GEOMETRY OF TROPICAL MODULI SPACES AND LINKAGE
OF GRAPHS
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ABSTRACT. We prove a “linkage” theorem about graphs, study the topological
properties of moduli spaces of tropical curves, and use the linkage theorem to
prove that these moduli spaces are connected through codimension one. The
linkage theorem says: two p-regular graphs with the same first Betti number
can be obtained from one another by a finite alternating sequence of one-edge-
contractions; moreover this preserves 3-edge-connectivity. We prove that the
moduli space of tropical curves is Hausdorff.
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1. INTRODUCTION

This paper is made of two distinct parts, with the second partially motivating
the first. The second part studies the moduli space of tropical curves of genus g > 2
as a topological space. In order to establish certain connectedness properties, we
encounter some questions about graphs which are of interest in their own right; the
solution of these graph theoretic problems occupies the first part of this paper.

Let us describe the two parts in some details. The first is concerned with clas-
sification of p-regular (every vertex has valency p) connected graphs. It is quite
easy to see that there exists a unique 1-regular graph, namely two vertices joined
by a unique edge. Similarly, 2-regular graphs are classified by the number of their
edges, indeed there exists a unique 2-regular graph with n-edges: the cycle on n
vertices, and these are all the 2-regular graphs. As soon as p > 3 the situation
gets complicated; as a matter of fact, as far as we are aware of, the number of 3-
regular graphs with fixed first Betti number is not known. And this number would
be very interesting for several reasons; for instance, it counts the 0-dimensional
combinatorial cycles in the moduli space of Deligne-Mumford stable curves, M,.

Our main result in the first part of the paper is Theorem 3.3. This states,
first of all, that any two p-regular connected graphs I and I, with the same first
Betti number, are “linked”, i.e. they can be obtained one from the other with a
finite sequence of alternating one-edge contractions as follows. There exists a finite
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sequence

(1.1) Lopyr =17

r=ry I . e

where every arrow is the map contracting precisely one edge and leaving everything
else unchanged. Also, every odd-indexed graph in the diagram above is p-regular.
Secondly, we prove that if I' and IV are 3-edge-connected there exists a diagram
as above where the graph I'; is 3-edge-connected, for every i = 1,...,2h + 1.
This second part makes the proof seriously more complicated, but it does play
an important role in the application of this result to the second part of the paper.
We refer to this property as the “conservation of 3-edge-connectivity”.

In case p = 3 the result, without the conservation of 3-edge-conectivity, is due
to A.Hatcher and W.Thurston [HtT80], by a non combinatorial argument; a com-
binatorial proof valid for simple graphs is given by Y.Tsukui [T96].

Our proof is purely combinatorial. We first reduce it to hamiltonian graphs (in
Section 2), and then show that every hamiltonian graph is linked to a special type
of graph called the p-polygon (in Section 3).

Now we turn to the part concerning moduli of tropical curves, which begins from
Section 4. In this paper we use the definition of tropical curve given by S. Brannetti,
M. Melo and F. Viviani in [BMV], which is a generalization of the original one
due to G. Mikhalkin (see[Mi07]), here called “pure tropical curve”. Albeit slightly
more complicated, the generalized version has the advantage that the moduli space,
M ;mp, of tropical curves of genus g > 2, is closed under specialization, while the
moduli space of pure tropical curves is not. See subsection 4.1 for more details.
Notice however that essentially everything that we will prove for tropical curves
holds for pure tropical curves. The crux of the matter is that, by [MiZ08], to every
tropical curve is associated a metric graph (plus a weight function when using the
generalized definition). In this perspective, the moduli space of tropical curves can
be interpreted as a moduli space for metric graphs with valency at least 3.

A motivating observation for us was that the connectedness properties of M, ;mp
and of related moduli spaces, such as the Schottky space, S ch;“’p (i.e. the quotient
of M;mp via the Torelli map, see subsection 5.6), are equivalent to the linkage
properties of graphs studied in the first part of the paper. More precisely, it is
quite easy to see that M, ;“’p and Sch;”p are connected, however a stronger property
holds. To explain this we need to give some structure to M, ;r"p. In this paper we deal
with M, ;“’p as a topological space; this enables us to work with a slightly simpler
definition than that the one used in [BMV]. Our definition makes the topological
properties somewhat more evident; for example, we prove in Theorem 5.2 that
M, ;mp is a Hausdorff topological space, a fact that was not known.

Although it is not known whether M*P is a tropical variety, in [BMV] the
authors show that it is a so-called “stacky fan”, something close to a tropical
variety. See [Mi05], [GKMO09], [MaS], [Mi] for more on this and related issues.

The space M is endowed with a finite decomposition M{™P = [[;.; M; where
each M; is the quotient of a connected topological manifold by a finite group, and
M;mp is the closure of the union of those M; having dimension 3g — 3. Every M;
has a clear geometric interpretation, for example the above mentioned dense union

M8 = 11 M; c Myer =T M
i€l:dim M;=3g—3 il
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parametrizes tropical curves whose underlying graph is 3-regular and has first Betti
number equal to g. Moreover M;°® is open in M, gtmp. It is easy to see that Mg is
not connected.

As M ;”’p is connected one naturally asks: if we add to M all strata M; of
codimension one (i.e. of dimension 3g — 4), do we get a connected space? Or, in
modern terminology: is M, ;mp connected through codimension one?

This question is particularly interesting as tropical varieties are always connected
through codimension one (see the Structure Thm. in [MaS, Ch. 3]). The answer
to the question is yes, and this follows from the linkage property treated in the first
part of the paper.

Next, by the tropical Torelli theorem of [CV09] the Schottky locus Sch;mp is
the image via the Torelli map of the locus in M ;“’p parametrizing 3-edge-connected
tropical curves. This motivates our interest in 3-edge-connected graphs. Indeed,
the fact that graph linkage preserves 3-edge-connectivity (Theorem 3.3), implies
that S’ch';"p is connected through codimension one; see Proposition 5.9.

Acknowledgments. T am very grateful to Margarida Melo and Filippo Viviani for
their precious remarks on this paper and its previous versions.

1.1. Terminology. Throughout the paper, unless otherwise specified, we assume
that g and p are two integers with g > 2 and p > 3.

All graphs are assumed to be finite and connected. Throughout the paper I’
denotes a graph, E(T") the set of its edges and V(I') the set of its vertices. Every
e € E(T) joins two, possibly equal, vertices, which we call the ends of e. If the two
ends of e coincide we say that e is a loop. The first Betti number of T is

bi(I') = [EI)] = V()| + 1.

Following the standard terminology (see [D97]) a connected graph T is called

(1) p-regular if every vertex has valency (or degree) equal to p;

(2) a path if its first Betti number is equal to 0, and if it contains no vertex
of valency > 3. A path T satisfies |V/(I')| = |E(T')| + 1; we shall say that
|E(T)] is the length of the path.

(3) a cycle if it is 2-regular. A cycle has b;(I') = 1, and hence an equal number
of edges and vertices; this number will be called its length.

(4) p-edge-connected if |V(I')| > 1 and if I' \ F' is connected for any F C E(T)
with #F < p.

1.2. Linkage. Let e € E(T') be an edge of a graph I'. Let I'/e be the graph obtained
by contracting e to a point and leaving everything else unchanged ([D97, sect 1.1.7]).
Then there is a natural surjective map o : I' — I'V; we call o the contraction of e.
More generally, if S C E(T') is a set of edges, we denote by I'/S the contraction of
every edge in S, so the map I' — I'/S is the composition of all the contractions of
the edges in S.

Remark 1.3. Let 0 : T' — I'/e be the contraction of e as above.

(1) If e is not a loop by (I') = b1(I'/e) (otherwise b1 (I') = b1(I'/e) + 1).
(2) If T is p-edge-connected so is T'/e.

Definition 1.4. (1) Let I'; and I'y be two graphs. We say that I'y and I'y are
strongly linked if for ¢ = 1,2 there exists a non-loop edge e; € E(I';) such
that the contraction of e; and the contraction of e coincide, i.e.

Iy 25Ty /e; =Tafeq <2 Ty,

and o1(e1) = oa2(ez) (i.e. e; and ep are mapped into the same vertex).
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(2) Let I" and I” be two graphs. We say that I" and I are linked if there exists
a finite sequence of graphs

[=T,Ts...,[pg, Ty =T
such that I'; and T';_; are strongly linked, for every i =2,... n.

Since we are particularly interested in 3-edge-connected graphs, we need the
following variation on the previous definition.

Definition 1.5. Let I' and I be two 3-edge-connected graphs. We say that I' and
I are 3-linked if there exists a finite sequence of 3-edge-connected graphs

[=Ty,Tg...,0p g, T =T
such that I'; and I';_; are strongly linked, for every i =2,...,n.

Remark 1.6. Being linked, or 3-linked is an equivalence relation. Two linked graphs
have the same number of edges and the same number of vertices.

Example 1.7. The picture below represents two strongly linked 3-regular graphs,
with the graph 'y /e; (not drawn) equal to I's/es . Ty is a so called Petersen graph.

v1 ug [

1

I'N= e—e °
vy ® v1o®
1)4l l 3 Vg 3

FIGURE 1. Petersen graph strongly linked to a hamiltonian graph.

