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1969] JORDAN CURVE THEOREM FOR PIECEWISE SMOOTH CURVES 605

Since the term in outer parenthesis on the left of (7) has 0 at position (1, —#)
and below, and the term in parenthesis on the right has 0 at position (#, —n—1)
and below, we may now apply induction on # and the fact that X*—*%=0 for
1< 0 to deduce that x €EB(X).

Work supported by NSF grant No. GP- 6024.
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THE JORDAN CURVE THEOREM FOR
PIECEWISE SMOOTH CURVES

R. N. PEDERSON, Stanford University

1. Introduction. It is the purpose of this note to provide an elementary proof
of the Jordan Curve Theorem for the class of piecewise smooth curves. The only
tools which we require are the notions of compactness, continuity, and the con-
cept of the index of a closed curve relative to a point. Since these topics are in-
cluded in a standard advanced undergraduate or beginning graduate course in
complex analysis, it is our hope that the proof will fit in well with such a course.

We begin with an informal outline of the proof as it would apply to a poly-
gon. In order to prove the Jordan Arc Theorem for a simple polygon, it suffices to
demonstrate that its complement is arcwise connected. Suppose this is true for
all simple polygons having at most # segments. A simple polygon P,;; having
7n--1 segments is obtained by adjoining a single segment ¢ to a simple polygon
P, having n-segments. Any two points in the complement of P,y can be joined
by a polygonal arc C in the complement of P,. If C does not intersect ¢, then it
clearly lies in the complement of P,. If it does intersect @, then by drawing
parallel lines on either side of ¢, it is easily seen that C may be replaced by a
polygon which does not intersect P,1;. Hence, the complement of P,y is con-
nected. In order to obtain a valid induction proof, it suffices to note that the
complement of a single segment is indeed connected.

Now let P be a simple closed polygon. The Jordan Curve Theorem for P
asserts that the complement of P is comprised of two nonempty components E
and I. Let T' be the simple polygon obtained by removing from P a segment o.
Choose { to be a point which lies outside of a disk containing P in its interior.
Denote by E the set of points in the complement of P which can be joined, in
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606 JORDAN CURVE THEOREM FOR PIECEWISE SMOOTH CURVES [June-July

the complement of I to ¢ by a polygonal arc which does not cross o. Let I consist
of all other points in the complement of P. Evidently E is connected, since any
two of its points can be joined in E to {, and hence to each other. In order to
show that 7 is connected, we observe that any point &1 can be joined in the
complement of I' to ¢ by a polygonal arc C, which necessarily crosses ¢. Since
ENI=¢, it follows that C, must emerge from ¢ on the opposite side from which
it approached ¢. Otherwise, by drawing a line parallel to ¢, we could show that
z& E. By similar reasoning, it can be shown that if w&1, then C, approaches
g from the same side as C,. Hence 2z can be joined to w by an arc which does not
cross P. It follows that I is connected. However, it is not immediately evident
that it is nonempty. This possibility is excluded by showing that two points on
opposite sides of ¢ have different indices with respect to P, and hence are in
different components.

The objective of this paper is accomplished if we can show that the preceding
argument remains valid with straight line segments replaced by simple smooth
arcs. A moment of reflection shows that the only property of a straight line
which was used is that it is not intersected by a line parallel to it. In Lemma 1,
it is shown that to each simple smooth arc I' there can be associated a system of
“parallel” (not necessarily simple) arcs which do not intersect it. Lemma 2 is
devoted to proving that any point sufficiently close to an interior point of I lies
on at least one of these parallel arcs. It then follows immediately from Lemmas
1 and 2 that any two points of the complement I' which are sufficiently close to
T and on “the same side” of I' can be joined by an arc not crossing I'. Lemma 3
provides the step needed to draw the same conclusion concerning points on
“opposite sides” of I'. Lemma 4 provides the tool needed to deduce the Jordan
Arc Theorem for arcs consisting of #+1 smooth arcs from its truth for those
having # smooth arcs.

