Measure of primary and secondary KAM
tori in mechanical systems

L. Biasco & L. Chierchia
Dipartimento di Matematica e Fisica
Universita degli Studi Roma Tre
Largo San Leonardo Murialdo, 1 - 00146 Roma, Italy

luca.biasco@uniromad.it, luigi.chierchia@uniromad.it

Draft version — May 11, 2026

Dedicated to the memory of our friend and colleague Walter L. Craig

Abstract

The question of the total measure of invariant tori in analytic, nearly integrable
Hamiltonian systems is addressed. In 1985, Arnol’d, Kozlov, and Neishtadt con-
jectured that, for systems with n = 2 degrees of freedom, the measure of the
non-torus set of general analytic nearly integrable systems away from critical
points is exponentially small in the size ¢ of the perturbation. In 2002, they fur-
ther conjectured that, for n > 3, such measure is typically of order €, rather than
v/, as predicted by classical KAM theory. In the case of generic analytic me-
chanical Hamiltonian systems, we prove lower bounds on the measure of primary
and secondary invariant tori that agree, up to a logarithmic correction, with the
above conjectures.
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1 Introduction

A conjecture by Arnol’d, Kozlov and Neishtadt on the measure of KAM
tori

Classical KAM Theory deals with the persistence of Lagrangian invariant tori of inte-
grable Hamiltonian systems under the effect of small perturbations ([30, 1, 36, 2, 35];
for a divulgative account, see [21]).

In the early 1980’s ([31, 37, 39, 42]), it was clarified that an analytic integrable
system, which is Kolmogorov nondegenerate (i.e., such that the action-to-frequency
map is a local diffeomorphism), preserves, under a perturbation of size ¢ > 0, all its
(unperturbed) invariant tori up to a set of measure proportional to +/c. In fact, this



estimate cannot be improved, as far as primary tori (i.e., tori which are a deforma-
tion of integrable ones) are concerned.! However, positive measure sets of secondary
Lagrangian tori (i.e., tori, which are not a deformation of integrable ones) appear in
general nearly integrable systems, for example, near elliptic equilibria ([34]).

A natural question is therefore: What is the measure of all invariant tori in general
nearly integrable analytic Hamiltonian systems?

In 1985 Arnol’d, Kozlov and Neishtadt ([/, p. 189]), motivated by the exponen-
tially small splitting of separatrices in general systems with two degrees of freedom,
conjectured that:

“Tt is natural to expect that in a generic (analytic) system with two degrees of
freedom and with frequencies that do not vanish simultaneously the total measure of
the “non-torus” set corresponding to all the resonances is exponentially small.”

In 2002 ([5]), the same authors, arguing on the basis of a simple rescaling argument
in neighbourhoods of double resonances,” conjectured that:

“It is natural to expect that in a generic system with three or more degrees of
freedom the measure of the “non-torus” set has order e.”

Main result

In this paper, we develop tools to detect KAM tori in generic analytic nearly integrable
mechanical systems. In particular, we discuss the construction of maximal KAM tori
that live close to the separatrices appearing near simple resonances, which are singu-
larities of the action-angle variables of the integrable secular (averaged) systems. As a
consequence, we prove lower bounds on the total measure of KAM tori, which are in
agreement with the above conjectures up to a logarithmic correction in 1/e.

The reason for dealing with the special class of nearly integrable mechanical sys-
tems, namely, Hamiltonian systems on R™ x T" (endowed with the standard symplectic

! Trivially, the phase space of a pendulum with Hamiltonian H = % + £cosq, is filled by primary
tori {H = E}, E > ¢, up to the region enclosed by the separatrix, whose area is proportional to 4/c.

2From p. 285 of [5]: “Indeed, the O(4/€)-neighbourhoods of two resonant surfaces intersect in a
domain of measure ~ ¢. In this domain, after the partial averaging taking into account the resonances
under consideration, normalizing the deviations of the “actions” from the resonant values by the
quantity 4/, normalizing time, and discarding the terms of higher order, we obtain a Hamiltonian of
the form 1/2(Ap, p) +V (g1, ¢2), which does not involve a small parameter. Generally speaking, for this
Hamiltonian there is a set of measure ~ 1 that does not contain points of invariant tori. Returning to
the original variables we obtain a “non-torus” set of measure ~ €.”

30f course, for n = 2 there is no logarithmic correction; for the purpose of this introduction, we
will mainly focus on the case n > 3. The results of this paper were announced in the short notes

[11, 15].



form dy A dx) with Hamiltonian given by
H(y,z;€) = 5lyI> +f(z), (y,2)eR"xT" 0<e<], (1)

(where, [y]> =y -y = >;|y;|*), is twofold. On one side, mechanical systems are the
simplest nontrivial models of nearly integrable Hamiltonian systems; on the other hand,
and more importantly, it allows to formulate the generiticity condition (whose definition
is part of the problem) in a simple way. In fact, we shall introduce a suitable class of
generic analytic potentials f’s (Definition 2.1), which guarantees a uniform control on
the secondary nearly integrable structure at simple resonances with high modes (for
generalizations of the model and more comments, see Open Problems, (i) in § 2).

General plan

As well known, resonances are the principal hindrance for stability in Hamiltonian
systems. Here, the plot will take place away from double resonances, and, mainly, near
simple resonances. The order of the resonances considered, denoted by K, will play a
fundamental role in our analysis, and will be taken as a suitable function of ¢, larger
than |loge].

In the following informal description of the general strategy, “c” will denote dif-
ferent e-independent constants.

Invariant maximal tori will be detected in a domain of phase space, where unper-
turbed frequencies are away from suitable tubular neighborhoods of double resonances
(up to order K) of measure ~ €K°. Indeed, in such neighborhoods, the H-dynamics is
“essentially” equivalent to the dynamics of a two—degree-of-freedom system indepen-
dent of £ (compare the argument given by Arnol’d, Kozlov and Neishtadt, reproduced
in footnote 2 above). Our analysis, being perturbative, will therefore be focussed on
the complementary of such neighborhoods of double resonances.

We will start by introducing a suitable cover of the action space consisting of three
sets: a K-nonresonant’ set R? of relative measure ~ (1 —4/eK°); a /e K>neighbourhood
R! of simple resonances (up to order K), and a /K¢ neighborhood R? of double (and
higher) resonances of order < K, corresponding to the above mentioned exceptional set
of measure ~ (1/eK¢)? ~ eK¢; for precise statements, see beginning of § 3.1. We remark
that such covering depends on € and on the parameter K. The exceptional set R? x T"
is put aside and no further analysis of it will be carried out. Since we want to be in
agreement with the conjecture of Arnol’d, Kozlov and Neishtadt up to a logarithmic
correction (when n > 3), K can be taken at most as | loge|¢, at difference with standard

4« K-nonresonant” means that only resonances up to order K are taken into account.



analytic averaging theory, where, typically, K is taken as an inverse power of £. On the
other hand, we shall soon see that K must also be taken 2 |loge|.

Next step is to perform averaging up to order K on the nonresonant and simply res-
onant regions. In quantitative averaging theory the main parameters are the minimum
size of small divisors o and the radii of analyticity in action space r: in our case, these
quantities have to be taken both of order ~ \/¢K; indeed, taking a radius of analyticity
larger would have the effect of invading the double resonance neighborhood making
meaningless the above covering.

On the non resonant region RY x T”, after high order averaging, classical KAM
theory yields the existence of primary maximal KAM tori up to a set of measure
O(e~*). Notice that, here, no e appears explicitly: Indeed, the size of the new (i.e., after
averaging) perturbing function is, roughly speaking, ce~*, and the KAM smallness
condition becomes:

K« 1:

)

€ i=ce Kt ~e

compare condition (220) in the KAM Theorem 6.1 below.

In the non resonant region R? x T", the measure of the non-torus set can be
bounded by /€, = e~ which becomes smaller than ¢, if K > |loge|/c, as anticipated
above.

Much more difficult is the analysis in the neighborhood R! x T™ of simple reso-
nances, which is of measure 1/cK¢. We claim that also this region is filled by primary and
secondary mazimal tori up to a set of measure e~%. A sketch of proof is the following.

R' is defined as union of sets RY*, for k € Z" with 0 < |k| < K. Such sets are
V€ K°-neighborhoods of simple resonances {y: y-k = 0}, which are ~ y/eK® away from
double resonances.” On R'* x T" high-order partial averaging theory can be applied
so as to remove, up to order ce~*, the angle dependence, apart from the resonant
combination k - x, obtaining a symplectically conjugated real analytic Hamiltonian of

the form 3 " .
Hi(y, x) = He(y, x1) +f*(y,%), f*~e,

He(y,x1) == Q"(y) + e (gk(y) + &"(y. x1)),

where Q¥ is a nondegenerate quadratic form and x; = k -z € T' is the resonant angle
(which cannot be averaged out); g* has zero average, and, as already mentioned, the
action analyticity radius of Hy is ~ O(4/eK®); compare Theorem 3.3 below, part (ii),
and, in particular, (37) and (38).

Now, all these Hamiltonian systems labelled by the simple-resonance index k,
have a “secular near integrability structure”. Indeed, disregarding the small terms e f*,

(2)

® Actually, the distance from exact simple resonances is «/|k| = 1/eK¢/|k|; compare (22).



the secular Hamiltonians H in (2) are Arnol’d-Liouville integrable, since they depend
effectively only on the (resonant) angle x;.

Then, the plan is obvious: Put all these systems into their Arnol’d-Liouville action-
angle variables, check twist (i.e., Kolmogorov’s nondegeneracy), and apply a KAM the-
orem, o as to obtain Lagrangian primary and secondary tori (with different topologies;
compare Remark 6.3 below).

However, implementing such a program poses several challenges. We now proceed
to discuss these difficulties and describe the techniques employed to resolve them.

Problems and methodology near simple resonances

In the proof of the main result, the resonance cut-off K will be taken as a function of ¢
going to +00 as ¢ — 0 (at least as a logarithm of 1/¢). Therefore one has to deal, de
facto, with infinitely many Hamiltonian systems, and without a uniform way of treating
them, there is no hope for a global quantitative analysis.

The idea, here, was suggested in [14] and refined in [17]. The secular Hamiltonians
Hi(y, %) in (2) are one-degree-of-freedom Hamiltonians with potentials eg*(y,x;) and
external parameters ys,...,y,. Recall, however, that we are in a 1/¢K® neighborhood of
simple resonances (and that the radius of analyticity is ~ 1/eK), so that the kinetic
part is also of order ~ €K°. As a consequence of averaging theory, the rescaled potential
g*(y, x1) turns out to be only p-close, with w = 1/K¢, to the partially averaged potential,
i.e., to

(ﬂ'zkf) (x1) = Zjez fjkeije'
Indeed, since the radius of analyticity » and the small divisor size o are both of order
V€K, one has that (in suitable analytic norm)

g — m /] < ce/(ar) < p = 1K

compare (39), (36) and (49) below.

Because of the chosen generic class of potentials, for “high” Fourier modes |k| > N
(N is independent of € and depends only on the potential f),° one can show that
(m,, f)(x1) “behaves as a shifted cosine” 2|fi|e cos(x; + 0)), for a suitable 0, € R;
compare item (iii) in Theorem 3.3 below. This fact allows for a uniform treatment of
the high order resonance case when N < |k| < K.

Analytic properties of the action-angle variables for the pendulum are quite well
known, but, for low modes |k| < N, the secular leading potentials (m,, f)(x1) are, in gen-

eral, quite arbitrary functions. Therefore, one needs a general holomorphic quantitative

6 As we shall see, N, which is defined in (15) below, depends on the dimension n, the angle analyticity
width s of the potential f and a fixed positive number ¢ strictly less than the liminf in (9); compare
also Lemma 2.5.



theory of action-angle variables for one-degree-of-freedom systems containing parame-

ters. Such a theory is discussed in [10] for a special class of real analytic Hamiltonians
— called standard form Hamiltonians — given by
Hb(P, ql) = (1 + V<p7 ql))p% + G(f)a q1>7 (3)

where p = (p1,p) € R”, py is the action conjugated to the angle q; and p = (p2, ..., pn)
are dumb parameters; v is small, and G is close to a fixed reference Morse potential
G(qi1); compare Definition 3.1 below.

An important analytic property of Hamiltonians in standard form is that the
energy-to-action map, £ — [;(F), has a universal behaviour, in a neighbourhood of
critical energies. Indeed, one has:

I (Euit £ €2) = a(z) + b(2) zlog z, (4)

where € is the reference energy given by the norm of G, and E is the critical energy
of the secular separatrix; a and b are analytic functions of z in a neighbourhood of
z = 0 (and, of course, everything depends on the other (n — 1) dumb actions; compare
Theorem 3.7 below); for related results, see, [33].

The representation (4) will play a crucial role in studying the twist of the secular
Hamiltonians at simple resonances in their Arnol’d-Liouville action-angle variables.

Now, one can then prove that: For all |k| <K, all secular Hamiltonians Hy in (2)
can be put into a standard form Hi(p,q1) as in (3), where:

b1l < VEKS, v~ 1K, G=em,f, (G—G)~c/K, G~e,

and action analyticity radius ~ 4/eK%; compare Theorem 3.4 below and the definitions
in (49). Notice however, that here € is not a perturbative parameter, since, by the same
rescaling argument reported in footnote 2 above, € could be rescaled out and would
not appear explicitly any more. Thus, the actual perturbation parameter is 1/K.

The standard form Hi(p, q1) can be obtained by means of three k-dependent sym-
plectic transformations @;, which keep fixed the “slow” (or resonant) angle x; and the
dumb actions p, where:

(i) @, is a transformation that decouples the quadratic term QF in (2) as a sum of
a quadratic part depending only on the dumb actions and a quadratic part in
the new action conjugated to the slow angle; compare (60) and (61) below. We
remark, however, that the transformation ®, s not well defined on the torus T"
(compare point (ii) of Remark 3.6);

(ii) @, is a close to identity (globally well defined) transformation, which is introduced
so that the (new) secular potential becomes independent of p;.

7



(iii) Finally, @, is a close to identity map, which sets all critical points on the line
p1 = 0. As @, also ®, is not globally well defined on the torus.

We finally remark that the main rescaling properties of the Hamiltonian in stan-
dard form Hy, are ruled by a single uniform parameter g (defined in (56) below), which
will depend only on the dimension n, the angle analyticity initial width s, and a uniform
parameter [ measuring the Morse properties of reference potentials ,, f, for |k| < N
(compare (17)).

We proceed to sketch the proof of the main theorem, outlining its structure in
three main parts.

(i) Uniform action-angle variables at simple resonances

In § 4 we show how to overcome the homotopy problem due to the fact that the
above symplectic transformations ®, and ®, are not globally well defined on the torus.
Exploiting the particular form of the various symplectic transformations involved, we
show that, introducing a special ad hoc symplectic “semi-conjugacy”, one can obtain,
for all |k| < K, well defined symplectic action-angle maps ¢}, which conjugate the
Hamiltonian H; in (2) on RY* x T" to the nearly integrable form

pi=Ho 0L p) = W) +efi(L,0),  f~e ™,

where ¢ labels the various regions in which the phase spaces of the Hamiltonians Hy
is split by their separatrices compare Theorem 4.1 below; here, H;, = Hi(p, q1) denotes
the standard form of the secular Hamiltonian H in (2).

(ii) Kolmogorov’s nondegeneracy and the Twist Theorem

As in all KAM applications, the main problem is then to prove (a suitable) nondegen-
eracy of the frequency map I — w = 0rh.

The high mode case when |k| > N is quite simple, as the secular reference potential
m,. f behaves like a cosine. On the other hand, when |k| < N, the situation is more
complicated, as, in this case, in the phase space of standard Hamiltonians (3) there are,
in general, points where the twist vanishes. For instance, they always appear in regions
bounded by two separatrices (with different energies). Furthermore, they appear also in
very simple examples with only one separatrix in the region enclosed by the separatrix,”
compare Remark 5.1 below.

"For example, in the case: p? + E(COS q — %COS(qu)).



Moreover, since, as already noticed, in addressing optimal bounds on the non-
torus set, one has to consider regions at a distance, in energy, of order %2 from secular
separatrices, we have to face a singular perturbation problem.®

Therefore, new methods have to be developed in order to prove that the measure
where the twist is small is also small in the phase spaces of all Hamiltonians H;
compare the Twist Theorem 5.4 in § 5.

The proof of the Twist Theorem is based on two different approaches according
to whether one considers regions far from separatrices or regions close to separatrices.

In regions far from separatrices the analysis is significantly simpler, since it is partly
perturbative. In such a case, one first proves that the (normalized) second derivative of
the action-to-energy functions are nondegenerate (i.e., at each point of their domains,
some derivative is different from zero); then, uniform estimates can be worked out and,
using standard tools from real analysis ([11], [25]), one can show that n-sublevels of
the twist determinant have measure smaller than 7°, which easily yields the claim.

The real heart of the matter is the analysis of the twist in regions close to sepa-
ratrices, where no perturbative arguments can be used. The proof, in this case, rests
on the construction of a suitable differential operator with non-constant coefficients,
which, exploiting the analytic structure (4), can be shown not to vanish on a suitable
regularization of the twist determinant. This is good enough to prove that the twist
determinant is nondegenerate also near separatrices, and to conclude the proof of the
Twist Theorem.

(iii) Conclusion of the proof

At this point, choosing carefully the various free parameters appearing in the construc-
tion, taking, in particular, K ~ |loge|, by KAM, we obtain the existence of maximal
primary and secondary invariant tori, filling the complementary of the double reso-
nance neighborhood R? x T", up to a set of measure ¢, completing the proof of the
main result in dimension n > 3.

Taking larger values of K, and, hence, different coverings with larger neighborhoods
of double resonances, allows for much better measure estimates away from double
resonances. For example, disregarding a neighborhood of double resonances of measure
~ € with any a < 1, one would obtain a family of invariant tori filling (R° UR') x T",
up to a set of exponentially small measure in 1/&¢; compare remark (Ry) below.

8Indeed, the largest neighborhood around secular separatrices that one can disregard has measure at
most ~ & (up to a logarithmic correction), which corresponds, in energy, to a distance from separatrices
of order ~ ¢%/?, indicating that standard perturbation theories are bound to fail; compare Remark 4.3,
(ii), and Remark 5.2 below.



This observation, in fact, allows to conclude the proof also in the n = 2 case. In
such a case, the only double resonance is the origin, and taking away a small disc of
measure ~ €%, one obtains an exponential density of KAM tori, as predicted by Arnol’d,
Kozlov and Neishtadt in 1985.

2 Results, Remarks, and Open Problems

In order to state the main results of this paper, we recall a few standard definitions.
Mazimal KAM tori. A set T < M = B x T" (B open set in R") is called a
maximal KAM torus for a real analytic Hamiltonian H : M — R, if there exists a real
analytic embedding ¢ : T" — M and a Diophantine frequency vector w € R™ such that,
T = ¢(T"), and for each z € T, ®%;(2) = ¢(x + wt), where z = ¢~ !(2) and t — P} (2)
denotes the standard Hamiltonian flow governed by H starting at z € M. We recall
that a vector w € R™ is called Diophantine if there exist o > 0 and 7 = n — 1 such that
w - k| = a/|k|], for any non vanishing integer vector k € Z", where w -k = };; w;k; and

k[, = 221kl
Generators of 1d mazimal lattices. Let Z7 be the set of integer vectors k # 0 in
Z™ such that the first non-null component is positive:

Zf::{keZ”: k#0and k; >0, where jzmin{i:ki;«éO}}.

