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ABSTRACT. Properly degenerate nearly—integrable Hamiltonian systems with
two degrees of freedom such that the “intermediate system” depend explic-
itly upon the angle—variable conjugated to the non—degenerate action—variable
are considered and, in particular, model problems motivated by classical ex-
amples of Celestial Mechanics, are investigated. Under suitable “convexity”
assumptions on the intermediate Hamiltonian, it is proved that, in every en-
ergy surface, the action variables stay forever close to their initial values. In
“non convex” cases, stability holds up to a small set where, in principle, the de-
generate action—variable might (in exponentially long times) drift away from
its initial value by a quantity independent of the perturbation. Proofs are
based on a “blow up” (complex) analysis near separatrices, KAM techniques
and energy conservation arguments.

1. Introduction and results. As pointed out with particular emphasis by H.
Poincaré [8], one of the main problem in Dynamical Systems concerns the stability
of action variables in nearly—integrable Hamiltonian systems. Notwithstanding the
efforts of Poincaré himself and the great success of powerful, more modern tech-
niques such as averaging theory, KAM and Nekhoroshev theory (see [1] for general
information), the “action—stability” problem for general nearly—integrable Hamil-
tonian systems remains essentially open. By “action—stability problem” we mean
the following. Consider a (real-analytic) nearly—integrable, one-parameter family
of Hamiltonian functions H(I,p;e) = h(I) + ef(I,¢) where (I, ) are standard
symplectic “action—angle” variables in a 2d-dimensional phase space (the angles ;
are defined modulus 27) and ¢ is a small parameter. The problem is, then, to give
upper bounds on the quantity |I(t) — Io|, where (I(t), (t)) denotes the H—flow at
time ¢ of the initial datum (1o, ¢o), and “stability” means that sup, |I(t) — Io| goes
to zero when € goes to zero.
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V.I. Arnold, in 1963, in one of the fundamental paper on KAM theory [2], con-
jectured that the general feature of nearly—integrable Hamiltonian dynamics with
more than two degrees—of—freedom (i.e., with phase space of dimension greater than
four) is action—instability’. On the other hand, KAM theory yields, in general,
“metric” stability (i.e., stability for the majority of initial data) and this implies
“total stability” in systems with two degrees of freedom: in such a case, under
suitable non—degeneracy assumptions, the three-dimensional energy surfaces are
separated by a multitude of two—dimensional invariant KAM tori and trajectories
are trapped in—between these tori allowing only for a small (with &) variation of
the action variables (for any time and for any initial data). The non—degeneracy
KAM assumption, at fixed energy, is that the (unperturbed) map between action
variables on fixed energy surface and the frequency map viewed in projective space
is a diffeomorphysm.

The main motivation for Poincaré to look up at the action—stability problem came
from Celestial Mechanics. Now, a typical feature in Celestial Mechanics is that
the unperturbed system is properly degenerate, i.e., the unperturbed Hamiltonian
function does not depend upon all action variables?. In such a case the above
mentioned non—degeneracy condition is obviously strongly violated. However, in
[2], Arnold proved the following result (compare also [1], Chapter 5, Section 3).
Consider a nearly—integrable (real-analytic) Hamiltonian system with two degrees
of freedom governed by

H(I,p;¢) := Ho(I;e) +e*Hy (I, ) := Hoo(I1) + eHo1 (I) + 2 Hy(I,0) , (1.1)

(I,0) = (I1,I2,¢1,92) € U x T? (where U C R? and T? denotes the standard
two—dimensional torus R?/(27Z?)). We say that the “perturbation removes the
degeneracy3” on the energy level H1(E), if

OHoo 0?Hoy

o, Rk ()#0, VIcH;YE). (1.2)

(1) #0,

THEOREM 1.1. ([2]))If, in a (real-analytic) properly degenerate system with two
degrees of freedom, the perturbation removes the degeneracy (i.e., condition (1.2)
holds), then, for all & small enough, total stability holds (i.e., for all initial data
on the given energy level, the values of the action—variables stay forever near their
initial values).

