Singular KAM Theory

L. Biasco & L. Chierchia
Dipartimento di Matematica e Fisica
Universita degli Studi Roma Tre
Via della Vasca Navale, 84 - 00146 Roma, Italy

luca.biasco@uniroma3.it, luigi.chierchia@uniroma3.it

September 29, 2023

Dedicated to the memory of our friend and colleague Walter L. Craig

Abstract

The question of the total measure of invariant tori in analytic, nearly—integrable Hamiltonian
systems is considered. In 1985, Arnol’d, Kozlov and Neishtadt, in the Encyclopaedia of Mathe-
matical Sciences [1], and in subsequent editions, conjectured that in n = 2 degrees of freedom
the measure of the non torus set of general analytic nearly—integrable systems away from critical
points is exponentially small with the size € of the perturbation, and that for n > 3 the measure
is, in general, of order ¢ (rather than 4/ as predicted by classical KAM Theory).

In the case of generic natural Hamiltonian systems, we prove lower bounds on the measure of
primary and secondary invariant tori, which are in agreement, up to a logarithmic correction,
with the above conjectures.

The proof is based on a new singular KAM theory, particularly designed to study analytic prop-
erties in neighborhoods of the secular separatrices generated by the perturbation at simple reso-
nances.
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Introduction

Classical KAM Theory' deals with the persistence of Lagrangian invariant tori of integrable Hamilto-
nian systems under the effect of small perturbations. In the early 1980’s it was clarified that an analytic
integrable system, which is Kolmogorov non-degenerate (i.e., such that the action—to—frequency map
is a local diffeomorphism), preserves, under a perturbation of size ¢ > 0, all its Diophantine La-
grangian invariant tori in a bounded domain up to a set of measure proportional to* /e. In fact, this
estimate cannot be improved, since trivial examples — such as a classical pendulum with Hamiltonian

2
B+ ecosq — show that, in bounded domains, the measure of the complement of persistent primary

27, [1], [32], [2], [33]; for a divulgative account, see [22].
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tori (i.e., tori which are a deformation of integrable ones) is exactly proportional to the square root of
the perturbing function — the rest of the phase space being filled, in the case of the pendulum, by sec-
ondary tori (curves) enclosed by the pendulum separatrix. In fact, positive measure sets of secondary
Lagrangian tori (i.e., tori, which are not a smooth deformation of integrable ones) appear in general
nearly—integrable systems, for example, near elliptic equilibria ([31]).

The natural question is therefore: What is the measure of all Lagrangian tori in general nearly—
integrable analytic Hamiltonian systems?

In 1985 Arnold, Kozlov and Neishtadt, motivated by the exponentially small splitting of separatrices
in general systems with two degrees of freedom, conjectured that®

“Tt is natural to expect that in a generic (analytic) system with two degrees of freedom and with
frequencies that do not vanish simultaneously the total measure of the ‘non-torus’ set corresponding
to all the resonances is exponentially small.”

In [5], again Arnold, Kozlov and Neishtadt, arguing on the basis of a simple rescaling argument in
neighbourhoods of double resonances®, conjectured that

“It is natural to expect that in a generic system with three or more degrees of freedom the measure
of the ‘non—torus’ set has order €.”

In this paper, we develop a ‘singular KAM theory’ for generic analytic nearly—integrable natural
systems, apt to deal, in particular, with the construction of maximal KAM tori that live exponentially
close to the separatrices appearing near simple resonances, which are singularities of the action—angle
variables of the integrable secular (averaged) systems. As a consequence, we can prove lower bounds on
the total measure of KAM tori, which are in agreement with the above conjectures up to a logarithmic
correction | loge|”. We announced these results in 2015 in [9] (see also [13]), and it goes without saying
that to complete proofs took much longer than we thought.

The reason for dealing with the special class of nearly—integrable natural systems, namely, Hamiltonian
systems on R™ x T™ (endowed with the standard symplectic form dy A dz) with Hamiltonian given by

Hy,z;¢) := 3lyl> +ef(x), (y,2)eR"xT", 0<e<1, (yPi=y-y:=2;ly*, @

is twofold. On one side, this choice allows to avoid technical unessential details, which would make even
heavier the already highly technical methods. On the other hand, and more importantly, it allows to
formulate the generiticity condition (whose definition is part of the problem) in a simple way, singling
out a suitable class of generic analytic potentials f’s (Definition 1.1), which guarantees, in particular, a
uniform behaviour of the secondary nearly—integrable structure at simple resonances with high modes
(compare Open Problems, (i) in § 1).

Let us informally discuss the overall picture.

Analogously to what is done in Nekhoroshev theory (compare, e.g., [36], and [5] for general informa-
tion), fixed a maximal size of resonances K to be taken into account”, one covers the action space

3Compare [4, p. 189] and [5, Remark 6.17, p. 285].

4From p. 285 of [5]: “Indeed, the O(+/€)-neighbourhoods of two resonant surfaces intersect in a domain of measure
~ €. In this domain, after the partial averaging taking into account the resonances under consideration, normalizing the
deviations of the “actions” from the resonant values by the quantity 4/, normalizing time, and discarding the terms
of higher order, we obtain a Hamiltonian of the form 1/2(Ap,p) + V(q1, q2), which does not involve a small parameter.
Generally speaking, for this Hamiltonian there is a set of measure ~ 1 that does not contain points of invariant tori.
Returning to the original variables we obtain a “non-torus” set of measure ~ ¢.”

5 Actually, we will need to consider two orders of resonances Ko and K > Ko; but for the purpose of this introduction
we call them both K.



with three sets: a non-resonant set R°, a /eK°—neighbourhood® R! of simple resonances, and a neigh-
borhood R? of double (and higher) resonances. Eventually, the number of resonances K is taken as a
suitable function of € tending to +o as e — 0 (e.g., K ~ 1/e°, or K ~ |loge]).

The set R2, which has measure proportional to €K, is a non perturbative set in the sense that the
dynamics ruled by H(y, z;¢) on R? x T" is essentially equivalent to the dynamics of the parameter free
Hamiltonian %|y|2 + f(x) (compare the argument given by Arnold, Kozlov and Neishtadt, reproduced
in footnote 4 above). Therefore, no further perturbative analysis on the set R? x T™ is possible.

On the non resonant phase space R° x T”, after high order averaging, classical KAM theory yields
the existence of primary maximal KAM tori up to a set of measure O(y/ce~%).

The main game has then to be played on the simple-resonance neighborhood R!' x T™.

R is defined as union of sets R'*, which are y/zK°~neighborhoods of simple resonances {y|y -k = 0}
with k € Z" and co-prime entries. On RY* high-order averaging theory can be applied so as to
remove, up to order ee~ K, the angle dependence, apart from the resonant combination k- z, obtaining
a symplectically conjugated real analytic Hamiltonian of the form

2

Hy(y, x) = % +e(ghW) + 9"y k-a) + fFy,2), P~ (2)
Now, all these Hamiltonian systems labelled by the simple-resonance index k (|k| < K), have a sec-
ondary (secular) near-integrability structure, as, disregarding the exponentially small terms f*, they
are Arnol’d-Liouville integrable, depending effectively only on one resonant angle x; = k -z € T*.
Then, the plan is obvious: Put all these systems into their Arnol’d-Liouville action—angle variables,
check twist (i.e., Kolmogorov’s non—degeneracy), and apply KAM so as to obtain Lagrangian primary
and secondary tori (with different topologies; compare Remark 5.3).
However, a considerable series of problems arise in trying to carry out such a plan. Let us try to
highlight the most important points.

First of all, as already mentioned, the resonance cut—off K will go to +00 as ¢ — 0 and therefore one
has to deal, de facto, with infinitely many Hamiltonian systems and unless there is some uniform way
of treating them, there is no hope. The idea, here, has been suggested in [11] and refined in [15]:
The secular Hamiltonians Hy(y,x1), i.e., the integrable Hamiltonians in (2) obtained disregarding f*
and setting x; = k - x, are one—degree—of—freedom Hamiltonians, with external parameters, and with
potentials g¥(y, x1), which are close to the projections (7, f)(x1) over the Fourier modes proportional
to k of the potential f(x); compare (7) below. Now, one can show that for high Fourier modes |k| > N
(N suitable but independent of €), (m,, f)(x1) behaves generically as a shifted cosine’

2| fx|e cos(x1 + Ox)

for a suitable 8 € R; where ‘generically’ means that f belongs to a suitable class of generic real-analytic
potential, whose Fourier coefficients, for large k’s with co—prime entries, behave as e“’“‘s\]ﬂ_" for a
suitable s > 0. Incidentally, to obtain such a result, one has to use a non-standard averaging theory,
allowing for essentially no analyticity loss in the angle variables; for more information on this point,
see the Introduction in [11].

6In this introduction, we indicate with ‘¢’ various different constants, which are independent of €. In general, keeping
track of the quantities, on which the various constants appearing in singular KAM Theory depend, is a somewhat
important matter (for example, from the constructive point of view) and we try to devote some care to it; compare,
e.g., Remark (Rs) in § 1.

7Compare item (iii) in Theorem 2.1 below.



Analytic properties of the action—angle variables for the pendulum are quite well known, and this is
encouraging (and it was also the basis for the optimistic 2015 announcement [9]).
However, for low modes |k| < N, the secular leading potentials (m,, f)(x1) are, in general, quite arbitrary
functions, and one needs, therefore, a general holomorphic, quantitative theory of action—angle variable
for one-degree—of freedom systems containing parameters. Such a theory is discussed in [14] for a
special class of real analytic Hamiltonians — called there Generic Standard Form Hamiltonians — given
by

Hb(paql) = (1+‘V(p7q1))p?+c(ﬁaql)’ (3)

where p = (p1,P), p1 is the momentum conjugated to the angle ¢; and p = (pa, ..., p,) are the ‘external
parameters’; see Definition 2.1 for specifications. In particular, the properties of the energy—to—action
functions are discussed in the limit as the energy approaches the critical values (i.e., the energy levels
of the hyperbolic points and the associated separatrices): It turns out that such functions have the
form

L(Eoi £ €2) = a(z) + b(2) zlog 2 (4)

where € is a suitable reference energy, E..i; is a fixed critical energy level of some equilibrium of the
secular system, a and b are analytic functions of z (and, of course, everything depends on other (n—1)
dumb action; compare Theorem 2.3 below). This representations will play a crucial réle in studying the
twist of the secular Hamiltonians at simple resonances in their Arnold-Liouville action—angle variables.
Now, one can prove ([15]) that all secular Hamiltonians Hy, can be put into standard form as in (3),
so that the main rescaling properties are controlled by one single parameter k, which is independent
of € and k (compare Theorem 2.2 below). The draw back of this uniformization is that the symplectic
transformations performing the task are not well defined in the fast angle—variables (xa, ..., %, ), and
preserves periodicity only in the resonant angle x;.

This is the starting point of this paper.

In § 3 we show how to overcome the homotopy problem of the uniformization of [15]: Exploiting
the particular group structure of the various symplectic transformations involved, we show that,
introducing a special ad hoc symplectic ‘semi—conjugacy’, one can indeed obtain, for all |k| < K,
well defined symplectic action—angle maps ¢%, which conjugate the original Hamiltonian H in (1) on
RYE x T" to the nearly-integrable form

pi=Ho (L o) = hi(D) +efi(Lp),  fi~e ™,

where i labels the various regions in which the phase spaces of the secular Hamiltonians Hy, are split
by their separatrices (compare Theorem 3.1 below).

As in all KAM applications, the main problem is to prove (a suitable) non—degeneracy of the frequency
map I — w = drhi.

It should be clear from the context, that the original non—degeneracy of H|._o plays a little role here,
as the action—structure depends on analytic properties of the secular potentials. Indeed, it is a fact
that in the phase space of standard Hamiltonians (3) there are, in general, points where the twist
vanishes. For instance, points of vanishing twist appear always in regions bounded by two separatrices
(with different energy); but they appear also in very simple examples with only one separatrix near
the elliptic equilibrium enclosed by the separatrix, like, e.g., in the case of the Hamiltonian

Pt + cosqr — g cos(2q1) ;



compare Remark 4.1 below. Furthermore (and more seriously), when the distance in energy from the
separatrices goes to zero, the problem becomes a singular perturbation problem with dramatic singu-
larities.

Therefore, entirely new methods have to be developed in order to prove that the measure where the
twist vanishes is actually exponentially small in the whole phase space of all Hamiltonians ’H}g This
is the main result of the paper; compare the Twist Theorem 4.1 in § 4.

The proof of the Twist Theorem is based on two different approaches according to whether one con-
siders regions far from separatrices or regions close to separatrices.

In regions far from separatrices the analysis is significantly simpler, since it is partly perturbative.
In such a case, one fist proves that the (normalized) second derivative of the action-to—energy func-
tions are non—degenerate (i.e., at each point of their domains, some derivative is different from zero);
then, uniform estimates can be worked out and, using standard tools from the theory of Diophantine
approximations ([37], [23]), one can show that n—sub-levels of the twist determinant have measure
smaller than n°, which easily yields the claim.

The real heart of the matter is the analysis of the twist in regions close to separatrices, where no
perturbative arguments can be used, nor uniform estimates hold. The proof, in this case, rests on the
construction of a suitable differential operator with non—constant coefficients, which, exploiting in a
subtle way the analytic structure (4), can be shown not to vanish on a suitable regularization of the
twist determinant. This is good enough to prove that the twist determinant is non—degenerate also
near separatrices, and to conclude the proof of the Twist Theorem.

At this point, choosing carefully the various free parameters of the game, a suitable KAM Theorem
(Theorem 5.1 below) yields the existence of maximal primary and secondary KAM tori, which fill the
complementary phase set of R? x T" up to a very small set A. How small is A — which dynamically
is very rich and where, e.g., Arnol’d diffusion can take place — depends on how big is chosen the
order K of resonances considered. For example, if K is chosen as | loge|?, then meas(.A) will be almost—
exponentially small (i.e., smaller than any power of €), while meas(.A) is actually exponentially small
in 1/e¢, if K is taken to be an inverse power of €; compare Remark (Rs) in § 1.
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1 Results, Remarks, and Open Problems

In order to state the main results of this paper, we recall a few standard definitions.

e Maximal KAM tori: A set T < M = B x R" is called a maximal KAM torus for a real analytic
Hamiltonian H : M — R if there exist a real analytic embedding ¢ : T® — M and a Diophantine
frequency vector® w € R™ such that 7 = ¢(T"), and for each z € T, ®%(2) = ¢(x + wt), where’
x = ¢~ 1(z) and t — ®%;(z) denotes the standard Hamiltonian flow governed by H starting at z € M.

e Generators of 1d maximal lattices: Let Z7 be the set of integer vectors k& # 0 in Z" such that the
first non—null component is positive:

Z!:={keZ": k+#0and k;j >0 where j = min{i : k; # 0}}.

G™ denotes the set of generators of 1d maximal lattices in Z™, namely, the set of vectors k € Z} such
that the greater common divisor (ged) of their components is 1:

G"i={keZ}: ged(ky,... kn)=1}; 5)

for K > 1, we set'?:

Ik = G" n {lk], < K}. (6)

e 1d Fourier projectors: Given a zero—average real analytic periodic function

frxeT” :=R"/(27Z") — f(z) := Z frelr®
z\ {0}

and fixed a vector k € Z™\ {0}, we denote by m,, f the (real analytic) periodic function of one variable
0 € T given by N
OeTom, f(0) =) fire?’. (7)

jez
Notice that one has the following (unique) decomposition:

f(x): Z 7-‘—zkf(k'x)'

keGn

e Resonances: Given k € G", a resonance Ry with respect to the free Hamiltonian %|y\2 is the set
{yeR™:y-k =0}. We call Ry, a double resonance if Ry ¢ = Ry n Ry with k and ¢ in G" linearly
independent; the order of a double resonance is given by max{|k|,, |¢|,}.

8A vector w € R™ is called Diophantine if there exist & > 0 and 7 = n — 1 such that |w - k| = o/|k|], for any non
vanishing integer vector k € Z™, where |k|, := 3 |k;|.

9In particular, maximal KAM tori are minimal invariant invariant sets for <I>tH.

10As usual |k|, := =1 %]



« Morse functions with distinct critical values: A C?—function of one variable § — F(6) is a Morse
function if its critical points are non—degenerate, i.e., F'(6y) = 0 = F”(6y) # 0; ‘distinct critical
values’ means that if 6; # 05 are distinct critical points, then F(6;) # F(62).

e Banach spaces of real analytic periodic functions: For s > 0 and n € N = {1,2,3...}, consider the
Banach space of zero—average real analytic periodic functions on T™ with finite norm

|71 := sup | filel*e, (8)
e n

and denote by BY its closed unit ball.

Now we are ready to introduce a suitable generic class of potentials f and state the main result of
this paper concerning the typical dynamics of nearly—integrable natural systems with Hamiltonian H
as in (1).

Definition 1.1 (The class of potentials G7) We denote by G? the subset of functions f € BY such
that the following two properties hold:

lim | fxle/¥hs (k" > 0, (9)
|kl; >+

keg™
VkegG", m,fis a Morse function with distinct critical values. (10)

Remark 1.1 (i) For natural systems — whose natural phase space is R” x T — any ball in action space
can be transformed (by translation and rescaling) to the unit ball; thus, rescaling time and renaming
the smallness parameter one can always restrict oneself to study the Hamiltonian H in (1) on the unit
ball in R™ and with | f| = 1.

(ii) The requirement in (10) that the projections m,, f have different critical values is not really
necessary, but it is generic and it simplifies the proof.

Main Results

Theorem 1.1 Letn>2,s>0,B:={yeR": |y| <1}, v:=1ln+4, f € G with |f|s = 1. Then,
there exist a constant ¢ > 1, such that for all K and € > 0 satisfying

K>c, €K' <1, (11)
the following holds. There exist three sets R2 € B, AC B x T, T € R® x T" such that:
i) BxT"C (R2xT)UAUT;
(i) R? is a neighborhood of double resonances of order smaller than K satisfying the measure estimate
measR? < ¢, €K7,
where ¢, is a suitable constant depending only on n;

(iii) A is exponentially small with respect to K:

meas A < e ¥/¢;



(iv) T is union of mazimal KAM tori for the natural Hamiltonian H(y, z;¢) := $|y|*> + e f (z).

An immediate corollary of this theorem is that the measure of the ‘non—torus set’ for H does not exceed
O(e|loge|7):

Corollary 1.1 Under the assumptions of Theorem 1.1, there exists 0 < e, < 1 such that for e < e,,
all points in B x T™ lie on a maximal KAM torus for H, except for a subset whose measure is bounded
by ¢ ¢|loge|? where ¢ =1+ (2m)"c 7.

In particular, this corollary implies the theorem announced in [9, p. 426].
Indeed, from items (i), (ii) and (iii) of Theorem 1.1, there follows

meas (B x T")\T) < (27)"¢c, ek + e7¥/°, (12)

and Corollary 1.1 follows immediately by choosing X := ¢|log¢| (and €, small enough).