G" will then denote the set of generators of 1d maximal lattices in Z"™, namely, the set
of vectors k € Z7 such that the greater common divisor (ged) of their components is 1:

G":={keZ!: ged(ky,... k,) =1} (5)

for K > 1, we also set:
Ggr:=Gg"n{lk|, < K}. (6)

1d Fourier projectors. Given a zero-average real analytic periodic function

fizeT":=R"/(271Z") — f(x Z frelf®
Zzm\{0}

and a fixed vector k € Z™\ {0}, we denote by 7, f the (real analytic) periodic function
of one variable 6 € T given by

OeTom, f(0):= > fre’ (7)

jeZ\{0}

10



Notice that one has the following (unique) decomposition:

fle)= > m fk- ).

kegn

Resonances.

Given k € G", a resonance Ry, with respect to the free Hamiltonian %|y|2, is the
set {y e R" : y-k = 0}. We call Ry, a double resonance if Ry = Ry n'Ry with k and ¢
in G" linearly independent; the order of a double resonance is given by max{|k|,, ||, }.

Morse functions with distinct critical values.

A CZ%function of one variable §# — F(f) is a Morse function if its critical points
are nondegenerate, i.e., F'(6p) = 0 = F"(6y) # 0; “distinct critical values” means
that if 6; # 65 are distinct critical points, then F(6,) # F(6,).

Banach spaces of real analytic periodic functions.

For s > 0 and ne N = {1,2,3, ...}, consider the Banach space of zero-average real
analytic periodic functions on T" with finite norm

I7]ls := sup | fileFhe, (8)
e n

and denote by B its closed unit ball.

Now, we are ready to introduce a suitable generic class of potentials f and state
the main result of this paper concerning the typical dynamics of nearly integrable
mechanical systems with Hamiltonian H as in (1).

Definition 2.1 (The class of potentials G?) We denote by G the subset of func-
tions f € BY such that the following two properties hold:

lim inf | fi|el* |k > 0, 9)
\k|1~>+00

kegn
V keG", m,fisa Morse function with distinct critical values. (10)

Remark 2.1 The requirement in (10) that the projections m,, f have distinct critical
values is not really necessary, but it is generic and it simplifies proofs.

Main Results

Theorem 2.1 Letn >2,s >0, B:={yeR": |yl <1}, v:=1ln+4, f € G with
|fls = 1. Then, there exist a constant ¢ > 1, such that for all X and € > 0 satisfying

K>, eK’ <1, (11)

11



the following holds. There exist three sets
R*cB, AcCBxT', TcR'xT"
such that:
i) BxT"c (R*xT)UVAUT;

(ii) R? is a neighborhood of double resonances of order smaller than K satisfying the
measure estimate
meas R? < ¢, €K7,

where ¢, 1s a suitable constant depending only on n;

(iii) A is exponentially small with respect to K:

meas A < e ¥/*;

(iv) T is union of mazimal KAM tori for the Hamiltonian H = $|y|* + e f(z).

Remark 2.2 The three sets R?, A and T depend on the free parameter K, and choosing
K as a suitably large function of € one obtains a small bound on the measure of A;
compare Corollary 2.2 below. On the other hand, one may wonder why, when X is
chosen independent of €, the measure estimate in point (iii) above yields such a poor
bound. This is due to the following fact. We want to perform averaging theory in the
complement of R* x T", and, therefore, we must stay at a distance of order \/s from
double resonances. This means that the small divisors and the action analyticity radius
have to be taken both of order \/e. Now, averaging out only an e-independent number
K of harmonics, the new perturbation would still be of order €, but with an analyticity
radius of order \/e, so that one would simply have worsened the initial situation. In
particular, in applying KAM measure estimates, one would get the paradoxical result
of bounding the non-torus set by an order one quantity (compare also the displayed
equation at page 5).

As immediate consequence of Theorem 2.1, choosing
K = c|loge|, (12)
there follows
meas (B x T")\T) < (2m)"c, eK” + e ¥ < ¢ ellogel, (13)

with ¢ := 1+ (27)"¢,¢” yielding the following

12



Corollary 2.2 Under the assumptions of Theorem 2.1, there exists 0 < g, < 1 such
that for € < €4, all points in B x T™ lie on a maximal KAM torus for H, except for a
subset whose measure is bounded by ¢ €|loge|” where ¢ = 1+ (2m)"c,¢".

This corollary implies the theorem announced in [11, p. 426].

For further results obtained by choosing differently the parameter K (and, hence,
the sets R? and A), see Remark (Ry) below.

The two degrees of freedom case is special. In this case the only double resonance
is the origin, and one can take R? to be a disk of measure €* with any 0 < a < 1,
getting a set of KAM tori of exponential density in the complementary of R? x T2.
This is the content of next corollary (compare, also, [13]).

Corollary 2.3 Let the assumptions of Theorem 2.1 hold and let n = 2. Then, there
exists 0 < €, < 1, such that for e < e, and 0 < a < 1, all points in the set {y € B :
ly| > %2} x T? lie on a mazimal KAM torus for H in (1), except for an exponentially
small set of measure bounded by e~/ =) with 4 := (1 — a)/24.

Remark 2.3 (i) Notice that fixing the norm of the potential f to be 1 in the above
statements can always be achieved just by renaming the perturbative parameter.

(1) The choice of the action domain to be the unit sphere is done for simplicity.
Notice, however, that the natural domain of a mechanical Hamiltonian is R™ x T™ and
that any bounded action domain will be contained in some ball centred at the origin,
which, after rescaling actions and time, can be mapped onto the unit ball.

Further remarks and problems

First, we briefly discuss the class of potentials G?, for which the above results hold; for
more information on G? and complete proofs, see [17, Sect. 2].

It is very simple to give explicit examples of functions in G
(recall the definitions in (5), (8) and (7)):

f(z):=2 2 e khs cosk -z,

kegn

n
R

a prototype being

which satisfies

|
kegn

Iflls =1, kllim |fk|e|k|1s|k|? = +0, T, f(0) = 2e1Fl% cos 0,
1—>+®

as one readily verifies.
The class of potentials G is quite general from various points of view. For example,
the following result (proven in [17, Sect. 1]) holds.

13



Proposition 2.4 (i) G contains an open and dense set in BZ.
(ii) Let F denote the weighted Fourier isometry

FiofeBl— (i), (2.

Then F(GZ) is a set of probability 1 with respect to the standard product probability
measure on F(BY).

We shall not use this proposition here, however, we shall often use a suitable
quantitative characterization of G7.

To state such a characterization, one needs to make quantitative the notion of
Morse functions with distinct critical values, and to introduce a uniform Fourier cut-
off function, depending on the dimension n and on two parameters 0 < ¢ < 1 and
s> 0.

Definition 2.2 (3-Morse functions) Let 8 > 0. F € C*(T,R) is called 3-Morse, if

: / I . N .
min (|F/(6)] + [F'(6)]) = B, min |F(6) — F(0,)| > . (14
where 6; € T are the critical points of F.

Definition 2.3 (The cut-off function N) Given 0 < § < 1 and n,s > 0, define the
following “Fourier cut-off function”:

1
N=DN(0;s,n):=2 max{l, — log C—"é}, c, =2 (2n/e)". (15)
S s

Then, the following elementary result holds:

Lemma 2.5 Letn,s > 0. Then, f € G? if and only if f € B! and there exist 0 < < 1
and 3 > 0 such that

[fel = ok e e, W ke Gn k], =N, (16)
. f is B—Morse, Vkeg" k|, <N (17)

The proof is given in Appendix A.
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Remarks

(R1) By item (i) in Theorem 2.1, we see that the phase space of a generic nearly
integrable mechanical system can be covered by two “small” sets, namely, R? x T"
and A, and one “large” set, namely, 7. Such sets exhibit quite different dynamics and
satisfy the following properties.

e R? x T" is contained in a tubular neighborhood of double resonances Rien B
of order not exceeding K; compare (25) and (26) below. As mentioned in the
Introduction, the set R? x T" contains a set of measure ¢ where the dynamics
1s not perturbative in the sense that, as long as trajectories lie in this set, the
dynamics is ruled by an effective Hamiltonian which is not known to be close to
integrable.

e The set A, which has measure ~ e ¥/, is dynamically very interesting. For ex-

ample, it is where the asymptotic manifolds of lower dimensional tori break up
(“exponentially small splitting of separatrices”) giving rise, e.g., to local horse
shoe dynamics and, most likely, to Arnol’d diffusion; for references on Arnol’d
diffusion see, e.g., [3, 20, 10, 43, 23, 45,33, 9, 22 19, 27, 29].

e In the complement of the two above small sets, namely in 7 n (B x T™), all tra-
jectories lie on maximal primary or secondary KAM tori for H and the dynamics
is quasi-periodic.

(Ry) The sets R and A depend, in particular, upon ¢ and K. Choosing K larger than
| log €|, one obtains larger neighborhoods of double resonances, and a higher density of
KAM tori in the complementary region. For example, Letting K = log2 ¢ in Theorem 2.1
with & small enough (so that (11) is met), the sets R? and A satisfy the estimates

meas(R? x T") < ¢, ¢ |loge|*, meas A < ellosel/e,

In other terms, outside a neighborhood of O(e |loge|*?) of double resonances, the “non-
torus set” is almost exponentially small (i.e., smaller than any power of ¢).

If we allow for a neighborhood of double resonances of size £* with a < 1, we get
a pure exponential density of KAM tori outside R? x T". Indeed, let 0 < a < 1, choose
K =1/¢* with @ := (1 —a)/v in Theorem 2.1, and let € be small enough. Then, the sets
R? and A satisfy the estimates

meas(R* x T") < ¢, %, meas A < e/ (18)

In other terms, outside a neighborhood of O(e*) of double resonances, the “non-torus
set” is exponentially small in 1/c.
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(R3) Corollary 2.3 and Corollary 2.2 prove — or, more precisely, are in agreement
with — the conjectures made by Arnol’d, Kozlov and Neishtadt mentioned in the Intro-
duction. Notice, however, that the argument sketched by Arnol’d, Kozlov and Neishtadt
in [5] to support their conjecture for n = 3 (reported in footnote 2 above) only suggests
a lower bound on the measure of the non-torus set, while, here, we provide a rigorous
upper bound on it.

We also mention that Corollary 2.3 is a particular case (with slightly better con-
stants) of (18), but, since we are in two action dimensions, it is possible to take R?
simply as a small ball around the origin (while for n > 3 it is a more complicate set).

(R4) The “Kolmogorov’s set” T if formed by primary and secondary tori. The
secondary tori are not deformations of integrable tori and, in particular, they are never
graphs over T". We remark also that the set T is not contained in B x T", and indeed
many of the invariant tori in 7 (corresponding to a set of measure ~ 4/¢) have oscil-
lations outside B x T"; this fact is unavoidable, as near the boundary tori do oscillate
by a quantity of order y/e.

(R5) In Theorem 2.1 there appear two constants ¢ and ¢, (the other constants
appearing in the corollaries of Theorem 2.1 are simply related to such two constants).
The constant ¢, depends only on the action-dimension n (compare Lemma 3.1 below).
More relevant for measure estimates in phase space is the constant ¢. The constant ¢
can be calculated in terms of a few analytic properties of the potential f. Indeed, ¢
depends on six parameters: n = 2; s > 0; the positive numbers ¢ and § in Lemma 2.5
above, and two more positive parameters & and m (introduced in Definition 5.3 below).
These latter parameters, in turn, are suitable nondegeneracy parameters associated
to the (normalized) second derivative of the action-to-energy maps associated to the
integrable 1-degree-of-freedom Hamiltonians p* + 7, f(q) with |k|, < N, where N is as
in Definition 2.3. For more details on this point, see (246) and (247) below.

(Rg) One of the main issues in this context is the identification of a suitable generic
class of analytic potentials. We stress that the choice of the class G is tailored on the
simple structure of mechanical Hamiltonian systems; compare, also open problem (i)
below.

(R7) As it is well known, classical KAM Theory may be used to construct locally
KAM tori in various singular situations (e.g., secondary tori near elliptic equilibria; in
case of degenerate integrable limits, when the degeneracy is removed by the perturba-
tion; near a fixed separatrix ([31]); etc. (for general discussions, see [5]). The methods
developed here (and in [14], [16] and [17]) might be viewed as a global and uniform ex-
tensions of such ideas: “Global”, since one has to deal, simultaneously, with tori in the
whole phase space (except for a neighbourhood of double resonances); “uniform” since
one needs to determine explicit quantitative conditions working for all neighbourhoods
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of simple resonances (whose number tends to infinity as € — 0).

Open problems

(i) In [8], using methods described here, Theorem 2.1 has been extended to the case
h(y) + ef(x) with h convex, while extensions to the case where h is Kolmogorov non-
degenerate or steep are not as simple. More relevantly, one would like to consider
potentials depending also on actions. In fact, besides the obvious (but non generic)
case in which f verifies (16) and (17) uniformly in y € B, in general, the Fourier co-
efficients fi(y) will vanish at some points y € B, introducing more singularities; for
a discussion of this point in the planar, restricted, circular three-body problem, see
[20]. Selecting an analytic generic class of perturbations f(y, ), to which Theorem 2.1
extends, is a non-trivial issue.”

(ii) The results in this paper hold for generic potentials f € G?, and, do not cover
special cases such as, e.g., the case of f trigonometric polynomial, or other cases with
special symmetries, as they arise, e.g., in celestial mechanics.

(iii) In view of our techniques, the logarithm appearing in Corollary 2.2 appears
to be unavoidable, and one may wonder if it is really necessary or if it is an artefact of
the methods.

(iv)* The argument sketched by Arnol’d, Kozlov and Neishtadt for the lower bound
on the measure of the non-torus set rests on the claim that a general real analytic Hamil-
tonian system with no small parameters has a positive measure set free of invariant
Lagrangian tori, however this is not been proved; for related results in smooth category,
see [32].

(v)* Generic Arnol’d diffusion in analytic class: One might wonder if, for n > 3 and
for generic potentials f € G7, almost every non-empty energy level of H = %|y\2 +ef(x)
is orbit-connected, i.e., arbitrary neighborhoods of two points on such levels intersect
an orbit of ¢} no matter how small ¢ is."

3 Prerequisites

In this section we recall a few prerequisites, which are needed to discuss the “secondary”
nearly integrable structure that appears near simple resonances.

9As pointed out by Laurent Niederman, it might be useful to consider the quantitative Morse—-Sard
theory developed by Yomdin and Comte in [44]; for a first step in this direction, see [7].

10The stress, here, is on analyticity. Indeed, after John Mather’s seminal work, there are well known
generic (“cusp-generic”) results in Arnol’d diffusion in C" regularity and low dimensions; compare

[29]-
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We begin by recalling the averaging theory for nearly integrable real analytic
Hamiltonian systems especially designed for neighborhoods of simple resonances; com-

pare [14, 17].
3.1 Coverings and averaging

Coverings

Here, we first introduce a suitable covering of the action space (depending on e and
parameters K and K,), and then prove item (ii) of Theorem 2.1.
For k # 0, denote by m;, and 7", the standard orthogonal projections

Y=Y iy TRY =Y~ Ty (19)
Let Ko, K and a be positive numbers such that
K, > 2, K > 6K,, a = +/eK?, vi=3n+2. (20)

Recall the definition of G} in (6), and define the following real subsets of the unit ball
B={yeR": |yl <1}:

RY:={yeB: |y k| >a/2, Vke G}, (21)
RY :={yeB:|y k| <a; |ty €| > 3ak/|k|, V€ GF\ Zk},
RY = | ] R (22)
2. _ 0 1

R?:= B\(R’ UR). (23)

The first key remark is that the measure of R? is proportional to €K7, as shown in the
following lemma, which proves item (ii) of Theorem 2.1; compare, also, Lemma 2.5 in

[17].

Lemma 3.1 There exists a constant ¢, = c¢,(n) > 1 such that

measR?> < ¢, a? K" = ¢, e K7, v =1ln + 4. (24)

Proof First observe that from the definitions of R?, R'* and R? in (21), (22) and
(23), it follows immediately that

R < |J U Rie (25)

kegy tegp
@¢Zk
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with
Ri={yeB:ly k|l <o |miy (| S?’I%IK} (26)

The measure of Ri’g can be estimated as follows. Denote by v € R™ the projection of
y onto the plane generated by k and ¢ (recall that, by hypothesis, k£ and ¢ are not
parallel); then,

okl =y k[ <a,  |mv- L] = |my - € < 3aK/|k]. (27)

Set
=il =0 — %k (28)

Then, v can be written uniquely as v = ak + bh, for suitable a,b € R. By (27),

la| < |mirv - €| = |bh - €] < 3aK/|k], (29)

oY
[[*
and, since |(|*|k|? — (¢ - k)? is a positive integer,

e JPIRE = (R 1
R TR

I

Hence,
b| < 3aK|k|. (30)

Then, write y € Ri, as y = v+ v", with v in the orthogonal complement of the plane
generated by k and £. Since |vt| < |y| < 1, and v lies in the plane spanned by k and
¢ inside a rectangle of sides 2a/|k|* and 6aK|k| (compare (29) and (30)), we find, for
ke Gy and (e G\ Zk,

2x

K
P (6aK|k]) 22 =3-2"a*—.

meas(R},) <
’ [kl
Thus, since Z |k|™' < cK"! for a suitable ¢ = c¢(n), (24) follows immediately by
kegg,
taking ¢, = 18¢c. 1

Remark 3.1 (i) By the second relation in (11) it follows that o < 1/K™.
(ii) R° is a non resonant set up to order Ko; RY* is a simply resonant set around
R, but far away from any Ry with £ € G, £ # k; R? is contained in a neighborhood
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of double resonances of order K (compare relation (25) above). According to the termi-
nology in [10], R° is (o/2,K,) completely nonresonant, while, for each k € G , the set
RYE is (2aK/|k|)-non resonant modulo Zk up to order K.

(iii) From the definition of R* in (23) it follows trivially that {R'} is a covering
of B.

(iv) Having two different Fourier cut-offs K, and K is necessary in order to ob-
tain high order “cosine-like” normal forms as described in point (iii) of the averaging
Theorem 3.3 below; compare also [1/].

(v) The size of RY* depends also (mildly) on |k|, and it is conceivable that changing
such dependence, the constant «y in (24) could be improved.

(vi) The set A in Theorem 2.1 is defined as A := ((R° U R') x T")\'T, compare
(242) below.

Averaging

Given m > 1, D € R™, and r > 0, let us denote D, the complex neighborhood of D
given by
D, = U{yeCm: ly — z| < r}.

zeD

For s > 0, let T denote the complex neighborhood of width 2s of T™ given by
T i={z = (21,....,2,) €C": |Imuz,;| < s}/(2nZ™).

We shall also use the notation Re(V;) to denote the real r-neighbourhood of V< R™,
namely,
Re(V;) =V, nR" = J {yeR": Jy—z <r}. (31)
zeV
Given D < R" and a function f defined, respectively, on D,, T?", D, x T?", we denote
its sup norm, respectively,'’ by

[flpr = sup [f(y), |fls:=sup |f(@)], |flprs:= sup [f(z,y)]

yeD, zeT™ (y,x)eDrxT™

To formulate properly next (normal form) theorem, we need to introduce a few ana-
lyticity parameters related to the analyticity width s and the numbers o, K, and K in

1The sup-norm (rather than the norm in (8)), is more natural in averaging theory.
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(20). We define:

0 1 1
To 1= %KO, r = %, So 1= s(l—K—O), sl = so(l—K—O),
1 1

sei=s(l—=), so=s.(1-2), s :=[k|s,

. B X @)
rpi= — 7=
k ’k|7 k 27
- Tk - S n—1
T = —, Sk = ———, where ¢, :=bnn—1)72.

¢, |kl ¢, |k '

We also need the following consequence of Bezout’s Lemma, which will allow to define
a “resonant angle” near simple resonances. For M matrix (or vector), we denote by
|M|,, its maximum norm max;; |M;;| (or max; |M;]).