2. Definitions and notation. An arc is said to be smooth if it has a C! para-
metrization. A piecewise smooth arc is one which is obtained by joining end to
end a finite number of smooth arcs. If an arc C is parametrized by z=®(z),
a<t=<b, and SCla, b], we shall denote by C{S} the image of S under ®. At
other times, if z, {EC, we shall use C[z, {] to denote a portion of C joining z
to ¢. By ¢’ we mean the complement of the arc C with respect to the plane.

3. Preliminaries. We begin by introducing, for each smooth arc C, a class of
arcs C. which plays the roll of the lines parallel to a given segment. These arcs
will be used to connect points close to C by an arc which does not intersect C.

LeMMA 1. Let C:2=%(t), 0=t L, be a stmple smooth arc parametrized by
arc-length. Define, for each real ¢, Ce to be that arc parametrized by z=P.(t) =P (f)
+ie ®'(t), 0St=<L. There exists a d>0 such that C\C= when O<|e| <d.

Proof. We begin by showing that portions of C and C., corresponding to sufh-
ciently small neighborhoods of the parametric interval [0, L], are disjoint. Let
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1969] JORDAN CURVE THEOREM FOR PIECEWISE SMOOTH CURVES 607

t, 7&[0, L]. We then have, after some manipulation,
t
& () — (r) = (¢t — 7+ i)@' () —l—f [®(s) — & (1)]ds.

By uniform continuity, there exists a >0 such that |<I>’ (s) —®’ (t)| <1/2if
|s—t| <8. Hence, if |t—7| <8, we have

|<I>¢(t)-—-<I>(T)l>lt—r+ie”<1>'(t)|—lt—-‘rl/Z.
Now ld)' (t)l =1 since ¢ represents arc-length. Consequently
6] ®(f) #= B(r) if |[t—7| <6 and e##0.

We next prove that for e sufficiently small, each point on C has a neighbor-
hood which is disjoint from C.. To this end we choose points 0 =f<fH< « « *
<t,=L such that ltk—-tk_ll <8/4. It is then a consequence of (1) that

2 cllt—u] ss/a)ncdli—u] <6/2) = 2.

The point sets C{|¢—#| <8/4} and C{|t—#| =8/2} are disjoint and compact
since C is simple and the continuous image of a compact set is compact. Hence
they have a positive distance dg. The fact that the portions of C and C., cor-
responding to the set |¢—#| 28/2, have a distance at most |e| then shows that

3) cllt—ulzo2tNcl|t—u| s6/4) =& if|e| < dn

By combining (2) and (3) it is easily seen that C lt—tk| §6/4}K\C¢=,®' if
|| <di. It follows that CNC,=& if |e|] <d=min{d:}. This completes the
proof.

We next use a standard variational argument to show that any point suffi-
ciently close to an interior point of C lies on one of the arcs C..

LeMMA 2. Let C and C. be as defined in Lemma 1. If z& C is closer to C than
it is to either end point of C, then there exists a to& (0, L) and an €520 such that
2 =(I)(to) +i€0‘§,(to), that is ZE Cgoo

Proof. Since z is closer to C than it is to ®(0) or ®(L), there exists a £,& (0, L)
such that |z—®(t)| =dist{s, C}. Using the definition of distance and the
identity z—®(f) =z —®(¢o) +P’ (to) (¢ —t0) +-0(¢—10), we have

lz— @) |2 |2~ W)= |2z — ®(te) |* + 2 Re[s — ®(t) [¥(lo) (! — o)
"I‘ O(t — to).
It follows from the fact that ¢{—i¢, can be either positive or negative that
2 Re[z—®(t) ]®'(to) =0. But this is equivalent to z—®(t,) =1e®’ (to) for some
real €52 0. This completes the proof.

The previous two lemmas allow us to say that two points z&C. and {EC,
are on the same or opposite sides of C according to whether € and # have the
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608 JORDAN CURVE THEOREM FOR PIECEWISE SMOOTH CURVES [June-July

same or opposite signs. Note that we have not excluded the possibility of a
point being on both sides of C. Fortunately, this is not important for our purpose.
Once the Jordan Curve Theorem has been proved, it is an easy exercise to show
that if zEC,, 0< ]e] <d, then z is only on one side of C.

