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ANNALS OF MATHEMATICS
Vol. 43, No. 4, October, 1942

ITERATION OF ANALYTIC FUNCTIONS

By CarL LupwiG SIEGEL

(Received April 23, 1942)
Let

1) f2) = ,,Z: ap?*

be a power series without constant term and denote by R > 0 its radius of con-
vergence. The fixed point z = 0 of the mapping z — f(2) is called stable, if
there exist two positive finite numbers rp £ R and r < R, such that for all points
z of the circle | z| < 7, the set of image points z; = f(2), 2a41 = f(24) (n = 1,
2, ---) lies in the circle |z | < .

It is easy to prove the stability in the case | a; | < 1, for then a positive number
1o < R exists, such that the inequality | f(z) | < | 2| holds for | z| < 7, and
r = 7 has the required property. Henceforth, the inequality |a;| = 1 is
assumed.

If z = 0O is stable, then the images 2z, (n = 1,2, - - -) of the points z of the circle
| 2| < 7o under the mapping z — f(z) and its iterations cover a domain D which
is connected and contains the point z = 0. For all z in D, the image point
f(2) again lies in D. Let

2 =) =¢+ g e

be the power series mapping a certain circle | { | < p of the ¢ plane conformally
onto the universal covering surface of D. Then the formula

e(§) = 2> f(2) = 21 = (1)

defines a function ¢; = g(¢) which is regular in the circle | { | < p and satisfies
there the inequality | g(¢) | < p; moreover g(0) = 0 and ¢'(0) = 1. It follows

from Schwarz’s lemma that |a,| = 1 and {; = a;¢. Consequently, the func-
tional equation of Schréder
3) p(aif) = flp())

has a convergent solution ¢(¢) = ¢ + ---.

On the other hand, it is obvious that z = 0 is stable, if |a:| = 1 and the
functional equation (3) has a convergent solution.

If a; is an n* root of unity, then z = 0 is stable, if and only if the (n — 1)
iteration of the mapping z — f(2) is the identity. This is also easily proved by
direct calculation. We assume now that |a;| = 1andaj # 1forn=1,2,---.

By (1), (2) and (3),

© 0 ) 1]
(4) doerlah — a)dt =D a (&’ + > crf') ;

k=2 =2 r=2
607
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608 CARL LUDWIG SIEGEL

hencec, (k = 2,3, ---) isa polynomialine¢,, - - -, ¢x—1 whose coefficients depend
upon @, - - - , ai , and there exists exactly one formal (convergent or divergent)
solution ¢(¢) = ¢ + --- of (3). The first example of a convergent series f(z) =
a1z + - - - with divergent Schroder series ¢(¢) has been given by Pfeiffer.! Later
Cremer” has constructed such examples for arbitrary a; satisfying the condition
lim inf |af — 1 [V* = 0.

These a, are very closely approximated by certain roots of unity, and their
linear Lebesgue measure on the unit circle | a, | = 1is 0.

Until now, however, it was not known if there exists & number a, of absolute
value 1, such that every convergent power series f(z) = a;z 4- --- has a con-
vergent Schroder series. Julia® tried to prove the erroneous hypothesis that the
Schroder series is always divergent, if f(z) — aiz is a rational function and not
identically 0. We shall demonstrate the following

THEOREM: Let

(5) log | af — 1| = O(log n) (n — =);

then the Schrider series s convergent.
2riw,

Write a; = ¢™*“; then the condition (5) may be expressed in the form

w—%l>)\n_",

for arbitrary integers m and n, n = 1, where A and u denote positive numbers
depending only upon w. It is easily seen that (5) holds for all points of the
unit circle | a1 | = 1 with the exception of a set of measure 0.

LemMMA 1: Letx, (p =1, ---,7r) and y, (@ = 1, -- -, 8) be positive integers,
r20,s=22,r+s=1t

r 8 8 k k
Z%"'Zlyq=k, qu>§, yqéi(q=1:"';s);
o=

p=1 g=1

then

r

(6) 11 =, I14; 2 68"

p=l = g=1

Proor: Denote the left-hand side of (6) by L and consider first the case
k <2t — 2. Then

(7 KLz k> (2t — 2)

1G. A. Pfeiffer, On the conformal mapping of curvilinear angles. The functional equa~-
tion o[f(z)] = aip(z), Trans. Amer. Math. Soc. 18, pp. 185-198 (1917).