Lemma 3.2 For any k € G" there exists a matrix A e Zm=Dxn guch that:

k ky - "k‘n)
A=(.]= A e SL(n,Z),
(A) ( A .2) (33)
Al <[k, [Al, =k, [AT', <(@n—-1)% k2"

Proof From Bézout’s lemma it follows easily that: Given k € Z", k # 0 there exists
a matriv A = (Aij)1<ij<n with integer entries such that A,; = k; ¥ 1 < j < n,
det A = ged(ky, ..., k1), and |A], = |k|,; for a detailed proof, see, Lemma A.1 in [11].
Since k € G", it is ged(ky, ..., k1) = 1 and, therefore, det A = 1. The first two
relations in (33) are consequence of the above statement.
Observing that for any m x m matrix M, one has | det M| < m™/?|M|™, the bound
on |[A™Y_ follows from the D’Alembert expansion of determinants.

In fact, the linear symplectic transformation generated by the function y - Az,
namely, the map

(y,2) eR" x T" > (y,x) = (A"Ty,Az) e R* x T",

transforms the resonant combination k - z into the “resonant” angle x;.
Thus, the following normal form result holds:

Theorem 3.3 (Normal Form Theorem) Fizn > 2, s > 0. Let H be as in (1) with
[ € B} satisfying (16) with N as in (15); let (20)+(22) and (32) hold. Let k € G , let
A be a matriz as in Lemma 3.2, and define, for k € G¢ , the following real sets:

R":=Re(RY, ), R :=Re(RY,), D= ATRY (34)
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Then, there exists a constant ¢, = c,(n,s,0) = N, such that if K, = c,, there exist real
analytic symplectic maps

Vo :R) x T = R) xTh, U DE x T > Ry x T2, (35)

having the following properties.
(i) In the symplectic variables (y,z) € R}, x Tt , H takes the form:

(0. 2) == (o W) (w.2) = U 4 () + o)), (=0,

with ¢° and f° satisfying

1

K6n+1, |f0’rg,sg < e—Kos/S. (36)

19%1r, < Vo
(11) In the symplectic variables (y,x) = (y, (xl,fc)) € Df?k x T% , H takes the form:

Hk(ya X) =Ho ‘Ijk(y7 X) = ﬁk(Y? Xl) + gfk(% X)> (37)

where

Hy(y,x1) = %IATW +egh(y) +eg*(y.x1),  (&"(y.) =0, (38)

18 real analytic iny € Df?k and x1 € Ty ; in particular, gh(y,) € Bi’k for every y e D’;k
Furthermore, the following estimates hold:

‘g];’ﬁc < Vo, ’gk - 7Tzch|ﬁg,S§€ < Vo, ‘fk’fk,gk < e, (39)
(iii) If |k|, = N, then g® and f* in (38), (37) take the form

g" =2/ ful(cos(x1 + Op) + EF (x1) + gb(y,x1)), f* =2/ful £(y.%), (40)

where O, is a suitable number in [0, 27),

EH0) = W > fre®eBl, EM <27,
=2
gi(y,-)eBl (VyeDt ) m,£f =0, and
g* 7:k71 ~ K5_n7 Tk, Sk \ 67 .
| k| < L |fk| Ks/7

(iv) Finally, the following “coverings” holds:
U, (ROx T 2RO x T°,  WH(DF x T") 2 RM x T7, (41)
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For the proof, see [17] (in particular, Theorem 2.1 and the Covering Lemma 2.3).

Remark 3.2 (i) Note that the transformation U, is close to the identity, while W* is
not, being the composition of the linear transformation defined after Lemma 5.2 with a
close to the identity map.

(11) The larger covering in (34) is introduced so that (41) holds: Such a property
will be essential in covering also boundary regions by KAM tori without leaving out (as
it happens in standard KAM theory) regions of size of order /e, a fact that, for our
purposes, would be clearly not acceptable.

(11i) Having the common factor |fi|, for |k|, = N, in (40) is non trivial and it
depends essentially on the fact that f belongs to the class G, and, more precisely,
that satisfies (16) with N as in (15). Notice also that the functions in (40) have three
different scales as K — +o0: a O(1) scale of the cosine-like function cos(x; +0;)+ F¥(x;),
a O(1/K°) scale of the term g, which depends only on the slow angle %y, and the
exponential scale e */7 of the term £F, which depend on all variables. All these scales
will be important in the following analysis.

() In Theorem 3.3, it is assumed that K, = ¢, = N. In fact, one always has

K, = N > 2cq, where cs :=max{l,1/s}; (42)

indeed, if s = 1 then N = 2 = 2/s, while if s < 1 then the logarithm in (15) is larger
than one, so that N = 2/s also in this case.

3.2 Standard form at simple resonances

It turns out that the secular Hamiltonians Hg(y,x;) in the Normal Form Theorem 3.3
have a common uniform analytic structure. Indeed, Hy, regarded as one-degree-of-
freedom systems parameterized by (yz,...,y»), can be put, uniformly in k € G¢ , into a
suitable “standard form”, close to a generalized pendulum p? + G(q;). This procedure
has the advantage to make possible an explicit analytic treatment of the corresponding
(one-dimensional) action-angle variables (as carried out in details in [10], and reviewed
in § 3.3 below). We remark, however, that this construction cannot be done, in general,
in the full phase space, because of a homotopy problem arising in the rotational regions;
compare Remark 3.4 and Remark 3.6-(ii) below.

Definition 3.1 (1D Hamiltonians in standard form) Let D < R"! be a bounded
domain, R > 0 and D := (—R,R) x D. We say that a real analytic Hamiltonian H, is
in standard form with respect to the symplectic variables (p1,q1) € (—R,R) x T and
“external actions” p = (pa, ..., Pn) € D, if H, has the form

Hy(p,q1) = (1+ v(p, 1)) i + G(D, q), (43)
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where p = (p1,P) = (p1, D2, ---»Pn), and the following specifications hold.

e v and G are real analytic functions defined on, respectively, D, x Tg and D, x T
for some 0 <r <R ands > 0;

e G has vanishing qi-average and there exists a zero-average function G (the “refer-
ence potential”), depending only on qi, such that, for some 3 > 0, G is B-Morse
(see Definition 2.2);

e the following estimates hold:
sup |G| < e,
T

sup |G —G| <ep, forsome 0<e<r?/2'% O<pu<l, (44)
ﬁrxTé

sup |v| < .
Dy xT}

We shall call (D,R,r, s, B, €, 1) the “analyticity characteristics” of H, with respect to
the reference potential G.

Remark 3.3 (i) IfH, is in standard form, then 3 and € satisfy the relation €/p = 1/2.
Indeed, by (14) and (44), if 1 # j,

B < |G(6;) —G(;)| < 2m1ax G| < 2e.
Furthermore, one can always fix a number g = 4, so that:
/g <s <1, 1 <R/r<gy, 12<e/fp<g. (45)

Such a parameter g rules the main scaling properties of Hamiltonians in standard form.

(11) A Hamiltonian in standard form H, has the analytic features of its reference
mechanical Hamiltonian

H, := p} + G(q1).

In particular, for w small with respect to 1/g, H, has the same finite (because of analyt-
icity) number of equilibria of G. Furthermore, these equilibria lie on the g1 axis and are
in the same relative order of those of G; the order is preserved also for critical energies;
compare Lemma 3.6 below.

(iii) The smallness of the “adimensional ratio” €/r? in (44) is needed in the an-
alytic theory of action-angle variables for Hamiltonians in standard form developed in
[10], however the factor 1/2' is rather arbitrary and not optimal.

24



Notation 1 If w is a vector with n or 2n components, 0 = (w) denotes the last

(n—1) components; if w is vector with 2n components, w = (w) denotes the first n+1
components. Explicitly:

if w=(y,z) = (41, Yn), (1, ..,)) then:

W= (w) = (w9, ..., xn) = T,

7= (y) = (Y2, Yn), (46)
= (w) = (y,z1),

w = (W, W).

Next, we introduce a special group of symplectic transformations, which will ap-
pear in Theorem 3.4 below.

Definition 3.2 Given a domain D < R"! we denote by &, the abelian group of
) x

symplectic diffeomorphisms Wy of (R x D) x R™ given by

(p,q) € (R x D) x R" % (P,Q)

(P,Q) := (p1 + &(p), 1,4 — 01058(p)) € (R x D) x R™, o
with g : D — R smooth.
Remark 3.4 The group properties of &, are trivial:
Uy = id@T, Qf;l =V, Uy 0 Wy = Wy . (48)

Notice that a map Vg € &, induces on T" the map
q € Tn = (Q17 qA - qlaﬁg(ﬁ)) € Tn?

which, unless dpg € Z™ ', is not a well defined map on T".'? This fact raises a problem
in applying the theory of this and next section to the normalized Hamiltonians Hy of
Theorem 3.3; compare Remark 3.0-(ii) below.

From now on we shall make the following quantitative assumption.
Recall Lemma 2.5.

12Tn general, given A € SL(n,Z) and a 27-multi-periodic function f : R® — R™, we identify the map
x € R" > Az + f(x) € R" with the map given by 6 € T* — F(0) = 7, (Az + f(z)) € T", where
0 =2+ 272" and x — 7, () =  + 27Z" is the projection of R” onto T™.
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Assumption 3.1 Fizn > 2, s> 0, and letH be as in (1) with f € G (Definition 2.1),
satisfying (16) and (17) for some 0 <6 <1 and B > 0, with N as in (15).

Recall, now, the definitions of: K,, K, @ and v in (20); A and A in Lemma 3.2; ¢
and s}, in (32); ¢, in (42). In the following, we shall not always indicate explicitly the
dependence upon k.

Definition 3.3 For ke g;go, let

2
R=a/|k]? = VEK“/|k]?, ¢, =4ndc,, r=R/c, &= ﬁ
(e, if k], <W if [Kl, <N
5k|f/€|7 Zf|k|1 = I\ |fk Zf|k|1 =
s

__ Jmin{5 1k k] < W {sk, if [kl <, (49)

1, if k|, = N 1, if k|, =
H_ (feRr!- T 0
D={l€eR ImtATI| < 1, Iénglg‘(ﬂ‘ -l = 3aK/|kl},

e 7%
. 1
D:(—R,R)XD7 € = Cs€k Xy» H:KE
Remark 3.5 (i) Since |fy] <1 one has:
Xl < 1. (50)

Furthermore, by the definitions in (49) and (20), by (50) and (42), one has
Ve < c,R/K" < R/K2". (51)
(it) Since (1 — %)% < 2, by definition of s}, in (32), one has
s < 28, (52)

We can, now, state the main result of [17] (namely, Theorem 3.1 there). Recall the
notation in (46) and Definition 3.2; 7, 7 and s} are defined in (32); ¢, is defined in
(42).

Theorem 3.4 (Standard form at simple resonances)

Let Assumption 3.1 and Definition 3.3 hold, let c, be the constant defined in Theo-
rem 3.3, and assume that K, = max{c,,c,}. Then, for all k € Gy, the following holds.
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(i) There exists a real analytic symplectic transformation
®, : (p,q) € DxR" - (y,%x) = &, (p,q) € R*,

such that: ®, fires p and qi (namely, § = p,x1 = qi); for every p € D the map
(p1,q1) — (y1,%1) is symplectic; the (n + 1)-dimensional map ®, depends only on the
first n + 1 coordinates (p,qy), is 2m-periodic in q; and, if D* = A=TRY and Hy is as
wn Theorem 3.3, one has

®,: D, x Ts —>D7’§k><T

He o . (p, q) =: 2 ( k(p,q) + A (D)), (53)
Sup ‘h’k p ( )‘ < |k|25|‘1” Qk(f’) = #h—lj{ATﬁ’z'
ﬁEDQr

(i) Hi in (53) is in standard form according to Definition 3.1:

Hk(pa ql) = (1 + Vk(p7 ql)) P% + Gk(ﬁv ql)’ (54)

having reference potential
G= G =& T f (55)

and analyticity characteristics as in (49). The constant g in (45) can be taken as:
g =g(n,s,f) = max {02,4c3, cs/ﬁ}. (56)
(11i) The map @, is obtained as composition of three symplectic maps:
O, =d o, o, (57)
where:

o O =, €& withg, (p):= —#(Ak‘) " p;

e & (p,q) = (p1+M,,D,q1,4+X,) for suitable real analytic functionsn, =n,(p,q1)
and X, = %, (B,1) satisfying

EEXg

der X,
My lars < =21, Xalors < 2k (58)

o & =V, €& fora suitable real analytic function g,(p ) satisfying
8 lar < Fu. (59)

27



Remark 3.6 (i) The main point of the above theorem is item (ii), which shows that
the “simply-resonant Hamiltonians” Hy, in (53) are in uniform standard form. The word
“uniform” refers to the fact that the parameter g (defined in (56) and satisfying (45)) —
which rules the scaling properties of the normalized Hamiltonians Hy — does not depend
upon k, allowing, e.g., for a uniform (in k € Gg ) treatment of action-angle variables
(compare next Section 3.3).

(1i) There is, however, a drawback in the construction of the above normal forms,
namely, that the maps ®, and ®, appearing in the definition of ®, (see item (iii) in the
above theorem), do not induce well defined maps on T"; compare Remark 3.4. Therefore,
a non trivial homotopy issue will have to be faced in considering the global secondary
nearly integrable structure of the system near simple resonances. On the other hand, the
map @, s well defined also on T". This matter will be discussed in details in Section /.

The following remark explains the individual purpose of the three symplectic trans-
formations ®,, whose composition forms &,.

Remark 3.7 (i) The map ®, in the definition of ¥, is a linear map that has the purpose
of block-diagonalize the quadratic part |ATy|? appearing in (38), so as to obtain a kinetic
part, which is the sum of a quadratic part in p; and a quadratic (n — 1)-dimensional
part in p. Indeed, rewriting ®, as

(y,%x) = D,(p,q) := (Up, U’Tq), where U := ((1) _%ﬁ((iAk)T> , (60)
and observing that
ATy = ATUp = pik + mtATp,
one sees that
[ATUp|® = [kIp} + | ATp* = k(0] + Qi(p)), (61)

9y being the positive definite quadratic form in p = p defined in (53).
Furthermore, y = (ATU)p if and only if y - k = p1|k|* and -y = 7wt ATp, which,
recalling the definition of RY* in (22), shows that
ATUD = RU —  meas D = meas R\, (62)

Notice also that, from (49), the definitions of ®, and U, and the definition of D* in
Theorem 3.3-(i), it follows that

d(DxT)=UDxT=D"xT. (63)
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Incidentally, we observe that from (33) it follows that the norms of U and its inverse

satisfy the bounds
U}, U] < ny/m, (64)

where, as usual, for a matrizx M, |M| = sup |Mu|/|u|.
u#0

(ii) The second map ®, is a close to identity symplectic (globally well defined)
transformation, which is introduced so as to transform Hy into a Hamiltonian with a
potential independent of p;.

(111) ®, is a close to identity symplectic map, which sets all critical points on the
line p1 = 0.

3.3 Action-angle variables for 1D standard Hamiltonians

Here, we review the general theory of action-angle variables for Hamiltonian systems
in standard form, as developed in [16], where complete proofs may be found.

This subsection is independent from the previous ones; in particular, the analytic
characteristics D, R, r, etc., are arbitrary (and do not refer to the definitions given in
(49) in the specific case of the secular Hamiltonians Hy).

Topology of the phase space of 1D Hamiltonians in standard form

We begin by describing the topological structure of the p-dependent phase space of a
given Hamiltonian (p1, ¢1) — Hy(p1, D, ¢1) in standard form according to Definition 3.1.
For a fixed p € D, we take as phase space of H, the subset of R x T given by

M :M<ﬁ) = {(p17q1)€ R XT:Hb(p17ﬁ7QI) <E|7}7 Eb = R2+Rr) (65)

where R and r are as in Definition 3.1. Although such sets depend on the parameter
p € D, for p small enough, they are close to cylinders:

Lemma 3.5 Let H,, M, and g be, respectively, as in Definition 3.1, (65), and (45).
Assume that

w<1/(4g)* (66)
Then, for all pe D, one has

(-R—IR+I)xTcM@pB) < (-R-ER+I)xT (67)

The simple proof is given in Appendix A.
Since the reference potential G is a 3-Morse function, it has 2V critical points, for
some N € N, and distinct critical values. Let 6 € [0, 27) be the unique point of absolute
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maximum of the reference potential G of H,. Then, the relative strict nondegenerate
maximum and minimum points of G, §; € [0y, +27], (0 < i < 2N) follow in alternating
order, Oy < 0y < 0y < ... < by := Gy+2, in particular, 6; are relative mazxima,/minima
points for i even/odd. The corresponding distinct critical energies will be denoted by

E; :=G(6;), FEyy = Ey being the unique global maximum of G. (68)

By the Implicit Function Theorem, for p small enough with respect to g, one can
continue the 2V critical points 6; of G obtaining 2N critical points 6; = 6;(p) of G(p, -),
for p e D. The corresponding distinct critical energies become

Ei = Ei(p) := 6(p, 6:(p)). (69)

Furthermore, for p small, the functions 6;(p) and E;(p) preserve the same order of 6,
and F;. Indeed, from Definition 2.2 and the Implicit Function Theorem, the following
result proven in [16, Lemma 3.1] holds:

Lemma 3.6 Let H, be as in Definition 3.1 and assume that

w<1/(2g)°. (70)

Then, the functions 0;(p) and E;(p) defined above are real analytic in p € D, and
supyep. [0i(P) — 0i < 2en/Bs, sup,.p |Ei(p) — Ei| < 3gPep. (71)

Furthermore, the relative order of 0;(p) and Ei(p) is, for every p € D,, the same as
that of, respectively, 6; and F;.

Notice that condition (70) is stronger than (66). Thus, under the assumption (70),
we see that the phase space M is disconnected by the separatrices (i.e., the stable man-

ifolds of the hyperbolic points (0, f2;)) into exactly 2N + 1 open connected components
M= Mi(p), for 0 < i < 2N, which can be labelled so that (see Figure 1):

e the odd regions M*~1 (for 1 < j < N) contain the elliptic points (0, f2;_1) and
have as boundary parts of separatrices; topologically, such regions are discs;

e the outer even regions M° and M?"™ are homotopically non trivial annuli bounded
by the most external separatrices and one of the two curves H, ' (E,);

e when N > 1, the inner even regions M? (for 1 < j < N — 1) are homotopically
trivial (contractible) annuli, whose boundary is given by two pieces of separatrices
(with different energies).
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» (1

Figure 1: Top: the Morse potential G(q1) := f(q1 + @) where f(q1) := sing; + 1 cos(5¢1)
attains its maximum at g;and has 2N = 10 critical points. Bottom: the phase portrait
of H, := p? 4+ G(q1). Labels (0 < i < 10) in corresponding regions are as in Definition

3.4.
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More formally, we can define the 2N + 1 regions M in terms of suitable energy
intervals (E", E(j)) as follows.

Let E; be the critical energies defined in (69), and let E, the reference energy
defined in (65).

Definition 3.4 (i) (Outer regions) For ¢ = 0,2N, let EY = E®N) .= Ey and
Eio) = EfN) := E,. Then, the “lower outer region” M is the connected compo-
nent of Hb_l((Eg)), EEFO))) contained in {p; < 0}, while the “upper outer region” M@N)
is the connected component of Hb_l((E(_QN), ESEN))) contained in {p; > 0}.

(ii) (Inner region, N = 1) When N = 1, MW is just the region enclosed by
the unique separatriz Hb_l(Eo); the orbits in MY have energies ranging in the critical
interval [E(,l), E(j)) = [Ey, Ey).

(ii) (Inner regions, N > 1) Define EY .= E;. Fori odd, let Eg_i) =min{E;_1, Fi 1}
and define MY as the connected component of Hb’l([E(f), ng))) containing the elliptic
equilibrium (0, 6;).

