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Abstract—This paper continues the discussion started in [10] concerning Arnold’s legacy on
classical KAM theory and (some of) its modern developments. We prove a detailed and explicit
“global” Arnold’s KAM theorem, which yields, in particular, the Whitney conjugacy of a non-
degenerate, real-analytic, nearly-integrable Hamiltonian system to an integrable system on a
closed, nowhere dense, positive measure subset of the phase space. Detailed measure estimates
on the Kolmogorov set are provided in case the phase space is: (A) a uniform neighbourhood

of an arbitrary (bounded) set times the d-torus and (B) a domain with C? boundary times the
d-torus. All constants are explicitly given.
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1. INTRODUCTION

a. In [10], we revised Arnold’s original analytic “KAM scheme” [2] and showed, in particular,
how to implement it so as to get the optimal relation between the size of the perturbation e
and the Diophantine constant a associated to a persistent integrable torus (for generalities,
we refer to the Introduction in [10]).

In the present paper we show how Arnold’s “pointwise theorem” (Theorem A in [10])
leads naturally to a “global theorem”, unifying and improving various previous versions
of such a result: compare, in particular, with [9, 14-16]. The term “global” refers here to the
simultaneous (and “smooth”) construction, in phase space, of all persistent KAM tori having
a prefixed Diophantine constant. The main theorem (Theorem 1 below) is formulated in terms
of a (Whitney) symplectic transformation conjugating a given (Kolmogorov non-degenerate)
analytic, nearly-integrable Hamiltonian system to a Hamiltonian system integrable on a
closed, nowhere dense set!). All constants involved in Theorem 1 are explicitly computed,
and, in particular, the optimal relation between ¢ and « is retained.

b. An immediate corollary of “Arnold’s global theorem” is that measure estimates of the
(complement of the) Kolmogorov set (i. e., the set of all persistent integrable tori of a nearly-
integrable Hamiltonian system) become essentially trivial (since symplectic transformations
preserve Liouville measure on phase space). The problem of finding explicit measure estimates
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of the Kolmogorov set in terms of the structure of the phase space is, therefore, reduced to
a purely geometrical problem. In particular, as in [5], we are interested in analyzing how
such measure estimates depend upon general geometric properties of the action domain, an
issue which is particularly relevant in developing KAM theory for secondary tori (i.e., those
invariant Lagrangian tori which arise because of the perturbation and are not a continuation
of integrable tori); compare [3, 4, 6].

In this paper, we shall discuss detailed measure estimates in two different cases, namely:

(A) (General case) The Hamiltonian is “uniformly real-analytic” on D x T¢, with action

domain D C R? being a completely arbitrary bounded set, and the unperturbed frequency
map is a local diffeomorphism; “uniformly analytic” means that the Hamiltonian is real-
analytic on the union of complex balls with centers in D and fixed radius R > 0. In this case
the phase space will be 2 x T?, where Z is a suitable (“minimal”) open cover of D. This
set-up is similar to that considered in [5].

(B) (Smooth case) The Hamiltonian is real-analytic on a phase space 2 x T? with 2 being

a bounded, connected, open set with C? boundary and the unperturbed frequency map is a
global diffeomorphism on 2.

. Let us briefly describe the type of measure estimates we get.

Case (A): As usual in classical KAM theory, we consider real-analytic Hamiltonians
H:(y,x) € 2 x T~ H(y,z) = K(y) +P(y,z) € R, (+)

where (y,z) € R? x T? are standard action-angle variables (i.e., the phase space is endowed
with the standard symplectic form dy A dz), € is a small parameter, and H is real-analytic
on the union of R-balls with centers in some bounded set D C R¢, while 2 is a suitable
neighbourhood of D (see below). The integrable Hamiltonian K is assumed to be Kolmogorov
non-degenerate on Z (i.e., the frequency map y € 4 — w = 9,K(y) is a real-analytic local
diffeomorphism). Let us denote by .#%(a, 7) the set of Lagrangian graphs over T in 2 x T¢,
which are invariant under the flow governed by H and on which the flow is analytically
conjugated to the Kronecker flow z € T¢ — z + wt, with w € R? (a, 7)-Diophantine? , for
some 7 > d — 1. Then there exist positive numbers C, o, £, and r < R/9, depending only
ond, 7, K and P (and explicitly given in Theorem 4 below), such that, if 0 < € < ¢, then

meas ((9 X Td)\ji/g(a*\/sm)) < C, NM(D) e,

where N™(D) is the so-called r-internal covering number of D and & is a R-neighbourhood
of a minimal R-internal cover of D (compare Section 3.1 for precise definitions).

Case (B): Here H is as above, but & is assumed to be an open, bounded, connected set with

C? boundary; H is R-uniformly real-analytic on Z and the unperturbed frequency map is
assumed to be a global diffeomorphism on 2. Let

r := min{R, minfoc (82), 1/k}/Vd,

where “minfoc” denotes the so-called minimal focal distance, and & is the maximum modulus
of the principal curvatures of 9. Then there exist positive numbers C,, a,, and €, depending
only on d, 7, K and P (and explicitly given in Theorem 5 below) such that, if 0 < € < g,
then

meas ((9 X ’]I‘d)\%@(a*\/z—:m)) < C, max {secg_1(2), H*1(02)} Ve,
where secg—1(2) is the measure of the maximal (d — 1)-dimensional section of Z and

H?=1 denotes the (d — 1)-dimensional Hausdorff measure (compare Section 3.2 for precise
definitions).

e, |w-k| > a/|k|", for any k € Z4\{0}.
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d.

€.

Remarks

(i) For the optimality of the relation between ¢ and « (and the reason for choosing
a = a,y/e in the Kolmogorov set), see item d in the Introduction of [10].

(ii) Theorem 4 below extends and generalizes the main result (Theorem 1) in [5].

(iii) In Appendix A (see, in particular, Remark A.5), we correct a small flaw (concerning
the choice of some constants) in [10].

(iv) In Remark A.4 (Appendix A) all constants appearing in the proof are explicitly given.

The paper is organized as follows.

In Section 2.1 we introduce some of the notation used in the paper and in Section 2.2 we state
the “global Arnold theorem” (Theorem 1). The statement of such a theorem is quite detailed;
in particular, the introduction of apparently arbitrary sets of parameters (such as Dy or p)
allows applications to be made in quite different circumstances (such as cases (A) and (B)
mentioned above). On the other hand, the proof of this theorem does not really contain novel
ideas and is based on the schemes in [2, 12] and [10]. However, since we put some emphasis in
making everything explicit, we felt it necessary to outline the proof, detailing, in particular,
the choice of the (many) parameters involved (this is done in Appendix A).

Section 3 is devoted to measure estimates and, in particular, to the statements and proofs of
Theorem 4 and 5, which have been briefly explained in item c above.

Finally, Appendix B contains some of the technical tools used in the paper, namely:

B.1 Classical estimates (Cauchy, Fourier)

B.2 An inverse function theorem

B.3 Internal coverings

B.4 Extensions of Lipschitz continuous functions

B.5 Lebesgue measure and Lipschitz continuous map
B.6 Lipeomorphisms “close” to identity

B.7 Whitney smoothness

B.8 Measure of tubular neighbourhoods of hypersurfaces
B.9 Kolmogorov non-degenerate normal forms.

2. ARNOLD’S GLOBAL KAM THEOREM
2.1. Notations
N:=1{1,2,3,--- } and Ny :={0,1,2,3,--- }.

For d € N and z,y € C¢, we let z -y := 2171 + - - - + T4q¥q be the standard inner product (the
bar denotes complex conjugate). We denote, respectively, the sup-norm, the 1-norm and the
Euclidean norm, by:

d d
o] = max [ag], |z = Solail wla =D |l

T? := R?/277Z% is the d-dimensional (flat) torus.
Given a >0, 7 > d — 1 > 1, we denote by

Dioph], == {w € R : |w - k| > VO#Eke Zd} (2.1)

«
[kIT

the set of (o, 7)-Diophantine vectors in RY.
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e Forr,s >0,y € C% 0 #D C C? we denote:

B(wo) = {y eR i ly—wol <r},  (weR?,
BT(D) = U BT(QO)) (D - Rd)7
yo€D

B, (yo) = {y eC:ly—yol < 7’} ,
BT(D) = U BT(yO)v

yo€D
T¢ = {x eC?:|Imz| < s} /2rZ%
Br,s(yo) = B, (yo) T?,
B, (D) == B,.(D) x T¢;
we shall also denote, in bold face characters, Fuclidean balls:
B;(yo) = {yeRd:Iy—yolg <r}, (yo € RY),
B.(D) = [ B.(w), (D CR%).
yo€D

o If 1, :=diag(1) is the unit (d x d) matrix, we denote the standard symplectic matrix by

0 —-14
1 O

e For DCRY r>0ands >0, B, s(D) denotes the Banach space of real-analytic functions
f:B.(D)xTs—C
with bounded holomorphic extensions to B, (D), with uniform norm

[ £llrs = | fllrs,0 = sup |f| < oo.

