > 0 and equality holds
if and only if SN Sy = 0.

S
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Proposition 3.2.1. Let G be a graph, S C E, and Og a b-orientation on
G—S, withb=0,1. Let v: G — H = G/Sy be a contraction such that no
edge of Sy is bioriented. Then v.Og is a b-orientation on H — ~,S and the
following hold.

(a) If Og € O°(G — S) then 7,05 € O°(H — 7,.5).

(b) Let 6 : H— J be a contraction of H. Then (6 07)+Og = 6,7:O3.

(¢) 1d?® = d*95 — S,

(d) Let Oy be a b-orientation on G — S. If Oy ~ Og then 7,04 ~ 7.0g.
(e) Let Op be a b-orientation on G —T. If Og < Op then v.0g < 7. Op.

Proof. Tt is clear that v,.Og is a b-orientation on H — +,.S whose bioriented
edge, in case b = 1, is the same as that of Og.

(a). We need to show ~,Og is totally cyclic if b = 0, and rooted if b = 1.
It suffices to prove that if F'is a directed cut of H —~,.S then F' is a directed
cut of G — S. We can assume Sy = {ep}. If eg & S then 7,5 = S. By
Lemma 2.1.2 (c), every directed cut of H — S is also a directed cut of G — S
and we are done. If eg € S set T'= 5\ {ep}. We have

H—-—~S=H-T=(G-T)/eo.

A directed cut, F, of H — 7,5 is thus a directed cut of G — T. Now,
G — S CG—T, hence F is a directed cut in G — S. (a) is proved.

(b) is trivial.

(c). For any v € V(H) set Z, ~1(v), which is a connected subgraph
of G. We have g(Z,) = >_.cv(2,) (w z) = 1)+|E(Z,)| + 1, hence

(
(1d%)y = D (w(z) —14t99)=g(Z,) —1— |E(Z)|+ > t%.
2€V(Zy) 2€V(Zy)

Let t95(Z,) be the number of edges with target in Z, and not contained in
it. As every edge of Z, lies in Sy,

E(Z) = Y 105 —t95(Z,) + .

2eV(Zy)
Therefore
(19) (%d9%)y = g(Zy) = 1 +195(Zy) — &7
On the other hand we have
(20) (d79%)y = wys, (v) = 1+ 7795 = g(Z,) = 1 +19%(Z,).

Indeed, by definition of contraction, w,g,(v) = g(Z,) and, clearly, the num-
ber of Og-incoming edges at Z, equals the number of v,Og-incoming edges
at v. Comparing (19) and (20) yields (c).

(d). By hypothesis, d¥s = d%, hence t9s = tOs. Hence, by (2), for any
v € V(H) we have t95(Z,) = t9(Z,) as Z, does not contain bioriented
edges. Combining with (20) we get d7*95 = A9 and we are done.
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(e). By assumption we have S < T" and (Or)g—s = Os. We obviously
have 7,5 < v,T. Next, as H —v.S C H — T

(7:01) | H=~.5 = (O1)|H=y.5 = (O1 |G=5)|H—-~.5 = Os |H—~.5 = 7:0s.
The proof is complete &

Example 3.2.1. In the picture we have S = Sy = {e}.

FIGURE 5. Case S = 5,

Assume all vertices of G have weight 1, so that v, has weight 2 in H.
We have, ordering the vertices from left to right, t9s = d9 = (1,2,2),
179 = (3,2), d"*9s = (4,2), and 7,d’s = (3,2). Hence d"*95 > ~,d"s.

From the previous result we derive a few facts.

Proposition 3.2.2. Fixv:G — H =G/Sy and let b =10, 1.

(a) Let b=0. Then we have a morphism of posets
5, : OPg — OPy;  Os v 7.0s.

(b) Let b=1 and Sy # E(G). Then we have a morphism of posets
,: 0P — OPy; Os 5 7,04

for any O ~ Og whose bioriented edge is not in Sy.
(¢) Let b = 0,1 and let 6 : H — H/Ty be a contraction; if b = 1 assume

To # E(H). Then (do7), = d.07,.

Proof. If b = 0 the statement is a trivial consequence of 3.2.1.

For b = 1, pick any Og € (’)77700 By Lemma 1.6.4, there exists Oy ~ Og
whose bioriented edge does not lie in Sp. Then 3.2.1 yields that 7.O% is a
well-defined element in OPY;, and different choices of OY yield equivalent

elements in OPY;. Hence 7,05 is a well defined element of (’)773(1){. The rest
of the proof follows from 3.2.1. &

Corollary 3.2.3. Letv: G — H = G/Sy be a contraction. Then we have
a commutative diagram of posets

oPY, — 0Py,

l l

orl, — T opY,
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where the vertical arrows are the quotient maps. If So C Gy, then the
horizontal arrows are bijections.

Remark 3.2.4. If Sy C Gy, the lower arrow, 7, is a bijection also for b = 1.
The proof uses a different language so we omit it as we will not need it.

Proof. The commutativity of the diagram follows from Propositions 3.2.1
and 3.2.2. For the remaining part it is enough to prove that v, is a bijection.

We have Sy C S for all S € A% and we already know we have a bijection
A% — AY mapping S to 7,.S. Now G—S and H —~,.S have exactly the same
edges, hence we have an injection v, : O°(G—S) < O°(H —~,S5). We proved
that . is injective. Now pick Or € O(H—T). Let S =T =TU(G—T)pr
so that .S = T. We have (G — T C Sy hence

E(G—~*T)=E(G)\(TU(G—-T)y)C E(G)~(TUSy) =EH -T).

Therefore we can restrict Or to G — v*T', obtaining an orientation easily
seen to be totally cyclic and to map to O via v,. Hence 7, is surjective. &

Corollary 3.2.5. The inclusion v : G — Gy < G and the contraction
v : G = G/Gy, induce natural isomorphisms (viewed as identifications)

OP_q, = OPE E OPY, e

and
—~—0 T 7550 Ty 5770
OP G—Gy, — OPG ’Y: OPG/Gbr'
Proof. Combine Remark 2.3.6 with 3.2.3. &

3.3. Quotients of orientation spaces. Our next goal is to give a more

precise description of the map 7, : (’)777170 — (9773?{ introduced in Proposi-
tion 3.2.2.

Theorem 3.3.1. Lety: G — H = G/Sy be a contraction with So C E(G);
let b = 0,1. Then 7, : inbG — (9773(}{ is a quotient of posets mapping
@b(G —v*T) onto @b(H —T) for every T C E(H).

We begin with the case b = 0, for which we have the following.

Proposition 3.3.2. Let v : G — H be a contraction. Then the map vy :
OPY — OPY, is a quotient of posets mapping O°(G —~*T) onto O°(H —T)
for every T € AY,.

