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Abstract

Arnold’s “Fundamental Theorem” on properly—degenerate systems [3, Chapter IV] is revisited and improved
with particular attention to the relation between the perturbative parameters and to the measure of the
Kolmogorov set. Relations with the planetary many—body problem are shortly discussed.
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1 Introduction and Result

1.1 A problem that one often encounters in applications of KAM theory is related to the presence of
degeneracies.

An important example (which actually motivated the birth of KAM theory) is the problem of finding a
positive measure set in phase space corresponding to quasi—periodic motions in the planetary (1 + n)—
body problem (i.e., 1 + n point masses interacting only under a gravitational potential modeling a
system formed by a star and n planets). In this case the integrable limit (i.e., the n uncoupled two—-body
systems formed by the star and one planet) does not depend upon a full set of action—variables (“proper
degeneracy”) and therefore typical non—degeneracy conditions (such as Kolmogorov’s non—degeneracy
or Arnold’s iso—energetical non—degeneracy) are strongly violated.

To deal with properly—degenerate systems V.I. Arnold developed in [3] a new KAM technique, which
is summarized in what he called the “Fundamental Theorem” [3, Chapter IV]. Arnold then applied the
Fundamental Theorem to the planar, planetary, nearly—circular three-body problem (n = 2) proving
for the first time relatively bounded motions for a positive set of initial data.

A full proof of this result in the general spatial many—body problem turned out to be more difficult than
expected. After an extension to the spatial three-body case [14], a first complete proof was published
only in 2004 [9], where a different (smooth) KAM technique (due to M.R. Herman) was used; for a
real-analytic proof, see [6].

In this paper we revisit and extend Arnold’s Fundamental theorem so as to weaken its hypotheses
and to improve the measure estimates on the Kolmogorov set (i.e., the union of maximal invariant
quasi-periodic tori).

1.2 In properly-degenerate KAM theory it is not enough to make non-degeneracy assumptions on the
unperturbed limit (as in standard KAM theory).
To describe a typical setting, let us consider a Hamiltonian function of the form

H(I,¢,p,q;p) == Ho(I) + puP(I,0,p,q; 1) , (1.1)

where! (I,p) € V x T™ C R™ x T™ and (p,q) € B C R?"2 are standard symplectic variables; here V'
is an open, connected set in R™ and B is a (2ny)-ball around the origin; 2n, where n := n; 4+ ngy is the

dimension of the phase space
P=VxT"xB, (1.2)

which is endowed with the standard symplectic two—form

ni na

dI Ndp+dp Adg =Y dI; Ndp; + ) dp; Ndg; .
j=1 j=1

The Hamiltonian H is assumed to be real-analytic.

When the perturbative parameter p is set to be zero (in the planetary case u measures the ratio between
the masses of the planets and that of the star) the system is integrable but depends only on n; < n
action—variables. A typical further assumption is that the averaged (or secular) perturbation,

By(p.g; I, p) := / (1.3)

dp
P(I,¢,p,q; 1)
T (

2m)m

has an elliptic equilibrium in the origin with respect to the variables (p, ¢). Under suitable assumptions
on the first and/or second order Birkhoff invariants (see [10] for general information) one can guarantee
the existence of maximal KAM tori near the “secular tori”

{I} x T x T2, (1.4)

LT denotes the standard n—dimensional flat torus R™/(27Z").



where 7 = (M1, ..+s My )s T})* denotes a ny—dimensional torus given by the product of na circles of radii
n; > 0 and € := maxmn); is small®.
More precisely, Arnold makes the following assumptions?:

(A1) I € V — 01Hy is a diffeomorphism;

no no n2

1 i+ a4
(A2) By(p,g 1) = Po(f)+z;Qi(I)7“i+ 3 '21 Bij(I)rirj + | zk: 1 Niji(I)rir7 + 06 Where 1; := RS
i= i,j= i,5,k=

and o6/|(p,q)|° — 0 as (p,q) — 0;

(A3) the matrix of the second order Birkhoff invariants is not singular, i.e., | det 8(I)| > const > 0 for
alll e V.

We can now state Arnold’s Fundamental Theorem. Denote by B, = B2"2 = {y € R?"2 : |y| < ¢} the
2no—ball of radius € and let
Pe:=V xT" x B, (1.5)

and recall the definitions of H and the phase space P in, respectively, (1.1) and (1.2).

Theorem 1.1 (Arnold’s “Fundamental Theorem” [3, p. 143])
Let H be real-analytic on P and assume (Al)+(A3). Then, there exists €, > 0 such that, for

0<e<e, 0<p<e, (1.6)

one can find a set KK C P. C P formed by the union of H—invariant n—dimensional tori close to the
secular tori in (1.4), on which the H-motion is analytically conjugated to linear Diophantine* quasi—
periodic motions. The set K is of positive Liouville-Lebesgue measure and satisfies

meas K > (1 — const €*) meas P, , where a :=1/(8(n+4)) . (1.7)

Remark 1.1 By Birkhofl’s theory (compare Proposition 2.2 below), the expansion in (A2) for B, may
be achieved if one assumes that (p,q) — Py (p,¢;I) has an elliptic equilibrium in p = ¢ = 0 and the
first order Birkhoff invariants €2; are non resonant up to order 6, e

)

na
‘Zﬁj(f)kj‘zconst >0 VIeV, ¥ 0<|k|<6, kezZm. (1.8)
j=1

In this paper we relax condition (1.6) and replace assumption (A2) with either

(A2 (p,q) — Bw(p,q;I) has an elliptic equilibrium in the origin p = q = 0 and the first order Birkhoff
invariants are non resonant uo to order four, i.e. , they verify (1.8) with 6 replaced by 4.

or

g 1 P
(A2") Ry(p,q;1) = Po(D) + Y ()i + 3 > Bij(Irirj + oa with r; == % and o4/|(p,q)|* — 0
i=1

ij=1
as (p,q) — 0.

We shall prove the following two theorems.

2 An interesting point is what is the relation between € and pu, especially in view of physical applications (in the planetary
case € measures the eccentricities and relative inclinations of the star—planet motions): this matter will be further discussed
in the following.

3From now on we drop the dependence on p of the perturbation, assuming that such dependence is smooth enough,
say C1, and that the norms are uniform in pu.

4I.e., the flow is conjugated to the Kronecker flow 8 € T? — 0 4+ wt € T", with w = (w1, w2) satisfying (1.19) below.

5Here and below, for integer vectors k € Z™, |k| := |k|1 = ;”:1 |k;|. See also notation in Chapter 2.



Theorem 1.2 Let H be real-analytic on P and assume (A1), (A2') and (A3). Then, there exist positive
numbers €., sy, Cx and b such that, for

0<e<e, 0<pu<pu, (1.9)

< N
a C,(loge=1)2b °
one can find a set K C P formed by the union of H—invariant n—dimensional tori, on which the H—-
motion is analytically conjugated to linear Diophantine quasi—periodic motions. The set K is of positive
Liouville—Lebesgue measure and satisfies

meas P, > meas K > (1 - C, (\/ﬁ (loge 1) + ﬁ)) meas P, . (1.10)

Next theorem needs stronger hypotheses on p but there are no conditions on the first order Birkhoff
invariants.

Theorem 1.3 Let H be real-analytic on P and assume (A1), (A2") and (A3). Then, there exist positive
numbers €., s, Cix and b such that, for

0

0< < €4 , 0< < Ps < T >
€< ¢ H<K K (log e—1)2b

(1.11)

one can find a set KK C P, formed by the union of H—invariant n—dimensional tori, on which the H-
motion is analytically conjugated to linear Diophantine quasi—periodic motions. The set K is of positive
Liouville-Lebesgue measure and satisfies

meas P, > meas K > (1 — C*\ﬁ> meas P . (1.12)

1.3 Let us make a few remarks.

(i) Under assumption (A2'), near p = 0 = ¢, the dynamics is approximated by the dynamics governed
by the integrable “secular (averaged and truncated) Hamiltonian”

Hee = Ho(T) + u( Po(1) +Z:Qi<f)p?§qf). (113)

The phase space P is foliated by 2n dimensional Hg..—invariant tori as in (1.4) with 0 < € < €,
where € denotes the radius of the ball B in (1.2). Indeed, in this case 7} are simply given by
{p?+¢? =mnj, j < na} with n; < e. In the perturbed case the fate of the secular tori may
be different according to the relation between € and p. In fact what happens is that, if u < €®,
with o > 1 (in particular, if (1.6) or (1.11) holds), then K C P, as in Arnold’s Theorem, but if
1 > €% then, is general K is not contained in P, and the persistent tori may be not so close to
the secular tori {I} x T™ x {p? + ¢? = n;, j < na} but rather they are close to the translated

tori {7} x T™ x {(pi — p})* + (¢ — @)* = ny, j < n2} where (p},q;) = (p?(f;mq?(f;u)) are
the coordinates of a “new equilibrium”, which depend upon the full averaged system and which
may be “logarithmically” distant from the origin (as far as 1/loge™!). In any case, the set K fills
almost completely a region diffeomorphic to and of equal measure of P..

A precise geometrical description of the “Kolmogorov set” K is given in Step 6 of § 3.

(ii) As mentioned above, in the planetary problem, p measures the mass ratio between the planets and
the star, while € is related to the eccentricities and inclinations of the (instantaneous) two—body
systems planet—star. Condition (1.9) is much weaker than Arnold’s condition (1.6) and allows, at
least in principle, applications to a wider class of planetary systems.



Clearly, in order to apply properly—degenerate KAM theory to a concrete system such as the
outer Solar system® one should also estimate €, and y. in (1.9), which would be quite a technical
achievement”.

(iii) Arnold declared [3, end of p. 142] that he made “no attempt to achieve elegance or precision in
evaluating constants” adding that “the reader can easily strengthen the results”. However, the
authors are not aware of improvements on Arnold’s results (in the “full torsion case”, compare
next item) and especially on the issue of giving possibly “sharp” estimates on the measure of the
Kolmogorov set arising in properly—degenerate systems. At this respect it would be interesting to
know whether estimate (1.10) could be improved or not.

