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Abstract. The object of this paper is the theta divisor of the compactified jacobian of a nodal curve.
We determine its irreducible components and give it a geometric interpretation. A characterization
of hyperelliptic irreducible stable curves is appended as an application.

Keywords. Nodal curve, line bundle, compactified Picard scheme, theta divisor, Abel map, hyper-
elliptic stable curve

1. Introduction

Let X be a connected, projective curve of arithmetic genus g and Pic? X its degree-d Pi-
card variety, parametrizing line bundles of degree d. If X is smooth, Pic? X is isomorphic
to an abelian variety and it is endowed with a principal polarization: the theta divisor. If
d = g — 1 the theta divisor can be intrinsically defined as the locus of L € Pic8~! X such
that h°(X, L) # 0.

If X is singular, Pic? X may fail to be projective, so one often needs to replace it with
some projective analogue, a so-called “compactified jacobian”, or “compactified Picard
variety”. We shall always assume that X is reduced, possibly reducible, and has at most
nodes as singularities.

Although there exist several different constructions of compactified jacobians in the
literature, recent work of V. Alexeev shows that in case d = g — 1, there exists a “canon-
ical” one. More precisely, in [[AIO4] the compactifications of T. Oda and C. S. Seshadri
[OS79], of C. Simpson [S194], and of [[C94]| are shown to be isomorphic ifd = g—1, to be
endowed with an ample Cartier divisor, the theta divisor ® (X), and to behave consistently
with the degeneration theory of principally polarized abelian varieties.

Some first results on the theta divisor of the (non-compactified) generalized jacobian
of any nodal curve were obtained by A. Beauville [B77]]. Years later, A. Soucaris [S94]
and E. Esteves [E97|] independently constructed the theta divisor (as a Cartier, ample
divisor) on the compactified jacobian of an irreducible curve. The case of a reducible,
nodal curve was handled in [[Al04]. As a result, today we know that, in degree g — 1, the
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compactified Picard variety of any nodal curve has a polarization, the theta divisor, such
that the pair (compactified jacobian, theta divisor) is a semiabelic stable pair in the sense
of [Al02]. Furthermore, the above holds in the relative setting, i.e. for families of nodal
curves.

These recent developements revive interest in the theory of Brill-Noether varieties for
singular curves, of which the theta divisor is one of the principal objects.

The purpose of this paper is to investigate the geometry and the modular meaning of
©(X) more closely. Our first result (Theorem 3.1.2)) describes its irreducible components,
establishing that every irreducible component of the compactified jacobian contains a
unique irreducible component of the theta divisor, unless X has some separating node
(see@; in particular, we characterize singular curves whose theta divisor is irreducible
(in[.2.2)). In more technical terms, we prove that for every fixed “stable” multidegree (cf.
Definition [I.3.1]) the theta divisor has a unique irreducible component. This result is sharp
in the sense that irreducibility fails for non-stable multidegrees (see Examples[3.1.4). The
idea and the strategy of the proof are described in[I.3.§]

We prove the irreducibility Theorem [3.1.2] using the Abel map, namely, the rational
map from X8 1 to Pict™! X, sending (p1, ..., pg—1) to [Ox(3_ pi)]. As a by-product,
the theta divisor is shown to be the closure of the image of the Abel map, for every stable
multidegree. This fact, albeit trivial for smooth curves, fails if the multidegree is not stable
(see Proposition for a non-semistable multidegree, and Example for a strictly
semistable one).

In the second part of the paper we concentrate on the geometric interpretation of
©(X) and precisely describe the objects it parametrizes. In Theorem [4.2.6 we exhibit a
stratification by means of the theta divisors of the partial normalizations of X. We wish to
observe that very similar stratifications have been proved to exist for several other com-
pactified spaces, associated to singular curves (see 4.1.5] or Theorem 7.9 in [[COS]], for
example). It is thus quite natural to ask whether all compactified moduli spaces associ-
ated to a singular curve admit an analogous stratification, or whether some general rules
governing such a phenomenon exist. These questions are open at the moment.

Our stratification of ® (X) yields a description in terms of effective line bundles on the
partial normalizations of X, or (which turns out to be the same) in terms of line bundles
on semistable curves stably equivalent to X.

In the final part, we apply our techniques to generalize to singular curves the charac-
terization of smooth hyperelliptic curves via the singular locus of their theta divisor; recall
that ©(C)sing = W;_I(C ) for every smooth curve C of genus g > 3. Furthermore, C is
hyperelliptic if dim ng_ 1(C) = g—3, and non-hyperelliptic if dim W;_ (C) = g—4;we
prove that the same holds if X is an irreducible singular curve (Theorem[5.2.4), but fails if
X is reducible (see . On the other hand, the relation between ® (X)sing and Wg[] (X)
(and more generally Wgrf1 (X)), i.e. a Riemann Singularity Theorem for singular curves,
is not known and it would be very interesting to establish it.

The paper consists of five sections. The first contains preliminaries and basic defini-
tions; the second mostly consists of technical results. In the third section we prove the
irreducibility theorem and study the dimension of the image of the Abel map (Propo-
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sition [3.2.1). In the fourth section we describe the compactification of the theta divisor
inside the compactified jacobian. The fifth section contains the application to singular
hyperelliptic curves.

1.1. Notation and conventions

1.1.1. We work over an algebraically closed field k. By a “curve” we mean a reduced,
projective curve over k.

Throughout the paper, X will be a connected nodal curve of arithmetic genus g, having
y irreducible components and é nodes. We let v : ¥ — X be the normalization of X, so
that Y = ]_[l’./=1 C; with C; smooth of genus g;, and X = | C; with C; = v(C;). Recall
that g = Zg/zl gi + 8 — y + 1. Observe that this formula holds regardless of whether X
is connected or not.

We denote by Xg;ye the set of nodes of X. For any set of nodes of X, § C Xging, set
#S =dsand § = {ny, ..., nsy}. The normalization of X at exactly the nodes in S will be
denoted vg : Ys — X and ys will be the number of connected components of Yg; thus
Y = I_[,yi 1 Yi with ¥; a connected curve of arithmetic genus gy,. We have

¥s
g=) gr+ds—ys+1 1)
i=1
and, denoting gy, = p,(Ys),
Vs
gry=g—8s=) gy —vs+1. 2
i=1
Forevery j =1, ..., 8s (or for every n € S) we set
v () =g a3} (or vg' () = {q1. q2}). 3

1.1.2. The dual graph of a nodal curve Y, denoted I'y, has vertices the irreducible com-
ponents of Y and edges the nodes of Y. A node lying in a unique irreducible component
C; is a loop of I'y based at the vertex C;; a node lying in C; N C; is an edge joining the
vertices C; and C;.

1.1.3. The degree-d Picard variety Pic? X has a decomposition into connected/irreducible
components: Pic? X = [Haezr \d|=d Pict X, where PicZ X is the variety of isomorphism
classes of line bundles of multidegree d.

Let vg : Y5 — X be as in[[.1.T} Consider the pull-back map

* Ys
Pic X = PicYs = [ [Pic¥; — 0.

i=1
We shall usually identify Pic Yg = [] Pic ¥; without mentioning it.
Let M € Pic Y. Then the fiber over M will be denoted

Fpu(X) :={L € Pic X : viL = M} = (k*)%s77s+l, 4)
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1.1.4. We shall now describe the isomorphism Fy(X) = (k*)%~7s*1 explicitly to fix
some conventions. Let us simplify the notation by omitting the subscript S (so, § = Jg,
Y =Yg, etc.). Assume first that Y is connected.

Letc = (cq, ..., c5) € (k*)%; ¢ determines a unique L € Pic X such that v*L = M as
follows. For every j = 1, ..., 8 consider the two fibers of M over qu and qg (recall that
v(q]j) = v(qg) = n;), and fix an isomorphism between them. We define a line bundle
L = L© on X which pulls back to M, by gluing Mq j to Mq i via the isomorphism

-¢j
M j = M Jj
4 9

given by multiplication by c;. Conversely, every L € Fy(X) is of type L©,

Now let Y have y connected components; note that, since X is connected, we always
have y — 1 < 4. There exist some subsets 7 C S with #7 = y — 1 such that if we remove
from 'y every node that is not in 7', the remaining graph is a connected tree (a so-called
spanning tree of T'y).

Let us fix one such T and order the nodes in S so that the last y — 1 are in T, i.e.
S={n1,...,ns} ={n1,...,n5-p41} UT. Now factor v as

vy Ly N ox

so that v’ is the partial normalization of X at S . T and vy the normalization at the nodes
of Y preimages of the nodes in 7'. For example, if § = Xjng (i.e. if ¥ is smooth) then Y’
is a curve of compact type. The pull-back map v}. induces an isomorphism Pic Y’ = Pic Y,
i.e. different gluing data determine isomorphic line bundles on Y’.

Now, to construct the fiber of Pic X — Pic Y’ over M’ we proceed as in the previous
part.

Summarizing, to every ¢ € (k*)*~¥*! we associate a unique L€ € Pic Y; since the
gluing data over the nodes in T is irrelevant, we shall fix ¢; = 1if j > 6 — y and use that
as gluing constant over 7.

Finally, observe that a section s € H O(Y, M) descends to a section s € H O(X , L@)
if and only if for every j = 1,..., 5 we have

s(qd) = ¢js(q)). (5)

1.2. Brill-Noether varieties and Abel maps

1.2.1. We recall some basic facts about Brill-Noether varieties for smooth curves, fol-
lowing the notation of [ACGH] to which we refer for details.

Let C be a smooth connected curve of genus g > 0, and let d and r be non-negative
integers. The set W) (C) := {L € Pic? C : o, L) >r+ 1} has an algebraic structure
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and is called a Brill-Noether variety. It is closely related to the Abel map in degree d
of C, that is, the map

d
ol > Pict C, (pl,...,pd)l—>(9c<Zpi). (6)
i=1

Then Im a”cl C Wfl)(C ) foralld > 0 (see for when equality occurs). Note that W, (C)
may fail to be irreducible, so when talking about its dimension we will mean the maxi-
mum dimension of its components. The following is well known (JACGH| Lemma 3.3,
Ch. IV)).

Fact 1.2.2. If r > d — g then every irreducible component of W} (C) has dimension at
least

pg,rd)=g—0+DHFr—-d+g).

Ifr <d — g then W(C) = WI8(C).

There is also a simple upper bound

dim W} (C) < min{d —r, g}. @)
Indeed, if d — r < g, it suffices to look at the Abel map of degree d to obtain
dim W} (C) < d — r (cf. [ACGH| Prop. 3.4, Ch. IV]). If d — r > g then, by Riemann—
Roch, dim W) (C) = g.
Remark 1.2.3. Denote by r(d) the dimension of a general (non-empty) complete linear
system of degree d. i.e. if d < gsetr(d) = 0,ifd > g setr(d) = d — g. Note that
W, “(C) = Imad.. Now, min{d — r(d), g} = min{d, g} and

=min{d, g} ifr <r(d),

dim W5 (C) { <min{d, g} ifr> r(d).

To see that, assume first that r < r(d). Then W) (C) = Wg(d)(C) by Riemann—Roch, so
we may assume that » = r(d). Now computing gives p(d, g, 7(d)) = min{d, g}, so by
Fact and (7) we get dim W), (C) = min{d, g}. The case r > r(d) follows from
and the fact that min{d — r, g} < min{d — r(d), g}.

1.2.4. For a nodal curve X of genus g having y irreducible components, for any d € ZY
and r > 0, we set W;(X) = {L € Picd X : hO(X, L) > r+ 1} and for any d € Z,
Wi(X) = ]—[Iil=d Wé(X). In case r = 0 the superscript r = 0 is usually omitted. In
particular
Weo1(X) :={L € Pic* ' X : (X, L) > 1} = ]_[ Wa(X).
ld|=g—1

With the notation of [I.T.3] if vs : Ys — X is a partial normalization and M € Pic Y, the
fiber of W (X) over M will be denoted (recall (EI))

Wi (X) :={L € Fyy(X) : h°(X, L) = r + 1} ®)

and Wy (X) := {L € Fy(X) : h%(X, L) > 1}.
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Remark 1.2.5. The above definitions make sense also for non-connected curves. Con-
sider a disconnected curve, ¥ = ]_[3’: 1 Ci, where C; is smooth and connected (or more
generally C; irreducible) of genus g;. For any d € 77, the variety Wy (Y) is easily de-
scribed in terms of the C;:
V4 . d . .
7 Pic% C; if3i :d; > g,
WQ(Y) _ { l_[l—l i 1 8i

We shall need the following very simple

Lemma 1.2.6. Let S C Xing, vs : Ys — X the normalization of X at S and p € X \. S.
Let M € Pic Ys and assume that M has no base point in vS_l(S U p). Then there exists
L € Wy (X) such that L has no base point in p. In particular, if M has no base point
over S then Wy (X) is non-empty.

Proof. To say that M has no base point in UEI(S U p) is to say that there exists s €
HO(Yg, M) such that s(g) # 0 for every ¢ € v;l (SU p). We can use s to construct a line
bundle L € Wy (X) by identifying the two fibers over pairs of corresponding branches.
More precisely, with the notation of for every n; € § let q{ , q{ be the branches
over nj. Then set ¢; := s(q{)/s (q{) and define L = L9, It is clear that s descends to a
nonzero section 5 of L and that 5(p) # 0. O

1.2.7. Abel maps. We now introduce the Abel maps of a singular curve. Recall (see|l.1.1)
that X = Cy U --- U C,, denotes the decomposition of X into irreducible components.

