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The stabilityof invariant(KAM) surfacesfor nonintegrabledynamicalsystemswith fewdegreesof freedom,asanonlinearity
parameteris increased,is considered.A rigorousmethod,whichallowsoneto constructexplicitly suchsurfaces,is discussed.A
byproductof thismethodallowsoneto givelowerboundsonbreakdownthresholdsandapplicationsto thestandardmapandto
atwo wavehamiltoniansystemyield resultsthatagreewithin 60%with thenumericalexpectations.

1. Introduction Thisscheme,which is quitegeneralandcanbeap-
plied to higherdimensionalhamiltoniansystemsas

Transition to stochasticregimes,in hamiltonian well as (directly) to monotonetwist diffeomorph-
mechanicswith few degreesof freedom,seemsto be ismsof theplane,isbasedon two fundamentalsteps.
intimatelyrelatedto thedisappearance,asa non-lin- OneisanimplementationofarecentNewtonmethod
earity parameteris increased,of KAM tori with [5], which allows one to establishthe existenceof
highly irrational rotationnumbers[1]. KAM surfacesby solving directly a “KAM-torus

In this Letterwe considerthe “paradigmhamil- equation”(seeeq. (2) belowandcomparealsowith
tonian” of Escande[1] ref. [61) ratherthan by exploiting repeateduseof

symplectictransformationsas in classicalKAM the-
H(y, x, t; a) 1y2+ af(x, t) ory [7,81.Thesecondstepconsistsin fmdingagood

~ +a[cosx+ cos(x—t)] (1) initial guessfor theNewtonmethodandis basedon
smoothnesspropertiesin the non-linearityparanie-

andillustratethe main ideaswhichareneededin or- ter a. Roughlyspeaking,underanalyticity assump-
derto give a rigorousproofofthe stability of theto- tions, KAM surfacesdependanalyticallyon a and
rus with rotation number w= (~/~— 1)/2 for from the KAM-torus equationonecancomputere-
complex valuesof a with a ~ 0.015. The experi- cursivelyafew termsof thea-power-seriesexpansion
mentalvalueat which this torus is expectedto dis- of the KAM surface.Such truncatedserieswill be
appearis about0.0276 [2,3] ~‘. usedasinitial guess.(Forrelatedpowerseriesmeth-

Thecompletemathematicalproofof thisstability ods,seeref. [91.)
result [4] is quite technicalandinvolvescomputer- As mentionedaboveour method canbe applied
assistedestimations,but its basicschemeis rather toutcourt to twist mapsand,here,we just mention
simpleandwill be describedhere. thatanapplicationto theChirikov—Greenestandard

mapyieldsexistenceof the golden-meancurve for
Permanentaddress:Dipartimentodi Matematica,II Univer- a ~0.65 [4], while the experimentalvalue ob-
sitàdi Roma,00173Rome.Italy. tamedby Greene[8] predictsa critical thresholdof

~ Falcolini [3] applying Greene’sresiduecriterion [10] to a 0.97.
“leap-frogmapwith largeintegratorstep” obtainedasPoin-
caresection,obtainsacritical valueof 0.02758.Thevaluein- Finally, numericalextrapolationsof our method
dicatedby Escande[2], basedon therenormalizationtheory give resultsin completeagreementwith the experi-
ofref. [1], is 0.0276. mentalones.
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2. Stability theorem 3. Power seriesexpansions

Werecall that a KAM torusfor (1) with rotation As it turns, u (0, t; a) is an analytic function of a
numbercv is aninvarianttwo-dimensionaltorusthat neara= 0. Thus,weset
canbe describedparametrically{ (x, t) = (0+ u(0, t;
a), t: (0, t)cT2}~whereT2 denotesthestandardtorus u= ~ u°~(0,t)a’
R2/(2EZ)2 and u is a periodicfunctionof (0, t) sat-
isfying 1 + u

9s~0 andsuchthat in the (0, t)-coordi- and,expanding(2) in a series,weget
natestheH-flow is simplygivenby (0~,t~)—~(O~+ cvt,
t0+t). From this and Hamilton equations,it fol- D

2u~’~=sin0+sin(0—t),
lowsthat u satisfiesthefollowing partialdifferential ~_ ~

equationon T2 (“KAM-torus equation”) D2u~ = k~1 ~ (~[sin 0+ sin(0— t) i)

