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1. Introduction

1) In this paper we are concerned with the construction of quasi-peri-
odic solutions of systems of nonlinear partial differential equations, for the
unknown vector function u: y € RY - u(y) e R", of the type:
ad
a—i(u,y), i=1,...,N, (L.1)
where (x, y) e RV ™, A=3M,(8°/dy}), f=f(x,y) is a smooth (later real-
analytic) function periodic in each of its N + M variables and ¢ is a
parameter; “quasi-periodic” means that there exist an N x M matrix, Q,
and a (smooth) periodic function, U: (0, ) e TV M =RV M 2gZV+M -
U(0, y) e RY, such that

u(y) =Qy + U(Qy,y), VyeRY (1.2)

(To be precise we should replace (Qy, ) by 7,(Qy, y) as argument of U, =,
being the projection of RY*™ onto TY™*: we shall however omit such
projection). System (1.1) corresponds (formally) to the Euler equations of
the variational problem associated to the functional

JF(Vu, u,y)dy = J{% '; [Vu,»|2 + ef (u, y)} dy. (1.3)

The interest for quasi-periodic solutions of (1.1) is motivated by the
following two examples.
(i) M =1: (1.1) are then the Euler-Lagrange equations,

Au =¢f (1, y) ie Au;,=¢

%Fp(Vu, u, t) = F.(Vu, u, 1),

associated to the “time-dependent” Lagrangian F(p, x, f) having the
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particular form
F=%|p|2+af(x,t), (p, x) eRY x TV, t=yeT,

bars denoting Euclidean norm in RY. Alternatively, (1.1) can also be
nterpreted as the Hamiltonian equations generated by the non-auto-
nomous Hamiltonian H(p, x, 1) = 2|p|2 &f(x, 1) (with respect to the
standard symplectic form dp Andx:X=H,, p=—H,, x =x({) =
u(?)). In this case Q = wis an N-vector and if such a vector is rationally
independent with 1 (i.e.w - n +q =X, wn, + g =0forsomen e Z",
geZ =n =0=q), then quasi-periodic solutions correspond to in-
variant (N + 1)-dimensional tori embedded (if det[] + 9, U] #0) in
the phase space RY x TN*!, In parametric equations such tori are
given by (0,1 e TV*!' > (0 + U(0, 1), ©) on which the Hamiltonian
flow becomes (8, t5) — (0, + wt, t, + 1). The existence (under suitable
hypothesis on w, F and ¢) of quasi-periodic solutions is the main object
of the so called KAM (Kolmogorov-Arnold-Moser) theory (see [1]
and references therein, and [4] for some recent developments).

(ii) N = 1: In this case (1.1) is a single elliptic equation corresponding to

the Euler equation of the scalar variational problem (1.3) (with
N =1). The existence of quasi-periodic solutions (satisfying
1 +06,U > 0) is equivalent to establish minimal foliations for (1.3),
i.e. foliations of codimension 1 on T**! whose leaves are minimal
for the variational problem (1.3). In 1988, J. Moser, continuing the
analysis started in [12], proved a stability theorem (‘“‘c small””) (for
smooth Fsatisfying a “Legendre condition” and for suitable Q € R")
for such minimal foliations ([14], see also [13], [15]).

2) In this note we construct quasi-periodic solutions of (1.1) adapting to
the PDE case a “direct method & la Siegel”, which has been used, for the
first time, in the Hamiltonian (ODE) case by H. Eliasson [7] and which has
been recently revived (always in the ODE case: see [5], [8], [9]). The “direct
method” is based onto two clearly distinct parts: an algebraic (and short)
part and a guantitative (rather lengthy and technical) one. It is interesting to
note that to generalize the proof to the PDE case one needs to discuss only
the algebraic part as the quantitative estimates follows almost at once from
the analogous estimates of the ODE case. We also notice that in the case
N =1 we obtain a new proof of a particular case of Moser’s theorem [12].

3) Let us briefly describe the precise results discussed in this note. We
assume a “Diophantine” condition on €, which generalize the similar
conditions needed in (i) and (ii). We denote by 4 the M x (N + M) matrix
(Q7, I,,) (1’ w =M x M-identity matrix) and assume that

Al 2 — l1| VieZVTM\{0}, A =(Q7, I). (1.4
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For example such a condition is verified if one of the column of Q is a
Diophantine vector i.e. denoting Q=[w,, ..., wy], (0,€R" to be inter-
preted as column vectors: Q; = w;, = i** component of the vector ;) if, for
some 1 <j < M, there exist y, 7 >0 such that!