(iv) Relaxing (1.8), i.e. , bringing to four the order of non-resonance to be checked, has an interesting
application in the case of the (14 n)-body problem. In fact, Herman and Fejéz showed [9] that, in
the spatial case (n; = n and ng = 2n), the only linear relations satisfied by the first order Birkhoff
invariants €2; are (up to rearranging indices):

Qon =0, > Q) =0. (1.14)

The first relation is due to rotation invariance of the system, while the second relation is usually
called Herman resonance®. Now, since in the spatial case, Herman resonance is of order 2n — 1,
one sees that for n > 3 it is not relevant for (A2’) (but it is for (1.8)).

Actually, at this respect, Theorem 1.3 might be even more useful since it involves no assumption
on the Q; so that in possible application to the spatial (1 + n)-body problem, Herman resonance
plays no role.

(v) The properly-degenerate KAM theory developed in [9] (for the C* case) and in [6] (for the
analytic case), being based on weaker non—degeneracy assumptions, is different from Arnold’s
theory. Roughly speaking, while Arnold’s approach is ultimately based on Kolmogorov’s non—
degeneracy condition (“full torsion in a two—scale setting”), the approach followed in [9, 6] (which
might be called “weak properly—degenerate KAM theory”) is based on the torsion of the frequency
map, exploiting conditions studied by Arnold himself, Margulis, Pyartli, Parasyuk, Bakhtin and
especially Riiimann [15]; for a review, see [16]. Indeed, for Arnold’s properly—degenerate theory one
has to check that the matrix of the second order Birkhoff invariants is not singular (condition (A3)
above), while for the weak properly—degeneracy theory it is enough to check a generic property
involving only the first order Birkhoff invariants: Conditions (A2) and (A3) are replaced by the
requirement that the re-scaled frequency map I € V. — &(I) := (0Ho(I),Q(I)) is non—planar,
i.e., @(V) does not lie in any (n — 1)-dimensional linear subspace of R™.

Incidentally, the presence of the resonances (1.14) makes difficult a direct application of weak
properly—degenerate KAM theory to the spatial (1 4+ n)-body problem in standard Poincaré vari-
ables?.

Explicit measure estimates on the set of persistent tori in the context of weak properly—degenerate
KAM theory are not readily available!?.

Tn the outer Solar System (Sun, Jupiter, Saturn, Uranus and Neptune) p is of order 1073 and the largest eccentricity
is of ~ 0.05 (Saturn).

"For partial results in this direction, see [5] and [11].

8Compare also [1].

9 Application of the properly—degenerate KAM theory developed in the present paper using Deprit variables [7] will be
matter of a future paper by the authors.

10Tn fact, although Pyartli’s theorem on the measure of Diophantine points on a non—planar curve is quantitative
(compare [9, Théoreme 55]), explicit measure estimates of the Kolmogorov set in the N-body problem, following the
strategy in [9], do not appear completely obvious.



(vi) Let us briefly (and informally) recall Arnold’s scheme of proof. First, by classical averaging theory
(see, e.g. , [2]) the Hamiltonian (1.1) is conjugated to a Hamiltonian H satisfying, for any small*!

o >0, ~
H = Hy+ pBy +O(1*7) (1.15)

where B, ia as in (A2). Denoting B¢ the truncation in (p,q) at order 6 of B, one sees that
(1.15) can be rewritten as

H = Ho + pB + O(pe™) + O(u*~7) (1.16)
if |(p, q)| < e. In turn, (1.16) is of the form
H = Ho + pB + O(pe™)
if (1.6) holds. At this point, a two—time scale KAM theorem can be applied.

The scheme of proof of Theorem 1.3 is similar, but we use more accurate estimates based on
the averaging theory described in § 2.1 below and, especially, on the two—scale KAM theorem
described in § 2.3 below; this last result, in particular, is not available in literature and we include
its proof in Appendix B.

To relax significantly the relation between p and €, the above strategy has to be modified. The
scheme to prove Theorem 1.2 is the following:

step 1: averaging over the “fast angles” ¢’s;

step 2: determination of the elliptic equilibrium for the “secular system”;

step 3: symplectic diagonalization of the secular system:;

step 4: Birkhoff normal form of the secular part;

step 5: global action—angle variables for the full system;

step 6: construction of the Kolmogorov set via an application of a two—scale KAM theorem
and estimate of its measure.

1.4 Properly-degenerate systems present naturally two different scales: a scale of “order one” related
to the unperturbed system (the typical velocity of the fast angles ¢’s) and a scale of order p (typical
size of the secular frequencies) related to the strength of the perturbation. Furthermore, a third scale
appears naturally, namely, the distance from the elliptic equilibrium in the (p, ¢)—variables.

We now give a more technical and detailed statement, from which Theorem 1.2 follows at once.

Theorem 1.4 Under the same notations of Theorem 1.2 and assumptions (Al), (A2") and (A3), let
T >ny and'? 7, > n :=ny + ng, with ni, ny positive integers. Then, there exist iy, €, < 1, vy, Cy > 1
such that, if (1.9) holds and if 7, v1, 72 are taken so as to satisfy uys < v1 and

vemax{\/m(loge )™, yue(loge )™, e(loge™)TH} <y <.
Y€ <y < 7 (1.17)
1€?/2(log (€2/m?) ") < A2 < 7u€?

11The appearence of the exponents (2 — o) (rather than the more “natural” exponent 2) is due to the presence of small
divisors.

12 At contrast with classical KAM theory, where the Diophantine constant can be taken greater than n — 1, here one
needs 7« > n (in [3] it is taken n + 1): this is due to the asymmetry of the frequency—domain having ni—dimensions of
order one and n — nj; = ng dimensions small with the perturbative parameters.



then, one can find a set I C P formed by the union of H—invariant n—dimensional tori close to the
secular tori in (1.4), on which the H-motion is analytically conjugated to linear Diophantine quasi—
periodic motions. The set K is of positive measure and satisfies

meas P, > meas K > [1 - C, (’7 +71 + l; + 6”2/2)} meas P, . (1.18)
€

Furthermore, the flow on each H—invariant torus in IC is analytically conjugated to a translation v €
T" — ¢+ wt € T™ with Diophantine vector w = (w1, ws) € R™ x R™2 satisfying, for each k = (k1,k2) €
(zm x Z")\{0},
71 .
if ki #0;
Lk
|W1'I€1 +(LJ2']€2‘ 2 (119)

To obtain Theorem 1.2 from Theorem 1.4 one can choose
7 = 72 max {\/ﬁ(log e ™ €23 (log 6_1)T+1} , v =Ty = 7222 (1.20)

then (1.10) follows easily'3, with b = 7 + 1.

The proof of Theorem 1.3, as already mentioned, is simpler and it will be shortly given in § 4.

2 Tools: Averaging, Birkhoff normal form and two—scale KAM
First of all we fix some notation, which will be used throughout the paper.

e in R™ we fix the 1-norm: |I| := |I]; := Z |T;];

1<i<ng
e in T™ we fix the “sup—metric”: |p| := |p|e := max |@;| (mod 27);
1§i§n1
M na . — o— ) — e— B
e in R™ we fix the sup norm: |p| := |p| : ax pil, lal = [gloo : ax |4i;
e for matrices we use the “sup-norm”: || := |8|s := max|0G;;;
0.

e if ACR"™, or AC T™, and r > 0, we denote by A, := ,ca {z eCm: |z—z|< r} the

complex r—neighbrhood of A (according to the prefixed norms/metrics above);

e if f is real-analytic on a complex domain of the form U, x T™ with U C R? we denote by
I fllv, xTm, or, simply, || fll,,s its “sup-Fourier norm”:

1flos =D sup Ifu(w)le™*, [k[:= Y |k

kezm WEUw 1<i<m

where fi(u) denotes the k" Fourier coefficient of f = Z fr(w)e* ¢,
keZ‘"L

13First, let us check that (1.17) holds. From (1.9) it follows that 4 < 7. (provided Cix > 7« and e is small enough).
The lower bound on # is checked by considering the cases ¢ < p and p < € separately. The bounds on v; are obvious.The
bounds on 73 are true for v, big enough. Thus, (1.17) is checked. Finally, (1.20) and (1.18) imply easily (1.10).



e if f is asin the previous item, K > 0 and A is a sublattice of Z™, T f and II f denote, respectively,
the K—truncation and the A—projection of f:

Tif:= Y fewe®?, Tafi=> fulw)e®?;

k| <K keA

o if f: A CR? — R" is a Lipschitz function and p > 0 a “weight”, we denote its p-Lipschitz norm

by
15 = p s+ £0) ()= smp DAL

2.21
I£I'€A ey ( )

e D, ,, C R™T denotes the set of Diophantine (71,72, 7)-numbers, i.e., the set of vectors
w € R™*"2 gatisfying for any k = (ki, ko) € Z™T"2\{0}, inequality (1.19) with 7. = 7, 2 = 72
and p = 1. When v; = 72 = 7, we obtain the usual Diophantine set D, ;.

2.1 Averaging theory

The first step of the proof of Theorem 1.4 (and hence of Theorem 1.2) is based upon averaging theory.
We shall follow the presentation given in [4, Appendix A], which in turn is based upon [13].