Analogously, B, (D) denotes the Banach space of real-analytic functions
f:B.(D)—=C
with bounded holomorphic extensions to B, (D), with

£ 1l = [[fllr.p = sup [f] < oo.
B, (D)

e For a differentiable function f: A C C?x C¢ 3 (y,z) = f(y,z) € C, its gradient/Jacobian is
denoted by Vf or by f’.
e We equip C% x C¢ (and its subsets) with the canonical symplectic form
w=dyNdr =dy; Ndxy+ -+ dyg Ndxg ,

and denote by ¢, the associated Hamiltonian flow governed by the Hamiltonian H(y,z),
y,x € C i.e., 2(t) = ¢l;(2) is the unique solution of

z2=JVH, 2(0) = z.
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e Given a linear operator L from the normed space (V,, || - ||a) into the normed space (Vi || - [|b),
its “operator norm” is given by
Lz
IL|| = sup 12z so that || Lx|y, < ||L| ||z||a for any =z € V.

zeVa\{0} [P

e Given w € R?, the directional derivative of a C'! function f with respect to w is given by

d
Dyf=w-fr= ijfm]-'

J=1

e If f is a (smooth or analytic) function on T?, its Fourier expansion is given by

f = Z fk eik-w’ fk = (271.‘-)d /’]I‘d f(l’) e_ik'w dl‘,

kezd

(where, as usual, e := exp(1) denotes the Neper number, and ¢, the imaginary unit). We also
set:

1
(2m)? Jpa

f@yds,  Tnf= > fee™" N>0.

|kl1<N

(f) =fo=

e For a function f: (A1,d1) — (#>2,ds), where (#;,d;), j = 1,2 are metric spaces, we denote

. _ _ da(f (), f(2))
Lip. 4 () = lf L. n I R N B

and f is said to be Lipschitz continuous on .2 if Lip_,, (f) < cc.
If .41 = RY, we usually denote Lipga(f) = Lip(f).

o C& (D) denotes the set of functions which are C* in the sense of Whitney on the set D. A Cfy,
map ¢ : D x T? — R% x T? is symplectic if the Whitney gradient V¢ = (Oy, 0x¢) satisfies
(Vo) J(Ve)T =J on D x T For more details, see Appendix B.7.

e The s-dimensional Hausdorff measure on R? will be denoted by H*; in particular, H¢, which
coincides with the d-dimensional outer Lebesgue measure, will be denoted by “meas”.

2.2. KAM Theorem

Given an open set 2 C R? and a real-analytic Hamiltonian H : 2 x T — R, we say that
T C 2 x T% is a (primary®) Kolmogorov (or “KAM”) torus for H if T is a real-analytic Lagrangian
embedded torus 7 = ¢(T%), which is a graph over T¢, and such that

ot (6(0)) = ¢(0+wt), VOeTteR,
for a given Diophantine “frequency vector” w € Dioph], (for some «, 7 > 0).

Theorem 1. Letd >2;R>0;0<s<1;0#D CR% e, a>0. Let the “integrable Hamiltonian”
K € Br(D) be a uniformly (Kolmogorov) non-degenerate (i.e., det K, # 0 on Bg(D)) and let the
“perturbation” P belong to Bg s(D). Define

MP
€

M= ||Kylep, L:=IK, lkp, P=I[Plrsp, 0:=ML e=c . (2.2)

a

%) As opposed to secondary tori (the same definition, but removing the graph assumption); for a KAM theory for
secondary tori, see [3]. In this paper, we shall only consider primary KAM tori.
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66 CHIERCHIA, KOUDJINAN
Choose 0 < p<r <R, D CD, 72>d—1; define the following “action domains”:
2 =B.D,), Z=B,,D), Z"={ye?: K,(y) e Dioph}, (2.3)
and consider the “nearly-integrable”, non-degenerate Hamiltonian given by
H:(y,z)e 2xT— H(y,z) = K(y) +eP(y,z) € R;

the “phase space” 2 x T% being endowed with the standard symplectic form w. Fiz 0 < s, < s.
There exist constants ¢y, ¢y, 1, C2,c3,¢4 > 1, depending only on d and T, such that, if

p. _ (s=s)"
a <o L €< €y = . 65 (2.4)
with a '=Tv+4d+ 2 and v =7 + 1, then the following statements hold.
There exists a nowhere dense set 9, C Br_g (D)) € 2, a lipeomorphism
v g I8 D,
a function K, € Cjp(%2s) and a Cyp-symplectic transformation
by = id+ (U4, u): Do X T = H = (D, x T?) C 2 x T, (2.5)
real-analytic in x € ’]Tgl*, such that?
0y, Ky oY = 0K , on 9%, (2.6)
O (Ho¢)(yw,x) =00 Ko(ys), ¥V (yez) € 2 x T VBeN (2.7)
Furthermore, the following estimates hold:
P
IY* — id|g <1 (s — 5.)” 67 Ea , (2.8)
) . . 1 MeP o2\ 1
Lipgs« (Y* —id) < cp 62 (5 —5,)7" 02 <log I\/|€P> < Ad’ (2.9)
MY MeP
maX{Hu*H*, 2dv/2 HU*H*} etV 6> (2.10)
Q@
MeP 1
| < cq 62 07 < , 2.11
19l < a6 € 2 < ya8as 4 70)6 211)
where
| ||«:= sup |-], (:=28(s—s,) 'loge .

d
P xTY,

The “Kolmogorov set” & defined in (2.5) is foliated, as y. € Zi, by Kolmogorov tori T, :=
by ({y} x T, which are Kolmogorov non-degenerate® .

The proof of this theorem is based upon Arnold’s original KAM scheme, revised and improved
in [10], where, in particular, all constants are computed and optimal smallness conditions concerning
the relation between small divisors and smallness of the perturbation are given. Since essentially
no new ideas are needed, details are deferred to Appendix A.

However, let us make here a few observations.
Remark 1. (i) The hypotheses on H can be rephrased by saying that H is R-uniformly real-

analytic on D. Notice that D can be a completely arbitrary subset of R? but 2 and 9 are
open sets.

(ii) The introduction of D, and p is made in order to be able to apply the theorem in quite
different contexts; compare, e. g., the next section on measure estimates.

Yy,-derivatives are Whitney derivatives.
®)For a precise definition, see Appendices A and B.9.
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(iii) Even if D, is a single point, the theorem guarantees, in general, a set of positive measure of
Kolmogorov tori for H, since the set Z* is a set of positive measure, provided 7 > d — 1 and
« is small enough. Precise measure estimates are one of the objectives of this paper and will
be given in the next section.

(iv) The parameter 6 defined in (2.2) measures the “torsion” of the unperturbed system and is

always greater than or equal to 1; indeed, for any yo € 2, denoting T(y) = K, (y)!, one
has

0 := LM > [T (yo) |l Kyy (o)l = 1T (o) 17" (50) "I > 1. (2.12)

(v) The constants ¢; appearing in the theorem are explicitly given in Appendix A; compare, in
particular, Eq. (A.38).

3. MEASURE ESTIMATES

The fact that the Kolmogorov set .# in Theorem 1 is the image of a (Whitney) symplectic map
leads to straightforward measure estimates of its complement:

Theorem 2. Under the same notations and assumptions of Theorem 1, let

B = (14 2Lipy. (Y* —1iq))? (27)7,
Ty = Br+p(Do) \ Br—p(Do)a
Ro={y € 2:K,(y) ¢ Dioph},}. (3.1)

Then one has

meas (2 x T?\ #) < /3 meas (Bg (2)\ 7%) (3.2)

<
< B(meas (Z,) + meas (Rq)).