Remark 1.8. Let T’ be a p-regular graph with p > 3; set b = b;(I"). We have
[E(T)| = [V(T)|p/2 hence

(p—2)[V(D)] _ -2 _pb=1)
—y o VDI= b2 and |E(F)|—pj-

If T is 3-regular, |E(T")| = 3b — 3 and |V(T')| = 2b — 2.

b=1+

2. p-REGULAR HAMILTONIAN GRAPHS

Definition 2.1. A graph I' is called hamiltonian if |V(I')| > 2 and if it contains a
hamiltonian cycle, i.e. a cycle passing through every vertex. A p-regular hamilton-
ian graph free from loops will be called a p-hamiltonian graph.

Examples of p-hamiltonian graphs are all the graphs in figures 3 and 5. In Figure
1, the graph T's (on the right) is hamiltonian, with b;(I's) = 5, whereas the graph
T'y is not hamiltonian. So, Example 1.7 implies that the non hamiltonian graph I'y
is linked to the 3-hamiltonian graph I's. This is true in general, by the following
Proposition 2.2.

In the next two proofs we will use the following not very standard terminology.
To every edge e of a graph I' we associate two half-edges, h and h’, defined as
follows. Call v,v" € V(T') the two (possibly equal) ends of e. Then h and b’ are line
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segments such that h C e, ' C e, e = h UM’ and such that each of them contains
precisely one end of e, so v € h and v’ € IV/.

There are obviously many possible choices for the half-edges of any edge; however
everything we will say does not depend on such a choice. For example: the valency
of any vertex v € E(I") is equal to the number of half-edges of I" touching v.

Proposition 2.2. FEvery p-regular graph T is linked to a p-hamiltonian graph. Ev-
ery p-reqular, 3-edge-connected graph is 3-linked to a 3-edge-connected p-hamiltonian
graph.

Proof. Let T' be our p-regular graph, and b = b;(T"). Call ¢(T") the maximal length
of a cycle contained in I'; by Remark 1.8 ¢(T') < |[V(I')| = 21)1’%22 We shall use
descending induction on ¢(T"). If ¢(T") = 2:%22 there is nothing to prove, so the basis
of the induction is done.

Assume ((I") < 2b 2: let A C T be a cycle of length ¢ = {(I").

We shall explicitly construct a p-regular graph, I's, strongly linked to I' (with
the notation of Definition 1.4 we have I'y = I'), and such that ¢(T'z) > ¢(T). If '
is 3-edge-connected so will be I';. Using the induction hypothesis on I's will suffice
to complete the proof. Denote V(A) = {vy,...,v,} C V().

The coming construction is pictured in Figure 2.

Pick a vertex v € V(I') such that v € V(A) and such that there is an edge e
joining v to one of the vertices of A; obviously e ¢ E(A). We can assume, with
no loss of generality, that the ends of e are vy and v. Let us call e; and ey the two
edges of A meeting at v;.

Since v has valency p, there are p — 1 half-edges containing v and not contained
in e; let us call them hq,...,hy,_1. Similarly as v; has valency p there are p — 3
half-edges containing v; and not contained in e, e; or eg; we call these hy, ..., hop_4.
It is clear that no half-edge h; lies in A. Consider the contraction of e

o1: =T —T/e=T".

It is clear that w := o1 (e) is a vertex of valency 2p — 2, indeed the images via o1 of
e1,€ee, i, ... hop_4 all touch w, and there is no other edge touching w.

Now we perform a valency reducing extension on w (cf. [CV09, A.2.2] ); namely
we introduce an edge contracting map from a new graph I's

022F2—>F/

such that T is obtained from I's as the contraction to w of a unique edge, which
we call eg11; hence o9(esy1) = w and o9 leaves everything else unchanged. The two
ends of ey 1 are two vertices of valency p, which we call ug1,u1 € V(I'2). In 'y we
distribute the 2p —2 half-edges h1, ..., hop—a so that p—1 of them touch u; and the
remaining p — 1 touch us11. Moreover we have the (old) edge e; touching uy, the
old edge e, touching w41, and the new edge eyy1 joining w; with ueqq1. Therefore
the graph I’y is p-regular. Summarizing, we have
FQ i F2/€g+1 = F/e & r

Therefore ' and T’y are strongly linked. Now the given cycle A C T' is mapped to
a cycle of the same length by oy, whereas o, ' (01(A)) is a cycle of length at least
¢+ 1 (as it contains the vertices {uy, va,...,ve, upr1}). Therefore £(T') < ¢(T'z).

It is clear that by iterating this construction we arrive at a p-regular graph T
with E( ) = 2b — 2, so that T is hamiltonian graph. It is also clear that [and T
are linked.

Now suppose that I" is 3-edge-connected; then I is also 3-edge-connected by Re-

mark 1.3. To prove that Tis 3-edge-connected we need to prove that the extension
of w used during the proof may be constructed so as to yield a 3-edge-connected
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graph I's. This follows from the proof of [CV09, Prop. A.2.4], with trivial modifi-
cations. N
Finally, the fact that we can take I' free from loops follows from lemma 2.3. W

The next picture illustrates the previous proof. We represent the relevant por-
tions of I' (on the left) of IV and of I'y. The vertices vo and vy belong to the cycle
A, hence they are joined by a path (not drawn) not intersecting h; and ho.

.//0\. h3 h4

vV ey i el Vo p oy \w/ Vo . 'uzue+1/—\u1 v2
[ ] { ] @ 1 o——© @ 2 .—.T.i.

h4/ Pe+1

! e hi ho h1 ha
hg\
o—eol o
hl hz

FIGURE 2. The procedure increasing the length of A (proof of 2.2).

Lemma 2.3. FEvery p-regular hamiltonian graph is linked to a p-hamiltonian graph.
FEvery p-regular hamiltonian 3-edge-connected graph is 3-linked to a p-hamiltonian
3-edge-connected graph.

Proof. Tt suffices to exhibit a procedure which decreases the number of loops, pre-
serving the property of being hamiltonian, p-regular and 3-edge-connected.

Let A C T be a fixed hamiltonian cycle; denote by E(A) = {e;,...,e:} and
V() ={v1,...,v:} with e; joining v; and v;41 as usual. Suppose that I' contains
a loop ¢, and assume (with no loss of generality) that this loop is based at v;. Let
{1 and ¢ be the half-edges of the loop (so ¢; and ¢ touch v1). We know that v,
is connected to vy by the edge e;. Since vo has valency p > 3 there is a half-edge
h touching v, not contained in the hamiltonian cycle A, and not contained in an
edge touching vy (for otherwise vy would have valency less than that of v1). Let us
consider I'/e1, and call w the vertex into which e; is contracted. The valency of w
is 2p — 2.

Let 'y be the graph obtained from I' by changing the loop ¢ into an edge, called
f1, joining v; with vy, and by changing the half-edge h into a half-edge touching
v1. This operation does not create any new loop (as the edge of I' containing h
does not touch vy ), and eliminates the loop £. So the number of loops of I's is less
than that of T'. It is clear that T's is p-regular (we added and removed a half-edge
from vy and vy, and left everything else unchanged). The hamiltonian cycle A is
clearly contained in I'y, so I'y is hamiltonian. Finally, I'/e; = I's/eq, so I’ and T's
are strongly linked.

It remains to show that if " is 3-edge-connected so is I'y. This follows from
[CV09, Prop.A.2.4], in fact the extension of w given by I's — I'/e; is the same as
in Step 1 in the proof of that proposition (with obvious modifications). |

2.4. Normalized form of a p-hamiltonian graph. Let I" be a p-hamiltonian graph,
with b := b;(I'). We fix a hamiltonian cycle and call it A; let v = |V(I')| be the
length of A. The choice of A induces the normalized form of T', which consists of
the following. The edges of I' which do not lie in A will be called chords. The
number of chords of T is easily computed:

(2.1) Number of chords of ' = |[E(T")| — v = p;b 21) — 2;5) 21) =b-—1.
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The vertices of I' will be ordered according to the cyclic structure of A, i.e.
V(T) = V(A) = {v1,v2,...,v,} so that there exists an edge e; € E(A) C E(T)
joining v; with v;4q1 for every ¢ = 1,...,v (with the cyclic convention v,41 =
v1); hence E(A) = {e1,...,ey}. The starting vertex v; can be picked arbitrarily;
furthermore, for any choice of vy, there are two cyclic orderings of the vertices
(corresponding to the two cyclic orientations of A). We call such a labeling of the
vertices a compatible labeling. A normalized form will always be endowed with some
compatible labeling, which we will be free to change.

2.5. Chords of a hamiltonian graph in normalized form. Let T be a p-hamiltonian
graph in normalized form, as in subsection 2.4. Every chord has two distinct ends
(T being free from loops). We shall denote by d; ; a chord joining v; with v;, and
always assume ¢ < j. If p > 4 there may be more than one chord joining v; with
vj; if we need to distinguish between them we will use superscripts, i.e. we denote
{d*;, a=1,...,m} the chords joining v; and v;; notice that m < p — 2.

We also need a notation for a chord of which only one end is known. So, the
chord having one end at the vertex v; and the other end at some other vertex will
be denoted d; ..

Let d;; be a chord as above. Then d;; determines two paths of the cycle A,
namely the two paths A and A’ contained in A, having extremes v; and v;. Hence
ANA = {v;,v;} and AUA" = A. We call such two paths the sides of d; ;. It is
obvious that one of them has length 7 — ¢ and the other has length v — 5 +¢. We
define its amplitude, o(d; ;), as the minimum between these two lengths:

(2.2) a(diy) o= minj — i,y — j + i},
It is clear that «(d; ;) does not depend on the choice of the (compatible) labeling.