The two degrees of freedom is special: in this case the only double resonance is the origin and one can
take as R? a disk of measure €% with any 0 < a < 1 getting a set of KAM tori of exponential density
in the complementary of R? x T2. This is the content of next corollary (compare, also, [12]).

Corollary 1.2 Let the assumptions of Theorem 1.1 hold and let n = 2. Then, there exists 0 < g5 < 1,
such that for ¢ < e, and 0 < a < 1, all points in the set {y € B : |y| > e/} x T? lie on a mazimal

KAM torus for H in (1), except for an exponentially small set of measure bounded by 671/(2‘56), with
a:=(1-—a)/24.

Remarks and Open Problems

First, we briefly discuss the class of potentials G7, for which the above results hold; for more informa-
tion on GI and complete proofs, see [L5, Sect. 2].

It is very simple to give explicit examples of functions in G”, a prototype being'!

fz) =2 Z eIkl cosk -, (13)

ng"

which (as it is trivial to verify) satysfies

Ifle=1,  lm [file*holk? = 400, m, f(0) = 2¢7 0% cosd.
et
kegn

The class of potentials G? is quite general from various points of view. For example, the following
result (proven in [15, Sect. 1]) holds:

Proposition 1.1 (i) The class G? contains an open and dense set in B?.
(ii) Let F denote the weighted Fourier isometry F : f € B — {fke‘khs}kezn € (*(Zy). Then F(G?) is
a set of probability 1 with respect to the standard product probability measure on F(B?).

1 Recall the definitions given in (5), (8) and (7).



We shall not use this proposition here, however, we shall often use a suitable quantitative characteri-
zation of G .

To state such a characterization one needs to make quantitative the notion of Morse functions with dif-
ferent critical values and to introduce a uniform Fourier cut—off function, depending on the dimension
n and on two parameters 0 < d < 1 and s > 0.

Definition 1.2 (3—Morse functions) Let 3 > 0. F € C%(T,R) is called 3~Morse, if

min (IF/(©) +F'O)) = 8, min|F(:) - F@,)| > 5. (14)

where 0; € T are the critical points of F'.

Definition 1.3 (The cut—off function N) Given 0 < § < 1 and n,s > 0 define the following
‘Fourier cut—off function’:

N = N(d;5,n) :=2 max{l, E log 2"5}7 c, =2 (2n/e)". (15)
s s

Then, the following elementary result holds:

Lemma 1.1 Let n,s > 0. Then, f € G? if and only if f € B? and there exist 0 <6 <1 and 8 > 0
such that
|[ful = Ikl e v ke G, k], >N, (16)

. f is B—Morse, Vkegh, |kl, <N. (17)

The proof of this lemma is given in Appendix.
Remarks

(R1) By item (i) in Theorem 1.1, we see that the phase space of a generic nearly—integrable natural
system can be covered by two ‘small’ sets, namely, R?> x T” and A, and one ‘large’ set, namely, 7.
Such sets exhibit quite different dynamics and satisfy the following properties.

e R2? x T" is contained in a tubolar neighborhood of double resonances Rie N B of order not
exceeding K; compare (25) and (26) below. As mentioned in the Introduction, the set R? x T"
contains a set of measure ¢ where the dynamics is not perturbative in the sense that, as long
as trajectories lie in this set, the dynamics is ruled by an effective Hamiltonian having no small
parameters.

e The set A, which has measure ~ e ~%/¢, is dynamically very interesting. For example, it is where
the asymptotic manifolds of lower dimensional tori break up (‘exponentially small splitting
of separatrices’) giving rise, e.g., to local horse shoe dynamics and, most likely, to Arnol’d
diffusion'?.

o In the complement of the two above small sets, namely in 7 n (B x T™), all trajectories lie on
maximal KAM tori for H and the dynamics is quasi-periodic (with possibly exponentially small
Diophantine constant).

12This statement has not yet been proven in any generality in the analytic class; for references to Arnol’d diffusion

see, e.g., [3], [18], [8], [39], [20], [40], [30], [7], [21], [17], [25], [26]-



(R2) The sets R? and A depend, in particular, upon e and K and choosing K as a suitable function of
€ so as to obtain larger neighborhoods of double resonances, leads to different coverings of the phase
space with improved measure estimates on A. For example:

« Almost—exponential density outside a region of measure O(g|loge|?7):
Letting K = log® ¢ in Theorem 1.1 with & small enough (so that (11) is met), the sets R? and A satisfy
the estimates

meas(R? x T") < ¢, € |loge|*7, meas A < (o8lel/e,

In other terms, outside a neighborhood of O(e |loge|*Y) of double resonances, the ‘non—torus set’ is
almost exponentially small (i.e., smaller than any power of ).

If we allow for a neighborhood of double resonances of size e* with a < 1, we get a pure exponential
density of KAM tori outside R? x T™:

 Exponential density outside outside a region of measure O(e®):
Let 0 < a < 1 and choose K = 1/&% with @ := (1 — a)/y in Theorem 1.1 and let & be small enough.
Then, the sets R? and A satisfy the estimates

meas(R? x T") < ¢, €%, meas A < e/ | (18)

In other terms, outside a neighborhood of O(e®) of double resonances, the ‘non—torus set’ is exponen-
tially small in 1/e.

(R3) As anticipated in the Introduction, Corollary 1.2 and Corollary 1.1 prove — or, more precisely,
are in agreement with — the conjectures made by Arnol’d, Kozlov and Neishtadt mentioned in the
Introduction. Notice, however, that the argument sketched by Arnol’d, Kozlov and Neishtadt in [5] to
support their conjecture for n > 3 (reported in footnote 4 above) only suggests a lower bound on the
measure of the non—torus set, while, here, we provide a rigorous upper bound on it.

We also mention that that Corollary 1.2 is a particular case (with slightly better constants) of (18),
but, since we are in two action-dimensions, it is possible to take R? simply as a small ball around the
origin (while for n > 3 it is a more complicate set).

(R4) The ‘Kolmogorov’s set’ T if formed by primary and secondary tori: Such secondary tori are not
deformation of integrable tori and, in particular, they are never graphs over T".

We remark also that the set T is not contained in B x T", and indeed many of the invariant tori in T
(corresponding to a set of measure ~ 4/¢) have oscillations outside B x T™; this fact is unavoidable,
as near the boundary tori do oscillate by a quantity of order /e.

(R5) In Theorem 1.1 there appear two constants ¢ and ¢, (the other constants appearing in the
corollaries of Theorem 1.1 are simply related to such two constants). The constant ¢, depends only on
the action-dimension n (compare Lemma 2.1 below). More relevant for measure estimates in phase
space is the constant c.

The constant ¢ can be calculated in terms of a few analytic properties of the potential f. In fact, ¢
depends on six parameters: n = 2; s > 0; a positive number § quantifying property (9) (compare (16));
a positive number 8 quantifying property (10) (compare (17)); and two more positive parameters & and
m (introduced in Definition 4.3), which, in turn, are suitable non—degeneracy parameters associated
to the (normalized) second derivative of the action-to—energy maps associated to the integrable 1—
degree—of—freedom Hamiltonians p? + m,, f(q) with |k|, < N where N is as in Definition 1.3. For more
details on how the constant ¢ depends on the various parameters, see (243) and (244) below.

(Rg) The actual effective hypothesis of Theorem 1.1 is the condition K > ¢ in (11), which is used
almost in all the proofs given in this paper.

10



The second condition, eK? < 1, strictly speaking, is not really necessary, and it is used (for simplicity)
only in Proposition 3.2 below. However, as it obvious even from the statement of the Theorem 1.1
(compare with the measure estimate in item (ii)), if €K” is not small, some statements might be empty.

(R7) One of the main issues in singular KAM theory in analytic class is the identification of a suitable
generic class of analytic potentials. We stress that the choice of the class G is tailored on the simple
structure of natural Hamiltonian systems.

Open problems

(i) It might not be difficult to prove that Theorem 1.1 can be generalized to natural systems with
Hamiltonians of the form h(y) +ef(y, z) with h Kolmogorov non-degenerate and f verifying (16) and
(17) uniformly in y € B. However, in such a case, the class of perturbations f would not be generic,
since, in general, one expects that the Fourier coefficients fi(y) may vanish at some points y € B.
Selecting an analytic generic class of perturbations, to which Theorem 1.1 extends, is a non-trivial
issue.

(ii) The results in this paper hold for generic potentials f € G?, and, do not cover special cases such
as, e.g., the case of f trigonometric polynomial, or other cases with special symmetries, as they arise,
e.g., in Celestial Mechanics.

(iii) In view of our techniques, the logarithm appearing in Corollary 1.1 appears to be unavoidable,
and one may wonder if it is possible to get rid of it.

(iv)* The argument sketched by Arnol’d, Kozlov and Neishtadt for the lower bound on the measure

of the non—torus set rests on the claim that a general real analytic Hamiltonian system with no small

parameters has a positive measure set free of invariant Lagrangian tori, however this is not been
13

proved-°.

(v)* Generic Arnol’d diffusion in analytic class: It is natural to expect that, for n > 3 and for generic
potentials f € G, almost every non-empty energy level of H = 1|y|? + £f(z) is orbit-connected, i.e.,

Rl

arbitrary neighborhoods of two points on such levels intersect an orbit of ¢} no matter how small ¢ is.

2 Prerequisites

In this section we recall a few prerequisites, which are needed to discuss the ‘secondary’ nearly—
integrable structure that appears near simple resonances.

We begin by recalling the averaging theory for nearly—integrable real analytic Hamiltonian systems
as discussed in [11] and [15], especially designed for neighborhoods of simple resonances.

On one hand, apart from a finite (although arbitrarily large) number of simple resonances of order
less than N, the secular (averaged) Hamiltonians have a uniform normal form with a potential close
to a shifted cosine (§ 2.1). On the other hand, the secular Hamiltonians at simple resonances of order
less or equal than N admit a simple normal form called ‘Generic Standard Form’ (§ 2.2). Such Generic
Standard Form Hamiltonians can, then, be put into action—angle variables that can be analytically
and uniformly controlled thanks to the theory developed in [14] (§ 2.3).

I3For related results in smooth category, see [29].
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2.1 Averaging

Non-resonant and simply resonant sets

First, we need to introduce suitable non/simply-resonant sets, which depend upon some quantita-
tive parameters measuring Fourier cut—offs and small divisors. In particular, we define the ‘non—
perturbative’ set R? — which is a neighborhood of double resonances up to order K — and prove item
(ii) of Theorem 1.1.

For k # 0, denote by 7 and i, the standard orthogonal projections

my =y ) e Y=Y - TRy, (19)

and let Ky, K and « be positive numbers such that
Ko>2, K=6K,,  «a:=+/eK", vi=39n+2. (20)

Recall the definition of G in (6) and define the following real subsets of B = {y e R" : |y| < 1}:

={yeB: |y-k|>%5, Vke G}, (21)
RV :={yeB:ly k|l <o |miy- €|>3|‘,z‘|K Vle GR\Zk}, (keGR);
{ = Upegp, R 22)
R?:=B\(R°URY). (23)

The first key remark is that the measure of R? is proportional to €, as shown in the following lemma'*,

which proves item (ii) of Theorem 1.1,
Lemma 2.1 There exists a constant ¢, = ¢,(n) > 1 such that
measR? < ¢, o’ K" = ¢, e K7, v:=1ln+4. (24)

Proof First observe that from the definitions of RY, RY* and R? in (21), (22) and (23), it follows

immediately that
U U Rk N (25)

keglzb Legyt
¢Zk

with

Rie:={yeB:ly-k| <o |miy-€ < 3}, (keGp, LeGp\Zk). (26)

Let us, then, estimate the measure of R2 o D (26). Denote by v € R™ the projection of y onto the
plane generated by k and ¢ (recall that, by hypothesis, k and ¢ are not parallel); then,

-kl =y -kl <a, |mtv - €] = |ty - €] < 3aK/|k|. (27)

Set

hi=ml=10— ﬁc"{; k. (28)

Then, v decomposes in a unique way as v = ak + bh for suitable a,b € R. By (27),

la| < | mitv - 4] = |bh - €] < 3aK/|k|, (29)

Ik‘l2 ’

14Compare, also, Lemma 2.5 in [15].
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and, since |¢|?|k|?> — (¢ - k)? is a positive integer (recall, that k and ¢ are integer vectors not parallel),

o) [OPIRE — (£ B2 1

(
h-t > .
el |k[? ||

Hence,
|b] < 3aK|k|. (30)
Then, write y € R%,e as y = v + v+ with v’ in the orthogonal complement of the plane generated by

k and £. Since |v*| < |y| < 1 and v lies in the plane spanned by k and ¢ inside a rectangle of sizes of
length 2a/|k|? and 6aK|k| (compare (29) and (30)), we find

kedg,

meas(R7 ;) < \i% (6aK|k|) 272 =3 .2 azﬁ , V{ e g\ zk.
Thus, since Z |k|~ < cK™ ! for a suitable ¢ = ¢(n), (24) follows immediately taking c, = 18c. i
keGyg,

Remark 2.1 (i) By the second relation in (11) it follows that o < 1/K™.

(i) R? is a non resonant set up to order K,; R'¥ is a simply resonant set around Ry but far away
from any R, with £ € G¢ (¢ # k); R? is contained in a neighborhood of double resonances of order K
(compare relation (25) below). According to the terminology in [36], RY is (a/2,K,) completely non—
resonant, while, for each k € G’ , the set RY* is (2aK/|k|)-non resonant modulo Zk up to order K.
(iii) From the definition of R? in (23) it follows trivially that {R’} is a covering of B.

(iv) Having two different Fourier cut—offs K, and X is necessary in order to obtain high order ‘cosine—
like’ normal forms as described in point (iii) of the averaging Theorem 2.1 below; compare also [11].

Notations
Given m > 1, D € R™, and r > 0, let us denote D, the complex neighborhood of D given by

D, = U{yeCm: ly — z| < r}.
zeD

For s > 0, let T* denote the complex neighborhood of width 2s of T™ given by
T ={z = (z1,....,2pn) €C": |Imuax;| < s}/(20Z™).
We shall also use the notation Re (V) to denote the real r—neighbourhood of V' < R™, namely,

Re(V;):=V, nR" = | J {yeR": |y—z| <r}. (31)
zeV

Given D < R™ and a function f defined, respectively, on D,, T?", D, x T7", we denote its sup norm,
respectively, by

|flp,r:=sap [f(W)], [fls = sup [f(z)|, [flprs:= sup  [f(z,y)l.

y€D, zeTT (y,z)eD, xT™
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Analytcity parameters To formulate properly next (normal form) theorem, we need to introduce
a few ‘analyticity parameters’ related to the analyticity width s and the numbers «a, K, and K in (20).
We define:

rozzﬁ, T = sozzs(l—é), sg::so(l—é),

Sy 1= s(l - %)7 s, 1= 8*(1 - %)7 8y 1= |k, sk, (32)
T :=ﬁ, Ty =,

~ . n—1

T i= c:rk\ , 5 1= W, where ¢, :=b6n(n—1)"z .

We also need the following consequence of Bezout’s Lemma, which will allow to define the effective
‘resonant angle’ near simple resonances:

Lemma 2.2 For any k € G" there exists a matriz A e z=1xn guch that'

A= (D = (’“ A k”) € SL(n,Z2),

A _ A=t
Al <[kl |Al, =I[kl., A7, <(h-1)"= k""" (33)

Proof From Bézout’s lemma it follows easily that!®:

Given k € Z", k # 0 there exists a matrix A = (A;;)1<; j<n With integer entries such that A,; = k; V
1<j<n,detA =ged(ky,..., k1), and |A]_ = |k|,.

Since k € G", it is ged(ky, ..., k1) = 1 and, therefore, det A = 1.

The first two relations in (33) are consequence of the above statement.

Observing that for any m x m matrix M, one has | det M| < m™/2|M|™, the bound on |[A~!|  follows

from D’Alembert expansion of determinants.

The following normal form result — proven in'” [15] — holds:

Theorem 2.1 (Normal Form Theorem) Fizn > 2, s > 0. LetH be as in (1) with f € B? satisfying
(16) with N as in (15); let (20)=(22) and (32) hold. For k € G, let A be the matriz in Lemma 2.2
and define the following real sets:

>3 R K — AT, n
R := Re(R}, 5), R'W:=Re (Rik/z) . gk = ATTRYE (kegy). (34)
Then, there exists a constant ¢, = ¢,(n,s,0) = N such that if K, > c,, there exist real analytic

symplectic maps
U, : R x T =R x T2, UF gk < T2 > RUF X T2 (35)

having the following properties.
(i) In the symplectic variables (y,z) € Ry x T2, H takes the form:

Ho(y, ) := (Ho W,)(y, x) = g +e(o°w) + Py, ), (=0,

15| M|, with M matrix (or vector), denotes the maximum norm max;; |M;;| (or max; |M;]).
16See Lemma A.1 in [11] for a proof.
17See Theorem 2.1 and the Covering Lemma 2.3 in [15].
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with g° and f° satisfying
1
19°lr < Vo = s

(ii) Let k € G . In the symplectic variables (y,x) = (y, (x1,%)) € ZF x T2

Sk’

Hi (v, %) ::Ho\I/k(y,x):ﬁk(y,xl)4—5]316(37,}{)7 (y, )e@k xTg (37)

|f0|r;,s; < e—Kos/?). (36)

H takes the form:

where
Hy(y, x1) := \ATYI2 +egh(y) +eg”(y,x1) (38)

is real analytic in y € @fk and x1 € TS;. In particular gF(y,-) € Bi, for every y € @f]?k' Furthermore,
the following estimates hold:

|g§‘7:k <o, ‘gk - 7erf|Fk,S/k <o, |f_k|7:k7§k < eiKS/?) : (39)

(iii) If k € Gg. satisfies |k|, = N, then there exists 0y € [0,2m) such that

1
Hi = 5IATYI” + g (y) + 2|fule [cos(x + Ox) + B (x1) + g (v, x1) + £(y,%)]

where

EF(9) == w D fwe? B, |EFL <27,
Kl 5

Moreover, gk(y,-) € B} (for every y e Fk)’ 7, £% =0, and one has
871 < g s |£5 750 < €707
(iv) Finally, the following ‘coverings’ holds:
U ((ROxT) 2RO x T, TF(2F xT") 2 RVF x T7. (40)

Remark 2.2 (i) Beware that, while ¥, is a map close to the identity, ¥* is not, as it is the composition
of a linear transformation'® with a near-to—identity map.
(ii) The larger covering in (34) is introduced so that (40) holds: Such a property will be essential in
covering also boundary regions by KAM tori without leaving out (as it happens in standard KAM
theory) regions of size of order 4/¢, a fact that, for our purposes, would be clearly not acceptable.
(iii) Point (iii) in Theorem 2.1 shows that the secular Hamiltonian Hj (obtained disregarding the
exponentially small perturbation £¥) has a potential, which is O(1/K°")-perturbation of the ‘cosine—
like function’

cos(xy + O0r) + EF(x1), where |FF|; <2710,
This means that for |k|, = N, the secular Hamiltonians at simple resonances all look the same, allowing,
in particular, for a uniform analysis in terms of action—angle variables (compare § 2.3 below).
Notice also that the perturbation £F, which is bounded by e ¥*/7 has a factor |fx| in front of it and
that such a factor, in turn, may be exponentially small (since |fi| ~ e~1¥l1% for large |K|,).

