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Abstract From KAM theory it follows that the measure of phase points which do not lie
on Diophantine, Lagrangian, “primary” tori in a nearly integrable, real-analytic Hamiltonian
system is O (4/¢€), if ¢ is the size of the perturbation. In this paper we discuss how the constant
in front of 4/ depends on the unperturbed system and in particular on the phase-space domain.
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1 Introduction

According to classical KAM theory, the majority of the Lagrangian, nonresonant invariant
tori of a “general” completely integrable Hamiltonian system persists under the effect of
a small enough perturbations ([1,17,20]; see, also, [2, § 6.3] for a review and [15] for a
divulgative exposition).

Indeed, in bounded regions of the phase space R" x T" (action-angle) such tori—which
are also called “primari” tori—form a set of positive Liouville (Lebesgue) measure, whose
complement has a measure proportional to /¢, if ¢ measures the size of the perturbing
function [21,22].

The square root behavior, in such measure estimates, is optimal in the sense that, in
general, at simple resonances, for & # 0, there appear regions of size proportional to /¢ free
of primary invariant tori as trivially shows the example of the simple pendulum with gravity'
€.

It is therefore natural to look for explicit evaluations of the constant in front of /¢ in the
KAM measure estimates of the complement of invariant primary tori.

In [21,22] such constant, which depends on analytic properties of the integrable limit, is
left implicit, and, somewhat surprisingly, to the best of our knowledge, there are no explicit
evaluations of it in the vast literature on classical KAM theory. On the other hand, KAM is a
constructive technique and discussions about “KAM constants” are clearly relevant, as also
testified by the large literature on them; compare, e.g., [5-14,16,19].

We also point out that an explicit dependence upon the domain in the above measure
estimate is crucial in investigating the more complicate problem of the existence and abun-
dance of secondary tori, i.e., of those tori which arise by effect of the perturbation around
simple resonances. In [2] it is conjectured that “in a generic system with three or more
degrees of freedom the measure of the nontorus set has order ¢,” while in [4] it is given a
sketchy proof? that the union of primary and secondary tori leave out (for general mechanical
systems) a region of measure ¢|loge|* (for a suitable a > 0). To achieve such result one
needs to control simultaneously a large number of regions around simple resonances and to
apply KAM measure estimates taking into account different (local) phase-space domains,
including neighborhoods of separatrices: To carry out such strategy simple explicit measure
estimates—such as the above—are necessary.

In this paper we compute explicitly the constant in front of /¢ up to a constant depending
only on n (the number of degrees of freedom) and t > n — 1 (the uniform “Diophantine
exponent”).

More precisely, we consider a real-analytic, nearly integrable Hamiltonian

H:(p,q) € DxT"+— H(p,q) =h(p)+ f(p.q) €R

1 Just look at the phase portrait of the simple pendulum % p2 +ecosq, (p,q) € R x T, and observe that the
region enclosed by the separatrix % p2 + £cosq = & has measure 4+/2 - Je.

ZA complete proof will appear elsewhere.

@ Springer



Explicit estimates on the measure of primary KAM tori

where D is an arbitrary bounded domain in R” and T” is the standard flat n-torus (with
periods 27); f is a small perturbation function and the integrable limit / is Kolmogorov
nondegenerate on D, i.e., its hessian is invertible on D.

The main result—Theorem 1—will be formulated in terms of a few (five) parameters,
which we now describe briefly (precise definitions will be given in § 2):

e The Hamiltonian H is assumed to be real-analytic on D x T": Therefore there exists
ro > 0and 0 < s < 1 such that H is holomorphic on a complex rg-neighborhood of D
and a s-complex neighborhood of T".

e The smallness of the perturbation f will be measured by € := % where: & = || fl.s
Mr,

0
denotes the sup-norm on the above complex neighborhood of f and M := ||/ |, the
sup-norm of the Hessian matrix of 4.
infp | deth )l

v ; note that 0 <

e The “torsion” associated to & will be measured by p :=
1 <1 (compare (5)).

e Last “independent parameter” will be the number A := LM, where L denotes a suitable
uniform Lipschitz constant of the local complex inverse of the “frequency map” p +—
® = hp(p) (compare (9)); indeed one can show that 1 <A <2-n! w ! (see (14)).

Notice that the parameters €, i and A are dimensionless parameters (i.e., do not have
physical dimensions).

Then, fixed v := 7 + 2 > n + 1, we will show that there exist a positive constants ¢ < 1
depending only on n and v such that if the perturbation is so small that

6
e<c Ll s,
A2
then one can construct a family 7, of H-invariant primary tori. Such tori live in D,, x T"
(where Dy, is areal ro-neighborhood of D), and the H-flow on them is analytically conjugated
to the Kronecker flow x € T" > x+wt fora frequency w € R” whichis («, 7)-Diophantine?

with T = v — 2 and « proportional to \/e:
A
o 1= —— (Mro) Ve,
cps

where ¢ < 1 is a suitable constant depending only on n and v.
The upshot is, then, the following measure estimate (where
Lebesgue measure):

3

‘meas” denotes outer

meas ((D X ']I‘")\?;) < C /e
where the constant C is given by

5 . )\.n+2
C .=« (max {pL ro, diam D}) . W’
where « > 0 is a suitable constant depending only on n and v.