Lemma - Definition 2.6. Let I' be a p-hamiltonian graph in normalized form.
Set y = [V(I)] = (2b1(T") = 2)/(p — 2).
(1) For any chord d; ; we have 1 < a(d; ;) < /2. If a(d; ;) < v/2 —1 we say
that d; ; is short.
(2) Letd, ; be a short chord. The side of d; ; having length o(d; ;) will be called
the short side of d; ;.
(3) If a(d; ;) = |v/2] for every chord, or equivalently, if T has no short chords,
then T' 1s uniquely determined, it will be denoted by 115 and will be called
the p-polygon with ~ vertices (see Figures 3 and 4).
If v is even the graph 11 has p — 2 chords between v; and v;i. /2 for
every i =1,...,(y—1)/2, and no other chord.
If v is odd then p is even. For everyi=1,...,(y—1)/2, the graph I}
has (p —2)/2 chords between v; and v (y_1y/2, (p—2)/2 chords between v;
and viy(y41)/2, and no other chord.

Proof. Since I' has no loops we have, for any chord d; j, 1 < a(d; ;). If v is even
(respectively, odd) the maximal amplitude of a chord is obviously 7/2 (respectively,
(v 1)/2).

Now let v be even. If there are no short chords, every chord is of type d; ;1. /2
for i = 1,...,7/2. Moreover, every pair of vertices v;, v;4-/2 is joined by exactly
p — 2 chords, because I' is p-regular. This shows that I' is uniquely determined.

Now suppose that v is odd, and that I' has no short chord. Then every chord
is either of type d; ;4 (y—1)/2 or of type d; ;i (y4+1)/2. Since |E(I')| = py/2 we have
that p is even; set r = (p — 2)/2. For every vertex there are 2r chords touching it.

We claim that there are exactly r chords of type d; ;4 (y—1)/2 and r chords of
type d; iy (y+1)/2 for every i = 1,..., (v —1)/2. By contradiction, suppose (with no
loss of generality) that there are more than r chords joining v; with V(y+1)/2; hence
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there are less than r chords joining v1 with v(y13)/2. But then there are more than
r chords joining vg with v(,43)/2 and less than r chords joining v with v(,5)/2-
Continuing in this way we get that there are less than r chords joining v(y_1)/2
with v,. The remaining chords touching v, are the ones touching also v(yy1)/2;
since there are already more than 7 chords of type d; (y41)/2, there can only be less
than r chords of type d. (y41)/2- We conclude that there are less than 2r chords
touching . A contradiction. This shows that I' is uniquely determined. |

Example 2.7. If p = 3 we have v = 2b(T") — 2 and Hf’y has no multiple edge.

v1

/NN
V. ¥4

vy O——® gy

Iz = «— | —e Hé:

FIGURE 3. Some p-polygons with even number of vertices.

If v is odd, then IIf has no multiple edges if and only if p < 4.

v1

w /N

[ [ ]
Hg = wg ./ \.”3 Hg =
vy \ / vy
vg vy

FIGURE 4. Some p-polygons with an odd number of vertices.

We need a criterion for 3-edge-connectivity.

Lemma 2.8. (1) Let T be a graph such that for every edge e there exist two

distinct cycles Ay and Ay inT' and such that E(A1) NE(Ag) = {e}. Then
I' is 3-edge-connected.

(2) Let I'1 be a 3-edge-connected graph and let T's be a graph strongly linked
to Ty, so that T'1/e; = Ty/eq with e; € E(T;) (notation in Def. 1.4).
Then Ty is 3-edge-connected if it contains two cycles Ay # Ao such that
E(Al) n E(Ag) = {62}.

(8) The p-polygon IIE is 3-edge-connected for every p > 3.

Proof. For part (1), we begin by noticing that I" has no separating edges (a sepa-
rating edge is not contained in any cycle). Suppose by contradiction that I" is not
3-edge-connected; let (e,e’) be a separating pair of edges of I'. By [CV09, Lemma
2.3.2 (iv) and (iii)], (e, €’) is a separating pair if and only if e and e’ belong to the
same cycles of I'. By our assumption, this is clearly impossible.

Now part (2). The graph I'; /e; = I's/es is 3-edge-connected as I'y is. Therefore
any separating pair of edges of I'y must contain es. The proof of part (1) shows
that our hypothesis implies that e is not contained in any separating pair of edges,
hence we are done.
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To prove part (3) we use again part (1). Pick a chord d; ;; then there obviously
exist two cycles having only d; ; as common edge: just take the two cycles obtained
by adding to d; ; one of its two sides (terminology in subsection diag). To prove
that we can apply (1) on the remaining edges we need to distinguish two cases,
according to the parity of .

Suppose 7 even. By Lemma 2.6 in 1% there exists at least one chord d; ;1 /2

joining v; with v; /9, for every ¢ = 1,...,v/2. Pick an edge which is not a
chord, e = e;. Now IIf contains the chords d; /2 and d3,/241. Then Ay =
(€1,.--yey/2-1,d1,4/2) and Ay = (e1,€4,...,€4/2,da /241) are two cycles having

only e as common edge. Therefore IIf is 3-edge-connected.

Now suppose that v is odd; again we use (1). By Lemma 2.6 in 1% there
exists at least one chord joining v; with v;;(y—1)/2, and at least one chord join-
ing v; with v;1(y41)/2. Let e = e; be an edge which is not a chord. Let A; =

(e1,da,(v43)/2: d1,(v+3)/2) and Ay = (e1,€2,...,€(y—1)/2,d1,(y4+1)/2); these are two
cycles whose only edge in common is e;. Hence II¥ is 3-edge-connected. |

We say that two chords d; ; and dj,; do not cross each other if 1 < j < k <.

Lemma 2.9. Let I' be a p-hamiltonian graph in normalized form. Let d;; be a
short chord. Then there exists a short chord dy; with j < k (i.e. d;; and dy; do
not cross each other) and such that the short side of d; ; does not intersect the short
side of dy ;.

Proof. We denote by A the hamiltonian cycle of the normalized form. We may
assume that ¢ = 1, so that the given chord d; ; has j < v/2 (i.e. the short side of
d1 ; has vertices v1,va,...,v;). We must prove that there exists a short chord d
such that

(a) j <k (d1,; and dj,; do not cross each other).

(b) I — k < |v/2] (the short side of dj; has vertices vg, Uky1, ..., Ui—1,01).

Let us denote by D the set of chords satisfying (a); we begin by bounding #D
from below. Consider the j vertices vq,vs,...,v;; there are at most p — 2 chords
touching each of them. Therefore the total number of distinct chords touching these
vertices is at most j(p —2) —1 (to explain the “—1” notice that the chord d; ; joins
v1 with v;, hence it must not be counted twice). Since I' has b — 1 chords, we get

(2.3) #D>b—1-j(p—2)+1=b—j(p—2).

In particular, since b =1+ (p — 2)7/2 and j < /2, we have that #D > 1, i.e. D
is not empty. To prove that there exists at least one chord in D satisfying (b) we
argue by contradiction. Suppose that every chord di; € D satisfies | — k > ~/2.
This is to say that the path A C A from v;4; to v, contains a side of length at
least /2 for every non multiple chord in D. Let us restrict our attention to the
subgraph IV = I'\ {v1,...,v;}, obtained by removing the vertices {v1,...,v;} and
all edges adjacent to them. So, I' is made of A together with every chord in D.
Now, two vertices of A are joined by a chord of D only if they are separated by
at least v/2 edges. Moreover, every two vertices can be joined by at most p — 2
chords. Therefore the length of the path A satisfies, using (2.3),

v  #D b—1 b ) 2b—-1 . )
1ength(A)22—|—p72 lzp*2+p*2 J 1_p—2 j—1>~v—-353-1
(since v = 215’%22). On the other hand A is a path from v;;, to v,, whose length is
easily computed:

length (A) =7 —(+1)=~7—-j—-1,

which is in contradiction with the above estimate on length(A). [ |
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3. THE LINKAGE THEOREM

3.1. Twisting pairs of chords in a p-hamiltonian graph. Let T' be a p-hamiltonian
graph in normalized form, pick two chords d;; and d;. In this subsection we
momentarily drop the general convention ¢ < j and k < [ (which would be too
restrictive). We introduce the graph I obtained from I' by swapping two ends of
the above chords. So, I is obtained from I' by replacing the chord d; ; with a new
chord, d; 1, joining v; and vy, and by replacing dj; with a chord d;;. Everything
else is left unchanged. We shall say that I is a twist of ', and that I is obtained
from I" by twisting the pair of chords (d; ;,dk,) into the pair (d;x,d;;). We shall
also say that we swapped the end points v; and v;.

The graph I is obviously a p-regular hamiltonian graph; a normalized form will
be naturally induced by the normalized form of I'. So the vertices of I" and T will
have the same names, and all the edges of I' other than d; ; and dy; correspond to
edges of IV other than d; ;, and d;;.

The picture below represents two 3-hamiltonian graphs related by twisting a pair
of chords (the dotted chords are the ones that are not changed).

[
v1 %J\
[ 'Y /
—_— di
v \ dk,z/ Vg v \ /'Uk
—¢o —¢

FIGURE 5. Twisting dy ; and dy; into dy j and d; ;.

The following technical lemma is used in the proof of Theorem 3.3.

Lemma 3.2. Let I' be a p-hamiltonian graph in normalized form.

(1) If T’ is a twist of T, then T and T are linked.

(2) Let T be 3-edge-connected and fix a chord d; j of T', with ¢ < j. Let dji1 «
be a chord of T' starting at the vertex vj1; suppose that either (a) or (b)
below hold.

(a) djt1, =djp1,n with j+1<h (i.e. djy1,+ does not cross d; ;).