REMARK 1. (i) If condition (1.2) is violated “instability channels” may appear as
suggested by the following example (which is a trivial modification of an example
due to N.N. Nekhoroshev [7]). Let
I? 13
HOO(Il) +6H01(12) = ?1 — 852 s
and notice that (the first inequality in) condition (1.2) is violated on each energy
level crossing the axis {I; = 0} (in particular is violated at £ = 0). Then, one

(1.3)

LArnold calls it “topological instability” and the conjecture is the following: near an arbitrary
point in phase space there are trajectories along which the action variables undergo a displacement
of order one (i.e., independently of ¢) in a finite (albeit exponentially long) time.

2This happens, for example, in three body problems or in the D’Alembert planetary model.
In Appendix A below the D’Alembert planetary model is discussed in detail.

30r, more precisely, that “the intermediate term Hg; removes the degeneracy”.
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can construct a sequence ¢; | 0 and a sequence of perturbations Hi ;(¢) with

sup |Hi ;(¢)| uniformly bounded such that
[Imep;|<1

2 2
I(t) := e V/VE (— g2 t,e%/? t) o pe(t) = e MVE (— g2 5,—55/2 5) , (1.4)

is a solution of the Hamilton equation associated to Hoo(I1)+eHo1(l2) +e?Hi ;(¢p)
when € = ¢;. In fact, it is enough to take

1 _i . .
gj 1= 7 Hi j(p) :=e 7 sin(p1 — joa) -
Notice that a displacement of order one of the action variables I.(¢) with re-
spect to their initial value I.(0) = (0,0) occurs in the exponentially long time

~ exp(l/\/?j)/sf.

(if) Condition (1.2) is violated, at E = 0, also by the “convex” Hamiltonian
Hy = 1—212 + 51—222, (¢ > 0). However, in such a case, H, '(0) consists only of one
point and exploiting convexity (and using energy conservation arguments), it is
not difficult to show that, also on the energy level E = 0, total stability holds for
e > 0 small enough. It is therefore clear that “convexity” (or, more in general,

“steepness”) should play a fundamental role in this business.

Properly degenerate systems with two degrees of freedom of the form (1.1), are, in
general, “more integrable” than non—degenerate systems, as A.I. Nejshtadt proved
in 1981:

THEOREM 1.2. ([6]) Assume that a (real-analytic) properly degenerate system with
two degrees of freedom satisfies condition (1.2) together with ‘9;;‘;1 % 0. Then the
measure of the set of unperturbed tori that disappear when € > 0 is exponentially
small (i.e. O(exp(—counst/e) rather than O(y\/€) as in general nondegenerate sys-

tems). Furthermore the deviation of a perturbed torus from the unperturbed one is

of O(e) (rather than O(/e)).

In this paper we take up the action—stability problem for properly degenerate
Hamiltonian system with two degrees of freedom allowing the intermediate system
Hy, to depend also on the angle ;. Thus, we shall consider real-analytic, properly—
degenerate systems with two degrees of freedom described by nearly—integrable,
real-analytic Hamiltonians given by

H(I,(p;&‘) = H00(11)+6H01(I,@1)+6GH1(I,§0), 0l<ex1, a>1. (15)

The interest for such systems stems again from Celestial Mechanics. For exam-
ple, the “planetary D’Alembert model” describing the motion of a nearly spherical
planet subject to the gravitational attraction of a fixed star occupying a focus of
a Keplerian nearly circular ellipse along which the centre of mass of the planet
revolves, is governed,up to an exponentially small term, by a Hamiltonian of the
form

2 .
HD(‘[17]27QD13S02;53M) = ?1 + 5(00(11712) + dl([l,IQ) COSQOl)
+€QG('[13I279017902;57M) 5 (16)

where: € and p < €° (with ¢ > 1/2) are perturbation parameters (related, respec-
tively, to the “oblateness” of the planet and to the eccentricity of the Keplerian or-
bit); a € (3/2,2]; éo, di and G are given real-analytic functions uniformly bounded
in suitable analytic norms; see Appendix A for a full description of this model.
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REMARK 2. (i) In the above D’Alembert model, the “intermediate” system is given

by Hy := g + eco(I1, I3). It turns out that in physically interesting phase space
regions® Hy is non convex. For this reason, below, we shall consider also non convex
models.

