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Abstract: A general direct method, alternative to KAM theory, apt to deal with
small divisor problems in the real-analytic category, is presented and tested on sev-
eral small divisor problems including the construction of maximal quasi-periodic
solutions for nearly-integrable non-degenerate Hamiltonian or Lagrangian systems
and the construction of lower dimensional resonant tori for nearly-integrable Hamil-
tonian systems. The method is based on an explicit graph theoretical representation
of the formal power series solutions, which allows to prove compensations among
the monomials forming such representation.
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1. Introduction

1. Small divisors are ubiquitous in non-linear conservative dynamical systems; they
arise, for example, in: conjugacy problems such as linearizations of germs of ana-
lytic functions or linearizations of circle maps (see, e.g., [1] and references therein);
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in constructing invariant tori or curves for Hamiltonian flows or symplectic diffeo-
morphisms ([2] and references therein); in constructing periodic or quasi-periodic
solutions for non-linear PDE’s (partial differential equations) carrying a Hamiltonian
structure (see, e.g., [25, 32, 12] and references therein) or for systems of elliptic
PDE’s (see [10]).

Essentially, the only general technique used to overcome small divisor problems
has been the powerful KAM theory started by A.N. Kolmogorov in the early fifties
and developed in the early sixties by V.I. Amold and J.K. Moser (see [2] and
references therein).

This paper might be viewed as an attempt to develop general tools, which are
different from those of KAM theory, apt to solve small divisor problems in the real
analytic category.

2. The strategy that we shall pursue here goes back to the 1942 work of C.L. Siegel
[29], who was the first to overcome a small divisor problem (namely the conjuga-
tion to its linear part of an analytic function of the form ez + z%g(z) with w a
real number satisfying suitable generic conditions). Siegel’s method consisted “sim-
ply” in computing the formal power series solution (for the conjugating function)
and estimating its ™ coefficient by a constant to the k™ power, thus showing the
convergence of the conjugating function. Generalizations of Siegel’s method will
henceforth be referred to as direct methods.

Recently, such methods have been revived: In 1988 H. Eliasson, [13] (see also
[14, 15]), proposed a direct proof of the convergence of maximal quasi-periodic
solutions (or maximal invariant tori or Lindstetd series) for nearly-integrable, non-
degenerate Hamiltonian systems; in 1993-94 several preprints/papers appeared on
the subject: in [9, 17-20] the convergence of maximal quasi-periodic solutions for
Hamiltonians of the form % y* +ef(x) (x periodic vector variable, y canonically
conjugate vector variable) 1s proved by direct methods!; [21, 22] extend [17] and
use direct methods to prove the existence of “whiskered” (see [3]) tori (of di-
mension N — 1, if 2N is the dimension of the phase space) for certain special
Hamiltonians; in [10] direct methods are extended so as to prove convergence of
quasi-periodic solutions for elliptic systems of PDE’s of the form Adu = ¢f,(u, )
(where u is a vector-valued function of y € R™ and f is periodic in all its vari-
ables).

3. The obstacle to the extension of Siegel’s method to other small divisor problems
(motivating KAM theory and explaining the time gap between Siegel’s work and
the one above mentioned direct proofs) is related to certain repetitions of small
divisors appearing in the formal series solutions. To describe this phenomenon, let
us consider the “mother of all small divisor problems,” namely the convergence of
the Lindstetd series for nearly-integrable, non-degenerate Hamiltonian systems (see
[28]). Let H = h(y) + € f(x,y) be a real-analytic Hamiltonian, parametrized by e,
periodic in the “angle variables” x = (x),..., xy ) and with the “action variables” y
varying in some ball around a point yo € R". Assume the following non-degeneracy

1 The approach in these papers is quite similar and is different from that of Eliasson (for a comparison
with Eliasson’s method, see [9]). In [17-20] similarities between direct methods in classical mechanics
and some aspects of constructive field theory are pointed out. Also, in [17-22], it is assumed that the
perturbation f is an even trigonometric polynomial, a fact that makes the analyses in [9, 10] and the
present paper, on one side, and in [17-20], on the other, somewhat different. After the completion of
this paper, we received a preprint [23] which extend the analysis of [17-20].
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conditions: (i) the “frequency” vector @ = 0,A(yy) is Diophantine, i.c.

lo - n| = v neZ"\{0}, (1.1)

~ ylml
for some positive constants y, T (dot denotes the standard inner product in R"Y);
(i) the Hessian matrix 6ih( o) is invertible. Then one can formally compute the
Lindstetd series, i.e. the formal series
X~ Y Xe, Y~ S Yl
jz0 jz0

with X7/, Y/ (vector-valued) real-analytic on the standard N torus TV = R"/(2nZ"),
Y% = y, and such that ¢t — (x(¢), y(t)) = (wt + X(wt),Y(wt)) is a formal solution
(in the sense of formal power series in €) of the (standard) Hamiltonian equa-
tions X = 0,H, y = —0,H (over dot denoting ¢ derivative). The Fourier coeflicients
(X¥, Y¥) may be recursively computed in terms of monomials made up of & Fourier
coefficients of the periodic functions x — & f(yo,x) (with s < k) and in terms of

the divisors @ - m, m € Z" (which appear in the denominator of the monomial),
and in terms, of course, of d}A(yo). Roughly speaking, what happens is that, in the
expression of some of these monomials, there appear products of a given divisor
® + m which are not accompanied by Fourier coefficients of the Hamiltonian with
Fourier index “related” to m. Since |w - m| may be arbitrarily small (whence the
name “small divisors”), it is not clear what can counter-balance such products of
small divisors, which may accumulate in such a way to produce single monomials,
in the recursive decomposition of (XX, Y¥), of size of the factorial k! (compare,
e.g., [9], Appendix B). Controlling such formal series is therefore a difficult prob-
lem (which lead Poincaré to say that convergence of the Lindstetd series is “fort
invraisemblable,” [28], vol. II, Sect. XIII).

4. The direct method discussed here rests on two clearly distinct steps: (a) the
algebraic part of the method (compensations), which consists in showing that it
is possible to consistently group together the monomials with extra repetitions of
small divisors? into quantities that behave effectively as if there were no extra
repetitions (on a technical level this will be achieved by showing that certain mero-
morphic functions have zeroes of high enough degree); (b) the quantitative part
of the method, which consists in implementing Siegel’s estimates so as to prove
convergence of the formal series.

Step (b) is practically common to all small divisor problems; a detailed version
of the needed estimates can be found, e.g., in [9] (see, in particular, Lemma 5.1 and
Lemma 5.2), and one can adapt such estimates (once the algebraic step is settled)
to other small divisor problems including the ones discussed in this paper.

The key step, changing from problem to problem, is the algebraic step (a) and
the rest of the paper is devoted to develop a formalism general enough to deal,
in a unified manner, with different small divisor problems (which, instead, need
quite different KAM approaches as explained below). The language we shall use to
prove compensations is borrowed from graph theory (see e.g. [4] or Appendix A
of [9] for the fundamentals and [9-11, 17-22] for use of graph theoretic language

2 “Extra” means, as above, that the small divisor w * m is not balanced by a proportional number of
Fourier coefficients with index m.
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in the context of dynamical systems). In particular we will introduce a natural
generalization of labeled rooted trees (called below “weighted trees”) which will
turn out to be quite convenient in order to describe, in a completely explicit way,
formal solutions and in order to recognize the compensating families of monomials
in the (tree) decomposition of the formal solution.

In this paper we shall analyze the algebraic step (a) in various cases, while we
shall not deal with the quantitative part of the method (b) which is a technical issue
and, as mentioned above, may be recovered rather straightforwardly from [9].

5. Let us now discuss briefly the models and respective small divisor problems for
which we prove compensations.

P1 (Maximal invariant tori, Hamiltonian case). The first problem for which we
prove compensations is that of convergence of the Lindstedt series for nearly-
integrable, non-degenerate Hamiltonian systems (see point 1 above). The compensa-
tions (step (a)) plus the estimates of [9] (step (b)) yield a new direct proof of the
classical theorem by Kolmogorov (sometimes called “KAM theorem”) alternative
to that of [13].