(b) djt1, =dp j11 with i < h < j and there exists a third chord dg, such
thatl<z<j<yandh<zx<j+1<uy.

Then the graph obtained by twisting (d; j,dj+1,) into (d; jy1,d;) is 3-

edge-connected and strongly linked to T'.

Proof. We can assume 7 = 1 so that d; ; = dy ;. The edges of the hamiltonian cycle
A corresponding to the normalized form will be called, as usual, e, es,...,e0_2
with e; joining v; with v;1. Let TV be a twist of I'. We prove I is linked to T' by
induction on k — j (i.e. on the distance along A of the two swapped vertices). If
k = j+ 1 let e be the edge of A between v; and v;y;. Then the graph obtained
from I' by contracting e is the same as the graph obtained from I by contracting
e; hence I" and I are strongly linked. Now assume k& — 7 > 2. Let I'; be the graph
obtained from I' by twisting the chord d; ; with the chord ending at v;41, denoted
djt1,+. So, in I'1 we have the chords d1 j+1 and d] ., where the superscript keeps
track of the graph to which the chords belong We already proved that I" and T’y
are linked. Now consider the graph I's obtained from I'y by twisting dlyj 41 and

d,lc7l, replacing them with d%k and d?-&-l,l; since k — (j+1) < k — j, by induction I'y
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and I’y are linked. Finally, let I's be obtained from I's by twisting d? 41, and d?y*,
replacing them with d?,l and d;’ +1,+- Again by induction (we are swapping v; and
vj41) I's is linked to I'y, and therefore I's is linked to I'. It is obvious that I's = I".

Let us prove the second part. Consider e;, the edge between v; and v; 41 (which,
abusing notation as usual, is an edge of both T and I). It is easy to check that
I' and I are strongly linked, as the graphs I' and I” obtained from I' and I by
contracting e; are obviously isomorphic. We need to prove that if either (a) or
(b) holds, then I is 3-edge -connected if T" is. By Lemma 2.8 (2), it is enough to
show that the edge e; belongs to two distinct cycles A; and Ay of IV, such that
E(Al) n E(Ag) = {ej}.

Suppose (a) holds, so we are twisting (di ;,d;+1,5) into (dy j4+1,d;n), with h >
j -+ 1. Then in IV we have the cycles A; and As whose edge sets are

E(Al) = {6]‘, d17j+1, €1,-.-, €j_1}
and
E(Ag) = {ej, ej+1, e y€h—1, dj,h}-

It is clear that A; and A, are cycles and that E(A1) N E(Az) = {e;}.
Now assume (b). We are twisting (dy ;,dp, j+1) into (di1,j+1,dn ;). Let dy,y be a
chord crossing both dj_; and d; ;. We have

l<h<z<j<j+1l<y.
Now the edges of the two cycles containing e; and sharing no other edge are
E(Ay) ={ej,dijt1,€1,. .. €n—1,dnj}
and

E(Ag) = {ej76j+17 .. .76y_1,dm,y76r,61+1, . .,6]‘_1}.

Since 1 < h < & we have E(A1) N E(Az) = {e;}. |

We are ready to prove the following linkage theorem.

Theorem 3.3. Let I'; and I'y be two p-reqular graphs with by (I'1) = b1(T'2).
Then I'y and I's are linked.
If Ty and 'y are 3-edge-connected, then they are 3-linked.

Proof. By Proposition 2.2 we can assume that I'y and I'y are p-hamiltonian.

We shall prove the theorem by showing that every p-hamiltonian graph I' is
linked to the p-polygon II%, where v = % and b = by(T"). Moreover, if T is
3-edge-connected, we will prove that it is 3-linked to I1¥, which is 3-edge-connected
by Lemma 2.8.

Let us fix a normalized form of T, call A its hamiltonian cycle, and use the

notation of 2.4. Now set
(3.1) ) =Y (1n/2] - aldi,))

where the sum is over all the chords of I'. By Lemma 2.6 we have ¢(I") > 0, and
€(I') = 0 if and only if I' has no short chord, if and only if I' = II2.

We will prove the theorem by induction on €(T"). By what we just observed, if
€(I") = 0 there is nothing to prove, so the induction basis is settled.

Assume now that €(I') > 0 and let us pick a short chord; we may call it d; ; and
assume that j < /2. By Lemma 2.9 we have that there exist chords dy,; satisfying

(3.2) 1<j<k<l and I-k<]|v/2].
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We can assume (up to changing the labeling of the vertices) that there exists one
of them such that the path (in A) from v; to vy is not longer than the path from
v; to vy; i.e. we can assume that

(3.3) k—j<~y+1-1L.

We shall pick the pair (dy j,dr,;) such that k — j, i.e. the length of the path in A
from v; to vy, is minimal with respect to all pairs satisfying (3.2) and (3.3); we
shall refer to this as the “minimality property” of (di ;,dk,).

Now that we have fixed our two chords, we can assume, up to switching them
and changing the labeling on the vertices, that

(3.4) j—1=a(d;) < alde) =1—Ek.
With these settings, we have
(3.5) k<~/2+1, more exactly k< |v/2]+ 1.

By contradiction, suppose k > |v/2] + 2. Then (3.4) implies
/2] +2<k<l—j+1.

Now, by (3.3), we have | — j + 1 < v+ 2 — k. Therefore |y/2] +2 <~v+2—k and
hence k < |v/2]| + 1; a contradiction.

Claim 3.4. Let IV be the graph obtained from T' by twisting the pair of chords
(dy j,dk,) into the pair (dyx,d;;). Then e(I") < €(T).

To prove the claim, consider a chord d’' of IV. For notational clarity, we will
denote by d) , the chords of I". If d’ is not equal to d ; or d};, then d’ corresponds
to a unique chord d of T such that a(d) = a(d’). Therefore we have
(3.6) e(T) = e(T") = —a(d;) — aldrg) + odi x) + ald).
We know that «(di ;) = j — 1 and a(di;) = | — k, by construction and by (3.2).
Furthermore, by (3.5) we have a(d} ;) =k —1.

To compute the remaining term we need to distinguish two cases.
Case 1: [ — j < /2. Then a(d},;) =1 — j. Therefore

€M) —e(@)=1—j+k—l+k—1+1-j=2k-2j>2
by (3.2). So the claim is proved in this case.
Case 2: [ —j > v/2+ 1. Now a(d}; ;) = v+ j — l. Therefore
M —e(M)=1—j+k—-Il+k—1+y+j—Il=vy+2(k-1)>2
as | —k < |v/2] by (3.2). The claim is proved.

Lemma 3.2 says that I and IV are linked. By the claim we may apply induction,
getting that I is linked to IIE; hence the first part of the Theorem is proved.

Before continuing, we analyze the chords having one end at a vertex vg, with
j+1<g<k—1. Let d4. be one such chord. We claim that with our choice of
the pair (di ;,dg,;), we have

(3.7) dg« =dgm, m2>k.
By contradiction, suppose m < k. If m < g we have (as ¢ <k —1 and m > 1)
g-m<k—-1-1<~v/2-1

by (3.5). Therefore d,, 4 satisfies the properties satisfied by d ;: it is a short chord
whose short side does not intersect the short side of dj;, and it verifies (3.3), i.e.
the path from v, to vy is not shorter than the path from v; to v,,. Now, the path
from vy to vy is obviously shorter than the path from v; to v, contradicting the
minimality property of (d ;, dx,).
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Suppose now that g < m < k. Again, dg , satisfies (3.3) and v, is closer to vy,
than v;. Therefore, in order to respect the minimality property of (di ;,dk,;), we
must have m — g > /2. This implies (m < k—1<~v/2 by (3.5) and g > j+ 1)

v/2<m—g<~v/2—j—1
which is obviously impossible. (3.7) is proved.

To finish the proof of the theorem, it is enough to show that, if I' is 3-edge-
connected, then I' is 3-edge-connected and 3-linked to I". To do that we shall factor
the twist of (dy ;,dg,;) into (dix,d;;) by a series of twists swapping consecutive
vertices, each of which preserves 3-edge-connectivity. We do that with two sets
of twists. To define the first set, we make a choice of a chord dj41 . for every
7 < h<k-—1. It will be clear that such a choice is irrelevant.

(I.]) Twist (d17j7dj+1,*) into (d17j+1,dj7*).
(12) Twist (d17j+1,dj+27*) into (d17j+2,dj+17*).

([.k-j) Twist (dl,k—hdk,l) into (dl,k;dkal)

Observe that in each of the above twists, the two chords getting twisted, di
and dp41,«, do not cross each other i.e. dpy1+« = dpy1,m With m > h + 1. This is
obvious for the last step, (I.k — j), as 1 <k —1 < k < [. For the remaining steps,
for which h < k—2, we use (3.7), according to which every dj+1 . is of type dp+1,m
with m > k. Hence 1 <h <h+1<k—1 < m, as claimed.

Therefore condition (a) of Lemma 3.2 holds, and we conclude that the graph T,
obtained after the above set of twists, is 3-edge-connected and 3-linked to T'.

Notice that I' contains the chord dy ; and the chord dj_1;. The second set of
twists, starting from I'” is the following.

(11.1) Twist (dk—l,h dk_27*) into (dk_g)l, dk—l,*)-

(11.2) Twist (dk—2,l,dk—3,*) into (dk_g,l,dk_g*).