(i) The planetary D’Alembert model motivated in [4] new investigations about
action—instability (“Arnold Diffusion”). For such studies, of course, exponentially
small terms cannot be disregarded. In relation with the (full) D’Alembert problem,
the results presented here go in the direction of giving action—stability bounds for
exponentially long times. Such bounds would not immediately follow from standard
Nekhoroshev techniques because of the strong degeneracies of the model®.

(iii) The dependence of Hp; upon the angle o1 (that is, on the angle conjugated to
the non—-degenerate action I7), besides being motivated by classical examples, is the
only significative angle-dependence one wants to take into account in connection
with the problems considered here. In general, in fact, a Hamiltonian function
of the form Hog(I1) + eHo1(I,2) + eHy (I, ) will be trivially unstable as the

2

following example shows. Let Hy; = % — (14 cosgsy) and H; = 0. Then, one
has sup, |I2(t) — I2(0)| = 2, for any ¢ > 0 and for any motion with (I2(0), ¢2(0))
belonging to the (open) separatrix of the pendulum Hy;. Moreover, these hyperbolic

motions would be persistent under non—vanishing perturbations Hj.

The Hamiltonian
Ho(I,p15¢) == Hoo(I1) +eHo1(1, 1) , (1.7)

regarded as a one—degree—of—freedom system in the (I, ;) variables, is still in-
tegrable exhibiting, in general, the typical features of a one-degree—of-freedom
dimensional system (phase space regions foliated by invariant circles of possibly
different homotopy, stable/unstable equilibria, separatrices, etc.). A natural ap-
proach (which we shall, in fact, follow) is to introduce action—angle variables for
the one-degree—of—freedom Hamiltonian Hy(I,¢1;¢) (regarding Is as a dumb pa-
rameter) and then to apply KAM techniques trying to confine all motions among
KAM tori (as in the non—degenerate case). The problem with this approach is that
the action—angle variable for the (I1, 1) system are singular in any neighbourhood
of the separatrix (and stable equilibria) and is exactly near separatrices where one
expects the motion to become “chaotic” and where, in principle, drift of order one
in the I, variable is conceivable® even in the two-degrees—of-freedom (properly de-
generate) case considered here. Therefore a careful analysis near these “singular
phase space regions” is needed and arguments different from KAM theory have to
be used to control the displacement of the action variable in such singular regions.
Clearly, as discussed in Remark 1, regions where the non—degeneracy assumption
fails need a separate discussion: in fact, in such zones (and in the non convex case),
we can not exclude a “possibly non—chaotic—drift” of the I> action.

4Such regions correspond to unperturbed situations in which the spin axis of the planet is
nearly orthogonal to ecliptic plane (i.e., to the plane containing the Keplerian ellipse): this is the
observed situation for most planets in the Solar system.

5For other investigations on exponential (Nekhoroshev) stability in Celestial Mechanics we
refer, also, to [3].

SBetter: “compatible with energy conservation”.
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To avoid “extra” technical difficulties, we shall consider, in this paper, model prob-
lems, namely, we shall let
I? - 12
Hyp := ?1 , Hy, = Hél) = 032 — (14 cos¢q), (1.8)

with o equal either +1 or —1; the phase space will be taken to be Mg, := B x T?
where B%{O denotes a ball of radius Ry around the origin.

REMARK 3. These model problems are intended to capture the main features of
“general” properly degenerate systems with two degrees of freedom and, in partic-
ular, the features of the exponential approximation (1.6) to the D’Alembert Hamil-
tonian. This is the reason for considering both the convex and the non convex case
in (1.8), corresponding, respectively to 0 = 1 and 0 = —1 (compare, also, point (i)
of Remark 2).