(iv) For later use we observe that'’

Ko = N = 2c¢,, where cs :=max{1,1/s}. (41)

18Namely, the symplectic transformation, the generating function of which is given by y - Az, and which maps the
resonant combination k -z to the ‘resonant’ angle xj.

19Tf s > 1 then N > 2 > 2/s, while if s < 1 then the logarithm in (15) is larger than one, so that N > 2/s also in this
case.
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2.2 Generic Standard Form at simple resonances

It turns out that the secular Hamiltonians Hy, in (37)-(38) in the Normal Form Theorem 2.1 for k € G,
have a common uniform analytic structure: They can be put into a standard form, which has uniform
(in k € G¢) analytic characteristics. The precise formulation of this fact is the main theorem in [15],
whose statement needs some preparation.

Definition 2.1 (1D Hamiltonians in standard form) Let D < R"™! be a bounded domain, R > 0
and D := (—R,R) x D. We say that a real analytic Hamiltonian B, is in Generic Standard Form (in
short, ‘standard form’) with respect to the symplectic variables (p1,q1) € (—R,R) x T and ‘external
actions’ p = (P2, ..., pn) € D, if H, has the form

Hb(pa Q1) = (]' +V(p7Q1))p% +G(ﬁ»q1)7 (42)
where p = (p1,p) = (p1,D2, ---,Pn), and the following specifications hold.

e v and G are real analytic functions defined on, respectively, D,y x Tg and Dy x Ts for some
0O<r<Rands>0;

e G has zero—average and there exists a zero—average function G (the ‘reference potential’) depending
only on qi such that, for some B >0, G is B—Morse®®;

J

o the following estimates hold:

sup (G| < e,

T

sup |G — G| <ep, forsome 0<e<r?/2'% O0<p<i,
ﬁrxTi

sup |v| <u.

D, xT!

We shall call ([A),R,r7 s, B, €, ) the ‘analyticity characteristics’ of H, with respect to the reference
potential G.

Remark 2.3 (i) A Hamiltonian in standard form H, has the analytic features of its reference natural
Hamiltonian

H, := pi + G(q1).

In particular, for p small with respect to 1/k, H, has the same finite (because of analyticity) number
of equilibria (which lie on the ¢; axis) of G and in the same relative order, which is also preserved by
the corresponding critical energies; compare Lemma 2.4 below.

(ii) If H, is in standard form, then  and e satisfy the relation®! €/B > 1/2. Furthermore, one can
always fix a number k > 4 so that:

I/k<s<1, 1 <R/r <k, 1/2<e/p <k. (44)

Such a parameter k rules the main scaling properties of these Hamiltonians.

20Recall Definition 1.2.
21By (43), B < |G(0;) — G(6;)| < 2maxT |G| < 2e.
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(iii) Hamiltonians in standard form are particularly suited for the analytic theory of action—angle
variables (in neighborhoods of separatrices) as developed in [14], where the notion of Generic Standard
Form has been introduced. Such action-angle variables will be reviewed in § 2.3 below.

(iv) The smallness of the ‘adimensional ratio’ €/r? in (43) is needed in the analytic theory of action-
angle variables for Hamiltonians in standard form developed in [14], however the factor 1/216 is rather
arbitrary and not optimal.

Notation If w is a vector with n or 2n components, 1 = (w) denotes the last (n — 1) components; if
w is vector with 2n components, w = (w) denotes the first n + 1 components. Explicitly:

15) = ((w)) :((xg, ,an),) =3,
_ _ ) 9= ) = (),
w=(y,2) = (Y1, Yn), (1, ...70)) & — Euj) - (;7371)7 (45)

9

Next, we introduce a special simple group of symplectic transformations, which will appear in Theo-
rem 2.2 below.

Definition 2.2 Given a domain D < R, we denote by &, the abelian group of symplectic diffeo-
morphisms ¥y of (R x ]5) x R™ given by

(p.q) € (R x D) x R" ™ (P.Q) = (p1 + g(p):Pr 1,4 — dpg(p)) € (Rx D) xR™,  (46)
with g : D — R smooth.
Remark 2.4 The group properties of &, are trivial:
ide, =T, Yl=U,,  YolUy =V, (47)
Notice that, unless dyg € Z™ ! maps U, € &, do not induce well defined maps>?
qeT" — (q1,4— 1dpg(p) € T",

a fact that will create a problem in applying the theory of this and next section to the normalized
Hamiltonians Hj, of Theorem 2.1; compare Remark 2.6—(ii) below.

Let us now spell out all the assumptions and definitions, which, from now, will be part of the hypotheses
of all statements regarding the natural system with Hamiltonian H as in (1).

Assumptions 2.1 Fizn > 2, s > 0, and let H be as in (1) with f € G (Definition 1.1) satisfying
(16) and (17) for some 0 <5 < 1 and B > 0 with** N as in (15).

22In general, given A € SL(n,Z) and a 27-multi-periodic function f : R® — R™, we identify the R»~map = € R® —
f(x) = Az + g(x) € R® with the T"—map given by 0 € T" — F(0) = 7, (AJ: + f(:c)) € T™ where 0 = z + 27Z™ and
z — T, (x) = @ 4 27Z"™ is the projection of R™ onto T".

23By Lemma 1.1 such § and 8 always exist.
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Definition 2.3 Given H as in Assumption 2.1, we define the following sets and parameters.

o Let Ko, K and « be as in (20); let R'’s be the domains defined in (21)+(22); let the definitions in
(32) hold (‘analiticity parameters’).

o For k € Gg , let A be the matriz in Lemma 2.2. Let 7%0, RYE and D% be the real domains defined
in (34).

o Define the following parameters®*:

R=a/lk]2 = Vek’/|k[?, ¢, =4ndc,, T=R/e,, e =1,
D= {feR”_lz \ﬂﬁATﬂ <1, min|(7r,iATIA) -£| > 30K D= (-R,R) x D,
Legyt

[k[ S
0e¢Zk
s [af ik, <N I T 1T (48)
eelfil, [k, >N TR iR > A
~ f min{3,1}, if [k, <N .| s, if|k], <N, _ 1
=11, if |k, >n * STV 1, iflk,=n ° HT g
Remark 2.5 (i) Since |f| < 1 one has:
Xl < 1. (49)
Furthermore, by the definitions in (48) and (20), by (49) and (41), one has
Ve < cR/KV T < R/KET, (50)
(ii) Since (1 — )72 < 2, by definition of s}, in (32), one has
s <28 (51)

We can, now, state the main result of*> [15]:

Theorem 2.2 (Generic Standard Form at simple resonances)
Let Assumptions 2.1 and Definitions 2.5 hold, let c, be the constant defined in Theorem 2.1, and
assume that K, = max{c,,c,}. Then, for all k € G¢' , the following holds.

(i) There exists a real analytic symplectic transformation
@, : (p,q) €D xR"— (y,%x) = %(p,q) €R*", (52)

such that: ¥, fizes f)vcmd26 a1 for every p e D the map (p1,a1) — (y1,x1) is symplectic; the (n+1)-
dimensional map®” ®, depends only on the first n + 1 coordinates (p,q1), is 2m—periodic in q; and, if
9k = A"TRY* and Hy, are as in Theorem 2.1, one has*®

b, : D,y x Ts —>@§k x Tg,
Hy o &(p,q) = L (H(p, q1) + By (8)), (53)
sup [h, (8) — Ox(p) A

< Bew,  Oufp) = el mEATHP
PED2r

24Here and in what follows we shall not always indicate explicitly the dependence upon k. Recall the definitions of
¢y, A and c; in, respectively, (32), Lemma 2.2 and (41).

25Compare Theorem 3.1 in [15].

261.e., in (52) it is y = P, x1 = q1.

2"Recall the notation in (45).

28 ry, 71, and s} are defined in (32).
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(ii) Hy in (53) is in Generic Universal Form according to Definition 2.1:

Hk(paql) = (1 +Vk(P»q1)) P% +Gk(f’»q1)a (54)
having reference potential
G=G, =erm, [, (55)
analyticity characteristics given in (48), and x verifying (44) with*’
k = k(n,s,B) := max {c, ,4c, ,cs/B}. (56)

(iii) The map @, is obtained as composition of three symplectic maps:
D, =P 0P, 09, (57)
where :
o &= €& withg, (p) =~z (Ak) - p;
e ®,(p,q) = (p1 +M,,P,q1,4 + X,) for suitable real analytic functions n, = n,(p,q1) and X, =
X, (P, a1) satisfying

kX, derx,,

My lars < ol X, |2r,s < = M (58)

o & =V, €& fora suitable real analytic function g, (p) satisfying

€k Xy

|85 l4r < = n. (59)

Remark 2.6 (i) The main point of the above theorem is item (ii), which shows that the ‘simply—
resonant Hamiltonians’ Hy, in (53) are in uniform Generic Standard Form. The word ‘uniform’ refers to
the fact that the parameter k (defined in (56) and satisfying (44)) — which rules the scaling properties
of the normalized Hamiltonians Hy, — does not depend upon k, allowing, e.g., for a uniform (in k € G’ )
treatment of action—angle variables (compare next Section 2.3).

(ii) There is, however, a drawback in the construction of the above normal forms, namely, that the
maps @, and ®, appearing in the definition of ®, (item (iii) in the above theorem), do not induce
well defined maps on T™; compare Remark 2.4. Therefore, a non trivial homotopy issue will have to
be faced in considering the global secondary nearly—integrable structure of the system near simple
resonances. On the other hand, the map ®, is well defined also on T™. This matter will be discussed
in details in Section 3.

The following remark explains the individual purpose of the three symplectic transformations ¢, whose
composition forms ®,.

Remark 2.7 (i) The map ®, in the definition of ®, is a linear map that has the purpose of block—
diagonalize the quadratic part |ATy|? appearing in (38), so as to obtain a kinetic part which is the
sum of a quadratic part in p; and a quadratic (n — 1)—dimensional part in p. Indeed, rewriting @, as

_ 1 L (AK)T
(y,x) = ®,(p,q) := (Up,U Tq),  where U:= (0 "“‘i((l ) ) ; (60)

29¢s is defined in (41).
30Recall Definition 3.1.
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and observing that
ATy = ATUp = pik + ﬂﬁATﬁ,
one sees that
[ATUD|* = [k*p} + | ATHI” = [k (0] + Qu(D)) (61)
O}, being the positive definite quadratic form in p = p defined in (53).
Furthermore, y = (ATU)p if and only if y - k = p1|k|? and m}y = wrATp, which, recalling the
definition of R:* in (22), shows that

ATUD = RU* —  measD = meas RYF (62)

Notice also that, from (48), the definitions of ® and U, and the definition of 2* in Theorem 2.1-(i),
it follows that
(DxT)=UDxT=2"xT. (63)

®
Incidentally, observe that from (33) it follows that the norms of U and its inverse satisfy the bounds®!
U], U < ny/n. (64)

(ii) The second map P, is a near—to—identity symplectic (globally well-defined) transformation, which
is introduced so as to transform H; into a Hamiltonian with a potential independent of p;.

(iii) @, is a near—to—identity symplectic map, which sets all critical points on the line p; = 0.

2.3 Action—angle variables for 1D standard Hamiltonians
In this subsection we review the general theory of action—angle variables for Hamiltonian systems in
standard form as developed in [14], where complete proofs may be found.

This subsection is independent from the previous ones; in particular the analytic characteristics D,
R, 1, etc., are arbitrary (and do not refer to the definitions given in (48) in the specific case of the
secular Hamiltonians Hy,).

Topology of the phase space of 1D Hamiltonians in standard form

We begin by describing the topological structure of the p—dependent phase space of a givern Hamil-
tonian (p1,q1) — Hy,(p1,P, 1) in generic standard form according to Definition 2.1.

For a fixed p € D, we take as phase space of H, the subset of R x T given by
M:M(ﬁ) = {(ph(JI)eRXT} H\?<p17ﬁa(J1) <E|7}7 E, := R2+R’r7 (65)

where R and r are as in Definition 2.1. Although such sets depend on the parameter p € ﬁ7 for p small
enough, they are close to a box:

31 As usual, for a matrix M we denote by |M| = sup |Mu|/|u| the standard operator norm.
u#0
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Lemma 2.3 Let H, be as in Definition 2.1 and M be as in (65), and assume that*
w< 1/(4x)2. (66)
Then, for all p € D, one has
(-R—ZR+5)xTcMpP) = (-R-5R+%)xT. (67)

The simole proof is given in Appendix.

Since the reference potential G is a B—Morse function, it has 2N critical points, for some N € N, with
different critical values. Let fy € [0,27) be the unique point of absolute maximum of the reference
potential G of H,. Then, the relative strict non-degenerate maximum and minimum points of G, 6; €
[00,00 + 27], (0 < i < 2N) follow in alternating order, fy < 0; < 0y < ... < oy := Oy + 27, in

particular, 0; are relative maxima/minima points for i even/odd. The corresponding distinct critical
energies will be denoted by

E;:=G(0;), FEan = Ep being the unique global maximum of G. (68)

By the Implicit Function Theorem, for p small enough with respect to k, one can continue the 2NV
critical points 6; of G obtaining 2N critical points 6; = 6;(p) of G(p,-) for p € D. The corresponding
distinct critical energies become

E; = Ei(p) := G(p,0:()) - (69)
Furthermore, for p small , the functions 6;(p) and E;(p) preserve the same order of §; and E;. Indeed,
from Definition 1.2 and the Implicit Function Theorem, the following result proven in [14] holds®*:

Lemma 2.4 Let H, be as in Definition 2.1 and assume that**
< 1/(2x)8. (70)

Then, the functions 0;(p) and E;(p) defined above are real analytic in p € D, and

sup,cp, 103 (D) — 0;| < 25—5“ , sup,cp [Ei(B) — E;| < 3c’epn. (71)

Furthermore, the relative order of 0;(p) and E;(p) is, for every p € Dy, the same as that of, respectively,

0; and E;.
Therefore, under the assumption (70), we see that the phase space M is disconnected by the separa-

trices® into exactly 2N + 1 open connected components M? = M*(p), for 0 < i < 2N, which can be
labelled so that:

o the odd regions M?~! (for 1 < j < N) contain the elliptic points (0,62;_1) and have as
boundary parts of separatrices; topologically, such regions are discs;

o the outer even regions M° and M?" are homotopically non trivial annuli bounded by the most
external separatrices and one of the two curves H - Y(E);

32Recall the definition of k in (44).

33See Lemma 3.1 in [14].

34Notice that condition (70) is stronger than (66).

351.e., the stable manifolds (curves) of the hyperbolic points (0, 62;).
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e when N > 1, the inner even regions M?* (for 1 < j < N — 1) are homotopically trivial annuli*®
whose boundary is given by two pieces of separatrices (with different energies).

The Morse potential G(q1) = sinq + %cos('{)ql) with 10 critical points (top)
and the phase portrait of H, := p? + G(q1) (bottom)

Labels of corresponding regions are as in Definition 2./

More formally, we can define the 2N + 1 regions M? in terms of suitable energy intervals (E(f)7 E(f))
as follows.

Let E; be the critical energies defined in (69), and let E, the reference energy defined in (65).

Definition 2.4 (i) (Outer regions) For i = 0,2N, let E© = E®Y) .= By, and E_(S) = E_(EN) = E,.
Then, the ‘Tlower outer region’ M©) is the connected component of H;l((E(_O),EiO))) contained in
p1 < 0}, while the ‘upper outer region’ MZN) is the connected component of H ' EEQN)7E(2N)

b +
contained in {p; > 0}.
(ii) (Inner region, N = 1) When N = 1, MW is just the region enclosed by the unique separatriz
H, ' (Ey); the orbits in M) have energies ranging in the critical interval [E(_l),E_(:)) = [E1, Ey).
(ii) (Inner regions, N > 1) Define EY .= E,.
Fori odd, let ng) = min{E;_1, i1} and define MY as the connected component obe_1 ([E(f), E(f)))
containing the elliptic equilibrium (0, 0;).
Finally, for 0 <i=2j < 2N even, define

jo = max{l < j| Ba > Baj}, jy i= min{l > j| Bar > Ea;}, EY := min{Bs; , Esj. };

and define M) as the connected component of H;l((E(_i),ESf))) whose boundary contains the hyper-
bolic point (0,6;).

36].e., annuli in the cylinder R x T which are contractible.
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Notice that the phase space M is the union of the regions M® and the singular zero-measure set
S = S(p) formed by the N separatrices:

2N 2N
M=M@p) =M v s=JM®) v SH). (72)
=0 =0

Below we shall also consider the following (n + 1)—dimensional domains:

(p1,q1) e M(D)},
(p1,q1) € Mi(ﬁ)}- (73)

Notice that | ;<o M covers M up to a set of measure zero.

M = {(pvql)

s.t. pe ﬁ,
Mi = {(Pvfh) s.t. ]56 ﬁv

Arnol’d—Liouville’s action/energy functions

Let £ € [EL(p), EL (p)] and let v° be the (possibly, piece-wise) smooth closed curve in the clusure of
M*(p) given by ‘ 4
v =v"(E,p) = {(p1,q1) e M (p) s.t. By(p1,p,q1) = E},

oriented clockwise®”; for 2 < j < N consider also the trivial curves 7% = {(p;,s) : s € T}.

Then, the classical Arnol’d-Liouville’s action functions are given by

i i . 1
I£ )(E) = If )(E,P) =9 jgpld(h ;
,yi

1 Dj .
Ijzgﬁpjd%:iﬁdqj:pj’ V2<]<N

%
The action function E' — I{(E,f ) is strictly monotone and its inverse is, by definition, the energy
function I; — E(I1,I). We also define I} := I{|,—¢ and its inverse function®® E* := E|,_.

We can now describe the fine analytic properties of the action/energy functions.

Critical holomorphic behaviour and action estimates

The first result describes the exact behaviour of the action functions as the energy approaches the
critical energy of separatrices and contains estimates on the derivatives of the action functions that
will play a central role in the discussion on the twist Hessian matrix in § 4. The following theorem
has been proven in [14, Theorem 3.1].

Theorem 2.3 Let H, be a Hamiltonian in standard form as in Definition 2.1, let k = 4 be such that
(44) holds and let 2N be the number of critical points of the reference potential G. Then, there exists
a suitable constant ¢ = c(n, k) = 283 such that, if *°

n<1/c? < 1/(2'%9), (74)

37For the non contractible curves (i = 0,2N) the orientation is ‘to the right’ on M2V ‘to the left’ on MO.
38Note that when p = 0, H, becomes simply H, = p% +G(q1).
39Note that (74) implies the hypothesis of Lemma 2.4. Thus, in particular also H, has 2N critical points.
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then, for all 0 < i < 2N and I € D, the action functions E € (E(I), E'.(I)) — Ii(E,I) verify the
following propertzes.

