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1. INTRODUCTION

Let X be a connected, projective curve of arithmetic genus ¢ and Pic? X its
degree-d Picard variety, parametrizing line bundles of degree d. If X is smooth
Pic? X is isomorphic to an abelian variety and it is endowed with a principal polar-
ization: the theta divisor. If d = g — 1 the theta divisor can be intrinsically defined
as the locus of L € Pic? ' X such that h°(X, L) # 0.

If X is singular, Pic? X may fail to be projective, so one often needs to replace it
with some projective analogue, a so-called “compactified jacobian”, or “compacti-
fied Picard variety”. We shall always assume that X is reduced, possibly reducible,
and has at most nodes as singularities.

Although there exist several different constructions of compactified jacobians in
the literature, recent work of V.Alexeev shows that in case d = g — 1, there exists
a “canonical” one. More precisely, in [Al04] the compactifications of T.Oda and
C.S.Seshadri [0S79], of C.Simpson [S94], and of [C94], are shown to be isomorphic
if d = g — 1, to be endowed with an ample Cartier divisor, the theta divisor ©(X),
and to behave consistently with the degeneration theory of principally polarized
abelian varieties.

Some first results on the theta divisor of the (non compactified) generalized
jacobian of any nodal curve were obtained by A.Beauville; see [B77]. Years later,
A.Soucaris and E.Esteves independently constructed the theta divisor (as a Cartier,
ample divisor) on the compactified jacobian of an irreducible curve; see [S94] and
[E97]. The case of a reducible, nodal curve was carried out in [Al04]. As a result,
today we know that, in degree (g — 1), the compactified Picard variety of any nodal
curve has a polarization, the theta divisor, such that the pair (Compactified Jaco-
bian, Theta Divisor) is a semiabelic stable pair in the sense of [A102]. Furthermore,
the above holds in the relative setting, i.e. for families of nodal curves.

These recent developements revive interest in the theory of Brill-Noether vari-
eties for singular curves, of which the theta divisor is one of the principal objects.

The purpose of this paper is to investigate the geometry and the modular mean-
ing of ©(X) more closely. Our first result (Theorem 3.1.2) describes its irreducible
components, establishing that every irreducible component of the compactified ja-
cobian contains a unique irreducible component of the theta divisor, unless X has
some separating node (see 4.2.1); in particular, we characterize singular curves
whose theta divisor is irreducible (in 4.2.2). In more technical terms, we prove that
for every fixed “stable” multidegree (cf. Definition 1.3.1) the theta divisor has a
unique irreducible component. This result is sharp in the sense that irreducibility
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fails for non stable multidegrees (see Examples 3.1.4). The idea and the strategy
of the proof are described in 1.3.8.

We prove the irreducibility Theorem 3.1.2 using the Abel map, namely, the
rational map from X9~! to Pic? "' X, sending (py,... ,Dg—1) to [Ox (> pi)]. As a
by-product, the theta divisor is shown to be the closure of the image of the Abel
map, for every stable multidegree. This fact, albeit trivial for smooth curves, fails if
the multidegree is not stable (see Proposition 1.3.7 for a non semistable multidegree,
and Example 3.1.4 for a strictly semistable one).

In the second part of the paper we concentrate on the geometric interpretation
of ©(X) and precisely describe the objects it parametrizes. In Theorem 4.2.6 we
exhibit a stratification by means of the theta divisors of the partial normalizations
of X. We wish to observe that very similar stratifications have been proved to
exist for several other compactified spaces, associated to singular curves (see 4.1.5,
or Theorem 7.9 in [CO05], for example). It is thus quite natural to ask whether
all compactified moduli spaces associated to a singular curve admit an analogous
stratification, or whether some general rules governing such a phenomenon exist.
These questions are open at the moment.

Our stratification of ©(X) yields a description in terms of effective line bundles
on the partial normalizations of X, or (which turns out to be the same) in terms
of line bundles on semistable curves stably equivalent to X.

In the final part, we apply our techniques to generalize to singular curves the
characterization of smooth hyperelliptic curves via the singular locus of their theta
divisor; recall that ©(C)sing = W,_,(C) for every smooth curve C' of genus g > 3.
Furthermore C' is hyperelliptic if dim ng_l(C) = g — 3, and non hyperelliptic if
dimW,_,(C) = g — 4; we prove that the same holds if X is an irreducible singular
curve (Theorem 5.2.4), but fails if X is reducible (see 5.2.5). On the other hand
the relation between ©(X )sing and W,_;(X) (and more generally W) (X)) i.e. a
Riemann Singularity Theorem for singular curves, is not known and it would be
very interesting to know it.

The paper consists of five sections. The first contains preliminaries and basic
definitions; the second is mostly made of technical results. In the third section we
prove the irreducibility theorem and study the dimension of the image of the Abel
map (Proposition 3.2.1). In the fourth section we describe the compactification of
the theta divisor inside the compactified jacobian. The fifth section contains the
application to singular hyperelliptic curves.

I wish to thank Juliana Coelho and the referee for several useful remarks.

1.1. Notation and Conventions.

1.1.1. We work over an algebraically closed field k. By the word “curve” we mean
a reduced, projective curve over k.

Throughout the paper X will be a connected nodal curve of arithmetic genus g,
having «y irreducible components and é nodes. We call v : Y — X the normalization
of X, so that Y = [[]_; C; with C; smooth of genus g;, and X = UC; with
C; = v(C;). Recall that g =], g; + 36 — v+ 1. Observe that this formula holds
regardless of X being connected.

We denote by Xing the set of nodes of X. For any set of nodes of X, S C Xging,
set #S5 = dg and S = {n1,...,ns;}. The normalization of X at exactly the nodes
in S will be denoted vg : Ys — X and g will be the number of connected
components of Yg; thus Ys = [[]° Y; with ¥; a connected curve of arithmetic genus



gy,. We have
vs
(1) 9= gvi+0s—7s+1
i=1
and, denoting gy, = pa(Ys)
Vs
(2) gvs =9—0s=) gv, —7s+1.
i=1
For every j = 1...,0g (or for every n € S) we set
(3) vs'(ny) ={al. @} (or vg'(n) ={a1,a})

1.1.2. The dual graph of a nodal curve Y, denoted I'y, has vertices the irreducible
components of Y and edges the nodes of Y. A node lying in a unique irreducible
component C; is to a loop of I'y based at the vertex Cj; a node lying in C; N Cj is
an edge joining the vertices C; and Cj.

1.1.3. The degree-d Picard variety Pic? X has a decomposition into connected/
irreducible components: Pic? X = HQGZ"’:@\:d Pict X, where Pic? X is the variety
of isomorphism classes of line bundles of multidegree d.
Let vg : Y¢ — X be as in 1.1.1. Consider the pull-back map
p Vs
Pic X —% PicYs = [[ PicY; — 0.
i=1
We shall usually identify Pic Yg = [ PicY; without mentioning it.
Let M € PicYg, then the fiber over M will be denoted

(4) Fy(X)={LePicX:viL=M} ™ (k*)557'ys+1.

1.1.4. We shall now describe the isomorphism Fy(X) = (k*)%s~7s*! explicitely
to fix some conventions. Let us simplify the notation by omitting the subscript S
(so, d =0g, Y = Ys...). Assume first that Y is connected.

Let ¢ = (c1,...,c5) € (k*)%; ¢ determines a unique L € Pic X such that v*L = M
as follows. For every j = 1,...,6 consider the two fibers of M over q{ and qg (recall
that v(ql) = v(¢}) = n;), and fix an isomorphism between them. We define a
line bundle L = L on X which pulls back to M, by gluing Mq{ to Mq;‘ via the
isomorphism

M, - M,
a a3
given by multiplication by c¢;. Conversely, every L € Fy(X) is of type L@,

Now let Y have « connected components; note that, since X is connected, we
always have 7 — 1 < . There exist some subsets T' C S such that #17" =~ — 1 and
such that if we remove from I'x every node that is not in 7', the remaining graph
is a connected tree (a so-called spanning tree of T'x).

Let us fix one such T and order the nodes in S so that the last v — 1 are in T,
ie. S={n1,...,ns} ={n1,...,ns_y41} UT. Now factor v as follows

’
v

vy Ly L

so that v/ is the partial normalization of X at S\ T and vy the normalization at
the nodes of Y’ preimages of the nodes in T'. For example, if S = X, (le. if YV
is smooth) then Y’ is a curve of compact type. The pull-back map v induces an
isomorphism PicY’ = PicY, i.e. different gluing data determine isomorphic line
bundles on Y.

Now, to construct the fiber of PicX — PicY’ over M’ we proceed as in the
previous part.



Summarizing, for every ¢ € (k‘*)‘S_”YJrl we associate a unique L € PicY’; since
the gluing data over the nodes in 7' is irrelevant, we shall fix ¢; = 1if j > § — v
and use that as gluing constant over 7.

Finally observe that a section s € H(Y, M) descends to a section 5 € H(X, L(©))

if and only if for every j =1,...,6 we have
(5) s(q3) = ¢;s(ai)-
1.2. Brill-Noether varieties and Abel maps.

1.2.1. e recall some basic facts about Brill-Noether varieties for smooth curves,
following the notation of [ACGH] to which we refer for details.

Let C be a smooth connected curve of genus g > 0, and let d and 7 be nonnegative
integers. The set W(C) := {L € Pic®C : h°(C,L) > r + 1} has an algebraic
structure and is called a Brill-Noether variety. It is closely related to the Abel map
in degree d of C, that is the map

(6) ad, cd — Pic?(C)

(p17°"7pd) = OC(Zilpl)
Then Im o, € W9(C) for all d > 0 (see 1.2.3 for when equality occurs). Note that
W (C) may fail to be irreducible, so when talking about its dimension we will mean

the maximum dimension of its components. The following is well known([ACGH]
Lemma 3.3 Ch.IV)

Fact 1.2.2. Ifr > d — g, every irreducible component of Wy(C) has dimension at
least equal to p(g,7,d) == g—(r+1)(r—d+g). Ifr < d—g then Wy(C) = ngg(C’).

There is also a simple upper bound
(7) dim W} (C) < min{d — r, g}.
Indeed, if d — r < g, it suffices to look at the Abel map of degree d to obtain
that dimW7(C) < d — r (cf. [ACGH] Prop. 3.4 Ch.IV).If d — r > g then, by
Riemann-Roch, dim W} (C) = g
Remark 1.2.3. Denote by r(d) the dimension of a general (non empty) complete
linear system of degree d. i.e. if d < g set r(d) =0, if d > g set r(d) = d — g. Note
that W:l(d)(C’) = Imad. Now, min{d — r(d), g} = min{d, g} and
=min{d,g} ifr <r(d)

dim W (C) { < min{d, g} if r > r(d).

To see that, assume first that r < r(d), then Wj(C) = Wg(d) (C) by Riemann-Roch,
so we may assume that r = r(d). Now computing gives p(d, g,r(d)) = min{d, g},
so by fact 1.2.2 and (7) we get dim Wj(C) = min{d, g}. The case r > r(d) follows
from (7) and the fact that min{d — r, ¢} < min{d — r(d), g}.

1.2.4. For a nodal curve X of genus g having ~ irreducible components, for any
d €7 and r > 0, we set Wj(X) ={L € Pict X : h%(X,L) > r + 1} and for any
d € Z, Wi(X) := [l 4=q Wg(X). In case r = 0 the superscript r = 0 is usually
omitted. In particular
Wy (X)={LePic/ ' X :BY(X, L) > 1} = [[ WaX).
|d|=g—1

With the notation of 1.1.3, if vg : Yg — X is a partial normalization and M €
PicYg, the fiber of W] (X) over M will be denoted (recall (4))

(8) Wi (X):={L¢e Fy(X):h(X,L) >r+1}
and Wy (X) :={L € Fy(X) : h°(X,L) > 1}.



5

Remark 1.2.5. The above definitions make sense also for non connected curves.
Consider a disconnected curve, Y = [[]_, C; where C; is smooth and connected (or
more generally C; irreducible) of genus g;. For any d € Z7, the variety W4(Y) is
easily described in terms of the C;:

Wy(Y) =

1 Pic% C; if 3i: di > g
1o (Wa, (C) % i, PiC™ 1) iV di < gi— 1.

We shall need the following very simple

Lemma 1.2.6. Let S C Xyipng, Vs : Y — X the normalization of X at S and
p€ XN S. Let M € PicYs and assume that M has no base point in vg' (S U p).
Then there exists L € Wy (X) such that L has no base point in p. In particular, if
M has no base point over S then Wy (X) is nonempty.

Proof. To say that M has no base point in Vgl(S Up) is to say that there exists s €
H°(Ys, M) such that s(q) # 0 for every q € V§1<S Up). We can use s to construct
a line bundle L € Wj;(X) by identifying the two fibers over pairs of corresponding
branches. More precisely, with the notation of 1.1.4 (5) for every n; € S call q{, qg
the branches over nj. Then set ¢; := s(q})/s(q]) and define L = L(©). Tt is clear
that s descends to a nonzero section 3 of L and that 5(p) # 0. |

1.2.7. Abel maps. We now introduce the Abel maps of a singular curve. Recall
(see 1.1.1) that X = C; U...UC,, denotes the decomposition of X into irreducible

components. For every d = (di,...,d,) such that d; > 0 we set Xd = éfl X ... X
6?{7. Now denote X = X ~ Xsing the smooth locus of X. The normalization map
Y = UC; & X = UC; induces an isomorphism of X with ¥ ~ v (Xging). We
shall identify X=Y~ l/_l(Xsing) and denote C; :=C; N X. Finally, set

Xt= " x . x0,% c xe

so that X is a smooth irreducible variety of dimension |d|, open and dense in X<.
Set d = |d|, then we have a regular map

) a%( : Xd — Picd X
(plw'wpd) e OX(Z?pZ)
which we call the Abel map of multidegree d. We denote

Ag(X) = ok (Xd) C Pic? X.
Lemma 1.2.8. Let X be a (connected, nodal) curve of genus g > 0. For every
d > 1 and every multidegree d on X such that d > 0 and |d| = d we have
(i) Aq(X) is irreducible and dim A4(X) < min{d, g};
(1) Aa(X) C Wa(X).
Proof. Obvious. |
We shall see that strict inequality in (i) does occur (cf. Proposition 3.2.1).