Proof. By Theorem B.2, we can extend Y* —id componentwise to obtain a global Lipschitz
continuous function f: R? g+ = Y* —id and

(2:8),(24) p

sup|f| =sup|Y* —id| < , Lipga(f) = Lipg«(Y* —1id) < . (3.3)
Rd D 2 4d
Set g := f 4 id. Then, by Lemma 7 and (3.3), one has®
7 4(By (). (3.4
Notice also that, by (3.3) and Lemma 7, ¢ is a lipeomorphism of R?. Consequently,
meas (2 x T*\ #) = meas (2 x T?) — meas (¢4(Ds x ’]I‘d))
= meas(Z x ’]Td) — meas (2, x T%)
= (meas — meas (%))
(3.4)
< (2n d(meas( (Be(2))) — meas (2s))

= (2m) meas( (Bg 2)\ 7%)) (because g is injective)
(B.11)

< @n)(Lip ) meas (By (9) \ 7°)

(3.3

)
< (2m)7(1+2Lip(Y* — id))? meas (B2 (2) \ 7%).
%) The bar on sets denotes closure.
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Finally, recalling that 2 = B,(D,) and (2.3), one sees that
Bo(2)\ 7" =By(2)\7 U I\ D
= B, 4(D) \ Br—p(D,) U {y € Br—,(D,) : Ky(y) ¢ Dioph}
C I, URa,

from which the second inequality in (3.2) follows at once. O

Theorem 2 reduces the problem of estimating the measure of the complement of the Kolmogorov
set £ to the estimate on the measure of the complement of Diophantine numbers in a given set
and to the purely geometrical problem of estimating the measure of the tubular neighbourhood
J, of the boundary of 2 = B,(D,). Therefore, concrete measure estimates will depend upon the

structure of the action domain 2 and of the (unperturbed) frequency map

y € D woly) = K,(y) € R% (3.5)

We shall discuss in detail two different cases:

(A) (General case) D is an arbitrary bounded set, H uniformly real-analytic on D x T%, and wy
is a local diffeomorphism on D (which is always the case if the unperturbed Hamiltonian is
assumed to be Kolmogorov non-degenerate). In this case, as phase space we shall consider a
“minimal” (in a suitable sense) open cover of D times T?. This set-up is analogous to that
considered in [5].

(B) (Smooth case) D is a bounded, connected, open set with C? boundary and wq is a global
diffeomorphism on D. In this case the phase space is just 2 x T¢ :== D x T¢.

3.1. General Case

In order to state the result for case (A), let us give two definitions.

e Given a bounded non-empty set D C R?, and given r > 0, an r-internal covering of D is
a subset D, of D such that

DCB/(D) = J Bry); (3.6)
yEDO

N"(D), the r—internal covering number of D, is defined as”
N .= min {neN: {yi,...,yn} is an r—internal covering of D}; (3.7)

an r-internal cover D, of D with cardinality equal to the r-internal covering number will be
called a minimal r-internal covering of D.

e Given a real-analytic Hamiltonian H : 2 x T — R, we denote the set of KAM tori for H
with frequency vector in Dioph/, by

Hy(a,7) ={T C 2 x T T is a KAM torus for H with frequency w € Dioph]}. (3.8)

D NI®(D) is finite if and only if D is bounded. A simple upper bound on Ni*(D) for bounded domains D is:
N (D) < ([diam(D)/r] 4+ 1)%; compare [5] or Appendix B, Section B.3.
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Theorem 3. Let D be an arbitrary bounded non-empty set in R, 7>d—1>1, R,s > 0. Let
K € Br(D) be uniformly (Kolmogorov) non-degenerate, P € Bg (D) and let M, L, P, 6 as in (2.2).
Let cg and ¢y be as in Theorem 1. Fiz 0 < s, < s, let €, be as in (2.4) and define:

f— B a._\/MP - ()
T 1424200 TV e T e/

d

. M sl
0o = Blrr(llf;)|detKyy|, = max{ 5 ,9}, pi=

Ve. (3.9)

€o

Let D, C D be a minimal r-internal covering of D, 2 = B,(D,) and let #5(c/,T) be as in (3.8)
with H = K +eP. Then, if 0 < € < &, one has

meas ((9 X ']I‘d)\fg(a*\/z—:m)) < 0o NP(D) M~ 41 o, /e, (3.10)
with
5 g d22d 1
Gy = (2w + 2% 2 . 3.11
4( ) ( co i zd: |E[T |k\2) (3.11)
€24\{0}

Proof. Let a := ay+/e. Then p = La/cy, so that the first inequality in (2.4) is satisfied (with the
equal sign). Furthermore, with the above positions, € in (2.2) is given by

_ MP
€= 02’
so that the second inequality in (2.4) is also satisfied (with the equal sign). Finally, the relation p < r
is equivalent to & < &4, which is satisfied by hypothesis. Hence, all the assumptions of Theorem 1
are satisfied and therefore the measure estimate (3.2) holds with % as in (2.5).

We proceed to estimate the two terms on the right-hand side of (3.2) separately. Let us first
discuss the measure of R,,.

We claim that the map y € B,(yo) — wo(y) is a diffeomorphism for every yy € D. To see this,
we shall apply the quantitative inverse function theorem B.1 to f(y) = K,(y). In such a case, we

can take T = Ky, (yo) ' (using Cauchy estimates, see Lemma 4),

[La = TEyy ()|l < 1T Eyy(yo) — Kyy(y)ll
K

< 2L\, Kyl r < d2L ”R yy'!R r

1

2

r
)

< d*LM

R—r
where |9y Kyy|r = supg, () max{|8§’iyjykK|: i,j,k=1,---,d}. Hence, by Theorem B.1, wy is
invertible on any ball B,(yo) with yo € D, as claimed.

Now let D, = {y1,. .., Yny } With ng := N"(D). Then

meas (Rq) < Z meas ({y € By(y;) : wo(y) ¢ Dioph[,})
j=1

no

<. D meas<{y € Brlys) : lwoly) - exl < \klﬁklg})’

J=1 kezZ\{0}
where ey = \kk|2' Since on B(y;), y = wo(y) is a diffeomorphism, by the change of variables

y = wy (W), we find

meas <{y € Be(yj) : |woly) - ex] < |k\§k‘2 })
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< 561 meas ({w c wO(Br(yj)) Cwer] < « })

k[T 1K
_ . d-1 2«
< 65" ((diamwo (B (3;))) i
1
1 2«
< 55 (M2var) ! .
o (MY
Summing up over j and k, one gets
- 1
meas (Rq) < (2‘1dd21 Z I k] ) ng oy P M il g, (3.12)
kezd\foy LIV

Let us turn to the estimate of meas (.7},). Observing that

no
Tp = Brip(D)\Br—p(D,) C U Brip(y5)\Br—p(¥5);
j=1
one finds
no
meas (7,) < 3 meas (Bryp(y;)\Brp(1;))
j=1
= n2'((r+p)? = (r—p)?)
22d
< d2¥ngpri-t = d no o rla. (3.13)
Co M
Observing that % C g (as/e,7) and that, by (2.9), 8 in (3.1) satisfies B < 3(27)?, one sees that
(3.12) and (3.13) imply (3.10) with ¢, as in (3.11). O

3.2. Smooth Case
In order to state the result for case (B), we need the following definitions.

e Let S be a compact and connected C?-hypersurface of R¢. The minimal focal distance of
S is defined as
minfoc (S) := min { inf{ec(u, v" (u)) : u € S}, inf{ec(u, v (u)) : u € S}},
where v*(u) denotes the outwards/inwards normal to S at u and
ec(u,v) == sup{t > 0 : diste(u + tv, S) = t},
disty being the Euclidean distance.

e Given any bounded set D in RY we define the (measure of the) maximal (d — 1)-
dimensional section of D as

secq_1(D) = sup HTYAND),
AeAd—t

where AY"! denotes the set of all hyperplanes in R? and H? ! the (d — 1)-dimensional
Hausdorff measure.

e Given a set D C R% and p > 0, we define p-inner domains of D (which depend upon the

choice of the metric) as®)
I . "n.__ .
D,={yeD: Byy)CD}, Di={yeD: Byy) C D} (3.14)
8 Recall that B, denotes a ball with respect to the sup-norm | - | = | - |oo, while B, denotes a ball with respect to

the Euclidean norm | - .