1
|wj-n+qlzm, YneZM\{0}, gqeZ (1.5

It is well known (see, e.g., [1]) that, given 7 > N, the set of vectors w, e RY
satisfying (1.5) for some y >0, has full Lebesgue measure. In particular,

(1.4) implies that the map y € RY — (Qy, y) is dense on T+, Thus, it is
immediate to check that u in (1.2) solves (1.1) if and only if U(0, V) solves the

degenerate system on TV*™ given by
M
LU=¢f.0+ U, ), L= Z (; - 0p + 6‘,,],)2, (1.6)
j=1

(where, as above, dot denotes inner product: ;- d; =Z\_, w,, 0,). Notice
that, in Fourier space, L acts on periodic functions g(6, ) as a multiplica-
tion operator transforming the Fourier coefficient g, /eZ"**, into

(—|Al|2g,).

Theorem 1.1. Let fin (1.6) be real-analytic on TV** and let Q satisfy
(1.4). Then there exists a unique solution U = U(f, §; &) of (1.6) jointly
real-analytic in (6, ¥) and ¢ (for ¢ in a complex neighborhood of ¢ = 0), and
such that

<U>ELN+MU(0,¢/;8)%=0. (1.7)

Condition (1.7) is just a normalization condition necessary to have
uniqueness: in fact, if U is a solution of (1.6) then so is (0,y)—
0o+ UGy + 0, o+ 1) for any prefixed (6y, Yo) e TY*¥. An immediate
corollary of this theorem and of the above mentioned abundance of
matrices Q satisfying (1.4) is the existence of uncountably many quasi-peri-
odic solutions u of (1.1) related to U by (1.2).

To be more quantitative, we introduce, on the space of analytic func-
tions g: T"—C, the norm |g|, =Z,cz/g.|e"; here g, denote Fourier
coefficients and ¢ is a prefixed, positive parameter. Obviously, g is real-ana-
lytic on T” if and only if there exists 2 ¢ >0 such that |g|, <oco. If
g=(g,,..,g) is a vector-valued analytic function, we set |g|, = sup;|lg; |,

Voa-b=3N,ab, |a| =(ZL, lai|2)1/2~
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We will then show that there exist constants B = f(t) and c = c(1,7y)
(recall (1.4)) such that if |f|; < co then the solution U described in Theorem

1.1 is real-analytic in the domain

Dro={0€C: Im6,| <o} x (Y eC”: [Imy;| <o}

x {eeC:le| <&}
for any 0 <a < ¢ and for
G — o)’

&= (—Wl—g— . (1.8)
Moreover, for any complex ¢ with |¢| <e,, U satisfies the bound:
d—o e

v ol <557

(1.9)

Remark 1.1. (“No epsilon case’) Obviously, a similar result holds for
the systems (“no epsilon”):

Au=fuy), LU=f(0+U,y), (1.10)

provided |f], is small enough ie. |f], <(¢ —0)?/(2¢c) (just insert the
auxiliary parameter ¢ in the r.h.s. of (1.10): the smallness condition on f
guarantees that ¢ = 1 is well inside the disk of ¢-analyticity and the solution
U(6, y) of (1.10) is obtained by taking U(8, ) = U(6, ¥; 1), which satisfies
U, < (G —0)/2).

Remark 1.2. (“Autonomous case”) In the case f = f(x) does not depend
upon y, the definition of quasi-periodic solutions has to be adapted in the
obvious way: U in (1.2) will depend only on 0 and the operator L becomes
simply X, (w;- 85)* (and the matrix 4 in (1.4) has to be replaced by Q7).
Then, Theorem 1.1 still holds together with the bounds (1.9), (1.8). Further-
more, in the autonomous case, the problem with no epsilon (1.10) is
transformed into the original problem (1.6) by a simple rescaling of the
frequency matrix: Q —>§2/\/g. Thus, since Diophantine vectors form a set of
positive measure, we conclude immediately from Theorem 1.1 that there
exist uncountably many quasi-periodic solutions of Au = f,(u) for any analytic
function f, without assuming ||f]|; to be small (compare [13], [6]).

Remark 1.3. It is probably possible to extend Theorem 1.1 so as to
cover a broader class of elliptic systems corresponding to more general
Lagrangian functions (satisfying a suitable non-degeneracy condition). On
the other hand, our techniques do not seem apt to cover the interesting case
in which f is assumed to be (sufficiently) differentiable.