1.3. Stability and semistability. As we said in the introduction, there exist var-
ious modular descriptions for a compactified Picard variety, and they are equivalent
if d = g — 1. We shall give the complete description later, in 4.1.1. For now it is
enough to recall that, for every nodal curve X, the compactified Picard variety in

degree g — 1, P)’}fl, is a union of (finitely many) irreducible g-dimensional compo-
nents each of which contains as an open subset a copy of the generalized Jacobian
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of X. To study the irreducible components of the theta divisor of P)’}*l there is no
need to consider its boundary points. This explains why we chose to postpone the

complete description of P)’}fl; see 4.1.1.

So, now only the open smooth locus of P)’}_l will be described, using line bundles
of “stable” multidegree on the normalization of X at its separating nodes.

There exist two different, equivalent definitions of semistability and stability
(1.3.1 and 1.3.2 below); the simultaneous use of the two is a good tool to overcome
technical difficulties of combinatorial type.

1.3.1. Stability: Definition 1. Let Y be a nodal curve of arithmetic genus ¢ having

~ irreducible components. Let d € Z7 be such that |d| = ¢ — 1.

(a) We call d semistable if for every subcurve (equivalently, every connected sub-
curve) Z C'Y of arithmetic genus gz we have

(10) dz > g9z —1
where dz :=|d,|. The set of semistable multidegrees on Y is denoted
Y(Y):={deZ": |d =g—1, d is semistable}.

(b) Assume Y connected. If Y is irreducible, or if strict inequality holds in (10) for
every (connected) subcurve Z C Y, then d is called stable. If Y is not connected,
we say that d is stable if its restriction to every connected component of Y is
stable. We denote

X(YV):={deZ": |d =g—1, d is stable} C ¥**(Y).
We shall also use the following equivalent definition, originating from [B77].

1.3.2. Stability: Definition 2. Fix Y and d as in 1.3.1.

(A) d is semistable if the dual graph I'y of Y (cf. 1.1.2) can be oriented in such
a way that, denoting by b; the number of edges pointing at the vertex corre-
sponding to the irreducible component C; of Y, then

di=g; —1+b;

where g; is the geometric genus of C; (so that ¢; = pa(Ci) — #(Ci)sing)-

(B) Assume Y connected. Then d is stable if I'y admits an orientation satisfying
(A) and such that there exists no proper subcurve Z C Y such that the edges
between I'; and I' ;¢ go all in the same direction, where Z¢ :=Y < Z.

The equivalence of definitions 1.3.2 and 1.3.1 is Prop.3.6 in [Al04]. The version
given in 1.3.2 (A) is due to A.Beauville, who used it in [B77] to define and study
the theta divisor of a generalized jacobian (In [B77] Lemma (2.1) the dual graph
is without loops by definition, whereas we need to include loops. This explains the
difference between our definition and that of [B77]).

Version 1.3.1 actually extends to all degrees (other than degree g — 1); it origi-
nates from D.Gieseker’s construction of M, and is crucial in [C94] (where (10) is
generalized by the so-called “Basic Inequality”). V.Alexeev proved that the Basic
Inequality yields the modular description of the compactified jacobians constructed
by Oda-Seshadri and by C.Simpson using different approaches (see [A104] 1.7 (5)).
More details about this definition and its connection with Geometric Invariant The-
ory will be given in Section 4.

Remark 1.3.3. (i) Applying inequality (10) to all subcurves, we get that d is
semistable if and only if for every connected Z C Y

(11) Pa(Z) —1<dz <p,(Z)—1+#2ZnZ°.

If X is connected, d is stable if and only if strict inequalities hold in (11) for
all Z.



e

(ii) If d € ¥%¥(X) and V C X is a subcurve such that dy = gy — 1, then dy, is
semistable on V.
(iii) If d is stable, then d > 0.

Remark 1.3.4. The following convention turns out to be useful. Given a graph
I (eg. T = Tvy), every edge n determines two half-edges, denoted ¢}" and ¢
(corresponding to the two branches of the node n of Y'). If T is oriented we call ¢}
the starting half-edge of n and ¢4 the ending one.

5%(X) is never empty (by [C05] Prop. 4.12). On the other hand we have
Lemma 1.3.5. 3X(X) =0 if and only if X has a separating node.

Proof. If X has a separating node, n, then X = X; U X5 with X; N Xy = {n}.
Let d € ¥%%(X), using (11) we have p,(X;) — 1 < dx, < pa(X;), so that strict
inequalities cannot simultaneously occur. Hence d is not stable.

Conversely, assume that X has no separating node. We shall use Definition 1.3.2,
and prove that the dual graph of X, I' = I'x, admits a “stable orientation” (i.e. an
orientation satisfying (B)). We use induction on the number § of nodes that lie in
two different irreducible components (the only nodes that matter), i.e. induction
on the number of edges that are not loops. If § = 1 there is nothing to prove (the
edge is necessarily separating), if 6 = 2 then I' has two vertices so the statement is
clear.

Let § > 2, pick an edge n and let IV = T" — n; thus I is connected. If IV has no
separating edge, by induction IV admits a stable orientation, hence so does I', of

course. Denote nq,...,n; the separating edges of I'. The graph
I —{ni,...,ns} =T —{ng,n1,...,n¢}
where n = ng, has t + 1 connected components, Lg,..., I+, each of which is free

from separating edges.

We claim that the image T'; C T' of each T'; contains exactly two of the edges
Ne,N1y...yNg.

Indeed, if (say) I'; contains only one n; with ¢ > 1, call it n; and call T’y the
other I'; containing ny. Then ng connects I'; with I'y (for otherwise ny would be a
separating node of T" which is not possible). Hence I'y contains ng and n;.

If 'y contains two n; with ¢ > 1, call them ny and ns, let I's and I's be such that
n; € 'y NTi41, ¢ = 1,2. Then ng connects I'y and I's, thus ng & I';. Therefore T’y
contains only n; and ns.

If 'y contains three n;, i > 1, call them nq, ny and ngz, let I's, I's and I'4 be such
that n; € T'1 NT;41. Now ng is contained in at most two T';, so say ng ¢ T'y (say),
but then nj3 is a separating node of I'; which is a contradiction. Therefore, up to
reordering the I';, we can assume that

nel, NI, i=1,...,t,t+1=0.

We now define an orientation on I' by combining the stable orientation on each T';
with each edge n; oriented from I';_; to [';. It suffices to prove that this is a stable
orientation on I'.

Indeed: let Z C X and I'z C T the corresponding graph. If for some ¢ we have
) £TzNT; C Ty, then inside T'; there are edges both starting from and ending in
T'z. So the same holds in I and we are done. Hence we can assume that for every
i either T'; C 'z or 'z NT; = (. Therefore

I'zNT'ze C {no,nl, . ,nt}.

We can thus reduce ourselves to consider the graph obtained by contracting every
T'; to a point. This is of course a cyclic graph with ¢ + 1 vertices and ¢ + 1 edges
{no,n1,...,n:}, oriented cyclically. This is a stable orientation, so we are done. W
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Example 1.3.6. Let X be a nodal connected curve of genus g, Xgep C Xging the
set of its separating nodes and X — X the normalization of X at X,. Assume

#Xeep = ¢c—1 > 1 so that X has ¢ connected components Xq,..., X, and X, is
free from separating nodes for every i = 1,...,c. Thus 3(X;) # 0 and

2(X) = B(X1) X -+ x B(X,).

Indeed, set g; := pa(X;), then po(X) —1=(g—c+1)—1=>7_,(9: — 1), and
d € X(X) if and only the restriction of d to X; is stable on X;.

Proposition 1.3.7 (Beauville). Let X be a (connected, nodal) curve of genus
g>1, and let d € Z7 be such that |d] = g — 1.
(i) d is semistable iff there exists L € Pict X such that h°(X, L) = 0.
(i) If d is semistable then every irreducible component of Wa(X) has dimension
g— 1.
(iii) If d is not semistable then Wy(X) = Pict X.
See Lemma (2.1) and Proposition 2.2 in [B77].

1.3.8. Our first theorem (Theorem 3.1.2) states that, if d is stable, then Wy(X) is
irreducible and equal to Agz(X). The proof’s strategy is the following. We know,
by the above Proposition 1.3.7, that every irreducible component of Wy(X) has
dimension g — 1; we also know that Ay4(X) is irreducible. We shall prove that if
W is an irreducible component of Wy(X), not dominated by the image of the Abel
map, then dimW < g — 2, and hence W must be empty.

To do that we consider the normalization v : ¥ — X and the pull back map:
v* : PicX — PicY. The dimension of W is then studied by fibering W using v*,
and bounding the dimensions of the image and the fibers.

An important point is to show that, on the one hand, the divisors on Y supported
over the nodes of X impose independent conditions on the general line bundle
M € PictY'; see Lemma 2.3.3. On the other hand, if M € PicY has this property
(i.e divisors supported in v~ (Xgyg) impose independent conditions on it), then
the dimension of the locus of L € W/ (X) which do not lie in the image of the
Abel map is small, hence the dimension of the fiber of W over M is small; see
Proposition 2.3.5 and Corollary 2.3.7.

2. TECHNICAL GROUNDWORK

2.1. Basic estimates. Recall the set-up of 1.1.1.

Proposition 2.1.1. Fizvg:Ys — X and let M € PicYs.
(i) For every L € Pic X such that v§L = M we have

(12) h(Ys, M) —6s < h°(X,L) < h°(Ys, M).
(ii) Let h°(Ys, M) > dg. Assume that for some h: {1,...,6s5} — {1,2},

ds
(13) hO(YSaM(_ ZQi(j))) = hO(M) —0s.

Then Wy (X) is of pure dimension:

. _J ds—s if KO(M) = b5
dim Wy (X) = { 6s —vs+1 if hO(M) > 6s+ 1.

Moreover, the general element L € Wy (X) satisfies
(14) hO(X, L) = max{h°(Ys, M) — dg,1}.
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Proof. Throughout the proof we shall simplify the notation by omitting the index
S,ie. set Y =Yg, §d =dg, v =vg and 7 = vg.
Let L € Fj(X), then we have the exact sequence

(15) OHLHV*MHZ&L%O
nes

and the associated long cohomology sequence
(16) 0 — H°(X,L) - HO(Y, M) -5 & — H'(X,L) — H'(Y,M) — 0

from which we immediately get the upper bound on h°(X, L) stated in (12).

Fix M € PicY, recall the description of the fiber of v* over M given in 1.1.4.
Thus every L € Fy(X) is of the form L = L© for some ¢ € (k*)°~7*'. For
convenience, we use the same set-up of 1.1.4, in particular we set ¢; =1 for § — v+
2<y <.

To compute H°(X, L), set [ = h°(Y, M) and pick a basis sy, ..., s; for H*(Y, M).
Let s € HY(Y, M), so s = le x;5; where z; € k. Now s descends to a section of L
(i.e. s lies in the image of « in (16)) if and only if

l

(17) le(sz(q%) fcjsi(q{')) =0 Vi=1,...,0.
i=1
The above is a linear system of 6 homogeneous equations in the [ unknowns x4, ..., z;.

The space of its solutions, A(c), is identified with H(X, L(9)). Now, A(c) is a linear
subspace of H%(Y, M) of dimension at least [—§. Hence h°(X, L) = dim A(c) > 14,
proving (12).

Part (ii). Assume [ = h°(Y, M) > §; denote by A(c) the § x [ matrix of the
system (17). By what we said

(18) RO(X, L©) = dim A(c) = I — rankA(c)
and
(19) Wi (X) = {c: Ac) # 0} = {c: rankA(c) < 1}

We shall prove that A(c) has rank 0 unless ¢ lies in a proper closed subset of
(k*)°. For that, we apply the assumption (13) to choose the basis for HO(Y, M) as
follows. First, up to renaming each pair of branches we can assume that h(j) = 1
for every j. By (13) we can pick ¢ linearly independent si,...ss € H°(M) such
that

: 1 if i=j
si(1) :{ 0 ifj#4, (j=1,...,6).

If | > § we choose the remaining basis elements however we like. Set b{ =
si(¢3) € k. Then the matrix A(c) contains a § x § minor, B(c), (the minor given by
the first § columns) whose diagonal is (¢; — b1, ..., cs —b3), and such that the ¢; do
not appear anywhere else in B(c). Therefore the determinant of B(c) is a nonzero
polynomial in the ¢;. This proves that the locus where the matrix has maximal
rank (equal to §) is open, non empty.

Suppose ¢ = I, then B(c) = A(¢). By (19) Was(X) is naturally identified with
the locus of points of Fys(X) where det A(c) vanishes. We conclude that Wy (X)
has pure dimension dim Wj;(X) = é — « proving (ii).

Moreover, for a general L(© € Wy (X), the rank of A(c) is equal to § — 1.
Indeed, by (19) Wy (X) is identified to the hypersurface, W, of k° where det A(c)
vanishes. Call A; (¢) the minor of A(c) obtained by removing the i-th row and the
j-th column, and set U} ={cek’:det A; (¢) # 0}. We must prove that WﬂU; £
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for some 1 <4,j < 4. Suppose ¢; appears in det A(c). On the other hand ¢; does
not appear in det Al(c), as Al(c) does not contain ¢;. Hence W N U # 0.
Therefore by (18) we get h°(X, L) = 1 proving (14).
If I > 6, then W (X) = Fp(X) by part (12). Furthermore, by (18)

RO(X, L) =1 — rankA(c) > 1 — 6.