Proof. We proceed in three steps. Steps 1 and 2 prove that -, is a quotient,
Steps 1 and 3 prove that it is onto, as stated.

Step 1. Suppose Gy, = (), then the restriction of v« to OY(G) gives a
surjection O%(G) — O°(H).

We can assume So = {e}. As Gy, = () we have Hy, = (. Fix O € O°(H).
If e is a loop or if H has only one vertex the statement is trivial, so we exclude
this and let =,y € V(G) be the ends of e. Now, using convention 2.3.2, we
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have an orientation O* on G — e induced by O. We shall denote O, = O*
and prove that we can extend O, to e by a totally cyclic orientation on G,
written O. Obviously, we will have 7,0 = 0.

We denote v, = 7(e). Since O is totally cyclic we can fix a cyclically
oriented cycle C' C H containing v.. Then it is easy to check that the edges
of C generate in G a subgraph, P := (E(C)), which is an O,-directed path
having x and y as ends. Of course, P does not contain e, hence C, := P +e¢
is a cycle in G. We now orient e in such a way that C, becomes a cyclically
oriented cycle. This gives an orientation, O > O,, on G, which we claim is
totally cyclic. Indeed, let F' C E(G) be an O-directed cut. Then e € F' (for
otherwise F would be a O-directed cut of H). Hence F N E(C,) # 0, and
hence F' N E(C,) is a directed cut of the cyclically oriented cycle C.. This
is not possible. Step 1 is proved.

Step 2. Let Op,OpR € (973(}{ with O > Or. Then there exist O+, Oy €
(973% such that v,Oy«r = Or, 7:Oy+gr = Og and O 7 > Oy«pg.

By hypothesis T' > R, hence G — v*T D G — v*R. We assume Sy = {e}
and we use the same set-up of Step 1.

We begin by fixing a totally cyclic orientation O,+g induced by Op as
described in Step 1. To define O,+g on G — v*R the only choices we make
are for non-loop edges corresponding to loops of H — R (the orientation is
chosen arbitrarily, see 2.3.2), and for the contracted edge e, if e € G —v*R
(the orientation is chosen to ensure total cyclicity).

Now, among all orientations induced by Or on G — y*T according to
2.3.2, we choose one, written O, -7, with the requirement that it agrees with
Oy«r on G — v*R. Hence every non loop-edge corresponding to a loop of
H — R, is oriented in the same way as in O« and, more importantly, if the
contracted edge e is contained in G — v*R then it has to be O,«p-oriented
as in O+Rg.

Obviously, O,«r > O+g. We need to check O,«r is totally cyclic. By
construction, we need to prove it only in case e € G —~*R (in the other case
the O,«7-orientation on e is given as in Step 1, to ensure O«7 is totally
cyclic). By contradiction, let F' be a directed cut of G —+*T. Then e € F,
for otherwise F' would be a cut of H — T. Hence F N E(G — v*R) is not
empty. Hence F induces a directed cut of G — v*R, which is not possible.

Step 3. The restriction of v« to O°(G—~*T) is a surjection onto O°(H—T).
We shall reduce this to Step 1, to do which we need to handle the problem
that (G —~+*T)/Sp may fail to be equal to H — T
Consider the contraction induced by restricting v to G — T

")/|G,T2G—T—> (G—T)/S():H—T
(using 2.1.2 (a)). We have (G — Ty C So, hence we can factor yg_p

Yoo G =T — (G=T)/(G=T)p 2> (G—T)/Sy=H—T.
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Set
G-T ~ J
J:: — J:—:H*T
(G —=T)or So = (G =T)or
As J is bridgeless we can apply the conclusion of Step 1 to the contraction
~':J — J. Hence v yields a surjection

(21) OO(J) — (’)O(j) = (’)O(H -T).
On the other hand we have natural identifications
OPO — OP%?T — OP(()G—T)—(G—T)ZW — OPOG*’}/*T

using 3.2.5 for the first two equalities. Combining this with (21) we obtain
the surjection

OPg_er — OPY 1,

(given by restricting v, because of the functoriality of all the constructions
involved). Step 3 is proved, and so is the proposition. &

Proof of Theorem 3.3.1.
The case b = 0 follows from Proposition 3.3.2. Suppose b = 1. We argue
similarly to the proof of Proposition 3.3.2. We begin by proving that 7,

induces a surjection @1(G) ~ 0 (H). We can assume G and H connected,
and Sy = {e}; we write ve = y(e) and z,y € V(G) for the ends of e (z # y
otherwise we are done).

Fix O € O'(H), then, by 2.3.2, we have a 1-orientation O, = O* on G —e
induced by O. We shall prove we can extend O, by a rooted orientation, O,
on G, whose bioriented edge is the same as that of O, denoted by e.

We shall use 1.6.4. As O is rooted, there exists a directed path P ¢ H
from € to ve. It is clear that the edges of P span in G a directed path, P,
from € to z (say) and not containing e. We set P, = P + e and orient e so
that P, is a directed path from € to y. Let O be the so-obtained orientation
on G; we shall prove it is rooted using 1.6.4 (b).

Let w € V(G), we must exhibit an O-directed path from é to w. If
w = x,y it suffices to take P or P.. So we can assume w is also a vertex
of H different from v.. Let P, C H be a directed path from é to w. If P,
does not contain v, then Pw is naturally identified with a directed path in
G from € to w and we are done. If v, is in P, we can write P, = Q1 + Q2
where @ is a directed path from € to v, and Qs is a directed path from v,
to w not containing v.. Hence Qo corresponds to a directed path, Qs, from
either x or y to w. In G, we attach Q2 to either P (if Q9 starts at x) or P,
(if Q2 starts at y) getting a path in G directed from € to w.

We conclude that the restriction of 7, to @I(G) surjects onto @I(H ).

The rest of the proof is the same as for Proposition 3.3.2, Steps 2 and 3,
mutatis mutandis. Theorem 3.3.1 is proved. &
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3.4. Orientations in genus g. We use notation (14).
Definition 3.4.1. Let g > 2 and let b =0, 1. Set
Al :={(G,S): GeS8G,, SeA}
and endow it with the following partial order relation:
(G,S) < (H,T) if G<H and S<v'T
for some (possibly trivial) contraction v: G — H.

It is easy to check that Ag is indeed a poset inducing, for every G € SG,,
the poset structure on .AbG defined earlier.

Proposition 3.4.2. Let g > 2 and let b= 0, 1.
(a) The map Ag — §G4 mapping (G, S) to G is a quotient of posets.
(b) The following is a rank on Alg’

pay s Ay — N; (G,8) — 39 —3—|E(G)|+g(G—-29).