Proposition 2.1 (Averaging theory) Let K, 5 and s be positive numbers such that Ks > 6 and let
a1 > ag > 0; let Ax Bx B C (R xR2) x R™ x R™, and v = (r,71p,7,) a triple of positive numbers.
Let H := h(I) + f(I,¢,p,q) be a real-analytic Hamiltonian on Wy 545 = Ap X By, x By X Tgi@'
Finally, let A be a (possibly trivial) sub-lattice of Z/T% and let w = (w1, ws) denote the gradient
(Or, h,0r,h) € RA+2 | Let k = (k1, ko) € Z° x Z' and assume that

oz { 0 R RZD reA VE=(uk) gA, K <K 2.22)
aad : e(1+em)
E:=|fllos+s < Ve K5 where d =min{rs, r,rs}, cn = — - (2.23)
Then, there exists a real-analytic, symplectic transformation
U (I/a(p/aplaq/) S Wv/2,§+s/6 - (Iawapa Q) S Wv,§+s (224)
such that
H..=HoVY=h+g+ f.,
with g in normal form and f. small:
_ 12 27¢,, E* E
= I' p,q)e* e — I\ Tx g < = Lm <
g ];\gk( » P ,Q)e ; Hg A Kva/Q,ers/G =11 aod =y
_ 29 E2 _
Hf*HU/2,§+s/6 < e—KS/G CL < e—Ks/6E . (2.25)

Oézd

Moreover, denoting by z = z(I',¢',p',¢'), the projection of W(I',¢',p’,q’) onto the z—variables (z = I,
Iy, v, p or q) one has

max{ays|ly — 1|, azs|le — I5'|, asr|p — ¢'|, aorg|lp—p'|, asrplg— 4|} <9E. (2.26)



This Proposition is essentially Proposition A.1 of [4] with two slight improvements. The first improve-
ment is trivial and concerns the introduction of the parameter 5§ so as to separate the role of the
analyticity loss in the angle—variables from the initial angle-domain. Such variation is important, for
example, in applying the Averaging Theorem infinitely many times.

The second improvement is a bit more delicate and we use it in the proof of Proposition 2.3 below. It
concerns the separation of two scales in the frequencies w = 0Jrh.

Proposition 2.1 holds also for ¢; # 0, o = 0 (i.e. , there is only one action scale), in which case
ag = a1 = «, and in the case m = 0 (i.e. , there are no (p, ¢)—variables), in which case one can take
d=rs, cm=cy=c¢e/2.

In the following, Proposition 2.1 will be applied twice: in step 1 of § 3 (with ¢1 = ny, 5 = 0, m = ng)
and in Appendix B with m = 0.
Proposition 2.1 is proved in Appendix A.

2.2 Birkhoff normal form

We now recall a fundamental result due to Birkhoff on normal forms. We follow [10].

Proposition 2.2 (Birkhoff normal form) Let o > 0, s > 3; let Q@ = (Q1,--+,Q,) € R™ be non—
resonant of order s, i.e.

-kl >a>0, V keZ™ with 0<|k| <s (2.27)

and let z = (p,q) € B2 = {z : |z| < o} C R*™ — H(z) be a real-analytic function of the form

H(z) = i Qiri+0(z)*) where 7;:= pital . (2.28)
i=1 2
Then, there exists 0 < € < ¢y and a real-analytic and symplectic'* transformation
¢ Z=(p.q) €BI™ > i+4(2) € BY"
which puts H into Birkhoff normal form up to order s, i.e.'?,
m [s/2]
Hi=Hoop=>Y_ i+ » Q;()+0(z"" (2.29)
i=1 j=2
where, for 2 < j < [s/2], the Q;’s are homogeneous polynomials of degree j in 7 = (1, -, Tm,) with
= p?—;—q? The polynomials Q; do not depend on ¢.

Following the proof of this classical result as presented in [10] one can easily achieve the following useful
amplifications.

1. The construction of the transformation ¢ is iterative and can be described as follows. There exist
positiAve numbers € := €5,_o5 < €45_3 < --- < eo, and a symplectic transformations ¢; such that
¢ =s_o:=¢10---0¢s_o, that H o ¢; is in Birkhoff normal form up to order i + 2 and

¢i: E=(p,q) € BI™ — Z+2%._1(3) € B, V1<i<s—2, with

= (61'71)“r1 y

) m
sup [2i—1] < ¢i—1
Bgim

14With respect to the standard 2—form dp A dg = Z dpi N dg;.
1<i<m
15[z] denotes the integer part of .



where ¢;_1 depend only on the dimension m and m;_; are defined as follows. For i — 1 = 0, let Py
the homogeneous polynomial of degree 3 for which H(z) — 7", Q;r; = Py + O(|z[*), while, for
i—12>1, let P;_; the homogeneous polynomial of degree ¢ + 2 for which

m [(1+1)/2]
H(z)odioi— Y Qri— > Qi(r) =Pimi +0(|2"?) .
j=1 j=2
Write Pi—1 = 3|04 |g/=it2 Ca.8 H;nzl(pj +1ig;)® (p; — ig;)?, where i:=y/—1. Then,
m;_1 = max |Cq. 3| - 2.30
L= max ool (2.30)

2. Proposition 2.2 can be easily extended to the case of a real-analytic function

H(z 1) = Qu(D)ri+O0(|2%)

i=1

which also depends on suitable action variables I. More precisely, if A is an open subset of R",
po, S0, €0 are positive numbers, (I,¢) and z = (p,q), with (I,p,2) € A, x Tg, x B?Om, are
conjugate couples of symplectic variables with respect to the standard 2—form dI A dyp + dp A dg
and Q = (4, --,Q,,) is a suitable real-analytic function defined on A, verifying (2.27) on A,,,
then, one can prove that for suitable 0 < € = €50 < -+ < €9, 0 < & = 052 < -+ < 0y,
0<p=ps_o<--<po, ¢, there exist s — 2 real-analytic, symplectic transformations which we
still denote ¢;,

i

(I,3,2) € Ay, x T2 x B>™ ﬂ (I, ¢+ ¢i—1(3 1), 2+ 21(3 1)) € Ay, x T2, x B™,

1

such that (2.29) holds with ¢ = g?)s_Q = ¢ 0052, Q; = Q;(I) and suitable homogeneous
polynomials Q;(7;I) of degree j in 7 = (1, --,7n) whose coefficients are analytic functions on
Aj. At each step, the functions (2;1) — 2,_1(3 1), (3;1) — pi_1(3; ) verify

m;

o mi— ; ~
sup 21| < e —— (e ), sup  |@i—1] < ecioa
B2mx Ay, «Q BZmxA,,

—Le;_y) 2 (2.31)
0

where, if, for any fixed I € A,,_,, m;—1(I) are defined as in (2.30) with co 3 = ca,g(I), then,
mi—1 = sup m;—1(I).

Pi—1

2.3 Two-scale KAM theory

The invariant tori of Theorem 1.3 and 1.4 will be obtained as an application of a KAM Theorem,
adapted to two different frequency scales, which is described in the following

Proposition 2.3 (Two—scale KAM Theorem) Let ny, ne € N, n:=ny +ng, 7« >n, 71 > 72 > 0,
0<4s<5<1,p>0,DCR™ xR", A:=D,, and let

be real-analytic on Ax Ty, . Assume that wy := Oh is a diffeomorphism of A with non singular Hessian

matriz U = 82h and let U denote the n x ny submatriz of U, i.e. , the matriz with entries Uij =
formi+1<i<n,1<j<n. Let

R

M > SIjlpllUll , M> Slj‘pllUll ., M> sngU*lH v E>|fllpses s
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define

247+ +1
¢ 1= max {2871, }

~1
L
2) where log, a := max{1,loga}
i

/= min 8! 72 0
' SMK™+1 " g fKmt1

L := max {M,M_l,M_l}

“ EL

Ei=—
P

finally, let My, My upper bounds on the norms of the submatrices n1 x n, ng X n of U™ of the first nq,
last ng rows'®. Assume the perturbation f so small that the following “KAM condition” holds

¢E<1. (2.32)
Then, for any w € Q1= wo(D) N D4, ~,,-., 0ne can find a unique real-analytic embedding
po: VeT" — (v(w), ¥+ ulw)) € Re(D,) x T" (2.33)

where 1 := 20nEp such that T,, == ¢,, (T™) is a real-analytic n—dimensional H—invariant torus, on which
the H-flow is analytically conjugated to & — ¢ + wt. Furthermore, the map (9;w) — ¢, () is Lipschitz

and one—to—one and the invariant set K := U T, satisfies the following measure estimate
wEN,

meas (Re (D) x T™\ K) < cn(meas (D\ D+, ~;,7. X T") 4+ meas (Re(D,) \ D) x ’]I‘”), (2.34)

where Do, ~, . denotes the wy—preimage of Dy, ~, . in D and ¢, can be taken to be ¢, = (1+ (1 +
28nE)*™)2. Finally, the following uniform estimates hold, on T™ x €,

M M\ - M. M -

vw) — JO < 210\ Es cw) — IO < 222 P\ Ep
[v1(5w) — I7 (w)] < 10n( v + M)Ep y v w) — L(w)| < 10n( i + M)Ep ,
lu(;w)| <2Es (2.35)

where v; denotes the projection of v € R™ x R™ over R" and I°(w) = (I (w), I9(w)) € D is the wo—
pre—image of w € ().

This result is proved in Appendix B.

3 Proof of Theorem 1.4

In this section we prove Theorem 1.4 (and hence Theorem 1.2; compare the remark following the
formulation of Theorem 1.4 in § 1, 1.4).

In what follows, “C” denotes suitably positive constants greater than one independent of € and pu, 7,
Y1, ¥2 but which may depend on ni, ne, Hy, So, etc. Without loss of generality, we may assume that H
has an analytic extension to a domain P, ¢, s, := Vp, X T4l x Be, with so < 1 and with wg := 0Hy a

Yle, My >sup|T|, i=1,2, if U'= ( ? ) ‘
D, 2

11



diffeomorphism of V,,,. We can also assume that the perturbation P has sup—fourier norm || P||,,,
up to change the definition of pu.