For everyd = (dy, ..., d,) such that d; > 0 we set x4 = 6? X oo X 6?. Now denote

X=X~ Xsing, the smooth locus of X. The normalization map ¥ = [ J C; 5 X = Ua
induces an isomorphism of X with ¥ \ v™! (Xing). We shall identify X = ¥ \ v (Xying)
and denote C i =Ci N X. Finally, set

XQ:C‘Iil x-~-xC)[/l’/CXi

so that X< is a smooth irreducible variety of dimension |d|, open and dense in X<. Set
d = |d|. Then we have a regular map

d
d . .
a}:X¢—> Pic? X, (pl,...,pd)|—>(’)x<§ p,-), ®
i=1

which we call the Abel map of multidegree d. We denote

Ad(X) = a5 (Xd) C Pic? X.

Lemma 1.2.8. Let X be a (connected, nodal) curve of genus g > 0. For everyd > 1 and
every multidegree d on X such that d > 0 and |d| = d we have

(1) Ag(X) is irreducible and dim A4(X) < min{d, g},
(i) Ag(X) C Wa(X).

Proof. Obvious. O
We shall see that strict inequality in (i) does occur (cf. Proposition [3.2.1).
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1.3. Stability and semistability

As we said in the introduction, there exist various modular descriptions for a compact-
ified Picard variety, and they are equivalent if d = g — 1. We shall give the complete
description later, in [4.1.1] For now it is enough to recall that, for every nodal curve X,

the compactified Picard variety in degree g — 1, Pﬁ_l, is a union of (finitely many) irre-
ducible g-dimensional components each of which contains as an open subset a copy of
the generalized jacobian of X. To study the irreducible components of the theta divisor

of P;?_l there is no need to consider its boundary points. This explains why we chose to

postpone the complete description of Pf‘;_l; seeld.1.1

So, now only the open smooth locus of P)‘?_l will be described, using line bundles of
“stable” multidegree on the normalization of X at its separating nodes.

There exist two different, equivalent definitions of semistability and stability
and below); the simultaneous use of the two is a good tool to overcome technical
difficulties of combinatorial type.

1.3.1. Stability: Definition 1. Let Y be a nodal curve of arithmetic genus g having y
irreducible components. Let d € ZY be such that |[d| = g — 1.

(a) We call d semistable if for every subcurve (equivalently, every connected subcurve)
Z C Y of arithmetic genus gz we have

dz > gz —1 (10)
where dz := |d ;|. The set of semistable multidegrees on Y is denoted
28(Y):={de€Z" :|d| =g —1, d is semistable}.

(b) Assume Y is connected. If ¥ is irreducible, or if strict inequality holds in for
every (connected) subcurve Z C Y, then d is called stable. If Y is not connected, we

say that d is stable if its restriction to every connected component of Y is stable. We
define

S(Y):={deZ":|d =g—1, dis stable} C Z*(Y).
We shall also use the following equivalent definition, originating from [B77]].

1.3.2. Stability: Definition 2. Fix Y and d as in

(A) d is semistable if the dual graph I'y of Y (cf.|1.1.2) can be oriented in such a way
that, denoting by b; the number of edges pointing to the vertex corresponding to the
irreducible component C; of Y, we have

di =g —1+b

where g; is the geometric genus of C; (so that g; = p,(C;) — # (Ci)sing)-
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(B) Assume Y is connected. Then d is stable if 'y admits an orientation satisfying
and such that there exists no proper subcurve Z C Y such that the edges between I"z
and I' ,c go all in the same direction, where Z C.—YZ.

The equivalence of definitions|[I.3.2]and[I.3.1]is Proposition 3.6 in [[AI04]. The version
given in (A) is due to A. Beauville, who used it in [B77] to define and study the theta
divisor of a generalized jacobian. (In [B77, Lemma (2.1)] the dual graph is without loops
by definition, whereas we need to include loops. This explains the difference between our
definition and that of [B77]].)

Version [[.3.1] actually extends to all degrees (other than degree g — 1); it originates
from D. Gieseker’s construction of Mg and is crucial in [C94]] (where is generalized
by the so-called “Basic Inequality”). V. Alexeev proved that the Basic Inequality yields
the modular description of the compactified jacobians constructed by Oda—Seshadri and
by C. Simpson using different approaches (see [Al04, 1.7(5)]). More details about this
definition and its connection with Geometric Invariant Theory will be given in Section 4}

Remark 1.3.3. (i) Applying inequality (I0) to all subcurves, we find that d is semi-
stable if and only if for every connected Z C Y,

Pa(Z) =1 <dz < po(Z) =1 +#2 N ZC. a1

If X is connected, d is stable if and only if strict inequalities hold in (TT)) for all Z.
(ii) If d € ¥%(X) and V C X is a subcurve such that dy = gy — 1, then d, is
semistable on V.
(ii1) If d is stable, thend > 0.

Remark 1.3.4. The following convention turns out to be useful. Given a graph I' (e.g.
I' = T'y), every edge n determines two half-edges, denoted g and g5 (corresponding to
the two branches of the node n of Y). If I is oriented we call ¢{ the starting half-edge of
n and g5 the ending one.

2% (X) is never empty (by [[COS| Prop. 4.12]). On the other hand, we have
Lemma 1.3.5. X(X) = 0 if and only if X has a separating node.

Proof. If X has a separating node, n, then X = X; U X, with X1 N X, = {n}. Let
d € ¥%(X). Using we have p,(X;) — 1 < dx, < p,(X;), so that strict inequalities
cannot simultaneously occur. Hence d is not stable.

Conversely, assume that X has no separating node. We shall use Definition[I.3.2] and
prove that the dual graph of X, I' = I'y, admits a “stable orientation” (i.e. an orientation
satisfying (B)). We use induction on the number & of nodes that lie in two different irre-
ducible components (the only nodes that matter), i.e. induction on the number of edges
that are not loops. If § = 1 there is nothing to prove (the edge is necessarily separating);
if § = 2 then I' has two vertices so the statement is clear.

Let 8§ > 2, pick an edge n and let I'' = I — n; thus I'” is connected. If I’ has no
separating edge, by induction I'" admits a stable orientation, hence so does I', of course.
Denote by ny, ..., n; the separating edges of I'’. The graph

F/—{n1,...,nt}=F—{n0,n1,...,n,},
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where n = ng, has ¢t 4+ 1 connected components, To, ..., I, each of which is free from
separating edges.

We claim that the image I'; C T of each T'; contains exactly two of the edges
ny,ni, ..., n;.

Indeed, if (say) I'1 contains only one n; withi > 1, call it n1 and let I'; be the other I';
containing n1. Then no connects I'y to I'> (for otherwise n; would be a separating node
of I', which is not possible). Hence I'; contains ng and 1.

If Ty contains two n; with i > 1, say n; and ny, let ['> and I'3 be such that n; €
't NTit1, i = 1,2. Then ng connects I'; and I'3, thus ng & I'y. Therefore I'; contains
only n1 and n».

If 'y contains three n;, i > 1, say ny, ny and n3, let I';, I'3 and I'4 be such that
n; € I'1 NTj41. Now ng is contained in at most two [';, so say ng ¢ I'4; but then n3 is a
separating node of I', which is a contradiction. Therefore, up to reordering the I';, we can
assume that

njeliNi—y, i=1,...,t,t+1=0.

We now define an orientation on I" by combining the stable orientation on each I'; with
each edge n; oriented from I';_; to I';. It suffices to prove that this is a stable orientation
onTl.

Indeed, let Z C X and 'z C T the corresponding graph. If for some i we have
W #TzNT; C I, then inside I'; there are edges both starting from and ending in I'z.
So the same holds in I and we are done. Hence we can assume that for every i either
I' cI'zorI'z NT'; = @. Therefore

I'zNT'zc C{no,n1,..., 0}
We can thus reduce ourselves to considering the graph obtained by contracting every I'; to
a point. This is of course a cyclic graph with £ 41 vertices and 7+ 1 edges {no, n1, . .., ns},
oriented cyclically. This is a stable orientation, so we are done. O

Example 1.3.6. Let X be a nodal connected curve of genus g, Xgep C Xiing the set of its
separating nodes and X — X the normalization of X at Xep. Assume #Xgep =c—1> 1

so that X has ¢ connected components X1, ..., X, and X; is free from separating nodes
foreveryi =1, ..., c. Thus X(X;) # ¥ and

T(X) = 2(X)) X --- x D(X,).

Indeed, set g; := pq(X;). Then pa(f) —l=(@g-c+DH—-1=>7_ (g —1),and
d € ¥(X) if and only the restriction of d to X; is stable on X;.

Proposition 1.3.7 (Beauville). Let X be a (connected, nodal) curve of genus g > 1, and
letd € ZV be such that |d| = g — 1.

(i) d is semistable iff there exists L € Pict X such that WX, L) =0.
(i1) Ifd is semistable then every irreducible component of Wq(X) has dimension g — 1.
(i) Ifd is not semistable then Wy(X) = Pic? X.

See Lemma (2.1) and Proposition (2.2) in [B77]].
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1.3.8. Our first theorem (Theorem states that, if d is stable, then Wy (X) is irre-
ducible and equal to Ay (X). The proof’s strategy is the following. We know, by the above
Proposition that every irreducible component of W,;(X) has dimension g — 1; we
also know that A4 (X) is irreducible. We shall prove that if W is an irreducible component
of W4(X), not dominated by the image of the Abel map, then dim W < g — 2, and hence
W must be empty.

To do that we consider the normalization v : ¥ — X and the pull-back map v* :
Pic X — Pic Y. The dimension of W is then studied by fibering W using v*, and bounding
the dimensions of the image and the fibers.

An important point is to show that, on the one hand, the divisors on Y supported over
the nodes of X impose independent conditions on the general line bundle M € Pic? Y; see
Lemma [2.3.3] On the other hand, if M € PicY has this property (i.e. divisors supported
inv-H(Xx sing) impose independent conditions on it), then the dimension of the locus of
L € Wy (X) which do not lie in the image of the Abel map is small, hence the dimension
of the fiber of W over M is small; see Proposition [2.3.5]and Corollary

2. Technical groundwork

2.1. Basic estimates

Recall the set-up of [[.1.1]
Proposition 2.1.1. Fixvg : Y — X and let M € PicYs.
(i) Forevery L € Pic X such that v{L = M we have
h0(Ys, M) — 85 < h°(X, L) < h°(Ys, M). (12)
(i) Let hO(Yg, M) > 8s. Assume that for some h : {1, ..., 85} —{ 1,2},

Ss .
0 0
h (YS, M(— ) q,;(j))) = 1O(M) — . (13)
Jj=1
Then Wy (X) is of pure dimension

: 8s —vs if hO(M) = s,
X) =
Moreover, the general element L € Wy (X) satisfies

12X, L) = max{h’(Ys, M) — §g, 1}. (14)

Proof. Throughout the proof we shall simplify the notation by omitting the index S, i.e.
setY =Ys5,8 =8s,v=vgand y = ys.
Let L € Fy(X). Then we have the exact sequence

0—>L—>V*M—>an—>0 (15)

nes
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and the associated long cohomology sequence

0— HX. L)% HO. M) B 1 > H'(X. L) > H' (Y. M) > 0 (16)

from which we immediately get the upper bound on 4%(X, L) stated in .

Fix M € PicY and recall the description of the fiber of v* over M given in[I.1.4] Thus
every L € Fy(X) is of the form L = L© for some ¢ € (k*)®~7*!. For convenience, we
use the same set-up of@, in particular we set ¢; = 1 for§ —y +2 < j <.

To compute HO(X, L), set | = h°(Y, M) and pick a basis s1, ..., s; for HO(Y, M).
Lets € HY(Y, M), sos = Zé:] x;5; where x; € k. Now s descends to a section of L
(i.e. s lies in the image of « in (I6)) if and only if

l
Y xiGsi(ay) —cjsi(q) =0 Vj=1,..8. (17
i=1

The above is a linear system of § homogeneous equations in the / unknowns xi, ..., x;.

The space of its solutions, A(c), is identified with H 0(X, L©9). Now, A(c) is a linear
subspace of HO(Y, M) of dimension at least / — §. Hence hO(X, L)y=dimA(c) >1 -3,
proving (12).
For H assume [ = hO(Y, M) > §; denote by A(c) the § x [ matrix of the system lb
By what we said
hO(X, L9y = dim A(c) = [ — rank A(c) (18)

and
Wu(X) ={c: Alc) #0} = {c:rank A(¢c) < [}. (19)

We shall prove that A(c) has rank § unless c lies in a proper closed subset of (k*)°.
For that, we apply the assumption to choose the basis for H°(Y, M) as follows. First,
up to renaming each pair of branches we can assume that 2(j) = 1 for every j. By (I3)
we can pick § linearly independent s1, ..., ss € H°(M) such that

; 1 ifi=j
() = ’
s,(ql)—{o ifj#£i,(j=1,...,9).

If I > & we choose the remaining basis elements however we like. Set bij =8 (qé)
€ k. Then the matrix A(c) contains a § x § minor B(c), (given by the first § columns),
whose diagonal is (¢] — b}, N bg), and such that the ¢; do not appear anywhere
else in B(c). Therefore the determinant of B(c) is a non-zero polynomial in the ¢;. This
proves that the locus where the matrix has maximal rank (equal to §) is open, non-empty.

Suppose 8 = 1. Then B(c) = A(c). By (19), Wy (X) is naturally identified with the
locus of points of Fjs(X) where det A(c) vanishes. We conclude that Wj,(X) has pure
dimension dim Wy, (X) = 8 — y, proving (fi).

Moreover, for a general L© € Wy, (X), the rank of A(c) is equal to § — 1. Indeed, by
, Wi (X) is identified to the hypersurface, W, of k% where det A(c) vanishes. Denote
by A;'. (¢) the minor of A(c) obtained by removing the i-th row and the j-th column,

and set U; = {c € k% : det A;'.@) # 0}. We must prove that W N U} # () for some
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1 <i,j < 4. Suppose c; appears in det A(c). On the other hand, ¢; does not appear in
detA%(g), as Ai (c) does not contain c1. Hence W N Ul #“ 0.