Remarks (i) In fact, we shall prove a stronger statement, which is non trivial even in case
of D of measure zero or even finite (compare (20)).
(i) Of course, more refined estimates are possible if one adds extra hypotheses on the
domain D (e.g., smooth boundary) and it would be interesting to give bounds which
take into account geometrical properties of D.

3 e, ok = a/\k\’l" for all k € Z™"\{0}; compare (1).
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(iii) We do not compute explicitly the dependence upon n (and v): Indeed it is well known
that in such generality explicit bounds on ¢ tend to be quite “pessimistic,” however, in
concrete example, such as a forced pendulum, the standard map or particular three body
problems computer-assisted (rigorous) upper bounds on ¢ are in excellent agreement
with experimental data (see, e.g., [5,6,8,13] and references therein).

2 Notations and setup
Given r > 0, po a point of R” or C" and D a subset of R" or C", we denote:

B,(po) :={p €R"| |p— pol <r}, (po € R"),
B, (po) :={p € C"| Ip — pol < r}, (po € C"),

B, (D) := UpoEDBr(pO)’ (D C R"),
B (D) := U pyen Br(po), (D CC"),
where in R"” and C”, |x| = |(x1, .. ., X,)| will denote the sup-norm max; |x;|.

For a matrix (or a tensor) A, ||A|| denotes the standard operator norm supj,|—; |Ax|.

The standard flat n-torus R" /(2w Z") is denoted by T" and, for s > 0, T} denotes
its complex neighborhood of points g with norm of the imaginary part |Img| =
[(Imgq, ..., Img,)| < s:

T} :={y € C"| |Imgq| < s}/2nZ").

If D is an arbitrary bounded set in R” and %, respectively, f, a real-analytic function (with
values in R” or in matrix spaces) with bounded holomorphic extension on B, (D) for some
r > 0, respectively, on B, (D) x T} for some r, s > 0, we define its analytic sup-norm as,
respectively,

Ihllp.r = sup |h(p)l, |fllprs:= sup [f(p, ).
yeB(D) (p.q)e B, (D)xT%

The Lipschitz semi-norm of a function f : Q — R™, will be denoted by

|f|Lip,Q = sup M )

w1, €R, w1Fw2 |(,()1 _0)2|

If Disanopensetand H : D x T" — Risa C? function, qb;_, denotes its Hamiltonian flow,
namely, (p(t), q(t)) = ¢§q (p, q) solves the standard Hamilton equations4

d
p) = d—f(z) = —9,H(p(t), ¢(t))

q , (p(0),q(0) =(p,q).
§(t) = d—f(z) = 0,H(p(t), q(1))

For example, if H(p, q) = h(p), then the flow ¢;¢ is linear with frequency w := 9,h(p),
namely, ¢ (p. q) = (p, q + wt).

4 Equivalently, (b’H denotes the Hamiltonian associated to the standard symplectic formdpAdg = Z;’:l dpi A
dg;.
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Given «, T > 0, a vector w € R” is said to be («, v)-Diophantine if

lw - k| == Zw, Iklf Y k € Z"\{0}, 1)

where |k|, := )" |k;| denotes the 1-norm. It is well known that, fixed T > n — 1, almost all
(in the sense of Lebesgue measure) w € R" are («, 7)-Diophantine for some « > 0. Indeed
such statement follows immediately observing that

meas { € Bg(0)| w is not («, T)-Diophantine} < ¢ R la

with a constant ¢ depending only on » and 7.
Finally, given a 2n-vector (y, x), w1 and > denote, respectively, the projections on the
first and second n components:

mi(y,x)=y and m(y,x)=x. 2)

3 Assumptions

Fixn > 2and t > n — 1. Let D be any nonempty, bounded subset of R". Let
H:=h+f

with & and f real-analytic functions with holomorphic extensions on, respectively, B, (D)
and B, (D) x T} for some ryp > 0 and 0 < s < I, and having finite norms:

M:= ”hpp” D,ro » e:=|flprg.s - 3)

Assume that the frequency map p € D — w = h,, is a local diffeomorphism, namely,
assume:
d::i%fldeth,,p|>0. 4)

4 The local frequency map

Under assumption (4) the frequency map is a local real-analytic diffeomorphism in the
neighborhood of any point of D. More precisely, the following lemma holds. Define®

d
ni= w <1. ©)
Lemma 1 Let { {
, Co = . 6
O B a2 OF 4l ©
and define
Iy := CoM 10, px 1= cop> Mro. (7

5 “meas” stands for Lebesgue measure, or, in general, for outer Lebesgue measure.

6 Since any eigenvalue of /2, is bounded in absolute value by [|1pp || < M, d < supp |dethpp| < M.

@ Springer



L. Biasco, L. Chierchia

Then, for every po € D the frequency map p — @ = h, has a real-analytic inverse map,
o — p(w; po), defined in a neighborhood of wy := h,(po)

p="h,": we By ) p;po) € By, (po), (®)

with uniform Lipschitz constant’

L:= sup |p(:; po)lLip, By, (wp) = SUP  sup [ Pe (5 po)ll )
Po€D Po€D B, (wo)
satisfying
M—l
LS —, (10)
2n co
and

L
sup  sup || Pow (s po)ll = g an

.
P€D By (o) 3 v Mro
3o

Proof Writing out the inverse of the matrix %, (Cramer’s rule), by Leibniz formula for the
Jji-minor of % ,,, one has, uniformly on® D:

_ 1 _
|(p)ijl = (n =D,
which implies

-1 nl
sup|(hpp)” | < —M . (12)
D u

LetT := h;; (po). Then, by standard Cauchy estimates®, it follows that for any p € C” such
that |p — po| < r, one has

12y n-n! r, (©1
Te < < -

I —-Th <|T| I~ —h <|\T
I (P = NT N R pp(P) = hpp(po)ll = |l ||"r0_r* = T r-n 2

Thus, by the standard inverse function theorem (see “Appendix A,” Egs. (75), (76), (77)) and
Cauchy estimates, relations (8), (9), (10) and (11) follow immediately with the constants in

(6). O
For later use, we point out that!©
Ai=LM> 1, 13)
and that, by (10),
k<2n60%:2~n!%. (14)

7 Notice that on convex domains the Lipschitz semi-norm of a differentiable function coincides with the
sup-norm of its Jacobian.

8 Note that sup; j supp |hp; p;| < M= suppsup; 3 ; lhp;p;l-

9 If f : B, (D) — C™ is holomorphic, 3% is a partial derivative of orderk = ay + - - +ay and0 < r’ < r,
then

[ supg, (p) ||
sup (9% f| < — Pl
B,/ (D) r—r")

10 Indeed: 1= 111l = 11pp (P pp (DIl = 112 pp(P) Pes (hp (DD < 1 pp ()| 1| Do (p)I] < ML,
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S The classical analytic KAM theorem

Theorem 1 Let the assumptions in Sect. 3 hold and let ), v and co be as in Sect. 4 and let
v=r1+4+2.
There exist positive constants ¢, < 1/(8-n!) and «, depending only on n and t, such that,

if

- fi= 2 15
= ST 2 e <= (13)
and if € is such that
6
£ K 4y
€e=—5<c—=s", 16
Mrg T2 (16)
then the following holds. Define
A .. €0 A
@i=—— (Mro) Ve, Fi=— wrro,  re = —JJero. (17)
cCus 2 Cx

Then, there exists a positive measure set Ty C Byr(D) x T" formed by “primary” Kol-

mogorov’s tori; more precisely, for any point (p,q) € Ty, ¢%(p,q) covers densely an

H-invariant, analytic, Lagrangian torus, with H-flow analytically conjugated to a linear

Sflow with («, t)-Diophantine frequencies @ = h,(po), for a suitable py € D; each of such

tori is a graph over T" r¢-close to the unperturbed trivial graph {(p, 8) = (po, 0)| 0 € T"}.
Finally, the Lebesgue outer measure of (D x T™")\ 7y is bounded by:

meas ((D x T")\7y) < C /e (18)
with
) " )\.n+2
C:=« (max {/,L ro, diam D}) . m; (19)
indeed, there exist N and, for 1 <i < N, p; € D, such that D C UlNzl B;(pi) and
N
meas (| B (p) x TN\T,) = € Ve. (20)
i=1

6 Remarks

(i) The constant c, is, essentially, the “smallness” constant appearing in a local KAM
normal form (see Theorem 2). The constant « is given in (74).

(i) Notice that the set 7, of persistent primary Kolmogorov’s tori leaves in B,;(D) x
T", where B,;(D) is the 27-neighborhood of D, which contains the finite 7-covering
appearing in (20). Thus, estimate (20) implies at once (18).

Observe that (20) is meaningful also in the case of sets D of measure zero (such as a
singleton).

(iii) To obtain (20), we first prove a covering lemma for D through N balls B;(p;) (with
suitable p; € D) giving an explicit bound on N in terms of the ratio between the
diameter of D and 7 (compare § 6.1); then, we prove the theorem for the special case
of a ball. With this strategy the geometric properties of D enter only in a very primitive
(but general) way through its diameter (needed to estimate N) and explains the term
(max {u?ro, diam D})" appearing in the constant C in (19).

Such strategy reflects our main purpose, which is to give a simple expression for C valid
for completely arbitrary domain D.
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Clearly, sharper estimates can be obtained taking into account the geometry of D under
suitable regularity assumptions. For example, if D has a piecewise C' boundary (and
7 is small enough), it would not be difficult—adapting the covering lemma—to get an
estimate in terms of the measure of D and the (n — 1)-dimensional measure of the
boundary of D times 7.

6 Proof of KAM theorem 1

The proof of Theorem 1 is divided into six steps.

6.1 Local reduction

The first step consists in covering D with N balls centered at points of D (with an explicit
upper bound on N), thus reducing the theorem to the special case in which the domain is a
ball. Indeed, the following simple result holds.

Lemma 2 (Covering lemma) Let E C R”" be a nonempty set of finite diameter. Then, for
any r > 0 there exists an integer N, with!!

diam E "
1§N§<[ . ]+1>, 2D

and N points p; € E such that

N
E < B (po). (22)

i=1

Proof Let § := diam E and let z; = inf{x;| x € E}. Then E € K := z + [0, §]". Let
0 < r’ < r close enough to r so that [§/r'] = [§/r] + 1 =: M. Then, one can cover K with
M" closed, contiguous cubes K ;, 1 < j < M", with edge of length r’. Let j; be the indices
such that K;, N E # ) and pick a p; € K;; N E;let 1 < N < M" be the number of such
cubes. Observe that, since we have chosen the sup-norm in R", one has K ;; € B, (p;) and,
therefore, (22) follows with N as in (21). O

We now apply the lemma with E = D and r = # defined by!2

S _Pr_C 5 _T0O 1O
== — — < . 23
T T 2 M=% T 23)
Thus, Lemma 2 yields that:
For suitable N points p; € D, one has
N . n
diam D
D < (JBi(pi), 15N5<FTT}+Q. (24)
izl 2 Ko

Notice that, by (23), H is holomorphic and bounded on B, 2 (B; (pi )) x T%, foreveryi < N.
Next we shall prove a “local” version of Theorem 1

1T [x] denotes the integer part (or “floor”) function max{n € Z| n < x}, while [x] denotes the “ceiling
function” min{n € Z| n > x}.