D2U+�~(0+u,t)=0, D~w~+~-. (2) X ~ ~ 1>~2.
ax t tI+...+tkt—1

1j~I

Thus,to provetheexistencetori isequivalenttosolve
Thissystemof equationshasa uniquesolution (u (1),(2). We summarizeour resv1t in thefollowing u~21,...) with f uU)=0. In Fourier series,

Theorem.Letcv=~J~—l)/2andlet a be a corn- u°~= ~
(1) ~i(ne+mt)

plex numberwitth al ~0.0l5. Theneq. (2) has a (n,m)eZ2

unique solution with meanvalue (over T2) zero,
sucha solutionis givenby

which is a realanalytir functionof 0, t anda. Such
a solutioncanbe written in the form

U~n~m)
/0 = (wn+m)2 iflC(n,m)

u~~ u~’1(0,t)a’+R
10(0, t; a)

1
1=1 U~m) (wn+m)

2
where the u are odd trygonometricpolynomials

~k+ I
and, for 1~=24, x (ivo

1j
k=1 /l+...+lk=l—1 vo+...+vk=(n,m) Ic!

max lR24(0,t;a)l~6.85xl0—
5. lj~l vj~(vj,,vj~)�Z2

(9t)ET2
Io~o.oI5

It is worth mentioningthat the U01canbe corn- whereC(nm)=~ if(n, m)= ±(1, 0), ±(1, —1) and
puted“explicitly”; for example,the first two terms 0 otherwise.For1=1,2 one will easily recoverthe
are simply given by functionsof the precedingsection.

It will bereadilyrealizedthat thenumberof Four-
ier coefficientsof u ~ growsquite rapidly with 1. Tosin0+ 11)2sin(0_t)), handlethem andto obtaina rigorousevaluationof

\cv (cv-

u (2) = 1 1 1 ~sin20 them we useda computerperformingthe so-calledinterval-arithmetic[11].
As mentionedin the introductionwetook

1 ~ 1
24

\O) (cO_l)2) (
2W_l)25m’

20_t) ~0= ~
1= I+(~ 1 \ sin[2(0—t)]l

——

2)sint+
(cv — 1) j 4(cv— l)~ as initial guessfor the Newton iteration,which we

proceednow to describe.
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4. Newton iteration lish a rigorous result and,by its nature,cannotbe
close-to-optimal;neverthelessits effectcanbehighly

Let Vj be some approximatesolution of (2), mitigated by the step-by-stepapplication of the
namely, let Newtoniterationas indicatedabove.
D2 + ‘~(0+ t) — (3\ In our computations (p~=O.Ol5, lo=24) we

~ t~, ~ ‘ “ checkedthe KAM conditionforj
0= 10, that is, after

with e1 small (in suitablesup-norms).Welookfor a applying10 timestheNewtonstepsdescribedabove.
new function ~j+ 1= v~+w3 satisfying (3)~±i with
w,o~O(e~)ande1÷1~O(e3)

2.Recallingthat a KAM
torussatisfies1+v

0#0, we assumethat 6. Conclusion
l+ôv/öO#O, (

4)j
The aboveanalysis,togetherwith numericalex-

so thatwecandefinez=z(0, t; a) asthe uniqueso- trapolationsbasedonit, seemstosuggestthat,at least
lution with meanvaluezeroof in the caseconsideredhere, the radius of conver-
D[(1 +ôv /ô0)2Dz]= —(1+ôv /80)e. gencein a oftheparametricrepresentationof KAM

tori might actually coincide with their stability
Notice that thisequationcanbe solvedbecausethe threshold.
right-handsidehasmeanvaluezeroasit follows from Thisphenomenon,if furtherconfirmed,might be
(3)~.Then, one setsw~_=(1+~~/80) z, definese~÷

1 relevantin understandingthebreakdownof analytic
astheleft-handsideof (3 )~+andchecksthatw~and KAM tori evenin higherdimensions,at leastin the
e~÷1satisfy the abovesmallnessrequirements.Fi- caseof systemsthatarea directgeneralizationof (1).
nally,observethat,if v1andej areanalyticina insome
diskD, soarei~1÷1ande~÷1,provided(

4)~holdsuni-
formly inD. Thislastrequirementgivesarestriction Acknowledgement
on the sizeof the radiusof D.
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