By looking at the matrix A(c), we see that h%(X,L(©) = [ — § holds on the non
empty open subset where det B(c) does not vanish; this proves (14). |

Lemma 2.1.2. Letv:Y — X be the normalization of X and let d € ¥°°(X). For
a general M € PictY we have

(i) B°(Y, M) = ¢;

(ii) M satisfies condition (13) w.r.t. a suitable h: {1,...,0} — {1,2};

(i1i) Aim Wy (X) =39 —~;

(iv) The general L in Wy (X) satisfies h°(X, L) = 1.
Proof. Using the notation of 1.1.1, Y = [[C; with C; smooth of genus g;, and
X = UC;. The fact that d is semistable implies that d; > p,(C;) — 1 > g; — 1 for
every i = 1,...,v. Therefore for M general in Pic?Yy

RO, M)=> (di—gi+1)=g—1-Y gi+7=0

Let us prove (ii). We use definition 1.3.2 (A) of a semistable multidegree; I'x of X

can be oriented so that, if b; denotes the number of edges pointing at C;, then for
alle=1,...,y

Any such orientation gives us a choice of branches over each node. Namely, for
every n; € Xgng we denote gj the branch corresponding to the ending half-edge of
n;. We claim that (13) holds with respect to the map h(j) = 2 for every j. Indeed

)
oY, M(— ZqZ Zh“Cz,M Zq
j=1

=1

Now by (20)

(21) degq, M(— @) =di—bi=g; —1

M-

Il
—

J

hence (M being general) h°(C;, M (— Zj.:l qg)wl) = 0 for every i. We conclude
that, by part (i),

§
Zq RO(Y, M) — 6

so that (13) is satisfied. Now, applylng 2.1.1(ii), we get dim Wy (X) = § — v and
hO(X,L) =1 for a general L € Wy (X). So (iii) and (iv) are proved. |

Corollary 2.1.3. Let d € ¥**(X) and let L be a general line bundle in Pic® X.
For every subcurve Z C X we have h°(Z,Lz) = dz — gz + 1.

Proof. Tt suffices to assume Z connected (by (2)). Consider the normalization
v:Y =UC; —» X of X and v*L =M = (Ly,...,L,) with L; € Pic% C;. Then L;
is general in Pic® C; (as L is general in Pic? X); since d; > g;—1 (as d is semistable)
we get that h°(C;, L;) = d; — g; + 1. Now, denote Z¥ — Z the normalization of
Z, order the irreducible components of X so that the first vz are the irreducible
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components of Z, set S = Zgpg, so that gz = >.)7 ¢; + 6s — vz + 1. Let Mz be
the restriction of M to Z%, then

4

hO(Z¥, My) ZhOC“L = (di—gi+1) =dz — gz +6s +1.

i=1

Now, since d is semistable, dz > gz — 1 hence hO(Z V. Myv) > §s. Moreover, recall
that by 2.1.2 (ii) M satlsﬁes condition (13); it is stralghtforward to check that the
analogue holds for My, i.e. for a suitable choice of branches,

Z MZu th MZV) 55':0.

This enables us to apply 2.1.1(14) to Z¥ — Z, thus getting
hO(Z,Lz) ZhO(ZV,MZu)—55 =dz—gz+0s+1—-0s=dz —gz+1.
|

2.2. Basic cases. Recall the notation of 1.1.1, in particular (3). The following
simple fact will be used various times.

Remark 2.2.1. Let vg : Yo — X be the normalization of X at one node (i.e. S =
{n}). Let M € PicYs be such that h°(M) > 2. If hO(M(—q1 — q2)) = h°(M) — 2,
every L € Fy(X) satisfies h°(X, L) = h®(Ys, M) — 1.

To prove it, pick L € Fj;(X) and consider the cohomology sequence

(22) 0 — HO(X,L) - H(Ys, M) -5 k — H'(X,L) — H (Ys, M) — 0
(associated to (15)). It suffices to show that § is non zero. The assumption

RO(M(—q1 — q2)) = h°(M) — 2 implies that h®(M(—qx)) = hO(M) — 1 for h = 1,2;
hence M has a section s vanishing at g; but not at go; but then 5(s) # 0.

2.2.2. Let S C Xine and consider the partial normalization Ys — X. Fix a finite
set S’ of points of X (usually S’ C S). For any M € PicYg set

(23) Wn(X,8) :={L € Wy(X):Vsc H'(X,L) Inc S : s(n) =0}
or equivalently (since S’ is finite)
(24) Wi (X,8) :={LeWy(X):Inc S : s(n)=0 Vsec H'(X,L)}.

If S = Xging then Wi (X, S) is equal to the set of points in Wi (X) which do not
lie in ai(X ), where d = deg M.

Lemma 2.2.3. Fizvg:Ys — X and let M € Pic? Yg be such that h°(Ys, M)=1.
(1) If there exists n; € S such that h°(Ys, M(—ql)) # h°(Ys, M(—q})), then
Wy (X) = 0.
(2) If hO(Ys, M(—¢))) = h°(Ys, M(—q})) for every j, there are two cases.
(a) If hO(YS,M(—q{L)) = 0 for every j and h, then Ys is connected and there
exists a Ly € Fpr(X) such that Wy (X) = {La} and h°(Lys) = 1. More-
over War(X,8) =0 (hence Ly € a%(X%)).
(b) If there exists j for which h°(Ys, M(—ql)) = h%(Ys, M(—¢})) = 1, then
Wi (X, S) = Wy (X). Moreover: if hO(YS,M(—qf;)) =1 for every j then
Wi (X) = Fp(X); otherwise Wy (X) = {L}.

Proof. Let s € H°(M) be a nonzero section. In case (1) we are assuming that (up
to switching the branches over n;) s(¢q{) = 0 while s(¢3) # 0, so obviously s does
not descend to a section of any L € Fj(X).
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For case (2a) suppose, by contradiction, that Ys = [[] Z; is not connected. Then
RO(Y, M) = ®h®(Z;, Mz,) = 1 so that there is only one component, say Z; such that
hO(Z1,Mz,) # 0. Pick ¢ = q] € Zs, then (as h®(Zy, Mz,) = 0) every s € HO(M)
vanishes at ¢ so that h®(M(—q)) = h°(M) = 1 contradicting the hypothesis. So Y’
is connected. Now any nonzero s € H°(Y, M) satisfies s(q{;,) #0forj=1,...,6 and
h=1,2. Let ¢; := s(¢})/s(¢)) € k* and ¢ = (c1, ..., ¢5); then ¢ does not depend
on the choice of s, as h°(M) = 1. Using the construction of 1.1.4 set Ly = L(©);
we get Wi (X) = {Ly} and obviously s descends to a section of Ljs that does not
vanish at any nj. So, Wi (X, S) is empty, and by construction, h°(X, Lys) = 1.

In case (2b), it is clear that for every L € Wy (X) and s € H°(L) we have
s(n;) =0, hence Wi (X, S) = Wi (X). The last sentence is proved similarly. W

Lemma 2.2.4. Let vg : Ys — X be the normalization of X at one node (i.e.
S ={n}). Let M € Pic* Yg be such that h°(Ys, M) > 2.
Then Wy (X) = Fay(X) and the following cases occur.
(1) If RO (M(—q1 — q2)) = h®(M) — 2 then Wy (X, S) =0 and h°(L) = h®(M) — 1
for every L € Fy(X).
(2) I O(M(=qr — @) = WO(M(—g1)) = RM) — 1 for b = 1,2 then Y is
connected and Wy (X, S) = Wy (X) ~{Lm} for a uniquely determined Ly €
Wi (X) (hence Ly € a%(X%)). Moreover h°(Lys) = hO(M) while for every
L e Wy (X) —{Ly} we have h°(L) = h°(M) — 1.
(3) If RO (M(—q1)) = h®(M)—1 and h®(M(—q2)) = h°(M) then Fp (X) = Wi (X, 9).
Moreover hO(L) = hO(M) — 1 for every L € Fy(X).
(4) If '°(M(—q1)) = h°(M(—q2)) = h°(M) then Fp(X) = Wi (X, S). Moreover
hO(L) = hO(M) for every L € Fp(X).

Proof. Pick L € Fj;(X) and consider the cohomology sequence (22). It yields that
a(H°(X, L)) has codimension at most 1, i.e. that h%(L) > h°(Y,M) —1 > 1 so
that Wy (X) = Fy(X). We shall omit the subscript S during the proof.

In case (1), H°(Y, M(—q; — ¢2)) has codimension 2 hence o(H"(X, L)) cannot
be contained in it. Therefore H°(X, L) contains sections that do not vanish at n.
The rest has been proved in remark 2.2.1.

For the remaining cases, note that every section of HY(M(—q; — ¢2)) descends
to a section of every L € Fj;(X).

Case (2). To show that Y is connected, suppose by contradiction that ¥ =
Y1HY2, then (Say) q1 € Y7 and g2 € Y5 and hO(M) = hO(Yl,Ml) + hO(YQ,Mg)
(denoting M; = My,). Furthermore

hO(My) + B (Mz) = 1= h°(M) = 1 = h*(M(~q1)) = h*(Mi(=q1)) + 1" (Mz)

hence h®(M;(—q1)) = h°(My) — 1. Similarly, h%(Mz(—q2)) = h°(Mz) — 1. But
then h(M(—q1 — ¢2)) = h°(M1(—q1)) + h°(M2(—q2)) = h°(M) — 2 which is a
contradiction.

Now, there exists s € H°(M) such that s(gy) # 0 for h = 1,2. Thus

(25) H(M) = H°(M(~q1 — g2)) ® ks.
Set ¢ = L’f) and let Ly, = L(© (as in 1.1.4). The s descends to a section 5 €

s(q1)
H°(Lyy) such that 3(n) # 0. Hence Ly & Wy (X, S) and h°(Ly) = h%(M). Now,
Ly is uniquely determined, indeed if s’ € HO(M) is another section such that
s'(qn) # 0 for h = 1,2, then by (25) s’ = at + bs for t € H*(M(—q1 — ¢2)) and

a,b € k with b # 0. Thus ¢ = ‘::EZ?; This proves that for every L € Wy (X) such

that L € Wy (X, S) we have L = Lyy.
In case (3), H*(M(—q1 —q2) = H°(M(—q1)) and these are the only sections that
can be pull backs of sections of any L € Fy/(X). Case (4) is obvious. |
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Corollary 2.2.5. W . 0)(X) = {Ox} for every connected, nodal curve X.

,,,,,

2.3. Divisors imposing independent conditions. Let Y5 — X be some partial
normalization of X and let M € PicYg. The goal of this subsection is to bound
the dimension of the locus of L € Wj;(X) which are not contained in the image of
the Abel map (i.e. with the notation of 2.2.2 the dimension of Wy, (X, S)). The
easy cases, h®(Ys, M) = 1 or #S = 1, are dealt with by Lemmas 2.2.3 and 2.2.4.
To treat the general case we introduce the following.

Definition 2.3.1. Let Y be a nodal curve (possibly not connected). Let M € PicY

and let E' be a Cartier divisor on Y.

(A) We say that E is admissibile for M if for every subcurve V. C Y we have
0 < degy, E < h%(V, My) (in particular, E is effective).

(B) We say that F imposes independent conditions on M if F is admissible for M
and if KOV, M(—E)y) = h°(V, My ) — degy, E for every subcurve V C Y.

(C) Let R C Y \ Yiing, we denote by A(M, R) the set of all admissible divisors for
M with support contained in R.

Remark 2.3.2. If R in part (C) is finite, then the set A(M, R) is also finite.

Let C' be a smooth irreducible curve, Definition 2.3.1 gives back the classical one.
Fix a finite subset R C C; then every admissible divisor E such that Supp # C R
imposes independent conditions on the general L € Pic? C. More generally

Lemma 2.3.3. Let v : Y — X be the normalization of X and R C Y a finite
subset. Let d € Y°5(X) and M € PictY a general point. Then every divisor
E € A(M, R) imposes independent conditions on M.

Proof. By Remark 2.3.2, it suffices to prove that a fixed F imposes independent
conditions on the general M € Pic?Y.

Set as usual Y = H;’Zl C;. Given M and E as in the statement, denote M; :=
Mc,, E; := E¢, and ¢; = degg, E. Now, for any line bundle N on Y and any
subcurve V C Y we have H*(V,N) = ©¢,cvH(C;, N¢,). Therefore it suffices to
prove that h°(Cy, M(—E)¢,) = h°(Cy, M;) — e;, for every i = 1...,~. Since M is
general in PiclYy = HPicdi C;, every M; is general in Pic% C;. The fact that d
is semistable implies that d; > p,(C;) — 1 > g; — 1 (g; is the genus of C;) hence
h°(Cy, M;) = d; — g; + 1. Now by (A) of 2.3.1 we have e¢; < d; — g; + 1 hence

(26) dege, M(—FE) =d; —e; > gi — 1.

At this point, observe that M;(—E;) is a general point in Pic% ¢ O (E; is fixed
and M; is general in Pic® C;) and hence (by (26))

R(Ci, Mi(—E;)) = d; — e; — gi + 1= h°(Ci, M) — e;
as claimed. ]

Example 2.3.4. Let v : Y — X the normalization of X and d € X%(X). Then
there exists a choice of branches h : {1,...,6} — {1,2} such that the divisor
E = Z‘;:l q{b(j) is admissible for every M € Pic?Y. In fact, the construction
of such an admissible divisor E has appeared in the proof of 2.1.2. Recall that
dege, M(—FE) = g; — 1 for every i = 1,...,7v (see (21)).

For the next result we need some notation. Recall that vg : Y — X denotes the
normalization of X at S. Let Z C X be a subcurve, we denote Zg := vg'(Z) the
corresponding subcurve in Yy, so that Zg is the normalization of Z at S N Zgjp,.
Obviously every subcurve of Yg is of the form Zg for a unique Z C X. We shall
often simplify the notation by setting H%(Zg, M) := H*(Zg, My,).