REGULAR AND CHAOTIC DYNAMICS Vol. 26 No.1 2021



V.I.ARNOLD’S “GLOBAL” KAM THEOREM AND GEOMETRIC MEASURE ESTIMATES 71

Theorem 4. Let 2 C R? be an open and bounded set with C? a compact and connected boundary.
Let 7>d—12>1, s>0. Let K € Bg(Z) be uniformly (Kolmogorov) non-degenerate and so that

the unperturbed frequency map y € 7 — wo(y) = Ky(y) € C? is a global diffeomorphism. Let P €
Brs(2) and let M, L, P, 6 as in (2.2) and define

r := min{R, minfoc (02), 1/x}/Vd, (3.15)

where K = SUPyy MaXi<j<d—1 |Kj|, K;’s being the principal curvatures of 09. Let ¢y and c, be as
in Theorem 1; fix 0 < s, < s, let €, be as in (2.4); let o, €4, do, 0o and p be as in (3.9). Let
Hg(a/e,7) be as in (3.8) with H =K +&eP. Then, if 0 < & < &4, one has

meas ((.@ X Td)\%@(a*\/sm)) < é.0p M™! max { secq_1(2), Hd_l(a@)} oy Ve, (3.16)

with

5 2d 1
& = (2m)¢ + > h . (3.17)
2 (\/d O pehior k1T Vf|2)

Proof. The idea is again to apply Theorem 1 and Theorem 2.

Let D, := @\N/dr' Since Vdr < minfoc (02), by Lemma 9,
B/(D,) € B/, ( i'/dr) =9, and 2 =Bi—,(D) 2 B—,(D,) = (”\/d_l)rer. (3.18)

As in the proof of Theorem 3, we let a = a,+/e, so that p = La/cy and € = MP/a2 (cfr. (2.2)).
Then the inequalities in (2.4) hold with the equal sign. The relation p < r is equivalent to € < &,
which is satisfied by hypothesis. Hence, all the assumptions of Theorem 1 are satisfied and the
measure estimate (3.2) holds with %" as in (2.5).

By hypothesis the frequency map y — wp(y) is a diffeomorphism on 2, so we can repeat the
estimate on the measure of R, done in the proof of Theorem 3 without the need of localizing the

actions. Letting, as above, e = \kk|2’ we find
meas (Ry) = meas ({y € Z: wy(y) ¢ Dioph,})
Q@
< Y meas({ye g o) el < |k:|T|k:|2}>'
1

keZd\{0}
_ o
< Z 501meas ({wéwo(.@) D w ek < e[| })
kezd\ {0} 11712
_ _ 2cy
< 50 1 Md 1 SeCd—l(g) Z |k‘T|k‘
keza\foy | 1IMI2
2cy
< 90 |\/|_1 SeCd_1(9) Z |k‘|T|k‘| .
keza\foy | 1IMI2

The estimate on the measure of .7, follows from Lemma 10. Indeed, if we denote T,(S) :=
{u € R?: disty(u,S) < p}, we have (compare (B.23))

(3.18)
T, = Btp(D)\Brp(B) C By (INT )y 11s, € Tya09).
Since r < min{ minfoc (02)/Vd, 1/(v/dk)}, by (B.24), we get

meas (7,) < meas (T, (07))

- 2 (1 +Vdrr)d —
S d K

Laa-109)
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2d+1
< " pHI(02)

Qd-‘rl

N Vdeg
Since o = ai+/g, (3.16) follows, with ¢, as in (3.17). O

OM~ L HIL(99) a.

APPENDIX A. PROOF OF THEOREM 1

In this appendix we provide the details needed to prove Arnold’s Global KAM Theorem
(Theorem 1). The main point is the choice of the various parameters and sequences involved in the
Newton-like procedure based on the iteration of a “KAM step” (in turn, based upon the original
scheme by Arnold; compare [2] and its revisions in [12] and [10]). Although the main ideas are well
known, some details are needed, especially in order to compute explicitly constants and to keep
the optimal relation between ¢ and «. Furthermore, the construction of the “integrating map” also
requires a discussion. All this is done in the present appendix.

By following [12, Chap. 6], one gets the following:

General Step of the KAM Scheme

Lemma 1 (KAM step). Letr >0, 0<20 <s<1, Z; C R? be a non-empty, bounded domain.
Consider the Hamiltonian parametrized by € € R

H(y,z;¢) = K(y) +eP(y,v),
where K, P € B,.5(%). Assume that”)

det Kyy(y) 7& 0 9 T(y) = Kyy(y)_la v ) S -@ﬁ )
||Kyy||7"7-@jj < M’ ||T||.@u < L7 (Al)
||P||r,s7@u <P, Ky(.@ﬁ) - A;
Fix e # 0 and assume that
svbd O A
A>1 v >1. 2
o8 <U EPM> (A-2)
Let
-1 - T _ . o .
= < <
E=doh TS gy 7S min {7
. (A.3)
i 7 5:8—20 s=s—-0
~ 16dLM’ ' 37 ' ’
and"")
p = Pmax { 16_La_(”+d), Cfa_2(”+d)} .
rT ar
Assume:
P <7 (A.4)
Then there exists a diffeomorphism G: Bx(Z4)—G(B#(Zy)), a symplectic change of coordinates
¢ =id+ed: By (Zi) = Boyss(Z), (A.5)

D1n the sequel, K and P stand for generic real-analytic Hamiltonians which later on will, respectively, play the
roles of K; and Pj, and yo, 7, the roles of y;, r; in the iterative step.

10)Notice that p> cf_dp > p since o < 1. Notice also that LM > 1, so that 17',37:Lc7_(”+d) > 1r62L > M3-2'
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such that
Ho¢/ = H' = K'+&*P',
OyK'oG=0,K, detdsK'oG#0 on %,

- -1
with K'(y') = K(y) +eK(y') = K(y') +e(P(y,-)). Moreover, letting (8§,K’(y/)> =T+
€ T(y’), y' € G(%), the following estimates hold:

102 Kllrjoz, <Mp. |G~ idllrg, < " rep, [Ty <Lp,
¢ W 3 (A.7)
o { L2 IWTOW g W sy | <o 1Pl < .
where
P =G(7y), (BK'(Y)) =ToG ) +eTly), ¥y € %,

W = diag(7 14, 1) , W = diag(oc™ "7 11y, 1g) .

Implementation

As in [10], we shall separate the first step from the others. Let H, K, P, p, s, s., W, P, M, L, 0,
€ be as in Section 2. Set

o0 =(s—5:)/2, e0:=€, 0p=0, rg:=p, Lo =L, Mg:=M, Pg =P, W; =W,
Ao = log 60_1, Ay = C700_(4V+2d+1)98)\%”, 0, = 222+ gy = 4061)\0 ,
Ky=K,Py=P, Hy=H, Y9)=9"

First step
Let

s s T "0 T 100 r L min @ T
= — O = = =
PRI T sany T s2dey T 2 2dv/2Moey” [

o o0 o o) .~ —(3v+2d+1) 1/2 __ €oPo
Mq = <1—|— 3>M0, L, = (1+ B)Lo, 60.—C80'0 € Py = .
Lo @ Cs o
po = Pomax{8 000(+d), 4 002( +d)}.
ror1 2ary
Lemma 2. Under the above assumptions and notations, if
C
a<g "o and max { e €y, €} < 1, (A.8)
16 Lg
then there exist 91 C 2, a real-analytic diffeomorphism
Gl : Bfl (.@*)%Gl(Bﬁ (.@*))
and a real-analytic symplectomorphism
¢1 BTLSI(@:L) - Bro780(@0) (A.9)
such that
G1(2%) = D, (A.10)
6y1K1 o Gl == 8yK0, (All)
Hy:=Hyo¢, = K; +&2P, on By, (1) (A.12)
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and')
D < Dy, (A.13)
102 K1llro/a,9, < M1, 1T1]|2, < Lu, Ty = (92, K1), (A.14)
HPl”ThSl,-@l < Py, (A‘15)
|Gy — id]|7, .2+ < 2051 7y epo, (A.16)
10:G1 — 1|z, 2.9+ < 2°dC4v/2000 €5 epo, (A.17)
_ . —1 .
max{Ci2Cy WiV (o1 = i)Wy [lry,51,1, [Wi(d1 = 1) 6,20} < 05 €Po. (A.18)
Second step, iteration and convergence
For a given j > 1, define!?
oo o) B 20, .
0j = g0 SjH1I= 85 =0 = S + ojv 51T 8T 3J, U= 41,
J J
M= Mo [T(1+ 7F) < Mov2, Lisy=Lo [J(1+ 7)< Lov2,
3 3
k=0 k=0
M0€2j Pj . Ty . fj.;_ldj 1 . (0% Ty
€ = Til1 = Tif1 = 7ii1 = _ min
7 o TN eade, YT 3246, TR T 2 2dv/2Mo %" 64d6y |
~ MgP? . . ) B
Pj+1 = )\*91_1 a2 J , €= )\*Hiej, Wj+1 = dlag ((2Tj+1) 1]1d s ]ld) s
. _ _ 8Lov2 —(t+a) Ca  —20+a)
Wi i= diag (077 (2r541) ' Ta Ta) s Py =Py “rd), . .
j+1 iag (07" (2rj41) " L, La Pj j max P 95 QaerUJ
Observe that, for any j > 1,
) M €2j+lp. .M 52]'4-1 . M0P2 . 2
s _ 1 _ 1 V1o J+1 _ 1 Vo -1 J _ 22
€i+1 = )\*Hﬁ €j+1 = >\*91+ o2 = A,ﬁi* o2 )\*91 o2 ()\* 91 Gj) = 6]-
i.e.
="
Lemma 3. Assume (A.12) + (A.15) with some € # 0 and
max { e co , 21N d20o08 e /3 2C690€1} <1. (A.19)
Then one can construct a sequence of real-analytic diffeomorphisms
Gj: By (2j-1)—G;(Bi (Z5-1)), =2,
and of real-analytic symplectic transformations
¢j : Brj78j(@j) - IB%ijlﬁjfl(@j—l% (A‘20)

such that
Gi(Zj-1) = Z; € Dr;,
OyKjy10Gjp1 = 0yKj,
Hj=H; 10¢; = K, + Eszj on B s.(%))

converge uniformly. More precisely, we have the following:

D (A.17) follows trivially (A.16) using Cauchy’s estimate.
2 Notice that s; | s. and r; | 0.
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(i) the sequence G7 = GjoGj_10---0Gy0Gy converges uniformly on I* to a lipeomorphism
Y*: D" = D, =Y"(2") CZ and Y* € Cip(Z*) .

) e? 85 P; converges uniformly on 9, x ’]I‘g* to 0, for any 3 € N¢ ;
(iii) @7 = ¢ 00 ¢, converges uniformly on D x T¢ to a symplectic transformation
¢*: 2. x T ™8 B, (2) x T¢,
with ¢* € Cyp(Zs X ’]Td) and ¢*(y,-): ']I‘g* > x — ¢*(y,x) holomorphic, for any y € Dy;

(iv) Kj converges uniformly on 2, to a function K, € Cpp(Z.), with
Oy, Ky o Y™ = 0, K on 97,
0 (Hy 0 ¢*)(ys,x) = 0 Ku(ys), V(ysu,x) € 2 x T,V B € N§.

Finally, the following estimates hold for any i > 2:13)

1Gi = dllr,z,, < 20 o pic, (A.21)
10:G: — Lalls, 0,0, , < 2°d6o o7+ ¥ piiy, (A.22)
Pl < P (423
2i
. . 1
(62 = ) s < 20 (Coti) (A20
9 d+1 »
IWa (6" — id)| < "g ; “l on D, x T (A.25)
where
az =a Ug ||W2¢2||T2,82,@2'
We can now complete the proof of Theorem 1. First of all, observe that
2a\* 1
(logt)? < < :) Vi, Vtze Va>, (A.26)
and from the proof we have
(A.8) _o(wtd)—1 KoeP
epo(30g 1) < 6dCy/20y 2D 0; 0 g (A.27)
(A.26)  (A.8)
< & < 1, (A.28)
and, for j > 1,
e¥p;(3071) <& /0. (A.29)

Let ¢y = ¢1 o ¢*. Thus, uniformly on Z, x ’]I‘g*,l‘l)

(W1 (s — 1d)| < [Wi(¢1 0 @™ — ¢")| + Wi (¢" — id)]
< Wildr — id)[lyy 1,00 + IWIW5 | [Wa (6™ — id))|
20.d+1 él
< ol epg + g 0

13) Observe that (A.22) follows (A.21) using Cauchy’s estimate.
14 2 (A-19) 2 (A-19) 2v (511 42 1/29—1 _(v+d+1)/2
)Observe that \3"eo < (40)*Jeo < (4v)*(2"1d*Cs)~ 20, oy .
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(A.26)+(A.27) , v e
< 6dCyV 20y B 5+(2”e) Crog Ot g2pm

< Cob2tseq
e., (2.10). Moreover, setting Gy := id, we have, for any i > 3,

i1 i1 i1
, . . (A.21)+(A.16) .
16 = 1dlo < 3 IGT =@l =SNG sy, < 2Y ret ey,
J=0 J=0 J=0
4o A 28)+(A 29) )
<2100 Za €7 p; < 2r 04 - Cobglgeo

and then, passing to the hmlt, we get
P
[Y* — id g < 2271247 1Coot 027" °,
!

i.e., (2.8). Now, observing that, for any j>1, V¢/T! =V¢/Ve,iq, ||Wjo_i1||:1 and
||Wj+1Wj_1|| < C5 6p, we obtain

; -1 ; -1 -1
IW1(T6 ! = o)W, | < (IWL(TS = L)W [l + 1) (It (Tt = Laa)W, 1« + 1)
-1

. _ C ;
< (uwl(v(;sf — o)W |l + 1) <C1420;l523pj + 1> —1,

which iterated yields'®)

oo

j -1 C
|’Wl(v¢]+l - 112d)Wj+1H* < H <C142 ;l 152 ]Jj_l + 1> -1

Jj=1

[o¢]
< Cia 2 1
X eXp Z C120'j_1€ pj—l -
=1

(A.28)+(A.29) 112
< exp(C4C9C1_2 906650) —1

< exp((4d) 1) C4CoCl02¢% e !
< exp((4d)")CaCoCy Olge0 < A4(18d3 + 70)8

and letting j — oo, we obtain
1

-1 —1p2 v <
[0zl < exp((4d))CaCoCro 5650 <y 1o 70y

(A.30)

e., (2.11).

onto

Next, we show that Lipg.(Y* —id) < 1, which will imply that'®) Y*: 2* 7% 9, is a hpeo-
morphism. Observe first that, for any j > 1, 0 <r < 7;/2, yj_1 € Zj_1 and any y € B,(y;j—1), w
have

(A.22)+(A19) |
G (y) = Gj(yj-) < [(Gj(y) —y) = (Gj(yj-1) = yi—)| + |y — y-1] < oy —yj-1l+r <2r,
so that
G;(Br(Z5-1)) € BoolG(%5-1)) = Barl(%). (A31)

15)Use: ef — 1 < tet, for any t > 0.
19See Proposition I1.2 in [20].
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Thus, as the sequence 7; is strictly decreasing, for any j >k >1, G* is well-defined on
By-i-17,,, (%) and we have

) (A.31) (A.31) (A.31)
G (Bo-in1zy 1 (D)) S Gjor0GaBoisy (71) S - C Borioiz ,(Z) & (4 39)

g BQ_IF;C+1 (@k)

Therefore, for any j > 2,

167 — idHL,]B2_]-_1 (7 T 1=(Gj —id)o G (@ i)l e, INCORE
< (16 = idll,ai-1(B,,,, (20) T DG —id| 5, a1 (20) T1)
2J+1 2]+1

2) i .
< (|G~ idHL,]B,:j 20+ DG - 1dHL,1Bf]. (20) T 1)
2 2J
= (10:Gj = Lalls,; 2,9, + VUG —idllL 5, (20) + 1)
2J
(A.22)+(A.17)
< (@b o7 L+ DI — idll g, (o0 + 1),

2]

which iterated leads to!?)

[o¢]
IG7 = Lallp.or < —1+ 1+ (324)"") [[(2°dOo0 T e* " Liy +1)
=2

< —1+exp((32d) 7" +2%dfp Y o7 He L)
=1

< —1+ exp((32d) 7! + 2%dpo] Y ole?'Ly)
i=1

2 d+1 »
< —1+exp <(32d) + 2%dbgo] 03 ; 61)

(A.19)

< —1+exp((32d)" +(324)7") < VU6 /(16d) < (A.33)

1
4d -’
Hence, letting j — oo, we find that Y* is Lipschitz continuous, with Lipg.(Y™* — id) satisfying (2.9)
as

(A.19) MeP a? \"
25dC4v/20007 g el Pdhy oTH P T < 6 (s—s.) 1 :
v 004y el —i—; o; -1 C (s — s4) 02 og MeP
Next, we show that ¢, € O3 (%, x T%). For any n,j > 1, we have

n+j—1
HGn-i—] _ G]H@* < Z ||Gk+1 B Gk o
k=j

(A.21) "L sa
v
< 21410y, Ly

k=j

v § : d_2k
<2T'j+10'j oLE Lk
k>1

(A.27) (v (A 19)
1M Use, again, e’ — 1 <te', Vi >0, and 2°dCyv/20005 45 Lo < 27d>Ci000, T Ve (32d) "
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d+1 »