P2 (Maximal invariant tori, Lagrangian case). We then consider the similar prob-
lem of finding maximal quasi-periodic solutions for the Euler-Lagrange equations
associated to a real analytic Lagrangian of the form L(x,y) = Lo(») + eLi(x, ).
As above, x = (xy,..., xy) is a periodic vector-valued variable and y varies in
some ball around a point yp € R"; the analogous non-degeneracy conditions are
assumed, namely one is given a vector  satisfying the Diophantine condition
(1.1) and yp is such that the Hessian aiLo(yo) is invertible. A maximal quasi-
periodic solution is, then, a solution x(¢) of (%Ly(x(t),)é(t)) = L,(x(¢),%(t)) of the
form x(¢) = wt + X(wt) with X(0) periodic in 0. Step (a) is then proved in essen-
tially the same way used in the Hamiltonian case P1. We point out that the KAM
theory needed to solve the Lagrangian problem is much more recent (1988) than
classical KAM theory and is due to Moser, Salamon and Zehnder (see [30] and
references therein). The Lagrangian approach is more convenient than the Hamil-
tonian one for rigorous stability bounds (see [6, 7]) and also for generalizations to
variational PDE cases (see [26, 10]).

P3 (Lower dimensional resonant tori). Maximal invariant tori correspond to analytic
continuation (in €) of unperturbed tori having “all frequencies excited,” i.e. tori
run by linear flow ¢ — wt with @ rationally independent over Z" and N = # of
degrees of freedom. We consider now the problem of analytic continuation (in ¢)
of “resonant” tori, i.e. invariant unperturbed tori for which there exist n € ZV\{0}
such that @ - n = 0. We shall argue (see the next item P4) that in general, such tori
are not analytically continuable for € =+0. Nevertheless we will show, under suitable
conditions, how to construct, with the (intrinsically analytic) methods outlined above,
lower dimensional invariant (unstable) tori when £=0. For simplicity, we shall
discuss only the following special case of a Hamiltonian of the form

1 1
H = '2—y2+'2_p2+5f(xaq) P (12)
where (x, y) are symplectic variables as above (i.e. with x € TV) and so are (g, p)
with g € T™; hence the number of degrees of freedom is N + M and we are in-
terested in N-dimensional invariant tori. For € = 0, N-dimensional invariant tori
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(up to a trivial linear and symplectic change of coordinates®) are spanned by so-
lutions of the form (y, p) = (w,0), (x,q) = (x¢ + wt,q¢). From classical transfor-
mation theory it follows that (if w satisfies (1.1)) the evolution equations of H
in (1.2) are equivalent to the evolution equations for a Hamiltonian of the form

y; + %2 +€ f o(q)+0(.€), where fq is the average (_w.r.t. x) over TV of f. Moti-
vated by this observation, we consider the Hamiltonian

2+ 12 +efol@) + e f(x,q) = Ho(q, y, p;e) + Hi(x,g;€)

. (1.3)
H =é&*f .

Even though Hj is not, in general, integrable, if q¢ is a critical point for fo, Hy still
admits the invariant N-torus 7 spanned by (y, p) = (w,0), ¢ = qo and x = xo + wt
and we want to study the persistence of such torus for the full Hamiltonian. To
attack the problem perturbatively, we introduce a new analyticity parameter y with
respect to which we shall make a formal (and eventually convergent with a radius of
convergence greater than one) power series expansion and consider the Hamiltonian
Hy + pH, (so that for p =1 we recover the Hamiltonian (1.3)). We also make
the following hyperbolicity assumption: we assume that gy and ¢ are such that the
matrix 663 fo(qo) is negative definite. Under these hypotheses it is easy to check
that there exists a formal expansion

Z:TV - RV 7 kZlZ"(G;E)u" , (1.4)
=

such that ¢ — (x(2), ¥(t),4(t), p(t)) = (wt,w,q0,0) + Z(wt) is a formal quasi-
periodic solution of the Hamiltonian equations governed by Hy + pH;. Then, we
can prove compensations for the formal solution (1.4). From this result, as al-
ready remarked, it follows that the formal power series is actually convergent
but, what is more interesting in this case, one can show that for £40 small
enough, the radius of convergence (in u) is greater than one so that the set
(ot,,40,0) + {Z(0): 6 € TV, u = 1} is an invariant N-torus for the Hamiltonian
(1.3). We mention that, in fact, these tori are whiskered in the sense of [3].

The proof of compensations (together with the estimates of [9]) yields a new
(direct) proof of the construction of lower dimensional resonant tori (with particular
emphasis on analyticity properties).

The KAM theory concerning “partially hyperbolic tori” (i.c. generalizations of
the case Hy + uH, above, with u as perturbative parameter and ¢ fixed) goes back
to [24]. For a KAM theory for resonant tori see [31]. In [17, 21, 22] a direct proof
is given for the existence of resonant tori (and their whiskers) in case (1.3) with
p,q scalar (M = 1), fo = cosq and f an even trigonometric polynomial. We finally
mention that the resonant tori (and their whiskers) are particularly relevant for the
study of “Arnold diffusion” (see [3, 11, 8]).

Different is the story for “partially elliptic tori” corresponding to 563 fo(qo) being
positive definite. Such a case is technically more difficult (due to the presence of
“extra small divisors™) and it has been overcome, with KAM technique, by Eliasson

3 A transformation of (standard) symplectic coordinates (g, p) (of a 2d—dimensional phase space) is
called symplectic if it preserves the (standard) two form Zj’zldq,- Ad p;.
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[16] (see also [27]). We believe that the direct method may be applied also to the
“partially elliptic case” and, more in general, to “mixed cases.”

P4. Consider again the Hamiltonian (1.2). Indeed, one can consider formal power
series in ¢ and one can show that if qo is a non-degenerate critical point of the
x-average of f then there exist formal quasi-periodic solutions. However, we shall
prove that, in general, these series do not exhibit compensations (at least of the
algebraic type considered in this paper). In view of this fact it seems natural to
conjecture that such formal power series are divergent. As “indirect” (i.e. “without
looking at the structure of the formal series”) motivation for divergence of these
series, we mention that, if 662 fo(qo) 1s definite, the phase portrait around the N-
dimensional Hy-invariant torus 7; changes drastically as € changes sign. It would
be nice to give a complete “direct” proof of the above conjecture.

6. Several amplifications of the results obtained here are possible. For example one
can treat, with essentially no changes, cases with Hamiltonians (or Lagrangians)
explicitly depending on time in a periodic or quasi-periodic way (of course, in such
a case, one will have to make the natural assumptions on the frequency vector w).
Also, allowing more general families of weighted trees, one could handle the case
in which the perturbation is an analytic function of ¢ (say eH| + e*Hy + - - -).

As mentioned above, the results concerning lower dimensional resonant tori can
certainly be improved and, in fact, it should be possible to deal with “general”
situations. Also, in the “partially hyperbolic case,” the construction of the associ-
ated stable/unstable manifolds (the “whiskers” of the tori) should not present new
difficulties.

There is lot of room for improvements in the direction of PDE’s. For example
one can use the methods presented here in order to extend the results of [10] on
the existence of quasi-periodic solutions for elliptic systems (assuming, e.g., the
principal part of the operator not in a diagonal form). Also, these methods might
be used to construct quasi-periodic solutions for non-linear wave equations, etc.