14

Proposition 2.3.5. Fiz vg : Ys — X as above. Let M € PicYg be such that
hO(Ys, M) > 65, and assume that for every Zs C Ys,

(27) h(Zs, Mzg) 2 14 #(5 N Zging).
If every E € A(M,vg'(S)) imposes independent conditions on M, then
. bs —vs—1 if h°(M) =dg
dim Wi (X, 5) < { ds — s if hO(M) > 65 + 1.

Proof. We set [ = h®(Yg, M). By hypothesis, for every ¢ € v=1(5)
(28) hO(YSa M(_q)) =1l- 1,

indeed by (27) every such ¢ is admissible for M. Let n € S and set v~!(n) =
{q1,42}. Suppose [ = 1; then g = 1. By (28) applied to ¢; and g2, we are in case
(2a) of Lemma 2.2.3. Hence Wy (X, S) = () and we are done.

From now on, we assume [ > 2. Let £ = ¢; + ¢2, then E is admissible, i.e.
degy B < h(Zs, Mz,), for every subcurve Zg C Ys. Indeed, for every Zg, we
have h%(Zg, Mzs) > 1 by (27). On the other hand deg,_ E < 2 and equality holds
iff Zg contains both ¢ and ¢o, i.e. if and only if Z is singular at n. In this case,
h(Zs, Mz,) > 2 by (27). Therefore, by hypothesis, for every Zg

(29) W (Zs, M(—q1 — q2)) = h°(Zs, Mz,) — 2.

Assume dg = 1. By (29) we are in case (1) of lemma 2.2.4. Thus Wy (X, S) is
empty and we are done. We continue by induction on dg.
For every j =1,...,6 set S; := S\ {n;}. For any {ji1,j2} C {1,...,ds}

5
(30) W (X, 8) = [ W (X, ;) = Wa (X, 8;,) UWa (X, Sj,)

j=1

therefore it suffices to bound the dimension of W, (X, S;) for a chosen pair of values
of j =1,...,0. We pick one of them and simplify the notation by setting n = n;
and T'=S; = S\ {n}. We factor vg

ve:Ys 25 YVp 25 X

where v is the normalization of X at 7" and 14 the normalization at the remaining
node n. We abuse notation by using the same names for points in Yg, Y7 and X
whenever the maps are local isomorphims (e.g. n denotes a node in Y7 and in X).
The following is the basic diagram to keep in mind

Pic X YT, PieYy 4 PicYy
(31) Wyu(X,T) — Wun(Yr) — M

Wn(X,T) — N - M
where N € Fy(Yr); since | > 2, Fpy(Yr) = W (Yr). By (29) and 2.2.1,
(32) RO(Yr,N) =1—1.

Case 1. The node n lies in two different irreducible components of X.

By Lemma 2.3.6 part (i) (applied with R = vg' (S~ n)) every admissible divisor
Er on Yp, such that Supp Er C v 1(T ), imposes independent conditions on N.
Therefore we can use induction (#1 = #S — 1) and obtain

dg—1—rr—1 ifh°(Yp,N)=65—1

dlmWN(X,T)S { 55—1—7T ith(YT,N)Z(SS
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i.e. using (32)

' bs—yr—2 ifl-1=dg—1

If n is not a separating node for X, then Fj;(Yr) = Wy (Yr) = k* and vg = 7r.
Therefore, from diagram (31), dim Wy, (X, T) < dim Wy (X,T) + 1. So, using that
0s —yr — 1 =05 — g, we are done.

If n is separating, then vs = 7 + 1. On the other hand dim Fp;(Yr) = 0, hence
dim Wy (X, T) < dim Wy (X, T). Again, we are done.

Case 2. The node n lies in only one irreducible component of X.

Call C C X the component containing n and C' C Yg the component containing
both ¢; and ¢go. We are in the situation of Lemma 2.3.6 part (ii). Therefore
there exists a finite set P C Fp/(Yr) such that for every N € PicYr \ P, every
admissible £/ supported on v, 1(T) imposes independent conditions on N. We can
use induction on every N € Wy, (Yr) such that N ¢ P. We obtain

(55—1—’)/7*—1 ith(YT,N)=5s—1
(55 —1 — T if hO(YT,N) Z (55.

Consider diagram (31) and note that now dim W (Yr) = dim Fys(Yr) = 1. Hence,
away from the fibers over P, the dimension of every irreducible component of
Wi (X, T) is at most

dim Wy (X, T) < {

1+6—~v—2 ifl=9¢

dim Wy, (Y7) + dim Wy (X, T) g{ L+ 6—n—1 ifl>8+1

(using (32)) as wanted.

It remains to bound the dimension of the fibers over every N € P. Now, set
n=mny and T = {ng,...,nsg -

If | > s + 1, ie. if hO(Yr, N) > 67 + 1 then

dlmWN(X) = dll’nFN(X) = 5T — YT + 1= 55’ —7s.

The fiber of Wi (X, T) — Wy (Yr) over N is obviously contained in Wy (X), hence
it has dimension at most dg — s and we are done.
Assume 6g = 1. If

(33) R (Y, N(—¢} —...— ¢}¥)) =0,

then, by 2.1.1 (ii), Wx(X) has pure dimension equal to é7 —vs = ds — vs — 1.
Hence the dimension of the fiber of Wy, (X, T) over N is at most dg — s — 1 and
we are done.

We shall complete the proof by showing that (33) holds for some choice of
branches. Assume hO(Yy, N(—q2 — ... — ¢%%)) > 1.

Observe that F := Zj‘iz ¢ + ¢35 is admissible for M. Indeed, degy B <
1+ #T N Zsing for every Zg C Yg; hence, by (27),

degy, E <14 #T N Zgng < 14 #S N Zging < h°(Zs, M).

As FE is admissible, we have

ds

(34) hO(Ys, M(= Y ql —¢3%)) =0,
j=2

also, by Lemma 2.2.4,
RO(Yp, N(—q? — ... — ¢35 1 —¢35)) <1 and RO(Yp,N(—¢? —...—¢%%)) = 1.
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It hO (Y, N(—q3 — ... —¢57! qgs)) =1 then, of course,

(35) Z a1 — QQ =1,

which is impossible, by (34). Therefore h°(Yp, N(—¢? —...— 3571 —¢5%)) = 0, i.e.
(33) holds for some choice of branches. The proof is complete [ |

In the proof of Proposition 2.3.5 we used the following

Lemma 2.3.6. Let vy : Yo — Y7 be the partial normalization of Yr at a unique
node n. Let M € PicYg be such that for every subcurve Zg C Yg

0 >2 ifvyt(n) C Zs
h (ZS’M){ >1  otherwise.

Let R be a finite set of smooth points of Ys. Assume that every divisor in A(M,v; *(n)U
R) imposes independent conditions on M.

(i) If n lies in two irreducible components of Yr, for any N € Fy(Yr), every
divisor in A(N,v1(R)) imposes independent conditions on N.

(ii) If n lies in only one irreducible component of Yr, there exists a finite sub-
set P C Fp(Yr) such that for every N € Fp(Yr) N P, every divisor in
A(N,v1(R)) imposes independent conditions on N.

Proof. Let v=1(n) = {q1, g2} Formula (29) holds (with the same proof). For every
Zs C Yg, denote Zr := v1(Zg). We have by (29) and 2.2.1

(36) if {q1,02}CZs = h%(Zp,Ny,)=h0"Zs,My,)—1
and
(37) if {q,02}¢ Zs = h%Zr,Nz,)=h"(Zs,Mz,)

because in this case Zg = Zp via vq. Thus for any N € Fy(Yr), the number
h%(Z7,Nz,.) depends only on M, and not on the choice of N. Therefore the set
A(N,v1(R)) depends only on M.

Pick Er € A(N,v1(R)). Denote Eg := vi(Er), and observe that vy is an
isomorphism locally at every point in Supp Es. Hence
(38) degy, Es = deg,, Er < h°(Zp,N) < h%(Zs, M).
Therefore Es imposes independent conditions on M, i.e.
(39) h(Zs, M(~Es)) = h°(Zs, M) — deg 5, Es.
If {¢q1,92} ¢ Zs, 11 induces an isomorphism Zg = Zr, hence by (38) and (39) we
get h(Zp, N(—Er)) = h%(Zs, M(—Es)) = h°(Zr,N) — deg,, Er as wanted. So
we need only consider the case {q1,¢2} C Zs.

For part (i), let g1 € C1 and g2 € Cs. Set ¢; := deg, E and I; := h(Cy, M¢,) =
hO(C;, N¢,). Consider the usual sequence

(40) 0 — H(Zp, N(~E7)) — H°(Zs, M(—Es)) 25k — ...

If Ep is such that e; <[, — 1 for i = 1,2 then Eg + q1 + ¢2 imposes independent
conditions on M. We get h°(Zg, M (— Es —q1—q2)) = h°(Zs, M(—Es)) — 2, hence
h%(Z7,N(—Er)) = h%(Zs, M(—Egs)) — 1. By (38) and (39) we get

h(Zr,N(—Er)) = h°(Zs,M) — deg,, Es — 1 = h®(Zy,N) — degy, Er

as wanted. Now, Er is admissible, hence I; > e;; so only two cases remain.
Case 1: e; = I; and ey = ly—1. Then H°(Cy, M(—Es)) =0, h%(Cy, M(—Eg)) =
1 and h°(Cy, M(—Es — q2)) = 0. Then all sections in H°(Zg, M(—Eg)) vanish at
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q1 while there exist sections that do not vanish at go. Hence [ is surjective and we

are done.
Case 2: [; = ¢; for i = 1,2. Let Zy :=11(C1 UCy) C Yr . By (36)

er+ey=degy, Er <h’(Zp,N)=h"(Zs,M)— 1<l +1—1

which is possible only if at least one e; is less than I;. So Case 2 does not occur
and (i) is proved.

Now part (ii). Call C' C Yg the component of Yg containing both ¢; and ¢, and
D :=v(C). Set ep = degp Er = deg Eg; and (by (36))

(41) Ip :==h°(C,M)=h°(D,N) +1

so that ep <lIp — 1. If ep <Ip — 2 then Eg + q1 + ¢o is admissible for M. Hence
for every Zg C Ys we have h®(Zg, M(—Es — q1 — q2)) = h%(Zs, M(—E)) — 2 so
that (using remark 2.2.1)

(42) h(Zr,N(—Er)) = h*(Zs,M(—Es)) — 1 = h°(Zy,N) — deg,_ Er.

We are left with case ep = Ip — 1. Then h%(C, M(—Eg)) = 1 and part (2a) of
Lemma 2.2.3 applies. We obtain that there exists a unique line bundle in Pic D
which pulls back to M(—FEs)c and having h® = 1. This in turn determines a
(unique) line bundle Np on D which pulls back to M¢, and finally a unique line
bundle on Y7 which pulls back to M and restricts to Np on D. This last line
bundle on Y7 is uniquely determined by Er, so we shall denote it by N¥7. Set
P :={N € Fy(Yr) : N = NP7 for some Er}. We just showed that for any
N € Fy(Yr) \ P, every Ep € A(N,v1(R)) imposes independent conditions on N.
The finiteness of the set P follows at once from the finiteness of the set of E’s. R

Corollary 2.3.7. Let Y — X be the normalization of X and S = Xging. If
d e X(X) and M € Pic?Y is a general point then dim Wy (X,S) <6 —~ —1.

Proof. If M is general, h°(Y, M) = & by 2.1.2. Moreover, as d is stable, (27)
holds. Indeed for every Z C X, Z” = Zg is the normalization of Z and we have
dZ > pa(Z) = pa(ZV) + #Zsing; hence hO(ZV7MZ”) > #Zsing + 1. FinaIIY7 by
Lemma 2.3.3, M satisfies the assumption of Proposition 2.3.5.

|

3. IRREDUCIBILITY AND DIMENSION

3.1. Irreducible components. We are ready to prove that Wy(X) is irreducible
for every stable multidegree d. This implies that, if X is free from separating

nodes, the theta divisor ©(X) C P)g(_1 has one irreducible component for every

irreducible component of P)g{l. If X has some separating node this is false (see
3.1.4 and 4.2.7). The stability assumption on d is also essential, as one can see from
counterexample 3.1.4.

If |d| > 1 we shall use the Abel map oz%(. If |d| <0, 1ie. if g=0,1 the Abel map
is not defined so we need to treat this case separately, which will be done in the
following

Lemma 3.1.1. Let X have genus g < 0,1; let d € ¥(X). Then

[0 id£(0,..0)
Wd(X)—{ {Ox} ifd=1(0,...,0) (hence g=1).

Proof. By hypothesis, Vd € ¥(X) we have |d| = —1,0 depending on whether
g = 0,1. Recall that X = UC; denotes the decomposition of X in irreducible
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components. Let L € Pic? X and suppose that there exists a nonzero section
s € HO(X,L). Set

Z7 :=Uia,<0Ci; 2% :=Upg,=0Cs;  Z7 := Ua,;50C;.
Note that Z= =0 < d = (0,...,0). By contradiction, assume Z~ # (). Then s
vanishes along a non empty subcurve Z C X which contains Z~. Let Z¢ be the
complementray curve of Z, so that s does not vanish along any subcurve of Z¢.
Since for every n € Z N Z we have s(n) = 0, the degree of s restricted to Z¢
satisfies
(43) ch Z#ZﬂZC
On the other hand, g < 1 implies p,(Z“) < 1 hence the stability of d yields

dye <pa(Z9)+#202° < #2720 2¢

(cf. 1.3.3) a contradiction with (43). Therefore Z~ = (); we obtain that, if W4(X) #
() then d = (0, ...,0); in particular, g = 1. Now we conclude by Corollary 2.2.5. H

Recall that for d such that d > 0 and |d| > 1 we denote by A4(X) C Pict X

the closure of the image of the Abel map a%( (see 1.2.7). If d € ¥(X) is such that
|d| = —1,0, we denote Ay(X) := Wy(X).