*H. Cremer, Uber die Hdufigkeit der Nichtzeniren, Math. Ann. 115, pp. 573-580 (1938).

3G. Julia, Sur quelques problémes relatifs & U'itération des fractions rationnelles, C. R.
Acad. Sci. Paris 168, pp. 147-149 (1919).
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ITERATION OF ANALYTIC FUNCTIONS 609
Assume now k = 2t — 2 and let
k 8
[i] =g, T+ Y =n
q=1
Then

t<sg+1sg+l+rsnsk 2z=k—n+r,

p=1
whence

I-prgk""l+17 qug

pm=1 gqm=1

n—t+1, fn=g—1+1¢
[(n—g—t+2)g, fpzg—1+¢
In theinterval g + 1 < 9 < g — 1 + ¢,
k—n+ D@ —t+ 1) zmin{k—g@—t+2°"Ek—g—t+2)g};
in the intervalg — 1 + ¢ < 9 £ k,

kE—n+Dn—g—t+27% 2 k—g—t+2)4;
in the interval 0 < ¢ = ¢,
k—g)g—8"— k—g—8g" = {(k— 9§ — (2k — 3g)g}t < 9(2g — k)¢ SO;
consequently

Lz (k-gg—t+2

® Lz toe (" s 2)2 > 3@ —2"2 (22"

Now
t—1§2‘—2 (t=2v3v"')’

and the lemma follows from (7) and (8).
We use the abbreviation

& =|a — 1| n=12 ).
On account of (5), the inequalities
e < (2n)” n=12--)
are fulfilled for a certain constant positive value ». We define
Ny = 22:+1, N, = 8N, = gfr+
LEMMA 2: Letm; (I =0, -+, 7r) be tntegral,r = 0and mg > my > ++- > m,
> 0; then

9) :!:Io en, < N1 {mo I.]IZ (my—y — mz)}'-
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610 CARL LUDWIG SIEGEL

Proor: The assertion is true in the case r = 0; assume r > 0 and apply
induction.
We have the identity

af(@af* — 1) =(@ —1) — (-1 (0<g<p),
whence
G S 6+ &
min (e, &) = 2e5g < 2’+1(p - 9)'-

This simple remark is the main argument of the whole proof.

Let €m, (I = 0, -+, r) have its minimum value for I = h. Then
(10) emy < 277 min {(ma — ma)’, (ma — mata)’},
if we define moreover m_y = o« and m,u = —». On the other hand, the

lemma being true for »r — 1 instead of r, we have

(11) E;,l. lI'Io €m; < N;{ mo(mh—l - 7nh+l) H (ml-—l _ ml)} .

(Ma—1 — mn) (Mp — Mpta) 1=1

Since

Mp—1 — Mp4a 1 1 2

(mip—1 — M) (Mg, — Mip41) M —ma o omy— Mpy1 . in (My—y — My, My, — Mpp1)

the inequality (9) follows from (10) and (11).

Consider now the sequence of positive numbers é, = 1, 8., 83, - - - recurrently
defined in the following way: For every k£ > 1, let u: denote the maximum of all
products 5;1 5;2 e 61,Withll+lz+ e +lr =k > ll g lz ; e g_ l,- ; 1,
2 £ r £k, and put

12) Ok = €p—1phk .
LEMMA 3:
(13) & < kN3 k=12 ).

Proor: The assertion is true in the case £ = 1; assume ¥ > 1 and apply
induction.
The numbers o, = k ”N%* satisfy the inequalities

B~ K+ YN S 2N < k21,12 1),
Ayl
and consequently
(14) Sidiy v 8y S GUNET Ash+ - +ir=i<kfzl.
By (12), there exists a decomposition
Ok = €k-10g,0g, * * * Og, G+ Fga=k>nZ--2ga=1).
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ITERATION OF ANALYTIC FUNCTIONS 611

In the case g1 > k/2, we use this formula with g, instead of k and find a de-
composition

89, = €g,—10n,0hy * * * Oag ht - F+h=gp>hz- - 2Zh=1);
if also hy > k/2, we decompose again