(Il.k-j-]) Twist (derl,la dj)*) into (de, dj+17*)

where the chords dj,—1 . are those chosen for the first set of twists. Observe that
the chord di ; (which lies in every graph appearing in the above twists) crosses
every chord dp; with j +1 < h < k — 1. If dy ) crosses also d_; . Lemma 3.2
applies to the step (ILk-h) above (condition (b) of Lemma 3.2 holds), and hence
3-edge-connectivity is preserved (to fit in precisely with the notation of Lemma 3.2,
one translates the starting vertex after vy, sets h —1 = j and h = j + 1 so that
dp—1,« becomes d; ; and dj; becomes d; 1 .).

What if d; 1, does not cross dp—1 .7 Recall that by (3.7) we have dp_1 » = dp—1,m
with m > k. Therefore d;  does not cross dp_1,,, only if kK = m. Let us show that
twisting (dp 1, dp—1,%) into (dn—1,, dp, k) preserves 3-edge-connectivity; let T be the
graph obtained after this twist. By Lemma 2.8(2) it suffices to show that I contains
two cycles, A1 and As, whose only edge in common is the edge e;_; (joining the
two swapped vertices v,_1 and v, ). Here are the two cycles

Ay = (en—1,dn,d1k,€1,...,€h_2)
and
Ao = (ep—1,€n, .- e1-1,dp_1,)-
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Therefore the graph I'" obtained from I' by our two sets of twists is 3-edge-
connected and 3-linked to I'. Let us check that I'"” coincides with the I'V of Claim 3.4.
The chords d;y ; and dj; of I' are twisted into di y and d;; in IV and I"”. The
remaining chords of I" and I" are the same. The chord dp41,m € E(T') with j <
h <k — 2, in the first set of twists, is changed into the chord dj, ., € E(I'""), which
is changed back into djy1., € E(I'") by the second set of twists. All other chords
of I are not touched by our twists. So I = IV and we are done. [ |

4. TROPICAL CURVES AND WEIGHTED METRIC GRAPHS

4.1. Context. The original definition of a tropical curve can be given in terms of
metric graphs (by [MiZ08]): a tropical curve is a metric graph (T',1) where T is
a graph with every vertex of valency at least 3, and [ : E(I") — RLEO(F” a length
function on the edges. The genus of (T',1) is g(T',1) = b1 (T).

This definition presents a problem when studying families of tropical curves. To
explain why, let us fix the graph I', and consider the space of all metric graphs
supported on it. Denote E(I') = {e1,...,epm)} and set R(I) := R‘fo(r)‘. It is
obvious that any (I1,...,!|gr)) € R(I') defines a unique metric graph with length
function ! defined by Il(e;) = l;, Vi. Therefore R(I") surjects onto the space of all
metric graphs supported on I', providing a nice ambient space in which to study
families. Now, R(I'") ¢ RIFMI is not closed, its closure is R(T) = RLEO(F)'. One is
thus naturally led to try and interpret this closure in geometric terms. To do that,
fix a point in R(I") and let one of its entries, I; say, tend to 0. This corresponds
to considering a family of metric graphs, all supported on I'; such that the length
of e; tends to 0. How do we describe the limit in geometric language? In tropical
geometry this question has a simple answer. As [; tends to zero, (I',1) specializes
to a metric graph (T,1) where T = I'/e; is obtained by contracting e; to a point
(see 1.2); hence E(T) = E(T') ~ {e1} = {ea, ..., eipm)} and '(e;) = l(e;), Vi > 2.

But there is a drawback with this limit: its genus may be smaller than g(T',1).
Indeed we have

o(T,1) = {g(f‘7 I)—1 ifepis .a loop
g(T, 1) otherwise.

From a geometric perspective this is quite unpleasant. We would prefer the genus
to remain constant under specialization. A solution to this problem is provided in
[BMV]. The idea there is to extend the definition of a tropical curve by adding
some structure to the original definition. A tropical curve should thus be a metric
weighted graph, where a weight function on the set of vertices is the additional
structure. Let us define that precisely.

4.2. Weighted graphs and weighted contractions. A weighted graph is a pair (I', w)
where T is a graph and w : V(T') — R‘ZVO(F)I a weight function on the vertices. The

genus of a weighted graph is the number ¢g(T', w) defined as follows:

(4.1) g@w) =by (D) + > w(v) =by(T) + |wl.
veV(T)

(T',w) is called stable if any vertex of weight 0 has valency at least 3.

Let S C E(T) be a set of edges of I'; we now define the weighted graph ob-
tained by contracting S. This is the weighted graph (I'/S,w/S) where T'/S is the
contraction of I' obtained by contracting to a vertex the edges that are in S; see
subsection 1.2. The weight function w/S is defined as follows. We have a natural
surjection v : V(T') — V(T'/S), and a natural surjective map o : I' — I'/S. We set
for every v € V(I'/S)
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w/S@) = Y w(v)+ #{loops contained in o~ (7)} =

ver—1(v)

(4.2) = Z (w(v) + #{loops in S based at U})
ver—1(v)

With this definition we have, by Remark 1.3,

(4.3) 9T, w) = g(I'/S,w/5S).

We say that (I'/S,w/S) is a weighted contraction of (I',w). Let (I",w’) be a
weighted graph. We denote.

(4.4) (T,w) > (I',w') if and ony if (I’,w’) is a weighted contraction of (T, w).
Remark 4.3. If (T',w) is stable and (I, w’) < (T',w), also (I, w’) is stable.

4.4. Metric weighted graphs and tropical curves. Following [BMV], a tropical curve
of genus g will be a stable metric weighted graph of genus g. A metric weighted
graph is a triple (I, w, ) where (', w) is a weighted graph and [ : E(T') — R|>EO(F)‘
a length function on the edges. The genus of (I, w,!) is

(4.5) 9T, w, 1) == g(T,w) = by (T) + |w].
(T, w, 1) is stable if so is (I',w) (any vertex of valency < 2 has positive weight).

Definition 4.5. A stable metric weighted graph (T, w,!) will be called a tropical
curve of genus g(T', w, ).

If the weight function is constantly 0 (i.e. w(v) = 0 for every v € V(T')) we say
that the tropical curve is pure and write (T',0,1).

A tropical curve is called regular if it is pure an if I is a 3-regular graph.

This definition generalizes the original one, as unweighted metric graphs obvi-
ously correspond to pure tropical curves. The first part is the truly important one,
and it is due to [BMV]. With this definition the genus of a tropical curve remains
constant under specialization, by (4.3).

The remaining two notions, of pure and regular tropical curve, are ours. The
notion of pure tropical curve is useful to keep track of the original definition and to
connect to the pre-existing literature. The notion of regular tropical curve suggests
that, in our view, pure tropical curves with a 3-regular graph play the role of
regular (i.e. nonsingular) curves in the classical moduli theory of algebraic curves.
In fact regular tropical curves have the following property. If a tropical curve X
specializes to a regular curve, then X itself is regular. The same statement holds
for nonsingular algebraic curves: if an algebraic curve specializes to a nonsingular
one, it is nonsingular.

We say that (I'1,ws,l1) and (T, ws,ls) are isomorphic, writing (', w1, ;) =
(T2, wa, l2), if the following holds. There is an isomorphism « = (ay, ag) between
Iy and Ty, where ay : V(T'1) — V(I'2) and ag : E(I'1) — E(I'2) are bijections
such that arp maps the endpoints of v € V(I'1) to the endpoints of ay (v) for
every v € V(I';) ([D97] p.3). Moreover Vv € V(I'1) and Ve € E(I';) we have
w1 (v) = wa(ay (v)) and I (e) = la(ag(e)).

In particular if (T, w) is a weighted graph its automorphism group Aut(T', w) is
given by pairs o = (ay, ag) where « is an isomorphism of (T, w) with itself as in
the previous definition, but ignoring the condition on the length.

Remark 4.6. The automorphism group of a weighted graph, and hence of a tropical
curve, is finite.
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Let us fix the weighted graph (T',w), let ¢ = ¢(T',w), and let us consider the
space M (T, w) of isomorphism classes of metric graphs supported on it.

In order to study that, we generalize what we did before for unweighted graphs,
using the same notation. Denote

R(T, w) := RED!,
Again any element in R(T, w) defines a unique metric graph supported on (I, w).
Therefore there is a natural surjection
(4.6) 7 R(IT,w) — M(T,w);

it is clear that 7(T,w,l) = «(T,w, ) if and only if (T, w,!) = (T',w,!’). Notice in
particular that 7 has finite fibers (Remark 4.6).
As before, the closure of R(T', w) is

R(T,w) = REO! ¢ RIEO)

Now we ask again: is there a natural geometric interpretation of R(T", w)?

Let p € R(I,w) N~ R(T',w) and, to simplify the notation, suppose that
p= (xly--'axnaoa""o)
with ; > 0 for all ¢ = 1,...,n, for some 0 < n < |E(T")]. Let us show that
there is a unique metric weighted graph of genus g = ¢(I',w) associated to p,
denoted (I'y,wp,1,) defined as follows. Let S = {e,11,...,€/gm)} C E(I'); then
(Tp,wp) = (T/S,w/S), i.e. (T'p,wp) is the weighted contraction of (', w) obtained
by contracting S. Therefore we have a natural identification
ET,)=ET)~S={e1,...,en}.

The length function I, is defined by setting l,(e;) = z; for all e; € E(T'). As we
said above in (4.3), we have g = g(T'p, wp).

Summarizing: we showed that the boundary points of R(T", w) parametrize metric
weighted graphs of genus g whose underlying weighted graph is a contraction of
(T',w). More precisely, for any set of indeces I C {1,2,...,|FE(T")|}, denote by
R(T, w), € R(T, w) = REO! the set

R(F,w)I = {(:cl,,x‘E(pH) GR(F,M) cx,=0Viel, x; >0V g[}
We have proved the following.

