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WE WILL PROVE that any area preserving “‘twist” homeomorphism f on the annulus
has quasi-periodic orbits of all frequencies w in an interval [p(fo), p(f)]. It is easy to
see that there are no quasi-periodic orbits of frequency w when o is not in this
interval. In stating this result, we give a liberal interpretation of what it means for an
orbit to be quasi-periodic: the closure of such an orbit may be a Cantor set, not a
circle.

The method used in this paper is closely related to a method Percival has
previously used to find quasi-periodic orbits numerically [3, 4]. However, to the best of
my knowledge, Percival has not proved an existence theorem using his method.

To state our theorem, it is easier to work with the universal cover A of the annulus
than with the annulus itself. Let A={(x,y)ER%* O0=<y=<1}. Let T: A—> A be the
translation T(x, y) = (x + 1, y). Let f be an area perserving, orientation preserving, and
boundary component preserving homeomorphism of A such that fT = Tf. In addition
suppose that f(x, y); > f(x, z);, when y >z, where p,=x if p = (x, y) € A. This is the
“twist condition™.

Let fi=f[Rxi, i=0,1. Let B={(x,x)ER* fo(x)=<x'<f(x)}. From the twist
condition, it follows that for each (x, x') € B, there exists a unique y = g(x, x’) € [0, 1]
and y'=g'(x, x") €[0, 1] such that f(x,y)=(x',y). The functions g and g’ are con-
tinuous functions on B.

For any homeomorphism h:R — R such that h(x + 1) = h(x) + 1, let

p(h) = lim ""rf").

n—oxoe

A well known theorem of Poincaré states that this limit exists and is independent of x.
The following is our main result.

THEOREM. Suppose p(fo) < w =< p(f;). Then there exists a weakly order preserving
mapping ¢ :R =R such that ¢{(t + )= ¢(t)+ 1 and

f(d(t), n(1)) = (¢(t + ), n(t + @) (1)
where 1(1) = g(6(1), ¢(t + ).
The mapping ¢ is not necessarily continuous. However, we will show:
ADDENDUM 1. If t is a point of continuity of ¢, then so are t + w and t — w.
The meaning of this theorem depends on whether w is rational or irrational. If o is
rational, say @ = p/q in lowest terms, then the theorem implies the existence of a

point (x,y) such that f%x, y)=(x+p,y). For, if ¢ satisfies the conditions of the
tSupported by NSF. :
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458 JOHN N. MATHER

theorem, and (x, y) = (¢(t), n(t)), for some t €R, then f%x, y)=(x + p, y). This case
is a consequence of a famous theorem of Birkhoff[1].
In the case w is irrational, we have:

ADDENDUM 2. If w& Q, then ¢ is not constant on any interval.

When w is irrational, we let M, be the closure of the set of (¢(t), n(t)) such that ¢
is a point of continuity of ¢. Since ¢ is weakly order preserving, the set of points of
discontinuity of t is at most countable. Then M, is the same as the union of all limits
from below ($(t—~), n(t—)) and all limits from above (¢(t+), n(t+)). We set
Ze=MyT.

In the case ¢ is continuous, it is clear that M, is homeomorphic to R and X, is
homeomorphic to a circle. Moreover, letting f be the homeomorphism of the annulus
A/T induced by f, we have that f|Z, is conjugate to a rotation with rotation
number = w (mod. 1).

In the case that ¢ is not continuous, it follows from Addenda 1 and 2 that £, is a
Cantor set invariant under f. It is easily checked from the conditions imposed on ¢ in
the conclusion of theorem 1 and addenda 1 and 2 that f|2, is topologically semi-
conjugate to the rotation of a circle with rotation number= w(mod 1). In fact,
identifying (¢(t =), n(t —)) with (¢(t +), n(t +)) and then identifying Tp with p, gives
a circle, on which the homeomorphism induced by f is topologically conjugate to a
rotation. These identifications may also be described purely in terms of the topological
dynamics of f| |=, points of =, which approach each other under indefinite forward and
backward iteration under f are identified. A known, and not very difficult, argument
then shows that f|Z, is topologically conjugate to one of the well known Denjoy
minimal systems: f|2, is minimal, and £, can be embedded in the circle so that f|T,
extends to an orientation preserving homeomorphism of the circle.