2. A General Set-up for Small Divisor Problems

Let us describe more formally what we mean by compensations in small divisor
problems. Given a “nearly-integrable” real-analytic dynamical system (say, as in
P1-P3 of Sect. 1), one is interested in finding invariant surfaces on which the flow
is conjugated to a linear flow on a (standard) torus or, equivalently, in finding quasi-
periodic solutions. Quasi-periodic solutions are described in terms of functions on
the standard N-dimensional torus TV = RY/(2nZ") substituting the phase variable
0 € TV with wt = (wi,..., wyt), where € IRV is a given (rationally independent)
vector and ¢ denotes time*. The system being “nearly-integrable” means that there
is a perturbative parameter, say ¢, such that for € = 0 the system is completely
“solvable.” It is therefore natural to try to establish the existence of formal solutions:
this constitutes the first part of step (a) (see 4 of Sect. 1). Formal quasi-periodic
solutions have already been considered in the last century; for a modern discussion

4In the PDE case mentioned in 2 of Sect. 1, ¢ = y is a multidimensional independent variable and
o is a matrix; see [10].
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of the formal solutions of the models discussed here we refer the reader to Appendix
B of [97°.
The formal solutions we will be dealing with have the form

Z=(Z,....,2) ~ S.ZN0)",  HeTV, (2.1)
k=0

where, for each k > 1, the vector-valued function Z* is a real-analytic function over
TV having an exponentially fast converging Fourier expansion of the form®

Z8= 3 Zie" Y, (2.2)
neZ

while for k = 0, Z° is the solution of the unperturbed problem.
The second part of step (a) consists in giving Z a representation in terms of
trees, i.e. a representation of the form:

Z 2 >0 MTwp) H%(Ta B) (23)
TETkzx v—zN :V —B

Ap=n

where, intuitively speaking, 7 is a suitable family of trees (with “set of vertices” V
and of “order k) taking care of the combinatorics coming out of Taylor’s formula
and its repeated applications (see Sect. 3); the sum over the indices o attached to
each vertex comes from expanding everything in terms of Fourier series (hence the
constraint of the total sum of such indices to be n since on the left-hand side we
have the n-Fourier coefficient of the solution); the final sum is finite and encodes
all possible (case-by-case depending) indices which may help in writing out “in the
most explicit way” the solution’; the summands of these sums are split into two
factors: A(T,, ff), which are complex vectors related to the derivatives of the given
function (the Hamiltonian or the Lagrangian) ruling the evolution of the dynamical
system and the products of 7,’s which are the small divisors. More formally: T is
a suitable family of labeled rooted trees®, ¥ = V(T') denotes the set of vertices of
T and the suffix (“order”) k refers to the following estimates on cardinalities

#TE S ki, #V(T) ek, (YTETH, (2.4)

(for a suitable constant ¢; > 0); the second sum in (2.3) runs over all possible func-
tions assigning to each vertex v € V of a rooted tree T an integer vector o, € ZV
with the constraint ) ; _,«, = #; the third sum runs over a suitable set of (possibly)
vector-valued indices taking a finite number of values (#B < o0); A is a complex
vector depending on 7, {a,}ver, {B,}scr and on the Hamiltonian (or Lagrangian);
finally y, € R are divisors that are described as follows. Rooted trees can be
naturally equipped with a partial order: we say that o' < v if the path joining the

>In [9] the formal expansion for Pl is proved; formal solutions for P2-P4 can be proved in a
completely similar way.

6 Note that we are using the suffix & with different meaning as ¥ denotes the ™ power of the number
& while Z¥ is a vector valued function and k is used as an index. The A™ power of the j™ component
of Z* will be denoted (Z" y; the /™ component of the Fourier coefficients of Z* will be denoted Z"

7TE.g. By will typxcally be related to the degree of the small divisors, see (2.7) below.

8 See any introductory book on graph theory, such as [4], for the standard terminology or Appendix
A in [9].
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root » of T with v/ contains v; (obviously v/ < v means v/ < vand v'+vandr = v
VY v € V, i.e. the root r is the first vertex of the rooted tree 7). Given a function o,
we define
O =0(T)= > o . (2.5)
VeV Sv
The divisors y,, which may assume arbitrarily small values, are defined in terms of
a real-valued function ( - ) which satisfies the Diophantine condition

[(m)| ™" < ylal*, ¥V neZM\{0} (2.6)

with suitable positive constants y,7.° Then

(057" if 8,40

2.7
1 if 6, =0, 27)

Yo = Yu(T,0, B) = {

where o, is, say, the first component of the index f, and takes value 0, 1 or 2. In
(2.3) only the second sum runs over an infinite set of indices: therefore we assume
that there exist positive numbers &, &, a > 0 such that, if we set

= Z S AT B [T ™!, (2.8)
TeT" wv—zN B:V—B veV

Say=n

then, for all £ and » one has
af, < dfe~énl

In the models considered here, such an assumption is an immediate consequence
of the well-posedness of the (formal) problem and of the analyticity assumptions
on the Hamiltonian (Lagrangian). From (2.8) it follows at once that if one could
bound the product of the divisors as!®

[Tl < 5 TICL + Jo]”) (2.9)
veT T
for some ¢; > 1 and b > 0, then from (2.4), (2.8) and (2.9) it would follow

1z = 5 LYY S AT Tatlal) < e,
Te']'k aV—»ZN p:V—B
(for suitable ¢s > 0) leading to “absolute convergence” (better: “convergence with-
out compensations”) of the formal expansion Z. Indeed Siegel’s original proof is
based on a similar argument, even though the set up is slightly different (and sim-
pler). Technically Siegel’s problem corresponds to 6 varying in a small (complex)
ball so that the Fourier series is replaced by Taylor series and «, ranges over Z%: in
such a case d,=+ 9, whenever v > v’ and Siegel’s method [29] yields the estimates

9 Typically, in dynamical systems, (n) = w * n (where the dot denotes the standard inner product in
RY) but in other situations (e.g. [10]) the function { + ) might be more complicated (e.g.non linear);
in the case (n) = w + n it is well known that, if T > N — 1, up to a set of Lebesgue measure zero, all
® € RY satisfy 2.6 for some 7.

10 From now on we will adhere to the common abuse of notation » € T in place of the more proper
v € V(T) and also if vv' = v'v denotes an edge of T, we shall denote vv' € T rather than the more
proper vv’ € E(T).
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(2.9).11 The problem with «, € Z" is that one can have “resonances,” i.e. §, = &
for v > v’ which may lead to obstinate repetitions of particularly small divisors. It
is well known (see e.g. [9], Appendix B) that, in general, one has, for arbitrarily
large k, subfamilies Fg, C 7* and a choice of & and B (depending only on the
subfamily) such that, for suitable a,b >0,

i' Y AT, ) e o 2 @Rl (2.10)

k‘ TeF4

Such families are obtained by taking chains of resonances which are defined as
follows. Given T € TF and o (i.e. {a,}ver), a resonance is a subtree!> R C T such
that: i) R is of degree two (i.e. R is connected to T\R by two edges); ii) if u is
the first vertex'? in R and z is the first vertex following R, then §, = J,+0; iii) R
cannot be disconnected, by removal of one edge, into two subtrees of degree two
satisfying i) and ii). It will be important to consider different choices of the index
B (i-e. {By}ver): in particular given a resonance R and given [ we call order of the
resonance the number (see (2.7)) ¢ = o, (u being the first vertex of R). A chain of
resonances is a maximal series of resonances Ry,..., R, with R; adjacent! to R, y;
given a choice of f3, the order of the chain is defined to be 6 = o, + -+ 0y
where 6, = 0,,, u; being the first vertex of R;. From these positions it follows that
if C is a chain of order &, if n = 9., where z is the first vertex following the chain
(i.e. following the last resonance, which by convention will be R;), then

I = (n)~° 7

veC s
(where v € C means v € |J; V(R;)). The examples for which (2.10) holds are based
on chains with & ~ k and [(n)| ~ k~!. This phenomenon may be counterbalanced
by compensations. To be more precise we introduce the notion of “compensable
chain.” Consider a chain C = (Ry,..., Ry), (A = 1) and fix the indices f§,. Let, as
above, u; be the ﬁrst vertex in R;, let R; be connected to R;y; by the edge wju;
with w, € R; and u; = wy > up = --- = wy; let z be the first vertex following the
chain (i.e. following w;,) and n = J,; and, finally, let P; be the path joining u; with
w;. Consider the following function of ¢ € C,

I 7 [17.(0) ], 211)

VER,\P, veP,

vk

h
nc(t; T,a,B) = lillan(t; T,a,f) , 7R, (1)

1 For a detailed discussion, in the present language, of Siegel’s methods see Appendix C of [9]; for
a different approach see [5].