12 Recall (5), (6) and (7).
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6.2 A KAM local normal form apres [23]

Fix one of the balls B;(p;) in the covering (24). We first prove Theorem 1 with D and ry
replaced, respectively, by
ro
>
We shall use a “KAM normal form with parameters”; more specifically, we shall use Theo-
rem B of [23], whose statement we recall here for convenience of the reader.

Letr,a, h > 0,0 <s < 1,7 >n—1andlet 2 C R"” be a bounded open set with
piecewise smooth boundary; let

D; :=Bp(pi) and

Qo = {weQ, st dist(w, Q) > @ and wis («, T) — Diophantine} ;

let o — e(w) and (1,0, w) — P(I,0,®) be real-analytic functions with holomorphic
extension on, respectively, By (£2y) and B, (0) x T} x By (). Finally, if a > 0, we define
the “action rescaling map”:

R,(1,0):=(1/a,0). (25)

Consider the Hamiltonian function, parameterized by w,
H(,0,w) =N{,w)+ P(,0,w), where N :=e(w)+w-1,

with respect to the standard symplectic form dI A d6; in particular, the integrable flow ¢§v
is given by ¢} (1,0) = (I, 6 + wt).

In [23] the following result is proven.'3

Theorem 2 Under the above definitions and assumptions, there exist constants

Cx 1
O<cp < — < ——, 26
SO T4 T8 (20)
depending only on n and t, such that if
|Plysn:i= sup |P| < cyars’, as''<h, (v:i=r1+2), 27

B, (0)xT7 x B (%)
then, there exist a Lipschitz homeomorphism ¢ : Q O and a family of torus embeddings
O:T"xQ— B, (0) xT" CR" xT"

such the following holds. For every w € Qy, ®(T", ®) is an invariant torus for H|y(,) =
H(1,0, ¢(w)) and

(¢§q|¢(m 0 ®)(6, w) = PO + wt, w).
Moreover, for each w € 2, 0 — ® (0, w) is real-analytic on T;’/z and if
0, w) > Po(0, ) :=(0,6)

denotes the trivial torus embedding, one has, uniformly on, respectively, T 1 X Q and Q,
the following estimates:
|P|

9
cyarsy

IR (® — ®o)[, as”|Rr(P — Po)lLip,o < (28)

13 For a detailed discussion and proof of such KAM normal form theorem see, also, [18].
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. . [P
lp —1idl, as’le —idlLipe < - 29

*

Remarks (i) The constants ¢, and ¢, can be taken equal to, respectively, ¥ /2 and 1/c where
y and c are the constants appearing in Theorem A of [23], where are not explicitly
evaluated.

In [3] an infinite dimensional KAM Theorem!# (implying Theorem 2) is proved,
substituting (27) with the stronger (for s small) condition |P|.s1n < kar, where
Kk = Kk(s,n,7) 1= Ky with ky, = (n + 7)In((n + 7)/s) and where ¢ > 0 is an
absolute constant.

The numerical relations between ¢, and ¢, in (26) are assumed for later convenience
(and, obviously, are compatible with [23]).

(i1) For simplicity—and because it would play no role—in (28) we reported slightly weaker
estimates with respect to those appearing in Theorem A, where in place of R, there
appears the rescaling W (I, 6) := (I/r,0/s) (which means that the estimates on the
angle components in [23] are better by a factor s < 1 than those in (28)).

(iii) Actually, the above Theorem is a synthesis of Theorem A and Theorem B in [23]. In
particular, the final measure estimate in Theorem B is not reported since the constant
(and its dependence upon 2) is left implicit.

(iv) We point out that from the estimates (28) does not follows that ® is Lipschitz close to
the trivial embedding ®¢. Indeed, if > denotes the projection over the 6-component,
taking into account that @ = O (4/€) (compare (17)) , from (27) and (28) it follows that

. 1 1
|n20®_ﬂ20©0|Lip§2' :0<7)_
Cx

asV Je
To overcome this fact one needs suitable asymmetric rescalings of action and angle
variables.
(v) As well known [12,22], maps constructed via KAM methods are smooth in the sense
of Whitney, or, what is the same, have C* extensions: Indeed, ¢ and ® are C*°(2).

6.3 Applying the KAM normal form to H|g,(p;)x

We now apply Theorem 2 to H restricted to
D; x ™ = B;(pl') x T"

where 7 is defined in (23) and p; is one of the points introduced in Lemma 2. Recall that, by
(23), 7 < /2 so that H has holomorphic extension to B,,,>(D;) x Tj.
Let

. N M7r
QD := h,(Di) = h, (B; (). hi=P0= 2T (30)
and notice that, by (23),
QUCBw (hp(pi))SBp, 2(hp(pi)) = Ban(hp(pi)) = Bu(Q") € By, (hp(pi).