From the fact that ¢ is weakly order preserving, it follows that t - ¢(t) —t has
bounded variation. Hence the Fourier expansion . gm a, exp(2mint) of ¢(t)—t con-
verges pointwise everywhere, and converges to ¢(t)—t, whenever t is a point of
continuity of ¢ [5]. :

In view of the definition of n(t), its Fourier expansion .j.m b, exp(2 int) is Césaro
summable everywhere, and sums to n(t), whenever t is a point of continuity of ¢.

Moreover, if f is C' and —a—fﬁf—y—)'>0, then n(t) has bounded variation, so its Fourier

ay
series converges pointwise, and converges to n(t) when ¢t is a point of continuity of ¢.
Consider a point of continuity t, of ¢ and define

X = > @ exp(2m in(ty + ko))

Yo = 2 bnexpm in(to+ kw)),

n=-—x

where the second sum is understood in the sense of Césaro summability. By
Addendum 1, ty+ kw is a point of continuity of ¢ for all k. Hence

xi = ¢(to + kw), y« = n(to + ko),

50 f(Xk, Yu) = (Xk+1, Yes1)- Thus, we have found a quasi-periodic orbit of frequency w.
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§1. OUTLINE OF THE PROOF

Let Y, denote the set of all weakly order preserving mappings ¢ :R - R such that
d(t+1D=0d)+1, fo(d(1) = ¢(t +w)=fi(d(1)), and ¢ is continuous from the left,
i.e. ¢(t —) = ¢(t). Let X, denote the set of all ¢ € Y, such that ¢(¢) =0 for t >0 and
d(t)=0for t <0.

From the fact that f is area preserving, it follows that g(x, x)dx — g'(x, x') dx’ is a
closed 1-form on B. Hence there exists a C' function h(x, x’) on B such that

dh(x, x')=g(x, x)dx — g'(x, x") dx’. (1.1)

For ¢ € Y,, we define

1
F.(¢)= f h((t), b(t + w)) dt. (1.2)
t=0

In §2, we will show that X, # @ if and only if p(fo) < @ = p(f)).

In §4, we will define a metric on Y,. In §5, we will show that X, is compact and in
§6 that F, is continuous, with respect to that metric. Hence there exists ¢ € X, where
F, takes its maximum.

For a €R, let T,:R—R be the translation T,(x) = x + a. In §3, we will show that
F (¢T)=F,(¢) for any a€R. If ¢ €Y, we have ¢T,€X, where a=
sup ¢ '(— =, 0). Hence, if F, takes its maximum on X, at ¢, it also takes its maximum
on Y, at ¢.

For ¢ € Y, and t €R, we define

V(6,1 = 2 [(h(5, %)+ h(x, ¥, (1.3)

evaluated at

¥=¢(t-w)x=06@),x =¢(+w) (1.4

In §7-10, we will show that if F, takes its maximum on Y, at ¢, then we have the
following ‘‘Euler-Lagrange equation:” :

V(d,t)=0,for all t ER. (1.5)

This is essentially a special case of “Euler-Lagrange equation” due to Percival[3].
However, Percival gives no proof. In fact, the usual argument applies as long as ¢ is
C', with non-vanishing derivative, and fo(¢(1)) < ¢ (t + w) < fi(b(t)), for all t ER.
However, to prove our existence theorem, we need an extension of the usual
argument which involves some (unfortunately lengthy) reasoning of the type which is
familiar from elementary theory of functions of one real variable.

Equation (1) follows easily from the “Euler-Lagrange equation”. From the definit-
ion (1.1) of h and the definition (1.3) of V(¢,t), we get

Vg, 1) =—-g'(x,x)+ g(x,x"), (1.6)

where X, x, x’ are given by (1.4). Applying this with t + w in place of t, and using the
“Euler-Lagrange equation’ (1.5), we obtain

g(o(t + ), d(t + 2w)) = g'(d(1), (1 + w)).

TOP Vol. 21, No. 4—I



460 JOHN N. MATHER
In view of our definition of 7, this gives

n(t+ ) = g'(¢(1), ¢(t + )).

Hence

f(&(®), n(1) = f(&(1), g(6(1), S(t + @) .
=(¢(t + ), g'(d(1), (t + w)))
= (¢(t + w), n(t + 0)),

where the second equation is a consequence of the definition of g and g'.

Thus, once we have shown that F, takes a maximum on Y, and satisfies the
Euler-Lagrange equation whenever F, takes its maximum at ¢, we obtain the
Theorem of the introduction.

We will prove the Addenda in §11-12.

§2. X, %@ IF AND ONLY IF p(fy) = w = p(fy).