Proof. The map in (a) is clearly a surjective morphism of posets. To check
that it is a quotient, pick G,H € SG, with G < H. Fix T € Al}{, then
v*T € A% and, of course, (G,v*T) < (H,T). (a) is proved.

Write p = p 0. Fix (G,S),(H,T) e .AZ such that (H,T) covers (G, .95).

First, suppose G # H. We claim S = ~*T. By contradiction, suppose
S < ~v*T'. Then

(G, S) < (G,7*T) < (H,T)

a contradiction. Hence S = +*T. But then G covers H in SG,4, indeed if
G < G' < H for some G’ € §G, then (G, S) < (G',T') < (H,T), where T" is
the pull-back of T' to G’ under the contraction G’ — H; this is impossible.
As H covers G, Proposition 2.1.3 gives |E(G)| = |E(H)| + 1, hence

p(G,5) = (g —3) = 9(G = 5) - [E(G)| = 9(G —+'T) — |[E(H)| - 1.
Now, Lemma 3.1.2 (a) yields g(G —~*T') = g(H — T'), hence

p(H,T) = p(G,S) =g(H =T) - |[E(H)| - (9(H - T) - |[E(H)| - 1) = L.
As wanted. Now, suppose G = H. Then ~*T = T and T covers S (for
otherwise we would have (G,S) < (G,S") < (G,T) for S’ between S and
T). By Lemma 2.2.1 we have
9(G—8) = g(G—T)—1=g(H-T) 1.
Since |E(G)| = |E(H)| we are done. &
Definition 3.4.3. Assume b = 0,1. Set
OP, .= {(G,0s) : G €85G, Os€0'(G-S5)}

Let (H,Or),(G,05) € OP,. We set (G,0s) < (H,Or) if G < H and if
there exists a contraction v : G — H such that
(1) S <~*T, or equivalently (by 3.1.3(b)), 7.5 < T}
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(2) 7.0s < Or.

(Of course, (2) implies (1), but we listed both for clarity.)

The definition is illustrated in the picture below. By (1) we have H —T D
H — 7,S. Hence Ot can be restricted to H — v,.S. By Definition 2.3.1, we
require that this restriction be equal to 7,05.

G= y.w T H= )
S = (W — = wsS= )

[ ]
OS = /\\1. L} /Y*OS = .@. S OT = .@.@
0L———

)

FIGURE 6. An example of the partial order on (94772:
(G,05) < (H,Or) with v : G — H contracting e. The
orientations Og, 7.0Og and Op are living on G — S, H — 7, S
and H — T, respectively.

Proposition 3.4.4. Assume b = 0,1. Then (9773fJ is a poset such that
the inclusion 07731)0 — 07733 is a morphism of posets for every G € SG,.
Moreover, the following hold.
(a) The forgetful maps
X: 0P, —8G,;  (G,05) =G
and
7:0P, — Al (G,0s) ~ (G,5)

are quotients of posets.

(b) The following is a rank on (9773;
7b J—

: :OP, — N; (G,05) — 39 —3—|E(G)|+g9(G-25).

Pop,
Proof. The only property of partial orders which is not an obvious conse-
quence of the definition is transitivity. Suppose (G,0g) < (H,Or) and
(H,Or) < (J,0y), let 6 : H — J be a contraction. Then we have the
following contraction.

dovy:G— J.
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Next, by 3.1.1(c) we have (§o7), = d,07.. Hence, as v,.S < T and 6,7 <U
we have

(007)+S = 6:(745) < 0.(T) <U

proving the first requirement of Definition 3.4.3. Finally, to show that Oy >
(6 07)«Og we must restrict Oy to J — (0 0v),S and check it is equal to
(6 07)+Og. This is trivial.

(a). The map x : (’)7772 — 8§, factors as follows

x: 0P, s A —; 8¢,

and Proposition 3.4.2 states that Ag — 8G, is a quotient. Hence it suffices
to prove that 7 is a quotient. Now, 7 is clearly a surjective morphism of
posets. Let (G,S) < (H,T) and let v : G — H be a contraction such that

S < 4*T. Now pick Og € (97732;, then 7,05 € (’)7771;{. By Lemma 2.3.3,
there exists Or € (97731;[ such that 7,05 < Or. As 7(G,0g) = (G, S) and
7(H,Or) = (H,T) the proof of (a) is complete.

(b). Notice that pgz (G,0g) = pA (G, S), the latter being the rank
defined in Proposition 3.1.2.

Now, 7 is such that if 7(G,0g) = 7(G’,0g) then G = G’ and S = 5/,
hence (G,0Og) and (G’,Og/) are not comparable. Hence if (H,Or) covers

(G,Og) then (H,T) covers (G, S). Therefore T o Pas = Popt is a rank on

(97732. The proof is complete. &
3.5. Automorphisms of graphs. We need to extend the functoriality re-

sults proved for edge-contractions in Section 3 to isomorphisms of graphs.
We need the following statement, whose proof is trivial.

Definition/Proposition 3.5.1. Let o : G — G’ be an isomorphism.
(1) Let b=0,1. Then we have an isomorphism of posets

o ALY — AL S oS = alS).

(2) For Og € O°(G — S) define a,Og € OY(G' — a,S) so that, for any
e € E(G), the starting half-edge of a(e) is the image under o of the
starting half-edge of e. Then we have an isomorphism of posets

Qy OP%—)OP%/; Og — a,Og.
(8) The isomorphism in (2) descends to an isomorphism of posets
, : OPt— 0Py

Definition 3.5.2. We say that (H,Or), (G,Os) € (97732 are conjugate, and
write (H,Or) = (G, Og), if G = H and there exists a € Aut(G) such that
o, O = Og.
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Conjugacy is clearly an equivalence relation on (97732. We denote
b —~sb Asby b
[OPG] = OPG/; and [OPQ] = OPg/;
and write [Og] and (G, [Og]) for an element of [(’)77?2;] and [(97733] respectively.

Proposition 3.5.3. Notation as above. We endow [(’)7772] with the following
partial order: (G,[Og]) < (H,[Or]) if there exist O € [Or] and Ogr € [Og]
such that (G,0g) < (H,O) in 07773.

Then the quotient WZ — [(’)732] is a quotient of posets, the inclusion
[OPL] — [0772] a morphism of posets, and the forgetful map [(’)772] — 8¢,
is a quotient of posets. Furthermore

plop) (G, [Os]) = 39 =3 — |E(G)[ +9(G = 5)
is a rank function.

Proof. Let v : G — H be a contraction such that (G,0g) < (H,Or).

By Lemma 1.3.1, it suffices to prove that for any Og = Og there exists
Op+ = Or such that Og < O7r. We have Og = a,Og for some o € Aut(G).
If v is trivial then Og < O7 and Oy = a;'0g < a;'O7, as oy 'Oy = O
we are done.