Finally, for 0 <i =25 < 2N even, define

Joi=max{{ < j: Ey > Ey;}, jy:=min{l > j: Ey > Es;},
E_(,:) = ITliIl{EjS,EQjJr};

and define M as the connected component of H;l((E(j), E(f))) whose boundary con-
tains the hyperbolic point (0,0;).

Notice that the phase space M of H, is the union of the regions M® and the
singular zero-measure set S = S(p) formed by the N separatrices:

M = M(p) = UM U S = UMZ‘@) U S(p). (72)

Below we shall also consider the following (n + 1)-dimensional domains:

M= {(p,q):
M= {(p, ) :

1361?, (p1,q1) EM@)}a (73)
peD, (p1,q) e M'(p)}.

Notice that | Jyc;cqn M" covers M up to a set of measure zero.
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Arnol’d—Liouville’s action/energy functions

Let E € [EL(p), E.(p)] and let " be the (possibly, piecewise) smooth closed curve in
the closure of M‘(p) given by

’72. = ’yZ(Evﬁ) = {(plaq1> € MZ(ﬁ) : Hb(plvﬁa Q1> = E}7
oriented clockwise; for the non contractible curves (i = 0,2N) the orientation is “to
the right” on M2V, “to the left” on M°. For 2 < j < N consider also the trivial curves

v =A{(pj,s) s €T}
Then, the classical Arnol’d—Liouville’s action functions are given by

i i - 1
[1()(E) = [1()<Evp) = %;pldQD
,yi

1 Di )
[J':%jgpjdqy:ﬁﬁdqupw (2<j<N).

(3

75

The action function E — Ii(E,I) is strictly monotone and its inverse is, by definition,
the energy function I, — E'(I;,I). We also define
I} = I} =0 and its inverse function ~ E':= E'|,; (74)

note that when p = 0, H, becomes simply H, = p? + G(q1).
We can now describe the fine analytic properties of the action/energy functions.

Critical holomorphic behaviour and action estimates

Here, we describe the behaviour of the action functions of a standard form Hamiltonian,
as the energy approaches the critical energy of separatrices. We also recall estimates
on the derivatives of the action functions: such estimates will play a central role in the

discussion on the twist Hessian matrix in § 5. The following theorem has been proven
in [16, Theorem 3.1].

Theorem 3.7 Let H, be a Hamiltonian in standard form as in Definition 5.1, let g = 4
be such that (45) holds and let 2N be the number of critical points of the reference
potential G. Then, there exists a suitable constant ¢ = c(n, g) = 28g such that, if

< 1/e? <1/(2"%°), (75)

then, the action function E € (E'(I), EL(I)) — Ii{(E,I) verifies, for all I € D and
0 <1< 2N, the following properties.
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(i) (Universal behaviour at critical energies)

There exist functions ¢i_(z,[) P (2, [) for 0 < i < 2N, and, functions ¢', (z, I)
Y (2, f), for 0 <1 < 2N, which are real analytic in a complex netghborhood of the set
{z =0} x D and satisfy, for all 0 < z < 1/c and IeD,

L(EL(D) + ez, 1) = ¢b(2, 1) + ¢i(2,1) zlog2; (76)

the functions ¢'(z,1), V. (z,I) are real analytic on {z € C : |z| < 1/c} x Dy, where
they satisfy:

sup  (Jo4] + [vL]) < eve,

|z|<1/e, IeD,

i i NG (77)
sup (0504 ] + [0j0%]) < o, Hoi=~p < 27
|2|<1/c, [eDy s r

Moreover, setting ¢, := ¢'| _, and ¢\ := ¢4 | _,, one has

sup (6 — @] + 0L — L)) < cven. (79)

|z|<1/c, IeD;

(11) (Limiting critical values) The following bounds at the limiting critical energy
values hold:

101 (0,1) = +efe, 0<i<?2N, VYIelDy,
1 (0,1)] = +e/e, 0<j<N, VIeD,, (79)
i (0,1) > 0, 0<i<2N, VIeD,
2 (0,1) <0, 0<j<N, VIeD,
while, in the case of relative minimal critical energies, one has, for every IeD and

0<z<l1/c,
oP7H0, 1) =0, ¥ Nz D)=0, V1<j<N. (80)

(i1) (Estimates on derivatives of actions on real domains) The derivatives of the
actions with respect to energy verify, on real domains, for all I € D, the following

estimates: ]
inf Opli > —— V0<i<2N;

(Bi,EL) cye’
min{&EIfN, é’E]?} =

1 (81)

_— VE > Esy.
cvVE + € N
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(iv) (Estimates on derivatives of actions on complex domains and perturbative bounds)
For A > 0 satisfying

cu<A<l1/c, (82)
define the complex energy domains Ei, respectively, as follows:
_ . € _ . € .
{zeC:Ei—— <Rez<Ei—?\e,|Imz|<—}, i odd,
c c
{zeC:Ei+7\e<Rez<Ei—7\€, |Imz|<E}, i even,i # 0,2N, (83)
c
{zeC:Ei+7\e<Rez<E’i, |Imz|<E}7 i=0,2N.
c

Then, for 0 <i < 2N, the functions I! and I! are holomorphic on the domains £ x Dy,
and satisfy the following estimates:

2 |10g7\!
\/E )

sup |0;1f| < o, supl|ipli| <c
Eix Dy o &k (34)
sup ‘8EI7’—§EfZ] < C2_LL

1 s :
Sixf)r )\\/E

Remark 3.8 (i) Note that (75) implies the hypothesis of Lemma 5.6. Thus, in partic-
ular, also H, has 2N critical points.

(11) The identities in (80) confirm the known analyticity at minima of actions as
functions of energy.

(1ii) A formula similar to (76) is given in [0] (compare Eq. (5.8) in Theorem 5.2
there).

We finally report a remarkable property of standard Hamiltonians H,, whose refer-
ence potential G is close to a cosine. In such a case, in fact, one has uniform concavity
of the second derivative of the energy function:

Proposition 3.8 Assume that, for some 0y € R, G satisfies

G(6) — cos(6 + 6)|1 := sup |G(0) — cos(f + Gy)] < 2. (85)
T1
Then, N =1 and
.- 1 _
LENI}(E)) < 57 VE € (E1, E,).
Also this result is proven in [16]; compare Proposition 5.12 there.
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Arnol’d—Liouville’s action-angle variables in n d.o.f.

Following [16], we now discuss the Arnol’d-Liouville’s action-angle variables for H,
viewed as a n-degree-of-freedom Hamiltonian on the 2n-dimensional phase space M? x
T L

For every fixed p = Ie lA), by Arnol’d-Liouville Theorem, the map (p1,q1) —
1 1(2) (Hb (p1, I 1), I ) can be symplectically completed with the angular term

(i, q) — &y, 1) = & (o1, 1, ).

Recall Definition 3.4 and define the normal domains
B :={I=(L,0)|leD, I'E.(I)I)<I <I"E.(I),D} (86)

Notice that, for i odd, ]fi)(Ei(.f), f) = 0, which is the action of the elliptic point.
Then, recalling (73), one sees that the map

(D, @) e MP — (Ip) = (I ®(p, 1), D), 1,0 (1)) € B x T
is surjective and invertible. Let us denote by
qv)i:<]790l)eBiXT - (p7q1)€,/\;li, (ﬁ:f)v (87)

its inverse map. Note that such “Arnol’d-Liouville suspended” transformation ®* in-
tegrates Hy, i.e.,

Hb O él(], 901) = E(Z)<I), dpl 7a\ dql = d]l N ngl (88)

|f = const

By the standard Arnol’d-Liouville construction of the angle variables, one sees easily
that the complete symplectic action-angle map @ : (I, ) — (p, q) has the form

; M’ 1,0, ¢+ %), if 0 <i<2N,
Qi(1,¢) = { (89)

M 10 + W ¢ +x7), ifi=0,2N,

where n?, x*, ¢ are function of (I, ;) only and are 2m-periodic in ¢1, and, in the case
i =0,2N, sup |0, P’| < 1.

By construction, @ : B! x T* M Mix T lisa global symplectomorphism, and
by (88), one has

(H, 0 @) (I, ) = (H, 0 ®)(I, 1) = ED(I), VYV 0<i<2N. (90)
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Next, we introduce suitable decreasing subdomains B*(A) of B! depending on a non
negative parameter A so that B(0) = B’ and such that the map @ has, for positive A,
a holomorphic extension on a suitable complex neighborhood of BY(A) x T™.

Define

M = M (D) i= (Bo (D) = E_(I)) /e, A= (By — E_)/e. (91)
Notice that, by (45), Definitions 2.2, 3.1, and (44), one has

/g <B/e <A, <2 (92)
Since u < 1/c? and ¢ > 28g® (compare Theorem 3.7), by (71), one sees that

A, — A < 68w, AL = 1/2g. (93)

max

Then, recalling the definition of E, in (65), for 0 <A < A__,, we set:

ay(I):= LI(E*(I) + Ae, ),  0<i<2N,
o I(EL(I) = Ae, I), 0<i<2N,
b)\([) = 4 fa .

I} (E,, 1), i=0,2N, (94)
a'(I) :=ai(I), b'(I) := b,
BiA) :={I=(I,,I): Ie

(I), 0<i<2N,

D, di(I) < I, < bi(I)}.
Remark 3.9 (i) By the above definitions one has that

a2j71<j> — agj’l(f) = ]fjfl(Eijfl(l:)j)

0, (95)

reflecting the analyticity at the elliptic points; compare Remark 3.8-(ii) above.
(i) By (86) and (94) one sees that B' = B'(0) = Uyyn B'(N).

max

The holomorphic properties of the Arnol’d-Liouville symplectic maps are described
in following theorem, proven in [16, Theorem 4.1]. Recall the definition of the constant
c in Theorem 3.7.

Theorem 3.9 Under the hypotheses of Theorem 3.7 there exists a constant ¢ = ¢(n, g)
> 4 c? depending only on n and g such that, taking

n<1/e, (96)
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the symplectic transformation ®* in (87) extends, for any 0 <i < 2N and 0 < A < 1/¢,
(97)

to a real analytic map
Q" (B"()\))p% V0 <A<1/e,

X Tg}\ - Dr X TZ/47

! (98)

NG
Allog A o, = .
’ 08 ” A é]log7\|

where
Py = o
A c

Now, let 0 < A < 1/¢. Then the function E' admits a holomorphic extension on

(BI(N)) . where, setting A := A logA]*, one has

LB <ever ], |RE|< %
(99)
2 i < &b P?E| < e \/—EP‘ Poy .
ek o] < e+
Furthermore, defining
D’ :=(—R—1/3,R+1/3) x D, M) := I(B'(A) x T), (100)
(101)

one has N X
meas ((D* x T) \ U M'(A)) < ¢+/emeas(D) A|logA|.
0<i<2N

Remark 3.10 Recall that € <1 (see (1)), and observe that, by (49), (50), (20), (75),
< §/2%. (102)

(32), (53) and (56), it is
depX,

8ka
;B <r/6, 2 92043

1/g < §/4,
Since (as assumed in Theorem 5.9) A < 1/¢, by (75), one sees that o, in (98) satisfies
(103)

o < §/2%.
4 Secondary nearly integrable structure at simple

resonances
We are now ready to discuss the global nearly integrable structure of the Hamiltonians

Hy(y,%) in (37) near simple resonances.
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As mentioned above (see beginning of § 3.2 and item (ii) in Remark 3.6), the
problem here is that the symplectic transformations of Theorem 3.4, which put the
simply-resonant Hamiltonians Hy, in (53) in standard form, are, in general, not well
defined in the fast angles q = (qo, ..., qn), making the construction of global action-
angle variables for the full Hamiltonians Hy(y, %) in (37) not straightforward.

To overcome such homotopy problem, we shall exploit the particular form of the
various symplectic transformations involved, and show that, introducing a special ad
hoc conjugacy, one can indeed obtain globally well defined symplectic maps; see, in
particular, (124) below.

Special sets of symplectic transformations

Besides the group &, introduced in Definition 3.2 above, we shall introduce two new
special classes of symplectic transformations, which will be used in the proof of Theo-
rem 4.1. Recall the notation in (46).

Definition 4.1 Fiz a domain D < R™™. Then,
& denotes the set of symplectic transformations of the form

n P A~ A~ n n
(p,q) eDxT"— (P,Q) = M,p,¢1 +¥,4+x) eR" x T,

where: D < R"™ is a normal smooth domain over D (i.e., D has the form {(p1,p)
a(p) < p1 < B(p), p e D}); the functions n, b, x depend on (p,q1), are 2m-periodic in
¢1; the (n + 1)-dimensional the map

(p7 Ch) = (I)(pv ql) = (nvﬁa q1 +1'|))

18 injective;
&, denotes the set of smooth symplectic transformations of the form

n @ ~ ~ n n—
(p,q) €D xT"= (P,Q) = M, p, b, G+x) e " x T,

where D € R™ is a normal smooth domain over f); the functions n,\,Xx depend only
on (p,q1) and are 2m-periodic in q.

Let us collect a few observations and discuss the main properties of such classes.

First of all, notice that all the above maps leave fixed the variable p € D < R™ and the
set D; thus, in the following discussion, the domain D is fixed once and for all.
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Remark 4.1 (i) The Arnol’d-Liouville map @ in the outer cases (89) (i = 0,2N ) be-
longs to & (since sup |0, 0| < 1), while @ in the inner case (89) (0 < i < 2N ) belongs
to 8,. Notice also that ®, in Theorem 3.4-(iii) is a close to the identity symplectic map
belonging to &.

(i1) In the definition of & and &,, the functionsm and\p are scalar functions, while
X has (n—1) components. Notice that, since ® is assumed to be symplectic, these maps
are such that

dn Adgr +dn A dd +dp A dx = dpr A dg, (Pe®),
dn A dg +dp A dx = dpy A dqy, (Ped,).

(i4i) All maps in the group &, in Definition 3.2 have a common domain of definition,
i.e., (Rx f)) xR"™. On the other hand, every map V € & has its own domain of definition
D (but m3(D) = D is, instead, fized). Thus, the composition Uy o Wy of two maps in &

U:Dy xT" >R"xT", Uy : Dy x T" > R" x T",

1s well defined only when the compatibility condition W, (D2 X T“) < Dy xT" is satisfied.

() If ® € &, by definition ® is injective, so that also ® itself is injective. Further-
more, for any fixed p, the map ¢ — Q1 = @1 + ¥ is a continuous injective map on the
circle TY, hence it is surjective, and, therefore, it is a smooth (orientation preserving)
circle diffeomorphism. Thus,

geT" > Q=(@+¥,g+x)eT"
is a global diffeomorphism of T", and
O:DxT"->P(DxT)<SR"xT"

15 a global symplectomorphism.

Notice also that if ®,®" € & and the composition ® o & is well defined, then
dod'e®.

(v) The definition of the first (n+1) component of any member of the above families
depends only on the first (n+ 1) variables (p,q1). Therefore, any finite compositions of
maps V; € &, L& U G, 1 < i< m, whenever the composition is well defined, satisfies

Ve ubul = (Vo0---0V,) = (Uyo0---0W,,). (104)
(vi) Finally, one readily verifies that the following property holds:

de®, and Ve®d U = Voded,. (105)
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Action-angles variables for the secular standard Hamiltonians H, at simple
resonances

For each k € G¢ , we may apply the theory of § 3.3 to the secular Hamiltonians described
in Theorem 3.4 in standard form H, = Hy; see (54), (55), and (56).
By (90), we get that, for every k € G¢ and 0 < i < 2N, the Arnol’d-Liouville
map
O Bl xT" 28 M x T! (106)
integrates Hy, i.e., for every 0 < i < 2NV,
(B 0 ®)(1, ) = (He o D) (I 1) = E(D), (107)

where Bi, Mi and E,(j) correspond to B, M" and E® in § 3.3 in the case H, = Hy;
compare, in particular, (72) and (73) for the definitions of M: and M, (86) for the
definition of B, (94) and (91) for the definition of B (A), (100) for the definition of
M (A).

Beware that, for ease of notation, we do not report the dependence upon the
resonance label £ € G¢ , but we are actually treating different Hamiltonians in the
neighbourhoods of simple resonances labelled by £k € G .

Finally, we shall use the following notations: Given a function g : D — R, we shall
denote by j; the translation

Je(p) :== (p1 + &(P), P)- (108)
Notice that, by the definition of W, in (47), one has
Ue(p, 1) = (e(p), 1) (109)

Global action-angle variables at simple resonances

We are now ready to state and prove the first step of the proof of Theorem 2.1, which

consists in showing how to construct symplectic action-angle maps, which put a generic

nearly integrable mechanical system near simple resonances, for all k € G , into uni-
form analytic nearly integrable form with exponentially small perturbations.

Let Assumption 3.1 and Definition 3.3 hold; let ¢, be as in Theorem 3.3, and let

¢ be as in Theorem 3.9 with g as in (56). Let g, and g, be as in (ii) of Theorem 3.4,

and define '
B B, if 0 <i < 2Ny, - 110)
k- j,g* (B]zc)’ ifiZO,QNk. g, = (gl +g3)' (

Then, the following result holds (recall the notation (31), (22) and (35)).
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Theorem 4.1 (Secondary nearly integrable structure at simple resonances)

There exists ¢, = c,(n,s,,d) = max{c,,c,, ¢} such that if K, = c,, then for any
ke Gy, 0<i<2Ny, there exist real analytic symplectomorphisms
®, 0 B, x T" — Re(RY*) x T, (111)

such that, if Ei, = EL(I) is the integrable Hamiltonian Hy, of Theorem 3.4 in its Arnol’d-
Liouville action variables, E}; = E} o ., and b is as in Theorem 3./, then
Hy =Ho &1, 0) = (D) +fi(l, ), with:
. o Ei4+h, if0<i<?2N, 112
b Wy o (TR ’ (112)
E+h, ifi=0,2N,.
Furthermore, if 0 < A < 1/c, and if we define

1
ve Allog Al g, =

p* ° CK”

Y " cKpllogAl’
B Bi(M), if 0 <i < 2Ny, (113)
ST i (BUN), ifi = 0,2N,
then &% admits a holomorphic extension
&L (BUN), x T2, — R T, (114)

and the perturbation f} in (112) satisfies the exponential estimate

sup [ fil < e (115)
(B{))a, xTs,

Remark 4.2 (i) Recall (49) and the definition of ¢ in Theorem 3.7. Now, notice that,
since w = 1/K°", and

K>K,>=c >c,
condition (96), which is stronger than condition (75), is implied by the assumption

K, = c,. Observe also that from the definitions of the constants in Theorem 4.1 and
Theorem 3.7, and from (93), it follows that

c, =c > 2% > 21 AL = 2%, (116)
Finally, we remark that, since ¢, = ¢, one has (recall (98))

0. < Py o, <o0,. (117)
(ii) In the proof of the theorem the maps &} are explicitly given; compare (122) and
(128) below.
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The following simple lemma will be one of the key points of the proof of Theo-
rem 4.1. Recall Definition 4.1.