Proof. “Only if.” Suppose ¢ € Y,,. If n >0, then f,"(¢(1)) = d(t + nw) < f,"(d(1)),
$O

im LLOW) _ i S 10) i IS0
or
pUfo) S w < p(fy). @1

Thus, (2.1) holds if Y,# @.
“If” For0=s =<1, let g, :R—>R be defined by

gs(t) = sfi(t) + (1 - s)fo(t).

Obviously, g, is a homeomorphism of R and g,(t + 1) = g,(t) + 1. The quantity p(g,) is
a non-decreasing function of s, so there is at least one value s, of s for which
p(8«0) = w, since

p(go) = p(fo) = w = p(f\) = p(g)).

Set g = g, and let §:R/Z > R/Z be the induced homeomorphism.

We will construct ¢ € X, in two different ways, according to whether o is rational
or irrational. First, suppose w is rational, say w = p/q, p, q € Z, with p relatively
prime to g. A theorem of Poincaré asserts that the set P of periodic points of g is
non-empty. Let P = 77 'P, where 7 :R —>R/Z denotes the projection. We define ¢(0)
to be the greatest non-positive element of P. Given t €R, we can write it in the form

t=n(P-)+m+r
q

where n, me Z, —%< r=<0. We define

¢(1)=g"(¢(0)+m.

Since $(0) € P, g%(¢(0)) = $(0) + p. It follows that ¢ is well defined.
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Using p(g) =%, we see that ¢ is weakly order preserving. For, suppose n(%>+

m > n‘(%) +m’, but g"(¢(0)+m <g"($(0))+m'. Then g" "($(0)) =m'—m. In the

case n—n'>0, we get

()= —m P
PR =S <y
In the case n —n' <0, we get
m-m_p
= >
p8)=—— e

so either way, we have a contradiction.

By definition, ¢(0) =0, so ¢(t) <0, for t <0, since ¢ is weakly order preserving.
For t >0, #(t)E P and ¢(t) # ¢(0). Since ¢ is weakly order preserving and #(0) is
the greatest non-positive element of P, we get ¢(t) > 0.

It follows immediately from the definition of ¢ that g(¢(t)) = d;(t +%) Hence,
fol(t) = d;(t +%) = fi(#(t)). We have defined ¢ so that it is continuous from the

left. Thus, ¢ € X, }

In the case w is irrational, there is a weakly cyclic order preserving continuous
mapping h:R/Z-R/Z such that hg(6)=h(8)+w (mod. 1.), for 6 ER/Z, where
g:R/Z->R(Z is the mapping induced by g Let h:R—-R be a lifting of h, i.e. a
continuous mapping such that wh = hm. There is some choice of h and also of h:
altogether, we may add any constant to h. We make h unique by specifying h(0) = 0.
Since h is weakly cyclic order preserving, h is weakly order preserving. Let ¢(t) = inf
h~'(t). Obviously, ¢ is weakly order preserving. Clearly, h has degree 1, so h(t+1) =
h(t)+ 1, and ¢(t + 1) = ¢(t) + 1. By definition, ¢(0) <0, and 0 is the greatest number t
such that ¢(t)=<0. So, ¢(t)=0, for t =0 and ¢(t)=0 for t >0. We have h(g(1)) =
h(t)+ , so the definition of ¢ gives g(é(t)) = ¢(t + w). The definition of g then gives

fd(1) = g(d(1)) = &(t + w) = f((1)).

The definition of ¢ implies that it is continuous from the left. Hence, ¢ € X,. O

§3. TRANSLATION INVARIANCE OF F,
It is obvious from the definitions of g and g’ that

gix+1Lx'+1)=g(x,x"
gx+1,x"+1)=g'(x,x") 3.1

Hence, h(x +1,x'+ 1) — h(x, x') is a constant C. We have

C=fg(x,x')dx—g(x,x')dx’
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where y is any path in B connecting any poing (xq, x¢) in B with (xo+ 1, xo+ 1). But
along a path of the form v(t) = (1, fi(t)), the 1-form under the integral sign vanishes
identically. Hence C =0, i.e.

hix+1,x"+1)= h(x, x"). (3.2

From this formula, the definition of F,, and ¢é(t + 1) = ¢(t) + 1, it follows that F, is
translation invariant, i.e.

F.(¢T,) = F,(¢). 3.3)

§4. METRIC ON Y,,
For any weakly order preserving mapping ¢ :R — R, we define

graph ¢ ={(x, y) ER*: p(x ) =y = d(x +)}.