Therefore by we get (X, L) = 1, proving .
If I > §, then Wy (X) = Fu(X) by (12). Furthermore, by (T8),
hO(X, LYY =1 —rank A(c) > [ — 6.

By looking at the matrix A(c), we see that h%(X, L©) = [ — § on the non-empty open
subset where det B(c) does not vanish; this proves (14). O

Lemma 2.1.2. Let v : Y — X be the normalization of X and let d € Y% (X). For a
general M € Picl Y we have

() hO(Y, M) = §;
(il) M satisfies condition with respect to a suitable h : {1, ...,8} —{1,2};
(i) dim Wa(X) =8 — y;
(iv) the general L in Wy (X) satisfies h(X,L)=1.
Proof. Using the notation of [1.1.1} ¥ = ][] C; with C; smooth of genus g;, and X =

Ua The fact that d is semistable implies that d; > p,(C;) — 1 > g; — 1 for every
i =1,...,y. Therefore for M general in Pic Y s

WY M)y=Y di—gi+)=g—1-Y gi+y=24
i i

Let us prove (ii). We use definition[I.3.2] (A) of a semistable multidegree; I'x of X can be
oriented so that, if b; denotes the number of edges pointing at C;, thenforalli =1, ..., y,

di =g —1+b;. (20)

Any such orientation gives us a choice of branches over each node. Namely, for every
n; € Xgng we denote by qé the branch corresponding to the ending half-edge of n;. We
claim that holds with respect to the map 4(j) = 2 for every j. Indeed

hO(Y, M(—X;qg)) - i;m(c,-, M(—Za;q{)ci).
j= i= j=
Now by (20),

8 .
dege, M(=Y ) =di—bi =g — 1, @1)
=1

hence (M being general) ho(C;, M(— Zf: 1 qg )ic;) = O for every i. We conclude that,
by part (i),
)
hO(Y, M(— qu)) —0=hY, M) -6
j=1

so that is satisfied. Now, applying 2.1.1fi), we get dim Wy (X) = § — y and
h(X, L) = 1 for a general L € Wy (X). So 1| and are proved. O
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Corollary 2.1.3. Letd € ¥%5(X) and let L be a general line bundle in Pict X. For every
subcurve Z C X we have h%(Z, L) = dz — gz + 1.

Proof. 1t suffices to assume Z is connected (by @I)). Consider the normalization v : ¥ =
UJCi — Xof XandvL =M = (L, ...,Ly)withL; € Pic% C;. Then L; is general
in Pic% C; (as L is general in Pic? X); since d; > gi — 1 (as d is semistable) we get
hO(Ci, L;) = d; — gi + 1. Now, denote by Z¥ — Z the normalization of Z, order the
irreducible components of X so that the first yz are the irreducible components of Z, and
set § = Zging, so that gz = Zl gi + 6s — yz + 1. Let Mz» be the restriction of M
to Z'. Then

Yz Yz
hO(Z' Mz) =Y hCi. L) = (di —gi+ 1) =dz — gz + s+ 1.
i=1 i=1

Now, since d is semistable, dz > gz — 1 hence Wz, M zv) > 8s. Moreover, recall that
by R.1.2(fi), M satisfies condition (I3)); it is straightforward to check that the analogue
holds for M v, i.e. for a suitable choice of branches,

Ss .
h0<Z”, My (— Zq}{m)) — BO(Mp) — 85 = 0.
=1

This enables us to apply 2.1.1(14) to Z¥ — Z, thus getting

W(Z, L) =h"Z"  Mp)—8s=dz —gz7+8s+1—8s=dz —gz+1. O

2.2. Basic cases

Recall the notation of [I.1.1] in particular (3). The following simple fact will be used
several times.

Remark 2.2.1. Let vg : Ys — X be the normalization of X at one node (i.e. S = {n}).
Let M € PicYs be such that h°(M) > 2. If (M (—q1 — q2)) = hO(M) — 2, every
L € Fy(X) satisfies h°(X, L) = h%(Yg, M) — 1.

To prove it, pick L € Fy(X) and consider the cohomology sequence

0 HOX. L)% HOYs. M) B> k > H'(X. L) - H'(Ys. M) > 0 (22)

(associated to ). It suffices to show that f is non-zero. The assumption h*(M (—q; —
q2)) = h%(M) — 2 implies that h°(M (—gp,)) = h°(M) — 1 for h = 1, 2; hence M has a
section s vanishing at ¢ but not at ¢»; but then S(s) # 0.

2.2.2. Let § C Xiing and consider the partial normalization Ys — X. Fix a finite set S’
of points of X (usually §" C §). For any M € Pic Y set

Wn(X,S) = (L e Wy(X):Vs € HYX,L)In € §' : s(n) = 0} (23)
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or equivalently (since S is finite)
Wiu(X,8):={LeWy(X):IneS :s(n)=0Vs e H'(X, L)}. (24)

If § = Xging then Wiy (X, §) is equal to the set of points in Wy, (X) which do not lie in
a%()'(i), where d = deg M.

Lemma 2.2.3. Fixvs:Ys — Xandlet M € Pic? Ys be such that hO(YS, M) =1.

(1) If there exists n; € S such that h®(Ys, M(—q})) # h(Ys, M(—q3)), then Wy (X)
=0.
() IfhO(vs, M(—q{)) = hO(vs, M(—qg))for every j, there are two cases.
(a) IfhO(Ys, M(—q,{)) = 0 for every j and h, then Yy is connected and there exists
an Ly € Fpy(X) such that Wy (X) = {Lpy} and hO(Ly) = 1. Moreover,
Wun (X, S) = 0 (hence Ly € ad(X9)).
(b) If there exists j for which h®(Ys, M(—q])) = hO(Ys, M(—q})) = 1, then
Wy (X,S) = Wy(X). Moreover, ith(YS, M(—q}{)) = 1 for every j then
Wy (X) = Fp(X); otherwise Wy (X) = {Ly}.

Proof. Let s € H%(M) be a non-zero section. In case we are assuming that (up to
switching the branches over n;) s(q{ ) = 0 while s(q{ ) # 0, so obviously s does not
descend to a section of any L € Fy(X).

For case suppose, by contradiction, that Y = ]_[2,/:1 Z; is not connected. Then
hO(Y, M) =66 hO(Z,-, Mz;) = 1 so that there is only one component, say Z1, such that
h%(Zy, Mz,) # 0. Pick ¢ = q,{ € Z,. Then (as h%(Zy, Mz,) = 0) every s € H'(M)
vanishes at g so that h%(M(—q)) = h°(M) = 1, contradicting the hypothesis. So Y is
connected. Now any nonzero s € HO(Y, M) satisfies s(q}{) #0forj=1,...,6 and
h =12 Letc; := s(q{)/s(q{) € k* and ¢ = (cy, ..., ¢s5); then ¢ does not depend on
the choice of s, as hO(M) = 1. Using the construction of set Ly = LO: we get
Wy (X) = {Ly} and obviously s descends to a section of Ly that does not vanish at
any n;. So, Wy (X, S) is empty, and by construction, KX, Ly) = 1.

In case , it is clear that for every L € Wy (X) and s € HO(L) we have s(nj) =0,
hence Wy (X, S§) = Wy (X). The last sentence is proved similarly. m]

Lemma 2.2.4. Let vg : Ys — X be the normalization of X at one node (i.e. S = {n}).
Let M € Pic? Ys be such that hO(YS, M) > 2. Then Wy (X) = Fy(X) and the following
cases occur.

(1) IfFhO(M(—q1 — q2)) = hO(M) — 2 then Wy (X, S) = @ and h°(L) = h°(M) — 1 for
every L € Fpy(X).

) IfF (M (—q1 — q2)) = h°(M (—qp)) = h°(M) — 1 for h = 1,2 then Yy is connected
and Wy (X, S) = Wy (X) \ {Luy} for a uniquely determined Ly € Wy (X) (hence
Ly € af((Xd)). Moreover, h°(L ;) = h°(M) while for every L € W (X) — {Ly}
we have h°(L) = hO(M) — 1.
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(3) IfFh°(M(—q1)) = h°(M) — 1 and h®(M(—q2)) = h°(M) then Fy (X) = Wy (X, S).
Moreover, h°(L) = h°(M) — 1 for every L € Fpy(X).

@) If iO(M(—q1)) = h*(M(—q2)) = h®(M) then Fy(X) = Wy (X, S). Moreover,
hO(L) = h%(M) for every L € Fy(X).

Proof. Pick L € Fy(X) and consider the cohomology sequence (22). It implies that
a(HY(X, L)) has codimension at most 1, i.e. that A°(L) > h%(Y, M) — 1 > 1 so that
W (X) = Fp(X). We shall omit the subscript S during the proof.

In case , HOy, M(—q1 — ¢g2)) has codimension 2, hence a(H%(X, L)) cannot be
contained in it. Therefore H%(X, L) contains sections that do not vanish at n. The rest has
been proved in Remark [2.2.1]

For the remaining cases, note that every section of H 0(M (—q1 — g2)) descends to a
section of every L € Fy(X).

In case (2)), to show that Y is connected, suppose by contradiction that ¥ = ¥; LI Y».
Then (say) g1 € Y; and g2 € Y, and hO(M) = hO(Yy, My) + h°(Y2, M5) (denoting
M; = My,). Furthermore,

RO(My) +h0(Mp) — 1 = RO (M) — 1 = i (M (—q1)) = KO (M1 (—q1)) + h° (Ma),

hence h°(M1(—q1)) = h%(M;) — 1. Similarly, h°(M3(—¢2)) = h°(M>) — 1. But then
hO(M(—q1—g2)) = hO(M1(—q1))+h°(My(—q2)) = h®(M)—2, which is a contradiction.
Now, there exists s € H%(M) such that s(g) # 0 for h = 1, 2. Thus

H(M) = HY(M(~q1 — q2)) ® ks. (25)

Set ¢ = s(q2)/s(q1) and let Ly, = L© (as in . The s descends to a section 5 €
HO(Ljy) such that 5(n) # 0. Hence Ly & Wy (X, S) and h%(Ly) = h°(M). Now, Ly
is uniquely determined: indeed, if s’ € H O(M) is another section such that s’ (gn) # 0 for
h =1, 2, then by , s' =at + bs fort € HO(M(—q1 —q2))anda, b € k with b # 0.
Thus ¢ = s'(g2)/s’(q1). This proves that for every L € Wy (X) such that L & Wy (X, S)
we have L = Ly,.

In case , HO(M(—q1 —q)) = HO(M(—ql)) and these are the only sections that
can be pull backs of sections of any L € Fj;(X). Case (4) is obvious. O

Corollary 2.2.5. W, ... 0)(X) = {Ox} for every connected, nodal curve X.

.....

2.3. Divisors imposing independent conditions

Let Ys — X be some partial normalization of X and let M € Pic Ys. The goal of this
subsection is to bound the dimension of the locus of L € Wy, (X) which are not contained
in the image of the Abel map (i.e. with the notation of 2.2.2]the dimension of Wy (X, 5)).
The easy cases, h%(Ys, M) = 1 or #S = 1, are dealt with by Lemmasand To
treat the general case we introduce the following.

Definition 2.3.1. Let Y be a nodal curve (possibly not connected). Let M € Pic Y and let
E be a Cartier divisoron Y.

(A) We say that E is admissible for M if for every subcurve V. C Y we have 0 <
degy E < WOV, My) (in particular, E is effective).
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(B) We say that E imposes independent conditions on M if E is admissible for M and if
WOV, M(—E)y) = h%(V, My) — degy E for every subcurve V C Y.

(C) For R C Y \ Ying, we denote by A(M, R) the set of all admissible divisors for M
with support contained in R.

Remark 2.3.2. If R in part @ is finite, then the set A(M, R) is also finite.

If C is a smooth irreducible curve, Definition 2.3.1] coincides with the classical one.
Fix a finite subset R C C; then every admissible divisor E such that Supp £ C R imposes
independent conditions on the general L € Pic? C. More generally:

Lemma 2.3.3. Letv : Y — X be the normalization of X and R C Y a finite subset. Let
d € ¥%(X) and M € Pic Y a general point. Then every divisor E € A(M, R) imposes
independent conditions on M.

Proof. By Remark it suffices to prove that a fixed E imposes independent condi-
tions on the general M € Pict Y.

Set as usual ¥ = g/: 1 Ci. Given M and E as in the statement, define M; := Mc;,,
E; := Ec¢, and ¢; = degc, E. Now, for any line bundle N on Y and any subcurve
V C Y we have HY(V, N) = @Cicv HO(C;, Nc¢;). Therefore it suffices to prove that
hO(C,-, M(—E)c,) = hO(C,-, M;) — e; forevery i = 1...,y. Since M is general in
Picly = ]_[Picdf C;, every M; is general in Pic%i C;. The fact that d is semistable im-
pliesthatd; > p,(C;)—1 > g;—1(g; is the genus of C;), hence hoC;, M) = d; —gi+1.
Now by of 2.3.T|we have ¢; < d; — g; + 1, hence

dege, M(—E) =di —e; > gi — 1. (26)

At this point, observe that M;(—E;) is a general point in pici—¢i C i (E; is fixed and M;
is general in Pic% C;) and hence (by )

RO(Ci, Mi(—E))) = di —e; — gi + 1 = hO(Ci, My) — e
as claimed. O

Example 2.3.4. Let v : Y — X the normalization of X and d € X%(X). Then there
exists a choice of branches / : {1, ..., 8} —{ 1, 2} such that the divisor E = Z?:l q;l(j)

is admissible for every M € Pic? Y. In fact, the construction of such an admissible divisor
E has appeared in the proof of [2.1.2] Recall that dege, M(—E) = g — 1 for every

i=1,...,y (see ZI)).