(i) (Universal behaviour at critical energies) There exist functions ¢' (z,1), ¥’ (z,1) for 0 <
i < 2N, and, functions qbi(z,f), wi(z,f), for 0 < i < 2N, which are real analytic in a complex
neighborhood of the set {z = 0} x D and satisfy

I{(Eﬁ—r(f) + ez, f) = qbﬁ—r(z,f) +1/JfT(z,f) zlogz, Y0<z<l/c,IeD. (75)
the functions ¢ (z,1), Wi(z,f) are real analytic on {z € C: |z| < 1/c} x D, where satisfy:

sup  (|o% |+ [9L]) < cve,

|z|<1/e, feD, (76)
. . (43)
sup (1050 | + 10wk ]) Semo, o= YEp < 278,
\z|<1/c,f€ﬁr/2
Moreover, » B 4 B
|04 — L], Wi — 94| < cven, (77)

where gbﬂ_r = ¢f—_k|u=0 and d& = 77[1%_% p=o-

(ii) (Limiting critical values) The following bounds at the limiting critical energy values hold:

1% (0,1)| = ve/c, 0<i<2N, VIeD,,

Wﬂ( f)|>f/c 0<j<N, VIeD,, (78)
(of) 0<i<2N, VIeD,
1/) (0f)<0, 0<j<N, VIeD,
while, in the case of relative minimal critical energies, one has, ¥V Ie lA), 0<z<l1/c,
027N 0.0) =0,  Y¥7N(z])=0, V1I<j<N. (79)

(iii) (Estimates on derivatives of actions on real domains) The derivatives of the actions with

respect to energy verify, on real domains, the following estimates:

inf Opll > VieD,V0<i<2N; 80
(B E) Etiy C\/* ( )
1
cV/E +¢€’
(iv) (Estimates on derivatives of actions on complex domains and perturbative bounds)

For A > 0 satisfying

min {0pI?Y, 0pl)} > VE>Fsn,VIeD.

cu<A<l/c, (81)

define the following complex energy—domains:

. {zeC:E" —efc <Rez<E' —Xe, |Imz|<e/c}, iodd,
=% {#€C:E" +Ae < Rez<FE} —Ae, [Imz| <e/c}, ieven,i#0,2N, (82)
{zeC:E" +Ae < Rez < E' , |Imz| < e/c}, i=0,2N.
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Then, for 0 < i < 2N, the functions I} and I} are holomorphic on the domains E% x Dy, and satisfy
the following estimates:

log A , _ 2
2 [1og A sup |6EI{ —aElﬂ < il

: . 83
Ve o we o ®

sup [0;11| < ¢y, sup|igli| <c
S;\Xﬁr/z S;\

Remark 2.8 (i) Eq. (79) confirms the known analyticity at minima of actions as function of energy.

(ii) A formula similar to (75) is given in [6] (compare Eq. (5.8) of Theorem 5.2 there).

We finally report a remarkable property of standard Hamiltonians H,, whose reference potential G is
close enough to a cosine. In such a case, in fact, one has uniform concavity of the second derivative of
the energy function:

Proposition 2.1 Assume that, for some 6y € R, G satisfies

1G(0) — cos(0 + 6p)|1 := sup |G(O) — cos(f + Oy)| < 27%°. (84)
T1
Then N =1 and 1
0L ENII(E)) < ~50 VE e (E, E5).
Also this result is proven in [14]; compare Proposition 5.12 there.

Arnol’d-Liouville’s action—angle variables in n d.o.f.

Let us now discuss the Arnol’d-Liouville’s action—angle variables for the Hamiltonian H, viewed as a
n degrees of freedom Hamiltonian on the 2n-dimensional phase space M? x T?~1,

For every fixed p = I € D, the map (p1,q1) — I fi) (H,(p1,1,q1), I) can be symplectically completed

with the angular term®’ (py,q1) — apgi) (p1,q1; f) = wgi)(pl, f, q1)-
Defining the normal domains*!

B :={I=(L,0)|1eD, I'"E.(I)I) <1 <I1"(E. ()}, (85)
we see that, by construction, the map*?
(hq1) € M = (Lipr) = (11 (B (p, 1), D). Lo (.01)) € B x T
is surjective and invertible; let us denote by
O (I,p1) e B xT — (p,q1) e M, (p=1),
its inverse map. Note that such ‘Arnol’d-Liouville suspended’ transformation ®° integrates H,, i.e.,

H, 0 ®'(I, 1) = EO(I), dpy A dgu = dI, A dpy . (86)

| I= const

40Such completion is unique if one fixes, e.g., cpgi)(pl,(); h=o.
41Recall Definition 2.4. For i odd, Iil)(E"_ (I),I) = 0, which is the action of the elliptic point.
42Recall the definition of M in (73).
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By the standard Arnol’d—Liouville construction of the angle variables, one sees easily that the complete
symplectic action-angle map @ : (I, ) — (p, q) has the form

, LT ¢+ X if0<i<?2N
(DZI — (n ~ ) . b . ) 87
(£.¢) {(naf,solwawxm ifi=0,2N, (®7)

where 1, x*,\? are function of (I, ;) only and are 2r—periodic in ¢y, and, in the case i = 0,2N,

sup |0y, '] < 1.

By construction, ®% : Bi x T* 22 Afé x T"~1 s a global symplectomorphism, and by (86), one has
(Hy 0 @) (1,0) = (H, 0 ®)(I, 1) =EV/(I),  VO<i<2N. (88)

Next, we introduce suitable decreasing subdomains B*(A) of B! depending on a non negative parameter

A so that BY(0) = B® and such that the map ®° has, for positive A, a holomorphic extension on a
suitable complex neighborhood of B(A) x T™.

Define R R X B - -
Me = A (1) := (B (1) — E_(I)) /e, MAvar = (B4 —E_)/e. (89)
Notice that, by (44), Definitions 1.2, 2.1, and (43) one has
1/k < B/e <A, <2; (90)
notice also that, by (71), we have®?
e — A 6P, A >1/2k. (91)
Then, for 0 <A <A, define’*:
ay(I) = L(E.(I)+ e, I), VY0<i<2N,
;s IN(EL(I)—Ae, ), VO<i<2N
(7 = 1 +\ ’ ’ 92
) { Ii(E,, 1), i=0,2N. (92)
a’(I) = ab(I), bi(I):=by(I), Y0O<i<2N,
B'A) = {I=(I,I): IeD, ai(I)<I, <bi(I)}, 0<SA<A,.. .

Remark 2.9 (i) By the above definitions one has that

0, (93)

a2j—1(j) — a%jfl(f) _ Ifjfl(Ezjfl(f)af)

reflecting the analyticity at the elliptic points; compare Remark 2.8—(i) above.

(ii) By (85) and (92) one sees that B' = B*(0) = [Jy_,-» _ B'(A).

The holomorphic properties of the Arnol’d—Liouville symplectic maps are described in following the-
orem, proven in [14, Theorem 4.1]. Recall the definition of the constant ¢ in Theorem 2.3.

43Recall that 1 < 1/c? and ¢ > 28«3 (compare Theorem 2.3).
44Recall the definition of E, in (65).
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Theorem 2.4 Under the hypotheses of Theorem 2.3 there exists a constant ¢ = &(n,k) > 4c? de-
pending only on n and K such that, taking

n<1/e, (94)

the symplectic transformation @ extends, for any 0 < i < 2N and 0 < A < 1/¢, to a real analytic
map

O - (Bi()\))p « Tg}\ — D, x T;L/4, VO <A<1/e, (95)
A
where
pr = Mo, = gy - (96)

Now, let 0 < A < 1/, then the function E' admits a holomorphic extension on (Bi()\))p , where,
A

setting A := A|log A]?, one has

orE|<eve+[E], |RE| <, |02 E|<ed, |E|<e(EL+ ) (97)

furthermore, defining

D= (-R—1/3,R+1/3) x D,  M'QA):= d(B'QA) xT), (98)
one has
meas ((Db xT)\ U M'(N)) < ¢+/emeas(D) AllogA|. (99)
0<i<2N

Remark 2.10 Observe that, by (48), (49), (20), (74), (32), (53) and (56), it is*®

1/k < 8/4, Xk <1 /6, X < i < /270, (100)

T r?

Thus, since’® A < 1/¢, by (74), o, in (96) satisfies

o, <§/2%. (101)

3 Secondary nearly—integrable structure at simple resonances

Now we go back to the original system in the simply-resonant zones governed by the Hamiltonians
Hyi(y, %) in (37) and discuss their global nearly—integrable structure with exponential small perturba-
tions (compare Theorem 3.1 below).

As mentioned above (see item (ii) in Remark 2.6), the problem here is that the symplectic transfor-
mations of Theorem 2.2, which put the simply-resonant Hamiltonians Hy, in (53) in standard form,
are, in general, not well defined in the fast angles 9 = (qa, ..., qn ), making the construction of global
action—angle variables for the full Hamiltonians H(y,x) in (37) not straightforward.

To overcome such homotopy problems, we shall exploit the particular group structure of the various
symplectic transformations involved, and show that, introducing a special ad hoc conjugacy, one can
indeed obtain globally well defined symplectic maps; see, in particular, (122) below.

45Recall that € < 1; see (1).
46Recall the hypotheses of Theorem 2.4.
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Special sets of symplectic transformations

Besides the group &, introduced in Definition 2.2 above, we shall introduce two new special classes
of symplectic transformations, which will be used in the proof of Theorem 3.1. Recall the notation in
(45).

Definition 3.1 (a) Given a domain D € R"1, & denotes the formal*™ group of symplectic transfor-
mations of the form

() €D x TS (P,Q) = (M, p, 1 +¥,4+X) e R x T,

where: D < R™ is a normal smooth domain®® over f), the functions n,\,x depend on (p,q1), are

2m—periodic in q1 and the (n + 1)—dimensional the map
(pv Q1) = (i)(pa(h) = (naﬁa q1 +1b)
18 1njective.

(b) Given a domain Dc R, &, denotes the set of smooth symplectic transformations of the form

(,q) €D xT* 5 (P,Q) = (,5,%,d +x) e R x T1,

where D € R™ is a normal smooth domain over 15,' the functions n, P, x depend only on (p,q1) and
are 2w —periodic in qi.

Let us collect a few observations and discuss the main properties of such classes, but, first of all, notice
that all the above maps leave fixed the variable p € D € R™ and the set D. Thus, in the following
discussion, the domain D is fixed once and for all.

Remark 3.1 (i) The Arnol’d-Liouville map @' in the outer cases (87) (i = 0,2N) belongs to & (since
sup |0, W| < 1), while @* in the inner case (87) (0 < i < 2N) belongs to &,.
Notice also that ®, in Theorem 2.2—(iii) is a near—to—the-identity symplectic map belonging to &.

(ii) In the definition of & and &, the functions n and { are scalar functions, while x has (n — 1)
components. Notice that, since ® is assumed to be symplectic, these maps are such that

A Aadg +dnadb+dpadx = dpyAdgr, (Pew®),
dAadb+dpadx = dpi Adq, (Pead,).
(iii) All maps in the group &, in Definition 2.2 have a common domain of definition, i.e., (R x D) x R™.

On the other hand, every map ¥ € & has its own domain of definition D. Thus, the composition
Uy 0o Uy of two maps in &

\IflZ])1><Tn—>Rn><Tn7 \IJ2ZD2><T"_,R”XT"

is well defined only when the compatibility condition Wy (Dg X T”) < Dy x T™ is satisfied. This is the
reason why the cautionary word ‘formal” appears in the definition of &. However, as already noticed,
all maps in & verify m3(D) = D, which is fixed a priori.

47See Remark 3.1(iii) below.
48Le., D = {(p1,p) : a(p) <p1 < B(P), p € D} where a and B are smooth function on D.

28



(iv) If ® € &, by definition @ is injective, so that also ® itself is injective. Furthermore, for any fixed
p, the map ¢1 — Q1 = ¢1 +1 is a continuous injective map on the circle T', hence it is surjective, and,
therefore, it is a smooth (orientation preserving) circle diffeomorphism. Thus, ¢ — Q = (¢1+WV, §+X) is
a global diffeomorphism of T", and ® : DxT" — &(D x T") € R™ x T" is a global symplectomorphism.
Notice also that if ®,®’ € & and the composition ® o & is well defined, then ® o &' € &.

(v) The definition of the first (n + 1) component of any member of the above families depends only
on the first (n + 1) variables (p,q1). Therefore, any finite compositions of maps ¥; € &, U & U &,
1 < i < m, whenever the composition is well defined, satisfies

Ve ubuB = (Vyo---0¥,) =(V,0---0W,). (102)
(vi) Finally, one readily verifies that the following property holds:

Pe® and Ve u® — TVodc®. (103)

Action—angles variables for the secular standard Hamiltonians H; at simple resonances

For each k € G , we may apply the theory of § 2.3 to the secular Hamiltonians described in Theorem 2.2
in standard form H, = Hg; see (54), (55), and (56).

By (88), we get that, for every k € G and 0 < i < 2N, the Arnol’d-Liouville map

@ B x T IS My x T (104)
integrates Hy, i.e.:
(Hg o D) (I, 0) = (Hi 0 ®))(I,01) =E(I), ¥V 0<i<2Ng, (105)

where By, M} and E,(j) correspond to B, M* and E®) in § 2.3 in the case®® H, = Hy.

Beware that, even if sometimes, for ease of notation, we do not report the dependence upon the
resonance label k € G, we are treating different Hamiltonians in the neighbourhoods of simple
resonances labelled by k € Gy’ .

Finally, we shall use the following notations: Given a function g : D — R, we shall denote by j the
translation

Je(p) := (p1 + g(p), D) - (106)
Notice that, by the definition of W, in (46), one has

Global action—angle variables at simple resonances

We are now ready to state and prove the first step of the proof of Theorem 1.1, which consists in
showing how to construct symplectic action—angle maps which put a generic nearly—integrable natural
systems, near simple resonances, for all k € G , into uniform analytic nearly—integrable form with
exponentially small perturbations:

49Compare, in particular, (72) and (73) for the definitions of M} and M ; (85) for the definition of Bi; (92) and (89)
for the definition of B ()); the definition of M& () is given (98).
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Let Assumptions 2.1 and Definitions 2.3 hold; let ¢, be as in Theorem 2.1, and ¢ as in Theorem 2.4
with k as in (56). Let g, and g, be as in (ii) of Theorem 2.2, and define

Blic::{ L, if 0<i<2Ng, (108)

j.. (BL). ifi=0,2Ny, g, = —(g +8,)-
Then, the following result holds.

Theorem 3.1 (Secondary nearly—integrable structure at simple resonances)
There exists ¢, = c,(n, s, 3,0) = max{c,,c,, ¢} such that if K, > c,, then for any k € Gg' , 0 <i < 2Ny,
there exist real analytic symplectomorphisms®®

$p : By x T" — Re(R}F) x T, (109)
such that, if Ei = EL(I) is the integrable Hamiltonian Hy of Theorem 2.2 in its Arnol’d-Liouville

action variables, Ej :=Ej oj , and h,_ is as in Theorem 2.2, then’!
*

Z:=Hod)}c(l,<p)=h};(_])4:ef,i(l,gp), with:

i EPvi i E. +h , if0<i<2Ng, (110)

hk': Thk” hk‘,': E'L_’_A f_
Tl if 1 =0,2Ny, .

Furthermore, for 0 <A < 1/c, define:

p, = C:/KEQ AMlogA|, o, := 7C*Kg"\llog)\\ ,
iy Bi(A), if 0<i<?2Ng,
Bi(\) ._{ Jo (BLV), i 0= 0,2N;, YO<A<l/c,. (111)

Then, d)}:C admits a holomorphic extension
bk + (Bi(N)y, x Ty, — Rysh x T, (112)
and the perturbation fi in (110) satisfies the exponential estimate

s |fi] < e (113)
(BE(M), xT,
Remark 3.2 (i) Notice that, since = 1/K*" (see (48)), and since®”
K>K,=>¢c, >c,
condition (94) — which is stronger than condition (74) — is implied by the assumption X, > c,.
Observe also that from the definitions of the constants in Theorem 3.1, Theorem 2.3 and from (91) it

follows that
c,zc=2%3=2" A >2%c . (114)
Finally, we remark that, recalling the definitions of p, and o, in (96), since ¢, > ¢, one has
p*<p?\’ O—*<O—)\' (115)

(ii) In the proof of the theorem the maps ¢} are explicitly given; compare (120) and (126) below.

50Recall the notation (31).
51Recall (22) and (35).
52The constant c is defined in Theorem 2.3.
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The following simple lemma will be one of the key points of the proof of Theorem 3.1. Recall Defini-
tion 3.1.

Lemma 3.1 Let ®: (p,q) e DxT" — (,p,q1 +,§+x) €R" xT" be in &, Yy € &,, and denote by
=P the map

7—g(I) = qu)(p, Q) = (T]g +g0q + lbqu + Xg — ll)gaﬁg) s (116)
where for a function v : D x T — R™, ug denotes te map

ug :=uoW_y:j(D) x T—R™. (117)

Then, ® belongs to & and it is a symplectomorphism satisfying

70 1 (D) x T" 28 (P 0 B(D x T")) x T, (118)
and ] S
(z®) = Mg+ 8D, q1 +g) =VYgodoW . (119)

Proof First observe that since ng, Vg, Xg are 2m-periodic in ¢;, the map
qeT" = w5 ®(p,q) = (1 + g, § +Xg — Wglpg) € T"

is a well defined T"—map and (119) follows immediately by direct computation. Thus, (qu))v is injective
being the composition of three injective maps, and, therefore, the whole map 7 ® is injective, and (118)
follows. To check symplecticity, just note that, locally, on the universal cover R?", 7P coincides (as
it is immediate to check) with the composition Wz o ® o W_g of three symplectic maps. Hence 7® is

symplectic and the claim follows. i

Proof of Theorem 3.1 We start by defining the maps ¢ .