Lemma 4.7. Notation as above. The decomposition

R(T, w) = 11 R(T,w);

Ic{1,2,...,|E(T)|}

is such that for every I there is a natural isomorphism R(I',w), = R(I, w’) where
(T, w") is a uniquely determined weighted contraction of (T, w)

If I =0 then R(I',w); = R(I',w); if I = E(T) then R(T',w),; = {0}, correspond-
ing to the graph with no edges and one vertex of weight g.

Let (T',w) be a stable weighted graph as above. Consider two points p1,ps €

R(T',w). By what we said there exist two metric weighted graphs associated to
them, denoted (I'y,wn,{1) and (T2, we, l2) (with (T, w) > (T, w;) for i = 1,2). We
define an equivalence relation on R(T, w) as follows

(4.7) p1 ~ pe if and only if (T'y,wq,l1) = (T, wa,l2)

(see subsection 4.4 for the definition of isomorphism). The quotient space with
respect to this equivalence relation will be denoted

(4.8) 7:R(Tw) — M(T,w) :=R(T,w)/ ~
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and M (T, w) is a topological space, with the quotient topology of the euclidean
topology on R(T", w) = RLEO(F)‘.

Recall now that Aut(I',w) is made of (suitable) pairs o = (ay, ag) of permuta-
tions on the vertices and on the edges. Therefore Aut(T", w) acts linearly on R(T', w)
by permuting the coordinates according to ag. It is clear that Aut(T',w) acts as
group of isometries with respect to the Euclidean metric.

For any G acting on R(T, w) and any subset Z C R(T, w), we denote by Z¢ the
set of G-orbits of the elements in Z.

Proposition 4.8. Let (T',w) be a stable weighted graph.
(1) There is a canonical decomposition
MTwy =[] MTw),
(I, w) <(T'w)
where M (T, w) is open and dense in M (T',w).
(2) The quotient map 7 : R(T', w) — M(T,w) factors as follows:
7: R(T,w) — R(T,w)/ Aut(T', w) — M (T, w).

Moreover T is an open map and T has finite fibers.

(8) M(T',w) is a Hausdorff topological space.

Proof. The existence of the decomposition is a straightforward consequence of the
definition of M (T',w) and of Lemma 4.7.

Recall from (4.6) that M(T',w) = R(I",w)/ ~. Now R(T',w) is open and dense
in R(T,w) and we have 7~} (M(I',w)) = R(T,w). Therefore M (T, w) is open and
dense in M(T",w).

Now let G := Aut(I',w). The restriction of 7 to R(I',w) is the quotient 7 :
R(T,w) - M(T,w) = R(I',w)/G so in this case part (2) is proved.

Let now p € R(I',w); with I # 0 (cf. Lemma 4.7). Then p = (21,...,z5r))
with z; = 0 for every ¢ € I and z; > 0 otherwise. Let a € G, then « acts as a
permutation on |E(T")| elements, hence, abusing notation, we have

a(p) = (a(), - Za(em)) € R, )y,
where a(I) = {a(i), Vi e I} C {1,2,...,|E(I)|}. Let S C E(I') and «(S) C E(I)
be the set of edges corresponding, respectively, to I and «(I). Lemma 4.7 yields

R, w); =R(T'/S,w/S), R(T, w)a([) =R(I'/a(S), w/a(S)).
The automorphism « maps S into «(S), hence it induces an isomorphism
a:T/S = T/a(S).

Moreover, « (as any automorphism of any graph) maps bijectively loops to loops,
therefore @ is actually an isomorphism of weighted graphs. We thus proved that
(T/S,w/S) =2 (T'/a(S),w/a(S)). Finally, the point p corresponds to a metric
graph on (I'/S,w/S) with length function I(e;) = x; for every ¢ ¢ I (we have
E(/S) = E(T') \ S); on the other hand «(p) corresponds to a metric graph on
('/S,w/S) with length a(l) given by a(l)(eq@)) = Ta() for every i ¢ I. But then p
and «a(p) parametrize isomorphic metric weighted graphs (and the isomorphism is
given by @). Therefore 7(p) = T(a(p)) and the factorization of part (2) is proved.

The fact that 7 is open follows easily from G being a finite group of isometries
of R(T,w). (Let A C R(I',w) be open, then A% is open and it is a finite union of
copies of A, moreover 7(A) = 7(A%) and 77(7(A%)) = A% hence 7(A) is open.)

This also easily implies that R(T',w)/ Aut(T', w) is Hausdorff. (Let p,q be in

R(T,w)/ Aut(T,w), let 771(p) = {p1,...,pn} and 771(q) = {q1,...,qm}; then
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there exists € € R such that the ball of radius e centered at p;, By, (¢), does not
intersect By, (e) Vi,j. Set U, := UB,, () NR(I';w) and Uy := UBy, () NR(I, w).
Then U, NU,; = 0, Uy, U, are open and invariant under Aut(I',w). Hence 7(Up)
and 7(U,) are disjoint open subsets separating p from g¢.)

The fibers of 7 are finite because the automorphism group of a tropical curve is
finite, and because the decomposition of Lemma 4.7 is obviously finite.

Let us show that M (T, w) is Hausdorff. By what we proved, v induces a homeo-
morphism of the dense open subset M (I', w) C R(I",w)/ Aut(I", w) with itself sitting

in M(T',w). We will refer to the complement of M (', w) in R(T",w)/ Aut(T', w), or

in M(T',w), as the* boundary”, which is a closed subset.

Let p and g two points in M (T",w), let (I'5, wp) and (I'g, wg) be their weighted
graphs. (If both p and g are in M (T, w) there is nothing to add.)

AsR(T', w)/ Aut(T', w) is Hausdorff it contains two disjoint open subsets U and V'
such that v~*(p) C U and y~1(g) C V (the fibers of v are finite). We may assume
that U intersects the boundary only in connected neighborhoods of the points in
v~ 1(p), parametrizing tropical curves supported on (I's,wg). Similarly for V. We
denote QU and OV the intersection of U and V with the boundary. Notice that, by

what we proved before, the restriction of v over M (I'z, wp) C M (T, w) is of type

7 (M (T, wp)) = R(Tg,wp)/H — M(Tp, wp) = R(Tp, wy)/ Aut(Tp, wp)

where H C Aut(I'p, wp) is the subgroup of automorphisms which lift to automor-
phisms of (T',w). Therefore Aut(T's, wp) acts on v~ (M (T'5, wp)) by its quotient
mod H and we have

7—1(,}/(U)) =UU (8U)AUt(F57“)F)

(v is an isomorphism away from the boundary). Similarly for V. Therefore if
(oU)AutI'mwr) © U we have that v(U) is open. We will prove that we can choose
U and V so that this condition holds.

To do that, let U’ = 771(U) and V' = 7= 1(V). Let #1(p) = {p1,...,pn} and
7 4G ={q1,---,qm}- So U’ and V' are disjoint open subsets of R(T', w) such that
{p1,...,pn} CU and {q1,...,gm} C V. Moreover U’ intersects the boundary only
in connected open subsets isomorphic to R(I'5, wp) (recall Lemma 4.7); each such
intersection contains some p;; similarly for V' (replacing “p” by “¢”). Now fix a
boundary locus intersecting U’, suppose that p1,...,p; lie in it for some | < n and
focus on the restriction of 7:

R(F, U)) D R(Fﬁ, U)ﬁ) — M(Pﬁ, wﬁ) = R(FTN ’w?)/ Aut(l—‘@ ’U}T;) C M(F, ’LU)

We know that the above is a quotient by a finite group of isometries of R(I'z, wg).

Therefore we can find open balls B,, (¢) C U’ fori = 1,...,1. Since R(I', w) contains
finitely many subsets isomorphic to R(I'p, wp) (using Lemma 4.7), we can find an €
such that By, (e) C U’ for every ¢ = 1,...,n. Now, up to shrinking U’ near each p;
we can assume that its intersection with the boundary is the union of those balls.
Note that this union is invariant under Aut(I'p, wp), i.e.

(U?Bpi (6))Aut(l"5,w5) = U?Bpi (6)

We do the same for V/. We have 7=(7(U’)) = U’ and 771 (7(V’)) = V’. Therefore
U :=7(U") and V := 7(V’) are open. By construction Aut(I';, wp) fixes OU and
Aut(T'g, wg) fixes OV. Therefore v(U) and (V) are open disjoint subsets with

P € ¥(U) and g € (V) This shows that M (T, w) is Hausdorff. [ |

Next, recall that 0 denotes the weight function constantly 0,
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Lemma 4.9. Let (T',w) be a genus g stable weighted graph. Then |E(T')| < 3g —3
and equality holds if and only if T is a S-regular graph with by (T') = g. Moreover in
such a case w = 0.

