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Coming back to the variable t = e° we obtain

x(t) = csin(wlnt + 0) + _1_2
1+w

t, t>0.
In Chapter 11 we will discuss another method to solve Euler’s equation, by using

solutions as power series.

6.5 Exercises

6.5.1 Exercises on linear dependence and independence

Show that x; = 2sint and x, = sin 2¢ are linearly independent.

Show that x, = €%, x, = e' are linearly independent.

Show that x; = (t* - 1)° and x, = (2 - 2t?)° are linearly dependent.

Find 0 such that sin ¢t and sin(t + 8) are linearly dependent.

Show that x, = sin’ t and x, = cos’ t are linearly independent.

Show that x; = 2¢, x, = 3|t| are linearly dependent on (-co, 0) but linearly inde-

pendent on R.

7. Lety(t) be any function, y(t) # O for t € R. Show that if x,(t) and x,(t) are linearly
independent, then so are y(t)x; (t) and y(t)x,(t).

8. Letf,g be linearly independent. Show that, for any a,b € R, a # 0, x; = af + bg
and x, = g are linearly independent.

9. Showthatifp # g thenu, = t” and u, = t? cannot be solutions of the same second
order equation L[x] = 0.

10. Let uy, u, be solutions of L[x] = 0 on I such that u;(ty) = u,(t,) = O for some
to € I. Show that they are linearly dependent and hence they have all their zeros
in common.

11. Using variations of parameters, find a particular solution of
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6.5.2 Exercises on equations with constant coefficients

12. Find the general solution of X" — 2x' - 4x = 0.

13. Find the general solution of x”/ + 2x' + 10x = 0.

14. Find the general solution of x"" — x' + 2x = 0.

15. Solve x” +3x' = 0, x(0) = 1, x'(0) = -1.

16. Solvex” —2x' + x =0, x(0) = 1, x'(0) = 2.

17. Find the general solution of 9x" + 6x’ + x = 0.

18. Solve the ivp x” + 4x' = 5x = 0, x(0) = 1, X' (0) = -1.
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== 6 Second order linear differential equations

Solve the ivp x" + 2x + 2= 0, x(0) = 2, x'(0) = 0.

Show that the nonconstant solutions of x" - kx' = 0, x(0) = 0, ¥'(0) = k are
increasing or decreasing.

Let x,(t) be the solution of the ivp x"/ - x' - 2x = 0, x(0) = 0, x’ (0) = a. Find the
lim,.,, o X, (6).

Show that for every k > 0 at least one solution of x” + 2x' — kx = 0 tends to 0 as
t — +00.

Find k € R such that all solutions of x" + 2kx’ + 2k?x = 0 tend to 0 as f — +co.
Solve x" +x =2 +1.

Solve x" — 4x' + 3x = sint.

Solve x” - x = te.

Solve X" + 4x = sin wt.

Solve x" + 4x = sin t + sin 2t.

6.5.3 Exercises on Euler equations

29.

30.
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Solve the Euler equation 2t>x" — tx' +x = 0, ¢ > 0.
Solve t2x" - tx' + x = 0.

Solve t2x" - 4tx' + 6x = 0.

Solve t2x"" - 5tx' +5x = 0.

Solve

X" -2 +2x=0, x1)=1, x'()=0.

Consider the Euler equation

at’x" +btx' +cx =0, t>0.

Show that if a > 0 and ¢ < 0, then the general solution of the Euler equation, is of
the form ¢, t? + c,t,
Solve 2" + tx' +x = 0, x(1) = 1, X'(1) = 1.