For the next result we need some notation. Recall that vy : Y5 — X denotes the
normalization of X at S. Let Z C X be a subcurve. We denote by Zg := vs_l(Z) the
corresponding subcurve in Y, so that Z is the normalization of Z at §N Z;,g. Obviously
every subcurve of Yy is of the form Zg for a unique Z C X. We shall often simplify the
notation by setting H%Zg, M) := H(Zg, Mgzy).
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Proposition 2.3.5. Fix vs : Ys — X as above. Let M € Pic Ys be such that h°(Ys, M)
> 85, and assume that for every Zg C Yg,

hO(Zs, Mz) = 1 4+ #5 N Zging. 27)

Ifevery E € A(M, vs_l (S)) imposes independent conditions on M, then

, bs—ys—1 if h(M) =3s,
dim Wy (X, S) < {85 — vs if hO(M) > 85+ 1.

Proof. We setl = h%(Ys, M). By hypothesis, for every ¢ € v=(S),
W (Ys, M(=g) =1 -1, (28)

indeed by every such ¢ is admissible for M. Let n € § and set v () = {q1, ¢2}.
Suppose I = 1; then §s = 1. By (28) applied to g; and ¢», we are in case (2a) of
Lemma[2.2.3] Hence Wy (X, S) = @ and we are done.

From now on, we assume / > 2. Let E = g1 + ¢g2. Then E is admissible, i.e.
degzs E < hO(ZS, Mz) for every subcurve Zs C Y. Indeed, for every Zg, we have

hO(ZS, Mzg) > 1by . On the other hand, degzs E < 2 and equality holds iff Zg con-

tains both ¢ and ¢, i.e. if and only if Z is singular at n. In this case, h°(Zs, Mzg) > 2
by (27). Therefore, by hypothesis, for every Zs,

h(Zs, M(—q1 — q2)) = h®(Zs, Mzg) — 2. (29)

Assume 85 = 1. By we are in case (T) of Lemma Thus Wy (X, S) is empty
and we are done. We continue by induction on §g.
Forevery j =1,...,8setS; := 8§\ {n;}. Forany {j1, 2} C{ 1,...,ds},

8
Wi (X, $) = Wu (X, Sj) = Wu (X, S;,) U Wi (X, S)y), (30)
j=1

therefore it suffices to bound the dimension of Wy, (X, S;) for a chosen pair of values
of j =1,...,8. We pick one of them and simplify the notation by setting n = n; and
T =S; = 8§~ {n}. We factor vg as

Vi A%
v :Ys —> Yr — X

where vr is the normalization of X at 7 and v the normalization at the remaining node n.
We abuse notation by using the same names for points in Ys, Y7 and X whenever the maps
are local isomorphisms (e.g. n denotes a node in Y7 and in X). The following is the basic
diagram to keep in mind:

PicX -5 Pic¥y —> PicYs
Wu(X.T) > Wy(Yr) > M GDh
WyX.T) > N > M
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where N € Fy(Y7); since [ > 2, Fyr(Y7) = Wy (Y7). By and2.2.1]
Wy, Ny=1-1. (32)

Case 1: The node n lies in two different irreducible components of X. By Lemma|2.3.6{(i)
(applied with R = v;l (S ~\ n)) every admissible divisor E7 on Y7 such that Supp E7 C

vr 1(T) imposes independent conditions on N. Therefore we can use induction (#T =
#S — 1) and obtain

. 8s—1—yr—1 ifh%(Yr, N)=85—1,
dm Wy(X, T) < {65 leyr RO N) > 5,

i.e. using (32),

55—)/T—2 ifl—l:ﬁs—l,

dim Wy (X, T) < {(SS_,/T —1 ifl—12 4.

If n is not a separating node for X, then Fy;(Y7) = Wy (Y7) = k* and ys = yr. There-
fore, from diagram @]), dim Wy (X, T) < dim Wy (X, T) + 1. So, using the equality
6s —yr — 1 = 6s — ys, we are done.

If n is separating, then ys = yr + 1. On the other hand, dim Fj;(Y7) = 0, hence
dim Wy (X, T) < dim Wy (X, T). Again, we are done.

Case 2: The node n lies in only one irreducible component of X. Denote by C C X the
component containing n, and by C C Ys the component containing both ¢; and g;. We
are in the situation of Lemma [2.3.6|(ii). Therefore there exists a finite set P C Fy (Yr)
such that for every N € Pic Y7 ~ P, every admissible E supported on v, L) imposes
independent conditions on N. We can use induction on every N € Wy (Y7) such that
N ¢ P.We obtain

. Ss—1—yr—1 ifhO¥r, N)=2685—1,
dim Wy (X, T) = {55—1—7/T it RO(Yr, N) > 8.

Consider diagram (31)) and note that now dim Wy, (Y7) = dim F(Y7) = 1. Hence, away
from the fibers over P, the dimension of every irreducible component of Wy, (X, T) is at
most

14+8—y -2 ifl=3,

dlmWM(YT)+d1mWN(X’T)S{1+8—y—1 155+ 1,

(using (32)) as wanted.

It remains to bound the dimension of the fibers over every N € P. Now, setn = n
and T = {no, ..., ns}.

If] > 85+ 1,1ie. if Y7, N) > 87 + 1, then

dim Wy (X) = dim Fy(X) = 87 — yr + 1 = 85 — ys.

The fiber of Wy (X, T) — Wy (YT) over N is obviously contained in Wy (X), hence it
has dimension at most §g — ys and we are done.
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Assume §g = [. If
RO(Yr, N(—g? —---—¢2%)) =0, 33)

then, by 2.1.Tj{ii), Wx (X) has pure dimension equal to 87 — ys = 85 — ys — 1. Hence the
dimension of the fiber of Wy, (X, T') over N is at most s — ys — 1 and we are done.
We shall complete the proof by showing that (33)) holds for some choice of branches.
Assume hO(Yr, N(—q2 — - — %) > 1.
) 55

Observe that E := stz ) q{ +¢q," is admissible for M. Indeed, we have deg, E <

1 +#T N Zging for every Zs C Ys; hence, by ,
degy E < 1 +#T N Zging < 1 +#S N Zging < h°(Zs, M).

As E is admissible, we have

8
W (vs.m(= Y al —45%)) =0, (34)
j=2
also, by Lemma 2.2.4}
W07, N(—gf = =g =g*) <1 and hO(Yr, N(=gf = —g{*) = 1.
If hO(yr, N(—ql2 — = qfrl — qgs)) = 1 then, of course,
8
W(N(=Y 4l —aF)) =1, (35)
Jj=2
.. . 0 2 8s—1 ds :
which is impossible, by . Therefore h° (Y7, N(—qi — -+ — q —q,")) = 0,ie.
holds for some choice of branches. The proof is complete. |

In the proof of Proposition 2.3.5| we used the following

Lemma 2.3.6. Let v : Ys — Y7 be the partial normalization of Y1 at a unique node n.
Let M € Pic Yg be such that for every subcurve Zg C Y,

>2 ifvii) C Zs
h(Zs, M){ = ! ’
(Zs, M) { > 1 otherwise.
Let R be a finite set of smooth points of Ys. Assume that every divisor in A(M, vl_1 (n)
U R) imposes independent conditions on M.

(i) If n lies in two irreducible components of Yr, then for any N € Fy(YT), every
divisor in A(N, vi(R)) imposes independent conditions on N.

(i) If n lies in only one irreducible component of Y, there exists a finite subset P C
Fy(YT) such that for every N € Fp(Y7)\ P, every divisor in A(N, vi(R)) imposes
independent conditions on N.
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Proof. Let p~! (n) = {q1, q2}. Then formula holds (with the same proof). For every
Zs C Ys, denote Z7 := v (Zs). By (29) and2.2.T| we have

(g1, 92} € Zs = hO(Zr, Nz;) = h°(Zs, Mzg) — 1, (36)
(g1, 92} & Zs = h°(Zr, Nz,) = h%(Zs, Mzy), (37)

because in the latter case Zg = Zr via vy. Thus for any N € Fy(Yr), the num-
ber hO(ZT, Nz,) depends only on M, and not on the choice of N. Therefore the set
A(N, vi(R)) depends only on M.

Pick Er € A(N,vi(R)). Denote Eg := vf(ET), and observe that v; is an isomor-
phism locally at every point in Supp Es. Hence

deg, Es =degy, Er <h°(Zr,N) < h°(Zs, M). (38)
Therefore Eg imposes independent conditions on M, i.e.
h(Zs, M(—Es)) = h°(Zs, M) — deg,, Es. (39)

If {q1, g2} ¢ Zs, v1 induces an isomorphism Zg = Z7, hence by and we get
h(Zy, N(—=E7)) = h%Zs, M(—Es)) = h°(Zr, N) — deg,, Er, as wanted. So we
need only consider the case {q1, g2} C Zs.

For , let g1 € Cy and g2 € Cy. Set ¢; := degci E and [; = hO(Ci,MCi) =
no(c;, Nc;). Consider the usual sequence

0— H(Zy. N(—Eg)) — HO(Zg. M(—Eg)) 5> k — -+ . (40)

If ET issuch thate; < [; — 1 fori = 1,2 then Egs + g1 + ¢> imposes independent
conditions on M. We get ho(Zs, M(—Es — q1 — q2)) = h°(Zs, M(—Es)) — 2, hence
hO(Zr, N(=Er)) = h%(Zs, M(—Es)) — 1. By (38) and (39) we get

h(Zr, N(—Er)) = h%(Zs, M) — deg,, Es — 1 = h°(Zr, N) — deg, Er.

as wanted. Now, E7 is admissible, hence /; > ¢;; so only two cases remain.

Case l:e; =1lyand e = [, — 1. Then HO(CI, M(—Eg)) =0, hO(Cs, M(—Eg)) =1
and h%(Cy, M(—Eg —¢q2)) = 0. Then all sections in H%(Zg, M(—Ey)) vanish at ¢1 while
there exist sections that do not vanish at g». Hence B is surjective and we are done.

Case 2:[; = ¢; fori = 1,2. Let Zy := v1(C1 U C) C Yr . By (36),

e\ +ey=degy Er <h°(Zr,N)=h"(Zs. M) — 1 <1, + L — 1,

which is possible only if at least one e; is less than /;. So Case 2 does not occur and (i) is
proved.

For , denote by Call C C Yg the component of Yg containing both g1 and ¢», and
D :=v((C). Setep = degp, ET = deg¢ Es; and (by (36))

Ip :=h%C, M) =h"(D, N)+1 1)
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sothatep < Ip — 1. If ep < Ip — 2 then Eg5 + g1 + ¢ is admissible for M. Hence
for every Zg C Yg we have h(Zs, M(—Es — q1 — q2)) = h%(Zs, M(—E)) — 2 so that
(using Remark [2.2.1))

h(Zr, N(—Er)) = h°(Zs, M(—Es)) — 1 = h°(Zy. N) — degy, Er.  (42)

We are left with the case ep = Ip — 1. Then h°(C, M(—Es)) = 1 and part of
Lemma [2.2.3| applies. We conclude that there exists a unique line bundle in Pic D which
pulls back to M(—Eg)c and has 1% = 1. This in turn determines a (unique) line bundle
Np on D which pulls back to M¢, and finally a unique line bundle on Y7 which pulls
back to M and restricts to Np on D. This last line bundle on Y7 is uniquely determined
by Er; denote it by NET Set P := {N € Fy(Yr) : N = NET for some Er}. We just
showed that for any N € Fy(Y7) \ P, every E7 € A(N, vi(R)) imposes independent
conditions on N. The finiteness of the set P follows at once from the finiteness of the set
of E7’s. O

Corollary 2.3.7. LetY — X be the normalization of X and S = Xing. If d € X (X) and
M € Pict Y is a general point then dim Wy (X, S) <8 —y — 1.

Proof. If M is general, hO(Y, M) = § by Moreover, as d is stable, Ii holds.
Indeed, forevery Z C X, Z¥ = Zg is the normalization of Z and we have dz > p,(Z) =
Pa(ZY) +#Zsing; hence h%(Z", Mzv) > #Zging + 1. Finally, by Lemma M satisfies
the assumption of Proposition [2.3.5] |

3. Irreducibility and dimension
3.1. Irreducible components

We are ready to prove that Wy (X) is irreducible for every stable multidegree d. This im-

plies that, if X is free from separating nodes, the theta divisor ®(X) C P)‘g;*l has one

irreducible component for every irreducible component of P§_1. If X has some separat-
ing node this is false (see and[4.2.7). The stability assumption on d is also essential,
as one can see from counterexample|3.1.4

If |d| = 1 we shall use the Abel map a%. If|d| <0,i.e.if g =0, 1 the Abel map is
not defined so we need to treat this case separately, which will be done in the following

Lemma 3.1.1. Let X have genus g <0, 1; let d € ¥(X). Then

Z ifd#(,....0),

Wa(X) = {{Ox} ifd=(0,...,0) (hence g = 1).
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Proof. By hypothesis, for each d € X (X) we have |d| = —1, 0 depending on whether
g = 0, 1. Recall that X = J C; denotes the decomposition of X into irreducible com-
ponents. Let L € Pic? X and suppose that there exists a non-zero section s € H(X, L).

Set
Z = U E 70 .= U a ZT = U a

i:di<0 i:di=0 i:di>0

Notethat Z~ = < d = (0, ..., 0). By contradiction, assume Z~ # (. Then s vanishes
along a non-empty subcurve Z C X which contains Z~. Let Z€ be the complementary
curve of Z, so that s does not vanish along any subcurve of Z€. Since for every n e
Z N Z€ we have s(n) = 0, the degree of s restricted to Z C gatisfies

dyc > #ZNZC. (43)
On the other hand, g < 1 implies p, (ZC) < 1, hence the stability of d yields
dyc < pa(Z€) +#202C <4720 2Z¢

(cf.[1.3.3), a contradiction with . Therefore Z~ = §J; we see that if W (X) # ¢ then
d =(0,...,0);in particular, g = 1. Now we conclude by Corollary ]

Recall that for d such that d > 0 and |d| > 1 we denote by A4(X) C Pic? X the closure

of the image of the Abel map a% (see . If d € ¥(X) is such that |[d| = —1,0, we
denote Ay4(X) := Wy(X).