We can now state our main results. Denote, as above, by (I(t), ¢(t)) = ¢% (Io, ¢o)
the time ¢ evolution of the initial data (1(0),¢(0)) := (o, o) governed by the
Hamiltonian H. We shall prove the following

THEOREM 1.3. Let HO) (I, p;¢) := H(I, p;¢) and Mg, be as in (1.5), (1.8). As-
sume a > 3/2 and choose

1 -1 1 3
0<R<Ry and 0<b<min{47a4,3(a—2)}. (1.9)
Then, there exists g > 0 such that, for all 0 < € < eq, the ¢Y; —evolution (I(t), ¢(t))
of an initial datum (Iy, o) satisfies
[I(t)| < Ry , I(t) — Il <&, VteR, (1.10)

where, in the case o = 1, (Io,p0) is an arbitrary point in the phase space Mg,
while, in the “non—conver” case o = —1, (I, po) belongs to Mp\N., N, being an
open region whose measure does not exceed €2/3.

This theorem will be a simple corollary of the following result, which describes the

distribution and density of KAM tori. Let H,, denote the pendulum Hamiltonian”
I2
Hy, = H,(I1,p1;¢€) := 51—5(1-1-(108901) . (1.11)

THEOREM 1.4. Let the hypotheses and choices of Theorem 1.3 hold and let M(®)
= Mg\N') where the sets N := N'()(g,b) are defined by

NO = {(I,cp) ©|Hy| < et or H, < —2{-:+51+2b} U {(I,go) 2 o] < Rsb}
2
N, = {(I,(p) D eeitib < H, < %} ,
NEY = NDu N, (1.12)
0 < c <1 being a suitable constant. Fix q such that

3
O<q<a7573b. (1.13)

"Hp is a standard mathematical pendulum having the stable equilibrium in (0, 0) with energy
—2¢, the unstable equilibrium in (0, +7) with energy 0 (hence the separatrix as well has energy
0).



238 L. BIASCO AND L. CHIERCHIA

Then, there exists €g > 0 such that, for all 0 < & < gg, the following holds.
Apart from a small dense subset of measure O(exp(—1/9)), the region M), is
filled up by two-dimensional, real-analytic H(?) —invariant tori; each of these tori
is O(exp(—1/e?))~close to an unperturbed torus {(I1,¢1) : H, = E} x {(2,92)
s.t. Iy =consty in M), Furthermore, for any motion (I(t),p(t)) in M), the
displacement of I1(t) from its initial value Iy is bounded, for all times t, by \/e.

REMARK 4. (i) By simple energy—conservation argument one sees immediately that
|I1(t) — I1(0)| < const /e for any motion (I(t), ¢(t)) in Mpg; thus the “stability”
statement in (1.10) concerns actually only the I5 action variable.

(ii) The discarded region N'(°) is a (“elementary”) set small with e. If we replace
N by a small set of order one (say, {(I1, 1) : |Hp| < 0} x {(I2,2) : |I2] < 0}
for a fixed 0 < § < 1), then the displacement of I(¢) from its initial value Iy is
bounded by e.

(iii) In the two-degrees—offreedom case considered here, as mentioned above,
the 2-dimensional KAM tori constructed in Theorem 1.4 (which fill, up to an expo-
nentially small set, the region M(")) separate the three—dimensional energy levels.
Thus, the topological “trapping” argument may be applied leading to stability, for
all times, of the action variables in M(?). Then, an elementary energy-conservation
argument implies action stability in Mg or in M g\N, (according to whether o = 1
or o = —1).

1
(iv) In the case a = 2 one can take any 0 < b < 1/6 and ¢ < 3~ 3b.

(v) Theorem 1.3 and Theorem 1.4 may be viewed as extensions, in the model
cases considered here, of, respectively, Theorem 1.1 and 1.2.

We close this introduction with a list of problems.

(1) Generalise Theorem 1.3 and 1.4 to the Hamiltonian Hp (see Appendix A for
a full description of Hp) and deduce exponential stability estimates for the
full D’Alembert planetary Hamiltonian.

(2) Find general conditions on Hy under which Theorems 1.3 and 1.4 hold.

(3) Extend the example in Remark 1 to e-independent perturbations H;. Extend
the example in Remark 1 to Hy dependent also on ;.

(4) The examples in (3) may indicate a possible route to O(1)—drift of action
variables, in properly degenerate systems, different from Arnold Diffusion.