12 When referred to trees the notation 7/ C T will always mean “T’ (unrooted) subtree of T.” Other
special conventions we are adopting are the following: a) for rooted trees the root (usually denoted r)
may be identified by adding an extra edge nr, where # is a symbol (not a vertex of the tree) sometimes
called the “earth”; with these positions one has, for trees, #£ = #V — 1 and, for rooted trees, #E = #V;
b) the degree of a vertex v is the number of edges vv' incident with v and if v = r is the root, the edge
nr is included in the count; c) the degree of a subtree 7/ C T is the number of edges connecting T’
with T\T'; if T is rooted and the root r belongs to T’ the edge #» must be included in the count.

13 Recall that T is a rooted tree and hence partially ordered (the order being such that the first vertex
of T is always its root).

14 T e. connected by one edge.
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where: if u; = w; (i.e. P; = {u;}), the product over P; is absent; if v € P;#{u,} and
v¥+u; we set

7,(0) = < D Oy +m> (2.12)

v/ €R,
if |R;| =1 (hence u; = w; and o, = 0) we set g (¢) = 1.
If velJ,P;, the function t — 7mc(t; T, ) is a meromorphic function of ¢
and since, by definition of resonance, Y vex oy +0, for any v=+u; and v € P,

v <o

nc(t; T, o, B) is analytic at ¢ = 0. Moreover, y, = 7,(1) and

[Ty = (n) "mc(1) .

veC

We say that a chain C C T € TF (i.e. C = (Ry,..., R;) with R; C T) is compens-
able if there exists a family of trees Fc C 7 whose elements 77 have C as a

common chain of resonances, and, for each T, there exists a choice of indices
B’ = B'(T"), such that the function!

fc(t) = Y, AT,0,p) ne(t; T',0, ') (2.13)
T'eFc

has a zero in x of order at least ¢ — 1.

We can now reformulate analytically the result described in the introduction.
Consider first the problem P1 of Sect. 1, and observe that quasi—periodic solu-
tions of the Hamilton equations with frequencies w, i.e. solutions of the form
(x(t), (1)) = Z(wt) with Z°(0) = (0, yo) and Z* : 0 € TV — Z¥(0) € R?", satisfy
the equations

DZ = JoH(Z(0)) , (2.14)

where D = w + 0p, J is the standard symplectic matrix _% and 0 is the gra-

dient 0,y with respect to the variables (x, y). Then it is well known!® that there
exists a unique formal solution Z ~ ) . (e*Z* of (2.14) with the normalization
condition

JpmoZ¥d0=0 (k=1), (2.15)

where 7m; is the projection onto the first coordinates: 7;(x, y) = x. The following
result then holds.

Theorem 2.1. There exists a tree expansion (2.3) for Z such that all chains of
resonances are compensable.

Consider the Lagrangian problem P2 of Sect. 1. Quasi-periodic solutions x(¢) =
Z(wt) = Y ;5" Z¥(wt), where now Z%(0) =6 and Z*: 60 € TV — Z*(9) € R,

15 In other words, the elements 7/ of F¢ are obtained from 7 and C by (possibly) changing the
edges connecting T\C with Ry, Ry with Ry,..., Ry, with T\C, and by (possibly) changing the values of
the indices f on C.

16 See [28] or Appendix B of [9].
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satisfy the equations
DayL(Z(O),DZ((?)) = 0,L(Z(0),DZ(0)), (D =w - dy) . (2.16)

Mimicking the proof of Appendix B in [9] one can easily show that there exists a
unique formal solution Z ~ 3, . £ Z¥ of (2.16) with the normalization condition as
in (2.15) but without the projection 7. Then, Theorem 2.1 holds also in this case.

Consider problem P3 of Sect. 1. It is easy to see that (recall the hyperbolicity
assumption) there exists a (unique) formal expansion

Z=Z,....Zy)~ S 20, 0T, d=2N+M)
k=0

such that + — Z(wt) is a formal quasi-periodic solution of the Hamiltonian equa-
tions governed by Hy + wH,. Uniqueness is achieved by requiring (2.15), where
denotes again the projection onto the x variable. Then, Theorem 2.1 holds also in
this case.

Finally consider problem P4 of Sect. 1. Indeed, if q¢ is a non degenerate critical
point of the x-average of f then there exists a (unigue) formal power series (2.1)
(with d = 2(N + M)) such that t — Z(wt) (o satisfying (1.1)) is a formal quasi-
periodic solution for (1.2) and the set {Z°(0): 0 € ZV} coincides with the torus
spanned by vy =w, p =0, g = qo, x = xo + wt. Uniqueness, again, is enforced by
the requirement (2.15). Also for such a formal series one can write down a tree
expansion completely analogous to those referred to in P1-P3 above. However, we
shall prove that there exist chains C = (Ri,..., R;) such that if F; denotes the
family of all trees with chain C then

> AT') me(0)=+0 .
T'eFo

In view of this fact it seems natural to conjecture that in the present case the
formal power series Z is divergent.

3. Weighted trees

Here we describe the tree family 7.¥, which appears in the basic formula (2.3).

For the models P3 and P4 introduced in Sect. 2, 7/ is simply the family
of all labeled, rooted trees with k vertices'”, which we will denote by 7. In
this case, as is well known (see e.g. [4]), #T" =/k*~! and (2.4) is clearly sat-
isfied.

To treat the cases Pl and P2 one has to distinguish, in the Taylor’s expansion,
the contributions coming from Hy and Ly from those coming from H; and L,.
To do this we introduce the following family of “weighted trees.” Given a rooted
(unlabeled) tree 7' we call a function of the vertices of T’

y:veV(T)— y €{0,1}

17 The basic terminology can be found in any introductory book on graphs or in Appendix A of [9].
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11 1 11 1 10 1 1 0 1 1.0 1 1 1 0 0 1
S o— o< e —o— o<
1 1 1

Fig. 1. The elements of ’f} (The numbers 0, 1 are the values of the index y for the corresponding
vertices and the encircled vertex is the root of the tree).

e——~@—-@<

U Uy uy Uz
Fig. 2. The elements of 7, (u; and u; are the labels of 73).

a weight function. A weighted rooted tree is a couple (T, x) with T a rooted tree and
x a weight function. We now denote 7; the set of weighted rooted trees satisfying

(i) degv 22 =y, =1, @) Yw=FK.
vEeT

Notice that, in particular, all final vertices (i.e. vertices of degree 1) have weight 1
and that, for any T € T, #V(T) < 2k — 1, as is easy to verify.!® We now define
the class 7; of labeled, weighted rooted trees obtained from T by labelling with &
different labels the & vertices with weight 1.

In cases P1 and P2 we let 7¥ = T; it is easy to check that (2.4) holds also in
this case.!?

The relation between Taylor’s formula and trees may be based on the fol-
lowing operation 7 (that we now briefly discuss for the case of 7;; for the case
T* see Appendix B of [9]). If T € 7, we denote by T the tree in 7; ob-
tained by removing the labels from T; we also denote T° (or TO) the unrooted
tree obtained from T (or T ) by removing the edge #r, i.e. by not distinguish-
ing any more the root from the other vertices; finally if 7 (or T) is an un-
rooted labeled (or unlabeled) tree and r is one of its vertices, we denote by 7,
(or ?) the rooted tree obtained by adding the edge #» (i.e. by decreeing that
r is the root). Let y € {0,1} and # = 1, let 4; be ¢ positive integers such that
h + -+ hy =k — y and pick trees T; € 77, We can form a tree T € 7 with root
r (r belng a vertex different from the vertices of T;, V i) of weight y, = y by
setting

¢
T=1(Ty,.... Th,) = (T,?l U--~UT,gU{r}+;rri)r ,

where 7; is the root of 7; (and summing an edge e to a tree S means, obviously,
to add e to E£(S)). Then, one has the following

Blet V; = {veEV:y =i}, and let k; = #V;, so that k = k). It is well known (see, e.g., [4] and
recall our convention on degree of the root) that 3y degv + 3y, degv = 2(ko + k1) — 1. If v € ¥ then
degv = 3, thus the sum over ¥y can be bounded from below by 34y while the sum over V7 can be
bounded from below by k. This leads to kp < k; — 1 which is the claim. Such an inequality is optimal.