If y:R—>R is a second weakly order preserving mapping, we set
d(e, ¥) = max{sgp inf|¢ ~ 1], sup irglfls’ -}
n n

where ¢ ranges over graph ¢, m ranges over graph ¢, and | | denotes the Euclidean
norm on R’ This may be infinite.

If 6 C X,, then (0,0), (1, 1) € graph ¢, and ¢(t + 1) = ¢(t) + 1. Consequently, for ¢,
¢ € X, d(¢, ¥) is given by (4.1), where now ¢ ranges over [0, 1]*Ngraph ¢ and 7
ranges over [0, 1]° N graph ¢. We then obtain d(¢, ¢) <1 for ¢, ¥ € X,.

Obviously, d(¢T,, ¢) =< a, for any a €R. Since for any ¢ € Y,, there exists a ER
such that ¢T, € X, we obtain from the triangle inequality for d that d(¢, ¢) <=, for
6, Y €Y, It may be verified that d is a metric on Y,. One point to observe is that
since every element of Y, is continuous from the left, d(¢, y)=0<& ¢ = o

§5. X,, IS COMPACT, WITH RESPECT TO d.
Proof. Let S be the set of closed subsets of [0, 1]* and let d’' be the Hausdorff
metric. (S, d') is compact ([2], 3.16, problem 3). The mapping ¢ — graph ¢ N [0, 17 embeds
X, isometrically as a closed subset of S, so X, is compact.

§6. F: Y, >R IS CONTINUOUS
Proof. Let

M= sup_ max{l, |g(x, x")|, |g'(x, x|}

(x.xh€

From (3.1), it follows that M <. From the definition of F, and the mean value
theorem, it follows that
1
F.(8) = Fl =M [ 18- o0l +1o(t +0) = u(t + w)) .

t=0

since dhfox = g and dh/ox' = —g'.
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Let 1=€>0. Let § = €*/1000 M2 Suppose d(¢, ) <8. We will show |F,(¢)—
F,(y)<e

From d(¢, ¥) < 8 < 107, the periodicity property ¢(t+1)=¢(t)+1 and y(t +1) =
¢(t)+ 1, and the fact that ¢ and ¢ are weakly increasing, it follows easily that

6(1) - w(t)| < M <2 forall t ER.

Suppose a E R. Let 7, denote the set of all t €(a, a + 1) such that |¢(t) — ¢(t)| =

gi—l. From the assumption that d(¢, ¢) < §, we obtain
199¢
St +8) = ¢+ 0007 (6.2)
in the case ¢(t) = ¢(t) + ¢/5M and
199¢
d(t—8)=o(t)— 1000 M (6.3)

in the case (1) < d(t) — ¢/5M.
Let m, (resp. 7)) denote the set of te(a, a + 1) where (6.2) (resp. 6.3) holds. Then

m, C U .

At any point t € =, the variation of ¢ over the interval [t,t + 8] is = 1009?)M Since

the total variation of ¢ over (a,a+ 1) is =<1, it follows that 7} can be covered by at
t [1(1)(9)(9)24] +1=7 A:— intervals of length & = €*/1000M>. Hence the measure p(my)

of =, is at most 7TMé&/e < ¢/100M. Similarly, pw(7}) < ¢/100M. Hence

r(m) < p(m) + p(wy) < €/50 M.

Since |¢(t)— ¢(t)| <2 for all t ER and |¢(t) — ¢(t)| < /SM for te(0, 1)-m, and for
te(w, w + 1)~ 7, we obtain from (6.1) that

IFu(#) = F.(0)] = MQu(m0) + 2ps(m) + 2

=M (53}6\4 521\54) <€

COROLLARY. F, takes a maximum value on Y, at a point which lies in X_.

Proof. Since F, is a continuous function on the compact space X,, it takes a

maximum value on X,. Since F, is translation invariant and Y, = U T,X,, the
a€ERrR

maximum value for F, on X, is also a maximum value for F, on Y_.'0O

§7. COMPUTATION OF THE VARIATION OF F,,
LEMMA. Suppose a <0=<b and a <b. Suppose an element ¢, of Y, is given for

2
a<s=b, ¢ t) is a C* function of s for each fixed t, and ai;’s(i), g——%z(t—) are uniformly
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bounded and measurable fora<s=<b,t €R. Then

L Fu@)limo= [ ve.néw. (7.1)

where

3¢s(t)

d’s(t) d’ d’()a ‘b ¢0

Proof. From the definition of F, and the assumption that ¢,(t) is a C* function of
s for each fixed t, we obtain