15

which, by Lemma 1, shows that &, has an inverse > p = h;l with holomorphic extension

p=pCp): Ba(Q?D)— B, (p). 31

14 More precisely, compare Theorem 5.1 in [3], case (H3), p. 755 and Remark 5.3, p. 758.

15 Recall that p = p(-; p;) and therefore depends upon i; however for ease of notation we do not indicate
explicitly the dependence upon i.
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Following [23], we introduce w € BnL(Q®) as parameter, and let!®

p=p@ -+l wih weBy@), l<r=/S=Ven<? @
and define
N, w) =e(w)+w-1:=h(pw)+w-I

1
P(1,6, w) ::/ (1= Dhpp(p(@) + DI - 1dr + f(p@) +1.6), O
0

so that
H(p(w)+1,0) = h(p(w) + D+ f(pw) +1,0) = NU,w) + P(1,0,w) =: H(I,0, w).
By (6), (7), (31), (32), one has that if ® € IB%h(Q(i)) and I € B,(0), then

~ T T I
1p(@) + I — pil < (@) — pil + || < re+r = opro + +/erg < Z°+Z°=5°, (34)

sothat p(w)+1 € By, ,2(pi). Thus, by (3),(32) and (33), H isreal-analytic with holomorphic
extension to B,(0) x T x B, (Q®) with

|Plrs,n < 2¢. (35)

Thus, if o is as in (17) and r as in (32), then,

~ 2v 2v
[Plrs,n - 2 _20pusTas) 1ops - 1’ (36)
c.ars” cyorsY Cx A 8 A 8
and the first condition in (27) is satisfied. Observe that,
A (16) /c
as’ = ——- (Mro)\/e = iuz Mro,
cus<y c

and, if h is as in (30), one has, in view of (15),

as’ 1s) 4./c
h — Co

<1

Thus, also the second condition in (27) is satisfied and we can apply Theorem 2, obtaining
the family of torus embedding!”

O:T" x QY = B, (0) xT"  (r =+Jfery)

as described in Theorem 2.

6.4 Kolmogorov’s tori: the sets 7 f,: ) and Ty

The tori we obtained in the preceding section live in the “local” phase space {(/, 0)| (1, 6) €
B, (0) x T"}. To translate the invariant tori into the original phase space {(p, q¢)| (p,q) €
Byy2(D;) x T"}, we define the w-family of torus embeddings18

0> V@, 0) = (popw),0)+P0,0), oecQ?, 37)

16 1y general, I is complex. Notice that by (5), (13), (16) (and the assumption s < 1), ¢ < 1/16 since
c < 1/16.

17 Obviously, also @ depends on i but, as above (compare footnote 15), for ease of notation we do not indicate
explicitly the dependence upon i.

18 Recall (34) and footnote 17.

@ Springer



L. Biasco, L. Chierchia

which, as function of 6, is real-analytic on T’ 2 Then, from Sect. 6.3 it follows that for

w e Qg ) the torus W (T", w) is invariant for the flow of H and, furthermore:
(¢’H oW)(0, w) = V(0 + wt, w).

We therefore obtain the following family of “Kolmogorov’s tori” (recall, (23), that 7 <
ro / 2)2

-

7D = W(T" x QY) S By (D) x T", Ty =7 S B, (D) x T",
i=1

Below, we shall show that actually 7, lives in a smaller neighborhood of D.
Analytic quantitative properties of the torus embedding W, and hence of the family of
Kolmogorov’s tori, will be described in detailed in the following section.

6.5 Properties of the torus embedding

Lemma 3 Let W be defined as in (37) and let V¢ denote the “trivial embedding”

Wy @ (0,0) € T x Br(Q2¥) > (p(w),0) € By, (p;) x T". (38)
Then"?,
supsup 1 (¥ — o) < re 12 2V, (39)
QG T Cx
and, hence,
T C B, (D;) x T" = B, (pi) x T", (40)
N
To [ JBiir (i) x T" S Bap(D) x T". (41)
i=1

Proof By definitions (38) and (37), one has
Y=+ (poy—1p,0)+&—d. 42)

Notice that, since h = p, /4, from (9) and (11), one has

4
sup |l pwll < L, sup || Pwwll < —

. (43)
Bn(Q®) B () o Mz Mro
Thus, (29), (35), (43), one gets
2 2
sup|pog—pl <L =~ (44)
Q) Cyl" Cy
Then, by (15), (26), (28) and (36), one gets (39).
Since (recall (38))
Wo(T" x QW) = p(Q) x T" € D; x T" = Ba(p;) x T",
(40) follows from (39); (41) follows since r, < r. O

19 Recall, (2), that 7r; denotes projection onto the first n» components.
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To control Lipschitz norm we introduce suitable partial rescalings. Let

A . . néols Cu

Define, for any a > 0, the following rescaling
S, :(0,x) €T xR" = (0, w) := (4, ax).