Proof. We have g = b1(T") 4+ |w| = |E(T)| — |[V(T')| + 1 + |w|; hence, as |w| > 0,
[EM) =g —1—|w[+ [V <g -1+ V()]

and the maximum is achieved for |w| = 0. In this case g = b1(T") and every vertex
of I must have valency at least 3 (as (I', w) is stable), therefore

g=IEM[=VID)[+1=3V(ID)|/2- V(D) +1=[V(I)[/2+1

hence |V(I')| < 2¢g — 2 and equality holds if and only if T" is 3-regular. In such a
case we have |E(I")] =3¢g — 3 and b, (') = g. m

5. THE MODULI SPACE OF TROPICAL CURVES

We shall now introduce the moduli space of genus g tropical curves, M, ;mp, as a
topological space. Our results abou it are summarized in Theorem 5.2, whose most
interesting part is, we believe, the fact that M, ;mp is Hausdorff. We set

(5.1) MoP = ( 11 m) /=

b1 (I')=g

where = is the following equivalence relation. Let [(T'y1,w1,11)] and [(T's, wa,l3)] be
two points in [[ M (T,0). We set

[(Fl, w1, ll)] = [(Fg, wa, l2)] if and only if (Fl, w1, l1> = (FQ, wa, lg)
Remark 5.1. Consider the quotient map

(5.2) mg: [ M(T,0) — MjeP.
I' 3—regular
b1(I)=g

If T is a 3-regular graph with b (T') = g, then 7, ! (74 ([(T,0,1)]) = [(T,0,1]).

Comparing with (4.7) we have another description of M!;mp:

(5.3 apr= (] RTD)/ ~.
' 3—regular
b1(I')=g
Since M, ;mp is the quotient space of a topological space, we endow it with the quo-
tient topology (the two expressions of M, gtmp as a quotient yield the same topology).

Theorem 5.2. (1) The points of M!;mp bijectively parametrize isomorphism
classes of tropical curves of genus g.
(2) Let Mgee C M;mp be the subset parametrizing regular curves. Then

Mmype= J[ M(T,0) c Mir.
T 3—regular
bi1(T)=g
M8 is open and dense.
(8) Let MEP™ be the subset parametrizing pure tropical curves. Then MP™® is
open and dense.
(4) Mgmp is a connected, Hausdorff topological space.
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Proof. Let (T',w,l) be a stable metric graph of genus g, and let us prove that its
isomorphism class corresponds to a point in M;mp . This amounts to showing that
(T, w,1) is in the closure of R(Tg,0) for some 3-regular graph I'y with b1(Tg) = g.
In other words, by Lemma 4.7, that (I', w) is a weighted contraction of (T'g, 0), with
T’y a 3-regular graph.

Suppose first that w = 0, i.e. the tropical curve is pure. A proof of this fact is the
proof of [CV09, Prop. A.2.4](that Proposition is concerned with 3-edge-connected
curves, but the proof is easily seen to work for our case).

We continue by induction on |w|, the basis being the case w = 0, which we just
did. Let us now assume that w(vy) > 1 for some vy € V(I'). Let (IV,w’) be the
genus g stable graph defined as follows: I is obtained from I' by just adding a loop,
eo, based at v1. Therefore we have V(I'') = V(I') and E(I) = E(T') U {ep}. Now

let
W' (v) = {w(v) if v# v

w(vy) —1  otherwise.
It is clear that (T, w) is a weighted contraction of (I, w’), indeed
(T, w) = (T /eg,w' /ep).

We can apply induction, as |w’| = |w| — 1; hence (I, w’) is a weighted contraction
of (T'y,0) for some 3-regular graph Ty, i.e

(I, w") = (T'o/S,0/9)
for some S C E(I'g). Now, ¢y € E(I') C E(Ty), hence, denoting Sy := {eg} U S,

we have
(F, w) = (FQ/S(),Q/SQ).
The first part is proved.

Let us prove (2); fix a 3-regular graph I'. By Proposition 4.8 we know that
M(T',0) is open and dense in M (T',0). Now, consider the definition of M™P given
in (5.1). Pick a point [(T',0,1)] € M(T",0); the equivalence class (under =) of such a
point contains only itself, therefore the quotient map 7, induces a homeomorphism
of M(T',0) with its image such that

my H(mg(M(T,0)) = M(T,0).

Therefore M(T',0) is open in M{™P. Moreover, the union of the M(T',0), as
I runs through all 3-regular graphs with by (I") = g is obviously dense in MS*P.
Finally, there are only finitely many such graphs (T',0), therefore the above union
is open, as claimed.

Now (3). We have, of course

t
M;eg C M;)ure C Mgrop'
Hence MP"*¢ is dense by part (2). Now recall that

MP™e = {[(Tw,1)] : by (T) = g} = {[(T,w, )] : || = 0},

Let us denote R(T',w)™ C R(T, w) the union of all loci corresponding to weighted
graphs (I, w’) such that by (I") < g (cf. Lemma 4.7). The set R(I',w)™ is closed, as
the first Betti number does not grow under edge contraction. Hence its complement,
the locus in R(I', w) parametrizing pure tropical curve, is open. Hence the locus in

M (T, 0) corresponding to pure tropical curves is also open.
Let now p € MP™e C M*P and let (I',,0) be its supporting graph. For every

3-regular graph I" with b;(I") = let pr € M(I",0) be the preimage of p. By what we

just said pr admits an open neighborhood Ur C M (T, 0) such that Ur parametrizes
only pure tropical curves. Up to shrinking each Ur around pr we can assume that
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7g(Ur) = mg(Ur) for all such T', and I” (we first assume that each Ut intersects the
boundary only along the locus M(T',,,0) containing pr; then we use the fact that
the restriction of m, on any M(I',,0) is a homeomorphism with its image). But
then

mg(UUr) C MJ™, and W;I(WQ(UUF)) = WUr

(where the union is over all 3-regular graph I' with b (I') = g). This implies that
7y(UUr) is an open neighborhood of p all contained in M}P"*. Part (3) is proved.
To prove that M, ;“’p is connected it suffices to observe that the closure of every
open subset of type M (I",0) contains the point parametrizing the metric weighted
graphs with no edges and one vertex of weight ¢ (see Lemma 4.7).
Finally, let us show that M;mp is Hausdorff. The quotient map 7, (5.2) induces a

bijection of M (T, 0) with its image. Therefore, by Proposition 4.8, M;mp is obtained
by gluing together finitely many Hausdorff spaces. Let p,g € M, ;rof’; for every 3-

regular T with b (T') = g let pr = M(T,0) N7, '(p) and gr = M(T,0) N7, " (q)

and pick, in the Hausdorff space M (T, 0), disjoint open neighborhoods of the two
points: pr € Ur,qr € V. If ﬂ;l(ﬁ) doesn’t intersect M (T, 0) we don’t do anything,
similarly for §. Arguing as before, we can assume that 7,(Ur) = 74(Urv) for all T’
and I' as above, hence my(Ur) is open; similarly for Vr. Then, 7,(Ur) and 7, (V1)

are open disjoint neighborhoods of p and § in M;mp.

The moduli space of tropical curves is denoted M in [BMV]. Although we gave
a different definition for our M, ;“’p the two spaces coincide, see [BMV, Def. 3.2.1,
Theorem 3.2.2 | (what we here denote M (T, w) is there denoted C(T', w)).

5.3. Relating M;mp to the moduli space, M,, of Deligne-Mumford stable curves.
The material of this subsection is almost, if not all, known to the experts. A written
account seems not to exist, so this part is included for completeness, as the analogies
between the two moduli spaces appear quite interesting.

To begin with, recall that ﬁg has a combinatorial decomposition by means of
the dual graph of a stable curve as follows. Let X be a stable curve, the weighted
dual graph of X is the weighted graph (I'x,wx) such that I'x is the graph having
a vertex for every irreducible component of X and an edge for every node of X
joining the two (possibly equal) vertices corresponding to the components on which
the node lie. The weight function wyx assigns to every vertex the geometric genus
of the corresponding component. So the (arithmetic) genus of X is g = b1 (I'x) +
> vev(ry) Wx (v). To say that X is stable in the sense of Deligne-Mumford is to
say that (I'x,wx) is a stable weighted graph. Now, for any stable weighted graph
(T',w) of genus g denote by Cy(T",w) the combinatorial locus of curves with (I', w)
as dual graph:

Cg(r7w) = {X € ﬁy: (FX7wX) = (F,”LU)} - ﬁg
Then we have
(5.4) M, = 1T Cy(T,w).
(I',w) stable of genus g
By Theorem 5.2 and Proposition 4.8 we have a very similar decomposition on M;mp
(5.5) MErer = 11 M(T,w).
(T',w) stable of genus g

Remark 5.4. In the next statement, by dim C,(I', w) we mean the dimension as an
algebraic scheme. By dim M (', w) we mean the dimension as an orbifold, i.e. the
dimension of the topological manifold, R(T', w), of which it is a finite quotient.
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More generally, if a topological space X contains a dense open subset which is
an orbifold of dimension n, we will say that X has pure dimension n. For example,
M™P has pure dimension equal to 3g — 3.

Part (1) of the next Proposition is well known. The second part may also be
known, but a written proof seems to be lacking.

Proposition 5.5. Fiz g > 2 and consider the decompositions (5.4) and (5.5).
The bijection between their strata given by Cy(T',w) — M(I',w) has the following
properties.

(1) dim Cy(I', w) = codim M (T',w) = 3g — 3 — |E(T)|.

(2) Cy(IT",w") C Cy(T,w) & M(T,w) c MI",w') & (I, w') > (T',w)
Proof. We prove only (2); the statement on the closure of M (T',w) follows from
Proposition 4.8. Let now X' € Cy(I",w’) be a stable curve; as X' lies in the
closure of Cy(T', w) there is a family of curves with dual graph (I, w) specializing
to X. We can assume that this is a family over a one dimensional base B with
a marked point bg, i.e. we have a morphism f : X — B whose fiber f~1(b) is
Xy € Cg(T,w) if b # by and X' if b = by.