Suppose v nontrivial. By hypothesis (O1)g_,,5 = 7.0s. Let 7 be the
contraction obtained by composing « with ~:

ViG-S G- H
We have Og € O(G — a;19); set §' = a;1S. We claim
(6T)|H—'y;S’ =7,0g

which of course implies Og < Op. We have

7.0 =7,0,09 =7,0g = (6T)|H—7*S = (6T)|H_,y*a*a:1s = (O7)|H—~.5"

as claimed. Hence [(’)PZ] is a poset and (9773; — [(’)’Pg] a quotient of posets.
The inclusion [OPY] < [(’)PZ] is obviously a morphism of poset.

By Proposition 3.4.4 the forgetful map x : (97772 — 8@, is a quotient of
posets. It is clear that y factors as follows

X : 0P, — [OP!] — 56,

Since (97732 — [OPZ] is a quotient, [(9732] — 8§, is also a quotient.
The claim about the rank follows from the fact that conjugate elements
of (97773 have the same rank. &
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4. STRATIFYING THE COMPACTIFIED UNIVERSAL PICARD VARIETY.

4.1. Dictionary between graphs and nodal curves. From now on, X
will be an algebraic, projective, reduced curve of arithmetic genus g having at
most nodes as singularities, and whose (weighted) dual graph is G = (V| E).
Recall that V is the set of irreducible components of X and FE is the set
of nodes of X, with an edge/node joining the two vertices/components on
which it lies. The weight of a vertex/component is its geometric genus.
We shall use the same symbols for edges and nodes, but we shall write
X = Uyey C)y for the irreducible components of X. The genus of X is equal
to the genus of G. Sometimes we shall say, somewhat abusively, that “X is
dual to G”.

Let S C E and let vg : X¢§ — X the normalization of X at S. The dual
graph of X¢ is G — S, and g(Xg) = g(G — S5).

We denote by Xg the nodal curve obtained by attaching to X¢, for every
node e € S, a smooth rational component, named ezceptional component,
to the two branch points in 1/51(6). Of course, X and X have the same
genus.

If X is a stable curve, the curves of the form Xg are called quasistable.
Two exceptional components of a quasistable curve never intersect.

The dual graph of Xg will be denoted by Gs. So, Gy is obtained from G
by inserting a vertex of weight zero, v., in every edge e € S. We refer to v,
as the exceptional vertex corresponding to the exceptional component C,
of Xg, and we write he, jo for the two edges of Gg adjacent to ve. We have
XS:XEU(UeeSCve)- K

The set of non-exceptional vertices of Gg is naturally identified with V(G).
We denote S = {he, je, Ye € S} € E(Gs) so that we have a natural inclusion
G-ScGs-8S.

Let L be a line bundle on X, the multidegree of L is defined as follows:
deg(L) = {degy, L, Vv € V}. We shall identify deg(L) with a divisor on
G, whose v-coordinate is dege, L, so that we have a map

deg : Pic(X) — Div(G); L+ deg(L),

where Pic(X) is the Picard scheme of X. We have

Pic(X)= || PicHX)

deDiv(G)

where Pict(X) := %_1(@ is the moduli space of line bundles of multi-
degree d. Of course, Pic%(X) is isomorphic to the generalized Jacobian,
Pic(00 (X)), of X.
4.2. Compactified Jacobians of a curve. Let X be a stable curve of
genus g. We introduce Fi, its compactified degree-d Picard variety, or

compactified degree-d Jacobian. F;l( is a connected, reduced, possibly re-
ducible, projective variety of pure dimension g whose smooth locus is a
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disjoint union of (finitely many) g-dimensional varieties parametrizing line
bundles of degree d on X.

Several constructions of ?;l( exist in the literature, [23], [12], [25], [19],
and they have been proved to be isomorphic to one another even though
their modular interpretations are different. We here adopt the modular
interpretation given in [12], according to which Fi parametrizes “stably
balanced” line bundles of degree d on certain quasistable curves having stable
model X. To give the precise description we need some definitions.

Definition 4.2.1. Let G = U$_;G; have ¢ connected components.

(a) A divisor d € DivY(G) is stable if ¢ = 1 and if for every Z C V(G) we
have |d,| > g(Z) — 1.

(b) Suppose ¢ = 1. A divisor d € Div/~(G) is stable if for every Z C V(G)
we have |d,| > g(Z) — 1.
For arbitrary ¢, a divisor d € Div9™(G) is stable if its restriction to
every (3; is stable of degree g(G;) — 1.

The somewhat artificial requirement, in (a), that stable divisors of degree
g exist only on connected graphs, serves our goals and simplifies terminology.

As we are interested in the cases d = g and d = g — ¢, we shall often unify
our statements by writing

d=g—c+b with b=0,1.
If G is a graph of genus g with ¢ connected components, for b = 0,1 we set
¥%(@) == {d € DivI~“T(G) : d is stable}.
Definition 4.2.2. Let X be a stable curve of genus g and G its dual graph.

Let S ¢ E(G) and b = 0,1. A line bundle Lg € Picd"**Xg, and its
multidegree degLg, are said to be stably balanced if

(a) Jig has degree 1 on each exceptional component;
(b) deg,, Lg is a stable divisor on G — S of degree g(G — 5) — (G — 5) + .
- s

Line bundles ﬁs € Picngng as above are referred to as “stably bal-
anced line bundles of X”. Two stably balanced line bundles, Lg and My,
of X are equivalent if S = T and if their restrictions to Xg are isomorphic.

By definition, Lg has total degree g — 1+ b and degree 1 on every excep-
tional component, hence the restriction of Lg to Xg satisfies

degxy Ls =g —1+b—|9|.
Remark 4.2.3. For S C G we have
(G — 8) = {d € DivI(E==G=9H(q) . d is stable.},

and a divisor in X°(G — S) has total degree g — 1 4+ b — |S|. Indeed, let us
check that
gG—=8)—c(G-=9)+b=g—-1+b—|S].
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If b=0 we have g(G—S) =37 ,9(G;) and g =3 7, 9(Gi) +|S| —c+1
so that

degyy Ls =g —1-5| = g(Gi) —c=g(G-95) —¢,
=1

as claimed. If b = 1, to admit stable divisors the graph G — S must be
connected, hence g(G'— 5) = g —|S|. Hence degxy Ls = g—|[S| = g(G - 5).

From [12] we have
Fact 4.2.4. Let X be a stable curve of genus g and let b = 0,1. Then

?ﬁ;Hb 18 a coarse moduli space for equivalence classes of stably balanced
line bundles of degree g — 1+ b of X.