214 L. Chierchia and C. Falcolini ZAMP

4) The proof of Theorem 1.1 is “elementary and direct”: the existence
and uniqueness of formal solution of (1.6), U ~ X, . e*UB(0, ), with U®
real-analytic on TV *# s first explicitly established and then it is shown that
the U%’s satisfy the bounds

U©], <5 — )i (111)

which leads at once to Theorem 1.1 and to (1.9). In particular no use is
made of fast converging schemes as it is typical in KAM theory.

The main (and well known) difficulty in such strategy is that U®(0, )
(the k™ term of the formal solution) can be written as a sum of many
“elementary contributions” of the form

q Qﬁ)@‘z, (1.12)

where ¢ is an integer, f; are Fourier coeflicients and ¢~ % is a product of
so-called small divisors i.e. ¢ =1L, |Al;| with J a finite set made up of at
least k elements: the “divisors” A/, may get arbitrarily small when ;| - oo
and the repetition of particularly small divisors generates elementary contri-
butions of size as large as ~k!. Therefore, to get a bound like (1.11) one has
to show that all the large elementary contributions compensate.

Here, we shall not carry out the explicit evaluation of the constants f
and ¢ in (1.8), which could be easily done by mimicking the similar
estimates performed in full details in [5] leading to (the certainly not
optimal values of)

B =127t +6, c =722 18121 4 6)!

5) We close this introduction sketching the main steps on which the

proof of Theorem 1.1 relies.

(1) One establishes, for (1.6), existence and uniqueness of formal quasi-
periodic solutions U ~ X, ; U®e* by a simple recursive argument
similar to that used in [6]. For this step it is crucial that the
equations (1.1) are “conservative”.

(2) The formal solution is shown to admit a very explicit representation
in terms of elementary graph theory or, more precisely, in terms of
labeled rooted trees’.

(3) The first estimates on products of small divisors ¢ are proved. These
estimates are based on a simple generalization of the original
argument given by C. L. Siegel [16] in order to linearize germs of
analytic functions of the form f(z) = e™z + z°g(z), zeC, with w a

2 In this paper we shall need no more than the basic definitions from graph theory, which may be
found in the first chapters of most books on the subject (such as, e.g., [3]) or in Appendix A of [5].
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real number satisfying a Diophantine condition. These first esti-
mates cannot be generalized in a straightforward way to the case
considered in the present paper (not even for the case N =M =1).
What happens is that in products (1.12) the same small divisor may
appear several times as a consequence of vanishing combinations of
Fourier indices (“resonances”): such repetitions may lead to contri-
butions (1.12) of size k! (see [5], Appendix B).

(4) One produces a partition of the terms forming the tree-decomposi-
tion of U® in well behaving families i.e. in families whose elements
behave as if there were no resonances. This step is algebraic in
character and constitutes the heart of the proof.

(5) Using steps 3 and 4, one can bound the sum of the contributions in
each of the families of the above partition by a constant to the k™
power using Cauchy’s classical method of majorants (see, e.g., [11]
Chapter 3).

6) We emphasize that, basically, the only difference from the proof of the
ODE case is step 4, which is explained here in full details; the other parts are
essentially contained in [5] and here we simply point out the needed
(notational) adjustments.

2. Proof of Theorem 1.1

Step 1: Existence and uniqueness of formal solutions

Given a (convergent) e-power series, g = X, 5 o £.&", we denote by [ -], the
“coefficient operator”, which associates to g its k™ coefficient [g], = g,. A
formal solution with real-analytic coefficients of (1.6) is a sequence of real-
analytic functions {U®} . o, UP: (0, ) e TV - UB(0, y) € RY, satisfying

k-1
LU® =0, LU(k>=[fx(9+hZOth<“,w)l s =D @D

Obviously, if the series X5, e*U® is convergent (i.e. 3o > 0 such that the
numerical series X, ¢*|U®||, has positive radius of convergence in the
complex e-plane), then U = %, ., ¢*U® satisfies (1.6) if and only if (2.1) holds
for all k. It is easy to prove, by induction, that given a real-analytic / and
a real matrix Q satisfying (1.4), there exists a unique formal solution satisfying
(2.1) and the normalization condition {U ® = 0: see, for example, the detailed
proof given (in the ODE case) in Appendix B of [5]. The unique (normalized)
solution is given by

FP
,;, |41

I=(nm)ezZN+M

(F® being recursively defined in terms of U®, ..., U%~1),

U®=0, UP=- el it (k=1) (22
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Step 2: Tree-representation of the formal solution

Given a rooted tree T with root in r € V' = V(T) (={vertices of T}), we
introduce on V' a partial ordering by setting u > v if the path with endpoints
r and v contains «; ¥ > v means u > v and u # v. Given a rooted tree T and
afunctiona: ve V—a, e ZV*¥, we denote by 6,(T; «) (or by §,(T) or simply
d,) the R™-vector

S, =4 .