Under such a specialization every node of X, specializes to a node of X’, and
distinct nodes of X}, specialize to distinct nodes of X’. This enables us to pick a
well determined subset of nodes of X', i.e. a well determined T' C E(I"), namely T
corresponds to the set of nodes of X’ that are specializations of nodes of Xj. Let
S =E(I")\T, so S corresponds to the nodes of X’ that do not come from nodes
of Xp. Consider the graph (IV/S,w’/S); of course (I, w’) > (IV/S,w’/S).

We claim that (IV/S,w’/S) = (T, w), which would conclude the proof.

We already have a bijection between E(T') and E(I) by construction, mapping
an edge of T, i.e. a node of X, to the node in X', i.e. to the edge in T, to which it
specializes. The total space X of our family of curves is singular along the nodes
of the fibers X}, so when we desingularize X’ at such loci (exactly #7T of those) we
obtain a new family ) — B whose fiber over b # by is the normalization of X;.
The fiber over by is the partial normalization Y’ of X’ at T’; so the dual graph of Y’
is IV . T. Therefore ) — B is a union of families parametrized by the irreducible
components of Xj, i.e. by the vertices of I'; let us denote these families X'V — B.
So if b # bg the fiber X} is the irreducible component corresponding to the vertex
v € V(T'). The fiber over by of XY — B is a partial normalization of a subcurve of
X'’; hence it uniquely determines a set of vertices of I (the vertices corresponding
to its components). Obviously, two different vertices v; and vy of T' determine in
this way disjoint sets of vertices of I'V. Therefore we have a surjection V(I") — V(T)
mapping each vertex v’ to the vertex v such that the component corresponding to
v is in the special fiber of the family X¥ — B. Let us denote by v : V(I") — V()
this surjection. So v identifies two vertices of IV if and only if they belong to the
same connected component of IV \.T. Therefore v is the same map as the canonical
map V(I'') — V(I"/S) This shows that V(I") and V(I”/S) are in natural bijection.
Finally, since the arithmetic genus of a family of algebraic curves is constant, we
have, for any v € V(I'), that the geometric genus of the component corresponding
to v, i.e. w(v), is equal to the arithmetic genus of the limiting curve. Therefore

w(v) = Z w'(v") + #{loops in S based at v'}.
v'ev—1(v)
Therefore (cf. (4.2)) the weight function w coincides with w/S; so we are done. W
5.6. Connectedness properties of tropical moduli spaces. In this last subsection we

apply our linkage theorem 3.3 to the geometry of some moduli spaces of tropical
curves. The next definition is adapted from [MaS, Definition 3.3.2].
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Definition 5.7. Let X be a topological space of pure dimension n; see 5.4. As-
sume that X is endowed with a decomposition X = [, ; X;, where every X is a
connected orbifold (locally the quotient of a topological manifold by a finite group).
We say that X is connected through codimension one if the subset
11 X;CcX
i€l:dim X; >n—1

is connected. Notice that if X is pure dimensional and connected through codi-
mension one, then X is connected.

Example 5.8. The space M, ;rof’ is connected through codimension one. We already
noticed that M ;’“’p is of pure dimension 3g — 3; by Theorem 5.2 it is clear that

MroP = 11 M(T,w).
(T',w) stable of genus g
To prove that it is connected through codimension one it suffices to show that any
two 3-regular graphs are linked in the sense of Definition 1.4. This follows from
[HtT80, Prop. page 236], which is a remarkable and already known special case of
our Theorem 3.3.

We can now prove that the property of being connected through codimension
one holds for some other tropical moduli spaces.

In analogy with the classical situation we have a tropical Torelli map t;mp :
M, ;mp — A;mp to the moduli space of tropical Abelian varieties, mapping a curve
to its tropical Jacobian (see [MiZ08], [CV09] and [BMV] for details). We denote by
Schgmp the image of tgmp, and refer to it, as it is customary, as the tropical Schotty
locus in Agr"p. For our purposes Schtgmp can be identified with the topological
quotient

M;mp — Sch;mp = M;mp/ = jurop
where [(I',1,w)] =oor [(I,1,0)] & te P ([(T, 1, w)]) = P ([(TV, ', w’)]). For more
structure on A{°P and Schi°P we refer to [BMV].

As proved in [CV09, Thm 4.1.9], and generalized by [BMV, Thm 5.3.3], the
Torelli map identifies curves having the same so-called “3-edge-connected class”.
In particular, let us denote by Mgmp [3] the locus of tropical curves with 3-edge-
connected graph:

M 5 MP[3] := {[(T,l,w)] : T is 3-edge-connected}.
Then we have
t;mp(M gm’p [3]) = t;mp(M gt“’p) = Sch;mp C AZIOP.
Furthermore, the restriction of tgrof’ to Mgtmp[?)] is injective on every subspace
M(T,w) C MP[3], and it identifies two such spaces, M(T',w) and M (I, w’),
only if the graphs I' and I" are cyclically equivalent.

The conservation of 3-edge-connectivity under linkage, proved in Theorem 3.3,
enables us to obtain the following result.

Proposition 5.9. The spaces M;mp[?)] and Schg“’p have pure dimension 3g — 3
and are connected through codimension one.
Proof. We introduce the locus of regular, 3-edge-connected curves
M E[3] € My C M;mp.
We have that the closure in M, ;mp of regular, 3-edge-connected curves is the locus

of all 3-edge-connected curves, i.e. My*[3] = M*P[3]. This follows from [CV09,
Prop A.2.4], whose proof (stated there only for pure regular curves) works word for
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word in our setting (i.e. for all tropical curves). It is clear that M;°®[3] has pure
dimension 3g — 3. We conclude that M;mp [3] has pure dimension 3g — 3.

Now the connectedness through codimension one follows from Theorem 3.3, ob-
serving that if (IV,w’) is obtained from (I, w) by contracting only one edge, then
dim M (T, w) = dim M (T, w’)+1 (cf. Proposition 5.5(1)). This proves that M ;™ (3]
is connected through codimension one.

Now, by what we said before there is a surjection with finite fibers

£7°P[3] : MITOP[3] — SchiroP

obtained by restricting the Torelli map. This surjection induces a homeomorphism
with its image of every subspace M(I',0) C M *P[3]. This implies that Sch P
has pure dimension 3g — 3. Furthermore, as t;mp [3] is injective on every M (T",w),
it preserves the dimension of these subsets; therefore Sch;mp is connected through
codimension one, because so is M"P[3]. |

Remark 5.10. What are the consequences on tropical moduli spaces of the linkage
theorem when p > 4?7 Consider the subset

MgfrEg = H M(F,Q) C M;)ure
I p-regular
b1 (I)=g
and assume it is not empty. By a proof similar to that of Proposition 5.9 one
obtains that the closure of MP~*® is of pure dimension equal to p(g —1)/(p — 2),
by Remark 1.8 (this number is an integer by the non-emptyness assumption), and
connected through codimension one.

The same holds if the above disjoint union is restricted to all 3-edge-connected
and p-regular graphs with b;(I') = g. That is, with self-explanatory notation, the
closure of MP~"°8[3] is of pure dimension p(g —1)/(p —2) ) and connected through
codimension one.

REFERENCES

[BMV] Brannetti, S.; Melo, M. Viviani, F.: On the tropical Torelli map. Preprint. Available
at arXiv:0907.3324v3 [math.AG]

[CV09] Caporaso, L.; Viviani, F.: Torelli theorem for graphs and tropical curves. To appear
in Duke Math. Journal. Available at arXiv:0901.1389.

[DM69] Deligne, P.; Mumford, D.: The irreducibility of the space of curves of given genus.
Inst. Hautes Etudes Sci. Publ. Math. No 36 (1969) 75-120.

[D97] Diestel, R.: Graph theory. Graduate Text in Math. 173, Springer-Verlag, Berlin, 1997.

[GKMO09] Gathmann, A.; Kerber, M.; Markwig, H.: Tropical fans and the moduli spaces of
tropical curves. Compos. Math. 145 (2009), 173-195.

[HrMo98] Harris, J.; Morrison, I.:Moduli of curves. Graduate Texts in Mathematics, 187.
Springer-Verlag, New York, 1998.

[HtT80] Hatcher A.; Thurston W.:A presentation of the mapping class group of a closed ori-
entable surface. Topology Vol. 19. pp. 221-237

[MasS] Maclagan, D; Sturmfels, B.: Introduction to Tropical Geometry. Book in preparation.

[Mi05] Mikhalkin, G.: Enumerative tropical algebraic geometry in R2. J. Am. Math. Soc. 18
(2005), 313-377.

[Mi06] Mikhalkin, G.: Tropical geometry and its applications. International Congress of Math-
ematicians. Vol. II, 827-852, Eur. Math. Soc., Ziirich, 2006.

[Mi07] Mikhalkin, G.: What is...a tropical curve? Notices Amer. Math. Soc. 54 (2007),
511-513.

[MiZ08] Mikhalkin, G., Zharkov, I.: Tropical curves, their Jacobians and Theta functions. Con-
temporary Mathematics 465: Proceedings of the International Conference on Curves
and Abelian Varieties in honor of Roy Smith’s 65th birthday. 203-231.

[Mi] Mikhalkin, G.: Tropical Geometry. Book in preparation.

[T96] Tsukui, Y.: Transformations of cubic graphs. J. Franklin Inst. 333 (1996), 565-575.



GEOMETRY OF TROPICAL MODULI SPACES AND LINKAGE OF GRAPHS 25

DIPARTIMENTO DI MATEMATICA, UNIVERSITA ROMA TRE, LARGO S. LEONARDO MURIALDO 1,
00146 RoMa (ITALY)
E-mail address: caporaso@mat.uniroma3.it