Lemma 4.2 Let @ : (p,q) e DxT" — m,p,q1 +¥,G+X) ER" x T" be in &, Yy € &,,
and denote by 1.P the map

qu) = qu)(pv q) = (ng + g?ﬁ? QI + lbgaé + Xg - ll)gaﬁg)u (118)
where for a function u: D x T — R™, u, denotes the map
Ug :=uoW_,: j(D) x T —R™ (119)

Then, 1,9 belongs to & and satisfies

5P (D) x T" o (Fgo®@(D xT") x T, (120)
and . o
(qu)) = (ng + gaﬁ> qi1 + Il)g) = \Ijg odo \I]—g- (121)

Proof First observe that since ng, g, Xg are 2r-periodic in ¢, the map

qeT" = 1,5, q) = (¢1 + Vg G+ Xg — Wglpg) € T"

is a well defined T"-map, so that (121) follows immediately by direct computation.
Thus, (qu))v is injective being the composition of three injective maps, and, therefore,
the whole map 7® is injective, and (120) follows. To check symplecticity, just note
that, locally, on the universal cover R*", 7,® coincides (as it is immediate to check)
with the composition W, o @ o W_, of three symplectic maps. Hence 7,® is symplectic

and the claim follows. |

Proof of Theorem 4.1 We start by defining the maps ¢%. Consider, first, the inner
case 0 < i < 2Nj. Recall Definition 4.1. By Theorem 3.4-(iii), ®, is the composition
of maps in &, and & while @’ € &, (Remark 4.1-(i)). Hence, by (105), it follows that
®, o @' € &, and we may define

Ol =P, 0@, P :=TV"0d': Bl xT" - R" x T", 0 <i< 2N, (122)

provided the composition is well defined; here W* is the transformation appearing in
Theorem 3.3, and recall that, when 0 < i < 2Ny, Bi := Bi. To check that (122) is well
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posed, we observe that by (104), (97), (52), (53), (117), for 0 < A < 1/¢, we get, for

Pl = (B0 @) = B0 : (By(N)), x T, — Di xTs. (123)

Thus the composition is indeed well defined and (122) is well posed.
Let us turn the outer case i = 0,2N;. In this case @' € & (Remark 4.1-(i)).
Recalling the definition in (118), (119), by Lemma 4.2, we may define

P! = ®, 07, O and B} =7y B . (124)

Recalling that ®; € &, by Lemma 4.2 and Remark 4.1-(iv), ®!, € & and, again by
Lemma 4.2, ®! € &, provided the compositions are well defined. To check that this is
the case, as above, it is enough to control the complex domains of the first (n + 1)

components. By (121) (used twice), (48), (57), and (104), one finds
Pl =P, 0D 0, . (125)
where g, = —(g, + g,) is defined in (110). Then, by (144), we get,
G (BiN)g) < (. (BLV)),,.

with p/ = p,/(n + 2). Observing that ¥y, (p,q1) = (j, (), @1), by (125), (126), (97),
(52) and (53), we get, for 0 <A < 1/¢,

115

(Bk( )) R i =0,2Ng, (126)

O : (Bi(A)y xTo — Df, xTs, 0= 0,2Nj. (127)
Thus, the composition is well defined and (124) is well posed. So, we may define:
Gt i=UFod!: Bl xT" - R" xT", & asin (124), i =0,2Nj. (128)

We can, now, prove (112). Recall the definition of f* in Theorem 3.3 and define, for
all 0 < i < 2N,

fi= ol froal. (129)

Then, by definition of ¢ in (122) and (128), we have, for 0 <17 < 2Ny,
i = Hodi(l,p) :=HoWrod "L g odi 4 cfi (130)
Since Hy in (38) depends only on the first (n + 1) variables, by (123) and (125), we find

_ L Hy 0 @, 0 @7, if 0 <i < 2N,
Hkoq)szkOCI)f = _ . v . ~ . (].3].)
Hyo®, o @' oW, , ifi=0,2Ny,
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and, by (53) and (107),
Hyod, 0@ = EEEY 1 §). (132)
Thus, (112) follows from (130), (131), (132) and (109).
Next, we show that ¢} has, for 0 < A < 1/c,, a holomorphic extension satistying
(114). To do this we have to consider the last n—1 components of ®}, namelyr, &} = &/

(recall the notation introduced in (46)). By definition of @ in (122) and (124), recalling
(89), (110), and Theorem 3.4-(iii), one finds

@+ X.(1, 1), if 0 <i < 2N,

o o (133)
¢+ X (e, (1), 1), ifi=0,2N,

D1, ) = {
with ' . b ‘
X =X X, W oge,
) X, (1,07, if 0 < i< 2N, (134)
XQ(I7 ].) = A i . .
X, (I, 01 + "), if i =0,2N.

Now, we claim that, for all 0 < i < 2Ny,

3

yll)i|p)\70;\ < Zé (135)

Indeed, if 0 < i < 2N, (135) follows directly from (97) and (52); in the case i = 0, 2N,
(135) follows again from (97) and (52) observing that

w

s
4

Next, since p, = p,/(n+2), by (126), (134), (97), (52), (58), (102), (103), (135), (144),
we find, for every 0 < ¢ < 2Ny, and for every 2 < £ < n,

|1I)i|p>\,a>\ = [(p1 + V') — 901|pwa>\ < 5 +o < s

W

| Tm &y o < | Tm(pr + Xty
<1

. ) .
m (o, + Xz)|pway\ + |X2|p)\,o7\ + |’~|)Z‘pw6fA 0;8.

Px (136)

S S 3
<§+%+Z—l(n+1)é<2né.

Thus, by (123), (127) and (136), we get, for all 0 < i < 2N,

2ns-

O, : (Bi(A)y x Ty — Df xT;

We need, now, an elementary result on real analytic functions, whose proof is given in
Appendix A:
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Lemma 4.3 Let g : D, x T? — C be a real analytic function satisfying |Img| < &
Then, for every 0 < ¢ < 1/2, one has

Now, define
(137)

Then, since |k| < K,, by (53) and (49), we find

(137) max{l,s} s (32) .

8(¢(2ns) < 16n (K, max{1, s} ol — opl - ok
1 ¥S*o 1770

Thus, by Lemma 4.3 (applied with g = Ci)fzz for 2 < ¢ <mn, (asin (137), and £ = 2ns),
it follows, for all 0 <7 < 2Ny, that

®!: (Bj(A), xTe — Di xT?

Sk ?
with p, and o, as in (113), provided

c, := max{c,,c,, €c, cs16n (n + 2)}.

*

In conclusion, (114) follows by the definition of ¢ in (122), (128) and by (35).
Finally, estimate (115) follows at once from (129), (114) and (39). The proof of
Theorem 4.1 is complete. |}

Theorem 4.1 provides holomorphic action-angle variables in the phase space of H in
a domain A-away from separatrices. Next result gives a measure estimate of the portion
of space space left out. Such measure estimate will play a crucial role in the proof of
Theorem 2.1. Recall the definition of the sets R* given in (34).

Proposition 4.4 For every 0 < A < 1/c,, the following measure estimate holds:
meas ((R"" x T") \ ;¢4 (Bip(A) x T")) < ¢, meas (le x T") Al log A, (138)
where the union runs from i =0 up to i = 2Nj.

Proof Since ®! depends only on the first (n + 1) variables, by (133), (122), (125), and
the definitions of Bi(A) in (113) and M (A) in (106), one has

O/ (Bi(A) x T") = ®}(BL(A) x T) x T*!
= (D 0 /(B (A) x T)) x T"! (139)
(@, 0 Mi(V) x T
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Analogously, one has
O DY x T") = &1 (DF x T) x T, (140)

Since (i)g,_l(p? ) ( gs( ) p7 QI) and (i)z_l(pa q) = (Pl _T]z(ﬁa q1)7ﬁ7 Ch), by (59)7 (58>7
and (the second estimate in) (102), it follows that

O lod M (DxT)S ((-R—1/3,R+1/3) x D) x T= (D" xT), (141)

3

where D’ is defined in (100). Then, recalling Theorem 3.3, using the fact that (¥*)~!
and @, ! are diffeomorphisms preserving Liouville measure, we find (the index 4 running
from 0 to 2NV):

meas(RY* x T\, 9, (Bi(A) x T*))
B2 neas((WF) 1 (RYF x T) \U,®(BLA) x T"))

(2) meas((D" x T") \(J,®}(B,.(A) x T"))

= meas(®, (DF x T") \(J,®, '@} (BL(A) x T™))
(139,140) (27)" " meas(d, H(D* x T) \(J ML (A))
Fél (27()"_1 meas(<I>3_1 o (i)z_l(D X T)\UlM;c(}\))

(141) n—1 b ¥

< (2m)" “meas(D’ x T\ J,M}(N))
(101) A

< (27)"'ey/emeas(D) Allog |
51

(<) (2m)""'e R meas(D ) AllogA|

(62) €

= — meas(R" x T%) A|log Al
2m

which, since ¢, > ¢, yields (138). 1}

Remark 4.3 (i) The measure estimate (138) holds in view of the covering property
(41), which takes care of the deformation near the boundaries. Note that |logA| here
has no direct connection with |loge| appearing in Corollary 2.2; rather, it is related to
the Lyapunov exponents of the hyperbolic equilibria of the secondary integrable systems
at simple resonances.

(ii) The KAM invariant tori for H will be found in the phase spaces BiL(A) x T™.
Now, in order to obtain Corollary 2.2, one is allowed to disregard a neighborhood of
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separatrices of measure at most ~ € (up to a logarithmic correction). In view of (138),
since meas (Rl’k X T”) ~ /g, we see that N has to be taken, at most \/e, corresponding

to a distance in energy from the separatrices of at least ~ A ~ €%2; for the actual
choice of N, see (237) below.

The final result of this section deals with the size of the domains B}, which depends
on k and actually grows with k. It is therefore necessary to control such a growth.

Proposition 4.5 Assume that o < 1. Then, there exists a constant ¢, = ¢,(n) > 1
such that 4 '
diam B}, < ¢, |k|[" ", meas B), < c,. (142)

Proof For the purpose of this proof, we denote by “c” suitable (possibly different)
constants greater than one and depending only on n. First, we observe that, since
v = 2(v 4+ n), the hypothesis a = ¢K” < 1 is implied by the second condition in (11).
Now, since o < 1, by the definition of B in (86), by (45), and the definition of R in
(49), we have, for every 0 < i < 2Ny,

diam Bj, < ¢(R + diam 15) < c(# + diam 15) < ¢(1 + diam D).

By (61), (33), and (64) it follows that

. 0 1] 1]

AT ]| = ‘ATU(AN > 5
* DT AU ekt
Now, since, by (49), R R o
Dc{leR": |mrATI| < 1},

it follows that diam B < c|k|"™!, proving the first relation in (142) in the case 0 < i <
2Ng.

In the case ¢ = 0,2Nj, we need to estimate the Lipschitz constant of g, in (110).
The map g, is linear and its gradient is given by Ak/|k|?, thus, by (33) one gets

Ak
|0jg1’ = ‘W| <.

By (59), the definitions in (49), and by Cauchy estimates (compare, e.g., [18]), one sees
that

26 L c,c, WE

u 2ep - C,
|k’2r 92  Klin+bs’

]kPrQ S¢C K14n+2 (143)

<

|g3’4r < |afg3‘3r <

Z_l’
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by taking K, big enough (recall that K > 6K, ). Hence, denoting by Lipz(g) the absolute
value of the Lipschitz constant of a function g over a domain B, one finds

Choosing ¢, suitably, the first relation in (142) follows also in this case. Let us check
the second relation in (142). Since ¢ in (111) is symplectic, we have

1
(2m)"
(111)

< meas (Re(Ri]’f)).

meas(B;, x T") = meas ($},(B}, x T"))

meas B, =
(2m)"

Now, since R"* < B and r, < a < 1, choosing ¢, suitably, also the second relation in
(142) follows. 1}

5 Twist at simple resonances

In this section — which is the heart of the paper — we discuss the twist of the integrable
(rescaled) secular Hamiltonians h% in (112) near simple resonances and, in particular,
in neighborhoods of secular separatrices, where the actions become singular.

In general, it has to be expected that there are points where the twist of the secular
Hamiltonians hl, vanishes; compare Remark 5.1 below. Furthermore, and more impor-
tantly, when approaching separatrices, the evaluation of the twist becomes a singular
perturbation problem, where no standard tools can be applied and a new strategy is
needed. Our approach — which exploits in an essential way the fine analytic structure
of the action functions described in Theorem 3.7 — roughly speaking, consists in con-
structing a suitable differential operator with non-constant coefficients, which does not
vanish on (a suitable regularization of) the Kolmogorov’s twist determinant. This will
be enough to prove that the Liouville measure of the set where the twist is smaller
than a positive quantity n may be bounded, uniformly in k, by a power of n. This is the
content of the T'wist Theorem 5.4 below, from which the proof of the results described
in § 2 will follow.

Remark 5.1 (Points where the twist vanishes)
First, let us consider a region bounded by separatrices, i.e., (in the above setting) the
case when 1 is even and different from 0 and 2N. From (94), (76), and (79), there
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follows that dgIj — +o0 as E approaches E'.. Thus, since dgli > 0 (always), E — 031}
must have at least one zero in (E-, E'). By the chain rule,
P2 E(L) = — agﬂ]i (145)
! (aEli)?’ Ei(I) ’

and we see that 07 E' must vanish at some points in the interval (a’,b") defined in (94).

Let us next consider the case i odd, i.e., regions whose closure contains an elliptic
point. Let us first consider the case = 0, and let us denote @' = a'|,—o and b= b'|u=o-
As above, by (79), the function E — 0%I! tends to +o0 when E — E' . Thus, by (145),
0% E'(1) is negative when I is close to b'. Now, E(I}) is analytic at I} = @' = 0, and,
evaluating the Birkhoff normal form of p? + G(q1) at order J close to the elliptic point
(p1,q1) = (0,0;), one sees that

_ 1 1 (dy 5dj

E'(I) == woly + —cl} + O(I}), with wy=+/2dy, c= = —4——2 :
where d; are the j-th order derwatives of the reference potential G evaluated at the
minimum 0;. Thus, 07 E'(0) > 0 whenever the condition

0 := 3d2d4 — 5d§ > O, dj = ((931@)(@), (].46)

is satisfied, in which case 03 E* must vanish at some point in (0,b%). By (53), h, = Qy,
so that hi|,—o = Ei (L) + O(I), which implies

det 021} () |0 = 0% EL(I1) - det 020y,(I).

Thus, by continuity, for w small enough it follows that the Hessian matriz 0¢h'(I) is
singular at some point.

Condition (146) is easily satisfied. For example, if G(6) = cosf — %cos(Q@), one
finds that & = 3/2, so that, in this very simple case, inside the (unique) region enclosed
by the main separatrices, there are points where the twist vanishes. However, this is
not the case if the potential is close enough to a cosine, compare Proposition 3.8.

5.1 Twist Theorem near simple resonances (statement)

To state the Twist Theorem we need to introduce two parameters (& > 0, m > 1) which
measure the nondegeneracy of the energy as function of actions in the inner regions
0 <7 < 2Nj; compare Definition 5.3 below. This requires some preparation.
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Nondegenerate functions and theirs sublevels

First, let us recall a standard quantitative definition of nondegenerate functions.

Definition 5.1 Given & > 0, an open set A < R, and f € C™(A,R), we say that f is
&-nondegenerate at order m =1 on A (or, in short, (§, m)-nondegenerate), if

inf max |fY(z)| > €. (147)

reA 1<j<m

An important property of nondegenerate functions is that one can easily estimate the
measure of their sublevels. In fact, denoting

- )
[ Flemssap : ogﬂi%lfig‘f k

one has:

Lemma 5.1 Let f be a (§, m)-nondegenerate function on a bounded interval (a,b) and
let M := | f|em+1(ap)- Then, there exist a constants c,, > 1, depending only on m, such
that, for allm > 0, one has

Cm -
meas{z € (a,b) : |f(z)| < n} < m(%(b— a) + 1) nt/m.
The proof of this lemma can be found, e.g., in [25, Lemma B.1]; compare, also,

[41].

Nondegeneracy of the rescaled reference potentials for |k|, <N

Consider a general Hamiltonian (43) in standard form. Recall Definition 3.4 and (94).
For 0 <A <A, (see (91)), and 0 < i < 2Ny, define:

a' = a'l—0, b =00, @ :=a}l—0, b := b0 (148)
In the following, we shall explicitly indicate the dependence upon the reference
potential G and write, e.g, I o, EL, @i, 0% for I}, E', @', b, respectively.
Definition 5.2 (Normalized second derivative of the energy function within
separatrices) Given H, in standard form with reference potential G, we denote, for
0 <12 < 2Ng, _ o B A
Fi(z) = (01,EG) (ag + (bt — ag)x), VY xze(0,1). (149)

These functions satisfy a remarkable rescaling property:
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Lemma 5.2 IfF. is as in Definition 5.2, then, for any X\ > 0, one has Fy = Fi.

Proof Indeed, from the definition of actions, there follows easily that
L e(B) = VALG(E/N),  Eie(h) = AEG(L/VA),  YA>0.  (150)

Indeed, considering the case i = 2Ny (the other cases being similar), one has

=3 2 2m
jfjj\fg( vV E — \G(x dm—fj 4/——

—\ﬁ (E//\

proving the first equality in (150), which, in turns, implies immediately the second
equality. From (150), then , follows that

hs = VAL,  big = Vb (151)
The claim follows, now, at once from (150) and (151). |

Let us go back to the Hamiltonians in standard form Hy of Theorem 4.1, and let us
prove that the functions F} (and, hence, E{;) with G as in (55), are (¢, m)-nondegenerate.

Lemma 5.3 For every 0 < i < 2Ny, the function F. defined in (149) is (£, m)-
nondegenerate for some &, m > 0.

Proof We consider only the case i odd, the even case being similar. Deriving (145) we
get, for p =0,

BI(E (0%11(E))’

LLE) (@

(opLi(E))"  (0pIi(E))°
By (76)=(81) (which hold also for Ii, corresponding to i = 0), we have that the
dominant term in (152), for z = (E% — E)/e — 0%, has the form —1/(c32?log" 2), with
¢ =1".(0)]u=0. Then,

lim |}E(I[(E))| = lim |0}E(]1)]= +o0.
E—(EY)~ I —(b%)—

OLE(1(E)) = —

(152)

By (149), we obtain ‘
lim |0,Fg(x)| = +o0. (153)
rz—1-
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Moreover, d,F5(z) is analytic in a neighborhood of z = 0 (recall in particular, (80)).
Assume now, by contradiction, that (147) does not hold, namely that there exists a
sequence x,, € (0,1) such that

|8§Fé(xm)| < 1/m, V1i<j<m.

By (153), up to a subsequence, z,,, converges to some z € [0, 1), such that ¢?F5(z) = 0
for every j > 1. By analyticity we would have that Ff is constant on [0, 1), leading to
a contradiction with (153). 1

This lemma allows us to introduce uniform nondegeneracy parameters & > 0 and

m > 1 for the function Ff in (149) associated to the reference potentials G (5 “% . f,
for k€ G", |k|, <N and 0 < i < 2Nj. Indeed, by Lemma 5.2,
Fo=Fla f=Fop (154)

and, by (17), every potential 7, f is f-Morse. By the above Lemma 5.3, every function
in (154) is (¢, m)-nondegenerate for some &, m > 0. We therefore can define uniform
e-independent nondegeneracy parameters &, m by setting:

Definition 5.3 Let FfTZk s be as in Definition 5.2 with rescaled reference potential G=

. [. We define & > 0 andm > 1 to be, respectively, the largest and smallest number
such that all the functions Fﬁerf, for 0 < i < 2Ny, k € G" with |k|, <N, are (§ m)-

nondegenerate (Definition 5.1).

Twist Theorem

Let Assumptions 3.1 and Definitions 3.3 hold, let g be as in (56), let & m be as in
Definition 5.3, let B be as in (110), let hi be as in (112), and define

& = |k| 7" (155)
Then, the following result holds.

Theorem 5.4 (Twist theorem) There exists ¢, = ¢,(n,g,& m) > 1 such that, for
Ko =>¢,, ke Gy, 0<i<2Ny, and 0 <n < 8/2°, one has:

meas ({ € B}, : |det dthj,(1)| < n}) < ¢, (|k|*"n)° meas By, (156)
with b := min{g, 1}.

Theorem 5.4 will be proven in several steps, which we now summarize:
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Step 1: Preliminaries

This is a preliminary step, where few simple computations are provided:

(a) Evaluation of the twist matrix in the inner case (0 < i < 2Ny).