The paper is organized as follows. In §2 we list the technical tools we need in
order to prove Theorems 1.3 and 1.4, namely: a quantitative, accurate discus-
sion of the real-analytic extension of action—angle variable for the pendulum with
particular care to singular regions; an “averaging” or “normal form” lemma (stan-
dard in Nekhoroshev theory); a quantitative iso—energetically KAM theorem. In
§3, the proofs of the Theorem 1.3 and 1.4 are given. In Appendix A we discuss
the D’Alembert planetary model and show how averaging theory may be used to
reduce it, up to an exponentially small term, to the form in (1.6). In Appendix
B the (lengthy but elementary) details for the construction of the real-analytic
action—angle variables for the pendulum are provided.

Acknowledgements. In an early stage of this work, LC benefited of thorough and enlightening
discussions with Carlangelo Liverani. We thank Alessandra Celletti and Enrico Valdinoci for their
interest in our work and for various comments. LC gratefully acknowledges pleasant visits, during
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2. Preliminaries. The construction of KAM tori in M(?) is based on the following
three lemmata: the first lemma provides (real-analytic) action—angle variable for
the pendulum slightly away from the separatrix and the stable equilibrium; the
second lemma is a “normal form lemma”; the third lemma is a “iso—energetic”
KAM theorem. For general information about normal forms, KAM theory, etc, we
refer to, e.g., [1] and references therein.

In the following we shall use the following notations: if A € R% and r > 0, we denote
by A, the subset of points in C? at distance less than r from A; T¢ denotes the
complex set {z € C¢: [Imz;| < s for all j} (thought of as a complex neighborhood
of T). If f(I,¢) is a real analytic function on A, x T¢ we let ||f]|, s denote the
following norm?®

I/

roi= 3 sup [fu(D)els, (2.14)

keza €A
fr(I) being the Fourier coefficients of the periodic function ¢ — f(I, ).

LEMMA 2.1 (Real-analytic action—angle variables for the pendulum).
Let D° := [~ Ry, Ro), let Ey := Hy(Ro,0) = R3/2, let 0 <1 < /32 and define

MF = Mf(n,e) = {(Il,apl) €D’ xT: I, >0, n< Hy(I1,¢1) < Ey —a}

MI: = M;(U,E) = {(Il,gol) € DO x T: —2€+’I7 < Hp(Il,gol) < —T]} . (215)
Then, for all r. < Ro/2 and s. positive, there exist positive numbers ro and so,
closed intervals D¥ C R, symplectic transformations ¢+ real-analytic on D* x T

and functions h* real-analytic on D* such that

¢*: (I1,¢1) € D x Ty, — ¢*(I1,¢1) € DY, x Ty, (2.16)
¢*(DF X T) = M*(n,e) , (2.17)
Hyod*(Ii, 1) =hE(L), VY (Ii,¢1) € DE x Ty, . (2.18)

The analyticity radii ro and sg may be taken to be

I L (2.19)
— S0 1=C Sy ——— , .
VE In(=/n)
where 0 < ¢ < 1 is a suitable (universal) constant. Furthermore, the functions h*
satisfy, for all I, € DE, the following bounds

To 1= C Ty

ro?
n< Reht(l)) < Ey—¢, —2e+n< Reh (L) <—n, (2.20)
dh* . a*

—([) = — , 2.21
="z (221)
d?h* . i
— () =+t —2— | 2.22

8 The specific choice of norm will play no role in the sequel; obviously if f is a real-analytic
function on T¢, ||f||s stands for > kezd |fk\e‘k|s, fr being the Fourier coefficients of f, while, if
f is a real-analytic function on A, then || f||» =suprc 4, [f(1)]-
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where

A 1 €
+ +
= L) = In|1 -
K e v611< : |Rehiuan> |
. 1 1

+ +
Ty = wy(f) = - , (2.23)
| Re W11 /| Re nt(1y)] +
at = ozi(fl), BE = ,Bi(fl) are real-analytic functions such that
+ I +
e B Regty s | gy <a 29)
Ro RO

for suitable (universal) constants 0 < dy < da and 0 < dy < d1/10. An identical

statement holds if, in the definition of ./\/l;r, one replaces “I; > 07 with? “I; <07

The next two lemmata are typical statements from KAM theory (see [1] for gener-
alities). The first one is a “normal form lemma” common, also, in averaging theory.
The second one is an iso—energetic KAM theorem (i.e. a KAM theorem on fixed
energy levels).