19 Since ([4]) #7" < 4" and #V(T) £ 2k — 1 for any T € ﬁ one sees that #%k < 4% Since the
labels are attached to k vertices, one has #7; < k!4%.
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Proposition 3.1. Let F be a complex valued function defined on trees in T (for
any k). Then

ZF(T)—Z
0,17

k—
TeTk x=0,1¢/=2—y

21 £ 1 ~ ~
— Z H—— Z F(‘L’(Th],..., Th,)) .
e Scieici by
Bzl

For the proof we refer to [9] (Corollary B.1 of Appendix B).20

4. Compensations I (Maximal Hamiltonian Tori)

4.1. Tree expansion. Consider the model introduced in P1 of Sect. 2 and recall that
there exists a unique formal solution Z ~ Y-, . €*Z¥ satisfying (2.14) and (2.15).

Denote by Z(¥ the x-component (i.e. the first N components) of the vector Z* and
by Z®* the y-component; consistently, let ') = 4, and 0¥ = 09,. We also let

1 d*
[ - ]k:Ed—sk(.)lE:O

denote the k™ order operator which to a (possibly formal) power series a ~ > ae*
associates its k™ order coefficient: [a]; = a;. Finally, let

= 03Ho( o) - (4.1)
With these definitions, we can rewrite (2.14) as

DZMF = 47 4+ [V H D + [P, Dz = [0VH Y, (4.2)

where the suffix =~ *~1 means that the argument of the function within square
brackets is, for £ = 2, the polynomial in € of degree (kK — 1) given by

k=1 k—1
x=0+ ez y=y+ Tz (43)
h=1 h=1

and, for k =1, is (x, y) = (0, yp). We rewrite (4.2) in a more compact way as

DZWk = (2 — p)AZP* + Zm( P OHIED . (p=12).  (44)

Notice that while, by (2.15), the average of Z(V¥ vanishes, the average of Z** can
be read (for p = 1) from (4.4) by integrating over T":

2Pk =47ty [[0PHED (4.5)
™ x=0,1TV

Since the average of [0VH,]% ") vanishes (as it is clear from the second of (4.2))

one can apply to it the operator D~! obtained by inverting the constant coefficient

20 1y [9] the case of T* is treated (the T operation in T* is defined as above, replacing y systematically
by 1); adapting the proof to 7 is a trivial exercise.
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operator?! D. Taking the n-Fourier coefficient of (4.4), (4.5) one gets

z0h = 5 et ) L (i =een), @46
se{0,12}" n
1€{0,1}

where D(%#) is the vector-valued operator??

DD = (=1)!=P ;70 4ot o) (4.7)
and the * attached to the range of o means that the following constraints have
to be satisfied: o + p € {2,3} and 6 =0 <= n =0 in which case we adopt the
convention that (n)° = 0° = 1. Notice that D(*?)H, =0 if x =0 and ¢+ p =3
(as in such a case 0“~°~?) = g, and H, is independent of x).

We shall now use Taylor’s formula in the following form. If f:x € R" —
f(x)eR is a C* function and if a(e) ~ Y ., e*a® is a R™-valued (possibly
formal) power series, then

LI o
fa@) ~ 0+ ey ¥ % 7f(0) M) (45)
h=1 :15“ It i St o W a
1=k 1jism

Thus, if z = (x, y) and zV = x, z» = y, by (4.6) and (4.8) we get for the j*
component of the vector zP )k, and for £k = 2,

k—y 1
(p)k 4
A D DD VI D DD DD DD DI ) (4.9)
ge(o'x,z}*g):zﬁ{f 1Sh<k—1 pezV PUoPC e
re{01} Sh=k—y }ﬁn —n pi€{12}1j; <N
(Isi=4) (0<igs)

a/ D(C’D)H
J X (p,)h
{ H ol

(p1) (pr)
5sz e 6zj/,

where the derivatives of H, are evaluated at (0, ) and then one takes the #g-
Fourier coefficient (with respect to 0); for £ = 1, since [D("”’)Ho](lo) =0, one has
the simple formula
Z0 = () {DPH Y, (4.10)
c€{0,1,2}*
We are ready to prove the following tree expansion formula (recall (2.7), (2.5))

1
(po)k
gt == Y%

T,€T; aV—mezN B:V—P,EB jV—>]u€{1 ,N}

Bpp=n Pr=po Jr=Jo
[ {47, B, H Y, 1w s (4.11)
veT, veT,

2LIf f is a (smooth) function on TV with vanishing mean value, we denote by D! f the unique
solution with vanishing mean value of the equation for g: Dg = f. Expanding in Fourier series one has

g(0) =D f(0) = lZnEZN\{O} —~i—exp(in + 0), where i = v/—1: the inversion of D introduces the
small divisors.

22 For example the j™ component of DD is given by D;Z’l) >N 1 g”y [;;’7 ( yo)ggl—.
J
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where: the index set B, which depends on the function 0,, is defined as
B = {ﬂ =(0,p): 0€{0,1,2}; pe{1,2}; st
c+pef23},o=0 < 5,,:0}; (4.12)
the scalar operator A,(7,f,j) is given by

AT, B.j) = D;f“’p”) I1 6;’7/”') , N, ={v €T, st. v/ <vand v adjacent to v} ,
veN, "

(4.13)
(Gf N, =0, ie. degv = 1, the product is omitted). To recover (2.3) from (4.11),
one simply defines the component j, of A(Z,,o,f) as

(AT, 2, B));, = D 1 {ALT, B, ))Hy o, (4.14)
j¥—={1,.,N} v€T,
Jr=Jo

where, obviously, V is the set of vertices of 7,.
The proof of (4.11) is by induction. For £ = 1, (4.11) is an immediate conse-
quence of (4.10). Assume that (4.11) holds with & replaced by 1,..., k — 1. Given

h = 1, po, jo, 1, consider the function of (unlabeled) trees 7, € 7, given by

FPONT,) = ) v T1{AT B )H, b (4.15)
wV—2ZV.Tu,=n VET, VvET,
peB

JV—={L.. N} ji=jo

and observe that if 7, =t(T\,..., T,) with T; € ’fh, and hy +---+ h;, = h, then
(ﬁXing X 1, Po, ]0)

FOP (o(T,..., Ty))

njo

at’ D(‘f P)H "
= X S ) oo (,,/)< 0 b TR
o€ {012}* not-Tn=n Pispr oz - 0z, i
Jsees J ny
(4.16)

Equation (4.11) follows now from (4.9), (4.16) and Proposition 3.1.

4.2. Compensations. Here, we show how to choose families of trees F and cor-
responding indices so that all chains of resonances are compensable (recall the
definitions given in Sect. 2).