(b) Analogous formulae for the outer case (i = 0,2/Ny); however, in view of the
presence of the translation j, in (108), the measure estimate is expressed in terms
of the domains Bi rather than the domains B} (recall that such domains differ in the
outer case; compare (110)).

(¢) Uniform estimates on the sub-matrix 8?% of order (n — 1), depending only on

the “trivial actions” I.

Step 2: Coverings of the phase space into regions close to separatrices and
far from separatrices

This step is needed since the analysis will be non perturbative near separatrices, while
in regions away from separatrices, the analysis will be partly perturbative (and signif-
icantly simpler).

Step 3*: Nondegeneracy in neighborhoods of separatrices

In such regions perturbative arguments do not hold, and, in particular the energy func-
tion E’ is singular at the boundary (corresponding to separatrices) and its derivatives
diverge as the boundary is approached. Furthermore, E' and E' = E|,_, have singular-
ities in different points. Exploiting the singularity structure described in Theorem 3.7,
we will prove that a suitable regularization of the twist determinant is a nondegenerate
function, allowing to control the measure of its sublevels. This is the core of the proof.

Step 4: The Twist Theorem in neighborhoods of separatrices

By the previous step, measure estimates in regions close to separatrices follow easily,
yielding the proof of the Twist Theorem in this case.

Step 5: The Twist Theorem far from separatrices in the inner case

It is here (in particular, in the low mode case |k|, < N) that the nondegeneracy condition
involving the parameters & and m, is needed.

o4



Step 6: Uniform twist in outer regions far from separatrices

In such regions there is uniform twist; the proof rests on a simple argument based on
Jensen’s inequality.

Step 7: Conclusion of the proof of the Twist Theorem

5.2 Proof of the Twist Theorem

Notation 2 Throughout the proof the (n—1) dimensional domain D (defined in (49))
will be kept fixed and often the variables I will not be indicated explicitly. Also, the label
k will usually be omitted in the notation, as well as the suffix i (when this does not lead
to confusion).

Fix ke G¢ ,0<1i < 2N, and n > 0.

Step 1: Preliminaries

(a) Let us give the analytic expression of the twist determinant inside separatrices, Le.,
for 0 < i < 2N. Recall that in this case, by (112) and (110), one has h’ = E' + h,
and B = Bi. Observe also that if S = (s;;);j<n is an (n x n) matrix and S denotes
the (n — 1) x (n — 1) sub-matrix (s;;); 2, and Sy denotes the matrix obtained by S
replacing the entry s;; with 0, then detS = s;; - det S + det Sy. Thus,

07 E 07 (OnE")
zm%y)%y+gm

0 T (0, E)
<M%ﬂ)@W+@¢‘

det 020’ = det (02E' + 0%h,) = det < (157)

= (02 E") - det(%E" + 0%h,) + det (

Remark 5.2 At this point, we may give a motivation why, in view of the application
in Corollary 2.2, the expected perturbative argument for the nondegeneracy of the de-
terminant does not apply. When w = 0, the Hamiltonian H,(p,q1) in (43), does not
depend on the dumb actions p and, as a consequence, E' depends only on I,. Let us
consider the low mode case |k|, < N. We will prove in Lemma 5.6 below that det(&?ﬁk)
is nondegenerate. Then, recalling(74), we see that, for @ = 0, the nondegeneracy of

det 0%0'|, o = O3 E' - det(0%h,)

reduces to the one of the 1D-function I, — (ﬁlﬁi(h), whose nondegeneracy has been
proved in Lemma 5.3 (recall also Definition 5.2). Let us now take w > 0. By (99), (44),
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(49) and the definition of W, in (77) we have, for a suitable constant ¢, that
2
02 El<et,  |oE|<ek

A A
where A has been defined in Theorem 5.9. Recall that, by (49), u = K. In view
of the application in Corollary 2.2, we take K = c¢|loge| (recall (12)) and, up to a
logarithmic correction, N < /e (recall Remark 4.3 (ii)). In conclusion, in (158), both
w?/A and, a fortiori, w/A behave as |loge|~°c=V? for some ¢ > 0, yielding a useless
bound |loge|~c~™2, coming from last determinant in (157).

where A = A|log A%, (158)

(b) We now consider the case outside the outer separatrices, i.e., i = 0,2N. Re-
calling (112), (110) and (94), we see that the Hamiltonian h'(I), in this case, is given
by hi(I) = E{(I) + h,(I) for [ € B = j,. (BL)- Recalling (53) and (59) we ‘note that in

the evaluation of the Hessian of h involves the non-small linear term (| iz @ fact that

complicates analytic expressions. However, such complications may be avoided, using
the following trick.

Let us introduce new action variables I, defined by the relation I = Ul = j, (I),
where U is defined in (60). Then, we observe that, defining

W) =B +h(0), E:=Foj,, (159)
one has that, for all I e U1 B¢,
G, =J. U™, W(UD) = hi(D). (160)
Now, since det U = 1,
det [2h(1)] "L det [22 (0 (UT))] = det [UT620°(T) U] = det [e2ni(T)].

Thus,
(det 0?h%) o U = det 02h’, (161)
Recalling (159) we then obtain

det 02h' = det (OPE' + 07h,)

RE T(OuE)
= det 9 9%
. R 162
et(CFE. + 07 h,) (162)

= (LE}) - det(
0 oT (0, E! ))

2
). d
*det (ai(ah]zi ) PE + 2,
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and, by the chain rule,

(02 EY) Ojg3 = é’%lEi,

I ™%
9 : 9 i 9 i .
(ahiEi) © jgg - aI1fEl - aflEZafgS =V
20y Y
(GjEL) o g, = M,

with

M := O%E' + 0} E'0] g,0;g, — 01,E'O%g, — 010, E'0;g, — 01, 0;0,E'.

Recalling that by (160) j, =j, © U~ by (161), (162) and (163) we get

8; := (det #?h') o5, = O3 E - det(M + 02h,) + det (3 N :Ta?h) :
Finally, since the map j, : B} — B. is volume preserving, it is
meas B], = meas 3}, i =0,2N,
so that one obtains the following

Lemma 5.5 Let i =0,2N and &} as in (164). Then,

meas { I € B : |det 07’ ()| < n} = meas {1 € B, : [5,(I)| < n}.

(163)

(164)

(165)

(c) Here we prove a uniform bound on the Hessian sub-matrix (??ﬁk Recall the

definition of §, in (155)

Lemma 5.6 There exists ¢, = c,(n) > 1 such that, if K = c,, then the following

estimates on the sub-matriz 6?@ hold:

sup |6§ﬁk\ <2n° +1, _inf  det 8?@ = &,
D, DynR7—1

Proof By (19),

. (Ak) T s ATT.
(ATU)]=11k+AT]—( k) k=ILk+ATT - b

k
|2 |2

= Ilk + W’i_ATZA'.

o7

(166)

(167)



Recalling the definition of Qy in (53), we have

2/ 712 N7 2( 72 |771~3ATI|2 (167) aﬂATUHz
AU+ D) = Al T = 168
_ 2(ATU)TATU (168)
N k[2 7
and (33),(64)
020,| < 2K 2APIUPR < 20, (169)

Using that |k| < XK/6, by (20), (49), (53), and Cauchy estimates we get, for a suitable

d =d(n), /

K14n+2

sup ](92(h — Qk)|

Dy

(170)

By (169) and (170), taking K large enough (depending only on n), we get the first
estimate in (166).
Let us prove the second estimate in (166). Observe that

n

2det 220y, = det &2(I7 + 0;) "2 Fa

det ((ATU)"ATU)

(33,60) 2" 4
M2 Dy,
|k|2n |k|2n
and that
R (168)
(@390 7! < (3717 + Q)7 <
(33),(64)

< %n‘r’(n D™ Hk*,

20— —
\162\ ‘A 1’2“] 1‘2
(1 ( 1)

Then, by (171), (170), using |k| < K/6, we get, for a suitable constant ¢’ = ¢’(n),

C”

(62Q0) 7" - 103 (h, — Q)| < S fiane (172)
We now need an elementary result on perturbation of positive-definite matrices,

whose proof is given in Appendix A.

Lemma 5.7 Let P,Q be d x d positive-definite matrices and assume that \ := |P71||Q|
is strictly smaller than 1. Then det(P+Q) = (1—\)?det P. In particular, if A < (2d)~*
then det(P + Q) = (det P)/2.
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Observe that since 02 (I? + Qy) is positive-definite (by (168)), so is 0? Q. Therefore,
since

2h, = 020y, + 32(h, — Qy),
in view of (172), taking K > ¢, for a suitable ¢, = ¢,(n) > 1, Lemma 5.7 implies also
the second estimate in (166). The proof of Lemma 5.6 is complete. I

Step 2

Here we define suitable coverings of the sets B defined in (94), (49). Such coverings
are made up of sets corresponding to zones close to separatrices and zones away from
them.

Recall the definitions given in (94), (91) and (148); recall (116); finally, recall that
for ¢ odd a = 0 (see (95)). Now, for any A, € (0,1/c,), we are going to define suitable
subsets of B.. In the following sets it is understood that the dumb action I varies in
the set D:

e . 4 _ if 7 is odd,
B' (A,):=1'x D, TI':= (O,bé\o/z),

far

{Bl’ Ao) = {10, (I) < I, <b'(D)},

(173)

B: (A):={I:d'(I) <1, <di (I)},
{ ' (Ao) = { (1) <@L <ay(I)} if i — 0,2,

B (\):=T x D, T':=(a} s, b'(1)),
while, for ¢ even and different from 0 and 2Ny,
{Bjear(xo) ={l:a'(I)< L <ay (D} u{l:b (I) <L <b(])},
lgfir(}\o) = IZ X _D, IZ = <a§\o/27[_)§\0/2>‘

Recall the definition of ¢, in Theorem 4.1, and of ¢ < ¢, in Theorem 3.7. Recall,
also, (116). Then, one has:

Lemma 5.8 Let 0 < i < 2N and assume that
Ao < 1/c,, < A2/28%¢?, (174)
Then, B}; = l’)’niear (Ao) U Bt; (Ao)-

Proof We give a detailed proof in the case 7 odd, as there is no extra difficulty in
adapting the proof to the other cases. For ease of notation in this proof we omit the
suffix . Since the functions £ — I[1(E) and E — [;(FE,I) are positive and strictly
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increasing (see (81)), the functions A — by and A — by(I) are positive and strictly
decreasing. We claim that

b (1) <bajp < brsu(l), VIeD. (175)

From such relations the claim follows. Indeed, the fact that B is a subset of B follows
from the second inequality in (175); the equality B = B, v B,, follows from the
first inequality in (175). Let us prove in detail the first inequality in (175) (the second
one being analogous). Now, notice that, by (91), (94), and (95), one has by___ (I) =

A ~ A

L(E_(I), 1) = ag(I) = 0. Thus,

)\max ~ ~ )\tnax +)\ — A~
b)\o(.l):ef anl(E+(I)—€Z7I)dZ=€f uéEjl(E_;,_—eZ,I)dZ,

7\0+?\ﬁ

where A, = (E, — E,(I))/e. Analogously,

Amax _

67\0/2 = GJ 8E11(E+ — €2) dZ,
Ao/2

where A was defined in (91). Note that, by (71) and (116), |A,] < 3g°un < cp, and

that by (91), (92) we have that A, < 1/c, < min{A,, /4,A /8}. Then again by (92),

(91), (93), and (174) we get that, for every I € D,
%7 AO—I_)\;U Amax_|—}\t1’ Xmax € (%77\ +%)

max

We write

b o — b (I Aoth, Amas -
boj2 = bn, (1) :f u Oph(E; —€z)dz + J Oph (B} — €z)dz

€ Ao/2 Amax A,

Amax A o _ .
+ J (0ph (B, — e2) — 0pL (B, — ez, 1)) dz.

)‘O'H‘u

Recall (83); note that (174) implies (82) with A = A,/8, and observe that, for every z
in the three integration intervals (and for every I € D), the quantity £, — ez belongs
to the set &, /5. Then, by (81), (84) and (174) we get, for every I € D,

b2 — b (1) _ Ao — 27 _C2|10g%°|
€ ~ 2cy/e Ve

(03,02 1
(Ao — 2cpu — 2%c*u|log 22| — 25c3/A,) =

=
2cy/€e

completing the proof. |}

A
R

Aoy/€

/2 >0
4cﬁ>’

(A = A

max
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Step 3*: Nondegeneracy in neighborhoods of separatrices

Here we show that (a suitable regularization of) the twist determinant det 0%h’ in (157)
is a nondegenerate function in the sense of Definition 5.1 in suitable neighborhoods of
separatrices. Actually, it will be convenient to study the twist directly as a function
of the energy, for values £ = E%(IA ) + ez close to critical separatrix values Ef_F We
therefore define:

5. (2, 1) := det [2E(L(EL(I) + ez, 1),1) + &2h,(I)]. (176)

The study of the twist determinant (176) will be based on the analytic properties
described in Theorem 3.7. In particular, the properties that we shall use are the same
in the plus and the minus case. Hence, we shall consider only the plus case and let,
henceforth, & := 9, .

The precise statement on the nondegeneracy of z — §(z, I ) (see Proposition 5.9
below) needs some preparation.

First of all, we introduce a suitable “regularization” function ¢ = ((z, I )

Uz 1) =2 (Veoph(BEy(I) — ez, 1))’ (177)
and define the reqularized twist determinant & by setting (recall (166)):
§=25/deté%h,, with 8(z,1):= (2, 1)" 8(z,1). (178)

The functions appearing in Theorem 3.7, as well as the functions in (177) and (178)
belong to the following ring of functions F.

Definition 5.4 We denote by F the set of functions of the form
A~ e A .
flz 1) = 2" Y uy(z, 1) log! 2, (179)
§j=0

where h,l € Z with { = 0 and the u; are real analytic functions on a (complex) neigh-

borhood of {z = 0} x D < C"; recall that the domain D is defined in (49), but, actually,
here plays no role. We shall also use the following notation: given two functions f; € F
we say that f = f1 @ fo if there exists two functions u; real analytic on a neighborhood
of {z = 0} x D such that f = uyfy + usfo; for example, f in (179) can be written as

¢
2" ( (—B log? z)
§=0
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We say that f(z,1) = O,(h,€) if f € F as in (179) and

Iflle == sup  sup u;| < +oo.
0<j<e {zECA:\zA|<Q}
IeD

A

Remark 5.3 (i) The functions (z,1) — f(z,1) = I{(EL(I) + ez, I) in (76) of Theo-
rem 3.7 belongs to F and, by (77),

£l < eves

furthermore, the “algebraic structure” of such function f is given by

f=+ve(l®zlogz).

(i1) The following elementary properties (which, in particular, show that F is a ring)
will be often used:

Og(hap) ' Og(ka q) = Og(h +k,p+q),

(O, p)) = Ouljh, jp),
Og(hup) + O@(ka Q) = Og(min{hv k}a max{p, Q})

Finally, define the following linear differential operators:
L:= L0, - L*")", where: L:=20,, n:=n-—1.
Notice that £ is a linear differential operator of order
m:=3r2+4n =3n>-2n—1,>7

and that there exist suitable polynomials a;(z) such that

L= i a;(z)0?. (180)

=1

<

Actually,

1=

L= ajzj _ﬁé’g,

j=n+1
with a; natural numbers."® Recall that the constants ¢, and ¢, have been introduced
in, respetcively, Lemma 5.6 and Theorem 4.1; recall, also, (79). Then, the following

proposition holds.

13For example, if n = 2 and m = 7, £ is given by: £ = 2607 +182°0% + 98240° + 1842302 + 1002203 +
8202.
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Proposition 5.9 There existsc, = c,(n,g) > ¢, such that ifK = c,, then the following

holds.
(1) One has )

L[5] = a*"*1(3n)! v*" + O,(1,3n + 1), (181)

where R )
YZY([> = _€71/2¢+(0J)7 0= 1/C7
and
I/c <infly| <suply| <ec. (182)
D D

(ii) There exist suitable positive constants

£, =¢,(n,g) <1, Ao = Ao(n,9) < 1/c,,

such that, for I € D, the function z — 5(z, A) defined in (178) is & -nondegenerate at
order m = 3n* — 2n — 1 on the interval (0,A,).

To prove this proposition we need a couple of preparatory lemmata.

Notation 3 In the rest of this section, it is understood that in an expansion
é .
f=2z". @logj z,
§j=0

one has || fl, < ¢ for a suitable constant ¢ = c(n,g); furthermore, O stands for O,
with o = 1/c.

We shall consider in detail only the inner odd case 0 < ¢ < 2N, since the other cases

do not present any new difficulties; for ease of notation, we do not indicate explicitly
the labels k£ and 1.

Lemma 5.10 If ¢ is as in (177), I = I(z,1) := (b.(I),]) and we is as in (77), one
has, for2 <i,7 < n:
(= z(ylogz + (1 @zlogz))3
=v3zlog® 2 + O(1,2) + O(2,3) = O(1,3),
(- OE_;=v+z2(1®logz) =y + O(1,1), (183)
(- 8?1fiE|I:j = Uo(1 ® zlog z ® zlog? z) = 1, 0(0,2),
¢- 5%_ij]1:1~ = U(1® zlog 2 @ zlog? z @ 2 log® 2) = u, O(0, 3).
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Proof By the chain rule, one has (writing I; in place of I})

, 1 , 0:1q , 021,
E’L - "El — _ I 2 El — _ E
mE=an U el h (0ph)*
62 AEi _ 6%]-18f[1 _ aiﬁ[l , (184)
I (6E11)3 (anl)Q
g 3D 3k oy(oph) + 3(0eh) il Bh 3 oyl
F =

oply (0pl,)?  (0gh)®

where the derivatives of E' and I; = I} are evaluated in (I{(E,1),I) and (E,I), re-
spectively. Now, by (184) and (76), we have

Vel =vlogz + (1®z2logz) = 1@ log 2,
O;. 1 = po(1® zlog 2),
3202 = —yz '+ (logz@27Y) =logz @ 271, (185)
e, I = o1 ®log ),

1)

a%.fjh = wor H(1® zlog z) ( u0€*1/2(1 @ zlog 2).

Finally, by (185), (184), (76), and (77) we get

Vedpli =vlogz + (1®z2logz) = 1@ log 2
(- 07 E= —e¥2202 =y + 2(1®logz) = 1@ zlog 2,
¢ &?JiE = €3/22(82E116fi]1 — &QEjillaEll) =W (1®zlogzd zlog2 z),
(- a%ij = 63/22( - (aEIl)26ifj[1 + 28Ellé’fih alngll - (9]2511 %Il éfjll)
= Wo(1® zlog z @ zlog” z @ 2% log” 2),

completing the proof. |}

Lemma 5.11 Letn :=n — 1. Then, one has
§=05(z1)=vy"2"log™ 2z + O(R + 1,30 + 1) + O(0,37 — 1). (186)

Furthermore, there ezists ¢, = c,(n,g) > ¢, such that, if K > ¢, and A, < 1/c,, then
one has:

16(2,1)] =8 [8(2,1)], VY0<z<A, I€D. (187)
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Proof Recalling (157) we split 5 in (178) in two terms. The first term is

CM(02E) det(2%h, + 2E) "2 (v + O(1,1)) ¢ det(e2h, + 0%E),
and, by (183), we have that
" det(6%h, + O%E)

=" det &?ﬁk + Z Cﬁ’jug(l ® zlog 2 @ zlog® 2 ® 2% log® z)j
j=1
=(¥*"2"1og" 2 + O(, 37 — 1) + O(n + 1,3)) det 6%h,
+ 1o (0(0,37 — 3) + O(n, 30 — 1) + O(R + 1,3n))
=(y¥"2"log” z + O(n + 1,3n) + O(0,3n — 1)) det 8?Bk,

where in the last line we used (recall (77), (49), (166)):
to < k|7 = & < inf det 0%, . (188)
b

The second term is,

0 é’T(ﬁI E) 0 wl
n I lA —
¢ det (af(ahE) O%E + (ﬁhk) Ho det (w N )

=12 (1®zlogz @ zlog® 2)*(1® zlog 2z @ zlog® z ® zlog® 2)" 2
= 120(0,3n —4) + O(n,3n — 2),

where w is a n-dimensional vector and N is an (72 x 1) matrix satisfying by (183), for

2<1,5<n,
w; = 0(0,0) + O(1,2), Ny = 0(0,0) + O(1,3).