The previous two lemmas will be used to show that any two points suffi-
ciently close to and on the same side of C can be joined by an arc in C’. In order
to prove the same result for points on opposite sides of C we shall need another
lemma.

LeMMmA 3. Let C be as in Lemma 1. There exists a d> 0 such that the ‘half neigh-
borhood’ z=®(L)+e®'(L)e¥, 0<e<d, —7w/250=7/2, is disjoint from C.

Proof. There exists a 6 such that ]<I>’(s) —@'(L)I <1/2if I s——Ll <68. We have

L

B(L) + e (L)e? — d(t) = f [#'(s) — &' (L)]ds + & (L)[(L — t) + e?].

t

It follows from the triangle inequality and the fact that [@’ (L)| =1 that the

right side of the above equality is greater in absolute value than
| L —t+ee?| — (L —0)/2

if L—t<8. The above expression is easily seen to be positive for ¢>0 and
—m/2 =6 <m/2. Hence the ‘half neighborhood’ is disjoint from C{L—8=<t=<L}.
Let d be the distance from ®(L) to C{0<t<L—3}. If 0<e<d, then the ‘half
neighborhood’ is disjoint from C. This completes the proof.

LeEmMMA 4. Let C be as in Lemma 1, A o compact set and 2, ¢ two points of
(C\JA4)', each of which is closer to an interior point of C than it is to A or to an end-
point of C. If (1) CNA =P(0) or (ii) CNA=P(0)\IP(L) and z, { are on the same
side of C, then z can be joined to ¢ by an arc in (A\JC)’.

Proof. Let z:=%(#;) and {1=%(r1) be points on C which minimize the respec-
tive distances from z and { to C. The segments [z, 2:] and [{, ¢1] then intersect
C only at the points z; and {; respectively. As a consequence of Lemma 2, we
have z=®(4) +1¢@’(41) and § =P (r1) +29P’ (1) where ¢ and 7o are nonzero. It
follows that z and { can be connected in (4\UC)’ to points 2, =®(4;) +7¢ P’ (1) and
Ca=® (1) +P’(r;) for all small ¢, 7 which have the same signs as ¢ and 7.
Assume that 7= +e¢ and that |¢| is less than the § of Lemma 1 and the d of
Lemma 3. If case (i) holds we suppose that # <7;. The arc C[®(t), P(L)] is dis-
joint from 4 and hence has a positive distance 8 from it. Let |¢| be less than &
and the d's of Lemmas 1 and 3. If n =€ then, by Lemma 1, the arc Ce{t1§t§7-1}
serves to join z; and ¢z in (C\UA4)’. If = —e we may join 2, and {, to the points
®(L)+ie®'(L) and ®(L) —ie®’(L) by the arcs Cc{t<t<L} and C_.{ri<7=<L}.
It then follows from Lemma 3 that these two points can be joined by an arc in
(C\JA4)'. The proof of (ii) is similar and will be omitted.

4. The Jordan Arc Theorem. Once one has proved either the Jordan Curve
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Theorem or its companion the Jordan Arc Theorem, the proof of the other one
is relatively simple. Lemmas 1, 2, and 3 are now used to give a simple proof of
the Jordan Arc Theorem for our special class of curves.

THEOREM 1. The complement of a simple piecewise smooth arc C is an open
connected set having C as its boundary.

Proof. 1t follows from the fact that C is compact that C’ is open and that the
boundary of (’ is contained in C. Lemma 1 shows that each smooth point of C
is a boundary point of C’. Since the boundary of any set is closed, the “corner
points” of C are also in the boundary of C’.