Given T = T,, o and f3, consider a resonance R and let u denote its first vertex
and w' < u the first vertex following R. By the definition of resonance one has 9§, =
0, *+0 (ie. ZveR oy, =0) and ,%J,s if u > v > w'. We shall classify resonances
by assigning to them an integer s = sz € {0,1,2}, which we shall call index of the
resonance R. Then, to each resonance R C T we shall associate a family F of trees
T’ obtained by (possibly) changing the edges connecting R with 7\R and choosing
a suitable set of indices. The family F% and the index p’ = B/(T') will be chosen
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so that (recall (2.11))
> AT, 0, B") nr(t; T’ 0, B') = O(F) (4.17)

T'€Fr

and the family F¢ will simply be given by

h
Fe=|JFx - (4.18)

i=1

Let R be a resonance and let u be its first vertex and w’ the first vertex following
R. We define the index of R as

SR = Oy + Pu— Pw' -

Thus if C = (Ry,..., Ry) is a chain of resonances and if ¢ denotes its order (see

Sect. 2), then
h

S SR, =G+ pu, — Pz 5 (4.19)
1=1
where z is the first vertex following R, (which, by convention, is the last resonance
in the chain C). Hence, if (4.17) holds, from (4.18), (4.19), (2.11) and the definition
of A (4.14) it follows easily that

> AT 0B ne(t; T, 0, ') = O+ =)
T/Efc

which implies that the chain C is compensable.

Let R C T be a resonance and let iz and ww’ be the edges connecting R with
T\R, with # > u = w > w’ (hence u,w € R). Let R be the maximal subtree of
R such that §,(R,)+0 Vv+u in R. We proceed by constructing the family Fy. If
pw %1 we set Fp = {T}; if p,y = 1 we let F be the family of all trees 77 obtained
from T by replacing the edge ww’ with the edge ww’, as W varies in R. Hence,
T € Fpand if pyy = 1, #Fp = #R. If 0, + p,+3 we set Fy = {T}; if 6, + p, =3
(ie. (o4, pu) =(1,2) or (64 p4) =(2,1)) we let F} be the family of all trees 7’
obtained from T by replacing the edge fiu with the edge #ii, as i varies in R. As
above, T € Fy and if 6, + p, = 3, #F4 = #R. In the first case (i.e. for T/ € Fp) we
do not modify the values B, (i.e. p'(T’) = ). In the second case (i.e. for T' € Fy)
we define ' = B/(T’) as follows. If v ¢ R then f, = f,. Recall that, by definition,
the first vertex of R considered as a subtree of T’ is &, while the first vertex of R
considered as subtree of T is u. Let #=u (otherwise, obviously, we set ' = f)
and consider the path P(u,#) connecting u# with & The path P will be formed by
p 2 2 ordered vertices that we denote v;: the order is such that v; = u, v, = @ and
the edges of the path are vjvy,...,v,_1v,. We then set

= (0uy1s4 = Ovyy — Poy) » for 1Si< p—1,
B =B, Vv P(uv) . (420)

It is easy to see that this definition is well posed (see also (ii) of the following
remark). Finally, we define
j:R = F 1/3 UF, I/Q/ .
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Remark 4.1. (i) If sg =0, one has Fr = {T} and p' = B.

(ii) The map B — B’ is involutive: more precisely, if we denote by B'(B;u, i)
the map defined in (4.20) (the definition which depends on the ordered path P(u,u))
then p'(B'(B;u,@);u,u) = f. More in general, it is immediate to check that, for all
u, i, U in R, one has

B (BB, a,5) = B'(Bs9) @21)

which makes transparent the well posedness of the f — ' transformation.

(iii) One might say that the families F} and F} are constructed “going around”
the resonance R with a “discrete curve” obtained by moving, respectively, the edge
connecting R with w’ and the edge connecting # with R. This interpretation might
explain the name “index” given to the quantity sg: Fx is obtained by “going around”
R exactly sg times.

(iv) (On the definition of F%) In practice, moving around the edge wz produces
a factor proportional to ; in (4.14) coming from the 9%-) = §() appearing in
(4.13) (as z € N). It is easy to see that, for x = 0, summing A 7g(x) over the
family Fj produces a common factor ) p; which vanishes by definition of
resonance.

(v) (On the definition of F) The idea is similar: one wants to produce a factor
proportional to o; when moving around the “first” edge #i connecting R with .
But now the situation is more delicate as changing the connection #i changes the
order in R and, consequently, change the small divisors and also the structure of
the derivatives (since both y, and A, depend on the order). Since one wants eventu-
ally to set x = 0 and collect the factor ), «; one sees the necessity of changing
the values of the indices f. In fact f’ is defined in such a way that, when x = 0,
one can factor out the product of divisors and the products of the operators (deri-
vatives) A,.

By the above discussion, it is clear that Theorem 2.1 is implied by (4.17). The
proof of (4.17) is rather straightforward although a bit technical. We give a detailed
proof of (4.17) in Appendix.

5. Compensations II (Maximal Lagrangian Tori)

Consider the model introduced in P2 of Sect. 2 for a real-analytic Lagrangian
L = Lo(y) + eLi(x, y). Formal quasi-periodic solutions of the Lagrangian equations
have the form x(¢) = Z(wt) for an « satisfying (1.1) and a function Z(6) which
is the (unique) formal solution Z ~ ZkzoekZ", with Z € RY, of (2.16). The vec-

tor valued function Z* can be put in a form which is amazingly similar to the
Hamiltonian case P1.

Let us denote by Z(F the full vector ZF ¢ RY and by Z®* the vector
DZ¥ = DZU"K (where D = w - dy) and, as before, let o) = 9,, 0 =4, and
A, = (%Lo( ¥o)- Equation 2.16 can then be written as

A DZ®* = —p[oD LoD — D@L D 4 [aL ¢ (5.1)

adopting the same convention used in (4.2): in particular the arguments of the
functions within square brackets are as in (4.3). As for the previous case



152 L. Chierchia, C. Falcolini

(see (4.6)), the n-Fourier coefficient of (5.1) is

Z = > 7 L))

ce{0,12}*
re{o0,1}

where Di“"’ ) is now the vector-valued operator
Dga,p) = (_1)1—(<r+p) i AZl a(4—a~p) ,

and {0,1,2}* is the same set of Eq. (4.6).
The Lagrangian problem is now in a form which is identical to the Hamiltonian

case, except for the definition of Di“’p ). Therefore the tree expansion formula for
the component jj of the n-Fourier coefficient of Z¥, with fixed values of po and jo

at the root r, is given again by (4.11) with the only proviso of replacing D( wobe)
(4.13) with D{?")

Also, the famlhes F of trees for which there are compensations are found exactly
as in the Hamiltonian case and we refer to Sect. 4.2 and the Appendix for details.

6. Compensations III (Lower Dimensional Tori)

Recall the notations of Sect. 2, P3. Because of the particular form of the Hamil-
tonian, the formal solution®® Z(6, ) is of the form Z = (X, Q,DX,DQ) where, as
usual, D = o - dg, 0 € TV and X € RY, O € R™. Denote

W=x, z®=90, M=o, =9, =—£0.f(q0) (> 0) .
One checks immediately that the recursive equations for Z("* (p = 1,2) are
(=D +(p—14)29% = 5 [WH]5", p=12, 61
¥=0,1

where the argument of the derivatives of H, is x = 0, ¢ = qo. From (6.1) one can
see that the average (over TV) of Z(D¥ vanishes, while the average of Z®)* is as
in (4.5) but with the minus sign replaced by a plus. Taking Fourier coefficients of
(6.1) we get the analogue of (4.6), namely

ZPk— S () {[D(”)H ](k 1) . () = w-n),

ce{02}*
1€{01}

which differs from (4.6) for the range of ¢ and relative constraints:

ce{0,2}) < o4+pe{23}, n=0 = 0=0, (62)

and for the definition of the vector valued operator DS,” ).

D) = ((n)2 —I—A)l_pa("’) .