Consider, first, the inner case 0 < ¢ < 2Nj. Recall Definition 3.1. By Theorem 2.2-(iii), ®, is the
composition of maps in &, and & while, for 0 < i < 2N, @' € 8, (Remark 3.1-(i)). Hence, by (103),
it follows that ®, o @’ € &, and we may define”

Pli=d, 0D, Pt :=TV*od! B xT" ->R"xT", (0 <i<2Ny), (120)

provided the composition is well defined. To check that this is the case, we observe that by (102),
(95), (51), (53), (115) for 0 < A < 1/¢, we get
O = (Do @) =B, 0d": (B(N)y, xTo, — Z5 xTs, (0<i<2N;), (121)

*

thus the composition is well defined and (120) is well posed.
Let us now consider the outer case i = 0,2N. In this case ®* € & (Remark 3.1-(i)). Recalling the
definition in (116)—(117), by Lemma 3.1, we may define

P =B, 07 O, and @) :=7 P, (i=0,2Ng) . (122)
Recalling that ®; € &, by Lemma 3.1 and Remark 3.1-(iv), ®!, € & and, again by Lemma 3.1, ®} € &,
provided the compositions are well defined. To check that this is the case, as above, it is enough to

53k appears in Theorem 2.1. Recall that, when 0 < i < 2Ny, B}, := Bi.
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control the complex domains of the first (n + 1) components. By (119) (used twice), (47), (57), and
(102), one finds™

P =D, 00 0, , (i=0,2Ng) . (123)
Then, by (142), we get,
. ; . ; (111) /o .
e (BeW)p ) € (%, (B,’C(?\)))pA = (Bk(?\))pA ,  where p/ := 225 (i=0,2N).  (124)

Observing that U, (p,q1) = (j. (p),q1), by (123), (124), (95), (51) and (53), we get, for 0 < A < 1/¢,
O (BiN)g x To, — 27 xTs, (i =0,2Ny). (125)

Thus, the composition is well defined and (122) is well posed. So, we may define:
¢t =T o0d! Bl xT" - R" x T", @/ as in (122), (i=0,2Ny). (126)

We can, now, prove (110). Recall the definition of f* in Theorem 2.1 and define

37)

= fodl D ol (0<i<2Ny). (127)

Then, by definition of ¢i in (120) and (126), we have, for 0 < i < 2N,

(37,127)

ti=Hodi(I,p):=HoUkod! Hy o ®! +cf}. (128)

Since Hy, in (38) depends only on the first (n + 1) variables, by (121) and (123), we find

He o ®, 0 @7, if 0 <i < 2Ny

Hoo®! =H,od! = F~ * "
BOBZ 805 {Hko@*o@o\y&, ifi=0,2N;,

(129)
and, by (53) and (105),

Hyod, 0@ = EEED 4 7,). (130)
Thus, (110) follows from (128), (129), (130) and (107).

Next, we show that ¢¢ has, for 0 < A < 1/c,, a holomorphic extension satisfying (112). To do this we

have to consider the last n — 1 components of &}, namely® 7, &/ = &/. By definition of @/ in (120)
and (122) it follows that

@+ XL, 1), if 0 <i<2N,
o] = A . . 131
() { G400 (D), ifi=0,2Ny, (131)
with®6
i:= i b iaA b[ o= XQ(IAvlmbi)v , 1f0<z<2Nk7 132
X.=x"+x +V' 08, , X (1, 1) { Lo 400y, i i=0,2N. (132)

54Recall that g, = —(g, + g, ); compare (108).
55Recall the notation in (45).
56Recall the form of ®% in (87); g, is defined in (108); x, is as in Theorem 2.2—(iii).

*
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Now, we claim that

: 3
[Wloyoy < 38, VO<i<2Ng. (133)

Indeed, if 0 < i < 2Ny, (133) follows directly from (95) and (51); in the case i = 0, 2Ny, (133) follows
again from (95) and (51) observing that

w

) ) s .
Nﬂpwg = (g1 +¥') - (Pl‘p)\,cr)\ S 7 +o, < 8.

=~
=~

Next, since p! = p,/(n +2), by (124), (132), (95), (51), (58), (100), (101), (133), (142), we find, for
every 0 < i < 2Nk, and for every 2 < £ < n,

[Im &yl o < [Im (e + Xie)lpy 0

i b @
< |Im (‘pf +X€)|P>\v°'>\ + |X2‘P>\7‘TA + |1]‘) |pw‘7)\ |(}jg,‘p)\
S S 3
< §+2%+1(n+1)§<2né. (134)

Thus, by (121), (125) and (134), we get

O : (BiN)y xTo — 25 xTj (0<i<2Ny).

2ns >
We need, now, an elementary result on real analytic functions, whose proof is given in Appendix:

Lemma 3.2 Let g : D, x T? — C be a real analytic function satisfying |Img| < &. Then, for every
0 < (¢ <1/2, one has

sup |Img| < 8¢¢.

D(T XT?S

Now, define
1
(i= 7. (135)

16nc,cs K2

Then, since |k| < Ko, by (53), (48), we find
135) max{l,s} s (32) .

< (
8C(2ns) < 16n ( K, max{l,s = =" 5 .
C(2ns) < 160 max(1, s 2 BHAT - S W,

Thus, by Lemma 3.2 (applied with g = Ci{fg for 2 <€ < n, asin (135) and £ = 2ns), it follows that
O (Bi(N),, x Ty — 2f x T2, (0<i<2Ny),

with p, and o, as in (111), provided

¢, :=max{c,,c,, €c, cs16n(n+2)}.

*

In conclusion, (112) follows by the definition of ¢ in (120), (126) and by (35).
Finally, estimate (113) follows at once from (127), (112) and (39). The proof is complete. i

The following measure estimate will play a crucial role in the proof of Theorem 1.1.
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Proposition 3.1 For every 0 < A < 1/c,, the following measure estimate holds®”

meas ((RYF x T) \ U b5 (BL(A) x T")) < ¢, meas (RMF x T") A|logA| . (136)
0<i<2Ny

Proof Since &} depends only on the first (n + 1) variables, by (131), (120), (123) and the definitions
of B{(A) in (111) and M (A) in (104), one has

O} (BL(A) xT") = Q}(BLA) xT) x T ! = (&, 0 @ (BL(A) x T)) x T"*
D (@, 0 ML) x T (137)
Analogously, one has §
NPT = 07N (2F x Ty x T L. (138)
Observe also that, by (59), (58) and (the second estimate in) (100) it follows that®®
& 1od M (DxT)c (-R—1/3,R+1/3) x D) x T= (D" xT). (139)

Then"?, recalling Theorem 2.1, using the fact that (U*)~! and &, ! are diffeomorphysms preserving
Liouville measure, we find

meas(RYF x T\ Jdi(BL(A) x T™))

G20 eas((F) 7L (RYF x T7)\ R (BL(A) x T7))

' meas((2" x ™) \ UB(B) x T)

= meas(®, (2" x T") \ U, ' ®(BL(A) x T"))
(9059 (o) mens(@74 (74 x T) \ UM (V)
P (2m)n meas(@ 1 0 &;71(D x )\ UML)

o) meas(D? < TV UML)

Y (2n) e e meas(D) Allogl

@ (2m)" e R meas(D) A|log A

(62)

= % meas(RYF x T) Allog Al

which yields (136) since ¢, > ¢. |

Remark 3.3 The measure estimate (136) holds in view of the covering property (40), which takes
care of the deformations near the boundaries.

The logarithmic correction is unavoidable and is related to the Lyapunov exponents of the hyperbolic
equilibria issuing the separatrices of the secondary integrable systems at simple resonances.

57The sets RY* are defined in (34).

58Observe that i’s_l(p, q) = (p1 — g5(P),P,q1) and <i>2_1(p7 q) = (p1 =My (P, q1),P,q1)- Recall the definition of D® in
(98).
59The unions are over 0 < i < 2Ny,.
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The final result of this section deals with the size of the domains B,i, which depends on k and actually
grows with k. It is therefore important to control such a growth.

Proposition 3.2 Assume that® o < 1. Then, there exists a constant ¢, = ¢, (n) > 1 such that
diam B}, < ¢, |k|"!, meas B}, < ¢, . (140)

Proof For the purpose of this proof, we denote by ‘c’ suitable (possibly different) constants greater
than one and depending only on n.
Since o < 1, by the definition of B, in (85), by (44) and the definition of R in (48), we have, for every
0 <@ < 2Ny,

diam B}, < ¢(R + diam ﬁ) < c(ﬁ + diam ﬁ) < ¢(1 4 diam D).

By (61), (33) and (64) it follows that

LAT7F — [ATY{T(0 1] 1]
| me AT = [ATU(D)] > =eyosy > auper

and since by (48) D < {I e R*': |n-ATI| < 1}, it follows that diam Bi, < ¢|k|"~!, proving the first
relation in (140) in the case 0 < i < 2Nj.

In the case i = 0,2N}, we need to estimate the Lipschitz constant of°* g;. The map g, is linear and
its gradient is given by Ak/|k[2, thus, by (33) one gets

|ajg1| = ||127|’€2’ n.
By (59), recalling that |y, | < 1, the definitions in (48), and by Cauchy estimates®?, one sees that

2 cyc 5 2 c 1
\g3|4r < W% < 220 }(14%, |afg3|3r < r‘k|z§§_,z < CW++3 <17 (141)

by taking K, big enough (recall that K > 6K,). Hence",

|afg* 3r <n+1ﬂ LipD3 (]’g*) <n+23 (142)

and, choosing ¢, suitably, the first relation in (140) follows also in this case.
Let us check the second relation in (140). Since ¢}, in (109) is symplectic, we have

; 1 ) 1 oo
meas B, = @y meas(Bj, x T") = @y meas (¢, (By, x T"))
7r 7r

(109)

< meas (Re (Rikk)) .

Now, since R'"* < B and 7, < a < 1, choosing ¢, suitably, also the second relation in (140) follows,
and claim (i) has been proved. [

60Notice that, since v = 2(v + n), the hypothesis a = eK” < 1 is implied by the second condition in (11).
61 g, is defined (108).

62Compare, e.g., |

63 Lipg(g) denotes absolute value of the Lipschitz constant of a function g over a domain B.
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4 Twist at simple resonances

In this section — which is the heart of the paper — we discuss the main issue in singular KAM theory,
namely, the twist of the integrable (rescaled) secular Hamiltonians h}, in (110) near simple resonances
and, in particular, in neighborhoods of secular separatrices, where the action become singular.

In general, it has to be expected that there are points where the twist of the secular Hamiltonians h}‘€
vanishes; compare Remark 4.1 below. Furthermore, and more importantly, when approaching separa-
trices, the evaluation of the twist becomes a singular perturbation problem, where no standard tools
can be applied and a new strategy is needed.

Our approach — which exploits in an essential way the fine analytic structure of the action func-
tions described in Theorem 2.3 — roughly speaking, consists in constructing a suitable differential
operator with non—constant coefficients, which does not vanish on (a suitable regularization of) the
Kolmogorov’s twist determinant. This will be enough to prove that the Liouville measure of the set
where the twist is smaller than a positive quantity 7 may be bounded, uniformly in k, by a power of
7). This is the content of the Twist Theorem 4.1 below, from which the proof of the results described
in § 1 will follow easily.

Remark 4.1 (Points where the twist vanishes) First, let us consider a region bounded by sepa-
ratrices, i.e., (in the above setting) the case when ¢ is even and different from 0 and 2N. From (92),
(75) and (78) there follows that dgli — 400 as E approaches E% . Thus, since dgli > 0 (always),
E — 0% I} must have at least one zero in (E', E%). Since, by the chain rule,

opli
(aEli)‘? Ei(Iy) '

OLE(L) = — (143)
we see that 07 E' must vanish at some points in the interval (a*, ") defined in (92).

Let us next consider the case i odd, i.e., regions whose closure contains an elliptic point. Let us first
consider the case p = 0, and let us denote a’* = a’|,—o and b* = b’|,_o. As above, by (78), the function
E — 031 tends to +00 when E — E%. Thus, by (143), 07 E‘(I1) is negative when I is close to b'.
Now, E'(I7) is analytic at I; = @’ = 0, and, evaluating the Birkhoff normal form of p? + G(q1) at order
4 close to the elliptic point (p1,q1) = (0,6;), one sees that

_. 1 1/d 5d3
E'(I) = woli + =cI? + O(I}), with wy=+/2dy, c=~ —47—3 ,
2 4 \dy 3d;

where d; are the j-th order derivatives of the reference potential G evaluated at the minimum 6;. Thus,
07,E*(0) > 0 whenever the condition

8 := 3dady — 5d3 > 0, d; := (0] G)(6:), (144)

is satisfied, in which case 6?117?' must vanish at some point in (O,Bi). By (53), }Al% = Qk, so that
hi |, —o = E&(I1) + Qk(I), which implies

det 67hy,(I)|u—o = 07 Ej.(I1) - det 67 Q. (1) .

Thus, by continuity, for pu small enough it follows that the Hessian matrix 02h’(I) is singular at some
point.
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Condition (144) is easily satisfied. For example, if G(#) = cosf — & cos(26), one finds that & = 3/2,
so that, in this very simple cases, inside the (unique) region enclosed by the main separatrices, there
are points where the twist vanishes. However, this is not the case if the potential is close enough to a
cosine, compare Proposition 2.1.

Twist Theorem near simple resonances (statement)

To state the Twist Theorem we need to introduce two parameters (& > 0, m > 1) which measure the
non—degeneracy (in a suitable sense to be specified below) of the energy as function of actions in the
inner regions 0 < ¢ < 2N}. This requires some preparation.

Non—degenerate functions and theirs sub—levels

First, let us recall a standard quantitative definition of non—degenerate functions.

Definition 4.1 Given & > 0, an open set A € R and f € C™(A,R), we say that [ is E-non—degenerate
at order m =1 on A (or, in short, (£, m)-non—degenerate), if

inf max |[fU)(z)] > ¢. (145)

reA 1<j<m

An important property of non—degenerate functions is that one can easily estimate the measure of
their sub-levels:

Lemma 4.1 Let f be a (£, m)-non—degenerate function on a bounded interval (a,b) and let* M :=
[ flcm+1(ap)- Then, there exist a constants c,,, > 1 depending only on m such that, for alln > 0, one

has
Cm m
meas{:ce(a,b):\f(x)|<n}<m(%(b—a)+1)nl/ .

The proof of this lemma can be found, e.g., in [23, Lemma B.1]; compare, also, [37].

Non—degeneracy of the rescaled reference potentials for |k|, <N

Consider a general Hamiltonian (42) in standard form, recall Definition 2.4, recall (92), and define
also, for 0 < A < A___ (defined in (89)),

a=a'ly=0, b i=bum0, @\ :=allu=0, bh:=0bilu=0, VO0<i<2Nj. (146)
In thg follqwir}g,_we Sh%ﬂ (ixplicit_ly indicate the dependence upon the reference potential G and write,
e.g, Ii(—}, Ef, ag, b for I, E*, @', b*, respectively.
Definition 4.2 Given H, in standard form with reference potential G, we denote by
Fi(z) := (07 E)(ak + (b; —ab)z), Vaze(0,1), (0 <i<2N), (147)

the ‘normalized second derivative of the energy function within separatrices’.

These functions satisfy a remarkable rescaling property:

4 flgm+1(a,p) := MaXogj<m+15UP(qp) |0
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Lemma 4.2 If Fé is as in Definition 4.2, then, for any A > 0, one has F(’—; = Fg\(—;.
Proof Indeed, from the definition of actions, there follows easily that
I \o(E) = VAL G(B/N),  Eig(l) = AEG(Li/VA),  YA>0. (148)

Indeed, considering the case i = 2Ny (the other cases being similar), one has

I‘fﬁg() «/E AG(z)dx 2ﬂ«/f—c )da = VL] 5(E/N),

which proves the first equality in (148), which, in turns, implies immediately the second inequality.
From (148), then , follows that

ae = VAag, bl = Vb, (149)
and the claim follows at once from (148) and (149). |

Let us go back to the Hamiltonians in standard form Hj of Theorem 3.1, and let us prove that the
functions F — and hence E}; — with G as in (55), are (£, m)-non-degenerate.

Lemma 4.3 For every 0 < i < 2Ny, the function F§ defined in (147) is (£, m)-non-degenerate for
some &, m > 0.

Proof We consider only the case i odd, the even case being similar. Deriving (143) we get, for u = 0,

sy ORIE) L (RII(E))?
OLE'(I1(E)) = (aEf{(E))4+3(aEI’{(E))5' (150)

By (75)-(80) (which hold also for I}, corresponding to u = 0), we have that the dominant term in
(150) as z := (E%. — E)/e — 0% has the form —1/(c®2%log* 2) with ¢ := 9% (0)|,,=o. Then,

lim |0f EN(I}(E))| = lim |03 E'(I1)] = +.
E—>(E7jr)7 I1—(b%)~
By (147) we obtain
lim |0,Fg(x)| = +o0. (151)
z—1

Moreover 0,F%(z) is analytic in a neighborhood of z = 0 (recall in particular (79)). Assume now by
contradiction that (145) does not hold, namely that there exists a sequence ., € (0,1) such that

|0IFG(zm)| < 1/m,  V1<j<m.

By (151), up to a subsequence, a,, converges to some Z € [0,1) such that 0JF%(z) = 0 for every j > 1.
By analyticity we would have that F% is constant on [0,1) leading to a contradiction with (151). i

This lemma allows us to introduce uniform non-degeneracy parameters & > 0 and m > 1 for the
function FL in (147) associated to the reference potentials G @) 2 \kIQ m,. [, for k € G", |k|, < N and

0 < i < 2Ng. Indeed, by Lemma 4.2,

F’ — FzQa

\k|2 Zkf ﬂzkf ’

(152)
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and, by (17), every potential m,, f is S—Morse. By the above Lemma 4.3, every function in (152)
is (¢, m)—non—degenerate for some £, m > 0. We therefore can define uniform e-independent non—
degeneracy parameters &, m by setting:

Definition 4.3 Let F. N be as in Definition 4.2 with rescaled reference potential G = m,, f. We define

z .
&> 0andm > 1 to be, respectively, the largest and smallest number such that all the functions F;Zk Iz
for 0 < i < 2Ny, k € G™ with |k|, <N, are (&, m)—non—degenerate (Definition 4.1).

The Twist Theorem

Let Assumptions 2.1 and Definitions 2.3 hold, let k be as in (56), let & m be as in Definition 4.3, let
Bj be as in (108), let h{ be as in (110), and define

& = |k| 7" (153)
Then, the following result holds.

Theorem 4.1 There exists a constant ¢, = ¢,(n, K, & m) > 1 such that, for K, = ¢,, ke G, 0 <i <
2Ny, and 0 < n < &/25, one has:

meas ({ I € By, : |det 07h(I)| < n}) < ¢, (|k]*"n)° meas By, , b:=min{gir, 1}. (154)

Theorem 4.1 will be proven in several steps:

Step 1: Preliminaries

(a) Explicit expressions for the twist matrix in the inner case (0 < i < 2Nj,) are given;

(b) analogous formulae are given for the outer case (i = 0,2Ny), but, due to the presence of the
translation j , in (106), the measure estimate is expressed in terms of the domains Bj rather than
the domains B}, (recall that such domains differ in the outer case; compare (108));

(c) uniform estimates on the sub-matrix é’% h, of order (n —1), depending only on the ‘trivial actions’

I, are given.

Step 2: Coverings of the phase space into regions close to separatrices and far from separatrices
This is a necessary step, since the analysis will be non perturbative near separatrices, while in regions
away from separatrices, the analysis will be partly perturbative (and significantly simpler).

Step 3*: Non-degeneracy of the twist function in neighborhoods of separatrices

In such regions perturbative arguments do not hold, and, in particular the energy function E’ is
singular at the boundary (corresponding to separatrices) and its derivatives diverge as the boundary
is approached. Furthermore, E* and E’ = E’|,,_( have singularities in different points. Exploiting the
singularity structure described in Theorem 2.3, we will prove that a suitable regularization of the twist
determinant is a non—degenerate function allowing to control the measure of its sub—levels. This is the
core of the proof.