Thus, the second term has the form p?(O(n + 1,37+ 1) + O(0,37 — 1)). Summing up
the two terms and using (188) we get (186).
By the first line in (183), we see that, taking ¢, big enough, one has

10(2,1)| < 1, VO<z<A, [eD.
Thus, by the definitions in (176), (178) and by (166), one obtains (187). 1
Before giving the proof of Proposition 5.9, we need one more lemma. Define

Loy = LF(0, - LF)™.
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Lemma 5.12 Let0 </ < k<m, 0<m,q<m, and f; = G,(0,¢), fo = O,(m+1,q).
Then
Lonixlz™logh 2 + fi + fo] = (M) TR + f, (189)

where, for a suitable constant ¢, which depends only on n, one has
f3 = Oppp(1, max{k —1,q}), and || fsllo2 < cmax{[|fill,, l.f2]l}-

Proof Observing that Lz™ = mz™, Llog™ z = (L+1) log’ z, one easily checks that,
for any 0 < m, ¢ < m, one has

L[Og(m7£)] = O%g(m7£>7
LON0,£+1) = Os,(1,£+ 1) + Os,(0, ),
LH0,(0,0)] = 0s,(1,0),

where the norm || - \H% , of the functions in the right hand sides are bounded by ¢ = ¢/(n)

times the norm || - ||, of the functions in the left hand sides. Indeed, the algebraic
relations are just calculus, while the estimates follow easily by (iterated) use of Cauchy
estimates.

Analogously, if 0 < ¢ < k£ < m and 0 < ¢ < m, from the above relations, there
follows that

Lo ix[2™ logh 2] = (m)*(k)! + O1,(1,k = 1),
£m7k[0%9(0,€)] = O%g(lﬂg)a
Lini[Os,(m+1,q)] = O1,(1,q),

where, the norm || - | 1, of the functions in the right hand sides are bounded by ¢ =
c(n) > ¢ times the norm | - \H% , of the functions in square brackets in the left hand
side. From such relations the lemma follows. [}

Proof of Proposition 5.9 The estimates in (182) follow trivially from (79) and (77).
To check (181), observe that £ = L 35, and use (186) in Lemma 5.11 and (189),
withm =n, k=3n,{=3n—1, and g = 3n + 1.
It remains to prove claim (ii).
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By (181), and (182), we see that for A, < 1/c, small enough one has:

1 80)
—- < inf inf |L£[5 ‘ < ¢ max |78,
C n 0<z<Ao IeD 1<J<m
where ¢ = ¢’(n). Thus, for [ € D, z — 8(z,1) is §,-nondegenerate at order m =

3n* — 2n — 1 on the interval (0,A,) with &, = (¢"c*™)~ 1. |

Step 4: The Twist Theorem in neighborhoods of separatrices

We can now state and prove the Twist Theorem in neighborhoods of separatrices.

Proposition 5.13 Let ke G , 0 <i < 2N, n >0, and A, as in Proposition 5.9-(ii).
Then, there exist a positive constant c, = (n g) = c such that, if K > c,, then

meas {1 € B _(Ao) : |det 7’ (I)| < n} < c, (|k[*"n) 19 meas BL. (190)
Before the proof, which will be based on two lemmata, we introduce the following

Notation 4 Given two non negative functions f and g we say that f < g if there exists
a constant ¢ = ¢(n,g) = 1, depending only on n and g, such that f < cg. Similarly,
given a function f and a non negative function g, we say that f = O(g) if there exists
a constant ¢ = ¢(n,g) = 1, such that | f| < cg

Recall that m = 3n? — 2n — 1 (compare Proposition 5.9).

Lemma 5.14 There exists a constant ¢, = c,(n,g) > 1 such that, for every IeD
and n > 0, one has

meas {z € (0,A,] : 16(2,1)| < n} < c,n’, ai= -t (191)

m(m+3)

Proof If z; < 2n?, estimate (191) is obvious. Consider the case zy > 2n*. Let A,
n* < zp/2. By (186), (166), and (182) we have that

sup  sup |8(z, 1) <1+ |log® A, | < 1/A,,
Aol 2 D

where, as usual, as usual, [A;,A,] /2 denotes the A, /2-complex-neighborhood of the
real interval [A,,A,]. By Cauchy estimates

sup sup max [028(z, I)| < /N2 =2 M, (192)

Al <Z<AO IED 1<]<m+1
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for a suitable ¢, > 1, depending only on n, g. Now, we can apply Lemma 5.1 with
f=0% m=m, a=A, b=2X, £=¢, M asin (192),
obtaining, for all Ie 15,
meas{z € (A, Ao) : [8(z,1)] < n} < 7. (193)

Since the interval (0, A, ), has length A, = n?, from (193) we obtain the measure estimate

(191). 1
Now, recalling that §, = |k|™>" (see (155)), we have:

Lemma 5.15 There exists ¢, = c,(n,g) = max{c,,c,} such that for k € G¢ , i odd,
and n > 0,

1

meas {/ € B' : |detdoth'(I)] < n} < c, Ve (n/d)mT meas D.

Proof Let Z,(I) := {z € (0,A,] : |8(2,1)] < n}. By (187) and (191) we get, for all
leD, R K

m, = m, (/) := meas(Z,(I)) < c,(n/&) (194)
Note that, since A, < 1/2 (see (174)), by definition

m, < Ao < 1/2. (195)
Recalling (94), we define, for I e D and n > 0,
I,(I) := {I, € [bp, (1), b(1)) = | det [62(h () + E(]))]| < n}.

We, then, have that

A

L,(I) = bz, (1) := {1y = b.(]) : z € Z,(D)}, (196)

since by definition of Z,, (176) and (173) 8(z,I) = det [0?h,(I) + ?E(b.(I),)]. For
— b

A

every I €D and n > 0, making the change of variable I;

. ) 8 (1), and noticing that
0,b.(1) = —edpli(E,(I) — €z, 1), we get

meas(Z, (1)) = f dl, (196) f
Iy (D) b

1

dI, — f 0.b.(D)|d
2 (1) Z,(I)

183
(<) Ve |log z|dz.
2y (1)
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Moreover, recalling (195),

My
J |log z|dz < f |logz|dz+f |log z|dz < 2m,| log m,|.
Zy(1) [

0 Zn(I)n(my,Ao]
Thus, since 57 < a (compare (191)), by (195), we get
meas(Z,(I)) < /em,|logm,| < v/em}/! /(onta)

By (194), for every I € D and 1 > 0, meas(Z,(I)) < /€ (7/8&)Y**" and the claim
follows from Fubini’s Theorem. |

Proof of Proposition 5.13 By (94) we get

~

measB,@_J b(1)dI = f L(E.(I),1)dl

By (D) A
J d[f 0E11 E+(I) I)dE (197)
(1)
(81 / . (91
) E E-(I) meas D (>) Ve meas D.

> c\@ 2gc

Lemma 5.15 and (197) imply at once (190), provided one takes ¢, > ¢, big enough.
The proof of Proposition 5.13 is complete for ¢ odd. The changes for the inner case
with ¢ even are straightforward.

Let us indicate the changes one needs to do in order to prove the outer case
i =0,2N. Recalling (143), (49), (20), by Cauchy estimates, we have:

|afg3|D,3r < 1/KHM2 |P g5 3r < 1/(\fK 2 n+2) (198)

Note that the term 03g, in (198) has a “big” estimate, containing a 1/ at the denomi-
nator. However this does not canse any problem, since, by the first lines in (183), (184)
and (185) one has

COLEd: ; g, = K272 z(1®log 2)?,

where, the regularizing term (C is defined in Lemma 5.10, and the function in brackets
belongs to F and has norm || - ||, bounded by a constant depending only on n and g.
At this point, mimicking the proof for the inner case, one gets easily (190) also in the
outer case ¢ = 0, 2N, provided c, is taken big enough. The proof of of Proposition 5.13
is complete. |
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Step 5: The Twist Theorem far from separatrices in the inner case

Recall the definition of B, = B' in (173).

Proposition 5.16 Let 0 <i < 2N. Then:

(i) There exists a constant c, = c,(n,g) > 1 such that, assuming K = c, and
N < |k|, <K, then one gets, on B' , | det 07h| > &/2°.

(i1) There exists a suitable constant ¢, = ¢,(n, g, & m) > c,, such that if K = ¢, and
n < &/2°, then

meas {I € B' : |det oth(I)| < n} < & (|k]*™n imeaSBk (199)

Remark 5.4 Notice that by point (i), the set {I € B, : |detdth(l)] < 77}, forn <
8,/2°, is empty. Therefore, in proving point (i), one needs to consider only |k|, < N.

For definiteness, in the proof of Proposition 5.16, we consider only i odd, as the
case ¢ even can be treated in a completely analogous way.

First, we prove some perturbative estimates on the derivatives of the energy.

Recall the definition of Z = Z* in (173), with A, as in Proposition 5.9-(ii), and
notice that Z depends only on n, g. Then, the following estimates hold.

Lemma 5.17 There ezists a constant ¢, = c,(n,g) > 1 such that, defining r, =
Ve/cg, one has, for I € Iy, x D,

OLE| < cve,  |O2E|<c,, \a;le\gcﬁuo, |0%E] < ¢, 1, (200)

and

|§[1E 811E| C \FIJ. (201)

Proof Recall the definitions in (94) and (148). Then:

> )
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which imply Z x D < Bi(A,/8). Now, we can take ¢, > 1 big enough so that (recall
(98)) . |
Ioe, x D = (B},(Ao/8))

Pro/8 ’

Thus, observing that (obviously) the first two estimates holds also for E = E|,—o, by
(99), we get (200).

Next, observe that, by the definitions given in (173) and (148), one has E(Z) =
(E_, E{ —€A,/2). Then, recalling (83), by the first estimate in (200), for ¢, big enough,
we get, for any I € D,

E(Zor) € Enjss E(Tar,, 1) S Ens. (202)
Let us, now, prove (201). Observe that
OnE(I) — 0nE(Ly) = (ply(E(I1)) — 0l (E(1L), 1)) 0L,E(T) - 01,E(]1),
so that

sup- |0nE(I) — 0LE(IL)]

Igr* xD
(202) _ R _
< sup |opl(E)— dph(E, 1)‘ . sup ‘611E(I) OLE(L)
gAO/SXﬁ Igr* xD
84),(200
el

completing the proof. |}
By Cauchy estimates, from (201), there follows

sup [07,E — 0L E| < . (203)
Ir* x D

Then, by (157) and (200), on Z, x D, we get

det 6?h = (07 E) - det 02h, + O(Ho)

5 = 03 (204)
= (0, E+ O(n)) - det 05h, + O(K,).

Now, by (166), (77), one has that & < K*>" and W,/& = O(K~").
Finally, since, by (49), w = 1/K°", from (204) one gets, at once, the following
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Lemma 5.18 Letr, be as in Lemma 5.17,0 <i < 2N, and Z = T" as in (173). Then,
Jorall I €I, x D,
|det 7h(I)| = &|g(1)], (205)
with
o(I) = BE(L) + O(K ™). (206)

We can now proceed to give the
Proof of Proposition 5.16 (i) Since |k, > N, G = 7 ‘2 m, f in (55) is close to a
cosine, as proved in Lemma A.1 in Appendix A. Hence, (8 5) in Proposition 3.8 holds,
so that by (205) and (206), taking c, large enough and K > c,, the claimed estimate
| det 0%h| = §,/2° follows.

(ii) Recall (148). Since A — by is decreasing, we get by, o < b = by. By rescaling,
we get Z := (0,bp,/2/b) < (0,1) so that bZ = Z. Recalling (94), by (76)=(79) we have
that b < /€. Then, choosing 0 < ¥ < 1 small enough, we have that

by .'Z_r* . (207)
By (149) we get B
2 E(I) = Fe(11/b). (208)
By (206) and (207) we get
g(bx, I) = Fg(z) + O(n) + O(1o/8,) uniformly in  (x,1) € Zpz x D. (209)
By (200), (207) and (208) we get
sup |Fg| < 1. (210)
:Z-Qf‘
Recall that Z := (0,by,/2) (see, (173)), and define, for IeD,
I,(I):={L e T: |det &n'(I
In(I) = {xel: |gbe,I)] < 77/50}.
By (211) and (205) we have that, for every I € D,
measZ, (1) < bmeasZ)(I) < v/e meas T, (). (212)

using b < +/e.
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We, now, claim that B B
1/2 < by, j2/b. (213)

To prove (213), recall (94), and observe that

o Ey @) E, —E (92
bo LB - | opr, @ BB Qe (214)
B c\e cg

Observe that condition (82) reduces, here, to A < 1/c, since we are considering I; (i.e.,
the case u = 0). Recalling (173) we have, by (84), that

opl (B, —ez) < c*llogz|/ve, VY0<z<A/2

Therefore

1 Opli (B, — ez)dz

_ 6}\0/2 B fl(E+) — jl(E+ — e7\0/2) € J}\O/Q
b b b

0

(214) Ao/2 (174)
< c3gf |log z|dz < c*Aglog |A,| <
0

1
2 )
proving (213). o

Let us come back to the estimate of measZ; (/). Recalling Definition 5.3, we have
that F is &-nondegenerate at order m. Recall the definition of &, in (155). By (209), (210),
and Cauchy estimates, taking p and p,/8, small enough (i.e., K > ¢, for a suitable §D
large enough) depending only on g, n, & and m, we have that the function z — g(bx, I)
is (§/2)-nondegenerate at order m. Now we want to apply Lemma 5.1 with 1 replaced
by 1/8,, and with:

. (213) o
f(‘%‘):g(bx?])a m=m, a=0, 1/2 < b:bko/Q/b<17 528/2

The constant M in Lemma 5.1, controlling the derivatives of f, using (209), (210), and
Cauchy estimates, can be bounded as

1
1< M <cpy/t™,

for a suitably large constant ¢, 4, depending only on n and g (recall that © = r(n, g)
was chosen in (207) small enough). In conclusion, by Lemma 5.1, we get

measZ () < %(215:4’?1 + 1) (%)i

Then, (199) follows by (166), (212), Fubini’s theorem, and (197). The proof of Propo-
sition 5.16 is complete. |
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Step 6: Uniform twist in outer regions far from separatrices

Recall the definition of the twist d; in the outer regions in (164), and that & = |k|~2",
(see (155)).

Proposition 5.19 Leti = 0,2N. Then, there exists a suitable constant c, = c.(n,g) >
1, such that, if K = c,, then, on B’ , |84 = &/2.

Proof Taking A = A,/2 in (99), on B , we have that
9, M < 1/kE (215)
where, ¥ and M have been defined in (163). By (49) and (77), we also have
1 1
Ve _ ‘

< —.
Ho K%n-‘rl

: 9,7
r K2"

Then, recalling Definition 3.4 and (49), we get |E| < 2R?* < 2eK”"™.

Now, it is a general fact that, in the outer case, the unperturbed energy function
E' (defined in (68)) is strictly concave: This follows from the following lemma, which is
a simple consequence of Jensen’s inequality, and whose proof is given in Appendix A.

Lemma 5.20 Let ¢ = 0,2N. Then, for every E > Ey = Eyn, one has that
GE(L(E) > 2

Now, since estimate (203) still holds in the present case i = 2N we get by
Lemma 5.20, 0 E > 107 E > 1, so that the claim follows by (164), (215) and (166).
|

Step 7: Conclusion of the proof of the Twist Theorem

Let A, = Ao(n, g) be as in Proposition 5.9-(ii), and let ¢, = c,(n, g) = 1 be such that the
second estimate in (174) holds for K = 1/u*" > ¢, (recall (49)). Then, by Lemma 5.8,

B, =B_(A)uB (A), V0<i<2N. (216)

near

Recall that ¢, > ¢, > max{c,,c,} > ¢,, and define:

¢, := 2max{c,,c,,C,,C,,C, C, } (217)

0 27 757 760 7 U89
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Let us consider first the outer case i = 0,2N. Recall the definition of b in (156). By
Lemma 5.5, Proposition 5.19, Proposition 5.13, and by (217), we find

meas{ I € B}, : | det 07h.(I)| < n} = meas{ [ € Bj, : |6§(I)] <n}
= meas{l € B' (X,): |det oth’(I)| < n}
< ¢, ([k[>"n)"*"" meas BL

" e, (kP meas B
217 ,
"2 ¢, (k)P meas B

proving Theorem 5.4 in the outer case i = 0,2N.

In the inner case 0 < i < 2N, Bi = B (compare (110)) and, since K > ¢,, (156)
follows by (216), (190) in Proposition 5.13, and (199) in Proposition (5.16). The proof
of Theorem 5.4 is complete.

6 Maximal KAM tori and proof of the main results

In this final section we show that primary and secondary maximal KAM tori of H span
the complementary of R? x T™ apart from an exponentially small (in 1/K) set, and
prove the results in Section 2.

To construct such tori we shall use the following “KAM theorem”.

Theorem 6.1 ([12]) Fizn > 2 and let D be any non-empty, bounded, measurable set
i R™. Let
H(p,q) :=h(p) + f(p,q)

be real analytic on D, x T7, for some v > 0 and 0 < s < 1, and having finite norms
M:= |§§h|t, |f|t,s' (218)

Assume that the frequency map p € D — w = d,h is a local diffeomorphism, namely,
assume:
d := inf | det 03h| > 0, (219)
D

and let d, := d/M" and r, := d2v. Then, there exists C, = C4(n) > 1 such that, if

_ ‘f‘ns _ di 54(n+1)
Me2 C, ’

(220)

€x °
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there exists a set T < (D, N R™) x T*, which is a union of primary KAM tori, whose
measure can be bounded as

meas (D x T")\T) < C /e, (221)
with: G
C := (max {dit,diamD})n : W"@
This statement is an immediate corollary of the main result in [12]: In Theorem 1
of [12] take 7 = n and substitute A with its maximal value 2 - n!d;! (compare (14) of

[12])-

Remark 6.1 (i) Note that in the formulation of Theorem 6.1 the action domain D is

a completely arbitrary bounded measurable set and that the smallness quantitative con-

dition (220) depends on D only through its diameter, which in our application depends

on k. For a similar statement, which takes into account the geometry of D, see [21].
(11) We point out that the smallness condition (220) can be rewritten as

‘C2d8 54n+4

flpes < el (222)

(111) Finally, observe that, since the absolute value of the eigenvalues of the sym-
metric matriz 8gh are bounded by M, one has

d < sup|det O3h| < M",
D

so that dy < 1. Therefore, estimate (221) implies

. C, M7 +5n—1/2
meas ((D X Tn) \T) < (maX {t , diam D}) : dn+5—53n+3t A/ |f|D,t,5- (223)

6.1 KAM tori in the nonresonant region

Proposition 6.2 Let the assumptions of Theorem 5.3 hold. There exists a constant
Co = Co(n, 8) = ¢, such that, if K, = C,, then there exists a family of primary mazimal
KAM tori T° invariant for the Hamiltonian H in (1), satisfying

meas ((R® x T")\ T?) < C,e %0, (224)
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Remark 6.2 The above result is essentially classical, and, in fact, no genericity as-
sumptions on the potentials are needed. However, there is one delicate point related
to the KAM tori near the boundary. Indeed, primary tori oscillates, in general, by a
quantity of order /e, and naive applications of classical KAM theorems would leave
out regions near the boundary of the phase space of measure ~ \/e. Such a problem is
overcome by using the second covering in (34) in Theorem 3.3, which is introduced so
that (41) holds; compare, also, Remark 3.2-(ii).