20’0 €1
< 27“j+1(7j 30,
(A19)
< 0; Tj+1
Now, letting n — oo, we get
V" = Glge < 0¥ #j1n < TT. (A.34)
Hence'® | for any j > 1,
(a3 (A.34)
2—1 (G](-@ )) - ijg-l (-@*) - ij+1(-@j) - BTj(‘@j) . (A'35)

Therefore, for any n > 1, we have

) . 7 —n (A.35) n
ST~ sy () E @RS M Dl i)

7=3 7=3

(A.24) 1 \27? .
< (212(1298017“1)”322 <C6961é1> (231)71(]—1)
Jj=3
< oo,

since, for j sufficiently large,

1 -t . 1 271 (A19) o
<c6904@1> (2a1)™ < <\/2c6904@1> < (V2P

Thus, letting ®; == ¢1 o ¢’ and using the mean value theorem, we have

~ -n
Tj+1 _
Z HWQ ] 1)|’7“J+1/2 55, D < ’ > < HVVQV(sz 1“7“1,51,91X

2
j=2
. o i\ "
< S W& = 6 ()

j=z3
< oQ.
Consequently, writing
D= (D —Pj_1)+-+(P3—D3), j=2
and invoking Lemma 8 (see Appendix B.7), we conclude that ¢. = lim ®; € C3(Z, x TY).
Now we prove Y* € Cj7(Z*) analogously. For any j > 2 and n > 1, we have
G = (G -GF H+. +(GE-GY,
and, thanks to (A.31), G/*! — G7 is well-defined on By 25 12(Z7), for any j > 1, so that

—n
Tj42 ~ . j
D (Caaey el B 42 g <2z'+2> =2 @) (G = 1) 0 Gl

=1 j>1 A
(A.32)
E J+25—1 o kaglls
< (2 ]+2) HG]-H ldH7"j+17-@j
Jj=2
E j+2~—1 \n v+d _27
< 2 (2] T’j+2) 7’j+10j 9 Lj
j=z1

18)Recall that, by definition, G7(2*) = 2; and Y*(2*) = Z..
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(A.19)
< oo,

which proves that Y* € Cpp(27).
Finally, we prove Kolmogorov’s non-degeneracy'® of the Kolmogorov tori (2, x T?).
Fix 9. € Z.. Let yo = (Y*)"(y.) and
. 1
€= .
4(18d3 4+ 70)6

(2.11)
Since ||0,ux|s < €< 1/2, the map & — = + uy(y«, ) is a diffeomorphism of T?. Letting
(aﬁﬂ(ld + U*)(y*, 'x))_l = ]ld + A(y*v ':L‘) )

we have

(2.11) (2.11) CQ\/Q eP (2.4) C4C9\/2 p
Alle €20puss < 26<1s floile < SRS : A.
Al <200l <2< 15wl < iR S Gt aa)
Moreover, write Ky, (y.) = Kyy(y0)(La + Kyy(yo)  (Kyy(ys) — Kyy(yo))) and observe
(2.8)+(2.4) 27-5C4Cqyv/2 p
dist(yo,02) > p and |y, — < :
ist(yo,02) = p and [y« — ol ic. "< 6
so that
dist(ys, 02) > ’2) . (A.37)
Thus, by the mean value theorem, we have
. (A37) 2K
1K yy (o)™ (Kyy(ys) — Kyy (o))l < Tp/2 |y« — Yol
(25) oT+11/22¢, 65 KePo (2<4) 27 H5/242CyCy <L
ap C. 2
Hence, Ky, (y.) is invertible and || Ky, (y«) 1| < 2[|Kyy (yo) | < 2T.
In [17] it is proven that the map
O (4, 2) = (Yo + s (Yo, ) +y + ALy, 2+ ws(y, 1))
is symplectic. Then
Ho¢"(y,x) = B +w -y + Q" (y,x)
with
EY = K(y.), w¥ =Ky(y), (Qy;(0,) = Kyy(y:)+ (M),
2 T L 7 2
M= G Kt vetu+ ATy) = oy Kyywy )| + 3P oa)| .
(A.36)
Ky (y) Ml <2TM < 2(18d% + 70)é0 = 1/2,
which shows that (Qy;(0,-)) is invertible. O

Remark 2. Here we list all the constants, which appear in the above proof and give an explicit
expression for the constants ¢;’s appearing in the statement of Theorem 1.

Recall that 7 > d — 1 > 1 and notice that all the C;’s are greater than 1 and depend only upon d
and 7:

3 2v+d 3 v+d
verh C0::4<2> /Gy‘Hdlyﬁ”) e Wiy, Gy ::2<2> /‘yl?e"yldy,
R4 Rd
19Gee Appendix B.9.
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Co=2%d, Cy:=d?C}+6dC; +Cy, Cyq:=max{(l+d*)Cy,Cs}, Cs:=max{2",27d},

1
Cs = (2—dc5)“, Cr =3 2234/ 2 max {22764, Cy/2} C5, Cg =3 2% 1" e 7dCyv/2,

3 v+d+1
Co =327 HMaC,v/2 + 27" e "C7Cs, Cig =2 <2> /R yly e Wiy,

3\ 37Hd+2
C=s <2> / (@43l i) e My L Cig = max{2C1 2, 12Go}
R
C, = max{21WF6dH4, v o= 2 C,Cy, (277272421843 + T0)v” eV CyCoCLy )2, 2778d2C4CoV/2} .

Then

¢ = Cy, co=2""Cy, e =27 12471Cy,

cp = 22104dCy, 5= Cy, cy = D)7 CCeCT (A.38)
Remark 3. There is a small flaw in [10]: The parameter?”) L chosen in [10, Lemma 1] is not big

enough to ensure that the new perturbation P’ and the symplectic change of coordinates ¢ are
well-defined on Dj; /273'(@;9' The right choice is the following:

{ 40dT2K 2C,

L := Pmax
rrovtd T qrg2(v+d)

} s W = diag(f_llld, ﬂd), éo = C9 00_2(V+d)_160 9(2) )\6 N

) Pj 80d\/2T090 Cy ) . 1 o . K0€2j+1 Pj+1
L = - max{ TjO';H_d , 010-2-(V+d)} ;o W= dlag(27’j+1ﬂd, Lg), €j+1:= o2 )
. KoP? .
Pj+2 = )\*Hffl 0 g—i—l s éj—i—l = )‘*91+2€j+1 .

(07

Of course, one needs then to change accordingly (and in a straightforward way) the constants
involved, as follows:

vi=1+1

3 2u+d 3 v+d
© N2<2> [ ol ) e hay o ::2<2> [l hay
R4 Rd

Co = 2%d, Cy:=(d*C}+6dC; +C2) V2, C4:=max{6d°Cy, C3} ,

-25d
Cy = 3 5 , Cg = max{QzV, C5} , C;:=3d- 24V+2\/2 max{640d2, C4} ,

1/8
Cy = (2—dcﬁ> B = 3d~22”+2\/2max{80d\/2, C4} :
Cip == (dve ¥ (1 + 24”+2d+2(ye_1)2”C§C7> Co/(3d?), Cip = (5d-23"F)~1Cy

Cip = 220V H4d+2) 2 C; Cg Gy, Cy3:=Cio+Ci1, Cigi=Cia,
Ci5 == 184% + 70, Ci5 = (6ve )| C :=max{3Cy, Ci3},

C. = max { C1eCT’, 6C15CreC2, 2202 C1CE, €y}

The smallness condition (14) and the estimate (16) become, respectively,

T S — 84)¢
a < and ege*::( )

T C.06

2)1n the present remark, we will adopt the notations of [10].
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and

K -
s 10wtalls., - (loge™) flvalls.

3
1
max {||u* } < o e (loge 1) <
(s

_ S*)a/2 de’

where a := 6v + 3d + 2.