The only (technical) difference in the statement of the normal form lemma is that
we have to allow different radii of analyticity in the action—variables (a fact that is
convenient for our application of the KAM theorem; see, also, point (ii) of Remark 6
below). For notational simplicity we state the normal form lemma for d = 2 (which
suffices for our applications).

LEMMA 2.2 (Normal forms). Let D and D’ be two subsets of R and consider a
Hamiltonian function H(I, ) :== h(I)+ f(I,$) real-analytic on Wy, s, s := (Dp, X
D;2) X T? for some 7o > 71 >0 and § > 0. Assume that there exist K > 6/§ and
o > 0 such that

w(d)-k|>a, VkeZ?, 0<|k|<K, VYIieD; xD. , (2.25)
where w(I) := Vh(I). Assume also that'®

Oé’lﬁ
£ 1131528 < 57 - (2.26)

Then, there exist a real-analytic symplectic transformation

O :(J,0)) € Wm/z,m/z,@/e — ®(J,9) € /Wfl,fz,é

such that
Ho®(J,¢) =h(J) +g(J) + fu(J,9) (2.27)
witht!
2K 1
19 = foll#y /2,572 < o N llfy0,8)° < Z”fHﬁfzﬁ ,
| fill#s 2,70 /2,5/6 < |1 fll#1,70.8 exp(—K3/6) ,
Hq)(‘]7’(/}) - (Jv w)||'f‘1/2,'f‘2/2,§/6 <c Hf”ﬁfz,g ) (228)

9By symmetry, the interval DT in the case I; < 0 is just the opposite of the interval Dt in
the case I1 > 0.

10 Adapt the norms in (2.14) and in the footnote 8 in the obvious way replacing A, by 5” X lA);Q
(and replacing the subscript “r” in the norms by “71,72”).
11 £y is the zero-Fourier coefficient of f, i.e., the average of f(I,¢) over T2.
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where ¢ > 0 is a suitable constant.

Let, as above, w(J) denote the gradient VAi(.J), let b (J) denote the Hessian matrix
of h. We recall that a vector w € R? is said to be (y,7)-Diophantine if

w - k| > # . Ykezh{o}, (2.29)
for some v > 0 and'? 7 > 0.

LEMMA 2.3 (Iso—energetic KAM theorem). Let D C R be a bounded domain and
consider a Hamiltonian H(J, 1) := h(J)+ f(J,¥) real-analytic on the domain W,
= D, x T?¢ for some r > 0 and s > 0. Assume that |h"||, > 0 and that the

(d+1) x (d+ 1) matriz
U= ( W(J) wld) ) (2.30)

w(J) 0
is invertible on D,.. Given E € R (such that h=*(E) # () and given
. _ > g .
0<7<i)r§1ér113\w1(J)| and 7>d-1, (2.31)
denote
D= {J €D: h(J)=E and w(J)is (y,7) — Diophantine} . (2.32)

Then, if ||f|lrs is small enough, for each J € D, there exists a unique d-
dimensional, real-analytic, invariant torus T C H~Y(E) which is a graph over
the angle v, which is close to the torus {J} x T¢ and on which the Hflow is an-
alytically conjugated to the translation 8 — 6 + w(J)(1 4 k)t, K being a small real
number. More precisely, let A, F' and G be positive numbers such that

Az W FzA Sy, Gzmax{A U7, 1}, (233)
let 0 <5< s and let
v (s— 8 5 1
C = {17} Fi=Ce¢y ——— GF|InF|", (2.34
Hax coA 7 |In Fles “ (s —3) | In ] (2:34)

where the ¢; > 1 are suitable constants depending only upon T and d. If F <1,
then, for each J € D, there exists a unique invariant torus T C H~Y(E) satisfying
the following properties:

(i) T = {(j(w),w) HRUNS Td} with J real-analytic on T and | T (¢) — J| < rF

for all 1 € TY;
(ii) there exist real-analytic functions on T2, u, v and a smooth function k :
D, — C (real for real J) such that

max{r~[lv = Jlls, llulls, |5} < F ;
the map 0 € T — (0(9)79 + u(G)) is a real-analytic embedding whose real image
is the torus T: T = {(v(@),ﬁ + u(@)), S Td}; on the torus T the Hflow, ¢?,
linearizes: denoting w, := (14 k(J)) w(J), one has

¢t (v(@), 0+ u(a)) - (v(a F wt), 0+ wat + u(f + w*t)) ;

2Necessarily 7 > d — 1 by a theorem of Liouville. Also, (2.29) (with |k| = 1) implies that
~v < min; |w;l.
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1715

(ZZ'L) Zf’r >d-—1 (lnd’/}\/ = (ConSt‘n’[l)in|det[]|

) v, then

meas (Hil(E)\{tori satisfying (7) and (u)}) <#.

REMARK 5. As mentioned above, in the case of two degrees—of—freedom (d = 2)
considered in this paper, the above KAM tori separate the three-dimensional energy
levels forming barriers for the motion; any two KAM tori (with equal energy) bound
an invariant region in corresponding energy level. More precisely, let [aq,b1] X
[az,bs] C D with a; < b;. Then, because of (2.31), we can take as coordinates for
the three-dimensional energy level H~!(E) either of the action variables'® plus the
angles 1. Take first as coordinates (Ji,%1,2) and fix J; € [a; + J,as — §] where
0:=2 max{rﬁ, 4} (4 measures the complement of the surviving KAM tori and rF
the maximal oscillation of the graph of each KAM torus). Then, by (i) and (iii) in
Lemma 2.3, it follows that there exist two tori 7’ and 7" so that sup,, T < Jy <
infy, J{" and 0 < infy J{" — sup, J{ < O(6). The same reasoning applies to .J.
Hence, if (J(t),9(t)) := ¢*(J, ) (for any 1) one has that sup, |J(t) — J| < O(6).

REMARK 6. (On the proofs of the lemmata)
2
(i) The action—angle variables for the pendulum Hy(I1, ¢1;¢) = %1 —e(14cos 1)

are produced by the generating function / Iidpy, where T'(e, E') denotes the

T'(e,FE)
positively oriented circle prl(E) (the homotopy of I'(¢, E) depends on whether
E > 0or —2¢ < F < 0). The point is that we need a very detailed and quantitative
analysis for T' very close to the separatrix (i.e. E close to 0) and for T' close
to the stable equilibrium (i.e. F close to —2¢) regions where the action—angle
variables become singular; “very close” meaning, here, “at a distance of order ¢’
with 8 > 17. Therefore, in such “singular” regions, a careful “blow—up” analysis is
needed. Furthermore we also need to study the complex analytic continuation of
the action-angle variables since we want to apply a KAM theorem in real-analytic
class. To perform this blow—up in analytic class a certain amount of straightforward
(although rather lengthy) computations are needed: we provide details in Appendix
B.

We mention also that for our main purpose (i.e., total stability of action vari-
ables) it would be enough to apply a iso—energetic KAM theorem in smooth class
(since all we need is a topological “trapping argument”); however a quantitative
version of such a theorem (necessary for our task) is not available in literature and
providing the details for its proof would be certainly much longer (and far less
elementary) than the proof of Lemma 2.1.

(ii) Lemma 2.2, as mentioned above, is a standard “normal form lemma”; a
proof may be found, e.g., in [9], pag 192. Keeping track of different radii (going
into the proof in, e.g., [9]) is routine (notice that in the “smallness condition” (2.26)
there appears the smallest radius). We add only a technical comment: in [9] there
appears the condition r < «/(constK); such a condition is needed to control the

13Furthermore, the map J1 — a1(J1) = w1 (J1, J9(J1))/w2(J1, J9(J1)), where J9 is such that
h(J1,JY(J1)) = E, is a diffeomorphysm:
doy det U
— = — ;
dJ1 “2 1,090

(and a completely symmetric statement holds interchanging the indices 1 and 2).
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small divisor bounds on complex domains. Since we are assuming the small divisor
bounds directly on complex domains such a condition is not needed in our case.