€050 = 1

Preliminary step. In view of (A2’) on p. 3, we can assume that the quadratic part of P,y (p,¢; ) is in
standard form Py(T) + Z Q;(I)r; + 02, where Q;(I) are the first order Birkhoff invariants; compare
1<i<n
[17]. Furthermore (again by 2&A2’ )), since the Q;(I) are non resonant up to the order four, by Birkhoff
theory (compare § 2.2 above), one can find a symplectic transformation, O(|(p, q)|?) close to the identity,
which transforms the original Hamiltnian into!” (1.1), with P,, as in the standard form in (A2").
Step 1 Averaging over the “fast angles” ¢’s
Let 0 < € < e~ /5. The first step consists in removing, in H, the dependence on ¢ up to high orders
(namely, up to O(u€®)). To do this, we use Averaging theory (Proposition 2.1 above), with by = ny,
lp=0,m=mny h=Hy,g=0, f=uP, B=B ={0},r, =r,=c¢€p, s =50, 5§ =0, A = {0}, K such
that

o—Ks0/6 ._ 5 ie. K= 30 loge !, (3.36)
S0

A = D, r = p, where D, p are defined as follows. Let 7 > nq, M = max; supy, 02, Ho(I)], v« >
max{1,25(30/s0) " \/cn, M}, 7 > 7u\/i(loge~1)7 1. Then, take

D=yt (D;Y7T> nv and p:= min{ (3.37)

T )
oMK+ PO
where D5 » C R is defined just before § 2.1. From the Diophantine inequality it follows that 7 < |&g|,
so that

Ye/illog ™)™ <5 < Jl@ollp, -
By the choice of D, the following standard measure estimate holds

meas (V \ D) < Cymeas (V) (3.38)

where C depends on the C'-norm of Hy. By the previous choices, when I € D,;, the unperturbed

frequency map wy = OHy verifies (2.22), with a; = ag = & := 57=, in fact:
. _ . _ - - gl T gl
Jle%fﬁv |WO(J) . k| = Ilgl];f) |WO(I) . k| B Jes;l-:l)efi, |(WO(J) a wO(I)) . k| 2 ﬁ B pKM 2 2K™ (339)

0<|k|<K O<IkI<K 0<|k|<K

The smallness condition (2.23) is easily checked, provided E = p is chosen small enough, because the
choice of 4 and 7, implies -
27cn2 Ksg 1
Z e 20 < e <1.
ad =HAE 5 'z
Condition Kso > 6 is trivially satisfied. Thus, by Proposition 2.1, we find a real-analytic symplecto-
morphism
¢: (L,@.5,7) € Was — (1,0.0,q) € Wy s, 0:=100/2:= (p/2,€0/2), 5:= 50/6
where Wy, s, := Dy, x T2 x Be, (vo = (po,€0)), and, by the choice of K in (3.36), H is transformed
into!®
H(I1.9,p,9) = Hoo(I,$,p,q)
= Ho(I)+ uN(I,p,q) + pe **/° P(I,5,p,q)
= Ho(I) +nN(I,p,q) + pe” P(I,%,p,q) - (3.40)
17By abuse of notations, we use the same name for the variables, but, strictly speaking, they differ from the original
variables by a quantity of O(|(p, )|?) in (p,q), O(|(p,q)|?) in ¢ (the actions I are the same).

18For simplicity of notation, we do not write explicitely the dependence on p, €,7, that is, we write H(I,$,p,q), etc. ,
in place of H(I, §, P, ; i, €,7), etc.
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By (2.25), ||P||s,5s < C and
_ log e~ 1)27+1
sup |[N — Pyy| < Cu(oge_—) (3.41)
D 72
p/2
In view of (2.26), the transformation ¢ verifies
_ 1 -7 1 —1)27+1
=T, gl lg—al < B g g < B T (3.42)

B

Remark 3.1 The right hand sides of (3.41) and (3.42) can be made small as we please, provided p and
€ are small and 7 is chosen suitably. The precise choice will be discussed below.

Step 2 Determination of the elliptic equilibrium for the “secular system”

Since P,, has a 4-non resonant and non—degenerate elliptic equilibrium point at 0 and, in view of (3.41),
N — P,, is of order yu(log 6_1)2”'1'7_2, using the Implicit Function Theorem and standard Cauchy esti-
mates'?, for small values of this parameter, for any fixed I € D/-,/Q, N also has a ju(log 6_1)27+1’7_2*C1086*
to-0 elliptic equilibrium point, which we call (p°(I),¢%(I)). We can thus assume that |(p°(I),q°(1))| <
€0/4 for any I and consider a small neighborhood of radius 0 < € < ¢p/4 around (p°([I),¢°(I)). We let

qg : (I7¢7ﬁ7 (j) € Wﬁ,g - (1795’?7 Q) € Wﬁ,g 17 = (ﬁ/476)7 § = 30/12
be the transformation having as generating function
e a) =1+ (p+0°(D) - (1- (D) .

which acts as the identity on the I-variables, while shifts the equilibrium point into the origin (and
suitably lifts the angles @) accordingly to

I=1, p=p"D+p, a=d"D+q.¢=¢-0;(5+p"(D)-(7-a"(D)-

The transformation (;NS is close to the identity, since I = I and

(loge 1)1 pe(loge1)37+2 }

pllog ™)™+ |5 — 3| < Cmax { -
Y 0

Ip—pl, |g—q| <

2 Q

(3.43)

Let us check, for example, the bound on |@ — @| (as the other ones are immediate): If
D(:u',evry) = {(jvﬁv Q) : j € Dﬁ(e)/él ; (]57 q- qO(j)) € Be} 5

then, by Cauchy estimates,

i)~ = |or(G+r"D)- (- D))|
<y or(@+ 2 D)= d D)
_SUpp ey | (B2 - (7—¢()
. s [f0) (=0}
. e (e =+ #(log?;)zil) €
{oge Tyt
< O max { e2(loge )7+t pe(loge=1)37+3 }
= 7 ’ 7 '

19Gee, e.g., [4, Lemma A.1].
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By construction, the transformation qT) puts H into the form
H:=Ho¢=Hl)+pN(I,p,q) + pe’P(I,$,5,G), with N:= Nog, P:=Pog.

Observe that ||P|ss < C and N has a 4-non resonant and non-degenerate elliptic equilibrium point
into the origin of the (p, §)—coordinates.

Step 3 Symplectic diagonalization of the secular system

The standard “diagonal form” (2.28) can be achieved by a symplectic diagonalization as in [17]. In fact,
by [17], one can find a symplectic map

(b: (12795,]37(})GW@,§—>(1:7¢,]5,(§)€W5,§ U= (5/876/2)7 5= 80/24

which acts as the identity on the I-variables, is linear in the variables (p,4) and close to the identity in

the sense
(log € 1)2'r+1

1\37+42
~ N - “ HE - N
-l 17— < PR gl < )

2 —
e“(loge
o loge )T
Y
Such estimates are a consequence of the assumptions on P,y (compare the preliminary step above),
1y2741 1y2741
) )

the estimate N = Py, + O(’“(logei) for which N is O(W(logii
Cauchy estimates? . Moreover, one has that?! N(iﬁ, q) == No ¢([’p’ q) = po(j) + Q(j) .7 + R where

(3.44)

)—close to be diagonal and

1\27+1

-0, |R < Oﬂe(log; ) (3.45)

and R having a zero of order 3 for (p,4) = 0 and that gzb transforms H into

=Ho¢=Ho(I)+uN(,p,q) +peP(I,$,p,4), (P:=Pog).

Step 4 Birkhoff normal form of the secular part

By Proposition 2.2 (and subsequent remark) there exists a Birkhoff transformation

b (I &,0,4) € Wy 5 — ( L0, D,4) € W s 0= (p/16,¢/4), 3§ := s0/48

which acts as the identity on the I-variables, is close to the identity as (compare (2.31):

2 —1\27+1 3 —1\37+2
e pe(loge L ue(loge
=l li—al < BB g o los T (3.46)
Y Y
The previous estimates follow from the fact that, in (2.31), the coefficients ¢, g of the non-normal part
—1\27+1
of can be upper bounded by m; := u(log 67 ) , uniformly in I; o can be taken of order 1 in € and p;

po of O(W). Furthermore, ¢ puts N into Birkhoff normal form up to order 4, hence, transforms
H into the form

H=Ho¢ = Ho(f)+u(15o(f)+§2(f)-f+

where N(I,7) = Py(I) + Q(I) -7 +

71>27—+

20The generating function of this transformation is —close to the generating function I- @+ p-qof

ne?(log e
52
the iden@ity map. Taking the derivatives and using Cauchy estimates, with a loss of analiticity ~ Ce in (p,§), and

~ W in the ¢, we find (3.44).

iy = (7 +G7)/2.
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Step 5 Global action—angle variables for the full system
We finally introduce a set of action—angle variables using symplectic polar coordinates. Fix the real
no—dimensional annulus??

Ale) = {J ER™ 52 < J, < &e?, 1<i< n2} (3.47)

where ¢; will be fixed later on so as to maximize the measure of preserved tori and € small enough with
respect to 1/¢;, while ¢ is a constant depending only on the dimensions. Let

D:=Dx Ae), p:=min{¢;e7/%/2, p/16}, 5:=5=s50/48, (3.48)
where D is the set in (3.37). On Dy x TZ, let ¢ : (J,¢)) = ((Jl, J2), (1/J17¢2)> — (I,¢,p,q) be defined

by
Jio=1, v1=0¢, pi=+2Jcosty, G =+/2Josingy 1<i<ny. (3.49)

For € small enough, (p,§) € Bc/4. The transformation & puts H into the form
H(J, ) := Ho¢=Hy(J1)+uN(J) + p®P(J,1)) , where
v . o ~ N 1 . o Ay
N::NO¢:PO(J1)+Q(J1)'J2+§J25(J1)J2 , P:=Pog¢

From the above construction there follows that the transformation

¢p:=godododod: (J,4)— (I,¢,p,q) (3.50)
is well defined?® and verifies
I — Jy| < ¢loae )T
= 5
o 671 2741 €2 o Efl T+1 e(lo 671 3743
|<P—¢1|S0max{“(lg;/2) ; (lg;y r “(lgﬁs) } (3.51)

1)7-

. log e~ log e—1)27+1
Ipi — Y — /22 cosha;|, |gi — @) — /22 sinthy;| < C'max { u( Og,—: , e ng—yz ) } .