Theorem 3.1.2. Let X be a connected, nodal curve of arithmetic genus g. Let d
be a stable multidegree on X such that |d| = g — 1. Then

(i) Wa(X) = Ag(X), hence Wy(X) is irreducible of dimension g —1;

(ii) the general L € Wq(X) satisfies h®(X, L) = 1.

Proof. If g = 0,1 the theorem follows from Lemma 3.1.1; so we assume g > 2. (ii)
follows from (i) and from 2.1.2 (iv).

Let W be an irreducible component of Wy4(X). By 1.3.7 we know that dim W =
g — 1. We shall prove the Theorem by showing that if A4(X) is not dense in W,

ie. if W#WnNIm og(, then dim W < g — 2, and hence W must be empty.

Up to removing a proper closed subset of W, we can and will assume that
W NIm a%( = (). Consider v : Y — X the normalization of X, with Y = [[] C; and
let g; be genus of C;. Recall that g =] ¢; +0 — v+ 1.

We shall call p the restriction to W of the pull-back map v*, so that

.
(44) Pic? X > W -2 p(W) C Pic?Y = [ [ Pic* C;.

i=1
We shall bound the dimension of W by analyzing p. _

To say that L € Pic% X does not lie in the image of a% : X% — Pic X is to say
that L does not admit any section whose zero locus is contained in X. In other
words, setting S = Xging, we have L € Wi (X, S) (cf. 2.2.2). Therefore for every
M in p(W) we have

pil(M) CWu(X,S) c Wy(X).
From now on, M is a general point in p(W). The proof is divided into four cases.
Case L dimp(W) < 37 g; — 2.
It suffices to use that dim p~1(M) < dim Fp;(X) =6 — v + 1. Then

-
dim W < dim p(W) + dim Fps (X) §ZgifQ+§f'y+1:g72.
1

Case IL. dimp(W) = Y] ¢;.
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Now p is dominant, so that M is general in Pic? Y = I Pic% C;. Then we can
apply Corollary 2.3.7 which yields dim Wy, (X,S) < § —~v — 1, and hence

v
dim W < dim p(W) + dim Wi, (X, S) < Zgi +d—y—-1=g-2.
1

Remark 3.1.3. From now on we shall assume dim p(W) =7 ¢g; — 1.
Denote m; : [T, Pic C; — Pic% C; the projection and p; := m; 0 p

pi i W — p(W) — p;(W) C Pic% C;.
As dim [])_, Pic® C; = 327 g; and dim p(W) = 37 g; — 1, we get
dimp;(W) > g, —1, Vi
and there can be at most one index ¢ for which dim p;(W) = ¢; — 1.

Case III. dimp(W) = >"7 g; — 1 and h°(Y,M) > 6 + 1.
We claim that we can apply 2.3.5 to the general M € p(W). This would yield
dim Wy, (X, S) < § — ~ so that we could conclude as follows:

dim W < dimp(W) + dim Wy (X, S) < gy —1+d—vy=9g—2.
To prove that the hypotheses of 2.3.5 hold, observe that (27) follows from the fact
that d is stable (see the proof of 2.3.7). To prove the remaining assumption we argue

by contradiction. Assume that for some admissible divisor E with Supp E C v~1(S)
and e := deg F we have

RO(Y,M(—E)) > h°(Y,M) — e+ 1
for M general in p(W). As Y is the disjoint union of the C;, we get

¥ y
WY, M(=E)) = h%(Ci, Mi(=E;)) > Y (h°(Cy, M;) — e;) + 1
i=1 i=1
where E; = E\¢,, e; :== deg F; and M; = M|c,. Therefore there exists at least one
index, say ¢ = 1, such that

(45) hO(Cy, My (—E)) > h(Cy, M) — ey + 1.

The fact that E is admissible implies that e; < h%(Cy, M;). Now, as d; > g1, there
are two possiblities:

(a) hO(Cl, M1) =d; — g +1;

(b) h°(Cy, My) > dy — g1 + 2.

If (a) occurs, p; : W — Pic™ €y is dominant. In fact, by the assumption
RO(M) > § + 1, there exists an index i # 1 (say i = 2) such that h(Cy, My) >
dy — g2 + 2, i.e. such that M is a special line bundle on C3. Therefore po(W)
cannot be dense in Pic®? Cy. By 3.1.3, pi(W) is dense in Pic®* Cy. Therefore we
can apply Lemma 2.3.3 (with Y = X = C; and d = d,), getting that F; imposes
independent conditions on M, a contradiction with (45).

In case (b) we can assume e; = h%(Cy, M1) = dy — g1 +2. So M is not a general
point in Pic™ C;; by 3.1.3, dim p1(W) = g1 — 1. Now (45) is h%(Cy, My (—E;) > 1.

Consider the map
. . d

(46) up, : ngiel(Cl) —  Pic"* C;
N —  N(+E).

By what we said, Imug, dominates p;(W), hence the variety Wgﬁel(Cl) has
dimension at least g; — 1. This is impossible, since (by (7))

dimWg, _,, (C1) < min{d; — e1, g1} < min{d; — (dy — g1 +2),91} = g1 — 2.
Case IV. dimp(W) =37 g — 1 and h°(Y, M) = 6.
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If Proposition 2.3.5 applies, we can argue as for Case II and we are done. Observe
that in order for 2.3.5 to apply, it suffices to show that for every ¢ = 1,...,~, every
divisor E; € A(M;,v=*(S) N C;) imposes independent conditions on M;. Indeed
this implies that every E € A(M,v~1(S)) imposes independent conditions on M.
By 3.1.3 there are two possibilities.

(a) pi(W) is dense in Pic% C; for every i.
(b) There exists a unique index, say ¢ = 1, such that dim p; (W) = g1 — 1, whereas
for i > 2, p;(W) is dense.

In case (a), M; is general in Pic% C;, hence by 2.3.3 and by what we observed
above we can use 2.3.5 and we are done. '

Now case (b). We may assume that 2.3.5 cannot be applied. Let E := ijl qfl(j)
be an admissible divisor for M of the same type constructed in 2.3.4 (with the same
notation). Recall from 2.3.4 that dego, M(—FE) = g; — 1, for all 4.

If E imposes independent conditions, i.e. if h°(Y, M(—FE)) = h°(M) —§ = 0,
we can apply 2.1.1 (ii) and obtain that dim Wj;(X) = v — 6. This is enough to
conclude:

.
(47) dimWgdimp(W)+dimWM(X):Zgi—l—f—&—’y:g—z
1

So, assume that h°(Y, M(—E)) > 1. We have that h°(C;, M;(—E;)) = 0 if i > 2,
whereas h%(Cy, Mi(—FE1)) > 1. As we said deg M1 (—FE1) = g1 — 1; we claim that

(48) hO(Cy, My(—Ey)) = 1.
To prove it we argue as for Case III (b). Consider the map analogous to (46):

U:}El : Wl (Cl) — PiCd1 Cl

g1—1

mapping N to N(E;). Now dim W, _,(C1) < g1 — 3 (well known); therefore, up,
cannot dominate p; (W), whose dimension is g; — 1. So (48) is proved.

It is trivial to check that we can assume, for a suitable ¢ € Supp F;, that
E, = E| + g with E{ imposing independent conditions on Mj, i.e.

hO(Cr, Mi(=EY)) =1
so that ¢ is a base point of Mj(—F1). Therefore
RO(Y,M(-E)) =1

and there exists a point ¢ € E; such that, setting B/ = E—qy, the divisor E’ imposes
independent conditions on M. Now let n be the node of X of which the point ¢;
is a branch, let S’ = S\ n; thus E’ is supported on v~ 1(S’). Let v, : X’ — X be
the normalization of X at n, so that we can factor v

vy 2L x o x

and 7/ is the normalization of X’. Of course, X’ has §' = §—1 nodes and h°(Y, M) =
0’ + 1. As E’ imposes independent conditions on M, we can apply 2.1.1 with
respect to v/ : Y — X’. This gives us that Wi (X') = Fa(X') and, for a general
L' e Wy (X/)

(49) RO(X', L") = ho(Y,M) — ¢ = 1.
Consider the following diagram

(50) PicX 5 Piex’ UL Picy

WM(X) — F]\/[(X/) — M.
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Observe that n is not a separating node of X (otherwise, by 1.3.5, X(X) is empty
and there is nothing to prove). Hence v} is a k*-fibration and

dimFy(X')=§ —v+1=6§—1.

We now claim that the fiber Wi, (X) of Wy (X) over the general point L' € Fy;(X')
has dimension < 0. By (49) we are in the situation of Lemma 2.2.3, which tells us
that the only case when dim Wi, (X) = 1 is when L’ has a base point in each of
two branches of n. Now this does not happen. Indeed, if i > 2 M; is general and
hence has no base point over Xg,g; on the other hand M; varies in a codimension
1 subset of Pich C1 hence it has at most one base point over Xgg; therefore we
can apply Lemma 1.2.6.

Concluding: dim W (X) < § — . Arguing as in (47) we are done. |

Example 3.1.4. The Theorem fails if we assume d semistable. The simplest in-
stance of d € ¥*°(X) with Wy(X) reducible is that of a curve of compact type,
X = (1 UCsq, where C; is smooth of genus g;, #C1 NCy =1 and d = (g1 — 1, g2)
(note that d is strictly semistable by 1.3.5). Then

Wa(X) = (Wy,_1(C1) x Pic? Cy) U (Pic? ™' C} x 6,,(Cy))

where ¢ € Cy is the point over the node and ©g4(Cs) := {L € Pic”?C, :
hO(Cy, L(—q2)) # 0}. The interested reader will easily construct similar, more in-
teresting, examples on curves not of compact type.

3.2. Dimension of the image of the Abel map.

Proposition 3.2.1. Let X be a curve of genus g > 2. Let d € 77 be a non-negative
multidegree such that |d| = g — 1. If d is semistable, then

(a) the general L € Aq(X) satisfies h°(X,L) = 1;

(b) dlmAi(X) =g — 1.

Conversely, if d is not semistable, then

(A) for every L € Ay(X) we have h°(X, L) > 2;

(B) dim Aqg(X) <g—2.

Proof. If d is stable, by Theorem 3.1.2 we know that A4(X) = Wy(X), dim A4(X) =
g — 1 (by 1.3.7) and that the general point L € A4(X) has h°(X,L) = 1. So, for
the first half of the statement, we need to consider the case where X is reducible
and d semistable but not stable. Thus, there exists a decomposition X =V U Z,
where V' and Z are subcurves of respective arithmetic genus gy and gz, such that
V' is connected,

(51) dy =gv —1 and dz =gz + 65 — 1,
where S :=V N Z and dg := #S.

Observe that, since d > 0, we get gy > 1. By (1) we have
(52) g=gv+gz+ds—1

Let L be a general point in A4(X); we can assume that L is a line bundle on X
of type L = Ox (D) where D is an effective divisor of multidegree d supported on
the smooth locus of X. Consider the restrictions Ly and Lz of L to V and Z;
we have h°(V,Ly) > 1. On the other hand h°(Z,Lz) > dz — gz + 1 = ds (by
Riemann-Roch and (51)); moreover equality holds for a general Ly € Pictz Z, by
Corollary 2.1.3. Denote the partial normalization of X at S by

VS:YS:VHZ—>X
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and note that Pict Yy = Pic?v V x Pictz Z. Set M = v L = (Ly, Ly). Then for L
general
(53) hO(Ys, M) = h°(V,Ly) + h°(Z,Lz) = 65 + 1
hence by Proposition 2.1.1 (14), which we can apply by Lemma 2.1.2(ii), we obtain
that hO(X, L) = hO(Ys,M) - 55 =1.

Now we compute dim A4(X) using induction on the number of irreducible compo-
nents of X. The case X irreducible has already been settled. Assume X reducible;

by what we said above, the pull back map v restricted to Aq(X) gives a dominant
rational map (denoted by p)

Ag(X) 5 Aq, (V) x Pictz Z.

Now recall that |dy/| = gy —1 > 0 by (51) and dy, is semistable on V' because d is
semistable on X (cf. 1.3.3). Furthermore V has fewer components than X, hence
we can use induction to conclude that dim Ay, (V) = dy = gv — 1.

If M is a general point in the image of the above map p, then by (53) and 2.1.1
(ii), we see that Wiy (X) = Fy(X). We claim that Wy (X) C Ag(X). Indeed
recall that M = v50x (D) with Supp D C X, hence there exists an L € Wy (X)
(namely, L = Ox (D)) admitting a section that does not vanish at any node of X.
Therefore the same holds for every line bundle in a dense open subset of W (X)
(which is irreducible, being equal to Fy(X)). This shows that Wi (X) C Ay(X).
Therefore p~1 (M) = Fj;(X) and

dimAg(X) =gy —1+gz+0s—vs+1=g—1.

Conversely assume that d is not semistable. Then there exists a decomposition
X =V UZ, where (as before) V and Z are subcurves of genus gy and gz such that

(54) dy <gv—2 and dz > gz + s

where S :=V N Z and 0g := #S. Notice that gy > 2 (as d > 0).

We use the same notation as before. Let L be a general point in A4(X), so L
is of type L = Ox (D) with D > 0 supported on X. We have h%(V,Ly) > 1 and
hO(Z,Lz) >dgz—gz+1>6s+1.

Consider vg : Yg =V [[Z — X and set M = v{L = (Ly,Lz). We have

(55) h(Ys, M) = h(V, Lv) + h°(Z, Lz) > b5 +2

hence by 2.1.1 (12) h°(X, L) > 2, proving part (A). To compute dim A,4(X) consider
again the rational map

Ag(X) 55 Aq, (V) x Pictz Z.
Since dim Ay, (V') < dy (by Lemma 1.2.8) we get
dim Ay(X) <dv + gz + dim Wy (X) < gy — 2+ gz + dim Wi (X)
using (54) for the last inequality. Thus
dimAg(X)<gv —24+gz+ds—vs+1=9g—2.
This proves (B) and we are done. |

From the proof, it is clear that the farther is d from semistable, the smaller is
the dimension of A4(X). The following fact will be useful later on.