The above statement uses a different terminology from the original one
([12, Prop. 8.2]) so we need a few words to explain that it is indeed the same.
If b = 0 this is already known (see [16] for example), so let us concentrate on
the case b = 1, i.e. degree g. For degree g the results of [13], such as Thm.
5.9, apply in their strongest form. Moreover, from Sect. 7 (in particular
Lemma 7.6), we get that our definition 4.2.2 coincides with the definition of
stably balanced line bundles given there.

We need to establish an explicit connection between Definitions 4.2.1 and
4.2.2. For any quasistable curve X we have a (not unique) contraction

5:@5—)(;:@5/50,

with Sy = {je, Ve € S} where j. is an edge of G adjacent to the exceptional
vertex ve. Clearly, § depends on the Ch(}\ice of je for each e € S.
Now, let d € Div(G). We denote by d € Div(Gg) the following divisor

5 [d, teevie)
)1 ifu=vw,, e€S.

In short, d extends d with degree 1 on all exceptional vertices.
We have the following simple fact, for which we use notation (18).

Lemma 4.2.5. Let X be stable and G its dual graph. Let dg be a stable
diwvisor on G — S. Then dg is stably balanced and we have a surjective map
Pic®s(Xs) — Picts (X%); L Lixy.

For any & : Gs — G as above we have 5*@ =dg+ .

Proof. A divisor on G — S is also a divisor on G, so the first part follows
trivially by definition. Next, recall that ¢’ is the number of edges mapped
to v € V(G) by 6. Hence ¢ = 0if 671 (v) = v, and ¢} = 1 otherwise. Since
the value of é; on exceptional vertices is 1 we have

—_ g 1 _1 =
(Gdy)o = { ek WO (W)=
(dg)y +1 otherwise.
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Hence (8.dg — )y = (dg)v = (dg)o- s

4.3. Combinatorics of compactified Jacobians. We shall now connect
to the material of the earlier sections.

Lemma 4.3.1. Let G be connected of genus g.

(a) Let d € DivI~Y(G). There exists a 0-orientation, O, s.t. d = d° if and
only if |dg| > g(Z) =1 for all Z C V.

(b) For any d € XY(G) there exists a l1-orientation, O, on G such that
d=d°.

Proof. Part (a) is well known, for example in graph theory as a version of
Hakimi’s Theorem (for a modern formulation see [3, Thm 4.8]).

For part (b), fix a vertex v of G. Let d’ := d—v so that d’ € Div/~}(G). We
have |d};| > g(Z)—1for all Z C V. Indeed, if v € Z, we get |dy| = |d,|—1 >
9(Z) — 2 thus |dy] > g(Z) — 1. o ¢ Z we get |dy| = |dg| > 9(2) — 1.
Thus, by part (a), we can choose a 0-orientation O’ on G such that d' = d°".
Since d € XY(G), we have |dg_,| > g(G — v) — 1, hence

dy=9—ldg_| <g—9(G—v)+1<g(v) +degv—1+1=g(v) +degv

(the “<” above is a “=" iff G — v is connected). On the other hand
d,=d,+1=g(v)+1J"

Therefore L?, < deg v, hence O’ has an edge, e, whose source is v. Biorienting

e gives a l-orientation, O, with d = d©. &

Recall that we denote by O°(G) (resp. O(G)) the set of totally cyclic
(resp. rooted) orientations on G, and by OP% (resp. OP}) the poset of
totally cyclic (resp. rooted) orientations on spanning subgraphs of G. On
such sets we defined an equivalence relation whose class-sets are marked by
an overline. Finally, recall the notation introduced in 4.2.3.

Lemma 4.3.2. Let b = 0,1. Let G be a graph of genus g and S,T C E.
Consider the following map

(’)77715 — Div(G); Og — d9s.

(a) The map induces a bijection between @b(G’ —8) and (G - S).
(b) If Og is a b-orientation with d°S € ¥*(G — S), then Og € OY(G — S).

Proof. The map is well defined and injective by Definition 1.6.1. Its image
lies in ¥*(G — S) by Lemma 1.5.2 in case b = 0 and by Lemma 1.5.3 in case
b = 1. Moreover, its image is the whole of (G — S) by Lemma 4.3.1. This
proves (a), and (b) follows from it. &

Remark 4.3.3. By 4.2.4 the points of F‘?{Hb correspond to equivalence
classes of stably balanced line bundles, and two such line bundles are equiv-
alent if they are defined on the same Xg and if their restrictions to X¢ are

isomorphic. Denote by dg a stable divisor of G — S and by P)%S C Pﬁ;ub
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the set of equivalence classes of stably balanced line bundles on Xg whose
restriction to Xg has multidegree dg. By Lemma 4.3.2, there exists a unique

Os € @b(G — S) such that dg = d9S, and every stable divisor on G — S is
obtained in this way. Therefore we define, for any Og € O°(G — S)
(22) PYs .= pis

Theorem 4.3.4. Let X be a stable curve of genus g and G its dual graph,
let b=0,1. Then the following is a graded stratification of F;"X‘H” by (’)7772

(23) = R
05€0P"(G)

and we have natural isomorphisms for every Og € (’)7731)@

(24) PYs =~ picd™ (Xx%).

Proof. The case b = 0 follows directly from results of [16]. Our proof in case
b =1 also works for b = 0, so we include it for completeness.

As in Remark 4.3.3, we denote by P*S c P% 1

classes of stably balanced line bundles on Xg whose restriction to X g has
degree dg, for dg a stable divisor of G — S. By Fact 4.2.4 we have

the set of equivalence

—=g— 1+b d
(25) P% || Py
SCE
dgexb(G-S)

Now, as noted above, we have P)(g S = P)%S for a unique class Og € O°(G—S)
such that dg = d”S. Moreover, by Lemma 4.3.2 every dg € ¥(G — S) is
obtained in this way, for every S C E. Hence (25) yields (23).

Also, we obviously have P)%S =~ Picds (XY), from which (24) follows.
Next, recalling Definition 1.3.2, we prove the following

PYs c PY" & 05<O0r.

By [12, Prop. 5.1] (revised using graphs) we have Py ds ﬂP # () if and only

if P)%S - P?{T. Moreover, P;( - PXT if and only if T' C S and the edges in
S\ T can be oriented so that, denoting by ¢, the number of edges in ST
with target a vertex v, we have

(dT)v = (ds)v +1

Assume Py ds - p and denote by O, the orientation on G—T which extends
Os to S\ T by the orientation we just defined (where Og € O(G — S) is
such that d95 = dg, by the previous part). Of course Og < O/ and, as
d°T = dy for some Op € O(G — T), we have

do7 = dp = d°r,
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hence O} ~ Or. We conclude that Og < Op. The converse is obvious.
Finally, we need to show that the stratification (25) is graded. Recall

that the generalized Jacobian of X¢ is an irreducible variety of dimension

g(G — S), hence so is PicZs (X¢), hence so is P)?S. By Proposition 2.3.4, the

map Og + g(G — 9) is a rank (97732, hence we are done. )

4.4. Specialization of polarized curves. We shall be interested in (flat,
projective) families of curves over a one-dimensional nonsingular base, spe-
cializing to a given curve X. Up to restricting the base we can assume that
away from X the family is topologically trivial, i.e. that every fiber different
from X has the same dual graph of some fixed curve Y. We shall refer to
such a family as a specialization from Y to X. Since X has only nodes as
singularities, the same holds for Y.