Step 6 Construction of the Kolmogorov set and estimate of its measure
Fix 71 and 2 = py2, with 71, 42 satisfying puys2 < 77 and (1.17). We apply now the two—scale KAM
Theorem (Proposition 2.3), with (compare Step 5 above)

H=H, h=Hy(J))+uN(J), f=pP(Jy), D=D, p=p
and s = §/5, 5 = 45/5. It is easy to check that, for small values of?* ji(log e=1)2(T+1~5=2 the frequency
map w,, := O(Ho(J1)+pN(J)) is a diffeomorphism of Dy, with non singular hessian matrix 9%(Ho(J1) +
uN(J)). Then, we see that (for a suitable constant C) we can take M, M, ---, M in Proposition 2.3

as follows:

M=C, M=Cu, M=Cu', E=Cue®, My=C, My=Cp'.

Then,
L<Cu', K<Clog(e/m?)™!
and (recall also (3.37))
. . 71 V2 v . 5/2
> . .
p = € 1min { (log (65/’712)_1)7__,'_1 ) (log (65/’712)_1)7—-’_1 ’ (log 6_1)‘7——"_1 , C1€ ) pO} (3 52)

22This is needed to avoid the singularity introduced by the polar coordinates. Notice that J; ~ €2 compared to (p,q) ~e.

231f 4 is chosen as to satisfy the first inequality in (1.17), then, the right hand sides of (3.41), (3.42), (3.43), (3.44),
(3.45) and (3.51) can all be bounded by 1/v«. Choosing v« big enough, the quantities involved are small as we please.
24Such inequality is implied by 'y*\/ﬁlog(e’l)TJrl < 4, which appears in (1.17).
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Finally,

R 2 2(7+1) 1 1 5 1 —1\2(7+41) 1 5
¢E < C’max{vs5 (log (%, )) max{—, 5} ,% y T3 6} , (3.53)
€° M2 Y €1 Po
with a constant C' not involving ¢;. Then, from (1.17) it follows that
. 11 .
cE<CmaX{—,V—2,e }<1 (3.54)
Y« €1

provided 7., ¢ > C and € < C~!. Finally, since the KAM condition ¢E < 1 is met, Proposition 2.3
holds in this case. In paricular, for any w in the set 0, := D, 45,7, Nwu(D), we find a real-analytic
embedding

G TP =T, :=¢,(T") C Re(D;) x T"

with r < C’ﬁ < C%;y such that, on T, the H-flow analytically conjugated to ¥ — ¥ + wt. We set
71, = ¢(T,), where ¢ is the symplectic transformation defined in (3.50). Using (3.51) and (2.35), the
parametric equations of 7, may be written as

~ . ~ loge 1™ .
I=J)+J with |J1§C<M(g7)+,up>
(pi —p?)2 + (q; — q?)2 = Jgi + Jo;  with é1€¥/? < Jgi < E9€?,

log e—1)27 2.2(1og e—1)47+2 R
i2) L H (i4) +p)’

N 2
and |J2,'| SC(’U (

where (J?,J9) is the w,, pre-image of w, p is much smaller than ¢1€°/2 (compare (3.52)); finally, by
71)27«{»1
2

(3.51), |(po, qo)| < CHEE
It remains to estimate the measure of the Kolmogorov set

K:=¢K)= ) 7., where K:= ] T..

wE, weN,

namely, (1.18). Let D*

V13HY25 T
and D is defined just before § 2.1. Then, by (2.34) and because ¢ is volume preserving, we have

:= w,; ' (Dy, ysy,r.) N D, where D is the set in (3.48), with D as in (3.37)

Y15 14Y2,Tx
meas K = meas K (3.55)
> meas (Re (D,) x T") — C(meas (D\DZ, popr. X T") + meas (Re (D) \ D x 'IF”)).

Now, let V := V x BI?,, where B2, denotes the open set {|J;| < é2¢*}. Observe that D C V; define

é ép€?
P =V x T x {p? +2q22 <€} (corr;lpare (1.5)). Then, by the estimate (3.38) and the definition (3.47)
of A(e),
meas (D, x T") > meas (D xT")
= meas D meas (A(¢)) meas (T")
(1 — C¥5 — Ce™/?) meas (V x T")
= (1—C5— Ce™/?)meas (Paz;

cze)

%

(3.56)

Similarly, denoting for short B := B}?,, one has that?®

meas (Re (V;) \ V) < Cy,measV , meas (B, \ B) < meas (Bcs, \ B) < C’Z—; meas B
meas (V \ D) < C(5 + €"2/?) meas V .

25Recall that r < C7s.
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Thus,

meas Re (D) \ D x T" meas Re (V) \ D x T" (3.57)

meas Re (V) \ V x T" + measV \ D x T"
C(g + 7 + €"2/?) meas (V x T")

IAIA

IN

C(g +7 4 €"2/?) meas (Pagze) -

Finally, the frequency map w,, := (95, (Ho + MN), 1oy, N) is a diffeomorphism of a p-neighborhood of
D x EZ;2. Note that w), as a function of J; is defined on Dy and as a function of .J; is a polynomial;
notice also that EZ;Q is just the full closed ball around the annulus A(e) (compare (3.47)). Then, the
measure of the set D\ D3 - _ does not exceed the measure of the (71, j172)-resonant set for w, in the
set D x FZ;Z. Such set of resonant points may be estimated by the following technical Lemma, whose
proof is deferred to Appendix C.

Lemma 3.1 Letnj, no e N, 7 >n:=n1+ng, 71,12 >0, 0<7 <1, D be a compact set. Let
w=(w,ws): DxBY - QCR™ xR"™

be a function which can be extended to a diffeomorphism on an open neighborhood of D x E:Z, with ws
of the form
wo (11, I2) = woa(I1) + B(11)12
where Iy — B(I1) is a (ng X ng)-matriz, non singular on D. Let
1
Ry > _max |w1| , a> m@XHﬂH ) C(n,T) = Z T
DxBg? b 0£kezn |
and denote
= -—n
Rososr i= {1 = (11,12) € DX B i w(I) ¢ Doy e } -
Then,
meas (R%,W’T) < (0171 + ¢ 1?) meas (D X B§2>
7
where
nlfl
c1:= ma Ow) " —L— a™ ¢(n,
i 007 T @ el .
¢z :=max || 871" "7 ¢(ng, 7)
D
for a suitable integer p depending on D and w, .
By Lemma 3.1 with 7; as in Step 6, D as in (3.37) and
TA262627 W = Wresc += (aJl(HO+MN)7aJ2N) , Y2 =72, a:Rlzcv
we see that
meas (D\ D}, 5, . xT") < meas(Ry, 5,7 xT")
< max{e, ?—2}(71 + 122) meas (D x Bgyez x T)
C2 €
C2 Y2
< max{e, é—}(yl + 6—2) meas P 5z, (3.59)
2

with ¢; independent of € and p. Then, in view of (3.55)+(3.59), (1.18) follows, with e replaced by y/2¢z€.
The proof of Theorem 1.4 is finished. 1
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4 Proof of Theorem 1.3

Since most of the arguments are similar (but simpler) than the ones used in the proof of Theorem 1.2,
we will skip most technical details.

We can write Py (p,q;I) = N(I,7) + Pay(p, q; I), where
1
N(LT) = Po([) + Z Qi(I)Ti + B Z 5ij(1)ri7°j
1<i<ng 1<i,5<n2
and, for a suitable C' > 0,
sup | Puy| < Cé° VO<e<e. (4.1)

2
B2 xV,,

Step 1 Fix 7 > ny, 0 < € < ¢p, and

€8 o (30)27+1 Vi(loge 1)2mH

< 4.2
K (log(e—1))27+1 S0 €5/2 (4.2)

2

In place of Proposition 2.1, we use Lemma A.1 below, where we take 7, = 74 = €g, p = p with p as in
(3.37), pp = pq = €0/4, 0 = 50/6 and the remaining quantities as in Step 1 of the proof of Theorem 1.4,
namely, /1 =ny, fo =0, m=mny h=Hy,g=0, f =uP, A= D, r =p, as in (3.37) B = B’ = {0},
$=8), ] =g =@ = %, where K as in (3.36) and A = {0}. With such choice, the check of the non
resonance assumption (A.1) for @y = OHy in D; is the same as in Step 1 of the proof of Theorem 1.4
and the smallness condition (A.2) is implied by (4.2). Then, there exists a symplectic transformation ¢
such that H o ¢ = Hy + g4 + f4 as in Lemma A.1. Since g coincides with yP,y, on the domain W 5

(recall the definition of W, , just above the (3.40)), where ¥ = (5/2, €/2) and § = 2s¢/3, we find

H(I,¢,p,q) = Hoo(I,$.p.q) (4.3)
= Ho(I) + pPu(p. ;1) + P(I, 2,D.q)
= Ho(I) +puN(I,7) + pPa(p,q: 1) + P(1,4,p,q) -
By (A.6) below, the transformation ¢ satisfies the estimates (3.42). Furthermore, by (4.2), the choice of
K in (3.36) and (A.5) below, the function P in (4.3) satisfies

MRZTJrl MRT

—92 ) —_

7[(80/6 < Cf 5 4.4
e S Cuer . .

1Pls,s < Cpmax{

By such estimate and (4.1), the perturbation P := pP. + P, on the smaller domain W35, where
v =(p/2,¢/2), 5 = 3, is bounded by Cpe®.