Theorem 3.1.2. Let X be a connected, nodal curve of arithmetic genus g. Let d be a
stable multidegree on X such that |d| = g — 1. Then

(1) Wa(X) = Ayg(X), hence Wy(X) is irreducible of dimension g — 1;
(ii) the general L € Wy(X) satisfies hO(X, L)=1.

Proof. If g = 0,1 the theorem follows from Lemma [3.1.1} so we assume g > 2.

follows from (i)) and from [2.1.2}fiv).
Let W be an irreducible component of Wy (X). By we know that dim W =
g — 1. We shall prove the theorem by showing that if A4(X) is not dense in W, i.e. if

W # W NIm a%, then dim W < g — 2, and hence W must be empty.

Up to removing a proper closed subset of W, we can and will assume that W N
Ima% = . Consider the normalization v : ¥ — X of X with ¥ = 3’:1 C; and let
gi be the genus of C;. Recall thatg = >V gi +8 —y + L.

We let p denote the restriction to W of the pull-back map v*, so that

)4
PicdX > W 2 p(W) C Picty = ]_[Picdf C;. (44)

i=1

We shall bound the dimension of W by analyzing p.
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To say that L € PicZ X does not lie in the image of oz?( : X4 — Pic X is to say that

L does not admit any section whose zero locus is contained in X. In other words, setting
§ = Xsing, we have L € Wy (X, S) (cf.|2.2.2). Therefore for every M in p(W) we have

o~ N (M) € Wy(X,S) C Wi (X).

From now on, M is a general point in p(W). The proof is divided into four cases.

IA

Case I: dimp(W) < ZL] gi — 2. It suffices to use the inequalities dim p~!' (M)
dim Fy(X) =6 — y + 1. Then

)4
dim W < dimp(W) + dim Fyy (X) <Y gi —2+8—y +1=g—2.

i=1

Case II: dim p(W) = Z;’zl gi. Now p is dominant, so that M is general in Picly =
]_[3/:1 Pic% C;. Then we can apply Corollary , which yields dim Wy (X, S) < 6 —
y — 1, and hence

dim W < dim p(W) + dim Wy (X, S) < Xy:gi +5—y—-1=g-2.
i=1
Remark 3.1.3. From now on we shall assume dim p(W) = Zg’zl gi— 1.
Denote by m; : ]_[3/: 1 Pic% C; —> Pic? C ; the projection and p; := m; o p,
pi i W — p(W) — p;(W) C Pic% C;.
Asdim[[/_, Pic% C; = 31, gi and dimp(W) = Y/ g — 1, we get
dimp;(W) > g; — 1, Vi,
and there can be at most one index i for which dim p; (W) = g; — 1.

Case III: dim p(W) = 23;1 gi — 1 and h°(Y, M) > 8§ 4+ 1. We claim that we can apply
[2.3.3]to the general M € p(W). This would yield dim Wy (X, §) < § — y so that we
could conclude as follows:

dimW <dimp(W) +dimWy(X,S) <gy —14+5—y =g—2.

To prove that the hypotheses of 2.3.5]hold, observe that follows from the fact that d is
stable (see the proof of [2.3.7). To prove the remaining assumption we argue by contradic-
tion. Assume that for some admissible divisor £ with Supp E C v~'(S) and e := deg E
we have

RO(Y, M(—=E)) > h°(Y, M) —e + 1

for M general in p(W). As Y is the disjoint union of the C;, we get

Y 14
WY, M(—E)) =Y " h%(Ci, Mi(—ED) = Y (h°(Ci, M) — &) + 1

i=1 i=1
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where E; = E|c,, ¢; := deg E; and M; = M|c,. Therefore there exists at least one index,
say i = 1, such that

ho(C1, Mi(—E)) > h°(C1, My) — e + 1. (45)

The fact that E is admissible implies that e; < hO(C 1, M1). Now, as d| > g1, there are
two possiblities:

(@ hO(C1, M) =di — g1 + 1
(b) hO(Cy, My) > dy — g1 +2.

If (a) occurs, p; : W — Pic?! C; is dominant. In fact, by the assumption M) >
8+ 1, there exists an index i # 1 (say i = 2) such that hO(Cs, M) > dr—gr+2,ie. Mp
is a special line bundle on C,. Therefore po(W) cannot be dense in Pic® C>. By
p1(W) is dense in Pich C 1. Therefore we can apply Lemma(with Y=X=C;and
d = d) to deduce that £ imposes independent conditions on M1, a contradiction with
@3).

In case (b) we can assume e; = Ko(cy, M) = di — g1 + 2. So M| is not a general
point in Pict Cy; by [3.1.3] dim p; (W) = g1 — 1. Now @3) is h%(Cy, Mi(—E1)) > 1.
Consider the map

ug, : Wy _, (C1) > Pic" C1, N> N(+E)). (46)

By what we said, Im u g, dominates p1 (W), hence the variety ng ey (C1) has dimension
at least g1 — 1. This is impossible, since (by (7))

dim Wy _, (C1) < min{di — ey, g1} < min{di — (di — g1 +2), g1} = g1 — 2.

Case IV: dim p(W) = ?:1 gi — 1 and h°(Y, M) = 8. If Proposition [2.3.5| applies,
we can argue as for Case II and we are done. Observe that in order for [2.3 é to apply, it
suffices to show that foreveryi = 1, ..., y, every divisor E; € A(M;, v=I(S) N C;) im-
poses independent conditions on M;. Indeed, this implies that every E € A(M, v=1(S))
imposes independent conditions on M. By [3.1.3|there are two possibilities.

(@) pi(W) is dense in Pic% C; for every i.
(b) There exists a unique index, say i = 1, such that dim p; (W) = g; — 1, whereas for
i > 2, pi(W) is dense.

In case (a), M; is general in Pic% C;, hence by and by what we observed above
we can use[2.3.5]and we are done. '

In case (b), we may assume that cannot be applied. Let £ := Z/—l q}]l( ., be an

R ; : =L Th(j)
admissible divisor for M of the same type constructed in[2.3.4] (with the same notation).
Recall from@]that dege, M(—E) = g; — 1 foralli.

If E imposes independent conditions, i.e. if K%Y, M(—E)) = h%(M) — § = 0, we
can apply [2.1.1]i1) to obtain dim Wy, (X) = y — §. This is enough to conclude:

8

)4
dim W < dim p(W) +dim Wy (X) =Y gi—1+8—y =g—2. (47)

i=1
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So, assume that h1°(Y, M(—E)) > 1. We have h°(C;, M;(—E;)) = 0if i > 2, whereas
hO(C1, Mi(—E1)) = 1. As we said, deg M1 (—E1) = g1 — 1; we claim that

h(Cy, M (—E) = 1. 48)
To prove it we argue as for Case III(b). Consider the map analogous to (46):
ug, : Wy, _(C1) — Pic €

mapping N to N(E1). Now dim W;l _1(C1) = g1 —3 (well known); therefore, u}sl cannot
dominate p; (W), whose dimension is g1 — 1. So (d8) is proved.
It is trivial to check that we can assume, for a suitable g € Supp E, that E| = E i +q

with E| imposing independent conditions on M, i.e.
hO(Cy, My (—ED) = 1
so that g is a base point of M(—E/). Therefore
WY, M(—E)) =1

and there exists a point ¢ € E; such that, setting E’ = E — g, the divisor E’ imposes
independent conditions on M. Now let n be the node of X of which the point g is a
branch, and let ' = S ~ n; thus E’ is supported on v='(S’). Let v, : X’ — X be the
normalization of X at n, so that we can factor v as

Yy 5> x5 x
and V' is the normalization of X’. Of course, X’ has 8’ = 8§ — 1 nodes and h°(Y, M) =
8’ + 1. As E’ imposes independent conditions on M, we can apply with respect to
V' : Y — X'. This gives us that Wy, (X") = Fp(X') and, for a general L' € Wy (X'),

X', L) =ny, M)—§ =1. (49)
Consider the following diagram:
. N () L
PicX — PicX' —— PicY (50)
Wy (X) - Fy(X) — M.

Observe that n is not a separating node of X (otherwise, by [1.3.5] X (X) is empty and
there is nothing to prove). Hence v, is a k*-fibration and

dmFy(XY=8 -y +1=56—y.

We now claim that the fiber W;,(X) of Wy, (X) over the general point L’ € Fy;(X’) has
dimension < 0. By {#9) we are in the situation of Lemma[2.2.3] which tells us that the
only case when dim W/ (X) = 1 is when L’ has a base point in each of the two branches
of n. Now this does not happen. Indeed, if i > 2, M; is general and hence has no base
point over Xging; on the other hand, M; varies in a codimension 1 subset of Pich ¢y,
hence it has at most one base point over Xj;,g; therefore we can apply Lemma
Concluding: dim Wy, (X) < § — y. Arguing as in we are done. O
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Example 3.1.4. The conclusion of Theorem 3.1.2 fails if we only assume d to be semi-
stable. The simplest instance of d € X*(X) with Wy (X) reducible is that of a curve
of compact type, X = C; U Cp, where C; is smooth of genus g;, #C1 N C, = 1 and
d = (g1 — 1, g2) (note that d is strictly semistable by [I.3.5). Then

Wa(X) = (Wg,_1(C1) x Pic% C2) U (Pic®' ! € x ©,,(C2))

where g2 € C; is the point over the node and ®,, (C2) :={L €Pic#? C> : h(Cy, L(—q2))
# 0}. The interested reader will easily construct similar, more interesting, examples on
curves not of compact type.

3.2. Dimension of the image of the Abel map

Proposition 3.2.1. Let X be a curve of genus g > 2. Let d € 7V be a non-negative
multidegree such that |d| = g — 1. If d is semistable, then

(a) the general L € Ay(X) satisfies (X, L) =1;
(b) dimAy(X) =g — 1.

Conversely, if d is not semistable, then

(A) forevery L € Ag(X) we have ho(X, L)>2;
(B) dimAy (X)) <g—2.

Proof. 1f d is stable, by Theorem we know that A4(X) = Wy(X), dim Ag(X) =
g—1 (by and that the general point L € A;4(X) has ho(X, L) = 1. So, for the first
half of the statement, we need to consider the case where X is reducible and d semistable
but not stable. Thus, there exists a decomposition X = V U Z, where V and Z are
subcurves of respective arithmetic genus gy and gz, such that V is connected,

dy =gv—1 and dz =gz +ds—1, (5D

where S := VN Z and ég := #S.
Observe that, since d > 0, we get gy > 1. By (II[) we have

g=gv+tgz+ds—1 (52)

Let L be a general pointin A4(X); we can assume that L is a line bundle on X of type L =
Ox (D) where D is an effective divisor of multidegree d supported on the smooth locus
of X. Consider the restrictions Ly and Lz of L to V and Z; we have hO(V, Ly) > 1.
On the other hand, h%(Z, L;) > dy — gz + 1 = &g (by Riemann—Roch and );
moreover, equality holds for a general Ly € Pic?z Z, by Corollary Denote the
partial normalization of X at S by

vg:Ys=VUZ—>X
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and note that Pic? Yg = Pic?v V x Pic?z Z. Set M = viL = (Lv, Lz). Then for L
general

ho(Ys, M) =h°(V, Ly) + h%(Z, Lz) = s + 1, (53)
hence by Proposition (T4), which we can apply by Lemma [2.1.2ffii), we obtain
hO(X, L) = hO(yg, M) — 85 = 1.

Now we compute dim A4(X) using induction on the number of irreducible compo-
nents of X. The case of X irreducible has already been settled. Assume X is reducible; by
what we said above, the pull-back map v§ restricted to A4(X) gives a dominant rational
map (denoted by p)

Ad(X) B Ag, (V) x Pictz Z.
Now recall that |dy| = gy — 1 > 0 by and d, is semistable on V because d is
semistable on X (cf. @]} Furthermore, V has fewer components than X, hence we can
use induction to conclude that dim Ay, (V) =dy = gy — 1.

If M is a general point in the image of the above map p, then by (53) and 2.1,
we see that Wy, (X) = Fy(X). We claim that Wy, (X) C Ag(X). Indeed, recall that M =
v§Ox (D) with Supp D C X, hence there exists an L € Wy (X) (namely, L = Ox (D))
admitting a section that does not vanish at any node of X. Therefore the same holds for
every line bundle in a dense open subset of Wj/(X) (which is irreducible, being equal to
Fpy(X)). This shows that Wy, (X) C Ag(X). Therefore o1 (M) = Fy(X) and

dimAy(X) =gy —1+gz+ds—ys+1=g—1.

Conversely, assume that d is not semistable. Then there exists a decomposition X =
V U Z, where (as before) V and Z are subcurves of genus gy and gz such that

dy <gv—2 and dz > gz + s (54)

where S := V N Z and d5 := #S. Notice that gy > 2 (asd > 0).

We use the same notation as before. Let L be a general pointin A4(X), so L is of type
L = Ox(D) with D > 0 supported on X. We have hO(V, Ly) > 1 and hO(Z, Lz) >
dz —gz+1>d8s+ 1.