Suppose our curves X and Y are “polarized”, i.e. endowed with a line
bundle, L € Pic(X) and M € Pic(Y). We say that (Y, M) specializes to
(X, L) if there is a specialization of Y to X under which M specializes to L.

Remark 4.4.1. Let us define all of the above more rigorously. The family
under which Y specializes to X is a projective morphism f : X — B where
B is a smooth, connected, one-dimensional variety with a point by such that
f71(bo) = X, and the restriction of f away from by is locally trivial, moreover
f71(b) 2 Y for some b # byg. As an étale base change of f determines again
a specialization of Y to X we are free to replace f by an étale base change.
For the polarized version, to say that M specializes to L means that X is
endowed with a line bundle whose restriction to Y is M and whose restriction
to X is L.

Proposition 4.4.2. Let X and Y be two nodal curves and G and H their
respective dual graphs. Let L € Pic(X) and M € Pic(Y) such that (Y, M)
specializes to (X, L). Then there exists a contraction v : G — H such that

edeg(L) = deg(M).
In the opposite direction, we have the following.

Proposition 4.4.3. Let v : G — H be a contraction between two graphs.
Then for any curve X dual to G and for any L € Pic(X) there exist a curve
Y dual to H and a line bundle M € Pic(Y') such that vy.deg(L) = deg(M)
and such that (Y, M) specializes to (X, L).

Proof. We prove Propositions 4.4.2 and 4.4.3 together as their proofs are
closely related. They extend [14, Thm 4.7 (2)] to polarized nodal curves.
To prove Proposition 4.4.2, assume (Y, M) specializes to (X, L). Under
such a specialization every node of Y specializes to a node of X and different
nodes specialize to different nodes. Hence we partition E(G) = So LU T so
that Sy is the set of nodes of X which are not specializations of nodes of Y.
Welet v: G — G/ Sy, and, arguing as for [14, Thm 4.7], we have G/Sp = H.
For any vertex w € V(H) we write D,, C Y for the irreducible component
corresponding to w. As shown in loc. cit., the specialization from Y to X
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induces a specialization of Dy, to U,()—,Cy (as a subcurve of X). Now,
M specializes to L and hence M|p, specializes to the restriction of L to
Uy (0)=wCv. Therefore

@(M)w = deng M = deg Llu'y(v):uzc’v _ Z @(L)v = 7*@(.[/)1”

y(v)=w

This proves Proposition 4.4.2.

For Proposition 4.4.3, let v : G — G /Sy = H be a contraction, for some
So € E(G); write E(G) = SoUT so that T is identified with E(H). Let X
be a curve dual to G' and let X7 be its normalization at 7', so that G — T is
the dual graph of X¥. The curve X% is endowed with |T'| pairs of marked
smooth points, namely the branches over the nodes in T'. Observe that the
connected components of X7 are in bijection with the connected components
of H — T, and hence with the vertices of H. We can therefore decompose
X7 as follows

Xp= I—leV(H)Zw
with Z,, a connected nodal curve whose genus, g(Z,,), is equal to the weight
of w as a vertex in H. Therefore we can find a family of smooth curves of
genus ¢(Z,,) specializing to Z,,, i.e. we have a smooth curve, W,,, special-
izing to Z,,. Considering the union for w € V(H) we get a specialization of
uwGV(H)Ww to |—lzueV(H)Zw = X%

Now, up to étale cover, such a specialization can be endowed with |T|
pairs of sections specializing to the |T'| pairs of branch points of X%. By
gluing together each such pair of sections we get a specialization to our X
from a curve, Y, whose dual graph is H.

Clearly, the contraction «v : G — H corresponds to this specialization
from Y to X.

Now, using the notation of Remark 4.4.1, let f : X — B be a family
under which Y specializes to X, and consider its relative Picard scheme,
Picy/p — B. Its fiber over by is Pic(X) and its fiber over b is Pic(Y).

Write d = deg L; we claim that, in the relative Picard scheme, Pic(X)
is the specialization of Pic?*¢(Y). Indeed, Pict(X) must be the specializa-
tion of some connected component of Pic(Y') (even if this Picard scheme
were not separated, every connected component of its fiber over by is the
specialization of some connected component of the general fiber), and this
component is necessarily Pic?*¢(Y) by the same computation we used to
prove Proposition 4.4.2.

Now, as Picd(X) is the specialization of Pic*¢(Y), any L € Pic(X) is
the specialization of some M € Pic?*¢(Y), and we are done. )

4.5. Compactified universal Jacobians. We fix d € Z. In this paper we
are interested in d = g and d = g — 1, so we shall restrict to these two cases
even though some of the preliminary results quoted in this subsection hold
more generally for every d. We also assume b = 0,1 so that d =g —1+b.
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We let M, be the moduli space of stable curves of genus g > 2, an
irreducible projective variety.

Fact 4.5.1. The following is a graded stratification of M, by SG,:

My= || Ma
GeSg,

where Mg parametrises curves having G as dual graph.

Indeed, the function G' +— dim Mg equals the rank on S§G, defined in
Proposition 2.1.3.
Now, from [12] we introduce, for every d € Z, the compactified universal
degree-d Jacobian
7d —_
Vgd: Py —> My.

We sometimes write 1 = 1), 4 for simplicity. Recall that Fj is the GIT
quotient of a Hilbert scheme, and that ¢ is a projective morphism whose

fiber over X € M is isomorphic to F;l( JAut(X). Set
P& =t 4(Mc).
Pick a stable curve X € Mg. Then we have a canonical map
(26) ux : Py — P2
Corollary 4.5.2. Let G,H € §G,. Then
Pg; C E if and only if H>G.
Proof. It suffices to use Fact 4.5.1 and that v : ?g — Mg is projective. o

In the next remark we recall the basic moduli properties of PZ.

Remark 4.5.3. Let f : X — B be a family of quasistable curves of genus
g and let £ be a line bundle on X whose restriction, L, to every fiber over
b € B is stably balanced of degree d (in the sense of Definition 4.2.2). Then

there is a moduli morphism, uys : B — ?z such that the image of b € B is
the equivalence class of L.