Step 2 and conclusion At this point, we proceed as in Steps 5 and 6 of Theorem 1.4, with Wj 3,
N and P replacing, respectively, Wi s, N and ue5]5. Now, choose v, big enough (so that the KAM
condition (3.53), (3.54) is satisfied), and fix v, J2 satisfying u¥, < 1 and last two lines in (1.17). Then,
we can find a set of invariant tori

Ky C Dy x T™ x {2¢1€"/% < p? 4 ¢? < 26262}, C (Pagze)r
(with r < C#%,) satisfying the measure estimate
=~ E n2/2
meas (”P\/@E \ IC*) < meas (P@E)r \ IC*) <CHA4+m+ =2 + € Jmeas P )

Finally, taking, as in the proof of Theorem 1.2, 71, 42 as in (1.20), and choosing as ¥ the value in the
right hand side of (4.2), the theorem is proved with K := K, NPz, and /2¢2¢ replacing e. i
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A Averaging theory (Proposition 2.1)

In this appendix we generalize Proposition A.1 in [4] to a two—frequency—scale, as needed in Appendix B below.
Proposition A.1 in [4] is based on the application of an “iterative lemma”. The following lemma is the (easy)
generalization of the iterative lemma (Lemma A.5) in [4] suitable for our purpose.

Lemma A.1 Let 0 < as < a1, £ = {1 + €o with £; € N and let A be a sublattice of Z°. Let g = ng(u)eikw
keA

and H(u,¢) = h(I) + g(u,¢) + f(u, ) be real-analytic on Wy, « := A, x By, x B;, x TS, where Ax Bx B’ C

(R x R*2) x R™ x R™ and v = (r,1p,7q). Let p < 1/2, pp < 1p/2, pq < 74/2, 0 < 8/2, v := (p, pp, pq). Suppose

that k = (k1, k2) € Z° x 72 and that

|w(I)-k|2{3; " ’Ziig V o keZU xZ®, k¢A, <K, IcA . (A1)

Assume also that the following “smallness condition” holds:

0
1 f]lw,s < (zi ,  where §:=min{po, pppq}, cm:=e(l+em)/2. (A.2)

Then,there exists a real-analytic symplectic transformation
d’ : (1,790/7p/7ql) S WU*ZV&*QU - (17@,[), q) € vaﬂ ) (AS)
such that

Hi:=Ho¢=h+gs+ f+, (A.4)

with g+ — g =Tz f and

c e
v—2v,5—20 < ]- - = v,s LN

Iellmcar < (1= Z2070) [ 2501

0125

2 gy Hollus + e*“’nfuv,s} . (A5)

Furthermore, the following uniform bounds hold:

maX{ath — I, azolla — I3, azple —¢'|, azpelp — 1], oczpplq—q'l} < fllo,s - (A.6)

Proof Assumptions (A.1), (A.2) allow to apply the iterative lemma [4, Lemma A.5], withn =¢, D = A, E = B,
F =D K=K, a=a,so as to find an analytic transformation ® := ¢ verifying (A.3)+(A.5) and the bounds
on |Io—Is|, l]p—7'|, lg—¢'| into (A.6). In order to prove the bound on |I; —I1], we recall that such transformation
is obtained?® as the time-one map associated to the Hamiltonian flow of

Hwg)= Y Lo (A7)

- ik - w(I)
|k|<K, keA
Then, one can split Hy as

Hy(u,0) = H" (u,0) + H? (u,02) ,  where ¢ = (p1,2) € T x T

with
H" = Ie(w) e g N = _ @) ikaen
’ e |k|<K kZeA k ik W(I)e 7 ¢ (102 72 ik 'WZ(])e
<K, k170 [k2|<K, (0,k2)€A
Using (A.1), one finds that Hg), H(f) verify
f v,s 2 f v,s
||H¢(51)| s < A1 7 ||H¢(> )| s < A1 ) (A.8)

g Q2

26Compare [4, (A.14)].
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Since H? is independent on ¢1, from the generating equations of ¢, equation (A.8) and Cauchy estimates, the
bounds for |I1 — I7] (A.6) follow.

Finally, when f does not depend on (p, q) one can simply take m = 0. I

We now may proceed to sketch the proof of the Averaging Theorem in § 2, i.e., Proposition 2.1.

By the same considerations of footnote 20 of [4], we can limit ourselves to the case e Ke/0 < 32¢m E/azd. As
in [4], we apply once Lemma A.l with v = v := v/8; 0 = 00 := s/6, thus, constructing a transformation
Dy : Wi =Wy, 5461 — Wo sts, with v1 = 3/4v, s1 = 2/3s which transforms H = h + f into Hy = h+ go + f1.
Similarly to (A.19) of [4], it follows that || fi[ly, < £. By (A.6), one can replace (A.20) of [4] with

ars|I — |, s — L], asrgp™ —p|, aorpld™ —q|, awrle® —¢| <8E.

Next, one proceeds as in (A21)+(A.26) of [4], with W; := W, 545, replacing W;, as replacing o, E; := I fill v,
replacing €;, in order to prove (2.25). Finally, (2.26) follows by the same telescopic argument as in“ [4], except

for taking into account, as done above, the double scale (A.6) of the a;’s. |

B Two—scale KAM theory (proof of Proposition 2.3)

The proof of Proposition 2.3 is based on the following iterative lemma. For the purpose of this proof, we replace
T« with 7.

Lemma B.1 (Iterative Lemma) Under the same assumptions and notations of Proposition 2.3, for any
1 < j €N, there exists a domain D; C R™, two positive numbers p;, s; and a real-analytic and symplectic
transformation ®; on Wj := (Dj)p; x T3y, which conjugates Ho := H to

Hj:Hoo(I)j:hj-i-fj

and such that the fol{owing holds. Letting, for j = 0, Do := wo_l(D:,hw,T)Aﬂ D, so := s, po := p, Mo := M,
Mo == M, Mo := M, Lo :== L, Eo := E, Ko := K, po := p, Eo := E and, for j > 1, s; = s;-1/12,
Mj = 2M]‘71, M]‘ = 2MJ‘71, Lj = 2Lj71, pPj = ﬁj71/16,

Ej 1L 1M?_ E;L; M2\ !
E; = % , Kj:= §10g+ (%) (B.1)
1 j 1
. . T V2 no_ Ly
i := min , — s pie, FEi=— B.2
Pi {3MjK;—+1 SMJ_K]TJH PJ} J p? (B.2)

then

(i) Dj C (Dj-1)p;_,/16; the frequency map w; := Oh; is a diffeomorphism of (Dj),; such that w;(D;) =
wj—1(Dj—1); the map
7A,j = (ijl,ijz) I e Dj,l — wj_l owj,1(1) S Dj
verifies

. . My A
sup |i;1 — id| < 5nﬁ1Eg‘—1ﬂj—1 <5nkj;_1pj-1,

i—1
S My o -
sup |lj2 — 1d| S 5HTEj71pj71 S 5nEj,1pj,1 (B3)
j—1 M
L(i; —id) < 2°nE; (B.4)

(i) the perturbation f; has sup—Fourier norm on W

I5llw, < E; (B.5)

27Compare [4]: last formula before Appendix B.
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(i3i) the real-analytic symplectomorphism ®; is obtained as ®; = ¥1 0 --- o0 ¥;, where
Uyt (I, o) € Wi — (I—1, pr—1) € Wi_1
verifies

sup To—1,1Ik, 01) — Iea| <

3
(D)o xTy 5, 4
8

sup Hi—1,2(Ix, o) — Ir,2] < 1

(Di)py X T2y,

3.
sup |or—1(Tks 1) — @r| < ZEkflskfl (B.6)

(Dk)plc XT?Jrsk

and the rescaled dimensionless map ¥y, — id := 1, Uy 0 ]l;i — id, has Lipschitz constant on (lj;c),,k/,J X

(5+s1)/s

. o4 NPT
L(\I/k — id) S 4n ( 6 ) Ekfl (B?)

where id_ denotes the identity map, 14 denotes the d x d identity matriz, 1,5 := (p'1,,0711,), Dy =
p Dy, T :=R/(2r/s)Z;

() for anyj>1, E; < Ef_l.

Remark B.1 Lemma B.1 generalizes the inductive theorem of [3, p.144]. In [3], the quantities F, v1, y2 are
estimated as ~ pe’, €27, pe*t®, respectively®®. Indeed, our approach allows to have E ~ pue® (and hence,
essentially, to replace assumption (A2) with (A2)), taking for 1, 2 the smallest possible values compatibly
with convergence, namely, v1 ~ 65/27 Yo ~ u65/2 (compare (1.20) above). Such smaller choice of 1, v2 with
respect to [3] is important in order to improve the density of the invariant set as in (1.18).

Proof The proof is based on Proposition 2.1 (with m = 0, £; = n1, f2 = na, B = B’ = (). Notice that, by
assumption and the choice of Dy, the following inequalities hold, for j — 1 =0

¢B; 1 <1 (B.8)
Ljfl > max {Mjfl ,M;,ll,M;jl} (Bg)
W(Dj—l) C Dy vz - (B.lO)

Let us assume (inductively) that, when j —1 > 0 (B.8), (B.9) and (B.10) hold and that,for j —1 > 1, the Lemma
holds with <I)j_1 =Yi;0---0 \I/j_l.

In order to describe the j*® step, for simplicity, we write p, p, s, M, M, M,L K, E, E‘, D,H, h, f, w=(w1,w2)
for pj—1, pj—-1, Sj—1,€etc. , --- and p, py, s+, etc. , - -- for p;, pj;, sj, etc. , - - - (the corresponding initial quantities
will be called, as in the statement, po, po, so, etc. , ---).

By (B.10) and the choice of p (equation (B.2)), when 0 < |k| < K and I € D; the following non resonance
inequalities hold (which are checked as in (3.39) above)

2
3;17 =:a1 when ki #0;

|W1(I)-k1 +UJ2(I)‘/€2|Z ) (B.ll)
3;_1 =:az2 when ki =0& ks #0.

The inequality Ks > 6 is trivial by definition of K (see (B.1)) and also the smallness condition (2.23) is easily
met, since in this case d = ps and hence
K

2760 =
Q2p

o, E N
Ifllp,xTz,, <270 7 <eE<1

28With a as in (1.7) above.
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having used as > QMKﬁ, L > M1 2%¢ < éand (B.8). Thus, by Proposition 2.1 (with A = {0}, h = h,
g=0, f=1f, W;,=D; x Ty, ,), Hmay be conjugated to

H+ I:HO\I/+ :h+—|—f+
where, by (2.25) and the choice of K,

ELM?