Considervg : Y=V I Z — Xandset M = v§L = (Ly, Lz). We have

hO(Ys, M) = h°(V, Ly) + h%(Z, Ly) > 85 + 2, (55)

hence by , hO(X, L) > 2, proving part @) To compute dim A4 (X) consider
again the rational map

Ad(X) 5 Ag (V) x Picdz Z.
Since dim A4, (V) < dy (by Lemma@ we get
dimAy(X) <dy + gz +dim Wy (X) < gy — 2+ gz + dim Wy (X),
using for the last inequality. Thus
dimAg(X) <gv—2+gz+ds—ys+1=g—-2
This proves and we are done. O
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From the proof, it is clear that the farther d is from being semistable, the smaller the
dimension of A4 (X) is. The following fact will be useful later on.

Corollary 3.2.2. Let R C X be a finite set of non-singular points of X and d € ¥%(X).
Then the general L € Ay(X) has no base point in R.

Proof. It obviously suffices to assume #R = 1, so let R = {g}. If L is general in Ay4(X)
we can assume that L € Im a%. Set L' = L(—q) and d’ := deg L'. If ¢ is a base point

of L,then L’ € Im a%. Therefore, if the general L € A4(X) has a base point in g, the
map

Imal — A4(X), L'+ L'(q), (56)
must be dominant. But this is not possible, as dim A4(X) = g — 1 by [3.2.1 whereas
obviously dimIm o < |d'| = g — 2. O

4. The compactified theta divisor

4.0.1. Let X be a connected nodal curve, § C Xiing, 65 := #S and vg : Ys — X the

normalization of X at S. Let
3s

Xs=YsU| JEi (57)
i=1
be the connected, nodal curve obtained by “blowing up” X at S, so that E; = P! for all i
and E; is called an exceptional component of Xg — X (where this map is the contraction
of all the exceptional components of X ). We shall usually denote by M a line bundle on
Xg and by M € Pic Yy its restriction to Y.

4.1. The compactified Picard variety

4.1.1. In what follows we shall recall what the points of P§_l parametrize, and give a
stratified description of it (in ; our notation is that of [[COS]. There is more than
one place where details and proofs can be found, even though some terminology may be
different from ours. We refer to [Al04] for a unifying account and other references.

To begin with, using the notation of f.0.1] the compactified Picard variety, or com-
pactified jacobian, Pﬁ_l, in degree g — 1, parametrizes equivalence classes of stable line
bundles of degree g — 1 on the curves X s as § varies among all subsets of X;ng.

Let us define stable line bundles and the equivalence relation among them. For every
S C Xging consider the blow-up of X at S, 5(\5 =YsU Ufi] E; (cf. ). A stable line
bundle M € Pic? X, s is such that, if we set M := Mys, properties (1) and (2) below hold:
(1) degM € X(Ys);

2) degEl,Mz lfori=1,...,96s.

We call M e Pic? X s semistable if it satisfies (2) as well as (1), where
(1) degM € T%(Ys).
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In other words, a line bundle on X s is semistable (resp. stable) if its restriction to the
complement of all the exceptional components of X s — X has semistable (resp. stable)
multidegree. Two stable line bundles M and M’ on X s are defined to be equivalent iff
their restrictions, M and M’, to Y coincide.

4.1.2. Thus, the points in P§_1 are in one-to-one correspondence with equivalence
classes of stable line bundles. Any such class is uniquely determined by S and by
M € PicYs (provided that ¥ (Ys) is not empty), therefore points of P)"’;*l will be de-
noted by pairs [M, S], where § C Xing and M € Picd Ys withd € £ (Yy).

4.1.3. Although Pf;*] is constructed as a GIT-quotient, our terminology “stable/semi-
stable line bundles” does not precisely reflect the GIT stability/semistability. More pre-

cisely, denote by gx : Hx — PS5~ the GIT quotient defining PS~" (so that Hy is a
closed subset in the GIT-semistable locus of some Hilbert scheme). Note that Hx contains
strictly GIT-semistable points, unless X is irreducible. Our stable line bundles correspond
to GIT-semistable points in Hy having closed orbit.

4.1.4. For technical reasons we need to consider semistable multidegrees that are not
stable. Let d € X%(Ys) be a semistable multidegree of Ys; a node n of Yy is called
destabilizing for d if there exists a connected subcurve Z C Ys such thatn € ZN Z€ and
dz = pa(Z) —1(Z€ =Y ~ Z). We set

S(d) := {n € (Ys)sing : n is destabilizing for d}. (58)

Observe that
Sd) =0 & deX(Yy). (59)
We denote by Ys(d) the normalization of Yg at S(d), so that we have

Vd vs
Ys(d) = Ysus@) > Ys > X (60)

where vy is the normalization map.

Assume that d is strictly semistable, i.e. S(d) is not empty. Then the dual graph of Y
has an orientation such that for every subcurve Z C Yy such that dz = p,(Z) — 1, all
the edges between I'z and I" ;¢ go from 'z to I'z¢ (by[[.3.2). Therefore, if we consider
Ys(d) and use the convention of @ for every destabilizing node n € Z N Z¢, we have
gt € Zand gj € Z€ (abusing notation by denoting Z = vd_l(Z) and Z€ = vd_l(ZC)).
We now introduce a divisor on Yg(d):

T@:= ) g5 and 1(d):=degT(d) (61)
nes(d)

By construction, d — ¢(d) is a stable multidegree for Ys(d). Set
d*:=d —1(d) € Z(Y5(d)). (62)

The following statement summarizes various known facts about P§_l. The only novelty
is that we use line bundles on the partial normalizations of X, rather than torsion free
sheaves on X (as in [AKS0], [OS79], [S194]) or line bundles on the blow-ups of X (as in
[Co4]).
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Fact 4.1.5. Pf‘;_l is a connected, reduced, projective scheme of pure dimension g. It has

a stratification
g—1 _ d
P = I &

Q)Esgxsing
deX(Ys)

such that the following properties hold:

(i) For every § C Xging and every d € X.(Ys) there is a canonical isomorphism

(notation in1.2)
d
Pictvs = PY, M [M,S). (63)

In particular, ifPS4 # ), then dim Pgi =g—9d6s+ys—1L
(i) More generally, for every S C Xsing and every d € X%(Yy) there is a canonical

surjective morphism és Pict Yy — PSQ (notation in |4.1.4) which factors as
follows:

dSl
P s @)t
€5 Piclvs 5 Pic?" Y5(d) — Py (64)

L = viL® Oysa)(— Xpesw 43)

st
where T is surjective with fibers (k*)°, b = 85y — Vs + 1, and e%@ is an iso-
morphism.

(iii) Ing C P;i then S C ' andd > d' (i.e.d; = d] foralli = 1,...,y). In such a
case, #((S' . S) N C;) = d; — d! (recall that X = |J!_, C;)

(iv) Denote by P§_1 the smooth locus of Pg_l. Then
g— 1 ~ - dSy
P ]_[ xsep ]_L Pict X
dex(X) deX(X)

where X — X is the normalization at the separating nodes (cf. |1.3.6) and the
isomorphism is the canonical one described in part ().

leen the normalization of X at all of its separating nodes, X — X, recall from-that
= [;_, X; denotes the decomposition of X into connected components.

Corollary 4.1.6. Pf;_l is irreducible if and only if for everyi = 1,..., c either X; is
irreducible, or every irreducible component C of X; meets X; ~. C in exactly two points.

Proof. Assume first X = X. Then P§_l is irreducible if and only if #X(X) = 1. If X is

irreducible, then £ (X) = {g — 1} so P§_1 is irreducible. If every irreducible component
C; of X meets its complementary curve in two points, calling g; the arithmetic genus

of C;, we have g—1= Z}’Zlgi. Therefore £(X) = {(g;,.-- ,§y)}, hence Pf;*l is
irreducible.
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Conversely, assume that X is reducible and has an irreducible component, C;, such
that §; := #X . C; > 3. Then X may be obtained as the special fiber of a family of
nodal curves X; having exactly two irreducible components intersecting in §; points.

Then #3(X;) = §; — 1 > 2 (cf. |4.2.8), hence Pf;t_l has at least two irreducible com-

ponents. Since Pf;t_l specializes to P~ we find that P)‘g;_l has at least two irreducible
components. So, if X has no separating node we are done.

In general, denote b= #E()? ). Then P§7] is irreducible if and only if b=1; by
[L.3.6] this is equivalent to #%(X;) = 1 forevery i = 1, ..., c. Then the result follows by
applying the first part to each X;. O

Remark 4.1.7. In combinatorial terms, consider the graph 'y obtained from I'y by re-

moving every loop and every separating edge. Then P§_l is irreducible if and only if
every vertex of 'y has valency (or degree) equal to either O or 2.

4.2. Stratifying the theta divisor

We shall now define the theta divisor of P}‘f’:l using the stratification given above. A

natural thing to do is to consider the irreducible strata, PQ, of dimension g of Pf‘;_l,

consider Wy (X) in such strata and then take their closure. Recalling Lemma the
g-dimensional strata are easily listed. First, denote by Xsep C Xiing the set of separating
nodes of X and let X — X be the normalization of X at Xep (as in ). Thlis X is
anodal curve having ¢ = #X;ep + 1 connected components. Finally, set b = #X(X). We
have

o . d -
Lemma-Definition 4.2.1. Let X be a connected nodal curve. Using €g of l| as an

identification, we define the theta divisor ® (X) of P§_1 as

ox) = |J wax) cpr{.

dex(X)
O(X) has cb irreducible components, all of dimension g — 1.

Proof. If X is free from separating nodes (i.e. ¢ = 1) the statement follows trivially from
Theorem Otherwise, let X = X LI - -- I X, be the decomposition into connected
components. Then g = Y {_, pa(X;) and
c
Wy(X) = U(Wdl, x)x [ Pic¥ Xj)

i=1 J#
where d; denotes the restriction of d to X;. Since X; is connected and d; is stable,
Wq, (X;) is irreducible of dimension p, (X;) — 1, hence we are done (cf. [1.3.6). O

Corollary 4.2.2. O(X) is irreducible if and only if either X is irreducible, or every irre-
ducible component of X meets its complementary curve in exactly two points.
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Proof. ByW.2.1} ®(X) is irreducible if and only if ¢ = 1 (i.e. X is free from separating
nodes) and b = 1. -
Assume O (X) is irreducible; then X has no separatini nodes and b = #X(X) = 1.

Hence P§_l is irreducible, by Applying Corollary 4.1.6|we are done.

Conversely, if X is irreducible, then ©(X) is irreducible by Theorem If X is
reducible and satisfies the hypothesis, obviously ¢ = 1. Moreover, arguing as in the proof
of Corollarywe conclude that X has only one stable multidegree: d = (g, ..., §,).
hence ®(X) is irreducible. ]

Remark 4.2.3. In combinatorial terms, let I'} be the graph obtained from I"x by remov-
ing every loop. Then ®(X) is irreducible 1f and only if either I'y is a point, or every
vertex of I'}, has valency (i.e. degree) 2.

Remark 4.2.4. Definition d.2.1] coincides with the one given in [E97] or (which is the
same) in [AI04]], by Theorem [.2.6|below. In particular, © (X) is Cartier and ample.

For the following simple lemma we use the notation in[4.0.1]

Lemma425 Let § C Xgng and M € PicYs. Pick M e PchS such that M|yS =
M and ME OE(1) for every exceptional component E of XS Then hO(XS, M) =
ho(Ys, M).

Proof. (Cf. [P07, 2.1] for an analogous statement.) For any pair of points pi, p» € P!
choose a trivialization of Opi(1) locally at such points; now for any pair a1, a; € k there
exists a unique section s € HOP!, Op1(1)) such that s(p1) = a; fori = 1,2. So, every
section sy € H O(Y M) extends to a unique section of H O(X S, M ) determined by sy and
by the gluing data defining M. Conversely, of course any section in H O(X S5 M ) restricts
to a section of M. ]

Theorem 4.2.6. Let X be a connected nodal curve. The stratification of P§_1 given by
[.1.5]induces the following canonical stratification:

OX) = L[ @% with canonical isomorphisms @% = Wa(Ys). (65)
Q)gsgxsing
deX(Ys)

Equivalently, ©(X) = {IM, S] € P{" : h%(Xs, M) # 0}.

Proof. The equivalence of the two descriptions follows immediately from[.1.5]and Lem-
ma[4.2.5] Furthermore, it is clear that

O(X) C {[M, Sl e PS': h0(Xs, M) #0)
(by upper semicontinuity of 4%). So we need to prove the other inclusion.

Part 1: Proof assuming X is free from separating nodes. In this case, by definition,

o) = J wax).

deX(X)
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We shall use Abel maps (see : recall that a%s is the d-th Abel map of Yg and the
closure of its image in Pic4 Ys is denoted by A4(Ys).

Step 1. Assume #S = 1 and let d € T5(Ys). Then there exists e € X(X) such that (using
Theorem[3.1.2)for the equality below)

€5(Ad(Ys)) C es(Wo(X)) = e5(A,(X)).

In particular, if (M, S] € P§_1 (sothatdeg M € ¥ (Ys)) satisfies #S = 1 and /’lo()?s, 1\7)
# 0, then [M, §] € O(X).

Let M € Picd(Ys) with M € Ag(Ys) and degM = d € £%(Ys). As X is free from
separating nodes, Yy is connected.
N g—1 . .
Observe that, by 1b Py is the closure of its open subset

P =[] Pi= ]] Pictx.

eeX(X) eeX(X)

Therefore there exists an e € X (X) such that 6%(M ) € P@g = Pict X.

Since #S = 1, |d| = pa(Ys)—1 = g —2 = |e¢|— 1. Furthermore, d < e (by[.1.5|(iii)).
Therefore there exists a unique index i € {1,...,y},sayi = 1, suchthatd; = e — 1
and d; = ¢; fori > 2.

Set S = {n}, let vs : Ys — X be the normalization at n, and let C| be the first
component of Ys. Since di = e; — 1, by . I.5|fifi) C; contains one of the two branches
of n; call it ¢;. Let now p, € C1 be a moving point specializing to ¢ .

