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1) Calcoliamo i coefficienti dispari

bk =
1

π

∫ π

−π

ex sin kx dx

=
1

π

[
ex sin kx

]π

−π

− n

π

∫ π

−π

ex cos kx dx

= −n

π

[
ex cos kx

]π

−π

− k2

π

∫ π

−π

ex sin kx dx

dunque

bk = (−1)k+1 k

k2 + 1

2 sinh π

π
.

Inoltre

c0 =
sinh π

π
.

Analogamente calcoliamo i coefficienti pari

ak =
1

π

∫ π

−π

ex cos kx dx

=
1

π

[
ex cos kx

]π

−π

+
n

π

∫ π

−π

ex sin kx dx

= (−1)k

(
2
sinh π

π

)
+ (−1)k+1 k2

k2 + 1

(
2
sinh π

π

)

dunque

ak = 2
(−1)k

k2 + 1

sinh π

π
.
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Infine otteniamo

ex =
sinh π

π
+ 2

∞∑
k=1

(−1)k

k2 + 1

sinh π

π

[
cos kx− sin kx].

2) I coefficienti di Fourier sono

bk =
2

π

∫ π

0

ex sin kx dx

=
2

π

[
ex sin kx

]π

0

− k

π

∫ π

0

ex cos kx dx

= −k

π

[
ex cos kx

]π

0

− k2

π

∫ π

0

ex sin kx dx

dunque

bk =
k

k2 + 1

[
(−1)keπ − 1

]
.

Inoltre

c0 =
sinh π

π
.

Infine otteniamo

ex =
sinh π

π
+

∞∑
k=1

k

k2 + 1

[
(−1)keπ − 1

]
sin kx.

3) Sia F (x) = x. Essendo una funzione dispari basta calcolare i coeffici-
enti della serie dei seni.

F̂k = bk =
1

π

∫ 2π

0

x sin kx dx

=
1

π

[
− x cos kx

k

]2π

0

+
1

π

∫ 2π

0

cos kx dx

= −2

k

Inoltre

F̂0 =
1

2π

∫ 2π

0

x dx = π
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dunque la serie di Fourier richiesta è

f(x) =
π − x

2

=
π

2
+

1

2

(
− π +

∞∑
k=1

2

k
sin kx

)
=

∞∑
k=1

sin kx

k

4) Basta osservare che

sin2 k2x =

(
eik2x − e−ik2x

2i

)2

=
−e2ik2x − e−2ik2x + 2

4

=
1− cos 2k2x

2

dunque la serie di Fourier associata ad f è

f(x) = f̂0 −
∞∑

k=1

cos 2k2x

2k+1

dove

f̂0 =
∞∑

k=1

1

2k+1
=

1

2
.
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