2

—Ks/6
If+llp, oxTz,, o = € E< o

E=F;. (B.12)
The conjugation is realized by an analytic transformation
Vit (I+,94) € Dyja x Tey 6 — (1,0) € Dp x Ty

Furthermore, in view of (2.26) (with a1, a2 as in (B.11)), of an > 2LKpM/M, of oz > 2LK p, of Ks > 6 and
of L> M~ M~ we have
331

sup L (Ly,04) — T4 1] < ZMEﬁ . (B.13)
Dpy2xTi g
Similarly,
3. 3 -
sup  [L2(I4,¢4) — I42] < 1P sup  Je(l+,04) — 4] < 155 (B.14)
Dﬁ/2XTg+s/6 Dﬁ/ZXT?+s/6

Lemma B.2 The new frequency map wy = ohy is injective on D;ss and maps Dj/i6 over w(D). The map
iy = (i41,042) := w;l ow|p which assigns to a point Ip € D the wy —preimage of w(lo) in D6 satisfies

sup |i41 — id| < SnM < 5n£ , suplite —id| < 5n@ < SnM—A ,
D P p D P p

N . ¢ ME
L(iy —id) <2°n o (B.15)

Finally, the Jacobian matriz Uy = 0*hy is non singular on D;ss and the following bounds hold
My :=2M > sup |Us|, My:=2M> sup ||Us], (B.16)
eDﬁ/g IEDﬁ/S
My :=2M > sup |U{'l, Miy:=2M;> sup |Tis|, i=1, 2.
D,/s IeD, g

where U;l =: < ;H )
+2

Postponing for the moment the proof of this Lemma, we let p; := p/16, s := s/12, and D4 := i (D). By
Lemma B.2, D4 is a subset of D;,16 and hence

(D+)py C Dyys (B.17)

At this point, (B.5) follows from (B.12) and (B.6) from (B.13), (B.14). We are now ready to prove that £, =

Bilt < 2. Since
Py
EyLiM3N\™' a? BELM*\ ™
54 = 1;92 and 4 = (%) = % where x:= ( oz ) (B.18)
we have
Ky = ilog;ac+ =12 (Elog:vf 3107g2) = 24K — 36log2 < 24K .
St s s s
Thus,
. . Y1 V2 p p
= min , - , =/ > B.19
- {3M+K;+1 sk 16} = 2(24)7H1 (B-19)
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and

27 A2 2
B, = Bile ( ELMT2L o o) _ giggy2ren LMD jy
J2ut 1 P e
Now, using, in the last inequality, the bound
ELM? 1 EL < 1 EL 1 (5)2(T+1>E

W2 9K [ JBMETE S 9 (65200 2 9 \6

(since K > 6/s) we find
Ey < 2(43)7“1@2 < E? (B.20)

(having used s < 1/4).
The estimate in (B.7) is a consequence (B.13), (B.14), (B.17), (B.18), (B.19) and Cauchy estimates:
LU; —id) < 2n sup |D(¥ — id )]0

Pj)rixTyy,

$Ej—1max{p;—1/po, /50}

min{3p;-1/(8p0),s;-1/(12s0)}

A(1/127 24) 1\

27‘L 3/ ( / ) jflEj—l — 471 (%) E’]._1 .

T
Equations (B.3), (B.4) follow from (B.15), (B.16) (and the inequality L > M) at once. Finally, by the bounds
(B.16), we see that Ly = 2L is an upper bound for M, M_:l, M_;l; (B.20) easily implies é¢E4y < 1 and
wi(D4) = w(D) C Dy ,vq,+ by definition of Dy. Take then ®; := ®;_1 o ¥;, where ¥; = U, $y = id. Having
also checked inequalities (B.8), (B.9), (B.10) after the 5 step, Lemma B.1 is proved.

IN

Proof of Lemma B.2 Since hy = h + g and, by (2.25),

sup [g] < sup g~ 1| + sup [f| < 2, (B.21)
Doz Dpy2 Doz 4
(where f denotes the average of ), by Cauchy inequality,
sup 9%l = sup [ gl < oo B B B (8.22)
Dy/a D;/4 <o p/8 ~(p/8)r T '
hence,
sup U4 = sup 0°hs]| = sup [|9%h + 07|
5/4 b/a p/a
E
< sup [|0°h]| + sup [|9%g] < M +2" = <2M .
Dj/a Dj/a p
The proof of supp, , U] < 2M is similar. Using
- _ EM _1
sup [|0° g(0°h) ™| < sup [|0%g| sup U] < 27— < 5 (B.23)
Dp/a Dp/a Dp/a p
and this implies ||(1 + 0 g(9°h) ') ~!|| < 2, so,
My <2M;, Mia<2M,, M, <2M. (B.24)
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Injectivity of wy = w+0g on D;/s follows from the non singularity of 9%h over D;/4 and the observation that
two points I, I € D;/s with the same image would be closer (in 1-norm) than 5/8:

L = I = |y = Iih = o (w(I4) — o wT))h
< sup |9 sup w(I%) — w(I+)]s
p/8 p/8
= sup 9w )|l sup |9g(I%) — dg(I+)|x
Dp Dsys
_ 2.5/4E __5 EM _p
M-nZ "l <= < B
= "Taip =" T8

From the inclusion w4 (Dp/16) D w4 (D), 32m) (the latter set is defined with respect to 1-norm) and the uniform
bound

41F —
sup | — w1 = sup 9gh < “L4E < 5oty | (B.25)
D D p/2
it follows that w (Ds/16) D w(D). The first bound in (B.15) follows from (B.25):
sup [i11(f) = [h] = suplipa(f) — Iih
D D
= suplw; owi(l) -
D
= suplwi'owi () —wiiowyi(D
D
< sup Mar|wi (1) — wi(Dh
D
= 2M;sup|9gh
D

5nMi .
p

IN

The bound for supyp, |i42(I) — I2| in (B.15) is similar. Finally, from

_ _supp_ . gl ME
sup [i+ (1) = I|oo < 2M sup |9g|oc < 2M ——2— < 2°—
D/ D;s/s 3L 14

there follows

supp | [is (1) — |

L4+ —id) <n inf sup||D(i4 — id)||oc <n inf £ <2°n
0<r<%£ Dr o<r<f -

o)

(D(i4+ — id) denoting the matrix of the derivatives of iy — id). i

We are now ready for the Proof of Proposition 2.3

Step 1 Construction of the “limit actions”
Define, on Do = w™ (D, 17s,-) N D,

’201: ld7 ijI:’Z]'O’Z]'_lo-”O’Zl ]21 (B26)

The definition is well posed because (inductively) i;_1(Do) € wjill (D~ ,72,7)- Usual telescopic arguments imply

the uniform convergence of i; to i = (%1, %2) := lim; Z; on Dy and (compare (B.3)),
My . » My, -
sup i — id| < 10n;ﬁoEo , suplip —id| < 1OnTQﬁOEg (B.27)
e M o M

and that
D, :=i(Do) C (D;),, forall j (B.28)
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since

sup |7 — 7| < Bnp; Jri:WEk = 5np; ZEO < 1OnszO < pi . (B.29)
k=i k=i
In particular, (B.29) with ¢ = 0 implies
D. C (Do)1onpoEo C DionpoEo - (B.30)
By (B.4), letting p; := 2°nE; one finds®®
J +oo
L —id) < [JO+m) - 1< [JA+m)—1. (B.31)

-

=1

Here the infinite productory H;;Of(l + w) converges, being bounded by

< exp [Z uz}

+oo
[JO+m) = exp [Zlog(lﬂu)

1=0 1 1
< exp |2°nE Z(E)l
1
< exp [27nE] <14 2%nE
(B.32)
(having used the elementary estimate e” < 1+ 2z for 0 < z < 1). It follows from (B.31), (B.32)
L(i— id) < limsup L(i;41 — id) < 2°nE . (B.33)
J

So, 7 is bi-Lipschitz, hence, injective on Dy, with lower and upper®® Lipschitz constants

L_(1)>(1—-2°nE), L£i0)<(1+2°nE).

Step 2 Construction of ¢,

Pllt, on W]' = (D]')pj X T?+5j,
;=P 0---0Y;

and let W, := D, x T", so, by (B.28), W, C N;W;. The sequence {®;} converges uniformly on W,, as it is
easily seen using (B.6) and usual telescopic arguments. Let us call ® this limit and define

6o (9) = ((vlw;wmw;w)),ﬁ +uw;w>) = (i (). 9)

29Write Tj41 = T4 — id = (’Zj+1 — id) o (id —+ ij) + 14, so that

L{ij41) < L4 — id)(l +£(iﬂ')) +L(35)

ﬁ(ij)(ﬁ(iﬁl —id) + 1) + L1541 — id)
Iterating the above formula, we find

L(ij41)

IN

L(tj41 — id) + (1 + L(j11 — id))L(G; — id) +---
+ (14 L1 — id)) - (1 + L2 — id))L(31 — id)
j+1

= JIa+c6r—-id) -

k=1

30We recall that, if f : R™ — RR™ is bi-Lipschitz, the lower, upper Lipschitz constant for f are defined as

o LD (g U0 S0)

AC- = )
D=0 ey vy
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for w € Dy ye,r Nwo(D). Since (B.28) imply, on D.3!,

. . . . . 3 Mo . ~
[T, ® — id |, = hJI_nSVL;p|H11CD — id|y <lim > vsup\Hzl\I/ —id|s < 1P oy Ex < ﬁEopo . (B.34)
J 1<k<j "Mk k
namely,
. Mo -
sup [II;, ® — id |1 < 2= Eypo (B.35)
W Mo
and similarly, R .
sup |7, ® — id |1 < 2E0po , sup |[II,® — id | < 2E0s0 , (B.36)
Wi Wi

then, in view of (B.27), (B.35), (B.36), the definition of W, and the triangular inequality, we have (2.35).
Equations (B.30), (B.35), (B.36) also imply

To = ¢u(T") C(Di)gpyp, X T" C Dr x T"  where r= 20mEopo -

Finally, with similar arguments as in Step 1, by (B.7), the rescaled map defined on D, x TS/SO, s O =1z,,5,Po0
140,50 = lim; ¥y o --- 0 ¥, has Lipschitz constant
~ ~ +m A
L(®—id) <limsup £(F; — id) < [J(A+ ) -1 <> —1<2Y g <2'nkp , (B.37)

J 0 [

T+1 .
E < 1. In particular, ®, hence, ®, and, finally, the map (¥,w) —

T ko
where ¢, = 4n (%) FE, provided
¢w(9) are bi-Lipschitz, hence, injective.