We can assume that M is a general pointin A4 (Ys) (which is irreducible of dimension
pa(Ys) — 1), in particular that M is in the image of the Abel map, that h1*(Ys, M) = 1,

and that M has no base point lying over n (by and [3.2.2)). Therefore there exists
L € Pic X such that viL = M and L € Ima’y (by[2.2.3(2a)). Set L; := L(p,); then
degL, =d+(1,0,...,0) = e € 2(X)

and L; € Imai, in particular hO(X, L;) # 0. As p; specializes to g1, it follows that

e%(L,) specializes to e%(M ), so we are done with Step 1.

Step 2. For every S such that #5§ > 2 and d € X% (Ys), there exist S’ C S such that
#S' =#S — 1, andad € =% (Yy) such that

ed(Aa(rs)) C LAy (Ye)).

Let d be a semistable multidegree for Y. Consider the dual graph I'y, and an orientation
on it inducing d. Note that I'y, is the subgraph of I'x obtained by removing the edges
corresponding to S. It is clear that if we add to 'y, any edge n of I' (so that n € §),
oriented however we like, we obtain a new oriented graph I'" such that 'y, C I'" C I'x.
Set §" = S ~ {n}, thus I"" is the dual graph of the curve Yg obtained by normalizing X
at S’. Thus we have a map Ys — Yg which is the normalization of Y at n.
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The given orientation on I’ corresponds to a semistable multidegree d’ such that
d'| = |d| + 1 and d’ > d.

From now on we can argue as for Step 1, with Y playing the role of X. More pre-
cisely, if Y is connected, then the argument is exactly the same: start from a general
M € Ay(Ys) and construct a family of line bundles L, = L(p;) € A (Yg) such that p,
is a smooth point of Y specializing to n, and L € A4(Yg) such that L pulls back to M.

Then e%,,(Lt) specializes to e%(M).
If Y is not connected, then the general M € A4(Ys) has hO(M) > 2, and it has no
base point over n (by . We now apply [2.2.4{to obtain L € Im O‘%s, which pulls back

to M. The rest of the argument is the same as before.
This concludes the proof of Step 2.

Step 3. End of proof of Part 1. To prove the theorem, we pick [M, S] € P§_l such that
M € Wy(Ys); since d is stable, we have Wy (Ys) = Aq(Ys) by (applied to every
connected component of Yg).

Using Step 2 we can decrease the cardinality of § at the cost of passing from a stable
multidegree to a semistable one (which is why the assumption for Step 1 is that d is
semistable, rather than stable). Iterating Step 2 finitely many times, we reduce the proof
of the theorem to Step 1. So the theorem is proved for X free from separating nodes.

Part 2: Proof assuming Xep is not empty. Recall that X — X is the normalization of X
at Xgep and X = UJi_, X; denotes the decomposition of X into connected components;
set g = pa(X;). By Fact[d.1.5|we have a canonical isomorphism

C
Py =] py! (66)

and, by Definition another canonical isomorphism

c

o) = J(expy x [T P (67)
=1 i#]
1<i<c

Let [M, S] € Pf}*] be such that h1°(Ys, M) # 0. Now S D Xsep, hence we can factor
vs : Yy XX

and denote Y; = 175_1(X,-), so that Yg is the disjoint union of Yi,..., Y.. Note that
Y; is the normalization of X; at a certain set of nodes, S;, of X;. Therefore, under the
isomorphism (66), the point [M, S] corresponds to the point ([M1, Si], ..., [M, Sc]) €
[T, Pf;’;,_l where M; = My,.

Furthermore, 1°(Ys, M) = Yo hO(Y;, M;), hence there exists an index, say i = I,
such that A°(Y;, M)) # 0. Now, X is free from separating nodes, therefore by the first
part of the proof we obtain [M, S;] € ©(X}). By (67), this implies [M, S] € O(X),
finishing the proof. O
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Example 4.2.7. Let X = C; U Cy with #C1 N C> = 1; then X (X) is empty, while

2(Y)={(g1 —1, g2 — 1)} (Y is the normalization of X). The points of P§71 correspond
to line bundles of muﬁidegree (g1 — 1,82 — 1) on Y or to equivalence classes of line
bundles on the curve X obtained by blowing up the unique node of X. More precisely, if

we order the components of X so that X = Cy U E U C, (where E = P), then Pf;_l
bijectively parametrizes line bundles of multidegree (g1 — 1, 1, go — 1) on X. There is a
canonical isomorphism

PE™' = Pict~! €} x Pic® ™! €.

Now, ©(X) is canonically isomorphic to W, 1 ¢,—1)(Y), which we can easily de-
scribe by means of [[.2.5] We obtain three different cases.

Case 1: g; #0,i = 1, 2. Then ®(X) has two irreducible components:

O(X) = (Wg,—1(C1) x Pic® 71 C2) U (Pic®! ™! €} x Wy,—1(C2)). (68)

Case 2: g1 = 0 and g # 0. Then the first component in is empty and we get
O(X) = Wg,—1(C2) = O(Cy).

Case 3: g1 = g2 = 0. Then ®(X) is empty.
Example 4.2.8. Let X = C; U C, with #C1 N Cp = § > 2; assume C; is smooth (this
assumption can easily be removed) of genus g;. Then g — 1 = g1 + g2 + § — 2. We have

T(X) = {(g1, ©24+8—2), (g1 +1, g2+8—1), ..., (g1+5—2, g2)}, sothat PS™ has 5—1
irreducible components of dimension g. There is a canonical isomorphism (cf. [4.1.5[fiv])

§—2 §—2
P;‘;’_I _ L[ Pﬂ(g1+i,gz+8—i—2) ~ ]_[Pic(g1+i,g2+5—i—2) X
i=0 i=0
For every set S C Xging such that #§ = k with 1 < k < § — 2, we have
EYs)={(g1,82+8—k—=2),....(e1+8—k—2,8)}

so that P)‘%*l has a total of (§ — k — 1)(2) strata of codimension k, each of which is
isomorphic to PicZ Y. If k = 8 — 1 then for any choice of § — 1 nodes, the curve obtained
by blowing up X at such nodes has a separating node, hence X (Ys) is empty. Finally, the
last stratum corresponds to § = Xging and d = (g1 — 1, g2 — 1), and it has codimension
5 — 1. We have

pE-beml = picsi=l ¢} x Pict2 ! .

sing

Now, ®(X) contains § — 1 irreducible strata of dimension g — 1, one for every com-
ponent of Pf’;_l. Indeed, for every d € ¥ (X) we have (9% = Wy (X), which is irreducible
of dimension g — 1, by Theorem [3.1.2}

For every set § C Xgjng such that #S = k with 1 < k < § — 2, Y is connected and
free from separating nodes, so that for every d € X (Ys) we get an irreducible stratum of
dimension g — k — 1 isomorphic to Wy (Ys). If k = § — 1 there are no strata (as before).
If Kk = § we get a stratum isomorphic to the theta divisor computed in Example

(cf. (68)).
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5. Characterizing hyperelliptic stable curves

We conclude the paper with a characterization of hyperelliptic irreducible curves, Theo-
rem[5.2.4] extending a well known one for smooth curves. The irreducibility assumption
is truly needed, as shown in counterexample [5.2.5]

5.1. Irreducible curves

If we restrict our interest to irreducible singular curves, not only does the description of
the compactified jacobian simplifies substantially, but also the same description is valid
for all degrees.

5.1.1. Let X be an irreducible curve. Then the definitions of stable and semistable mul-
tidegrees (given for d = g — 1) coincide and are trivial. Thus, for every normalization
Ys — X ataset S of §5 nodes, we have X (Ys) = X% (Ys) = {p,(Ys)—1} = {g—1—85}.
So, that definition generalizes to all 4, as follows. With the notation of|4.0. 1] [4.0.1] aline bundle
M € Pic? XS is stable if (1) and (2) hold, where (1) degy M=d— 8s, (2) degE =1
foralli =1,...,s. R

The equivalence relation is the same as for d = g — 1: two stable line bundles on X
are equivalent iff their pull-backs to Yy coincide. An equivalence class is thus uniquely
determined by S and by the restriction, M, of M to Yg; we shall maintain the notation of
4.0.Jand .12 —

Exactly as in the case d = g — 1, we have the following. The variety Pg is reduced
and irreducible. It bijectively parametrizes the equivalence classes of stable line bundles
on the curves Xg associated to X as S varies among all subsets of Xing.

Moreover, as in , P)‘g has a canonical stratification into disjoint strata, called Ps,
indexed by the subsets S of Xing. Every Ps has a canonical isomorphism (usually viewed

as an identification) €g : Picd—%s Ys i Ps C P_)‘?. We have

]_[ Py = ]_[ Pic? % ys. (69)

SC Xsing SCXsing
5.1.2. Given a family of irreducible curves, f : X — B, up to a finite base change there
exists the compactified Picard scheme 7 : P_f — B which contains the relative degree-d
Picard scheme of f, denoted Pic}dc, as an open subset (see [[COJ for details). The fiber of
4 over apointb € B is P_)‘éb
In the next lemma we use the notation of[I.2.4] in particular (8).

Lemma 5.1.3. Let v : Ys — X be the normalization of X at a non-separating node n
of X, and set v_'(n) = {q1, q2}. Let M € W, (Ys). Then
() Wy, (X)=01if hO(Ys, M) = r + 1 and one of the two cases below occurs: either
(@) hO(Ys. M —q1 — q2)) = h°(Ys, M) =2, or
(b) up to interchanging q1 with g,

RO (Ys, M) = h°(Ys, M — q1) # h°(Ys, M — q).
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(2) dim W}, (X) = 0iff h°(Ys, M) =r + 1 and
WYs. M—q1—q)=h"Ys, M —qp)=r, h=1.2.

In this case Wy, (X) = {Ly} with WX, Ly) =r+ 1.
(3) dim W;,(X) = 1 iff one of the two cases below occurs:

(@) h'(Ys, M) = h®(Ys, M(—qn)) for h = 1,2,

(b) (Y, M) > r +2,

Proof. It is a straightforward consequence of Lemma[2.2.4] |

5.1.4. We recall a construction due to E. Arbarello and M. Cornalba (cf. [AC81} Sec-
tion 2]). Let h : T — U be family of connected smooth projective curves and assume
that & has a section. Then for every pair (d, r) of integers, there exists a U-scheme
o : Wg’ , — U such that for every u € U, the fiber of p over u is the Brill-Noether
variety W) (h~"(u)) of the corresponding fiber of i. Moreover there is a natural injective
morphism of U-schemes, Wg’ [ PicZ, viewed here as an inclusion.

Now let f : X — B be a one-parameter family of smooth curves specializing to
an irreducible curve X, let by € B be the point over which the fiber is X, and assume
that the restriction of f to U = B ~ bg is smooth. Up to making a finite étale base
change, we may asume that f has a section (this will not affect our conclusion). Denote
by & the restriction of f to U and introduce the scheme WJ’ , — U described above.

Consider the Picard scheme Pic? — B, which is integral, separated and of finite type. Let
Wg’ n C Pic? denote the closure of Wa’,, pin Pic;'f. Thus Wg’ ; 1 a scheme over B; we denote
by W) v == W, N Pic? X the fiber over by. Then, by upper semicontinuity of 4°, we
have W} , C W/ (X). Therefore, if X is the specialization of a family of smooth curves
X such that every irreducible component of W) (Xp,) has dimension at least c (for some
number c), then dim W) (X) > ¢ (i.e. W} (X) has a component of dimension at least c).
In particular: If r > d — g, thendim Wj(X) > p(g,r,d) =g — (r + D(r —d + g).

5.2. Hpyperelliptic stable curves

Some of the subsequent results are probably known to experts, but an exhaustive reference
has not been found.

Let H, C M, be the locus of smooth hyperelliptic curves and Fg its closure in Mg.
We call a singular curve X hyperelliptic if it is contained in Fg (ctf. [HM]).

Some parts of the following proposition can be found in, or easily derived from, [CH]|
and [HM]. We here need a unified statement.

Proposition 5.2.1. Let X be an irreducible nodal curve of genus g > 3 with § nodes and
v : Y — X its normalization. For every node n; set v_l(nj) = {q{, qé}. The following
are equivalent.

(i) There eiists a_line bundle Hy € Pic? X such that WX, Hy) = 2.
(i) [X] € Hy C My (i.e. X is hyperelliptic).
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(iii) There exists a family of smooth hyperelliptic curves X; specializing to X and such
that the hyperelliptic class of X, specializes to a line bundle, Hx, on X.

(iv) There exists a gé, A, on'Y such that qu —i—qé is a divisorin A forevery j =1,...,6
(in particular, h°(Y, q + q3) > 2).

If the above hold, for every j = 1,...,8 we have v:Hyx = Oy(q{ + qg) and A C

P(HO(Y, q{ + qg)*). Furthermore, W21 (X) = {Hx}; Hx will be called the hyperelliptic
class of X.

Remark 5.2.2. The implications (iil)<> (i) and (ifi)=>(i) also hold if X is reducible.

Proof. The implications (iif)=(i) and (ifi)=(ii) are obvious.

@):>. Let vi : Y1 — X be the normalization of exactly one node n; of X. Let
M = v*Hy. Then (gy > 2) hO(Yl,M) =2 = hO(X, Hy). Furthermore, M is base-
point-free, hence we are in case (2)) of Lemma We obtain M = Oy, (‘111 + qZ]) and
Hy is uniquely determined (with the notation of [5.1.3[2), Hx = Ly). Finally, A :=
P(HO(Y;, M)*); set H = M.

If Y; is smooth we are done, otherwise we iterate this procedure as follows. Let v; :
Y> — Y; be the normalization of one node, ny, of Y;. Set

1%) V]
vipg:h =1 — X

and abuse the notation by using the same symbols for points in X, ¥Y; and Y> whenever the
normalization maps are local isomorphisms. Then v, Hy = v3Hi = v;Oy, (¢ 11 + qzl) =
Oy, (qll + qzl). Set H, = v;H; = Oy, (ql1 + qzl). Note that the pull-back of the linear
series Ajto Yaisa g% containing qll + q21; denote it A = vy A1. Now we distinguish two
cases.