Step 4: The Twist Theorem in neighborhoods of separatrices

By the previous step, measure estimates in regions close to separatrices follow easily, yielding the
proof of the Twist Theorem in this case.

Step 5: The Twist Theorem far from separatrices in the inner case
It is here (in particular, in the low mode case |k|, < N) that the non-degeneracy condition involving
the parameters & and m, is needed.
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Step 6: Uniform twist in outer regions far from separatrices

In such regions there is uniform twist; the proof rests on a simple argument based on Jensen’s in-
equality.

Step 7: Conclusion of the proof of the Twist Theorem

Proof of the Twist Theorem
Fix k€ Gf, 0 < i < 2Ny, and 7 > 0.

Throughout the proof the (n — 1) dimensional domain D (defined in (48)) will be kept fixed and
often the variables I will not be indicated explicitly. Also, the label k will usually be omitted it in the
notation, as well as the suffix i (when this does not lead to confusion).

Step 1 Preliminaries

(a) We give the analytic expression of the twist determinant inside separatrices, i.e., for 0 < i < 2N.

Recall that in this case, by (110) and (108), one has h* = E* + h_ and B = Bi. Then®”
01 E ‘ a; (01, Ej)

6f(611E’) 0?E’ + G?hk

0 &}:(aflEi) ) )

det 330’ = det (O7E' + 07h,) = det ( (155)

— (A2 B . 2E' + 0% ’ ’ h
— (P},E') - det(O7E" + 02h,) + d‘*( 0;(OLE") 0% + %h,

(b) We now consider the case outside the outer separatrices, i.e., ¢ = 0,2N.

The Hamiltonian h'(1), in this case, is given by%® h’(I) = E'(I)+h, (1) for I € B' = j _(B}). Recalling
(53) and (59) we note that in the evaluation of the Hessian of h involves the non-small linear term
%, a fact that complicates analytic expressions. However, such complications may be avoided,
using the following trick.

Let us introduce new action variables I, defined by the relation I = Ul = j (I), where U is defined in
(60). Then, we observe that, defining

WD) =E[+h({), E=Eoj, (156)

one has that

4. =J, oU", n'(UI) = h'(I), (VIeU'BY). (157)

* g3

Now, since det U =1,

det [2h*(1)] “Z” det [62 (0 (UT))] = det [UT 020 (I) U] = det [62n(I)] .

Thus, 4 '
(det 0%n") o U = det 0Zh". (158)
Recalling (156) we then obtain
_ _ . 02 E! o' (o1,E)
211 _ 2t 2 _ I * I 1 *
det ofh' = det ({E! + dfh,) = det ( G(nE) GPE + 0%, (159)

650bserve that if S = (sij)i,j<n is an (n x n) matrix and S denotes the (n — 1) x (n — 1) sub-matrix (s;;); j>2, and
So denotes the matrix obtained by S replacing the entry s1; with 0, then detS = s17 - det S + det Sg.
66Recall (110), (108) and (92).
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. 4 . of (o, E!
= (GFEl)-det(FZEl + 0Fh,) +det< 1 (hE) )

0(OLED)  OEL + 02D,

and, by the chain rule,

(6121 Ei) © ]gs = ai E’ )
(OrE)ed, = 0 —0LEdmg =¥, (160)
(G2E!)oj, = O +0}Ed]g,0i8, — 01,E'Olg, — 0] 0E'0sg, — 0F ,0;01,E' =: M.

Recalling that by (157) j = Je, © U~1 by (158), (159) and (160) we get

6§ := (det 0%h") 0 j_

g

. R N 0 v
— 02 E . 2 N .
. =0LE det(M+6Ihk)+det( S M+6§h% ) . (161)

Finally, since the map jg* : B,i — B,i is volume preserving, it is
meas B}, = meas B}, , i=0,2N, (162)
so that one obtains the following
Lemma 4.4 Leti=0,2N and Sé as in (161). Then,
meas ({1 € B s.t. |det 070’ (I)| < n}) = meas ({ I € B}, s.t. ’5§(I)| <n}).
(c) Here we prove the following uniform bound on the Hessian sub—matrix 6?19,,6 Recall the definition
of & in (153)

Lemma 4.5 There exists ¢, = c,(n) > 1 such that if K = ¢, the following estimates on the sub-matriz

02h, hold:

sup|0%h, | < 2n° + 1, ., ir;f det Oh, = &. (163)
D, = NR™™
Proof By (19),
(ATUM = Lk + ATT - Qg = 1k 4 AT] - ATLbg = Ik 4 b ATE (164)

Recalling the definition of O, in (53), we have

A /p ap ATI?\ (164) a2|ATUI? ATU)TAT
5%(112 + Qk(I)) = a%(jlz + [mi & k‘klz | ) = 1 [&[2 l = X |[;I€)|2 & (165)
and (33),(64)
R 33),(64
02Qk| <21k ?APIUPP T < 207, (166)

Using that |k| < X/6, by (20), (48), (53) and Cauchy estimates we get, for a suitable ¢’ = ¢/(n),

C/

Sl}pm?(ilk — Q)| < KTz ° (167)
D,
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By (166) and (167), taking K large enough (depending only on n), we get the first estimate in (163).
Let us prove the second estimate in (163). Observe that

2det 020 = det 3 (12 + On) "2 2z det (ATUYTATU) O 2o Ay,
and that
. R ) 2 (ss) (64) ne1y.12n
(0200) M < (G313 + Qu)) ™! BRIl In®(n — )"k (168)

Then, by (168), (167), using |k| < K/6, we get, for a suitable constant ¢’ = ¢’(n),

C”

|(0790) 7| 107 (R, — Qi) < < gianrz (169)

We now need an elementary result on perturbation of positive—definite matrices, whose proof is given
in Appendix:

Lemma 4.6 Let P,Q be d x d positive—definite matrices and assume that X := |P7Y||Q| is strictly
smaller than 1. Then det(P + Q) = (1 — A\)¥det P. In particular, if X < (2d)~!, then det(P + Q) >
(det P)/2.

Then, observe that since 02 (17 + Qy) is positive-definite (by (165)), so is 0 Qk. Therefore, since
6??1,9 = 0 Ok + (3?(77% — Og), in view of (169), taking K > ¢, for a suitable ¢, = ¢,(n) > 1, Lemma 4.6

implies also the second estimate in (163) and the proof of Lemma 4.5 is complete. 1

Step 2 Here we define suitable coverings of the sets B defined in (92), (48). Such coverings are made
up of sets corresponding to zones close to the separatrices and zones away from them.

Recall the definitions given in (92), (89) and (146). For any A, € (0,1/c,), define the following subsets
of%" Bi:

B (A,):={I:b} (I)<I1<b’(I),f D}, ,
“;“ ; 5 1 odd;
B (A )—IXD Ti: (Obk/)
Bl (o) :={I:a'(l )<11<a;\ (I).1eD}
u{[ bz )<Il<b’() € } i even, i#0,2Ny; (170)
B (Ao) :=1T" x D, T = (@ /2,b hoj2) s
BH}M(A) {1[ a( )<111<a)\ (I) j:eD} i =0.2N, .
Bfar( o) =1 D 1 (a)\ /27 (I))
Then, one has:
Lemma 4.7 Let 0 < i < 2N and assume that®®
Ao < 1/c, < AZ/28¢1. (171)

Then, By, = B'._(Ao) U B (Ao).

near

67The constant c, satisfies (114). Recall that for i odd af = 0 (see (93)). The number A, will be fixed in Proposition 4.1
below.
68¢, appears in Theorem 3.1, while ¢ < ¢, appears in Theorem 2.3. Recall (114).
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Proof We give a detailed proof in the case (170) (i odd), as there is no extra difficulty in extending
the proof to the other cases. For ease of notation in this proof we omit the suffix i.
Since the functions E — I, (E) and E — I;(E,I) are positive and strictly increasing (see (80)), the
functions A — by and A — by (I) are positive and strictly decreasing. We claim that

br,(I) <brjo <bxa(l), VIeD. (172)

From such relations the claim follows: the fact that 5, is a subset of B follows from the second
inequality in (172), and then the equality B = B,__. v B, follows from the first inequality in (172).
Let us prove in detail the first inequality in (172) (the second one being analogous). By (170) and
(89) we have®

Auma +2y

}\max ~ ~ — A
ba, (1) = eJ- opl(EL(I)—ez,I)dz = ef oph(By —ez I)dz,

Ao Ao+A,

where A, := (E, — E,(I))/e. Analogously,

)\max _ _
B}\O/Q = €J 6E11(E+—ez)dz7
Ao /2

where A was defined in (89). Note that, by (71) and (114), [A,| < 3k*u < cp, and that by (89),
(90) we have that A, < 1/c, < min{A__ /4,A, . /8}. Then again by (90), (89), (91) and (171) we get

that, for every I € D,

max

2 Ao+ A, A A, A € (B AL+ D).

8 7 Mmax
We write
Armax

Oph(E, —ez)dz + f Opl(Ey —ez)dz

brge —ba (D) r"”‘ﬂ
A+,

€ Ao/2

Amax T2y o _ .
+J (sl (Ey — €2) — 0ph(Ey —ez,1))dz,
AoHA,

observing that, for every z in the three integration intervals (and for every Ie ];7), the quantity
E. — ez belongs to the set™ &, /5. Then, by (80), (83) and (171) we get, for every I € D,

b =) _ Mo = 2N ,[log %l
€ ~ 2cy/e NG

(01),000) 1 A
> (A —2cp — 2%ctu|log 2o — 26c3u/A,) = 20 1
2cﬁ( cn— 2'c*pllog B2 — 2°c3 /M) N

Step 3* Non-degeneracy of the twist function in neighborhoods of separatrices

A — — 8¢ A“i
(P =]+ ) = 8=

max

Here we show that (a suitable regularization of) the twist determinant det d?h® in (155) is a non—
degenerate function in the sense of Definition 4.1 in suitable neighborhoods of separatrices.

% Recall that by (I) = L(E_(I),I) = ao(I) = 0.
"0Recall (82). Note that (171) implies (81) with A = Ao/8.
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Actually, it will be convenient to study the twist directly as a function of the energy, for values
E = E%(I) £ ez close to critical separatrix values E*. We therefore define:

8. (2,1) := det [3E(L, (EL(I) + ez, 1),1) + 0%h, (I)]. (173)

The study of the twist determinant (173) will be based on the analytic properties described in Theo-
rem 2.3. In particular, the properties that we shall use are the same in the plus and the minus case.
Hence, we shall consider only the plus case and consider, henceforth, b :=§, .

The precise statement on the non-degeneracy of z — §(z,1) (see Proposition 4.1 below) needs some
preparation.

First of all, we introduce a suitable ‘regularization’ function ¢ = ((z, I )

Uz 1) = 2 (Veop(BEL(I) — ez, 1)), (174)

and define the regularized twist determinant & by setting”"

§=38/det?h,, with 8(z,1):= (2, 1)"-8(z,1). (175)

The functions appearing in Theorem 2.3, as well as the functions in (174) and (175) belong to the
following ring of functions F.

Definition 4.4 We denote by F the set of functions of the form
~ e A .
f(z, 1) = 2" Z uj(z,1)log’ z, (176)
j=0

where h,l € Z with ¢ = 0 and the u; are real analytic functions on a (complex) neighborhood of?
{z=0}xDcC".

We shall also use the following notation: given two functions f; € F we say that f = f1 @ fo if there
exists two functions u; real analytic on a neighborhood of {z = 0} x D such that™ f=ufi +uago.

We say that f(z,f) = Op(h, L) if f € F as in (176) and there exists o > 0 such that

Ifllg:= sup  sup |u;| < +c0.
0<j<t (seCilz<a}
IeD

Remark 4.2 (i) The functions (z,1) — f(z,1) = I (EL (I) + ez, f) in (75) of Theorem 2.3 belongs
to F and, by (76),
Il < eve;

furthermore, the ‘algebraic structure’ of such function f is given by

f=+vVe(l®zlogz).

I Recall (163).
72Recall that the domain D is defined in (48), but, essentially plays no réle.
"3E.g., f in (176) can be written as zh(@ﬁzo log? 2).
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(ii) The following elementary properties (which, in particular, show that F is a ring) will be often

used:
Oy (h,p) - Op(k, q

) =
(O (h,p))! = Oy(j
q

O,(h+k,p+aq),
) = in)s
Op(h,p) + O,(k, ) O,(min{h, k}, max{p,q}) .

Finally, define the following linear differential operators:
L:=L%0, - L*)", where: L:=20,, n:=n—1.

Notice that £ is a linear differential operator of order m := 372 + 47 = 3n? — 2n — 1 > 7 and there
exist suitable polynomials a;(z) such that™

= > aj(2)e]. (177)
j=1

Proposition 4.1 There exists’™® ¢, = ¢,(n, k) > ¢, such that if K > c,, then the following holds.
(i) One has

L[8] = a*"T1(3a)! v*" + O,(1,3n + 1), (178)
where™® . .
y(I):=—e Py, (0,1),  o:=1/c,
and
1/c < 1nf ly| < sup ly| < (179)

(ii) There exist suitable positive constants &, = &, (n,k) < 1 and™ Ay = Ao(n, k) < 1/c,, such that, for
I € D, the function z — S(z,f) defined in (175) is {,~non—degenerate at order m = 3n? —2n—1 on
the interval (0,A).

To prove this proposition we need a couple of preparatory lemmata.

Notation 4.1 In the rest of this section, it is understood that in an expansion f = zh(®§=0 log’ z),
one has || f|l, < ¢ for a suitable constant ¢ = c(n, k); furthermore, O stands for O, with ¢ = 1/c.

We shall consider in detail only the inner odd case 0 < i < 2N, since the other cases do not present
any new difficulties; for ease of notation, we do not indicate explicitly the labels k& and i.

Lemma 4.8 If  is as in (174), I = I(z,1) := (b,(I),1) and u, is as in (76), one has (2 <i,j <n)

¢ = z(ylogz—i—(1(—leogz))3
= y3zlog’z + O(1,2) + 0(2,3) = O(1,3),

74 Actually, £ = ZTzﬁJrl a;297"0L, with a; € N. For example, if n = 2, m = 7 and £ is given by:
L = 2507 + 182508 + 982402 + 1842302 + 1002202 + 8202 .

"5The constant ¢, has been introduced in Lemma 4.5.

"6Recall (78).

7"The constant ¢, has been introduced in Theorem 3.1.
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C-01E,_; = v+z(1®logz)=v+0(1,1), (180)

(-
(-

5?111-E|1:f = (1@ zlogz® zlog? z) = u, ©0(0,2),
a?Aj.Eh:f = Ho(1®zlogz@® zlog® 2@ 2% log® 2) = o O(0,3).

Proof By the chain rule, one has (writing I; in place of I?)

. 1 . 0:1, , 021,
OnE = —— O;E = —-L 07E =&
h Oph’ ! Oph’ h (Opl)3’
2

I (6E11>3 (aE—Zl)Q ’
B 6?11 N 6?11 (9f(6E11) + 6?(6E11) 61»11 B (3%]1 (9?[1 6f11
oph (0pl)? (Opl)3 ’

201 _
PE =

where the derivatives of E? and I; = I} are evaluated in (I{ (E, f), f) and (E, f), respectively. Now, by
(181) and (75), we have

Vedph =vlogz+ (1@zlogz) =1®@logz, ;I = p(1@zlogz),
32030 = vzt + (logz@®2Y) =logz® 271, (182)

2
e&E

il =wro(1@log2), ;I =por ' (1®zlog2) © e (1@ 2log2) .

Finally, by (182), (181), (75) and (76) we get

Veopl; = vylogz+ (1®zlogz) =1®logz
(-03E = —e¥220%0 = v+ 2(1®log2) = 1@ zlog 2,
C-07 B = €P2(0pNo; 1 — 03 [ioph) = po(1@ zlog 2 @ zlog? 2)
G0} E = €= (0ph)?0; I + 2050051y 0F j1 — 0%11 071y 07 1)

Lemma 4.9 One

= w(1@zlogz®zlog? 2@ 2%log®2). i

has

§=58(z2,1) =v"2"log> 2 + O+ 1,30+ 1)+ 00,37 — 1), A:=n—1. (183)

Furthermore, there exists ¢, = ¢, (n, k) > ¢, such that if K = ¢, and A, < 1/c,, one has:

5(2,0)| = & [8(z,1)], VO<z<A,, feD. (184)

Proof Recalling (155) we split § in (175) in two terms. The first term is

(ML E) det(02h, + 0%E) 2 (v + O(1,1)) ¢ det(6%h, + 0%E),

and, by (180), we have that

¢ det(0%h, + O7E)
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= " det 5?@ + 2 Cﬁ_jpjo‘(l(—Bzlogz(—leog2z(—BZ2 log3 z)j
j=1

= (v*"2"1og™™ z + O(n, 37 — 1) + O(n + 1,3n)) det 6?@
1 (00,30 — 3) + O(R, 37 — 1) + O(7 + 1, 371))
= (v*"2"1og™ z + O(n + 1,3n) + O(0,3n — 1)) det (9%% ,
where in the last line we used (recall (76), (48), (163))

o < |k 72" =8 < i%fdet O%h, . (185)

The second term is,

0 oT(on,E T
Cnd“( 2:(01,E) aI%EI+( alfhj ) - uodet( v X )
= ug(l ®zlogz® zlog;2 2)2(1 @ zlogz® zlog2 z® zlog3 z)”*2
= 120(0,3n —4) + O(n,3n —2),
where w is a i-dimensional vector and N is an (7 x 1) matrix satisfying by (180)
w; = 0(0,0)+0(1,2), 2<i<n, Ny=0(0,0)+0(1,3), 2<i,j<n.

Thus, the second term has the form p2(O(n + 1,37 + 1) + O(0, 37 — 1)). Summing up the two terms
and using (185) we get (183).

By the first line in (180), we see that, taking c, big enough, one has
1C(z, 1) <1, VO<z<A,, IeD.
Thus, by the definitions in (173), (175) and by (163), one obtains (184). |
Before giving the proof of Proposition 4.1, we need one more lemma. Define
Lo g = LF(0, - LF)™.
Lemma 4.10 Let 0 < { <k <m, 0<m,qg<m, and fi = Gp(0,), fo = O,(m+1,q). Then
Lo i[z™log" 2+ f1 + fo2] = (m)FTRI + f3, (186)
where, for a suitable constant ¢, which depends only on n, one has
fs = Ogpp(1, max{k —1,¢}), and |[|fsll2 < cmax{|[fillle, [l f2lllo} -

Proof Observing that Lz™ = mz™, Llog"™' z = (¢ + 1)log’ z, one easily checks that, for any 0 <
m, ¢ < m, one has

L[Og(m7£)] = O%g(mvg)a
LO,(0,£+1) = Oz,(1,£ +1) + 0z,(0,0),

L£+1[OQ(O7€)] = O%g(lﬁé)v
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where the norm || - ||z, of the functions in the right hand sides are bounded by ¢ = ¢/(n) times the
norm || - ||, of the functions in the left hand sides”. Analogously, from the above relations, it follows
that, for any 0 < ¢/ < k <m and 0 < ¢ < m, one has

Lo x[2™ log” 2] = (m)FF(k)! + 0%9(17 kE—1),

L k[0z,(0,0)] = O1,(1,4),

Lini[Oz,(m +1,q)] = O1,(1,9),

where, the norm || - [|1, of the functions in the right hand sides are bounded by ¢ = ¢(n) > ¢ times
the norm || - |[s, of the functions in square brackets in the left hand side. From such relations, the
claim of the lemma follows easily. i

Proof of Proposition 4.1 The estimates in (179) follow trivially from (78) and (76).