Step 3 For any w € Dy, vo,r Nwo(D), Tu := ¢u(T") is a Lagrangian H-invariant torus with frequency w.

We consider the action I. € D, as independent variable, so, if ¢+(lo, vo) denotes the H-flow starting at (lo, o),
then, we have to prove

o (@(I*,ﬁ)) =&(L, 9+ w(l.)t), where wi(l):=wo(i (I4)) .

We can write

| (@(I*,ﬂ)> — O, 0+ wi(I) )] = ®(I,9 ) DL, 9+ wi(l4) )] oo

|
< on(2.0) - an(2,0.0))]
o (3

(1.9 )—cl>j<1*,q9+w*<f*>t>|

by (L9 wn(1)8) = DL, 9+ w. (L)1)

+

Due to the uniform convergence of ®; to ® on W, and continuous dependence on the initial data, both |®; (., 9+

ws(L)t) — O(1,, 9 4+ ws (1:)t)| and |¢¢ (@(I*,ﬂ)) — ¢ <<I>j(1*,19)>\ go to 0 as j — o0, so, to conclude, we have

to prove that |¢; <<I>J-(I*7 19)) — ®,;(1.,9 + w«(I)t)| also goes to 0. Due to the canonicity of ®; on W;, we have

¢r <<I>j (I, 19)) = ®; (d(h, ﬂ))

with ¢ (I.,9) the Hj = Ho ®; = h; + f;~flow from (I.,¥). Using (B.37), we are reduced to prove that

61 (1,9) — (1,9 + wi (L)1) — 0

3111, denotes the projection on the z—variables, where z is I1, I or .
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as j — 4o00. But this is an easy consequence of the generating equations of (Ij (t), 5 (t)) = ¢l (L., 0):

L) =1 - / Dot (1;(r), 05 (7))dr
Sﬁj(t)zlﬂ-/o Or (b (L (7)) +£5(I; (), @i (7))dr

making use of Cauchy estimates and the bounds of Lemma B.1.

Step 4 Measure Estimates (proof of (2.34))

In order to prove (2.34), we decompose
meas <Re (D) x T™\ K) < meas (( Re(D,)\ D) x T") + meas (D x T\ K) . (B.38)

The measure of the second set in (B.38) can be estimated as follows. Since the map 7 — id : Do — Dy is
Lipschitz on Do with Lipschitz constant verifying (B.33), by a Theorem of Kirszbraun?, it can be extended to
a Lipschitz function having the same Lipschitz constant on the domain (Do),,, where p1 = 10nEp/(1 — 2°nE).
We denote 7. — id such extension. Then, 7. is a bi-Lipschitz extension (hence, injective) of 7 on (Do),,, with
lower Lipschitz constant £_ (i) > 1— 28nE. This implies that 7. sends a ball with radius p; centered at Iy € Do
over a ball with radius (1 — 2°nE)p; = 10npE > supp, |7 — id | centered at i(lo), so as to conclude

7o <(D0)p1> D Dg .

Then, since 7, is injective33,

Il
g
@
I
7]

meas (D5, D.)

IN
=]
@
4
w0
¢

—
=]
e

—~
i~
=)

~

=
~—

_—
.
@

—~
>
=}

~

N——

< meas ( ie(Re (Do), \Do))
< £()" meas (Re (Do) \ DO)
< 20" meas (Re(Dp) \ Do )
< E(i)n<meas (Re (Dp) \ D> + meas (D\Do)> .
Then,
meas (D\D*> < meas (D \ Do) + meas (Do \ D*> (B.39)
< (1 + c(z)”) meas (D \ D0> + £(5)" meas (D,,l \D)
<

i (meas (D Do) + meas (D, ) )

32Theorem Assume A C R", and let f : A — R™ be Lipschitz. Then, there exists a Lipschitz function f : R"* — R™,
such that f = f on A with L(f) = L(f). For a proof, see [8].

33Recall also the following classical fact: If f : A — R”™ is a Lipschitz function and A C R"™ is Lebesgue—measurable,
then meas (f(A)) < L(f)™ meas (A). For a proof, see [8].
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where ¢, is as in the statement of Proposition 2.3. In turn, using (B.34), (B.36), (B.37), we can repeat the above
argument, with

d, K=dD.xT"), D.xT", 2n, L(®), p=2E/1-2"nE)

replacing the previous
/Z7 D*7 D07 n, ‘C(i)a P1

respectively, and we find
meas (D x T™\ K) < Ve (meas(D\D* x T™) + meas (Re (Dp,) \ D x ']T")) .

The result then follows by rescaling the variables, in view of (B.38), (B.39) and noticing that pi, p2 := pp2 <
ri= ZOnE'ﬁ. 1

C DMeasure estimates (proof of Lemma 3.1)
Let

Ry > max lwi|, a> mngﬂH , Re:=ar, U(h):= B (0) x Bgl(wo2(l1)), U:= U U(l). (B.1)
DxB, _
7* I.eD

By the choice of R; and since
jw2(I) = woz(I1)| = |B(1)I2| < [|B(I1)|[|I2] < af = Rz forany [ = (I1,I2) € D x B;”

then, the set ¢ in (B.1) is an open covering of the compact set Q = w(D x B}?). Hence, for a suitable positive

integer p and ]<1 e I<p) € D, we have that the sets U; := U( ) realize a covering of 2, namely, U, ., Ui D
Q. o

Now, we want to estimate the measure of the resonant set

Ry iave "
_ U {IGDXE?ZZ | (I) kl‘—|];y1|7} U {IGDXE?QI |WQ(I)]€2‘S|£2|T}
1 2

(klek23€€z¢n01 xZ"2 0#ko €772
1

The measure of the first set in (B.2) is bounded by

meas< U {Ier§?2:|()k|_|k|T}>

keZ™ ,k1#0

< dw) ™ eN: k })
< Dl“il%}§2 [|[(Ow)™ | meas( U {m |z k| < V‘?|T

kEZ™ k1 #0

P
DIS%)TE? |(0w) || meas ( U U {x el;: |z -kl < Ik })

kEZN ky#0 i=1

9 —1n GUZ k<
s, [0~ > D mess ({f o Kl W})

keZ™ k140 1<i<p

— 9 —1n /d
Jas, N0 3 3 [

kE€Z™ k1 #01<i<p

IA

IN

where

Wi e {m:(ml,m) €U |z1-k1+ a2 ko| < |Z\1‘f} .
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Now, as k1 = (k{", -, k")) £ 0, there exists 1 < j < ny such that |k”)| # 0. Perform, then, the change of
variables

zm =1z for 1<m<mni,m#j,

Zj = X1+ k1 + a2 - ko s

Zm =X ;m ") for n+1<m<n=mn+ns,
where /) denothes the 5 component of z;. Define the set W} as the set of points 2’ = (2}, -+, z,) such that
1 _ n
((zL---,z;_l,F{z; — Zzinkim) — Z z;nkém)}z;+17---,z;1> € Bg; (0)
’ mj n1+1<m<n

Y1 n i
|25 < e (Zhys1s 2n) € B2 (woa(IL7)) 5

define also the set C}. as the set of points 2’ = (2}, -, z},) such that

2| < Ri for 1 <m # j <na, |25] < \ZIlT Nz = wor (1) < Ro form =y +1,---,n .

Then, C}, O W;. and, since |k;| > 1,

1 1
de = — dz < dz < dz = R! Rr2 L
T o S T . a

Hence, inserting this expression into (B.?))7 we find

meas [ | {1; jw(I) - k| < |Z|1}

kEZ™ k1 #£0

IN

e 1
max [[(00) RS R Y

p
bxB kEZN k1 #0 k]

‘max [|(9w) "R T R 2 e(n, T)m
DxB,?

IN

= max [|(0w) "Ry a2 e(n, T)m
DxB}?
= ciyimeas(D x B2?)
where ¢; is as in (3.58). We now estimate the measure of the second set in (B.2). By Fubini’s Theorem,

meas | J { fwn(D) bl < ‘T} /d[/u ot (B.4)
ko0 Wk

0#ky€Z™2

where

W = U {IQGFI?(O): [(woa(I1) + BT E2) - ksl < 22 }

=
07#kg €272 |z

Perform, in the inner integral, the change of variable z2 = wo2(I1) + 8(I1)I2 and let

ék(ll) = {l’z cR™ . 5(11)71(1'2 - W02(Il)) S EQZ(O) ) |~T2 : kQ‘ < l}

- {1’2 e R": 1z, GEZ@(WOQ(IH) s |l‘2 k2| < |k |7-} =: ék(Il) s

since, if z2 € Cx (1), then, zo € Eﬁ;(h)\lf C By:. Then, proceeding as done for the first part of the proof (i.e. ,
with a suitable change of variable, for which 2} = x5 - ko if kéj) #0; 2, = x;m) for m # j), we find

[ an o< owmegee [ an
Ukgz0 Wi (1) D Ukg0 Cr (1)
< malat [
b Uko 20 Cr (1)
< max |57 Ry sz

k[~

k70
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Hence, inserting this value into (B.4) and since

Ry =af and 727! = imeas BI?
I b
7

we find

meas( U {I: lwa (1) - ka| < 2 }) < meas (D) max || |"2 Ry2 ™ yac(na, T)

OkaeZn2 “{32 ‘T D

= 22 meas (D x B}?)
7

where ¢ is as in (3.58). 1
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