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We now claim that ex − 1 ≤ 2x for 0 ≤ x ≤ 1
2 . This claim may be

verified as follows. Define F (x) = ex − 1− 2x for x ∈ R. Observe that
F (0) = 0 and F ′(x) = ex − 2. Since the (real) exponential function is
increasing, F ′ ≤ e
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and thus F is nonpositive on [0, 1
2 ]. Therefore

|qM(z) − pN(z)| ≤ ec4ε for all z ∈ S ,

and we can conclude as follows:

(1) If we let J be the identity map, then pN(z) → f(z) uniformly
for z ∈ S.

(2) For arbitrary J , we conclude that qM(z) → f(z) uniformly in
z.

(3) Since pN0 = pM − (pM − pN0), we have, for sufficiently large
M ,

|pN0 | ≤ |pM | + |pM − pN0 | ≤ |pM | + (e2ε − 1) |pN0 |
≤ |pM | + 4ε |pN0 | ;

or, equivalently, that

|pM(z)| ≥ (1 − 4ε) |pN0(z)| .

Therefore f(z) = 0 if and only if pN0(z) = 0.

!

Assume 0 ≤ un < 1.

(1) If
∑

n=1

un < ∞, then 0 <
∞∏

n=1

(1 − un) < ∞.

(2) If
∞∑

n=1

un = +∞, then
∞∏

n=1

(1 − un) = 0.

Proof. The first claim is a consequence of the previous theorem.
To prove the second claim, we start with the observation that

1 − x ≤ e−x for 0 ≤ x ≤ 1.