=
As in [5], we select the root r of T by adding to the set of edges of the tree
T an extra edge nr where 1 is a symbol (not a vertex) (notice that in this way
for rooted trees one has #E = # V where E denotes, as customary, the set
of edges of T). Finally, we denote by J* the set of labeled rooted trees of
order k. The method of proof of Proposition 3.1 in [5] yields the following:

Lemma 2.1. For 1 <j <N, [eZV**\{0}, let U = U denote the j*
component of the Fourier coefficient of index [ of the real-analytic function
UB(0, ) in (2.2). Then

1 .
UP == % u,(T), with:

k' TecTk
%jl(T) = ( _l) Z 1_[ f;t,) H n, - Ny 1_[ |5u |—2’ (23)
a:;)i([?;)si.e_vel/ weE veV
e/ ]

where /(T') is the set of functions from the vertices of 7 into Z¥**\{0}
such that X, _, a, # 0 Vv € T, n, denotes, as above, the first N components of
the vector a,, e; € Z" denotes the versor in the j™ direction and o(T) is short
for Z,.ro,.

Step 3: Small divisors bounds (non-critical case)

As already mentioned in the introduction, in the sum at the r.h.s. of
(2.3) there are terms that, for k large, behave like k! (an explicit identifica-
tion and evalaution of such terms is given, e.g., in [5], Appendix B). This
phenomenon is due to (rather obsessive) repetitions of certain small divisors
d,. Repetitions of small divisors are “dangerous” whenever they occur on
related vertices i.e. when happens that 6, = d,, for some u > w. In such a
case, if we let R(u,w) denote the subtree with vertices V(R(u, w)) =
{v <up\{v <w}, it is a(R(u, w)) =0. A subtree R is called a resonance
(or a resonant subtree) if: (i) deg R = number of edges connecting R with?
T\R is two; (i) R is null ie. «(R)=0; (iii) R cannot be discon-

3 P(T\R) = V(T)\V(R), E(T\R) = E(T)\{uv ¢ E(T): v € V(R)}.
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nected, by removal of one edge, in two null subtrees. Actually, as the
following Lemma shows, only certain (“critical””) resonances are really
dangerous. Fix 4 = 1/5 (definitions and estimates given below will depend
upon a free parameter 4 < 1/4, which, for definiteness, we fix, once and for
all, to be 1/5) and call a A-resonance a resonant subtree R, for which,
setting*

lE Z Uy 5min(‘R) = minR lév(va)L
vy,UE

v< R d#s

one has |4!] < A8, (R). Then the proof of Lemma 5.2 in [5] yields at once
the following:

Lemma 2.2. Let T be a rooted tree of order k, o € .&/(T). Assume that
there are no A-resonances. Then there exist constants ¢, > 1 and 8, > 1 such
that

[T 16, <k UT lor, [P (2.4)

veT

Step 4: Small divisors compensations

Let us now prove, in full details, the crucial algebraic property
(analogous to Lemma 5.3 in [5]). A resonance produces a repetition of
divisors: Let R be a tree, let w € R, let z be an extra vertex (i.e. z ¢ V(R)) and
consider the rooted tree R}/ with root in u defined by V(R}) = V(R) u{z},
E(R}) = E(R,)u{wz}. Fix an o function, «: V(RY)—ZN*"\{0} with
o, =1#0 and a(R) =0, so that R is a resonance for RY. In the product
IT,c ppe lév(R;”)l"z, the divisor 6 =0.(R))) = Al appears at least twice, as
0.(R7) = 0. We now produce a combination of trees similar to R”, so that
the above repetition disappears. A precise statement is as follows. For
ve V(R}) we denote, as usual, «, = (n,, m,). Fix 1 <i,j <N, and consider
the meromorphic function of ¢ e C given by

(P(l) = Z r nuinwj H 5U(Ru) + té‘_z H léu(Ru)I_za 5 = Al:
u,we v evP;udw) ve R\P(u,w)

where P(u, w) is the path joining u and w (if u =w the first product is
missing, while if R is a path the second product is missing). Note that

|5|~4(P‘(1): Z My, ; H

uweR veRY

S, (R|2.