Now, recall (25) and let

- 46
\I/()::Rﬂro\lf()osa ( )

Cb::Rﬂ,ofboSa \il::Rﬁ,o\IJoSa
q)()::Rﬁro(DoOSa ’

which are defined on the domain T R éQ(" ). The rescaled version of (42) then becomes:

- ~ 1 ~ ~
\I/—\IJ():(—(pogo—p)oSa,O)-l-q)—q)o. (47)
Br
Finally, let o B
W, = (P — W) 0 Py !, (48)

which is defined on ﬁD,’ x T% /-
The above rescaled embeddings may, now, be shown to be close, in Lipschitz norm, to
the unperturbed rescaled embeddings:

Lemma 4 The following bounds hold:

- ~ sV - ~
sup | — Pg| < < s | — Dol 1o0 < R (49)
T:v'/z>< éQ(i) TS/ “
- - sV - - 1
sup U —WYy| < —, sup W — \Il0|Lip Lom = 7, (50)
T, x Lo 4 T” o 4
527 a s/2
sY 1
sup Wyl < —, sup | Wl ; 1p =7 (51)
ﬁDi X'[[‘;‘/z 4 T¥/2 1p, Br 4
svfl
sup  [|9p Wl < (52)
%Di xTn
Proof Since B > 1, by (28) and (36) we have that
= s = 28 ps¥ v
sup  [®—=Po| = sup [Rg (P—Do)|= sup [R(P—-Do)| = =g
", x ta® ", x £ QO T2, x Q0 Cx
(53)
last inequality holding because of the definition of ¢ in (15).
Analogously, (by (28), (36) and the definition of ¢) we have that20
20 1f f is a Lipschitz map defined on (), then f o S, is Lipchitz on 1Q@ and | f o Salpip 10 =

a‘f‘Lip,Q(z’)-
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sup |(I> (D0|L1p Lo@ = sup |Rﬁ (<D (I)O)|L1p lon =@ sup [R,(® — CD())|L1p Q)
TS TS/ T/

2¢
< —

SV

=

S
3 B

Cu
which, together with (53), proves (49).
Now, by (32), (44), (45), we get

sup
T}, % 59(")

1
(*(pow— p)o Sy, 0

1 2 4s) us” s?
Br

ﬁfsuplpow p| = TR (54)

The first estimate in (50) now follows at once in view of (47), the first inequality in (49) and
(54).

In order to prove the second estimate in (50), in view of (47), we need to estimate the
Lipschitz semi-norm of (p o ¢ — p). Fix o, ' € Q® and set p = p(w) and p’ = p(v’).
Let also y (r) := (p’ — p)t + p, fort € [0, 1] and?!' 7 := hpoy. Then,??

|p(p(@)) = p@) — p(p(@) + p(@)|
N '[/01 (pw(¢()7(t)))(pw()7(z)) - Pw(f(t)))hpp(y(t))dt} (r - P)‘

M|p" — pl / | | Po(e(7(1))pu(7 (1) — pu(7 ()] di

IA

= Mp' —pI/ ’pw (7)) (@ule = id)|;,)) + Pule(7(1)) — pw();(t))‘ dr

43) ) 4L
< Ao —ol| Llp = idlLp + —5——l¢ — id|
copu? Mrg

(29),(35) , 2¢e 41 2e
< Al —ow|| L= + 3 —
cears? ComeMrg Cyr

(16).(32) o — ol 222r (L N 4 )
z — .

+ \as¥  cou?Mrg

Now, observe that, by (6), (15), (16) and (17) (which implies that ¢ < 620(2)/4), one has
4 1
_— < —
con?Mrg  as
Thus,

402y

|lpog — p|Lip.Q([) <z
CiOLS

and, therefore (recalling footnote 20),

1 o
El(p °¢ = P)oSulip 1gi = Elp ° ¢ — PlLip o®

21 The introduction of the lifted curve y < Q@ o join w and o' is due to the fact that, in general, Q@ is not
convex.

2 By Remark (v) in 7.2, ¢ is differentiable; the differentiability of ¢ almost everywhere also follows, inde-
pendently, from Rademacher’s theorem. Notice also that, if f is a function differentiable (a.e.) on Q| then

supﬂ) IVfl < |f|Llp o) (a.e.), the equality holding if Q@ is convex.
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42

BCys?
(14) 21 1
<

T nCop CySY B
@5),315) 1
=g
which, together with the second estimate in (49), in view of (47), yields also the second
bound in (50).
To estimate W, (defined in (48)), observe that

<

onto

- - 1 1
o, 0) = (0.0 hypBry)), By F g Dix Ty = T Q.

Thus, the first estimate in (51) follows immediately from the first bound in (50). As for the
Lipschitz semi-norm of W,, by (15), (17), (26), (32) and (45) we have, for all 6 € ’]I‘g‘/z,

that®

A2V
~ ,3 ﬂrM cs 2v 2v
= < — = !
|“IJO |L1p D= |hp(ﬂr )|L1p |h |L1p D; p : 0*4 n:s .