It remains to show that C’ is connected. We proceed by induction on the
number of smooth segments of C to show that C’ is arcwise connected. Suppose
then that C is a simple smooth arc. If z, {EC’ we may join them by a smooth
arc I' which does not pass through either end point of C. If I" does intersect C
we may, because of the continuity of the parametrization of T', join z and {
in C’ to points 2 and {3 which are arbitrarily close to interior points of C.
By Lemma 4, z; can be connected to {; by an arc in C’. Thus any two pointsin C’
can be connected by an arc in C’. Hence C’ is arcwise connected.

Suppose now that Theorem 1 is true for arcs having # smooth segments. If
Cni1 has n-+1 smooth segments, let C, denote the first # segments and C the
last. If 3, {EC, .y, then by our induction hypothesis, z and { can be joined by
an arc I' in C,/. We may assume that I" does not pass through an end point of C,
since removing a point from an open connected set does not disconnect it. We
may then join z and { in C,, to points 2 and {; which are arbitrarily close to
interior points of C. It follows from Lemma 4, with 4 = C,, that 2, can be con-
nected to {; by an arc in C,,,. This completes the proof.

5. The Jordan Curve Theorem. We are now in a position to state and prove
the main theorem of this note.

THEOREM 2. The complement of a simple closed piecewise smooth curve C con-
sists of two components, E and I, each having C as its boundary. Moreover, the
index of C is equal to zero in E and, if C is oriented properly, is equal to one in I.

Proof. We first show that C’ consists of at most two components. Since C is
compact, there exists a point ¢ which lies outside of a disk containing C in its
interior. Let E denote the set of points which can be joined to { by an arcin C'.
E is clearly connected since any two of its points can be connected to { by an arc
inE.Let I=C'—E. I{ I#, let T be the simple piecewise smooth arc obtained
by removing an open smooth segment v from C. By Theorem 1, any point s;& 1
can be joined to ¢ by an arc I',, CI". This curve necessarily crosses v for other-
wise z would be in E. As in the proof of Theorem 1, we now choose points z{, {’
arbitrarily close to interior points of ¥ such that T'y,[z1, 2 ] and T, [{, ¢] are in
C’. We claim that z{ and {’ are on opposite sides of v for otherwise by Lemma 4
z could be joined to { by an arc in C'. Let 2, be another point in I and let z{ play
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the role analogous to z{ . The point 22 must be on the same side of v as 2{ for
otherwise z; could be connected to { by an arc in C'. Since z{ and z7 are on the
same side of v, it follows from Lemma 4 that 2; and 2; can be connected by an
arc in C’. Hence [ is connected.

We next consider the difference between the index of C at two points on
opposite sides of a smooth portion of C. If zo=®(t) is such a point, it follows
from Lemma 1 that, as long as e retains its sign, 2. =®(to) +7eP(£y) is in the same
component of C’. It follows that

A= '}’L(C, 20 -+ ie(bl(to)) - %(C, 20 — iéq)l(to))

is constant for all small ¢>0. By using the continuity of ® at 4, it is easily
shown that

( 1 1 () = 2ie L
®(t) — 20 — 1e®’(4o) B &) — 3 + ie@'(%)) @ = (t—t)*+ ¢ ’

where given an >0 there exists a §>0 such that

€] STe=1 + e

if It—tol <48. If C denotes the portion of C corresponding to It—tol >3, we
then have

1 1 1
A = — ( - - - >dz
271 ¢ \%— 29— /LE(I),(to) 2 — 2o + 16@,(150)

1 totd 2ie
+— (—————~—— + 8) dt.
2w to—d (l - t0)2 + €

The first integral tends to zero as e—0 since its integrand is continuous at e=0.
In the second integral we substitute : —#y=¢s and then let e—0. We then obtain

IA—1| <.

But since A is an integer we must have A =1. It follows that C’ has at least two
components. But we already know that C’ has at most two components; hence
I is not empty. The above argument also shows that each smooth point of C
is a boundary point of both E and I. That the ‘corners’ are boundary points
follows from the fact that the boundary is a closed set. Since in E (the un-
bounded component of C’) the index of C is zero, it follows that in [ it is +1.
Hence by reorienting if necessary, we can arrange that it is 1. This completes
the proof.
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