APPENDIX B. TOOLS
B.1. Classical Estimates (Cauchy, Fourier)

Lemma 4 ([7]). Let p €N, 7,5 >0,y € C? and let f be a real-analytic function B, s(yo) with
I fllrs = SUPB,. . (yo) |f| < oo. Then

(i) For any multi-index (1, k) € N x N¢ with [I|; + |k|y < p and for any 0 <+ <7, 0< s < 5,2V
100 Fllr s < DU Fllrs(r = ) (s = &) I
(ii) For any k € Z and any y € B, (yo)
()] < e Fe) £

B.2. An Inverse Function Theorem

Theorem B.1. Let D be a convex subset of C, yo€ D and let f € CY(D,C% such that®?
det f'(yo) # 0. Assume

o=sup|L-Tf(yl <1, T = (f'(yo)) " (B.1)
yED

Then det f'(y) # 0, for each y € D and

<= T (8.
Moreover, f is injective on D and its inverse function g : f(D) o p satisfies
Lipsp)(g) < A. (B.3)
Furthermore, if D == B,(yo), p:=1/X and zy = f(yo), then
B,(x0) C (D). (B.4)

Proof. For every y € D, we have f'(y) = f'(yo)(1 — A), where A :=1—Tf'(y) with [|[A]| < o < 1.
Thus, f’(y) is invertible and

" T
=1 anry < ”
n=0

proving (B.2). Now, consider the auxiliary map F: D 3y — y — T'f(y). We have F € C1(D,C%)

(B.1)
and supp |[F’|| < o. Thus, for every y,5 € D with y # ¢, we have

(B.1)
I ) = F@I = T ) - F@)
Iy =)+ (F@) - Fy)l

> ly =gl = lly — gllsup | F'|

D
(B.1)

z ly-9ll-0 > 0, (B.5)

which shows that f is injective on D and, hence, that (B.3) holds.

2V As usual, 8l = o Yy eRY ezt

('?yll »-('?yld )

22)f being the Jacobian matrix of f.
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To show (B.4) in the case D = B,(y) and p := 7/, fix n € C? with ||n — 2|| < p. We have to
show that there exists y € D such that f(y) = n. Define the map

P:yeD—d(y)=y—T(f(y)—n) €Y. (B.6)
Then & is a contraction on D. Indeed, ® is C!, ®'(y) = 1 — T'f'(y) and
Lipp ® = sup||®'|| = 0 < 1. (B.7)
D

Furthermore, ® : D — D, since, if y € D, then
12(y) —woll < [[2(y) = 2(wo)ll + [ (y0) — woll

(B.7)
< or+||T|ln — 2ol <or+|Tllp=r.

Hence, by the contraction lemma, ® has a (unique) fixed point § € D, but ®(y) = g means f(y) = 7.
O

B.3. Internal Coverings
Given any non-empty subset D of R? and given r > 0, an r-internal covering of D Is a subset
P of D such that D C UyeP B, (y); the r-internal covering number of D, denoted N™(D), is
the minimal cardinality of any r-internal cover.

In [5] the following simple upper bound (having fixed the sup-norm in RY) on N™(D) for
bounded sets D is given:

Lemma 5. Let D C R? be a non-empty bounded set. Then, for any r > 0, one has®>)
. diam D d
Ny < ([T 1) (B.8)
r

For convenience of the reader, we reproduce here the elementary proof of the lemma.
Proof. 1t is enough to produce an r-internal cover of D with cardinality N bounded by the
right-hand side of (B.8). If D is a singleton, the claim is obvious with N = 1. Assume now that
§ == diam D > 0, and let M = [§/r] + 1 and 2; = inf{z;| € D}. Then D C K := z +[0,4]? and
one can find 0 < r’ < r close enough to r so that [6/r'] <[0/r] +1 = M. Then one can cover K
with M? closed, contiguous cubes K;,1<j< M9, with edge of length 7. Let j; be the indices such
that K;, N D # () and pick ay; € K;, N E; let 1 < N < M9 be the number of such cubes. Observe
that, since we have chosen the sup-norm in R%, we have K;, C B,(y;) and (B.8) follows. O

B.4. Extensions of Lipschitz Continuous Functions
Here we recall a theorem due to Minty according to which a Lipschitz continuous function can

be extended keeping unchanged both the sup-norm and the Lipschitz constant.
Theorem B.2 (G.J. Minty [13]). Let (V,(-,-)) be a separable inner product space, ) = A C 'V,
L>0,0<a<landg: A—R%q (L, «)-Lipschitz — Holder continuous function on A, namely, let
g satisfy

‘g(xl) - g(x2)|2 <L H«Tl - ‘T2”a7 Vi, €A, (BQ)
where || - || denotes the norm on V induced by the inner product. Then there exists a global (L, )-
Lipschitz — Holder continuous function® G:V — R% such that G|a = g. Futhermore, G can be

chosen in such a way that G(V') is contained in the closed convex hull of g(A). Hence, in particular,

sup |G(z)]2 = sup |g(x)]s and  sup G(x1) — Gla2)2 _ sup l9(z1) — g(z2)|2 '

o o (B.10)
zeV €A sitemey 11— 22| witeaeA [T — 22|
23)[z] denotes the integer-part (or “foor”) function max{n € Z| n < z}, while [z] denote the “ceiling function”

min{n € Z| n > x}; observe that [z] < [z] + 1.
] e., satisfying (B.9) on V.
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B.5. Lebesgue Measure and Lipschitz Continuous Map

Lemma 6. Let ) # A C R? be a Lebesque-measurable set and f: A — R? be Lipschitz continuous.

Then
meas (f(A)) < Lip 4 (f)% meas (A) (B.11)

and?®)
| meas (f(A)) — meas (A)| < (14 6)% — 1) meas (4) , (B.12)

where
§ = Lips(f — id). (B.13)

Proof. Eq. (B.11) is standard: see, e. g., Theorem 2, Section 2.2 and Theorem 1, Section 2.4 in [11].

Let us prove (B.13). By Theorem B.2, f — id can be extended to a Lipschitz continuous function
g: R* O with

Lip(g) = Lip(f — id) = 5.

By Rademacher’s theorem, there exists a set N C R? with meas (V) = 0 such that g is differentiable
on R4\ N and

9y llga\ n < Lipga\n(g) < Lip(g) =6 .
Now pick y € R\ N. Then

1 d 1 )
|det(1q + gy(y)) — 1| = /0 dtdet(lldthgy)dt‘: /0 tr(AdJ(lldthgy)gy)dt‘

1 1
</ d||]1d+tgy||d_1||gy||dt</ d(1+ 60 0dt = (1 +6)7 — 1.
0 0

| meas (f(A)) — meas (A)| = |meas ((id + g)(A)) — meas (A)| = /( o) dy — /Ady
id+g

/ dy—/ dy / Idet(lld+9y)ldy—/ dy
(id+g)(A\N) A\N A\N A\N

</ |det(La+g,) — 1dy < (1 +8)* — 1) meas (A).
A\N

Thus, by the change of variable (or area) formula®®), we have

O
B.6. Lipeomorphisms “Close” to Identity

Lemma 7. Let g: C¢* — C% be a Lipschitz continuous function such that

d:=suplg —1id| < oo, (B.14)

Rd

6 := Lipga(g — id) < 1. (B.15)
Then g has a Lipschitz global inverse G satisfying

sup |G —id| <0, (B.16)

R4

) Inequality (B.12) is sharp as shown by the example f = (1 + §) id.
26)See [11], §3.3.
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Lipra(G — id)|| < 1—0 (B.17)
Furthermore, for any ) # A C C¢,
ACy (IB%(;(A)) . (B.18)
Proof. Let f := g — id, then, for any z; € R%, one has
(B.15)
9(x1) = g(x2)| = |z1 — 22+ (f(21) = f(22))| > |o1 — 22| = Olzy — 22
= (1= 0)|xy — zaf,
which proves injectivity of g and that
e 9@ 9@l Sy, (B.19)

T1F#T2 ‘5131 — a;2|
Let us now prove (B.18). Let y € A. It is enough to show that there exists |y| < ¢ such that
y=g9gy+y),ie,y=—f(y+7y),ie., yisa fixed point of the map
h: Bs(0) >y = —f(y +9).
But, for any y € Bs(0),
B (B.14)
W) =1fy+ D <[fllre < 9,

(B.15)
i.e., h: Bs(0) — Bs(0). Moreover, h is a contraction since LipBa(O)(h) < Lipgra(f) < 1. Thus, by

Banach’s fixed point theorem, we see that (B.18) holds.
From (B.18) it follows at once that g is onto R?.
Now (B.16) and (B.17) follow easily from (B.14) and (B.19), respectively. O

B.7. Whitney Smoothness
Definition 1. Let A C R? be non-empty and n € Ng, m € N. A function f: A — R™ is said to
be C™ on A in the Whitney sense, with Whitney derivatives (fy)l,eNg,h/hén , fo = f, and we write
[ € Cl(AR™) if, for any € > 0 and yo € A, there exists 6 > 0 such that, for any v,y € AN Bs(yo)
and v € Nd, with |v|; < n,

1 _
P = 30 ) — )| el =y (B.20)
peENG '
li<n—lvh

Lemma 8 ([8, 12]). Let A C R? be non-empty and n € No. For m € N, let f,, be a real-analytic
function with holomorphic extension to D, _(A), with ry,, 1 0 as m — oco. Assume that

[eS)
0= Nfullrmar <00, [fullra = sup |ful - (B21)
m=1 d (4)

™m

B
Then f = Z fm € Ciy (A, R) with Whitney derivatives f,, == Z Oy fm-
m=1 m=1

For completeness, we recall the beautiful Whitney extension theorem.