Corollary 3.2.2. Let R C X be a finite set of nonsingular points of X and d €
¥%%(X). Then the general L € Aq(X) has no base point in R.



23

Proof. Tt obviously suffices to assume #R = 1, so let R = {q}. If L is general in
A4(X) we can assume that L € Ima%{. Set L' = L(—q) and d' :=degL'. If ¢ is a
base point of L, then L' € Im a%(. Therefore, if the general L € A4(X) has a base
point in ¢, the map
Im a%; —  Ay(X)

L' = L)
must be dominant. But this is not possible, as dim A4(X) = g—1 by 3.2.1, whereas

(56)

!
obviously dim Im a%( <|d|=g-2. |
4. THE COMPACTIFIED THETA DIVISOR

4.0.3. Let X be a connected nodal curve, S C Xging, dg := #S and vg : Yg — X
the normalization of X at S. Let

(57) Xg = Yo U, E;

be the connected, nodal curve obtained by “blowing up” X at S, so that E; = P!, Vi
and FE; is called an exceptional component of Xg — X (where this map is the
contraction of all the exceptional components of Xg). We shall usually denote by
M a line bundle on Xg and by M € PicYy its restriction to Yg.

4.1. The compactified Picard variety.

4.1.1. In what follows we shall recall what the points of P)’}_l parametrize, and
give a stratified description of it (in 4.1.5); our notation is that of [C05]. There
is more than one place where details and proofs can be found, even though some
terminology may be different from ours. We refer to [Al04] for a unifying account
and other references.

To begin with, using the notation of 4.0.3, the compactified Picard variety, or

compactified jacobian, P)’}_l, in degree g — 1, parametrizes equivalence classes of
stable line bundles of degree g — 1 on the curves X s as S varies among all subsets
of Xsing-

Let us define stable line bundles and the equivalence relation among them. For
every S C Xging consider the blow up of X at .S, Xg =Yg ws, By (cf. (57)). A
stable line bundle M € Pic? Xy is such that, setting M := J/W\YS, properties (1) and
(2) below hold:

(1) deg M € %(Ys);
(2) degp, M =1fori=1,...6s.

We call M € Pic? Xg semistable if it satisfies (2) as well as (1) below
(1) deg M € 5(¥s).

In other words, a line bundle on Xy is semistable (resp. stable) if its restriction
to the complement of all the exceptional components of X s — X has semistable
(resp. stable) multidegree. Two stable line bundles M and M’ on X s are defined
to be equivalent iff their restrictions, M and M’, to Ys coincide.

4.1.2. Thus, the points in P)g{l are in one-to-one correspondence with equivalence
classes of stable line bundles. Any such class is uniquely determined by S and by
M € PicYs (provided that 3(Yg) is not empty), therefore points of P)’Fl will be
denoted by pairs [M, S], where S C Xgng and M € Pic? Yy with d € %(Ys).
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4.1.3. Although P)’}fl is constructed as a GIT-quotient, our terminology “stable/
semistable line bundles” does not precisely reflect the GIT stability/ semistability.

More precisely, denote gx : Hx — P)g(_1 the GIT quotient defining P)’}_l (so that
Hx is a closed subset in the GIT-semistable locus of some Hilbert scheme). Note
that Hx contains strictly GIT-semistable points, unless X is irreducible. Our stable
line bundles correspond to GIT-semistable points in Hx having closed orbit.

4.1.4. For technical reasons we need to consider semistable multidegrees that are
not stable. Let d € 3¥%°(Ys) be a semistable multidegree of Ys; a node n of Yg
is called destabilizing for d if there exists a connected subcurve Z C Yg such that
n€ZNZ%and dz =p.(Z)—1(Z2° =Y N Z). We set

(58) S(d) :=={n € (Ys)sing : n is destabilizing for d}.
Observe that

(59) Sd)=0 & de X(Ys).

We call Ys(d) the normalization of Yg at S(d), so that we have
(60) Ys(d) = Yous) — Vs ~5 X

where 14 is the normalization map.

Assume that d is strictly semistable, i.e. S(d) is not empty. Then the dual
graph of Ys has an orientation such that for every subcurve Z C Yg such that
dz = po(Z) — 1, all the edges between I'z and I'zc go from I'z to I'ze (by 1.3.2).
Therefore, if we consider Yg(d) and use the convention of 1.3.4, for every destabiliz-
ing node n € ZN ZY, we have ¢ € Z and ¢§ € Z¢ (abusing notation by denoting
Z=v; (Z) and Z° = v;(Z%)). We now introduce a divisor on Ys(d):

(61) T(d):= > ¢ and t(d):=degT(d).
nes(d)

By construction, d — t(d) is a stable multidegree for Yg(d). Set

(62) 4" = d - t(d) € X(Ys(d)).

The following statement summarizes various known facts about P}q{l. The only
novelty is that we use line bundles on the partial normalizations of X, rather than
torsion free sheaves on X (as in [AKS80], [OS79], [S94]) or line bundles on the
blow-ups of X (as in [C94]).

Fact 4.1.5. P)’}_l is a connected, reduced, projective scheme of pure dimension g.
It has a stratification
CEE |

0CSC X ying
dex(Ys)

such that the following properties hold.

(i) For every S C Xging and every d € X(Yg) there is a canonical isomorphism
(notation in 4.1.2)

d
(63) Piclys Pg
M — [M,S].

In particular, if Pg # (0, then dim Pg =g—0s+vs— 1.
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(it) (More generally) For every S C Xgng and every d € 3°°(Ys) there is a
canonical surjective morphism e% : Picd Yy — szd) (notation in 4.1.4) which
factors as follows -

das
€5(d) dst

(64) et Pictys Pic?” Ys(d) =8 piy,
L = gL @ Oyga)(— Xnesa) 2)

where T is surjective with fibers (k*)°, b = ds(d) — Vs + 1, and e%s(;) s an
isomorphism.
(iii) If PL c PL then S € §' and d > d' (ice. d; > d},Vi=1,...,7).
In such a case, #((S' ~ S) ﬂd) =d; — d (recall that X = U]C;).

(iv) Denote P$~" the smooth locus of PS™", then
Pe = ] p;i(m ~ J[ pictX
dex(X) dex(X)

where X — X is the normalization at the separating nodes (cf. 1.8.6) and the
isomorphism is the canonical one described in part (i).

Given the normalization of X at all of its separating nodes, XX , recall from
1.3.6 that X = [[;_, X; denotes the connected components decomposition of X.

Corollary 4.1.6. Pf(_l 1s irreducible if and only if for everyi =1,...,c either X;
is irreducible, or every irreducible component C' of X; meets X; ~ C in exactly 2
points.

Proof. Assume first X = X. Then P§_1 is irreducible if and only if #¥(X) = 1. If

X is irreducible, then (X) = {g — 1} so P)g{l is irreducible. If every irreducible
component C; of X meets its complementary curve in 2 points, calling g, the
arithmetic genus of C, we have g —1 = Y77 | g;. Therefore ¥(X) = {(g;,---,9,)},

hence P)g(_1 is irreducible.

Conversely assume that X is reducible and has an irreducible component, Cj,
such that 6; :== #X ~. C; > 3. Then X may be obtained as the special fiber of a
family of nodal curves X; having exactly two irreducible components intersecting

in §; points. Then #X(X;) = §; —1 > 2 (cf. 4.2.8), hence P)’gl has at least 2

irreducible components. Since P§:1 specializes to P% ™" we get that P ' has at
least 2 irreducible components. So, if X has no separating node we are done.

In general, denote b= #E(f() Then P)%_l is irreducible if and only if b = 1;
by 1.3.6 this is equivalent to #3(X;) = 1 for every i = 1,...,c. Then the result
follows by applying to each X; the first part. |

Remark 4.1.7. In combinatorial terms, consider the graph r x obtained from I'x
by removing every loop and every separating edge. Then Pf{l is irreducible if and
only if every vertex of I'x has valency (or degree) equal to either 0 or 2.

4.2. Stratifying the theta divisor. We shall now define the theta divisor of

P)’?l using the stratification given above. A natural thing to do is to consider the

irreducible strata, Psi, of dimension g of P)’Fl, consider Wy(X) in such strata and
then take their closure. Recalling Lemma 1.3.5, the g-dimensional strata are easily
listed. First, denote Xgep C Xiing the set of separating nodes of X and let X — X
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be the normalization of X at Xyep (as in 4.1.5 (iv)). Thus X is a nodal curve having
¢ = #Xgep + 1 connected components. Finally, set b = #X(X). We have

Lemma - Definition 4.2.1. Let X be a connected nodal curve. Using e% of 4.1.5
(i) as an identification, we define the theta divisor O(X) of P4

U Wyu(X) C P4~ poL,
des(X)

O(X) has cb irreducible components, all of dimension g — 1.

Proof. If X is free from separating nodes (i.e. ¢ = 1) the statement follows trivially
from Theorem 3.1.2. Otherwise, let X = X;[]...]] X, be the decomposition into
connected components. Then g = Y] p,(X;) and

Wa(X) = J(Wa, (X)) x ] Pic% X;)

A
Jj=1,...,c

where d; denotes the restriction of d to X;. Since X; is connected and d; is stable,
Wy (X;) is irreducible of dimension p,(X;) — 1, hence we are done (cf. 1.3.6). W

Corollary 4.2.2. ©(X) is irreducible if and only if either X is irreducible, or every
irreducible component of X meets its complementary curve in exactly 2 points.

Proof. By 4.2.1, ©(X) is irreducible if and only if ¢ = 1 (i.e. X is free from
separating nodes) and b = 1.
Assume ©(X) irreducible; then X has no separating nodes and b = #%(X) = 1.

Hence P)’Fl is irreducible, by 4.1.5. Applying Corollary 4.1.6 we are done.
Conversely, if X is irreducible, then ©(X) is irreducible by Theorem 3.1.2. If
X is reducible and satisfies the hypothesis, obviously ¢ = 1. Moreover, arguing as
in the proof of Corollary 4.1.6 we obtain that X has only one stable multidegree:
d=(gy,---,9,), hence ©(X) is irreducible. |

Remark 4.2.3. In combinatorial terms, let I'y, be the graph obtained from I'x by
removing every loop. Then O(X) is 1rredu01ble if and only if either I'}; is a point,
or every vertex of I', has valency (i.e. degree) 2.

Remark 4.2.4. Definition 4.2.1 coincides with the one given in [E97] or (which is
the same) in [Al04], by Theorem 4.2.6. In particular ©(X) is Cartier and ample.

For the following simple Lemma we use the notation in 4.0.3.

Lemma 4.2.5. Let S C Xy and M € PicYs. Pick M € Pic)/(\'s such that
M|yS = M and ME = Og(1) for every exceptional component E of Xs Then
hO(XS7M) - hO(Y37M)'

Proof. (Cf. [P07] 2.1 for an analogous statement.) For any pair of points py, ps € P*
choose a trivialization of Op: (1) locally at such points; now for any pair a1, a2 € k
there exists a unique section s € H°(P', Opi(1)) such that s(p;) = a; for i =
1,2. So, every section sy € H(Y, M) extends to a unique section of HO(XS, ]/\/[\)
determined by Sy and by the gluing data defining M. Conversely, of course any
section in HO(XS M) restricts to a section of M. [ |
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Theorem 4.2.6. Let X be a connected nodal curve. The stratification of Pf{l
giwven by 4.1.5 induces the following canonical stratification:

(65) 0(X) = H @%, with canonical isomorphisms @% =~ Wyu(Ys).

DCSC X ying
dex(Ys)

Equivalently, ©(X) = {[M,S] € P§ " h(]()?s7]/\2) # 0}.

Proof. The equivalence of the two descriptions follows immediately from 4.1.5 and
Lemma 4.2.5. Furthermore it is clear that

O(X) c {[M,S] e P& : h'(Xg, M) # 0}

(by uppersemicontinuity of h°). So we need to prove the other inclusion.

Part 1.  Proof assuming X free from separating nodes. In this case, by definition

ox)= |J mux),
dex(X)

We shall use Abel maps (see 1.2.7): recall that O‘%s is the d-th Abel map of Yg and

the closure of its image in Pic? Yy is denoted by Ag(Ys).
Step 1. Assume #S =1 and let d € ¥°°(Yg). Then there exists e € £(X) such
that (using Theorem 3.1.2 for the equality below)

€5(Aa(Ys)) C e5(We(X)) = eg(Ac(X)).

In particular, if [M,S] € P4 (so that deg M € X(Ys)) satisfies #S = 1 and
hO(Xg, M) # 0, then [M,S] € O(X).

Let M € Pict(Ys) with M € A4(Ys) and deg M = d € %%5(Ys). As X is free from
separating nodes, Yg is connected.

Observe that, by 4.1.5(iv), P)g{l is the closure of its open subset

rgt= [ Py= ] Ppicex.
c€R(X)  eeN(X)

Therefore there exists an e € ¥(X) such that %(M) € Py =Pict X.

Since #S =1, |[d| = pa(Ys) —1 =g — 2 = |¢] — 1. Furthermore d < ¢ (by 4.1.5
(iii)). Therefore there exists a unique index ¢ € {1,...,~}, say ¢ = 1, such that
di =e; —1and d; =e¢; for i > 2.

Set S = {n}, consider vg : Y¢ — X the normalization at n and let Cy be the
first component of Yg. Since d; = e; — 1, by 4.1.5 (iii) C contains one of the two
branches of n, call g; this branch. Let now p; € C; be a moving point specializing
to q1.