Proof of Proposition 6.2 we apply the KAM Theorem 6.1 to the nearly integrable
Hamiltonian H, in Theorem 3.3-(ii). More precisely, recall Theorem 3.3, definitions (20),
(32), (21), and let

h(p) = 7 + €go(p), f = €fo, D= 73,0,
with .
IRYE Sk -
v=g = T s = min{3,1}.

By (36) and Cauchy estimates we get

M<2  |ffes <ece ™3 d=1/2

Notice that the hypothesis K < ¢=/"*%) implies that t < 1, so that
max {d2M’2"t,diam D} = 2.

Now, if K, is taken large enough (larger than a constant despending on n and s), then
the KAM smallness condition (222) is satisfied, and the KAM Theorem 6.1 yields the
existence of a set 7 of invariant tori for the Hamiltonian H, in Theorem 3.3-(ii), which,
by (223), satisfies

meas ((75,0 x T™) \7~'0) < C, e Kes/6, (225)

for a suitable constant C, = C,(n, s) large enough (so that also the condition on K, is
met). Since the map U, in (41) is symplectic, the family of tori 7° := U, (77?) is formed
by KAM invariant for H in (1). The first relation in (41) and the bound (225) imply
(224). 1
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6.2 KAM tori around simple resonances

Now, we turn to the construction, in all neighbourhoods of simple resonances, of families
of primary tori for the nearly integrable Hamiltonians #j, of Theorem 4.1, for all k € Gg.
and 0 < 7 < 2N,. Note that such tori correspond, in the inner case 0 < i < 2N, to
secondary tori for the Hamiltonian H.

Let us introduce zones Bi(A,n) S Bi, which are Ad-away in energy from separatrices
and where the twist is bounded away from zero by a quantity n > 0, namely (recall
(113), (110)), let us define:

Bj(\,n) := {I € Bi(A) : |det 2l (I)| > n} < Bj. (226)

Proposition 6.3 (KAM tori for #})
Let the assumptions of Theorem /.1 hold. There exist constants C, = C,(n,s, ) > 1
and C, = C,(n,s,3,0) = c,, such that the following holds. Let k € Gf , 0 < i < 2Ny;
0<A<1/c and 0 <n<1/2. Then, if

1
K> C, log o (227)
n

there exists a set T;' of mazimal KAM tori for the Hamiltonian Hj, in (112) such that
meas ((By(A,n) x T")\ 77) < C,e ™7 (228)

Proof We apply the KAM Theorem 6.1 to the Hamiltonian #} of Theorem 4.1 with
(recall (49), (112) and (113)):

h = h;c = @hia f = 8fllc'> D= Bllc()\>77>7

Ve 1 (229)
tzp*szlogM, 520*:m.

Note that, by (116) and (56), 0 < A < 1/c, < 1/8c¢,, which implies easily t < r and
s < 1. Also, since ¢, = ¢ (see Theorem 4.1) and K > 2" > n, one has p, < p, /n.
In the following, we denote by ¢(-) possibly different constants depending only on
the quantities inside the brackets.
We first have to estimate M in (218), namely, 0%h%. By (99), (77) and (75) we get
sup |07E!| < (230)
(BL (V)

>| 3,

In the case 0 < i < 2Ny, by (113), we have B (A) = Bi (). Therefore, recalling (112),
we can bound [0%h| by c(n, s, 3)/A. The estimate on |0?hi| in the case i = 0,2N
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needs some extra attention. In particular, fix i = 2N}, (the case i = 0 being analogous).
Recalling the definition of j, in (108), (110) we have that 077, depends only on I and
not on I;. Moreover by (20), (33), (59), (49), and Cauchy estimates, we get

k 2
sup |0z, | < c(n), sup [07j, | < (n)Ik| (231)

f€D3r fEDgr \/EKV '
Recalling Definition 3.4, (99), and (49), we have that

4eK?
k|t

sup  |EPVE| < 4R? =
B F M)y

Recall that K > K, > c; (see (20), (42)). Then, by (99) and (49), we get

sup |0 EXVe| < é4/8cge + 4K k|4 < 4é/eKY k|72

(BE* (M),

Finally, recalling also (113), (126), (230), (231), we get by the chain rule

c(n, s, f)

sup |07 (E*™F o 1,))| < B —
(B E M)

By (218), (229), (112), (166) (and that v < r), we finally get

M < \kﬁc(”’)\ﬂ, V0 <i< 2N (232)

Next, by (229) and (115),
o < e (2

By (219), (229) and (226), we get

_ M c(n,s, )
d=2"k*"n and — < 21222 234
k] < 5 (234)

By (49), (16) and using K, < 6K, we have:

Kn+2

~
6n+3655

6Kos

n+2
5<K0

- <35 exs/s, (235)

It is now easy to check, by (232), (233), (234) and (235), that the KAM smallness
condition (222) is satisfied, provided (227) holds with C, large enough. By the KAM
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Theorem 6.1 we get a set 7' of invariant tori for the Hamiltonian in (112), which,
in view of (223) and by (232), (233), (234) and (235), satisfies (228) with a suitable
constant C, = C,(n, s, ). In particular, note that, by (142) and (229), the maximum
in (223) is estimated by c¢(n)k”*. B

Putting together these KAM statements and the Twist Theorem 5.4, the proof of
the results stated in Section 2 follow easily.

6.3 Proof of the main theorem and its corollaries

By Lemma 2.5, since f belongs to G?, there exist d, 5 > 0 such that (16) and (17) hold
with N as in (15). Let
X, :=K/6,

with K > 12 and let a be as in (20). Then, Assumptions 3.1 holds. Let ¢, = ¢,(n) and
C, = Co(n,s,0) be as in Theorem 3.4, and assume that

K > 6 max{c,, c,}. (236)

Notice that this relation implies that K > 12. Then, Theorem 3.4 holds, and we may
define the parameters & > 0 and m > 1 as in Definition 5.3 with respect to standard
Hamiltonians Hy (with |k|, <K,) of Theorem 3.4-(ii).

We now let b < 1 as in (156), C, = C,(n,s,,d) be as in Proposition 6.3, and
define

X

ni=e Q0 A= 1nP. (237)
Notice that, with such definitions, it is (compare (227)):

1
K =C, log v (238)

With these premises, let us turn to the proof of the claims of Theorem 2.1.

Claim (ii) has already been proven in Lemma 3.1.

Now, we are ready to define the family of maximal KAM tori 7 for H, appearing
in item (iv) of Theorem 2.1.

Let C, = Co(n, s) as in Proposition 6.2. There exists a constant

¢ = ¢(n, s, f,0,m) = max{C,, 2C, c, /b},

such that, if K > ¢, then
(237)

K
K"y K¥e G0 < 1.
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Assume that

K>t (239)
Then, A = n® in (237) is smaller than 1/c, and (recall (155))
o 1

Thus, in view of (238), by (239), the assumptions in Propositions 6.2 and 6.3 are
satisfied. Thus, we can define the following families of tori:

7;1,k — d)z(ﬁ), Tl,k = U 7;1,k7 Tl = U Tl’k,
0<i<2N}, kegy (241)
T=T°0T",
where T} is defined in Proposition 6.3, T in Proposition 6.2 and ¢% in (114).
Observe that 7; are invariant tori for #i in (112), while 7;"*, 7" and 7° are
invariant for the original Hamiltonian H. Thus, 7 is a family of maximal KAM tori for

H.
Claim (i) follows, now, immediately by (23), if one defines:

A:=((RPURY) x T\ T. (242)

[t remains to prove (iii), namely, the exponential measure estimate on A.
Observe that, by (242) and (241), one has:

Ac (ROxTHNT?) U ((R' x TH\TY)
S (ROxTONT?) v [ (RY xTH\TH. (243)
kegg)

We now need the following elementary result, whose proof is given in Appendix A.

Lemma 6.4 If f € B? satisfies (17), then, for any k € G", the number 2Ny, of critical
points of 7, [ is bounded by ¢ := max{4, 71/8/0}.

Obviously, the hypothesis of this lemma are met by our fixed potential in G?, and the
following measure estimate holds.

Lemma 6.5 Let A be as in (237) and € be as in Lemma 6.4. Then, for any k in Gg ,
one has

meas ((R"* x T")\ T"*) <c, meas (ﬁlk x T")A|log A|
+ ¢ max meas <(B,’g(7\) X T”)\’YZ)

0<i<2N}

(244)
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Proof Since ¢} in Theorem 4.1 is a diffeomorphism, one has (i runs from 0 to 2Ny):
(RM 5 TN TH 2 (RY T\ (U0k(T3))
< ((R™ % T\ U (B < 7)) 0 Ui ((BiY) x TNV,

then, passing to measures, using (138), the fact that ¢} is symplectic and Lemma 6.4,
we get (244). |1

We arrived at the end:

Proof of Theorem 2.1 Now, assume that, together with (236) and (239), it is also
K > ¢,. Then, recalling (240), Theorem 5.4 holds. Thus, recalling (226), observing that

Bi(\) = {I e By :|detdih(I)] <n} v By(Am),
by (156) and (228) we get
meas ((By(A) x T"\T7) < ¢, (|k]*"n)® meas B, + C,e /7. (245)

Now, by (243), (224), (244), (245), (142), (237) and since |k|, < K, = K/6, we get, for
a suitable constant ¢; = ¢; (n, s,d, 3, & m),™

meas(A) < ¢; K2e ¥/ ¢. := max {36/s,2C, /b}. (246)
Now, let
c=¢(n,s,0,6,&m) =1+¢c, (247)

be such that, if K > ¢, then ¢; K"e ¥/ < ¢ ¥/(+¢) Then, if K > ¢, claim (iii) follows,
and the proof of Theorem 2.1 is complete. |

Remark 6.3 Notice that T° is a family of mazximal primary tori for H, and so are the
families T, for all k € G, and i = 0,2Ny. On the other hand, TY* for all k e Gy, and
0 < i < 2Ny, are families of mazximal secondary tori for H. In particular, these families
do not bifurcate from integrable tori.

14Remember the following facts: ¢ < K~7 < 1 (compare (11)); meas (7~21k x T") < ¢(n), which holds

since RYF < {y: |y| < 2}; |logA| = e e K meas Bj, < ¢, which holds by (142); #Gg < (2K, +1)".
1
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Proof of Corollary 2.2 As already pointed out in § 2, the thesis follows trivially from
Theorem 2.1 and the measure estimate (13), by taking

K :=c¢|loge|, ©:=1+(2m)"c,(",
and ¢, so that eK¥ < 1fore <¢g,. |
Proof of Corollary 2.3 Let n = 2. We claim that R? in (23) satisfies
R?2c {yeR?: |yl <e¥?}. (248)

Fix y € R?. Then |y| < 1 and there exists k € G¢ such that |y-k| < o/4 (since y ¢ RY).
Moreover, since y ¢ R1*, there exists £ € G \ Zk such that

6aK

Then, |my| < a/(4]k|) < a/4. Moreover, since ( ¢ Zk,

|k‘1€2 — kot4 | 1 n |771$?J|
— - > —, A = ,

which implies, by (249), |rty| < 6aK. In conclusion

[yl = |mey + miy| < Tax 2 7K. (250)

Now, let G := (1 — a)/24 and K := 1/( §¥/7¢%). Then, (248) follows by (250).
Finally, let ¢, < 1 be so small that eK” < 1 is satisfied for any ¢ < &,. Then, by
the estimate in Theorem 2.1-(iii), we get

meas A < meas (({5“/2 <yl <1} xTY\T) < ¢ TG < e_ﬁ,

completing the proof of Corollary 2.3. |}

A Proofs of elementary lemmata

Proof of Lemma 2.5
Assume f e G? for some s > 0. Then f € B?. Fix a 0 < g < 1 smaller than

l%mlnf |fk|e‘k‘1s|k|" > 0.
| lkeg"
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Then, there exists Ny such that |fy| > do|k| e~ *h*, for any |k|, > No, k € G¢.. Since
lims_oN = +c0, there exists 0 < d < dy, such that N > Ny. Hence, if |k|, = N and
ke Gg , (16) holds.

Since 7, f is, for any |k|, < N, a Morse function with distinct critical values one
can, obviously, find a 8 > 0 for which (17) holds.

To prove the “if part”, we need two lemmata. The first lemma can also be found
in [17] (compare Proposition 1.1 there); for completeness, we reproduce the simple but
instructive proof also here.

Lemma A.1 Let f € B? such that (16) holds. Then, for any k € G" with |k|, = N,
there exists 0y € [0,2m) so that

o £(0) = 2| ful (cos(0 + 0;) + FF(0)), FF(6) := & | Z fire??, (251)

with FF € B! and |FF|, <2740,

Proof We write 7, f as

DU fine? =3 e+ Y fie?

jeZ\ {0} lil=1 712

and, defining 6, € [0,27) so that €% = f, /| fx|, one has

ST 2 e = T () = Rec ) = con +.0),
l71=1

which is equivalent to (251). Now, since | f|ls < 1 (so that |fi| < e~¥1%), one finds, for
[k, =W,

(251) 19 ]k\
|FF|y < |f| D |f3k|em < Z | firlel!

e l71>2
nlkl, s
< WL Z eIkl s=1)
<
20 ,
l71>2
22 |k|" 2nte? ks |k| s\ _Ikys
1 —|k‘| s __ — 1 —
< —e 1° = —¢ 2 e 2
0 ) 2
2n\" 2e?  _Iks
e
es )
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where last inequality follows since |k|, = N (see (15)). |}

The second lemma is an elementary calculus result on functions C?-close to a
cosine. Denote by |F|¢2 the C%norm maxgcp< sup |[F®)|.

Lemma A.2 Let F € C*(T,R). Let 6 and c < 1 be positive numbers such that |F —

cos(0 + 0)|c2 < c. Then, F has only two critical points and it is (1 — 2c)-Morse.

Proof By considering the translated function # — F(0 — 6), one can reduce oneself to
the case § = 0 (observe that F is S-Morse, if and only if § — F(0 — ) is 3-Morse).
Thus, set # = 0, and note that, by assumption |F’| = |F’ 4+ sinf — sinf| > |sinf| — c,
and, analogously, |F"| = | cosf| — c. Hence, |F'|+ |F"| = |sin 6| + | cos ] —2¢c > 1 — 2c.
Next, let us show that F' has a unique strict maximum 6y € I := (—x/6,7/6) (mod 27).
Writing F' = g + cos @, with g := F — cosf, one has that F'(—7/6) = 1/2 + ¢'(7/6) >
1/2 — ¢ > 0, and, similarly F'(7/6) < —1/2 + ¢, thus F' has a critical point in I,
and, since —F" = cosf — ¢g" > cosf —c = \/3/2 —c > 0, F is strictly concave in
I, showing that such critical point is unique and it is a strict local minimum. In fact,
similarly one shows that F' has a second critical point 6, € (m —7/6, 7 +7/6) where F is
strictly convex, so that #, is a strict local minimum. Now, since in the complementary
of these intervals F' is strictly monotone (as it is easy to check), it follows that F
has a unique global strict maximum and a unique global strict minimum. Finally,
F(6) — F(6,) = v/3 —2c > 1 — 2c and the claim follows. 1§

We can now conclude the proof of Lemma 2.5. Assume that (16) and (17) hold
for some 0 € (0,1] and g > 0. Obviously, (9) follows at once from (16). Moreover, if
k € G" with |k|, > N, by Lemma A.1 and Lemma A.2, since by Cauchy estimates,
|F|c2 < 2|F)1, also Eq. (10) follows. |

Proof of Lemma 3.5 First note that, by (43), (44), and (45),
(1= wpi — (1 + w27 <H((p,q) < (1+ ) (p? +27°%), (252)
By the first inequality in (252), we have that, if (p, ¢1) € M(p), then

E, + 27 16r2(1 + p)
I—p

pi < ,
which is indeed smaller than (R+1/2)?, in view of (66) and (45). This proves the second
inclusion in (67). By the second inequality in (252), we have that if [p;| < R+1r/3, then
H(p,q1) < (1+ w)((R+r/3)? +27%r?), which is smaller than E, (again by (66) and

(45)). This implies also the first inclusion in (67), completing the proof.  H
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Proof of Lemma 4.3 Let (J,1¢) € D¢, x T¢s. Then, there exists Jo € D, such that
|J — Jo| < (r. Set
w(z) = (JO + %(J — Jo),Re) + i Imw),

with Rev := (Req,...,Ret,), and Im¢ := (Im)q,...,Im,). Notice that w(¢) =
(J,4), and that w(z) € D, x T?, for every |z| < 1. Consider the holomorphic function
G(z) := g(w(z)) defined for |z| < 1. Then, |ImG| < &, for all |z| < 1. Let u and
v be real harmonic functions such that G(z) = u(z,y) + iv(x,y), where z = z + iy.
Since by hypothesis sup,,| lv| < &, by interior estimate of derivatives of harmonic
functions (compare, e.g., Theorem 2.10 in [25]), we have that sup|, <1 [v.] < 4§, and
analogously for v,. By Cauchy-Riemann equations, the same estimate holds for u,.
Therefore sup|, <o |G| = sup|, <12 Uz + iv,| < 8. Since w(0) = (Jo, Rep) € D x T™,
and g is real analytic, we have that G(0) = g(Jy, Re ) € R. Then, for any 0 < ¢ < 1/2,
by the the mean value theorem, we have that

Tmg(J, %) = | I G(Q)] = | Im G(C) — Im G(0)] < |G(C) — G(0)] < 8.

The proof is finished. |

Proof of Lemma 5.7

Let us consider first the case P = 14. Consider the unitary matrix U diagonalizing
Q, namely U™'QU = A = diag,;<4);. Note that |Q| = [A| = max,<j<a|A;| = A. Then
UlIq + Q)U = I + A and det(Iq + Q) = det(I + A) = (1 — \)¢, proving the case
P =1,

Consider now the general case. Write

P+ Q = PY?(1y + P~Y2QP~V2)pl/2,
Note that, since P~? is symmetric, then P~Y2QP~1/? is symmetric too. Since
[PTRQPT < |PTRIQ = [PTH|Q),

and det P'/2 = (det P)'/2, from the previous case, the general case follows.
The final claim in Lemma 5.7 follows, as (1 — A4 >1—d\. 1

Proof of Lemma 5.20
First observe that the cases i = 0 and 7 = 2N are identical since

L(E) =NE),  E(L)=E"(DL).
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Let us then consider the case i = 2/N. By definition,

B 1 21 _
I*N(E) = > f v E — G(z)dx, (253)
T Jo
so that, by Jensen’s inequality,

27rf Vi@ ) < 1JW

— _4GTi(E).

The claim, now, follows from (145). |

Proof of Lemma 6.4 Consider first the case |k|, > N. By Lemma A.1, Ff := m,_f/2| ]
satisfies
|EF — cos(0 + 0) |1 < 27

Thus, by Cauchy estimates we get |F}¥ —cos(0 + 0i)[c2 < 273, so that by Lemma A.2
it follows that 2N, = 4.

For the case |k|, < N we need the following elementary observation:

Lemma A.3 If G is a B-Morse function, then the number 2N of its critical points is

bounded by m+/2 maxg |G"|/B.

Proof If 0, and 6; are different critical points of GG, then, by Taylor expansion at order
two and by (14) one has

1 "
B <1G(0:) = G(6))] < 5(max|G"])|6: — 6],

which implies that the minimal distance between two critical points is at least

v/28/ maxg |G"|, from which Lemma A.3 follows. [}

We may conclude the proof of Lemma 6.4. By (17), we know that 7, f is S-Morse,
and, since | f|s < 1, we have

Sup| §2|f}k] < 2; |J|2

770 770

Then, by Lemma A.3, the claim follows also in this case. |
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