Thus, in view of the second estimate in (50), we have, for all 6 € ’JI';‘ /20

3v
- - s
|W*|Lip,#Di < |¥ - \IJO|Lip%Q(i) |“IIQ |Lip,ﬁD,- < 4
By (51) and Cauchy estimates we get (52). O
We shall also need the following
Lemma5 Ler®* )
p = ﬂi r. (55)
Then,
B oby! (D x T") = oWy L ™) > LB T". (56
0By ! (50 x 1) = W o By (S Bip) < ) 2 2By () x T (56)

Proof Since®

1 Pi\ (55) Pi
—Bi (p) =By (1) T B, (£5),
Br " o (Pi) 5 \Br T \Br

one sees that (56) will hold if, for any given (yo, 6p) € WB;_,O (pi) x T", there exists a
point?®

(y1,01) € Byryg(0) x T"

23 |h ,,(/Sr~)\Lip 1p denotes the Lipschitz norm of the function y — hp(Bry) on the rescaled domain
-7 Di

(r~'D

24 Recall that r = J€rq is defined in (32).

25 Notice that it is # — p > 0: Indeed, by (32) and (45), we see that p = A /€rg/(4¢u), so that (recalling

the definiti P P - 52 2 46 2 (46).(6) 12 6/016,2,1652
e definition of 7 in (23)) p < 7 is seen to be equivalent to € < 42 co 1 ys =7 e /(2P nlPA%),

which is guaranteed by (16), observing that, by (15), ¢ < Lz/(2'6n2n'6)

26 A standard, the overline denotes closure and observe that Yo+ y1 € EB; (pi)-
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such that
(30, 00) = W 0 B3 (yo + y1. 60 + 00 2 (o + 31, 60+ 01) + Va0 + y1. 6o + 601).
Such relation is, in turn, equivalent to the fixed point equation
1, 01) = =W (o + y1, 60 + 61). (57)

We shall solve (57) in two steps: (i), We prove that there exists a unique function y,(6) such
that?’
¥+(0) = —m Wi (yo + y<(6), 60 +60), V6O eT", (58)

and, (ii), we show that the map
0T > 0+ mWa(yo + y«(0),60 +6) € T, 59)

is onto, guaranteeing that there exists a9 € T" so that 61 + mo W, (yo + y«(01), 6o +61) = 0.
These two facts will show that y; := y,.(61) and 6; are solutions of (57), proving the claim.
Proof of (i): Let

X = {0—~>y(@)eC(T",R") sup Iyl <s"/4),  F)(O) := —m1Wu(yo + y(0), 00 +6).

Then, by the first inequality in (51), F : X — X, and the second inequality in (51) shows that
F is a contraction from X into X. Hence, there exists a unique fixed point y, € X satisfying
(58). Furthermore, since W, is real-analytic, so is y, and, in particular, its Jacobian dp yx
satisfies the equation

(14718, W (0 + ¥(0), 6 +6) )89 y. = 7185 Ws (3o + (6). 60 +6),

which, by Neumann series, by the second inequality?® in (51) and by (52), yields

sup [[dg yx |l < =—s"". (60)
’]I'Il

Proof of (ii): Observe that from the standard contraction lemma it follows easily that**:
If g isa C'(T", T") map such that A := supp [10pg|l < 1, then, themap G : 0 € T"
0 + g(0) € T" has a unique inverse G:0eT'— 0+ g) € T" with g € cl, ™)
and supp |39l < /(1 — ).
Now, recalling (59), to finish the proof is enough to check that the Jacobian of the map

0 > W, (yo + y«(0), 60 + 0)

has (operator) norm strictly smaller than one. But, by the second inequality in (51), (52) and
(60), one has, for any 6 € T",

27 Recall, (2), that r; denotes projection: 71 (y,6) = y and mp(y, 0) = 6.

28 Recall footnote 7.

29 Indeed, G o G = id is equivalent to the fixed point equation g = —g o (1d + g) and if we let X
denote C(T", T") endowed with the standard metric d(hy, h2) = supn dp, (h1 @), hz(G)) (where d,
denotes the standard flat metric on T"), one sees immediately that the assumption implies that the map
h e X —go(id+h) € X is a contraction from X to X, whose unique fixed point yields g. Furthermore,
since g is C*, so is ¢ and the inequality on the Jacobian of g follows by Neumann series after having
differentiated the identity g = —g o (1d + g).
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8602 (y0 + ¥+(0). 60 +0) || < |9y (yo + ¥4(0). 60 + 6) [ [ 35+ () |
+ 86w (0 + 34(6), 60 + ) |
2 sv—l 2 1
+

Su—l — Zgv

1
- = < 1.
4 3 2 3

6.6 Measure estimates

We first provide measure estimates on (D; X ’JI‘”)\’Z;(i) = (D; x T"\W(T" x QS)).
Clearly,
(Di x T"NT € (D x TO\W(T" x QD)) Uw(T" x (N\QP)).  (61)

Now, the following estimates hold.

Lemma 6 (Measure estimates) Recall (6), (15) and (45) and define the following constants:

n—1

ne, Sm\n
K1 = )" 205 , Ko 1= (7) ; (62)
n—1 1 C’171 2}’16‘”71
5 :=2nT<Z |k|f+1)07’ Ky = EO . k=3 (63)
k0 N

Then, one has

meas ((D; x TH\W(T" x Q1)) <y n> 71l e, (64)

meas (W(T" x QUN\QD)) < kr L" meas (R\Q{), (65)
) . M2n73x2

meas (Q\QY) < k3 - (Mr9)" Ve. (66)

S
Proof Observe that by (46)
Rgr oW = Wo ;! o R, o Wy. (67)
Thus, since Wo(T" x Q) = D; x T, we have

b ]
Rpr o W(T" x QW) = ¥ o xpo—l(ﬂ—z)i X T"). (68)
r

Therefore,3!

meas ((D; x TO\W(T" x ) = (Br)" meas (R, ((D; x T))\Rgr o W(T" x 1))
(68) n 1 T | "
= (Br)" meas ((EDi x T")\W o U I(EDi x T ))

o 1 o 1 :