We can assume that M is a general point in Ay4(Ys) (which is irreducible of
dimension p,(Ys) — 1) in particular that M is in the image of the Abel map, that
h%(Ys, M) = 1, and that M has no base point lying over n (by 3.2.1 and 3.2.2).
Therefore there exists L € Pic X such that v¢L = M and L € Im oz%( (by 2.2.3
(2a)). Set L; := L(p;); then

@th:d+(laO7aO):§€Z(X)

and L; € Im a%(, in particular h°(X, L;) # 0. As p; specializes to q;, we have that
€y(Ly) specializes to e%(M) so we are done with Step 1.
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Step 2. For every S such that #S > 2 and d € ¥%%(Ys), there exist S’ C S such
that #S' = #S — 1, and a d' € ¥**(Ys/) such that

€4(Ag(Ys)) C b (Aa (Ysr).

Let d be a semistable multidegree for Ys. Consider the dual graph I'y, and an
orientation on it inducing d. Note that I'y, is the subgraph of I'x obtained by
removing the edges corresponding to S. It is clear that if we add to I'y, any edge
n of T, (so that n € S) oriented however we like, we obtain a new oriented graph
I such that T'y, C IV C I'x. Set 8" = S ~ {n}, thus I is the dual graph of the
curve Yg obtained by normalizing X at S’. Thus we have a map Yg — Ys» which
is the normalization of Yg/ at n.

The given orientation on I'' corresponds to a semistable multidegree d’ such that
| =|d|+1and d' > d.

From now on we can argue as for Step 1, with Ys: playing the role of X. More
precisely, if Yg is connected, then the argument is exactly the same: start from a
general M € A4(Ys) and construct a family of line bundles L, = L(p;) € Ay (Ysr)
such that p; is a smooth point of Yy specializing to n, and L € A4(Ys/) such that

L pulls back to M. Then e%l,(Lt) specializes to e%(M)
If Yy is not connected, then the general M € Ay4(Ys) has h9(M) > 2, and it has
no base point over n (by 3.2.2). We now apply 2.2.4 to obtain L € Im a%,sl which

pulls back to M. The rest of the argument is the same as before.
This conludes the proof of Step 2.

Step 3. End of the proof of Part 1. To prove the theorem, we pick [M, S] € P§_1
such that M € Wy(Ys); since d is stable, we have that Wy(Ys) = Aq(Ys) by 3.1.2
(applied to every connected component of Yg).

Using Step 2 we can decrease the cardinality of S at the cost of passing from a
stable multidegree to a semistable one (which is why the assumption for Step 1 is
that d is semistable, rather than stable). Iterating Step 2 finitely many times, we
reduce the proof of the theorem to Step 1. So the theorem is proved for X free
from separating nodes.

Part 2. Proof assuming X., not empty. Recall that X — X is the normalization
of X at Xgp and X = U;_; X; denotes the decomposition of X into connected
components; set g; = pa(X;). By fact 4.1.5 we have a canonical isomorphism

C
(66) Py =]l re

i=1

and, by Definition 4.2.1, another canonical isomorphism

(67) O(X) = U(@(Xj)x H PEY).

i£]
1<i<c

Let [M, S] € P%" be such that h%(Ys, M) # 0. Now S D Xyep hence we can factor
vs : Ys s, X —X

and denote Y; = DE_l(Xi), so that Y is the disjoint union of Y7,...Y,. Note that
Y; is the normalization of X; at a certain set of nodes, S;, of X;. Therefore, under the
isomorphism (66), the point [M, S] corresponds to the point ([Mi, S1], ..., [M., S.]) €

1
[Ii_, P¥ ™" where M; = My,.
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Furthermore, h%(Ys, M) = >"7 h°(Y;, M;), hence there exists an index, say i = 1,
such that h9(Yy, M;) # 0. Now, X is free from separating nodes, therefore by the
first part of the proof we obtain [Mi, S1] € ©(X1). By (67), this implies [M,S] €
O(X) finishing the proof. [ |

Example 4.2.7. Let X = C; U Cy with #C; N Cy = 1; then X(X) is empty,
while (V) = {(g1 — 1,92 — 1)} (Y is the normalization of X). The points of P§ '
correspond to line bundles of multidegree (g1 — 1,92 — 1) on Y or to equivalence

classes of line bundles on the curve X obtained by blowing the unique node of
X. More precisely, if we order the components of X so that X = C; U E U Cs

(where E = P'), then Pf(_l bijectively parametrizes line bundles of multidegree

(91 —1,1,92 — 1) on X. There is a canonical isomorphism
Py = Pic? Oy x Pic®2 ! Cy.

Now, ©(X) is canonically isomorphic to Wy, _1 g,—1)(Y), which we can easily
describe by means of 1.2.5. We obtain three different cases.
Case 1: g; # 04 =1,2. Then ©(X) has two irreducible components:

(68) O(X) =(Wy,—1(C1) x Pic” ™" Co)U(Pic? ~H Cy x Wy,—1(C2)).

Case 2: g1 = 0 and g2 # 0. Then the first component in (68) is empty and we
get O(X) = Wy, _1(C2) = 6(C2).
Case 3: g1 = g2 = 0. Then ©(X) is empty.

Example 4.2.8. Let X = C;UC, with #C1NCy = § > 2; assume C; smooth (this
assumption can easily be removed) of genus g;. Then g —1=g; + g2 +J — 2. We
have 2(X) = {(g1,92+3—2), (g1 + 1,92+ 3 —1),..., (g1 + 0 — 2, g2)}, 5o that P§ '

has § — 1 irreducible components of dimension g. There is a canonical isomorphism
(cf. 4.1.5 (iv))

6—2 6—2
P)g(—l _ H qu91+i,92+5—i—2) ~ H Pic(91+i,g2+67if2) X.
i=0 i=0

For every set S C Xging such that #5 =k with 1 <k < § — 2, we have
Z(YS) = {(ghg? +(5—]€_2),,(91 +6_k_2792)}7

so that P§ ' has a total of (§ — k — 1)({) strata of codimension k, each of which is
isomorphic to Pic¢Yg. If k = § — 1 then for any choice of § — 1 nodes, the curve
obtained by blowing up X at such nodes has a separating node, hence X(Yg) is
empty. Finally the last stratum corresponds to S = Xgng and d = (g1 — 1,92 — 1),
and it has codimension § — 1. We have

P 1ol o pieai—1 ¢y x Pic% ! Oy,

sing
Now, ©(X) contains 6 — 1 irreducible strata of dimension g — 1, one for every

component of P4, Indeed for every d € ¥(X) we have @% = Wyu(X) which is
irreducible of dimension g — 1, by Theorem 3.1.2.

For every set S C Xging such that #5 =k with 1 < k < — 2, Ys is connected
and free from separating nodes, so that for every d € ¥(Ys) we get an irreducible
stratum of dimension g — k — 1 isomorphic to Wy(Ys). If & = 6 — 1 there are
no strata (as before). If k = 0 we get a stratum isomorphic to the theta divisor
computed in Example 4.2.7 (cf. (68)).
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5. CHARACTERIZING HYPERELLIPTIC STABLE CURVES

We conclude the paper with a characterization of hyperelliptic irreducible curves,
Theorem 5.2.4, extending a well known one for smooth curves. The irreduciblity
assumption is truly needed, as shown in counterexample 5.2.5

5.1. Irreducible curves. If we restrict our interest to irreducible singular curves,
not only does the description of the compactified jacobian simplifies substantially,
but also, the same description is valid for all degrees.

5.1.1. Let X be an irreducible curve. Then the definitions of stable and semistable
multidegrees (given for d = g — 1) coincide and are trivial. Thus, for every normal-
ization Yg — X at a set S of dg nodes, we have X(Yg) = 2°5(Ys) = {pa(Ys)—1} =
{g—1—4s}. So, that definition generalizes to all d, as follows. With the notation of
4.0.3, a line bundle M € Pic? X is stable if (1) and (2) hold: (1) degy M = d—ds.
(2) degg, M=1foralli=1,...,6s.

The equivalence relation is the same as for d = g — 1: two stable line bundles on
X s are equivalent iff their pull backs to Yg coincide. AB\ equivalence class is thus
uniquely determined by S and by the restriction, M, of M to Yg; we shall mantain
the notation of 4.0.3 and 4.1.2. o

Exactly as in the case d = g — 1, we have the following. The variety P)d( 18
reduced and irreducible. It bijectively parametrizes equivalence classes of stable line
bundles on the curves )?s associated to X as S varies among all subsets of Xging.

Moreover, as in 4.1.5, @ has a canonical stratification in disjoint strata, called
Pg, indexed by the subsets S of Xne. Every Ps has a canonical isomorphism

usually viewed as an identification) eg : Pic? % Ys =, Ps C PZ. We have
X

(69) Pi= [ Ps= J] P vs.
SCX:;ing SCXsing

5.1.2. Given a family of irreducible curves, f : X — B, up to a finite base change
there exists the compactified Picard scheme 7 : Ff — B which contains the relative
degree-d Picard scheme of f, denoted PiC?, as an open subset (see [C05] for details).
The fiber of 4 over a point b € B is Pig‘éb.

In the next Lemma we use the notation of 1.2.4, in particular (8).

Lemma 5.1.3. Let v : Ys — X be the normalization of X at a nonseparating node
n of X, set v=1(n) = {q,q2}. Let M € W7 (Ys); then

(1) Wi (X) =0 iff i°(Ys, M) =r + 1 and one of the two cases below occur:
(a) either h®(Ys, M — q1 — q2)) = h°(Ys, M) — 2,
(b) or, up to interchanging g1 with qa,

hO(YS7M) = hO(YS>M - CIl) 7é h'O(YS7M - (I2)
(2) dim W1, (X) =0 iff hO(Ys, M) =7 + 1 and
hO(YSaqul 7q2) = hO(YSWM*qh) =T, h = 172

In this case Wi, (X) = {Ly} with h°(X, L) =7+ 1.
(8) dim W3, (X) =1 iff one of the two cases below occur:

(a) h°(Ys, M) = h°(Ys, M(—qp)) for h =1,2

(b) hWO(Y,M) >r+2,

Proof. 1t is a straightforward consequence of Lemma 2.2.4. |
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5.1.4. We recall a construction due to E.Arbarello and M.Cornalba (cf. [AC81]
section 2). Let h : T — U be family of connected smooth projective curves and
assume that h has a section. Then for every pair of integers (d,r), there exists a
U-scheme p : Wy, — U such that for every u € U, the fiber of p over u is the
Brill-Noether variety W7 (h=!(u)) of the corresponding fiber of h. Moreover there
is a natural injective morphism of U-schemes, Win <= Picfb, viewed here as an
inclusion.

Now let f : X — B be a one-parameter family of smooth curves specializing to an
irreducible curve X, let by € B be the point over which the fiber is X, and assume
that the restriction of f to U = B \ by is smooth. Up to making a finite étale base
change, we may asume that f has a section (this will not affect our conclusion). Call
h the restriction of f to U and introduce the scheme Wi — U described above.
Consider the Picard scheme Pic;ic — B, which is integral, separated and of finite
type. Denote m C Pic;lc the closure of W, in Pic‘;. Thus m is a scheme over
B; we call W = mﬂ Pic? X the fiber over by. Then, by uppersemicontinuity
of h?, we have Wix C W7 (X). Therefore, if X is the specialization of a family of
smooth curves Xy such that every irreducible component of W7 (Xy) has dimension
at least ¢ (for some number c), then dim W} (X) > ¢ (i.e. W7 (X) has a component
of dimension at least ¢). In particular: If r > d — g, then dim W}J(X) > p(g,r,d) =
g—(r+1)(r—d+yg).

5.2. Hyperelliptic stable curves. Some of the subsequent results are probably
known to the experts, but an exhaustive reference was not found.
Let H, C M, be the locus of smooth hyperelliptic curves and Fg its closure in
M ,. We call a singular curve X hyperelliptic if it is contained in H, (cf. [HM]).
Some parts of the following proposition can be found in, or easily derived from,
[CH] and [HM]. We here need a unified statement.

Proposition 5.2.1. Let X be an irreducible nodal curve of genus g > 3 with ¢
nodes and v : Y — X its normalization. For every node n; set v—'(n;) = {qi,q3}.
The following are equivalent.

(i) There exists a line bundle Hx € Pic® X such that h°(X, Hx) = 2.
(ii) [X] € Hy C My (i.e. X is hyperelliptic).
(iii) There exists a family of smooth hyperelliptic curves X, specializing to X and
such that the hyperelliptic class of X specializes to a line bundle, Hx, on X.
(iv) There exists a g3, A, on' Y suqh thqt q + ¢ is a divisor in A for every
j=1...9 (in particular, h°(Y,q] + ¢}) > 2).
If the above hold, for every j = 1...5 we have v*Hx = (’)y(q{ + q%) and A C
P(H°(Y,q] + ¢3)*). Furthermore W3 (X) = {Hx}; Hx will be called the hyperel-
liptic class of X.

Remark 5.2.2. The implications (iii) < (ii) and (iii)=- (i) hold also if X is reducible.

Proof. The implications (iii)= (i) and (iii)= (ii) are obvious.

(i)=(iv) Let v1 : Y1 — X be the normalization of exactly one node nq of X. Let
M = v*Hx, then (gy > 2) h°(Y1, M) = 2 = h°(X, Hx). Furthermore M is base-
point-free, hence we are in case (2) of Lemma 5.1.3. We obtain M = Oy, (¢} + ¢3)
and Hx is uniquely determined (with the notation of 5.1.3 (2), Hx = Ljs). Finally,
A1 = ]P)(HO(Yl, M)*), set H1 =M.

If Y7 is smooth we are done, otherwise we iterate this procedure as follows. Let
Vs : Yo — Y7 be the normalization of one node, no, of Y;. Call

1% 1%
V1,22Y2—2>Y1 = X
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and abuse the notation by using the same symbols for points in X, Y7 and Y5
whenever the normalization maps are local isomorphisms. Then v ,Hy = v3Hy =
v3 0y, (g1 + ¢3) = Oy, (g1 +¢3). Set Hy = v3Hy = Oy, (g} + g3). Note that the pull
back of the linear series A; to Ys is a g4 containing ¢i + ga; call Ay = v3A; this g3.
Now we distinguish two cases.