Consider the case of a fixed curve rather than a family. So B = {b} and
X = Xg is a fixed quasistable curve. Let L, L' € Pic(X 5) be stably balanced.
If the restriction of L and L' away from the exceptional components are
isomorphic (i.e. if Lxy = L’XE) then pr(b) = pp(b).

Fix G and S C E(G). Let f : X — B be a family of stable curves
all having dual graph identified with G, hence S can be identified with
|S| (set-theoretic) sections of f corresponding to the nodes in S. Denote by
fs : Xs — B the desingularization at these sections, so that every fiber of fg
has dual graph G — S. For every e € S we have a pair of sections (Uhjv ah;)

of fs (where h}', h are the half-edges of e). We glue to X5 a copy of P! x B

e’ ve

by identifying its 0 and co section to O and 0},-- By repeating this for



36 COMBINATORICS OF COMPACTIFIED UNIVERSAL JACOBIANS

every e € S we obtain a family of quasistable curves fS Xg — B with dual
graph Gs.

Let now dg be a divisor on G — S, denote by Picii,g the corresponding
connected component of the Picard scheme Picy,. Similarly, denote by

PchS the connected component of PIC?‘\ corresponding to ds € DIV(GS)

Now using the notation in Lemma 4.2.5, we have

Lemma 4.5.4. Let f : X — B be as above. Letb = 0,1 and dg € X°(G—S9).

ds

Then there exist a moduli morphism Hg PIC — ?Z and a morphism

PIC — Pd such that

de MPdg
Plc;S £, Pi icy S =5 pd
:U’ds fS G

where @ is given by restriction away from the exceptional components.

Proof. We have a polarized family of quasistable curves

£ — Pic% x p Xg — Pics

fs Is
where £ is the tautological (Poincaré) line bundle, which, by hypothesis, is
relatively stably balanced. By Remark 4.5.3 we have a moduli morphism

e e Plcdﬁ — P, Set Hgs = He, it is clear that its image lies in Pg.

We let Y Pics 7 S — Plcds be the map given by restricting a line bundle

away from the excseptlonal components, so ¢ is the analog of the map used
in Lemma 4.2.5. Now, as we said in Remark 4.5.3, if two line bundles have
the same image under ¢ (i.e. their restriction away from the exceptional
components are isomorphic) they also have the same image under .. By

applying a standard argument using that ?d is a GIT quotient, we conclude

that there exists a map g PIC — ng such that p—~ & factors a stated. o

4.6. The strata of ﬁj. Our goal is to find a stratification of fz compatible

with the one of M. By [1, Prop. 3.4.1], the stratum Mg has the following
expression

(27) Mg = yey Muyy) deg(v) — M = Me/Aut(G)

where M, () deg(v) 18 the moduli space of smooth curves of genus w(v)
with deg(v) marked points representing the branches/half-edges over the
nodes/edges.

More generally, with the notation of [1, Subsection 2.1], for every S C E,
consider the 2|S|-marked graph G-S, whose underlying (unmarked) graph
is G— S, and whose 2|S|-marking is given by the half-edges corresponding to
S. Then G-S is stable as marked graph and we have a moduli space, Mg.s,
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of stable curves with 2|S| marked points and dual graph G-S. In particular,
if S = FE then Mg = Mg-g and the map 7 above factors:

T MG LN Mg.s = Mg/Aut(G—S) — Mg.

For our goal we need a universal curve over Mg, but it is well known that
this may fail to exist over some M, (y) deg(v)- However (see [4] for example),
a universal curve exists over some finite cover of it. We choose a finite cover
M{U(v%deg(v) — Myy(v) deg(v) Of large enough order (the same for all pairs
,deg(v)’ We

) for v € V so that, composing with

w(v),deg(v)) so that we have a universal curve over each M, )

let Mé be the product of the MI’U(U) deg(v

(27), we have a finite map 7’ : M{, — Mg. The action of Aut(G) on Mg
lifts naturally to an action on M,

We denote by Cy(y) deg(v) — M) (

the universal curve, and we have
w(v),deg(v) ’

the following family
/FfG = I—lveVCw(v),deg(v) — Mé‘a

together with 2| F| sections, oy, : Mé — Xg, indexed by the half-edges of G.
Fix S C E. Let Xg — Xg be the gluing along pairs (O’hg-,O'h;) for every
e & S. Then X7 is a family over the space Z5 := M’G/Aut(G—S). Let
fs: X8 — 22

be this family of curves, all of whose fibers have dual graph G — S. Since
Zg is a finite cover of Mq.g, the map 7’ factors through finite maps:

7 Ml — Z5 — Mg.
Fixing a stable multidegree d”S on G—S, by Lemma 4.5.4 we get a morphism

S

- Pi do Pd
HOg - leS — G-

We define Pg % to be the image of this map.

Lemma 4.6.1. Let G € SG, and Os € OPY, with b = 0,1. Then PS5 is
quasiprojective, irreducible of dimension 3g —3 — |E(G)| + g(G — S).
If O = Og for some O € OPY, then Pgs = PgT.

Proof. The morphism o4 is finite because so is the morphism Zg — Mg.

Moreover o exhibits Pg 5 as the image of an irreducible quasiprojective
variety of dimension

dimPict.* = dim Z8 + g(G — S) = 39 — 3~ | E(G)| + 9(G - 5)

(as dim Zg = dim Mg). So the first part of the statement is proved.
Now suppose O = Og, then O = a,Og for some a € Aut(G). Hence
axd?s = d°T | and « induces an isomorphism between Zg and Zg , a corre-

~Y

. . . . . d9s
sponding isomorphism between Xg and Xg , and an isomorphism PIC?S =
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O
Pic%TT. The latter induces an isomorphism between the respective Poincaré

line bundles. Therefore the images of o, and po, in Pg get identified; see
the second part of Remark 4.5.3. &

We define for any [Og] € [(’)7772;]
[Os] ._ pO
Pr% = Pg%,
by Lemma 4.6.1, this definition does not depend on the choice of the repre-
sentative in [Og].