* v<Rmeans ve V(T)\V(R) and v < u for some u e R, and recall that 0,(R,) =A X, _, o, where the

. v U
order < is that of the tree R rooted at u. veR
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But, in fact, one of the |62 is fictitious:

do
0) =—1(0) =0.
o(0) == (0) =0 (25)
To prove (2.5), recall that «(R) =0 and define, for any u, w in R
0 0,(R,
=1 PR = ¥ e ¥ Sl
3;113 uecRu#w veUP;gL;;w) v( u)‘

We claim that the functions u(u) and v(w) are independent of, respectively, u
and w: u(u) = p, v(w) =v. The independence of u(u) from u comes immedi-
ately from the identities

0,(R.) = 0,(R,),  Vv¢ Pu, w), (2.6)

(where as usual P(u, w) denotes the path joining u and w) while, since
a(R) =

[T [6.R)|= I [-6.R,)|, Vu#w (2.7)

v evP;uL;w) v EDI;(%‘,) w)
Now, for any « and w with u #w (2.6) and (2.7) imply

wwy =[] 8. R T [0.(R]

UEUI;EMQW) v ¢ P(u,w)
= H Iév(Rw)l H lau(Rw)l = ,u(w),
usvl;(zz‘,)w) v¢ P(u,w)

which proves the independency of u from points in R. Next, observe that to
prove the independence of v from points in R it is enough to check that
v(w) = v(w’) for adjacent points w and w’. Thus, let w, w’ be adjacent points
in R. Then

, 0-0,(R,) 0 5U(Ru)}
—vw') = H,; —_ —
V(W) ( ) ul;éezwl,ew’ [vevéﬁw) ‘5U(RM)’2 veUP%Zw’) |5U(Ru)|2
. 8-6,(Ry 0 6,(Ry)
a0 [ )~ aom
09 ( w) ’ 0 5W(Rw’)
ui Wi T 12
= B T RoR T R P
0-0,(R,)

+ 1r(W)n,,; TuRIF

o 0" 5W(RW) _
B <ueZR nui) Iéw(lzw')|2 0’
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where yr denotes characteristic function of the set R and, in the second
equality, we used 6,,(R,) = —9,,(R,,). This finishes the proof of the claim.
Equalities (2.5) are now an immediate consequence of a(R) =

(P(O) z Hyifyy H |5 (R )l ’= =u- Z nyify,; = 0

uweR uweR
v#u
and
do _ 9 9,(R,)
—((0)= -2 witbwj 50 -Ru > T2 71 ~17
a @ =72 2 o LRI g R

= —2u"" ) W1<Z”’“ 2 %%—%l@

we R ue R ve Plu,w)
vEU

—2u~% Y n,, =0

weR

I

Step 5: Small divisors bounds (general case)

To any tree T € 7* and any « € /(T one can associate a family of trees
F(T), called “the complete family of 7 and 7 can be partitioned into such
complete families. Essentially, a complete family is constructed by associating
to critical resonances of 7 the trees which yield the compensations described
in step (4) i.e. the trees obtained by “rotating” in all possible ways the two
edges connecting a critical resonance R with T\ R. The precise construction
of complete families can be found in §4 of [5].

The following estimate is then an easy consequence of Lemma 5.4 in [5].

Lemma 2.3. Let T be a rooted tree of order k, ae./(T) and let
F =% (T) be the associated complete family. Then there exist constants
¢, >3, B, > 2B, such that

|

H nv.nv'n5;2
V

T'eF vweE(T")

< I7 Jow |2 ocd T Jou |2 (2.8)
velV veV

where degzv = max, . 5 degrv.

The proof of Theorem 1.1 now follows using, e.g., the well known method
of majorants (see, e.g., [11] §3 and its similar application in [5]). O
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Abstract

We extend a recent method of proof of a theorem by Kolmogorov on the conservation of
quasi-periodic motion in Hamiltonian systems so as to prove existence of (uncountably many) real-ana-
lytic quasi-periodic solutions for elliptic systems Au = &f (4, ¥), where u: y € R™ »u(y) e RY, f = f(x, y)
is a real-analytic periodic function and ¢ is a small parameter. Kolmogorov’s theorem is obtained (in a
special case) when M = 1 while the case N =1 is (a special case of) a theorem by J. Moser on minimal
foliations of codimension 1 on a torus T *!, In the autonomous case, f = f(x), the above result holds
for any .
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