Casel: 6 < g—1,ie Y #PL

In this case we certainly have p,(Y2) > 1 hence h°(Ys, Hy) = 2; thus we can argue
as in the previous part to obtain Hy = Oy, (¢? + ¢2) and Ay = P(H*(Ya, ¢} + ¢)*)
for j = 1,2. This procedure can be repeated so we are done.

Case 2: Y = P!'. We can argue as for case 1 only for § — 1 steps, arriving at

v:Y =P 2y, — X

where Ys_; has only one node and all the above morphisms are birational. Fur-
thermore, for every j =1,...,8 — 1 the pull back to Y5_; of Hx is Oy,_, (¢} + ¢)
and A5_1 = P(HO(Y§_1, q{ + Qé)*)

Now let A :=v}iAs—1 C P(H°(Y,O(2))*). For every j =1,...,6 — 1 the divisor
q{ + qg belongs to A by construction. To prove that also qf + qg belongs to A we
repeat the same construction with respect to a different ordering of the nodes of
X, for example by switching ng with ni. As A is uniquely determined by Hx, and
as § > 3, we are done. 4 _

(iv)=(i) Set M = Oy (q] + ¢3) (for all j). If Y # P! we have h°(Y, M) = 2 and
RO(Y, M — q{ — qé) = 1, so the proof is a straightforward iterated application of
Lemma 5.1.3(2).

If Y = P! we have h%(Y, M) = 3 and M has no base point. Let v1 : Y — X
be the map that glues only one pair of branches, say ¢¢,q3, so that p,(X1) = 1.
Then for any M; € Pic X; such that vfM; = M we have h°(Xy, M;) = 2. Pick
M; = Ox, (g} + ¢}) (abusing notation); we claim that for every j = 2,...,6 — 1
we have Ox, (¢} + ¢}) = M;. This follows from the fact that, on Y, the divisors
q{ + qg belong all to the same g3, A. Indeed, recall that a line bundle on X;
is uniquely determined by its pull back to Y, M, and by the constant ¢ € K*
gluing the two fibers Ms - M via the multiplication by c¢. Furthermore, if
s € H°(Y,M) does not vanish at ¢{ and ¢3, set c(s) = s(q3)/s(¢}), then c(s)
determines a unique line bundle L, which pulls back to M and such that the
section s descends to a section 5 € H°(X,L,). Now, for every j = 1,...6, let
s; € H°(Y, M) be such that div(s;) = ¢ 4+ ¢}. Then M is uniquely determined
by c(s1). By hypothesis, the ¢ sections s; span a two dimensional subspace of
H°(Y,M) and s5(¢?) = s5(q3) = 0; therefore we have that c(s;) = c(s;) for every
j < 6—1, proving that Oy, (¢ +¢}) = M if j < 6 — 1 (indeed, div(57) = ¢} + ).

The claim enables us to complete the argument, again by lemma 5.1.3 (2).

(ii)= (iii). If X € H, there exists a family of hyperellitic curves specializing
to X. Up to a finite base change, we get a family f : X — B where B is some
smooth curve with a marked point by € B, such that the fiber Xj, b # by, is smooth
and hyperelliptic, and the fiber over by is X. Moreover, we get a line bundle H on
X ~ X whose restriction to X3 is the hyperelliptic line bundle on X;,. The data
(X — B,H) induce a canonical map p from B\ by to Picfc such that u(b) € Pic* X,
is the hyperelliptic class of X for all b € B\ bg. As B is a smooth curve p extends
to a regular map pu: B — PJ? (see 5.1.2).

We claim that u(by) € Pic? X € PZ C Pj? By contradiction, suppose u(bg) is
a boundary point of g Therefore p(by) = [M,S] where S C Xgng with dg =
#8 > 1 and M € Pic* % Yg. Since degM < 1 we have h°(Ys, M) < 1. By
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lemma 4.2.5 we get h%(Xg, ﬁ) < 1 for any representative M for [M, S]. But M is
the specialization of line bundles having h® > 2, so this is impossible. The claim is
thus proved, and so is the implication (ii)=- (iii).

Finally, we prove that (iv) = (ii). Let us denote by G C M the locus of curves
satisfying (iv). We claim that G is irreducible of dimension 2g — d — 1. Assume
first 6 < g — 1; then G is the locus of irreducible curves X with ¢ nodes, such
that on the normalization Y we have h%(Y,q] + ¢3) = 2 and if 6 = g — 1 we

need to impose also q{ + q% ~ q{/ + q%l. Thus a curve in G is determined by its
normalization Y and by the choice of § linearly equivalent divisors of degree 2 on Y.
AsdimH,_5s=2(g—6) —1 we get dimG = dim H,_5 + § = 29 — 6 — 1. Moreover,
G is irreducible because so is Hy_5. If § = g, i.e. ¥ = P! an element in G is
determined by a g3 on P! and by § divisors in it, everything up to automorphisms.
This yields dimG=2+§ -3 =9 — 1.

Now denote by A the closure in M, of the locus of irreducible curves with 4
nodes. It is well known that codimy; A = §. Therefore dim(H,NAJ) >2g—1-4
(as dim H, = 2g — 1). Note that (ii)=(iv) (we proved (ii)=(iii)=(i)=>(iv)), hence
Hy,NA) CG. As dim H; N A§ > dim G, this inclusion is an equality and we are
done. |

The next lemma is easy to prove for smooth curves (cf. [ACGH] p.13); our proof
of the generalization is elementary and maybe known, we include it for complete-
ness.

Lemma 5.2.3. Let X be a hyperelliptic irreducible curve of genus g > 3; let d and
r be such that 2 < d < g and 0 < 2r < d. Then dim W} (X) =d — 2r.

Proof. By definition, X is the specialization of some family of smooth hyperelliptic
curves. The variety W7 (C) of a smooth hyperelliptic curve C is irreducible of
dimension d — 2r. Therefore, by the construction of 5.1.4, we obtain that W] (X)
has dimension at least d — 2r. So, it suffices to prove that every component of
W7(X) has dimension at most d — 2r and that there exists one component for
which equality holds. Furthermore, using the “residuation” isomorphism

(70) Wi (X) — Wi 47 (X) s L—Kx®L!

we can reduce ourselves to prove the result for d < g — 1.

Consider the partial normalization v, : Y,, — X of one node n of X and let
pr + Wi(X) — WJ(Y,) be the pull back map. By Proposition 5.2.1 we have
v*Hyx = Hy, = Oy, (q1 + ¢2), where v, 1(n) = {q1, ¢2}-

We use induction on §. Suppose 6 = 1, we omit the subscript n (i.e. ¥ =Y,,);
now gy = g — 1 and Y is a smooth hyperelliptic curve. W7 (Y') is irreducible of
dimension d—2r. Let U C W7 (Y) be the open dense subset U = W} (Y)W, (Y).
Pick M € U, then ([ACGH] p.13) M = HE" (X027 p;) with hO(Y,p; + p;) = 1
for all ¢ # j. By Lemma 5.1.3 W7},(X) is either empty or a single point; more
precisely, W71,(X) is not empty exactly when neither g; nor ¢, appear among the
pi (as hO(M — g1 — q2) = h°(M @ Hy') = h°(M) —1). In this case every v(p;) is a
smooth point of X, which we call again p;; observe that h°(X, H%T(Zg;%' pi)) =
r + 1, therefore we necessarily have WJ,(X) = {H;‘?T(Zfl;f "pi)}. We conclude
that p, dominates U; more precisely, W7 (X) has a unique irreducible component
of dimension equal to d — 2r dominating U. We also obtained that p, 1 (U) consists
of line bundles of the form H (377" p;) with h(X, p; + p;) = 1 for all i # j.

The complement W)™ (Y) of U has dimension d — 2r — 2 and the generic fiber
of p, over it is a k*. Hence dim p,; (W, (Y)) = d — 2r — 1, so we are done.
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Now assume 6 > 2. By the induction hypothesis, W} (Y,,) is irreducible of
dimension d—2r and W' (Y;,) is either empty or irreducible of dimension d—2r—2.
We proceed as for § = 1; set U = W5 (Y,) ~ W (V) so that U is irreducible
of dimension d — 2r. By what we proved before, U contains a non empty open
subset U,, consisting of line bundles M of the form M = H{@:(Zf:—f "pi) with
h(Y,,pi + pj) = 1 for all i # j. By a trivial dimension count we can disregard
U . U,, and concentrate on U,.

Let U/ C U, be the open subset of M having neither ¢; nor ¢ as base points;
by Lemma 5.1.3, W, (X) is a single point for every M € U}, and W}, (X) = 0
if M ¢ U],. Therefore W},;(X) has a unique irreducible component of dimension
d — 2r dominating U,,. The rest of the proof is the same as for § — 1. |

The next result is well known if X is nonsingular.

Theorem 5.2.4. Let X be irreducible of genus g > 3. Then

g—3 if X is hyperelliptic

. 1 -
dim Wy, (X) = { g —4 otherwise.

Proof. If X is hyperelliptic this is a special case of Lemma 5.2.3, so we will assume X
not hyperelliptic. Now, for every smooth curve C of genus g > 3, every irreducible
component of ngfl(C) has dimension at least g —4 (and equality holds if and only
if C' is not hyperelliptic). Therefore by 5.1.4, dim ngfl(X) > g—4, hence it suffices
to prove that

(71) dim W, (X)) <g—4

(i.e. every irreducible component has dimension at most g — 4).

If g = 3 we are claiming that W, (X) is empty; this follows immediately from
Proposition 5.2.1 (namely, from the fact that if W3 (X) # () then X is hyperel-
liptic). So we shall assume g > 4 from now on. Since X is not hyperelliptic, by
Proposition 5.2.1 there exists a node n of X such that, denoting by v : Y — X the
normalization of X at only n and {q1, g2} = v~1(n), we have

(72) Y, q1+q) =1
Let us fix such a normalization, denote by gy = g — 1 the genus of Y and consider
the pull-back map
pr Wi (X) — Wi, (¥) = W (V)
defined by p1(L) = v*L. Recall that W, (Y) =W _,(Y) (by (70)) hence

gy —2
(73) dim WL (V) =dimW?2, _,(Y) =gy —2=g—3.
The fibers of p; have obviously dimension at most 1. Set Im p; = IyUI; where
I ={M €Imp; : dimp; (M) =j}, j=0,1

We shall prove (71) by showing that

(74) dimly <g-—4

and

(75) diml; <g-5.

To prove (74) we begin by observing that (72) is equivalent to
(76) h(Y,wy (=1 — q2)) = gy — 2.

Now it is easy to check that there exists a dense open subset U C Wgy_Q(Y) such
that VN € U we have h?(Y,wy (—q1 — ¢2) ® N~1) = 0 (using 2.2.5). Equivalently

(77) h(Y,N(q +q2)) =1, YN eU.



35

This implies that the map u below

w: W2 _,(Y) — Pic"Y

78 gv =2
(78) N = N(q1+ g2)
satisfies
(79) dim(u(Wgoy,z(Y)) W}, (Y)) < dim W0 _,(Y) =gy —2.

Now by Lemma 5.1.3 we have
(80)  Io={MeW, (Y):h" (M —q —q)=h°(M—qn) =1, h=1,2}.

Therefore Iy C u(W, 5(Y))NW,, (Y); by (79) we obtain dim o < gy —3 =g—4

gy —2
proving (74). To prove (75) we apply Lemma 5.1.3 to get

(81) Li={MeW, (Y):h%(M—q)=hr"(M—q)=h" (M)} UW; (Y);

so we set I; = J, U J, where J, := {M : h°(M — q,) = h°(M) > 2, h = 1,2} and
Jb = Wy2y (Y)

The residuation isomorphism (70) gives
(82) W, (Y)W, (V)=
Assume Y is hyperelliptic, then by Lemma 5.2.3 we get dim J, = gy —4=¢g—5 as
wanted. Furthermore we have an injective map
Jo — WL (V)

gy —2

(83) M — M(—q —q)

hence, again by Lemma 5.2.3 we derive dim J, < dimW,), ,(Y) =gy —4=9g—5
finishing the proof when Y is hyperelliptic. To conclude, observe that if (75) holds
in the special case of Y hyperelliptic, it necessarily holds in the generic case when

Y is not hyperelliptic, so we are done. |

Example 5.2.5. The irreducibility hypothesis on X cannot be removed from The-
orem 5.2.4. To see that, let X = C7UC5 be the union of two smooth curves meeting
in one node n of X; call ¢; € C; the point corresponding to the node of X. Recall
that X is hyperelliptic if and only if h°(C;,2¢;) = 2 for i = 1,2 (cf. [CH]).

For any such X, a description of P)’}_l and of its theta divisor has been given in
Example 4.2.7. We identify Pf(_l = Pic9r= 59271 0100, = Pic? ! ) xPic?2 7 O,
and O(X) =(W,,—1(Ch) x Pic92 ! CQ)U(Pngl_l C1 x Wy,—1(C2)). Thus we nat-
urally define

W(lgil) (X) - W(lglfl,ggfl) (C]UCQ) C @(X)

Let us pick C7 hyperelliptic of genus g1 > 3 and C3 non hyperelliptic of genus
g2 > 3. Hence X is not hyperelliptic. Now we claim W(lgfl) (X) has a component of

dimension g—3. Indeed, consider W, _(C1)x Pic?2~! 5. Since C is hyperelliptic,
dim W, _,(C1) = g1 — 3, hence

dim(W,, _1(C1) X Pic” ™1 Ca) = g1 —3 4 go = g — 3.

On the other hand, it is clear that W, _,(C}) x Pic?21 Oy C W(lg_l)

for every M € W;ﬁl(Cl) x Pics27! Cy we have h0(C1UCy, M) > 2).

(X) (indeed
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