F,(¢a;) — Fu(¢)
As

I f[ (duas(t), Puas(t + @))buss(t)

t=0 u=0

2 Guas®), uss(t + @) buas(t + ) du

oh :
Since x and ah, are uniformly continuous on B, and ad”, %’?— are uniformly

bounded, it follows that the quantity under the integral sign converges uniformly, as
As - 0. Going to the limit As = 0, we obtain

1

d .
55 Fu@lieo= [ [Z60). 00+ 0Dt

=0

+ 286, 6t + )t +0) | dr

1
=f [%(d’(‘)’ é(t+ w>)+§%(¢(t - ), ¢(t»]q$(t) dt
0

1

=J' V(. 1) d(t) dt. o
[

§8. ONE PARAMETER FAMILIES
We fix t,ER, ¢ € Y, and we will construct three 1-parameter families ¢, ¥, & in
this section. The constructions depend on a choice of a C” function on p on R/Z with
values in [0, 1]. We will suppose p is identically 1 in a neighborhood of w(t,), where
m:R—>R/Z denotes the projection.
We let u,:R—R, be the unique family of diffeomorphisms, defined for s €R, and

depending smoothly on s ER and t €R such that u,=id, é—Q—-p'n-us(t). Such a

family exists and is unique by the fundamental existence and uniqueness theorem for
ordinary differential equations.

We define ¢, = u,p. It is not necessarily the case that ¢, € Y, for |s| sufficiently
small. However, if for some a =<0=<b, and a <b, we have ¢; € Y, for a =s <b then
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the other hypotheses of the Lemma in §7 are satisfied. Formula (7.1) gives
1
d
35 Fu@lio= [ V(& 0pmb(r) at. 8.1)
t=0
We let t, = sup ¢ (¢(to) +1). We define

U () =udp(),ifAnEZ, v+ n=<t<t,+n
= ¢(t), otherwise,

and

EM) =), ifINEZ, ty+n=<t<t,+n
= u,d(t), otherwise.

Again, it is not necessarily the case that ¢, and & are in Y, for |s| small. But, if for
some a=<0=b and a <b, we have ¢, (resp. £)E Y, for a =s =< b, then the other
hypotheses of the Lemma in §7 are satisfied. Formula (7.1) gives

L Fulino= [ vis. oo ar 8.2)

L F@lo= [ V(6. Dpmoat. ®3)

=1

§9. CONDITIONS WHICH CANNOT BE SATISFIED AT A MAXIMUM
In this section, we will show that if any one of the conditions (9.1-9.4) is satisfied
at t =1ty and tp— w, to, and t,+ w are all points of continuity of ¢, then F, does not
take its maximum at ¢.

&(t) = fod(t — w) and ¢(t + @) > fod(1), 6.1
or

(1) <f1¢(t — ) and é(t + w) = f,¢(t), 9.2)
or

¢(t) > fod(t — ) and & (t + w) = fod(t), (8.3)
or

é(t) = f16(t — w) and ¢(t + w) < f1d(2). 9.4)

LemMA. If (9.1) or (9.2) is satisfied then V(d,t)>0. If (9.3) or (9.4) is satisfied,
then V(¢,1)<O0.
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Proof. From the definition of g and g', we see

x'= fo(x)g(x, x')=0&g'(x, x)=0
x'=fi(x)=>g(x, x')=1&g'(x, x) =1

From (1.6), these equivalences, and the fact that 0 <g(x,x) =1, 0=<g'(x,x’) <1, the
conclusions of the Lemma follow immediately. O
Suppose to= ¢ '¢(ty). Provided that p has support in a sufficiently small interval

e o~ N . PR Py | | £ o o

about w¢(ty)), we have that ¢, €Y, for s =0 sufficiently small (resp. s<0 o
. d
sufficiently small absolute value) and, by (8.1) and the above Lemma, I F(¢:)|s=0>0

(resp. <0), if (9.1) or (9.2) (resp. (9.3) or (9.4)) is satisfied for t = t,. Hence F does not
take its maximum at ¢.