On, = €, 10;,0i, + + + O, G+ tty=Mm>uZ - 24,2 1),
and so on. Writing ko = k, k1 = ¢1, k2 = h1, - -+, we obtain in this manner

the formula
or = H (ekp—l Ap)
=0
withk = ko > k1 > --+ > k., > k/2, where A, denotes forp = 0, ---, ra
certain product 8; --- §; and
ky — kpt1 p=0,:--.,r =1
k" (p = T),
all subscripts j1, ---, jr being < k/2. The number f depends upon p; let
f=sforp =r.
Using (13) for the s single factors of A, and applying (14) for the estimation
of A, (p =0, ---,r — 1), we find the inequality

fI AD é N;—'—. {qI:Il jq 1:.11 (kp—l - p)}“ ',

p=0

wherel £ j, £ k/2(g=1,---,8)andji+ -+ +j, = k,. By Lemma 2,

- r+1 - - ’
1 et < N: {kmk,l k,,)}
p=0 pm=l

b1 +jf={

and consequently

o < N;—l Nl':‘_‘ (k_1 }—Il Tp qI-Il y?z)

witht =r + 5,2, = kpy — kp, Yo = j,. By Lemma 1,

14 t-1
Ny K5 < NI NE'8O0 < (8NN 1) —1,
2

and (13) is proved.

Proor oF THE THEOREM: Since the power series (1) has a positive radius of
convergence, there exists a positive number a, such that |a, | = "t (no= 2,
3, ---). The functional equation (3) remains true under the transformation
fz) — af(z/a), () — ap(¢/a); hence we may assume |a,| = 1(n = 2,3, ).

Instead of (4), we consider the functional equation

0 0 [ 1
(15) lgzﬂk')'k{k = zzz ({ + rz_z'Yr{r) ’
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612 CARL LUDWIG SIEGEL

where 72, 73, --- are positive parameters. Then the coefficients vy, = 1, v,
vs, - -- are uniquely determined by the formula

(16) e = ﬂk_IZ'Yll‘Yl, et Vi (k=23,--),

where I, ---, I, run over all positive integral solutions of l; + -+ + I, = k
(r=2, -+ ,k). Writey:x = orinthecase m = &2 (k =2,3, --+),and vx = 7
in the case 7 = 1.

The inequality

(17) Ok _S__ OrTk
is true for k = 1. Applying induction, we infer from (12) and (16) that

Ok S e D, TyTl cct Ty, = 0Tk ;

hence (17) holds for all values of k.
On the other hand, the power series

=2 nt
k=1
satisfies the equation
V== -9,
whence
W=1+r-QQ-6+)
consequently y converges in the circle | { | < 3 — 24/2.
By (4), (15) and (17),
|c;,|§6m (k=2,3,"').
It follows now from Lemma 3, that the Schréder series ¢(¢) converges in the
circle | {| < (8 — 24/2)27"7.

INSTITUTE FOR ADVANCED STUDY

This content downloaded from 87.21.216.208 on Sun, 15 Sep 2024 16:06:28 UTC
All use subject to https://about.jstor.org/terms



	Contents
	p. 607
	p. 608
	p. 609
	p. 610
	p. 611
	p. 612

	Issue Table of Contents
	Annals of Mathematics, Vol. 43, No. 4 (Oct., 1942) pp. 607-831
	Iteration of Analytic Functions [pp. 607-612]
	Note on Automorphic Functions of Several Variables [pp. 613-616]
	On the Derivatives of the Sections of Bounded Power Series [pp. 617-622]
	The Transformation T of Congruences [pp. 623-633]
	On The Homotopy Groups of Spheres and Rotation Groups [pp. 634-640]
	Linear p-Adic Groups and Their Lie Algebras [pp. 641-655]
	On the Modular Representations of the Symmetric Group [pp. 656-670]
	On the Decomposition of Modular Tensors (I) [pp. 671-684]
	Non-Associative Algebras: I. Fundamental Concepts and Isotopy [pp. 685-707]
	Non-Associative Algebras: II. New Simple Algebras [pp. 708-723]
	Extensions of Differential Fields, I [pp. 724-729]
	Le Correspondant Topologique De L'Unicité Dans La Théorie Des Équations Différentielles
[pp. 730-738]
	A Proof That there Exists a Circumscribing Cube Around Any Bounded Closed Convex Set in R<sup>3</sup> [pp. 739-741]
	An Extremum Problem in Product Measure [pp. 742-756]
	Group Extensions and Homology [pp. 757-831]