Theorem B.3 ([19]). Let A CR? be a closed set and f € Cf,(A,R), n € Ng. Then there exists
f € C(R4,R), real-analytic on R4\ A and such that D' f = f, on A, for any v € N&, with |v|; < n.
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B.8. Measure of Tubular Neighbourhoods of Hypersurfaces

Recall the definitions of minimal focal distance and of inner domains given in Section 3.2.

The first elementary remark is that, for smooth domains, taking p—inner domains is the inverse
operation of taking p-neighbourhood:

Lemma 9. Let 2 CR? be an open and bounded set with C? boundary 02 = S compact and
connected. Then, for any 0 < p’ < p < minfoc (S), one has

B, (9;’) =9, and Bp_pl(%’;) = @;’, . (B.22)

Proof. We start proving the first part of (B.22). By definition, Bp(.@/’)’ ) € 2. Thus, it remains only
to show that 2\ 9;)/ C Bp(@;’).

Let then yo € 2\ 92’ . As S is compact and disty is continuous, there exists ¢y € S such that
dista (yo, R\ 9) = dista(yo, S) = |yo — Yol2. The vector v := (yo — ¥o)/|yo — Yol2 is the inward unit
normal to 02 = S at . Indeed, for any smooth curve v: [0,1] — S with v(0) = o, 0 is a minimum
of the smooth map f(t) := |y(t) — yo|3. Thus,

0= £'(0) = 2%(0) - (o — vo)-
which, by the arbitrariness of v, implies that the line (goyo) is perpendicular to the tangent space to
S at go and, therefore v is the inward unit normal to 02 at 7g. Let y1 = o + pv. By assumption,

we have disto(y1, S) = p, and, therefore, y; € Z. In addition, y; € 9/’)’. Indeed, for any y € B,(y1),
dista (y, R4\ 2) > dista (y1, R\ 2) — [y1 — ylo = dista(y1,5) — [y1 — yl2 = p— |y1 — yl2 > 0. Thus,
as R\ 2 is a closed set, y € R*\ 2, i.e., y € 2. Hence, B,(y1) € Z,ie., y1 € @;’. In particular,
the argument above shows that:27) for any y € R, dists (y,RY\ 2) > p implies that y € 2, . Thus,
as yo € 7'\ 9/’)’, we have disto (yo,Rd \ 9) < p, which means yg is in the open segment (o, y1)-
Therefore, |yo — y1l2 < |0 — Y12 = p, i-e., yo € B,(y1) € Bp(%’)’).

We now prove the second part of (B.22). We have Bp_p/(.@/’)') - .@;’,. Indeed, for any yo € 7,
y1 € By (yo) and y € By (y1),

ly—yol <ly—wil+ly1 —wol <p' +(p—p)=p de,yeByly),

which implies B,_ (@;’ ) C @;’,. It remains to show that 9/’)’,\9”)’ CB, (@;’ ). The proof follows
analogously to the previous one. Let yo € Z/\%, and yo € S such that dista(yo, R\ 2) =

distg(yo,S) = |yo — Yol2- Then p’ < |yo — Gol2 < p, and the vector v = (yo — ¥o)/|yo — Jo|2 is the
inward unit normal to 02 = S at §o. Set v} = go + p'v. Thus, |y} — Jol2 = p’ < |yo — Jo|2 and, hence,
y1 € Z,, and y; is in the semi-open segment (o, yo. Therefore, [y — yol2 = |yo — Fol2 — |y1 — Yol2 <

p—p'. Hence, yo € B, y(y}) C B,y (7)), i.e., Z)\ 7, C B, (2)). O
The next result gives a precise evaluation of tubular domains in the case where the metric is the

Euclidean one. Define
T,(8) == {u e R?: disty(u,S) < p} . (B.23)

Lemma 10. Let 2 C R? be a bounded set with C? boundary 02 = S compact and connected. Then,
for any 0 < p < minfoc (S), then,

2 (1+pr)? —
d K

where K = supgmaxi<j<d—1|k;| with k; the principal curvatures of S, while HI1 denotes the
(d — 1)-dimensional Hausdorff measure ( “surface area”).

meas (T,(5)) < L), (B.24)

") Actually, one checks easily that 02, = {y € R? : dist2(y,R? \ 2) = p} and int (Z)) = {y € R? : dista(y,R*\
2) > p}, int (2))) being the interior of 7.
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Proof. 2® We will estimate the “inner tubular neighbourhoods”
T,(8) = {y € Z : dista(y, S) < p},

as the argument for “outer tubular neighbourhood” {y ¢ 2 : dists(y, S) < p} is completely analo-
gous.

Since S is compact and connected, we may assume that S = f~1({0}) with f € C?(R%,R) and 0 a
regular value for f. Set

Vf
IVfl2’
and replacing eventually f by —f, we can assume that v is the inwards unit normal vector field of
S. Let {¢;: U; — }Rm}?:l be an atlas of S,

j(u,t) = ¢j(u) +tr(gj(u)),  Oj:=¥;(U; x [0,p)),

v(z) = | - |2 == dista(+,0) ,

and observe that?”)
P
=o
j=1
Let {¢;};_, be a partition of unity subordinated to the open covering of {O;}7_; of T,(5), i.e.,
(i) ¥ € C2(T,(9)) ;

(i) 0<d;<1;

(iii) supp; C Oj ;
p

iv) Zzpj =1on T,(5).
i=1

Given 1 < j < p, define nj: U; — S?={z e R? : |z)y =2+ - +22 =1} CR? as
n; = v o ¢j,
and K;: U; — T™S such that3?)
Kj(u) = —v/(¢;(u)).

Then K; is symmetric?!) and therefore diagonalizable, with eigenvalues r; o (;Sj_l, 1<i1<d-1,and
satisfies
anj aqb
=-K; 7.
ou T ou
Thus, recalling that 0 = 9,02 = 20/ - v, we have

meas ( T Z / Y dudt
= Z / ¥; dudt
(U;%x[0,p))

28) Compare [18], Ch. 1.

2 As S = Uj—1 ¢5(Uj), we have 7,(S) = Uj_, O; for any 0 < p < minfoc (S).

308 being the cotangent bundle of S.

3D K, is actually the Weingarten map W, = —v/(z) “written in the local chart” (Uj, ¢;).

(B.25)
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p

:]ZI /U oy Y wadudt)

:]zi:/wm)zpjoqf det<8‘?ii)>‘dudt

(B.25) zp:l/U‘X[Op) ;00 |det {%‘fﬁ — K - %QZZ, V(¢j(u)):|
= Ju;xD,

-y /ij[ow)%o\yj det (1401 - 01, [0 vios)] )

[ ey o - o) faen | 9, vl )

dudt

dudt

dudt

00

det [ 8;, y(qu(u))} du (14 tr)?tdt

<[5 [ vilostn + o)

L T A, \ 12
— /pZ/ %’(ﬁbj(u) +tl/(¢j(u))) (det (8;;]) %%) du (1 -l-t/%)d_ldt
o P
- / Z/ 1/} (m + ty( )) de_l(x) (1 + t:‘i)d_ldt (see [11, Theorem 2, pg. 99])

< / Z/p by (z + t(x)) dH (@) (14 tr)? dt

zl"

0 -

s / /d”Hd L) (1 +te)?tat

1—|—pm)

d—1
d 7 (5) -

B.9. Kolmogorov Non-degenerate Normal Forms

Let H: M =R? x T? - R be a C?>-Hamiltonian. An embedded torus 7 in M is said to be
H-Kolmogorov non-degenerate if there exists a neighbourhood Mg of {0} x T¢ in M, a symplectic

change of coordinates ¢: My — M with ¢({0} x T¢) = T, a constant E € R, a vector w € R? and
a function Q: My — R of class C? such that

Ho¢(y,z) = E+w y+Qy,z) and  9Q0,-) =0, VpeNg, |uh <1, (B.26)
and
det (9, Q(0,)) # 0. (B.27)

A Hamiltonian H in the form (B.26) is said to be in Kolmogorov normal form. The Kolmogorov
normal form is said to be non-degenerate if, in addition, the quadratic (in y) part @ satisfies (B.27).
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