To check (178), observe that £ = L5 35, and use (183) in Lemma 4.9 and (186) (with m = 7, k = 3,

¢=3n—1,and ¢ =30+ 1).

It remains to prove claim (ii). By (178), and (179), we see that for A, < 1/c, small enough one has:
1 -, (77) _

—— < inf inf [£[§]] < ¢ max [0]5],

c°n 0<z<Ao feD 1<j<m

where ¢/ = ¢ (n). Thus, for [ € D, z — 8(z,1) is ¢,~non-degenerate at order m = 3n* —2n —1 on the

interval (0,A,) with & = (¢"¢*")~1. i

Step 4: The Twist Theorem in neighborhoods of separatrices

We can now state and prove the Twist Theorem in neighborhoods of separatrices.

Proposition 4.2 Letke G ,0<i<2N,n >0, and A, as in Proposition 4.1-(ii). Then, there exist
a positive constant ¢, = c,(n,K) = ¢ such that, if K > c,, then

meas ({I € B’ (A,): |detdfn’(I)| <n}) <c, (|k|2”77)1/9”4 meas B}, . (187)

Before the proof, which will be based on two lemmata, we introduce the following

Notation 4.2 Given two non negative functions f and g we say that f < g if there exists a constant
¢ = c(n,k) = 1, depending only on n and K, such that f < cg. Similarly, given a function f and a
non negative function g, we say that f = O(g) if there exists a constant ¢ = c¢(n, k) = 1, such that
[fl < cg.

Lemma 4.11 There exists a constant ¢, = ¢, (n, k) > 1 such that, for every I € D and n > 0, one
has™

meas{z € (0,A,] s.t. [8(z,1)| < n} <c,n?, a:= m (188)
"8The algebraic relations are just calculus, while the estimates follow easily by (iterated) use of Cauchy estimates.

m = 3n2 — 2n — 1 is defined in Proposition 4.1.
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Proof If 2y < 21* estimate (188) is obvious. Consider the case zp > 2n?. Let
A =0t < 20/2.
By (183), (163) and (179) we have that®°

sup  sup|d(z, 1) < 1+ [log® A, | < 1/A, .
[>\177\0])\1/2 D

By Cauchy estimates

sup sup max 6352'1 e 7\m+2 =: M, 189
Lo s mae (350D < o/ (180)

for a suitable ¢, > 1, depending only on n, k. Now we want to apply Lemma 4.1 with
f=06, m=m, a=A,, b=A,, §=¢, Masin (189).

Then, we get o ) o
meas{z € (A,Ao) : |0(z,I)| <n} <n®, VIeD. (190)

Since the interval (0,2, ), has length A, = 7%, from (190) we obtain the measure estimate (188).
Now, recalling that & = |k|=2" (see (153)), we have:
Lemma 4.12 There exists c, = c,(n, k) = max{c,,c,} such that for k € G¢ , i odd and n > 0,
meas ({I € B’ : |detofh’(I)| < n}) < c, Ve (/& )onT meas D .
Proof Let Z,(I [) := ({z € (0,A] : 16(2, )| < n}. By (184) and (188) we get
m,, = m, (1) := meas(Z,(I)) < c,(n/&)*, vV IeD. (191)
Note that since A, < 1/2 (see (171)), by definition
m, <A, <1/2. (192)
Recalling (92), we define, for ITeDandn>0,
Z,(I) := {Iy € [ba, (D), b(1)) : | det[0%(h,(I) +E())]| < n}.

We have that

L,(I) = by (D) = {IL = b.(1) : 2 € Z,(I)}, (193)
since by definition of Z,, (173) and (170) §(z,I) = det [0 h, () + O3E (bz( A)] For every I € D and
n > 0, making the change of variable I, = b,(I), and noticing that 8,b, (1) = —edpl,(Ey (1) — ez, 1),
we get

- (193) -

meas(Z, (1)) = f a2 J dl, — J Jo.b(1)]dz
I,(I) bzn(i) Zn(I)

80Denoting, as usual, the A, /2-complex-neighborhood of the real interval [A,,Ao] by [)\1,)\0]7\1 /2-
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180
i) Ve |log z|d=.
Zy(1)

Moreover, recalling (192),

My
J. A |10gz|dz<J \logz\dz—i-f A |log z|dz < 2m,| log m,| .
Zy(I) 0 Zy(I)n(my,A0]

Thus, by (192), using 57 < & (see (188) and recall the definition of m = 3n?—2n—1 in Proposition 4.1),
we get
N 4 -
meas(Z, (1)) < vem,|logm,| < vem}/ " 2.
By (191), meas(Z,(I)) < \/5(77/60)1/9"4, for every I € D and 5 > 0. By Fubini’s Theorem, the claim
follows. I

Proof of Proposition 4.2 By (92) we get

) N By (D)
measB;, = J b(I)dI =J I1(EJr dl —J dIJ 6E11 E+(I) I)dE
D — (D)

) E,(I)-E_(I (89)
= MmeasD > [meaSD (194)
c\Ve c

Lemma 4.12 and (194) imply at once (187) if one takes ¢, > ¢, big enough. The proof of Proposition 4.2
is complete for ¢ odd. The changes for the inner case with i even are straightforward .

Let us indicate the changes one needs to do in order to prove the outer case i = 0,2N. Recalling (141),
(48), (20), by Cauchy estimates, we have (recall Notation 4.2)

n 3Tp
101831 par < VK2 008l p e < 1/(VERZH2). (195)

Note that the term 62g3 in (195) has a ‘big’ estimate, containing a /¢ at the denominator. However
this does not cause any problem, since, by the first lines in (180), (181) and (182) one has®!

¢onLE aifjgs =K ¥ 2 (1@log2)?,

where, the function in brackets belongs to F and has norm || - ||, bounded by a constant depending
only on n and k.
At this point, mimicking the proof for the inner case, one gets easily (187) also in the outer case

i = 0,2N, if one chooses ¢, big enough. The proof of of Proposition 4.2 is complete.

Step 5: The Twist Theorem far from separatrices in the inner case

Proposition 4.3 Let 0 <i < 2N.

(i) There exists a constant ¢, = c,(n,k) > 1 such that if K > ¢
| det 02h| > §,/25.
(ii) There ezists a suitable constant ¢, = ¢,(n, K, &,m) > c,, such that if K > ¢, and n < &/2°, then

, N < |k|, <Ko, then, on** B!,

5

meas ({I € B’ : |detdth(I)| <n}) < EO(|I<:\2"77)% meas B}, . (196)
81The regularizing term (¢ defined in Lemma 4.8.

82Recall the definition of B,, = B in (170).

far
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Remark 4.3 Notice that by point (i), the set {I € B,, : |det d?h(I)| < n} is, for n < &/2° empty.
Therefore, in proving point (ii) one needs to consider only |k|, < N.

For definiteness, in the proof of Proposition 4.3, we consider only i odd, as the case i even can be
treated in a completely analogous way.

First, we prove some perturbative estimates on the derivatives of the energy.

Recalling the definition of Z = Z¢ in (170) with A, as in Proposition 4.1-(ii), and notice that Z only
depends on n, k. Then, the following estimates hold.

Lemma 4.13 There exists ¢, = c,(n,K) > 1 such that, defining T, := +/€/c,, one has, for I €

I2r* X b,
|01, E| < c,v/€, |07.E| <c,, ‘aifE‘ < Cilho |02E| < c4po (197)
and
|0LE — 01,E| < cgv/ep. (198)

Proof Recall the definitions in (92) and (146). Then:

~
fily
—
=
+
—
~>
-
\
m
‘>‘
o]
~>
S~—
\
(=l
>
WV
~i
fily
—
s
\
m
>
5
—

which imply Z x D € Bi(A/8).
Now, we can take ¢, > 1 big enough so that (recall (96)) Za, x Dc (B’,’;O\O/S))pA e Thus, by (97)
we get® (197). -
Now, observe that by the definitions in (170) and (146) we get E(Z) = (E_, E+ — €Ao/2). Then,
recalling (82), by the first estimate in (197), we get

E"(1-2r*) < 5?\0/8 ) E(IQr*af) = 57\0/8 ) Vi € D7 (199)

taking c, big enough.
Let us, now, prove (198). Observe that

or,E(I) — 0r,E(L1) = (6Ef1(E(Il)) — aEll(E(Il),f))ale(I) -on,E(),
so that

sup |aI1E(I) - allﬁ'(Il)'
1-21-* Xﬁ

830bviously the first two estimates holds also for E = E|,—g.

o1



(199) _ . _ (83),(197)
< sup |OphLi(E) - 5EI1(E,I)‘ - sup ‘511E(I) “OnE(L)| <
SAD/Sxﬁ Igr* xD

Next, we provide perturbative estimates on the twist.

By Cauchy estimates, from (198), there follows

sup |07 E— 07.E| < .
I&xf)

Hence, by (155) and (197), on Z,_x D, we get®*

det 67h = (7,E) - det 8%h, + O(o) = (61,E + O(n)) - det 02h, + O (1) -

Veu.

(200)

(201)

Now, by (163), (76), one has that § ! < K?" and p,/& = O(K3"). Finally, since, by (48), p = 1/K°",

from (201) one gets at once the following

Lemma 4.14 Let r, be as in Lemma 4.13, 0 <i < 2N, and Z = I* as in (170). Then,

|det 3n(I)| = &[g(I)|,  VIeZ, x D,

with )
g(I) = 6} E(I)) + O(K™®"), VIeT, xD.

(202)

(203)

Proof of Proposition 4.3 (i) Since |k|, > N, G = “26% m,, f in (55) is close to a cosine, as proved in
Lemma A.1 in Appendix. Hence, (84) in Proposition 2.1 holds, so that by (202) and (203), taking c,

large enough and K > c,, the claimed estimate |det d%h| > §&,/2° follows.

(ii) Recall (146). Since A — by is a decreasing function, we get BAO/Q < b = by. Rescaling we get
7:= (0,bx,/2/b) < (0,1) so that bZ = Z. Recalling (92), by (75)=(78) we have that b < /€. Then,

choosing 0 < r < 1 small enough, we have that
Bj-gf o= Ir* .

By (147) we get ) B
01, E(I1) = Fg(I1/b).

By (203) and (204) we get

g(bz, I) = Fg(z) + O(1) + O(po/8) uniformly for (,1) € Zoz x D.

By (197), (204) and (205) we get
sup |Fg| < 1.
iZf

For I € D, set®

IT’Y(IA) ={lL eZ: |detdin’(I)| <n}, () :={xzel: |gbz,I)| <n/s}.

n

84Recall Notation 4.2.
85Recall that T := (0, by, /2) in (170).
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By (208) and (202) we have that, for every I € D,
meas Z, (1) < bmeasZ) (I) < v/e measZ/ (). (209)
using b < /€. Before estimating measi’](f ) we need the following bound:
1/2 < by, j2/b. (210)

Recalling (92) we have

o Ei @80 E,—FE (9
f o W E - B e o)

5 ELZ cve cK

Recalling (170) we have by®® (83) that, for 0 < z < A,/2, drli(E; — €2) < c?|log z|/+/€. Therefore

b L(EL) —L(Ey —eA/2 Nof2
1 Pelz 1(E4) 1€ + —€ /):Sf opl (B, — ez)dz
b b Jo
(211) Ao/2 (171) 1
< CgKJ |log z|dz < c*Ao log |Ao| < 2
0

proving (210).

Let us come back to the estimate of measi';](f ). Recalling Definition 4.3 we have that F is &-non-
degenerate at order m. By (206), (207) and Cauchy estimates, taking p and®” p,/8, small enough (i.e.,
K > ¢, for a suitable ¢, arge enough) depending only on k, n, & and m we have that the function
x — g(bz, ) is (£/2)-non-degenerate at order m. Now we want to apply Lemma 4.1 with 7 replaced
by 1/8, and with the following choices:

T S (210) _ _
fe)=g(ba D), m=m, a=0, 12°< b=byph<1, £=&2;

the constant M controlling the derivatives of f, by (206), (207) and Cauchy estimates can be bounded
by 1 < M < ¢, /2" for®® for a suitably large constant ¢, « depending only on n and k. In conclusion,
by Lemma 4.1, we get

measi}’](f) < cm(:;::l + 1) (&)i .

Then (196) follows by (163), (209) Fubini’s theorem and (194). The proof of Proposition 4.3 is com-
plete. i

Step 6: Uniform twist in outer regions far from separatrices
Recall the definition of the twist 84 in the outer regions in (161), and that & = |k|~2" (see (153)).

Proposition 4.4 Let i = 0,2N. Then, there ezists a suitable constant ¢, = c,(n, k) > 1 such that if
K= c,, then on B!
85| = &/2.

86Note that condition (81) reduces here to A < 1/c since we are considering 1, namely the case p = 0. In any case
one can prove the estimate also directly by (75) and (76).

87% is defined in (153).

88Recall that ¥ = ¥(n, k) was chosen in (204) small enough.
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Proof Taking A = A,/2 in (97), on B’ , we have that™
9], M| <1/KZ"L. (212)

By (48) and (76), we also have

1
) Ho <

< { —o—— .
n K%n+1

|5
-

wlo

K

Then, recalling Definition 2.4 and (48), we get |E| < 2R? < 2eK9n+4.
Now, it is a general fact that, in the outer case, the unperturbed energy function is strictly concave,
as it follows from the following simple consequence of Jensen’s inequality”".

Lemma 4.15 Let i = 0,2N. Then, for every E > Ey = Ey, 07 EN(I{(E)) > 2 .

The proof is given in Appendix.
Now, since estimate (200) still holds in the present case i = 2N we get by Lemma 4.15, ﬁiE > %ﬁiﬁ =
1, so that the claim follows by (161), (212) and (163). i

Step 7: Conclusion

Proof of the Twist Theorem 4.1 Let A, = A,(n, k) be as in Proposition 4.1-(ii), and let ¢, =
c, (n, k) = 1 be such that the second estimate in (171) holds if’* K = 1/u®" > c,. Then, by Lemma 4.7,

By =B _ (A)UuB (), VO0<i<2N. (213)

near far

Define”?
¢, := 2max{c,,c,,C,,C,,Cq, C, } - (214)

Let us consider first the outer case i = 0,2N. Recall the definition of b in (154). By Lemma 4.4,
Proposition 4.4, Proposition 4.2, and by (214), we find
meas ({ I € By : |detd7hj,(I)| <n}) = meas({IeB;: }6§(I)| <n})
= meas({IeB’ (\,): |detdin’(I)| <n})
< ¢, (\k|2"77)1/9"4 meas B},
=" e, ([P )" meas B

<" ¢, (|k[*"n)® meas Bj, ,

proving Theorem 4.1 in the outer case ¢ = 0,2N.
In the inner case 0 < i < 2N, Bi = Bi (compare (108)) and, since K > ¢,, (154) follows by (213),
(187) in Proposition 4.2, and (196) in Proposition (4.3). |

89The quantities ¢ and M are defined in (160).
90 E; is defined in (68).

91Recall (48).

92Recall that ¢, > ¢, > max{c,,c;} > c,.
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5 Maximal KAM tori and proof of the main results

In this final section we show that primary and secondary maximal KAM tori of H span the comple-
mentary of R? x T" apart from an exponentially small (in 1/K) set and prove the results in Section 1.

To construct such tori we shall use the following ‘KAM theorem’.
Theorem 5.1 ([10]) Fizn = 2 and let D be any non—empty, bounded subset of R™. Let
H(p, q) := h(p) + f(p,q)
be real analytic on De x T, for some vt >0 and 0 <s < 1, and having finite norms
M:=|02h]: Ife.s - (215)
Assume that the frequency map p € D — w = dph is a local diffeomorphism, namely, assume:

d := inf | det oh| >0, (216)

and let dy := d/M™ and ry := d2v. Then, there exists Cyx = Cy(n) > 1 such that, if

_ ‘f|t,5 _ di 54(n+1)

< , 21
M2 Cs (217)
there exists a set T < (D, N R™) x T formed by primary KAM tori such that”®

meas ((D x T")\T) < C /e, C:= (max{dZr, diamD})" - Cu (218)

dRTs g3m+1)

This statement is an immediate corollary of Theorem 1 in%* [10].

Remark 5.1 (i) Note that in the formulation of Theorem 5.1 the action domain D is a completely
arbitrary bounded set and that the smallness quantitative condition (217) depends on D only through
its diameter, which in our application depends on k. For a similar statement, which takes into account
the geometry of D, see [19)].

(ii) We point out that the smallness condition (217) can be rewritten as

218 4n+4
v?d® s
If[p,e,s < A= (219)
(iii) Finally, observe that, since”® d, < 1, estimate (218) implies
n Cy Mn’+5n—1/2
n . /
meas ((D x T )\T) < (maX {t7 dlamD}) . W |f|D,t,5 . (220)
93Here ‘meas’ denotes the outer Lebesgue measure.
941n Theorem 1 of [10] take 7 = n and substitute A with its maximal value 2 - n!d;" (see (14) of [10]).

95Indeed the absolute value of any eigenvalues of the symmetric matrix 6gh is bounded by M, which implies d <
supy | det 02h| < M™.
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KAM tori in the non—resonant region

Proposition 5.1 Let the assumptions of Theorem 2.1 hold. There exists a constant C, = Co(n, s) = ¢,
such that, if Ko = Co, then there exists a family of primary mazimal KAM tori T° invariant for the
Hamiltonian H in (1), satisfying

meas (R x T")\ T°) < Co y/ee Xo/6. (221)

Remark 5.2 The above result is essentially classical, and, in fact, no genericity assumptions on the
potentials are needed. However, there is one delicate point related to the KAM tori near the boundary.
Indeed, primary tori oscillates, in general, by a quantity of order /¢, and naive applications of classical
KAM theorems would leave out regions near the boundary of the phase space of measure ~ 4/¢. Such
a problem is overcome by using the second covering in (34) in Theorem 2.1, which is introduced so
that (40) holds; compare, also, Remark 2.2—(ii).

Proof of Theorem 5.1 We apply the KAM Theorem 5.1 to the nearly—integrable Hamiltonian H,
in Theorem 2.1—(ii). More precisely, we let’"

’ 2042
T, +/EK2

2
h(p) = %—f—ggo(p)’ f=cf°, D=RY, t= PR s =min{3,1}.
By (36) and Cauchy estimates we get
M<2, fles<ee ™™ d=1/2.

