Tbeprem For every rea[ x >0 and every mteger n> 0 there is one
)y one real y such that y" = X,

his number yis wntten Yxorx i

P;oof “That there is at. most one such yis clear, since 0 <y, <y, xmphcs
Y‘i <% o
Lct E be ‘the set consmtmg of all positive real numbers ¢ such that
~t" < X :
o Ifr==x/(l +x) then0<1< 1 Hence t"<t<x Thus teE, and
is not ‘empty. 3
dfd > +xthenl >t>~x1 $O that t¢E. Thus bexh an upper

6und of E. ;
'Hence Theorem 1. 19 1mphes the exnstence of

—supE

pxo Ve, that y" x ‘we will show that each of the mequalltles yi<x
'nd y" > x leads t0a comradnctlon

Thc identity b —a" = (b ol + b g ‘# ath ylelds
he,mcquahty :

. a"<(b~—a)nb" 1

= Assumc y" <x. Choose h so that O<h<l1and

l -~ he n(;+13;1‘ %

_‘._fi-f’utva-—y,b y+h Then = e

S e Eir = — P <hny + AP <hny + 17 <x = y"

Thus (y +h)" < x, and y+ heE. Since y+h >y, th:s contradicts the

/fdct that y is an upper bound of E.
Assume y" > X. Put . ‘

- V-x
- - k= T

hen0<k<y. Ifr>y—~ k ‘we conclude that

F-rsy -k <kmyTl=)-x

,.‘us t“>x and t¢E It follows that y — k is. an uppcr bound of E.

of By '

= \chce y" x,zndthepﬁwf iscompleta-r