Case 1: 6 < g—1,ie. Y # P!, In this case we certainly have p,(Y2) > 1, hence
hO(Yz, H,) = 2; thus we can argue as in the previous part to obtain H, = Oy, (q]2 + q%)
and Ay = P(H(Y2, g{ + ¢3)*) for j = 1, 2. This procedure can be repeated so we are
done.

Case 2: Y = P'. We can argue as for Case 1 only for § — 1 steps, arriving at

v:Y:IPng(g,l—)X

where Ys5_1 has only one node and all the above morphisms are birational. Furthermore,
forevery j = 1,...,8 — 1 the pull-back to Y5_; of Hy is Oyafl(qu + q{) and Ag_| =
P(H(Ys-1. 4] +q3)").

Now let A := viAs_1 C P(HO(Y, ©(2))*). Forevery j = 1,...,8 — 1 the divisor
q{ + q{ belongs to A by construction. To prove that also qf + qg belongs to A we repeat
the same construction with respect to a different ordering of the nodes of X, for example
by switching ns with n1. As A is uniquely determined by Hy, and as § > 3, we are done.

(=) set M = Oy(g] + ¢f) (for all j). If ¥ # P! we have hO(¥, M) = 2
and hO(Y, M — q{ — qg ) = 1, so the proof is a straightforward iterated application of

Lemma[5.1.3|2).
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If Y = P! we have h°(Y, M) = 3 and M has no base point. Let vy : ¥ — X be the
map that glues only one pair of branches, say qf, qg, so that p,(X1) = 1. Then for any
M, € Pic X such that vy M1 = M we have (X, M1) = 2. Pick M| = Ox] (q1 +q2)
(abusing notation); we claim that forevery j = 2, . — 1 we have Oy, (q1 +q2) = M.
This follows from the fact that, on Y, the divisors ‘11 + q2 all belong to the same gz, A.
Indeed, recall that a line bundle on X is uniquely determined by its pull-back to Y, M,
and by the constant ¢ € K* gluing the two fibers M 4 S M 4 via the multiplication by c.
Furthermore, if s € H(Y, M) does not vanish at qf and qg, setc(s) = s(qg)/s (q‘ls); then
c(s) determines a unique line bundle L; which pulls back to M and such that the section
s descends to a section s € HY(X, L;). Now, for every j =1,...,6,lets; € HO>Y, M)
be such that div(s;) = q{ + qé. Then M| is uniquely determined by c(s;). By hypothesis,
the § sections s; span a two-dimensional subspace of HO(Y, M) and s (qf) = 55 (qg) =0
therefore we have c(s;) = c(s1) for every j < 6 — 1, proving that OX1(41J + qé) = M
if j <8 — 1 (indeed, div(5}) = q] +4g3).

The claim enables us to complete the argument, again by Lemma [5.1.3|(2).

. IfX e Fg there exists a family of hyperelliptic curves specializing to X.
Up to a finite base change, we get a family f : X — B where B is some smooth curve
with a marked point by € B such that the fiber X;,, b # by, is smooth and hyperelliptic,
and the fiber over b is X. Moreover, we get a line bundle H on X ~. X whose restriction
to X} is the hyperelliptic line bundle on X,. The data (¥ — B, H) induce a canonical
map i from B \ bg to Picjzc such that 1(b) € Pic? X}, is the hyperelliptic class of X},

forall b € B ~\ by. As B is a smooth curve,  extends to a regular map 4 : B — P_]?
(see5.1.2).

We claim that pu(by) € Pic’ X C P_)% - P_f2 By contradiction, suppose u(bg) is a

boundary point of P2 Then p(bg) = [M, S] where § C Xgjpg with 65 = #S > 1 and
M € Plc2 % yg. Smce degM < 1 we have ho(Ys, M) < 1.By Lemmawe get
hO(X S, M ) < 1 for any representative M for [M, S]. But M is the specialization of line
bundles having #° > 2, so this is impossible. The claim is thus proved, and so is the
implication (i)=- ().

Finally, we prove that :>. Let us denote by G C Mg the locus of curves
satisfying (iv). We claim that G is irreducible of dimension 2g — § — 1. Assume first
8 < g — 1; then G is the locus of irreducible curves X with § nodes such that on the
normalization ¥ we have h°(Y, q'l’ + q'zl) = 2 and if § = g — 1 we need to impose also

q{ + qé ~ q{ / + qé . Thus a curve in G is determined by its normalization Y and by the
choice of § linearly equivalent divisors of degree 2on Y. Asdim H, s =2(g —3) — 1 we
getdimG = dim Hy s +38 = 2g —§ — 1. Moreover, G is irreducible because so is Hg_s.
If§ = g,i.e. Y = P!, an element in G is determined by a g; on P! and by § divisors in
it, everything up to automorphisms. This yields dimG =2+6 -3 =46 — 1.

Now denote by Ag the closure in Mg of the locus of irreducible curves with § nodes.
It is well known that codimﬁg Ag = §. Therefore dim(Fg N Ag) >2¢g—1—=2§ (as
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dim H, = 2g — 1). Note that :> (we proved ::>:>), hence Hy N A}

C G. As dimﬁg N Ag > dim G, this inclusion is an equality and we are done. O

The next lemma is easy to prove for smooth curves (cf. [ACGH, p. 13]); our proof of the
generalization is elementary and maybe known, we include it for completeness.

Lemma 5.2.3. Let X be a hyperelliptic irreducible curve of genus g > 3; let d and r be
suchthat2 <d < gand0 < 2r < d. Then dim W) (X) =d — 2r.

Proof. By definition, X is the specialization of some family of smooth hyperelliptic
curves. The variety W), (C) of a smooth hyperelliptic curve C is irreducible of dimension
d — 2r. Therefore, by the construction of W/ (X) has dimension at least d — 2r.
So, it suffices to prove that every component of W} (X) has dimension at most d — 2r
and that there exists one component for which equality holds. Furthermore, using the
“residuation” isomorphism

W) S WSS X, L Kxe L7 (70)

we can reduce ourselves to proving the result ford < g — 1.

Consider the partial normalization v, : ¥, — X of one node n of X and let p, :
W) (X) — W, (Yy) be the pull-back map. By Proposition we have v*Hyx = Hy, =
Oy, (@1 + q2), where v (n) = {q1, ¢2).

We use induction on §. Suppose § = 1. We omit the subscript n (i.e. Y = Y},); now
gy = g — l and Y is a smooth hyperelliptic curve. W), (Y) is irreducible of dimension
d—2r.Let U C W)/(Y) be the open dense subset U = W) (Y) \ WJ‘H (Y).Pick M e U.

Then (JACGHL p. 13]) M = HZ (X7 pi) with hO(Y, p; + pj) = 1 forall i # j.
By Lemma [5.1.3] W}, (X) is either empty or a single point; more precisely, Wy, (X) is
not empty exactly when neither ¢; nor ¢, appear among the p; (as h'®(M — q1 — q) =
M e H;l) = h%(M) — 1). In this case every v(p;) is a smooth point of X, which

we call again p;; observe that ho(X, H?’ (Zfl:_lzr pi)) = r + 1, therefore we necessarily

have W;,(X) = {Hff’r (Z?;lzr pi)}. We conclude that p, dominates U; more precisely,
W (X) has a unique irreducible component of dimension equal to d — 2r dominating U.
We have also found that p,~ L(U) consists of line bundles of the form H X (Zf;lzr pi) with
hO(X, pi + pj) = 1 foralli # j.

The complement W;H (Y) of U has dimension d — 2r — 2 and the generic fiber of p,
over it is a k*. Hence dim ,or_l(WJ‘H(Y)) =d — 2r — 1, so we are done.

Now assume é > 2. By the induction hypothesis, W (Y},) is irreducible of dimension
d —2r and Wd’Jrl (Yy) is either empty or irreducible of dimension d — 2r — 2. We proceed
asford = 1;set U = W)(Yy) \ WC;'H(Y,I) so that U is irreducible of dimension d — 2r.
By what we proved before, U contains a non-empty open subset U,, consisting of line
bundles M of the form M = H" (Y¢=1" p;) with hO(Y,,, p; + pj) = 1 forall i # j. By
a trivial dimension count we can disregard U ~\. U, and concentrate on U,.

Let U, C U, be the open subset of M having neither g; nor ¢, as base points; by
Lemma W}, (X) is a single point for every M € U,, and Wy, (X) = #if M ¢ U,.
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Therefore W}, (X) has a unique irreducible component of dimension d — 2r dominat-
ing U,. The rest of the proof is the same as for § — 1. O

The next result is well known if X is non-singular.

Theorem 5.2.4. Let X be irreducible of genus g > 3. Then

g — 3 if X is hyperelliptic,

) 1 _
dimW,_(X) = { g —4 otherwise.

Proof. 1If X is hyperelliptic this is a special case of Lemma[5.2.3] so we will assume X
is not hyperelliptic. Now, for every smooth curve C of genus g > 3, every irreducible
component of W;q (C) has dimension at least g — 4 (and equality holds if and only if C

is not hyperelliptic). Therefore by , dim W;fl (X) = g —4, hence it suffices to prove
that
dimW, (X) <g—4 (71)

(i.e. every irreducible component has dimension at most g — 4).

If g = 3 then W2l (X) is empty; this follows immediately from Proposition
(namely, from the fact that if W21 (X) # ¥ then X is hyperelliptic). So we shall assume
g > 4 from now on. Since X is not hyperelliptic, by Proposition [5.2.1] there exists a
node n of X such that, denoting by v : ¥ — X the normalization of X at only n and
{q1, 2} = v~ (n), we have

WY, q1+q2) = 1. (72)

Let us fix such a normalization, denote by gy = g — 1 the genus of Y and consider the
pull-back map
pr: W 1 (X) = Wo_y(¥) = Wy, ()

defined by p; (L) = v*L. Recall that ngy(Y) = Wgy_z(Y) (by ), hence

dim W, (Y) = dimW,,_,(¥) =gy —2 =g —3. (73)
The fibers of p; have obviously dimension at most 1. Set Im p; = Iy U I; where

I ={Melmp; :dimp; ' (M)=j}, j=0,1.
We shall prove by showing that

dim/ly < g — 4, (74)
dim/l; <g-—>5. (75)

To prove we begin by observing that is equivalent to
WY, wy(—q1 = 42)) = gy — 2. (76)

Now it is easy to check that there exists a dense open subset U C W;,)y_z(Y) such that
hO(Y, wy(—q1 — g2) ® N~y =0 forall N € U (using . Equivalently

WY, N +¢q)) =1, VNeU. (77)
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This implies that the map

u: Wgy_2(Y) — Pic!” Y, Nt N(q1+q2), (78)
satisfies
dim(u(W,, H(Y) N Wy, (V) < dim Wy _,(¥) =gy —2. (79)
Now by Lemma[5.1.3| we have

Ip={M e Wy, (¥): h'*(M —q1 —q2) =h°(M —qp) =1, h=1,2}.  (80)

Therefore Iy C u(Wgy_z(Y)) N Wg}y (Y); by 1i we obtaindim/lp < gy —3 =g — 4,
proving (74). To prove we apply Lemma[5.1.3]to get

It ={M € Wg, (V) : K%M — q1) = h°(M — o) = '°MDYU WG, (V). (8D)

sowe set I = J, U J, where J, := {M : h%M — q;,) = h°%(M) > 2, h = 1,2} and
Jp = Wg, (Y).
The residuation isomorphism (70)) gives

Wy, (V) = W2 (Y) = . (82)

Assume Y is hyperelliptic. Then by Lemma[5.2.3| we get dimJ, = gy —4 = g — S as
wanted. Furthermore, we have an injective map

Jo > Wy, ,(Y), M M(—q1 — q). (83)

hence again by Lemma we derive dim J, < dim Wgyfz(Y) =gy —4=g-5,
finishing the proof when Y is hyperelliptic. To conclude, observe that if holds in
the special case of Y hyperelliptic, it necessarily holds in the generic case when Y is not
hyperelliptic, so we are done. O

Example 5.2.5. The irreducibility hypothesis on X cannot be removed from Theo-
rem [5.2.4] To see that, let X = C; U C, be the union of two smooth curves meeting
in one node n of X; let g; € C; be the point corresponding to that node. Recall that X is
hyperelliptic if and only if ho(C;, 2g;) =2fori = 1,2 (cf. [CHI]).

For any such X, a description of P§71 and of its theta divisor has been given in

Example We identify P)g(_1 = Pic&1=1&-D ¢, U, = Pic®~! € x Pics2~1 ¢,
and ©(X) = (Wg,—1(C1) x Pics2~! C2) U (Pic¥1~! €| x Wy, 1(C2)). Thus we naturally
define

Wi 1y (X) =Wl 1, 1)(C1UCy) C O(X).
Let us pick C; hyperelliptic of genus g > 3 and C; non-hyperelliptic of genus
g> > 3. Hence X is not hyperelliptic. Now we claim W;fl(X) has a component of
dimension g — 3. Indeed, consider W;rl (C1) x Pic#2~1 C,. Since C is hyperelliptic,
dim ng—l(cl) = g1 — 3, hence

dim(W, _(C1) x Pic® ™' C2) = g1 =3+ g2 =g - 3.
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On the other hand, it is clear that W;l_l(Cl) x Pice2~1c, ¢ wl

(e—1) (X) (indeed, for

every M € W;lf1 (Cy) x Pic82~1 ¢, we have h(C; U Cp, M) > 2).

Acknowledgments. 1 wish to thank Juliana Coelho and the referee for several useful remarks.
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