23 Recall that here ¢ is a fixed real number different from zero, while the (complex) perturbation
parameter appearing in the formal power series is u.
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Notice that the components foj’.) are N if p=1and M if p = 2; we therefore let

N =N, N=M = je{l,...,N,}. (6.3)

Recall that 4 = 8% fo(qo) is positive definite, and so is a + A for any a = 0; thus
_1 b

e+~ = Tl (6.4)

for a suitable constant b depending only on & f(qo). We also remark that, by (6.2),
p =2 implies ¢ = 0 (hence no divisors) while if p =1, then ¢ =2 and n+0, in
which case the divisors are (n)z. In view of these remarks, we see that (4.11) holds
also in the present case provided we change the following items: N in the fourth
sum 1is replaced (see (6.3)) by N, ; the index set B is defined as

B={p=(0.0): oe{02} pe {12} st
c+pef23},6,=0 = 6:0};

finally the operator A, now depends also on a: A,(7,,p) in (4.11) is now replaced
by
AT, B,7) = DY [T o (6.5)
v EN,

Also (4.14) is readily adapted replacing N by N,, and A, with (6.5). We can proceed
to define the families of trees F and relative indices 8’ which exhibit compensations.
Given a resonance R (and a choice of a and f), we define the index of R and the
family F}/ and relative indices 8 exactly in the same way we did in Sect. 4.2.
Also the family 7} is defined in the same way but the relative indices 8 are now

defined in a slightly different way (due to the different definition of D{’): we let
(same notations as in Sect. 4.2)

;pEﬁM’
ﬂl’),EﬁUH.]’ forlélép_l,

B=p, YovéPuv).

With these definitions it is easy to check that (4.17) holds and hence that Theo-
rem 2.1 is valid in case P3 too.

We close by a remark on the p-radius of convergence of >, u*Z*. It is an
easy exercise to adapt the estimates in [9] to the present case and to check how the
radius of convergence depends on e. In fact, observing that, by (6.4), one has

4 1=p 2 b 2t
()™ [((m)? + 4) |§max{y,m} max{n", 1} |

leading to an estimate on the radius of convergence yy of the type
o = const min{e,y~?} .

Thus pu = €? (or u = &° with any ¢ > 1) is within the domain of analyticity provided
¢ is small enough.
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7. An example with no compensations

Consider the Hamiltonian (1.2) with

fng) =3 fre® 5 ) (7.1)

s=>1

where n® € ZV, m®) € ZM are given integer vectors (with )|+ |m®)| > 0)
and the Fourier coefficients f; decay exponentially fast with [n()|+ |m(®)|. Let
qo be a non-degenerate critical point of the x-average of f (ie. of
fo=2 1 fse"’”m * 7); then, as for the previous cases, there exists a (unique) for-
mal power series

Z=(Zy,....2)~ S ZF@O)F , oeTV
k=0

with d = 2(N + M), such that t — Z(wt) is a formal quasi-periodic solution for
(1.2) and the set {Z%(6): 6 € TV} coincides with the torus spanned by y = o,
p=0, g=qo, x =xo + wt, where w € R" satisfies condition (1.1).

Expanding Z* in Fourier series also in the variable g, besides the variable x
(see (2.2)), it is still possible to write Z¥ as in (2.3) provided one makes the
following changes. 7% = 7%, B is the trivial set B = {f =0 =2}; A(T,a,p) is
replaced by

A&y = > Ilfa [1d-dw,

o' :V—al€ZM vEV W EE
. - -2
where d, = (o, OC,’,) € ZN+M; finally y, = <5v> ’= (w : Zvlgv O‘u’)
It is then clear that in order to have compensations it would be sufficient to
have resonances in the variable & whenever there are resonances in the variable o.
In other words compensations take place if the Fourier modes in (7.1) are such that

Zln(s) =0 = >, mY=0 (7.2)
se

VI CN; in fact in such a case one could repeat word-by-word the argu-
ments in [9]. In general, (7.2) does not hold and compensations (of the type
described in this paper) do not occur as it is shown by the following
example.

Take N =2, M =1, fix a scalar integer n+0 and let

S(x1,%2,q9) = 2{cos x| + cosx, + cos(x; + x2 — q) + cos(nx; +x2 + q)} .

Hence, the range of d is the set {4(1,0,0),+(0,1,0),+(1,1,—1),+(n,1,1)}; for
definiteness we also fix w = (v/2,—1).

We fix a tree T € T%, with k = 3k + 1, and a function &, : V(T) — Z? so that T
contains a chain C = (Ry,..., R;) made of % identical resonances R; = {vy, 2,03},
with d,, = (—1,—-1,1), d,, = (0,1,0), d,, = (1,0,0), and the last vertex z, following
the chain, with &, = (n,1,1) (see Fig. 3).



Compensations in Small Divisor Problems 155

@ ) ( } ( } E } (n,1,1)
z
R, R, Ry R,

Fig. 3. Divergent contribution: the chain C = (Ry,Ry,R3,R4) is made of 4 adjacent resonances
with |R;| = 3 (in this symbolic picture only two vertex are drawn).

Let F¢ be the family of all trees T € 7* which contains the chain C. A lengthy
but straightforward computation shows that the i component of the vector valued
function Te(x) (see (2.13)) for A=1 is:

(Fe@) = G = T fa, 3 ot (T Gurd) by - b 7, ()

vevV u,WER, v’ €E(Ry)

3
23 (013053 +X23ij(x))°2zj ,
=1

where §,, is the Kronecker’s symbol, é; is the vector of 7™ component 0;; and

—2(6—x%) 8v/2+18x —9x* +x° 6—x>
2—x2)? Q2—x2Y(1—x?)? Q2—x?)?
— | 8v2+18x2—9x*4x° —2(3—x%) 32
B(X) - (2_x2)2(1_x2)2 (1_x2)2 (I_XZ)Z
6—x* 3—x* 0

=2y =7y
Hence 7g,(0)=0. For # > 1, one simply has:
fe(x) =2MA+*BY'a, , Ay = 3,365 . (7.3)

Thus, if x = w- o, = v/2n — 1, taking the third component of (7.3) (the component
for which condition (7.2) is violated) and assuming that » = A, one easily checks

that .
(4+x*BYd,), 2 1+0 (;> ,

which implies that C is a non compensable chain.

A. Proof of (4.17)

Using the notations of Sect. 4.2, the possible cases are the following: (i) sz = 0;
(ii))y sp=1and 0,4+ p, =2, po = 1; (ili) sg =1 and g, + p, =3, pw =2; (iv)
sg=21e. 0,+p, =3 and p, = 1.

Case (i). Since t — mg(t; T, o, ) is analytic at t = 0 [recall Definitions (2.11) and
(2.12)], (4.17) follows at once.

Case (ii). Let T® C T be the unrooted tree with vertices V(T) = {v€ T :v <
w'}, T C T be the rooted tree with vertices V(7)) = V(T)\ (V(R) U V(T™®)).
For any i, w € R, define

T@aw) = TOURUT® + di + ww' .
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Thus, Fr = Fj = {T(u, W) : w € R}. When ¢ = 0, ng(t; T(u,W),a,8) does not de-
pend upon W and we can write (introducing a new symbol)
nR(0; T(u,w), 0, ) = np(TV, a0, B)

where T() = T U R + ju. Furthermore, we can assume that y;; = 1: in fact, y; =
0 implies [recall (4.13)] Aw(T(u, W), p,j)Ho = 0 as the operator Az(T(u,Ww),B,;)
contains aﬁi} (being p,» = 1) and Hj is x-independent. Whence

AT (u,w),0, B) = ATV, oD, DY oy « AT, 0@, pP))

where o) and ) are the restrictions of & and f to V(7). But, since >z o = 0,
we get:

Z A(TI’ aaﬁ/) TCR(O; Tl’a’ﬂ/)

T'e€Fr
= ing(T, o, FYA(TD, oD, fO) 3T 0 - A(TD, 0, fD) = 0,
WER
which proves (4.17) in case (ii).
Case (iii). In this case it is Fg = Fy = {T(i,w) : @ € R}. It will be convenient to

keep track of the signs (and the power of i = 4/—1) in the definition of A. To do
this, let us rewrite the operator D(®) as follows:

D =g, , B

where
Eop = (-1 im0, D = gt
Analogously, we shall denote A and A, the corresponding objects A and A, with