If to# & 'd(to), then ¢ 'd(ty) is an interval. Let a, B be its endpoints, where a < .
If (9.1) or (9.2) is satisfied for t = t,, it is satisfied for all t € [t,, B). Moreover, V(é, t)
is an increasing function of t in (a, 8), by (1.6), the fact that g(x, x’) is an increasing
function of x’ and the fact that g'(%, x) is a decreasing function of X It is easily seen
that if p has support in a sufficiently small neighborhood of =w¢(t,), then ¢, €Y,

for s =0 sufficiently small, and by (8.2) and the above Lemma, %Fw(llls)|s=0>0.

Hence F,, does not take its maximum at ¢ = ).
If (9.3) or (9.4) is satisfied for t = t,, similar reasoning shows that if p has support
in a sufficiently small neighborhood of w¢(ty), then £ € Y, for s =0 of sufficiently

d . .
small absolute value, and s F,(&)|s=0<0. Hence F, does not take its maximum at
¢ = &. a
§10. PROOF OF THE EULER-LAGRANGE EQUATION

In this section we will prove (1.5), under the assumption that F, takes its
maximum at ¢. It is enough to prove (1.5) when t — w, t, and t + w are the points of
continuity of ¢, since this is the case for all but at most countably many ¢t € R and
V(¢, t) is continuous from the left.

From §9, we know that none of the conditions (9.1-9.4) can be satisfied (when
t—w, t, and t+w are points of continuity of ¢). This means that ¢(t)=
fod(t — w)d(t + w) = fop(t) and ¢(t) = fid(t — w)>P(t + w) = fLé(¢). If either of
these conditions holds, V(¢, t) = 0 by the reasoning used in the proof of the Lemma in
§9.

Hence, it is enough to consider a point t;€R such that fyd(ty— w) < dp(tg) <
fid(to— w) and fod(t) < d(to+ w) < fid(ty), and ty— w, t;, and ty+ w are points of
continuity of ¢.

Suppose to= ¢ '¢(ty). Then, if p has support in a sufficiently small neighborhood
of md(ty), we have ¢, € Y, for s sufficiently small, and (8.1) holds. The hypothesis

that F takes its maximum at ¢ = ¢, implies %Fw(¢3)|s=o=0. Since V(o¢,t) is

continuous at t = t, (by the hypothesis that t — w, t, and t + w are continuous at t = t,),
(1) is continuous at ty, and t;= ¢ '@ (t,), the fact that

1

f V(, )pmd(t) dt =0,

t=0

for all p of the type we consider, implies V(¢, t;) =0.
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If to# ¢ d(to), then ¢ 'd(ty) is an interval. Let « and B be its endpoints with
a <. Then V(¢,t) is an increasing function of t in (a, B), by (1.6), the fact that
g(x, x") is an increasing function of x' and the fact that g'(%, x) is a decreasing function
of x. It is easily seen that if p has support in a sufficiently small neighborhood of
7w (ty), then ¢, €Y, for s =0 sufficiently small and £ € Y, for s <0 sufficiently
small. Hence (8.2) and (8.3) hold. The assumption that F, takes its maximum at
& = ¢ = & implies

d ot
a—; Fw(d’s)ls=0 =0

d
a Fw(§5)|s=0 =0.

In view of the fact that V (@, t) is increasing on (a, 8), (8.2) gives V (¢, ty) =0 and (8.3)
gives V(¢, 1)) =0. Hence V(¢, ty)) =0. O
This completes the proof of the Theorem stated in the introduction.

§11. PROOF OF ADDENDUM 1
In view of (1.6), the fact that g(x, x’) is an increasing function of x’, and the fact
that g(X, x) is a decreasing function of %, it follows that if ¢ is continuous at t, then
Vg, t+)= V(¢, t —), and we have equality if and only if ¢ is continuous at both t — @
and t + w. Since (1) is equivalent to the Euler-Lagrange equation V(¢, t) =0, we have
equality, and ¢ is continuous at t —w and t+ . O

§12. PROOF OF ADDENDUM 2

We have already seen that if ¢ is constant in an interval (a, 8), then V(¢,1) is
increasing in that interval. Moreover, the argument which proved that (§9) also shows
that V(¢,t) is constant if and only ¢ is constant on (@ —w, 8 — w) and on (a + w,
B + w). Since V (¢, t) =0 identically, we have that ¢ is constant on (a — w, B — w) and
(a + o, B + w). By iterating this argument and using ¢(t + 1) = ¢(t) + 1, we get that ¢
is constant on the interval (« + nw + m, 8 + nw +m) for any n, m € Z. Since 0w € Q,
this implies ¢ is constant on R, whic contradicts ¢(t + 1) = (1) + 1.

Hence ¢ is not constant in any interval. O
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