< (Br)" meas ((ED,' x T )\(EB;_p(pi) x T ))

= meas <(Di\B;_p(p,»)) x 'JI‘”)

30 The dot over union denotes “disjoint union.”

31 Recall that D; = B;(p;); in the last inequality use that for every 0 < x < 1 and for every integer n > 1,
one has 1 — (1 — x)" < nx and for the last equality recall (23), (32), (45), (55).
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= o (@h" - 26 - p)")
< @n)'n2"#" )
©2) K1AM2"_3r(’)’«/g,
proving (64). '
To prove (65), observe thatif A C QD from (67) and the identity (recall (38))
1
Rgr o Wo(T" x A) = ﬂ—p(A) x T",
r
there follows, by (46),
W(T" x A) = R7) o\i:oxirl(i (A) xT") (69)
=Ry, 0 Br o) .

Observe also that, since>?

VoW, =id+ v,
from (51) there follows
T 51
W oWy |Lip,§D,-x1rn =5/4.
Now, for every measurable set A C Q@D one has®

meas(W(T" x A)) ® (ﬂr)”meas(\fl o \flo_l(% p(A) x ’H‘”))

<o) (¥ o xiJO—HLip#Dixw)” L" meas(A)
< kp L" meas (A),

and (65) follows.
To prove (66), observe that

QNQY C (v € Q¥| wis not (a, t)-Diophantine} U Q) () (70)
where
Q) (@) = [a) e Q®, st dist(w, 1Q7) < « ] .

Let us begin with estimating the measure of the first set in the r.h.s. of (70) keeping track of
constants. Notice that, if ) denotes the Euclidean ball of center A »(pi) and radius /n M7,
then

Q¥ = hy (B (pi) < Q.
Thus, denoting by || - || the Euclidean norm in R”, we have

meas {w € Q(i)l o not (o, ) — Dioph.}

< meas {wef)(")lﬂkeZ”, k£0: |w-k| < I:IT}
1

32 Recall the definition of Wy in (48).

33 In the first inequality, we use (twice) the following fact: If A C is a measurable setand f : A — R" isa
Lipschitz map, then meas f(A) < |f|fip 4 Mmeas A.
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<2" ) (nwp)'!

= k|7 +!
2 17 M (2n-3)
(@3)u( )Ké 7?3‘) roVe. (71)

As for the measure of the second set in (70), we observe that either 7 < Lo or 7 > La. In
the first case we have

meas(Q7 (@) < meas(Q?) < M'meas(B;(p;)) = 2"M'#" < 2"M' LA o .
In the second case, let
Fi=7—La>0.

We claim that '
hp (B (p)\Bi(pi)) 2 Q¥ (a). (72)

Indeed, by contradiction, assume that there exist = h,(p) € Q(i)(oe), wyx = hp(ps) €
9Q® (namely |ps — pi| = #) with |p — p;| < F, and |o — ws| < . Then

La =7 —7 < |px — pl < Loy — 0| < La,

proving (72). Thus,>*

meas(Q7 (@) < meaS(hp(B; (pi)\B?(Pi))) < M'meas(B; (pi)\B; (pi)) = 2" M" (" — ")
<MW" " ' La
Thus, in either case, by (17) and (23), we have

2 (2n-3
meas QV (@) < QM) A" Lo = ICNM riye (73)
= — "3 Y3” 0

By (70), (71) and (73), we have

2. (2n-3
M A2 (2n=3) n

meas (RN\QY) < i3 rie.

§3v

Lemma 6 is proved. O

From (61) and Lemma 6 there follows

. )\.n+2
meas ((Di X ’]I‘”)\?;(’)) < (k1 + k2k3) 2" ry T JE.
n3s

Now, since it is

N
(Dx T')\Ty = (0 x T\ [ 7,

i=1

N N
< Joi x TN\ 7P

i=1 i=1

34 Recall footnote 31.
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N
c i x TN
i=1

N
= [ J®Bi(pi) x TN\TD.

i=1

Now, in view of (24), one obtains (20) with

22n
Kk = —r (k1 + K2K3), (74)
c
0
and (18) follows at once. ]

A The standard quantitative inverse function theorem

The following is a standard inverse function theorem in C”; the bar over sets denotes closure.

Proposition Let f : B,(pg) — C" be a holomorphic function with invertible Jacobian
fp(po) and with r such that

sup 11— £, (po) fr(p) <8 < 1. (75)
IBr([’O)

Then, there exists a unique holomorphic inverse g of f such that

g: Bp(wo) = Br(po), with  p:=(1-34 wo := f(po). (76

) r
1 (o)l
Furthermore,

1 _
sup llgoll < —— 1/, (po)Il. (77
. (=

p(w())

If f is real-analytic, so is g.

The elementary proof follows by checking that the map & — ®(h) :=h + f, L(po) ( fo

h— id) is a contraction on the space of continuous functions from B, (wp) in B, (po). Then,
by the contraction lemma, g = lim ®"(pg), which also shows, by Weierstrass theorem on
the uniform limit of holomorphic functions, that g is holomorphic (and real-analytic, if so
is f). Bound (77) is a general fact following from Neumann series: Indeed, if A and B are
(n x n) matrices and ||/ — AB|| < 4§ < 1, then, by Neumann series, A B is invertible and so
are A and B, furthermore ||B~!|| < [[(AB) "' |All < (1 — &) || AJl. o
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