If K, is taken large enough (larger than a constant despending on n and s) the KAM smallness
condition (219) is satisfied, and the KAM Theorem 5.1 yields the existence of a set TV of invariant
tori for the Hamiltonian H, in Theorem 2.1—(ii), which, by”" (220), satisfy

meas ((R® x T")\ T?) < Cov/ee %/0, (222)

for a suitable constant C, = Cy(n, s) large enough (so that also the condition on K, is met). Since the
map ¥, in (40) is symplectic, the family of tori 70 := ¥, (7°) is formed by KAM invariant for H in
(1). The first relation in (40) and the bound (222) imply (221). i

KAM tori near simple resonances

Now, we turn to the construction, in all neighbourhoods of simple resonances, of families of primary
tori for the nearly—integrable Hamiltonians #;. of Theorem 3.1, for all k € Gg' and 0 <4 < 2Nj,. Note
that such tori correspond, in the inner case 0 < i < 2Ny, to secondary tori for the Hamiltonian H.

Let us introduce zones B,i (A,m) < B,i, which are A—away in energy from separatrices and where the
twist is bounded away from zero by a quantity 1 > 0, namely (recall (111), (108)), let us define:
Bi(A\,n) :={I € Bi(\) s.t. |det ?n(I)| > n} < Bi. (223)

96Recall Theorem 2.1, the definitions (20), (32) and (21).
97Notice that the hypothesis K < e~ (On+4) implies that v < 1, so that max{dQM_Z"t, diam D} = 2.
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Proposition 5.2 (KAM tori for H}c) Let the assumptions of Theorem 3.1 hold. There exist positive
constants C, = C,(n,s,8) > 1 and C, = C,(n,s,3,0) = ¢, such that the following holds. Let k € Gg ,
0<i<2Np;0<A<1/c, and 0 <n < 1/2. Then, if

1
K> C, log p (224)
1

there exists a set T, of mazimal KAM tori for the Hamiltonian Hj, in (110) such that

meas ((By(\,n) x T")\ T7) < C,e /7. (225)
Proof We apply the KAM Theorem 5.1 to the Hamiltonian #} of Theorem 3.1 with (recall (110) and
(111)):
1
t=p, = \/E?\|log?\|7 §=0,=———. (226)

Note that, by (114) and (56), 0 < A < 1/c, < 1/8¢,, which implies easily vt < r and s < 1. Also, since
c, = ¢ (see Theorem 3.1) and K7 > 2™ > n, one has p, < p, /n.
In the following arguments we denote by c¢(-) possibly different constants depending only on the

quantities inside brackets.
We first have to estimate M in (215), namely, 07ht. By (97), (76) and (74) we get

(227)

>3,

sup |0%Ei| <
(GCHOPN

In the case 0 < i < 2Ny, by (111), we have B (A) = B} (A). Therefore, recalling (110), we can bound
|07hj,| by c(n, s, B)/A.

The estimate on [0%h} | in the case i = 0, 2N}, needs some extra attention. In particular fix i = 2Ny
(the case i = 0 being analogous). Recalling the definition of j in (106), (108) we have that 6%]’3*

depends only on I and not on I;. Moreover by (20), (33), (59), (48) and Cauchy estimates we get

. - _ cn)lkl?
sup 074, | <c(n),  sup |07 | < —= . (228)
iy iebs T WEK
Recalling Definition 2.4, (97) and (48), we have that
4 KQJ/
sup  |E*Nr| <4R? = ECT.
(B (A) o,

Then, by (97) and (48) we get

sup |0, E*V| < éy/8cqe + 4eK2|k| 4 < 4e/eKY k|72
2Ny,

B ),
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(taking K = c; defined in (48)). Finally, recalling also (111), (124), (227), (228) , we get by the chain

rule
sup  |2(E o 1,)| < S P)

Bk ()« A

By (215), (226), (110), (163) (and that v < r), we finally get

M<|k|2%, V0 <i<2Ng. (229)
Next, by (226) and (113),
|f]es <ee X3, (230)

By (216), (226) and (223), we get

M* e(n,s, )

d = 27" k" d —< == 231
R (231)
By (48), (16) and using K, < 6K, we have:
€ Kg+2 Kos K2 Ks/6 )

- < < 232
€  8cil € 6nt3c o (232)

It is now easy to check, by (229), (230), (231) and (232), that the KAM smallness condition (219) is
satisfied taking K as in (224) with C, large enough. By the KAM Theorem 5.1 we, then, obtain a set
T of invariant tori for the Hamiltonian in (110), which, in view of (220) and by (229), (230), (231)
and (232), satisfies (225) with a suitable constant C, = C,(n, s, 8); in particular, note that, by (140)
and (226), the maximum in (220) is estimated by c(n)KQQ.

Putting together these KAM statements and the Twist Theorem 4.1, the proof of the results stated
in Section 1 follow easily.

Proof of Theorem 1.1 and its corollaries

By Lemma 1.1, since f € G?, there exist 6, 8 > 0 such that (16) and (17) hold with N as in (15). Let
K, :=K/6,

with K > 12 and let « be as in (20). Then, Assumptions 2.1 hold, and we may let the Definitions 2.3
hold. Let ¢, = ¢,(n) and ¢, = ¢, (n, s,d) be as in Theorem 2.2, and assume that”®

K = 6 max{c,,c,}. (233)

Then, Theorem 2.2 holds and we may define the parameters & > 0 and m > 1 as in Definition 4.3 with
respect to standard Hamiltonians Hy, (with |k|, <K,) of Theorem 2.2—(ii).

We now let b < 1 as in (154), C, = C,(n, s,5,d) be as in Proposition 5.2, and define

n:i= ¢ T , A:i=1nP. (234)

98Eq. 233 implies that K > 12.
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Notice that, with such definitions, it is

1
K=C,log . (235)

(compare (224)).
With these premises, let us turn to the proof of the claims of Theorem 1.1.
Claim (ii) has already been proven in Lemma 2.1 above.
Next, we define the set of maximal KAM tori 7 for H as it appears in item (iv) of the theorem.
Let C, = Co(n, s) as in Proposition 5.1.There exists a constant
¢ =¢(n, s, B,d,m) = max{C,, 2C, c, /b},
such that, if K > ¢, then
2n7] (224)

K
on — e
K K*"e &0+ L1,

Assume that

\%

K>t (236)
Then, A = 7® in (234) is smaller than 1/c, and (recall (153))

1
N = < 3 (237)

&

Thus, in view of (235), by (236) the assumptions of Propositions 5.1 and 5.2 are satisfied, and we can
define the following families of tori”":

7;1,]{7 = ¢7€(77€1)’ Tl,k = U 7;1,](2’ 7—1 = U TLk,
0<i<2N}, keGy (238)

T:=T°uT'.

Observe that T are invariant tori for Hi in (110), while 7;1’]“, 71 and T° are invariant for the original
Hamiltonian H.
Thus, 7 is a family of maximal KAM tori for H as in item (iv) of Theorem 1.1.

Claim (i) follows, now, immediately by (23), setting
A= (ROURY) x T\ T. (239)

It remains to prove claim (iii), namely, the exponential measure estimate on A.
Observe that by (239) and (238)

AS (ROXTONT?) U (R x TONTY) < (RO TNT) o [ (RVF x THONTHF. (240)

keGyg!

We now need the following elementary result, whose proof is given in Appendix.

Lemma 5.1 If f € B? satisfies (17), then, for any k € G, the number 2N}, of critical points of ,, f
is bounded by € := max{4,m/8/8}.

99T is defined in Proposition 5.2, 79 in Proposition 5.1 and ¢¥ in (112).
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Obviously, the hypothesis of this lemma are met by our fixed potential in G?
measure estimate holds.

and the following

59

Lemma 5.2 Let A as above in (234) and ¢ as in Lemma 5.1. Then, for any k in G , one has

meas ((RYF x T™)\ 7HF)
S n = g n 7 241
< ¢, meas (7'\’,17’C x T")A|log A + ¢ (Jhax, meas ((Bk(?\) x T )\7;) . (241)

i
Proof Since ¢} in Theorem 3.1 is a diffeomorphism, one has

(RUF s T THE 2 (REE T (| 9b(T))

0<i<2Ng

c (R <) U ekBo <)o U ek((B0) x TN,

0<i<2Nj 0<i<2Nj

then, passing to measures, using (136), the fact that ¢? is symplectic and Lemma 5.1, we get (241).

Now, assume that, together with (233) and (236), it is also K = ¢,. Then, recalling (237), Theorem 4.1
holds. Thus, recalling (223), observing that

Bi(A\) = {I € Bj s.t.|detothy(I)| <n} v Bj(An),
by (154) and (225) we get
meas ((B x TNTE) < ¢ (|k]|*"n)° meas B}, + C,e */7. (242)

Now, by (240), (221), (2 1), (242), (140), (234) and since |k|, < K, = K/6 we get, for a suitable
constant'’’ ¢; = ¢; (n,s,4d, 3, &,m),

meas(A) < ¢ K2e K/e ¢, 1= max {36/s,2C, /b} . (243)
Finally, let
c=c¢(n,s,0,0,&m) = 1+c, (244)

be such that, if K > ¢, then ¢; K?"e %/¢ < e ¥/(+¢) Then, if K > c, claim (iii) follows, and the proof
of Theorem 1.1 is complete. 1

Remark 5.3 Notice that 70 is a family of maximal primary tori for H, and so are the families Tl ok

for all k € G and i = 0,2Nj. On the other hand, 7;1 F for all k e Gx, and 0 < i < 2N}, are families of
maximal secondary tori for H. In particular these families do not bifurcate from integrable tori.

100To get (243), use the following: € < K™7 < 1 (compare (11)); meas (ﬁl*k x T") < ¢(n), as RUF < {y: |y < 2}

[logA| = cl(;%_*_b)K; meas B! < ¢, by (140); #Gg, < (2Ko +1)™.
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Proofs of Corollaries 1.1 and 1.2

Proof of Corollary 1.1 As already pointed out in § 1, Corollary 1.1 follows trivially from Theorem 1.1
and the measure estimate (12), by taking K := c|loge|, ¢ := 1+ (27)"c,¢?, and &, so that eK¥ < 1 for
e<e. 1

Proof of Corollary 1.2 Let n = 2. We claim that R? in (23) satisfies
R?2c {yeR?: |yl <2}, (245)

Fix y € R?. Then |y| < 1 and there exists k € Gg such that |y - k| < a/4 (since y ¢ R"). Moreover,
since y ¢ RY*, there exists £ € G2\ Zk such that

6o

|y - £) < R (246)
Then, |myy| < a/(4]k|) < a/4. Moreover, since £ ¢ Zk,
i |k1ls — kot 1 i i i | iyl
f|=—"—""">_—, A = l = ,
|Wk | |k| |k| |ka ‘ |ka||ﬁk | |k
which implies, by (246), | my| < 6aK. In conclusion
ly| = | Ty + Tyl < Tak 20 7\/eK2 (247)

Now, let @ := (1 — a)/24 and K := 1/( ¥/7e%). Then, (245) follows by (247).
Finally, let e, < 1 be so small that eKY < 1 is satisfied for any ¢ < €,. Then, by the estimate in
Theorem 1.1-(iii), we get

meas(A) < meas (({5“/2 <yl <1} xTY\T) < ¢ T < ¢ e [ |

A Proofs of elementary lemmata

Proof of Lemma 1.1

Assume f € G for some s > 0 and let 0 < dp < 1 be smaller than

. Q)

lim | file™ k)7 > 0.
[k|; =+

kegm

Then, there exists No such that |fz| > 50‘]€|;"67‘k‘15, for any |k|, = No, k € G¢,. Since lims_.oN = +00, there
exists 0 < & < do such that N > No. Hence, if |k|, = N and k € G¢,, (16) holds.

Since m,, f is, for any |k|; <N, a Morse function with distinct critical values one can, obviously, find a § > 0
for which (17) holds.

To prove the ‘if part’, we need two lemmata. The first lemma can also be found in [15] (compare Proposition 1.1
there); for completeness, we reproduce the simple but instructive proof also here.
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Lemma A.1 Let f € B} such that (16) holds. Then, for any k € G™ with |k|, = N, there exists 0) € [0,2m) so
that

Ty £(0) = 2| fiu| (cos(0 + 0r) + FE(0)), FEF(0):= 2\ka DT fne?, (248)

|31=2

with E¥ € B and |FF|; <271,

Proof We write m,, f as

Do fwe? = 3 e+ Y fine?

Jjez\ {0} [7l=1 l71=2

and, defining 6y, € [0, 27) so that €'%* = fi./| fx|, one has

fr o (046,
eV’ = ——¢e" ) = Ree k) = cos(f + O%) ,
A T e = Repge”) 0+ 0)

which is equivalent to (248). Now, since | f|ls < 1 (so that |f| < e™*1%), one finds, for |k|, > N,

52 |k| P L M S IR AP
L S e COS il < Ty b
2|f | l71=2 l71=2 20 l71=2
2e% k[T s 2"TRe? _Fhe k| s\ Ik 2n\" 2e% _IFls 40
ST ¢ T ¢ (T)e Ce(T) e e
where last inequality follows since |k|, = N (see (15)). 1

Now, assume that (16) and (17) hold for some § € (0,1] and 8 > 0. Then, from (16) follows immediately (9).
It remains to prove that (10) holds for any k € G™ with |k|, > N. In view of Lemma A.1, the thesis follows
from the following elementary

Lemma A.2 Let F e C*(T,R), § and 0 < c < % are such that'®" |F — cos(6 + 0)|c2 < c. Then, F has only
two critical points and it is (1 — 2c)—Morse.

Proof By considering the translated function § — F(6 — ), one can reduce oneself to the case § = 0 (note
that F is B—Morse, if and only if § — F(6 — ) is f—Morse).

Thus, set § = 0, and note that, by assumption |F’| = |F’ + sinf — sinf| > |sinf| — ¢, and, analogously,
|F"| = | cosf| — c. Hence, |F'| + |F"| = |sinf| + | cos | — 2¢ = 1 — 2¢c. Next, let us show that F' has a unique
strict maximum 6y € I := (—n/6,7/6) (mod 27). Writing F' = cosf + g, with g := F — cos#, one has that
F'(—m/6) = 1/2+4 ¢'(7/6) = 1/2 — ¢ > 0, and, similarly F'(7/6) < —1/2 + c, thus F has a critical point in I,
and, since —F” = cosf — g" > cosf — ¢ = +/3/2 — ¢ > 0, F is strictly concave in I, showing that such critical
point is unique and it is a strict local minimum. In fact, similarly one shows that F' has a second critical point
01 € (m — /6,7 + 7/6) where F is strictly convex, so that 0 is a strict local minimum; but, since in the
complementary of these intervals F is strictly monotone (as it is easy to check), it follows that F' has a unique
global strict maximum and a unique global strict minimum. Finally, F(6y) — F(61) = +/3 —2c > 1 — 2c and

the claim follows. I

101 || g2 := maxo<r<a sup |F(%)|. Note that, by Cauchy estimates, | F|c2 < 2|F|1.
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Proof of Lemma 2.3
First note that by (42), (43) and (44)

(1= wpi — (1+ w27 <H(p,q) < (1+wpi+27°7). (249)

By the first inequality in (249) we have that if (p, q1) € M(p) then p? < W

than (R + r/2)? by (66) and (44). This proves the second inclusion in (67).
By the second inequality in (249) we have that if |p1| <R+ r/3 then Hy(p,q1) < (1 + p)((R+1/3)% +27'%r?),
which is smaller than E, again by (66) and (44). This proves the first inclusion in (67).

, which is indeed smaller

Proof of Lemma 3.2
Let (J,9) € D¢r x T¢,. Then there exists Jo € D such that |J — Jo| < {r. Set

w(z) = (Jo+ £(J — Jo), Rep + $ Im 1),

with Re := (Ren,..., Rety,), and analogously for Im . Note that w({) = (J,%), and that w(z) € D, x T}
for every |z| < 1. Consider the holomorphic function G(z) := g(w(z)) defined for |z| < 1. Then, |ImG| < &
for |z] < 1. Let w and v be real harmonic functions such that G(z) = u(z,y) + iv(x, y), where z = x + iy. Since
by hypothesis sup|,|; |v] < &, by interior estimate of derivatives of for harmonic functions'®? we have that
SUP|.|<1/2 |ve| < 4€ and analogously for v,. By Cauchy-Riemann equations, the same estimate holds for u.
Therefore sup|, <15 |G'| = sup|, <12 [t + ivz| < 8€. Since w(0) = (Jo, Rey)) € D x T™ and g is real analytic,
we have that G(0) = g(Jo, Re®) € R. Then, for any 0 < ¢ < 1/2, by the the mean value theorem, we have
that
| Tmg(J, )] = | G(Q)] = |TmG(Q) — InG(0)] < |G() - G(0)] < s¢e.

Proof of Lemma 4.6

Let us consider first the case P = I4. Consider the unitary matrix U diagonalizing Q, namely U QU = A =
diag; < j<4A;- Note that |Q| = [A| = maxigj<alNj| = A. Then U™ (Ia+ QU = I+ A and det(Ia + Q) =
det(I + A) = (1 — \)%, proving the case P = L4.

Consider now the general case. Write P + Q = P1/2(Id + P71/2QP71/2)P1/2. Note that, since P~? is sym-
metric, then P~/2QP~'/2 is symmetric too. Since |P~Y2QP~12| < |P~Y2?|Q| = |P7!||Q| and det PY/? =
(det P)Y/2, from the previous case the general case follows.

The final claim in Lemma 4.6 follows, as (1 — A\)% = 1 — d\. i

Proof of Lemma 4.15

First observe that the cases i = 0 and i = 2N are identical since
R(E)=0Y(E), E(L)=©8"1).

Let us then consider the case i = 2N. By definition,

BN(E) = % L " VE= G(z)dz, (250)

1023ee Theorem 2.10 in [24].
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so that, by Jensen’s inequality,

(20811 (E)

(| Tam®) <5 |, et - @),

and the claim follows by (143). i

Proof of Lemma 5.1
Consider first the case |k|, > N. By Lemma A.1, F* := m,, f/2|fi| satisfies

|EF — cos(0 4 0x)[1 < 27*.

Thus, by Cauchy estimates we get | " —cos(f +60x)[ 2 < 27, so that by Lemma A.2 it follows that 2N}, = 4.

For the case |k|, <N we need the following elementary observation:
Lemma A.3 If G is f—Morse, then the number 2N of its critical points is bounded by m+/2 maxr |G"|/B.

Proof If 6; and 6; are different critical points of G, then, by Taylor expansion at order two and by (14) one
has 8 < |G(0:;) —G(8;)| < % (maxr |G”])|0; — 0;|*, which implies that the minimal distance between two critical

points is at least 4/28/ maxr |G”|, from which the claim follows. |

Now, by (17) we know that =, f is S—Morse, and since |f||s < 1 we have sup\ . )" Z Ifinli® <
Jj#0

Z (fljlj2 < 4. Then, by Lemma A.3, the claim follows also in this case. |
j#0
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