D?) replaced by PP T = T(a,w), p = (¢’,p") = B'(B;u,u) (see point (ii)
of Remark 4.1), and the value of the index ; relative to the root » is kept fixed and
equal to jo, we have

AT f) = ido - 2 ( 1] eap) A0 ATL.a®p2) . (AD)
VERy;

where the vectors g, A(it) are given by the following formulas?4:

a(pu)D§::i,Pw) H a(‘t’/v/) , ifv=4a

A:)(T(O)a ﬁa]) = v ENHTO®) g >
AT B.J) if v e TO\{a}
Jo = A% ™ 1 {A(19,p, j)HXU}% ,
JV(TO)—{1,.,N} o€V (TO)
Jr=jo

24 Remarks: (a) If T is a rooted tree and v € V(T), No(T) = {v' € V(T) :v' < v and v'v € E(T)}.
(b) Note that the operators A/, and A are scalar operators if, respectively, v+ and v=w, while they
are vector—valued operators if, respectively, v =1 and v = w (that is why Ap and A are vectors). (c)
B’|r; and j|r, denote the restrictions of, respectively, f’ and j to the rooted tree Ry. (d) Note that, since
A%~ is a symmetric (real) matrix, if we rewrite 1y as Ay = A% g it ds Ao » oy = Ao * A% oy
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, ~(Tw,Pw) (PLI) .
a»ID; Im ¢ ifo=w

Jo 2

. U’GNw(R,;)
/ /o — /
AR D=9 1 & ifo=a -
v ENa(Rs)
AU(RIZ, ﬁllR.nleu') 5 if v=1=ﬁ,w
i(ﬁ) = Z H {A”(Rﬁ’ B/,.j)HZu }“u .

JVRAN{@})—{1,..N eV (R:)
We now claim that _
Ma)y=M0) , Vi, 0ER. (A.2)
Obviously, it is enough to check (A.2) for i, 7 adjacent. Let ﬁ' = pB/(B;a,7), with
B = B'(B;u,it), and notice that, by (4.21) it is [3, = B'(B;u,7). Thus, letting for ease
of notation (o, p,) = ﬁu and (o),p}) = B;, we have (by definition of f’)

(05 p7) = (05,4 — 05— p3s), (05, p5) = (0a pi) - (A.3)
Fix 7 € {1,...,N}. Then the # component of the vector /(i) has the form:
do(il) = {a(pa)gu_}a_ L A% {6(4_‘0'6_96)g6}a_ , (A4)

where, if z = %, 0, the functions g, are given by the following formulas. Let R(#)
be the subtree of R rooted at @ with vertices given by V(R(@7)) = V(R)\{v € Rz :
v < 0} (the order “<” being that of R;) and let R(D) be defined analogously (i.e.
exchanging the role of # and 7); let G(z)=R(z)\{z} (in general G(z) is a union
of unrooted subtrees), and let

J :{a;”w'), ifo=w
’ 1, if vdw ;

then (for z = # or )

e.= ¥ (I &dH,) T {dd®E)Blrerilne)Hy,} - (AS)
FiG@)—{1,.N} W ENA(R(E)) vEG(z) %

The definition of A(7) is completely analogous: # and i are exchanged and f is
=/
replaced by f; notice, however, that the definition of g, above depends only on

the values of f on G(z) and Bv = B; for v € G(@) U G(7), thus in the definitions
of A(¥) one may take exactly the definition of g, given in (A.5). By (A.3) and the
symmetry of 4 one obtains:

I(F) = {aw;)gﬁ}w o] {6‘4—"3"’%,;}

o
_ {0(4—05—96)95}%_ . 401 {a(ﬂu')gﬁ}aﬂ
— o] {5(4—0.;*95)95}0‘6 . {6(%)9’7}0:,,-

= (i) ;
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and (A.2) is proven. Next we prove that also the function
u(@) = (TT o ) ma(05 7w, )
ve

is independent on u € R. Again, it is clearly enough to check that u(if) = u(%) with
i and ¥ adjacent in R. Since o + 05 = o; + 0}, one has

i =1li". (A.6)
vER VER
Then, observe that
I‘[ (_1)(1~0$P$) — ( H (_1)(1—oupu))(_1)%- (A7)
vEP(v,u) vEP(1, )
and, since R is a resonance, 0;(R;) = —d5(R;); thus
(0a(Ry)) 7" = (= 05(Ra)) ™" = (=1)""(0s(Ra)) ™" . (A8)

From (A.6), (A.7), (A.8) it follows immediately that u is constant on R. We are
ready to prove (4.17) in case (iii): denoting by A and u the common values of,
respectively, A(i7) and p(u) for @ € R, we obtain, by (A.1),

Z AjO(TI9 &, .B/)nR(O; T/9 &, ﬂ/)

T/EFY

il

32 Ay (T w), 0 B/ (B0, ) ) (03 T w), 0 (B 1))
u€R

= iud AT, a(z),ﬁ(z))z_lo caz =0,
i€k

which, by the analyticity at 0 of 7wgr(¢; 7/, a, ') implies (4.17) in case (iii).

Case (iv). In this case Fp = Fp U Fy = {T(@#,W) : i, w € R} and s = 2. From case
(ii) or (iii), it follows immediately that (4.17) holds with s =1 (i.e. the Lhs.
of (4.17) vanishes at t = 0). To check (4.17) with s =2 we have to show that
the derivative at 0 of the Lh.s. of (4.17) vanishes. By (ii) and (iii) above we
see that, if T(i,w) € Fr, B = B'(B;u,i) and ﬂ = (0, py), the jo component of
A(T(ii,w),0, f) may be written as

AT @), ) = 1 Jo- g o - AT, o, ) ( 1 fop) (A9
VER;
where «k is defined by the r.h.s. of (A.4) with g, defined as in (A.5) but with d,
and d, replaced by 1. Notice that replacing d by 1 does not affect the independence
on # of this definition. Notice also that, since p,s = 1, the d’s_produce the factor
ioy in (A.9). Computing the derivative at 0 of ng(¢; 7'(it, W), o, ), one finds:

d i 1R (0; T(@,w), 0, ) S (—0,)(0,(Ry)) ™", if d%w
E TCR(t; T(I/-I,M_/), a, ﬁ) = Uelf;(:ﬁéw)
=0 0, if 7 =w.
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Thus, using the notations of case (iii) and denoting f,(8;u,4)= (av(u, i), pu(u, ﬁ)),

d
= > AT o Bmp(t; T 0, B)
t=0 T'€Fr
d o - o _
= d_ Z AjO(T(u’W)’a9B) TCR([; T(u,W),a,ﬁ)
li=o AWER
= kD ATD, o, fP)ea; v (A.10)
WeR
where 1
vw) = Z Ao+ oy 2 Uv(“>ﬁ)<5v(Rﬁ)>_ .
,_;eﬁ_ vGPiﬁ:vfi)
PES vFu

We now claim that v(w) = v is independent of w. To check the claim one may
again look at adjacent w and w’. The removal of the edge ww' disconnects R in
two subtrees: one, which we denote S, containing w and another, S/, containing W'
Observe that by the definition of the map § — f’ one has:

o (i) = oy (u,w) , Vi €S ;05 (1, W) = ou(u, W) ;

moreover (by definition of resonance) d,;/(R;) = —0d,3(Ry). Thus,

v(9) = V(i) = — ¥ Jo a7 0w ()0 (R) " + X Ao+ oz 0, @){05(Rs)) !
ueS acs’
W u-*u'/

+0 o 0, W (SR ) ™' — Ao+ o 0 (s, W) (S (R)) ™

=~ Ao 0 G (W) (0 (Ri)) "+ X Ao+ oz 01, W ) Ss(R ) !

o - oy 0w W) (85 (R ) ™" — Jo - ot 0 (1, W) (O (Ri)) ™

- (2_’10 '“ﬁ> o, W) (0s(Ri)) ' =0 .

ueR

At this point, the proof of (4.17) in this last case (iv) follows at once from (A.10).
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