
70 Chapter 2. CAUCHY’S THEOREM AND ITS APPLICATIONS

(a) Let p1, p2, . . . denote an enumeration of the collection of polynomials whose
coefficients have rational real and imaginary parts. Show that it suffices
to find an entire function F and an increasing sequence {Mn} of positive
integers, such that

(17) |F (z) − pn(z − Mn)| <
1
n

whenever z ∈ Dn,

where Dn denotes the disc centered at Mn and of radius n. [Hint: Given
h entire, there exists a sequence {nk} such that limk→∞ pnk(z) = h(z) uni-
formly on every compact subset of C.]

(b) Construct F satisfying (17) as an infinite series

F (z) =
∞∑

n=1

un(z)

where un(z) = pn(z − Mn)e−cn(z−Mn)2 , and the quantities cn > 0 and Mn >
0 are chosen appropriately with cn → 0 and Mn → ∞. [Hint: The function

e−z2
vanishes rapidly as |z| → ∞ in the sectors {| arg z| < π/4 − δ} and

{|π − arg z| < π/4 − δ}.]

In the same spirit, there exists an alternate “universal” entire function G with
the following property: given any entire function h, there is an increasing sequence
{Nk}∞k=1 of positive integers, so that

lim
k→∞

DNkG(z) = h(z)

uniformly on every compact subset of C. Here DjG denotes the jth (complex)
derivative of G.