4.7. Stratifications of universal Jacobians in degree g — 1 and g.
Theorem 4.7.1. The following is a graded stratification ofﬁg_Hb by [0773;]
H9—1+b [Os]

P = || BT
(G,[0s])€[OPy)

Proof. We have

ngub _ |_| ( |_| PéOS]> _ |_| PéOS}.
G€899 X [0s)e[0P] (G.[0s)€[OPy)

Indeed, the only thing that might not be clear is that the union is disjoint.
Suppose two different strata P[GOS Iand PéOT] intersect and let us show they
coincide. Let X € M, be such that Péos] N P([;OT] N~ 1(X) is not empty.
Recall that the strata P)(gs and P)?T are disjoint in Pﬁ{”

phisms of X obviously map strata to strata in F_gX_Hb, the images via pux
(see (26)) of P)?S and P)?T are no longer disjoint if and only if there is an
automorphism ax of X identifying them. Then one easily checks that the

b
. Since automor-

induced automorphism a on G maps Og to O in (’)7772. Hence [Og] = [O7].
Lemma 4.6.1 gives that PC[;OS Vs quasiprojective, irreducible, of dimension
dim P9V = dim PSS = 39 — 3 — |E(G)| + g(G — ),

and by Proposition 3.5.3 the right hand side is a rank on [07732].
To complete the proof we must show that we have a stratification in the
sense of Definition 1.3.2. We will do that in the next two propositions.

Proposition 4.7.2. Let (G,Og),(H,Or) € (97732. If (G,05) < (H,Or7)
then P91 c pIOT],

Proof. Consider 1) : FZﬁHb

POy (X)) = | mx(PYY),
65-/565

— Mg. For a fixed X € Mg we have
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with px defined in (26). It suffices to show that for every such X and
every Ogr = Og, every point in P)(()S' is a specialization of line bundles
parametrized by PgT, so that that ux (P)?S/) C PI?T.

By the proof of Proposition 3.5.3 we have that for any Og = Og there is
O7 = O7 with Og/ < Opv. Since PC[,OS - PC[TVOS'] and PéOT] = P([;OT’] we can
replace Og by Og without loss of generality.

By hypothesis, there exists a curve Y dual to H which specializes to

X; let v : G — H be the associated contraction. Under the corresponding
specialization of compactified Picard varieties, ?‘?/_Hb specializes to Pﬁ{”b.

Now, 7,05 € (97771;{, hence d"*95 is stable, and hence, by 4.2.5, P{,’*OS
parametrizes stably balanced line bundles on Yr of degree d*9S. where
R = ~,.5. We begin by showing that P{Z*OS specializes to P)?S. To the
contraction v we associate the contraction

’A)/:GAS —>ﬁR=ég/§o

(where Sy = 551(50) for § : Gg — G). Now, with the notation introduced

before 4.2.5, consider d9s and d"*95. We claim
(28) d%«Os — ,?*dos.

Let v € V(I:[ Rr). If v =, for e € R then v, is also an exceptional vertex
of G's mapped to v, by 4. Hence both divisors appearing in (28) have value
1 on ve. Now suppose v € V(H), then, by Proposition 3.2.1,

—

(d%kos)v = (dﬂ/*os)v = (’Y*dos)v +Q;{’S = Z dgs +Q:;{’S = (’AY*QOS)U

2€7y" (v)

where the last equality follows as QU’S is equal to the number of exceptional
vertices of Gg that are mapped to v by 4. (28) is proved.
We can now apply Proposition 4.4.3, to obtain that any line bundle L €

Pic(Xg) such that @f/ = d95 is obtained as specialization of a line bundle
M € Pic(Yg) such that

degM = fudegl = 4.9 = 9.

This proves that PJ*?% specializes to PS. Therefore ux(P5) ¢ Pros.
Now, by Theorem 4.3.4 and the hypothesis 7,05 < Or, in F?;”b we
have PJ*95 ¢ P97, Hence ux (PL%) C PP c PST. The Proposition is
proved. &

Proposition 4.7.3. Let (G,[Og]) and (H, [Or]) be in [(9772]. The following
are equivalent

(a) PO PlOT) ¢,

(b) (G,[0s]) < (H,[Or]).
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(c) P! c plor]

Proof. (a) =-(b). By hypothesis, we have a specialization of polarized curves,
(Yp, M) to (Xg, L), where X and Y are curves dual to G and H respectively,

and LAand M are stably bglanced line bundles on Xg and Y7 such that
deg,,L = d%s’" and deg,., M = d°1’ for some Og € [Os] and O+ € [Of].
- s I

It suffices to prove that Og < Op.

To simplify the notation, from now on we drop the indices and write
Og = Og and Op» = Op. We denote by GS and fIT the dual graphs of
Xg and Y7 By Proposition 4.4.2, the above specialization is associated to
a contraction

’A)/ : GS — ﬁT,
such that %@IZ = %M . Now, every exceptional component of Yr spe-
cializes to an exceptional component of X s, hence we have a specialization
of Y to X and the associated contraction v : G — H = G/Sy. We have an
inclusion T' C S induced by E(H) C E(G).

Denote by O the orientation on Gg obtained from Og by orienting all
edges adjacent to exceptional vertices towards the exceptional vertex. Then

o —

the degree of do on each exceptional component is 1 and do = (glOS).
We first assume T' = (), then Hr = H and we have a commutative diagram

5\G Y

Here § is given as follows: every exceptional vertex v, in Gs has two
adjacent edges h. and j., both O-oriented towards ve. Defining § amounts
to choosing one of the two for every exceptional vertex. If e € Sy, we can
contract any of the two, as 4 contracts both. If e € Sy we choose the one
contracted by 4. This choice clearly makes the diagram commutative. Set

O := 5.0 on G. Since %@ﬁ = @M, ie. 'Ay*(dé) = d9 we get
10" = 7.(6.0) = 4.(0) ~ Oy

where the equivalence at the end follows from Proposition 3.2.1 (c), (with
¢ = 0 because O’ is defined on the whole graph). By construction we have
"G_S = Og, i.e. Og < O’, and thus by Proposition 3.2.1 (e):

V*OS S /Y*O, ~ 0@7

which proves the claim in case T = 0.
In general, we have T' C S and, of course, T N Sy = (). Therefore the
restriction of v to G — T is

")/|G,T:G—T—>
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Write G' = G =T, H' = H — T and v = yg_p. Then write O' = (Or)|g
and Of = (Og)|er with ' = S\ T. By the previous case 1,O0%, < 0, ie.
(29) "Y;Ofg/ ~ O|,H/7'Y>/|<S/.
Now, Og is defined on G — S C G — T, hence

Y0 = (V-1)+(08)|G—1 = %Os.
Also, as O is defined on H' = H — T, we have

(-5 = (O -1) | -7—15 = (O1)H—1.8

(VS'UT = S'\NS{UT = S\ Sp = 7.5 as TNSy = (). Combining with (29)
gives 7,O0g ~ (Or)H—~,s and we are done with the implication (a) =(b).
(b) =(c). By hypothesis, Og: < O for some Og € [Og] and O7+ € [Or].

By Proposition 4.7.2, we have P[GOS/] C PI[{O T’}, hence we conclude as follows

PéOS] — Péos/] C PI[LIOT/} — PI[LIOT]

(c) =(a) is obvious. )
Theorem 4.7.1 is proved, and so is Theorem 1.1.1. &
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