(iii) Also Lemma 2.3 is by now rather standard. In fact it is easy, under an extra
“nondegeneracy condition” satisfied in our application'4, to derive the iso—energetic
KAM theorem directly by the standard one by means of a standard Implicit Func-
tion Theorem. Alternatively, one can find a very detailed version, e.g., in [5]. For
these reasons we shall omit the proof of Lemma 2.3. In our application the exact
values of the constants ¢; are not needed; however we can prove Lemma 2.3 with
the following constants:

=741, =261, e3=c, c¢g=d29,
es=2(1+1), =2, cr=2(1+1).

Also, in our case, it will be C' = 1.

3. Proofs of the Theorems. We first prove Theorem 1.4 (Theorem 1.3 will be a
simple corollary of it). Since most of the arguments are identical for both models
o = 1 and ¢ = —1, we shall usually do not indicate explicitely the dependence
upon o. The only point where the two models differ is in the estimates regarding
the iso—energetical non—degeneracy (see Lemma 3.1 below).

Proof of Theorem 1.4

The first step is to use Lemma 2.1 to put Hy in (1.7) into action—angle variables.
Let R be as in (1.9) and assume that Hy in (1.5) is analytic on B,, x Ts, where B
denotes here B (0), and 0 < r; < R/2, s; > 0. Since, in our case, H,, is an entire
function we can choose, in Lemma 2.1 the parameters

Ty =T1, Sy =81 . (3.35)
Let b and ¢ be as in (1.9) and (respectively) (1.13), let
A=1+4+2b, (3.36)
and let gy be a number such that
3
q<qo<a—§—3b. (3.37)
Notice that with such choices the following relations hold:
1 1
A>1, 0<b<)\—§, b+)\+qo+§<a. (3.38)
We also set
ni=e (3.39)
so that rg and sg in Lemma 2.1 become
_ A—1/2 _ ¢ 1
ro=cr e V2, SO_A—lﬁSI' (3.40)
Let D°, D* and ¢* be as in Lemma 2.1 and let
Ro+ R
D:=[-R,R]cD’, R := % . (3.41)
Now, define D¥ (o) C R as follows:
D (c):=D~, DY(1):=DT, DY -1)xT:=(¢")'(M), (3.42)

14 Namely, the invertibility of the Hessian k'’ on D,., which is the usual nondegeneracy condition
in the standard KAM theorem.
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where
M= ME(.2) = MR, = ME{ (L) e a3 30 <H < =) (3.43)

with a suitable small positive constant ¢ to be fixed later. Denoting J = (J1, J2),
Y = (Y1,92), I = (I1,I2), p = ({1, P2), then, by Lemma 2.1, we have

¢ (1,¢) € (DX(0)ry x Dyy) x T2 — (I, ) € By, x T?

S1 7

where (I1, 1) = ¢* (11, ¢1) (I2, ¢2) = (I2, $2) . (3.44)

In the symplectic coordinates (7, ) the Hamiltonian H in (1.5) takes the form
. A . 12 .
HE (1, gse) o= H o 9™ (1, @) = h*(Ih) + o2 +"Hi (I, gie) , (3.45)

where i is as in Lemma 2.1 and H := H, o ¢*; hence
”Hl:tHTo,ﬁ,So S HH1||7“1,51 . (346)

The second step is to apply the normal form lemma (Lemma 2.2), in a suitable
phase space region, to the Hamiltonian H*: in such a way we shall be able to
to put H* in a normal form of the type appearing in (2.27)-(2.28), to meet the
(stringent) KAM condition, F < 1, in the KAM theorem (Lemma 2.3) and to give
a “good” estimates on the measure of the KAM tori. We therefore set!®

. 12
h(I) := hE(1) —&—50?2 . [i=eHi

F1i=1o = criet2 f'*&sb §:=s89 = ¢ ;5
1-—70— 1 ) 2 -— 10 ) - 07}\—11115_1 15
D:=D*), D :={l,eR: R’ <|L| <Ry},

Wiy s = {f € D*(0);, x ﬁ;Q} X T2 . (3.47)

Notice that the second relation in (3.38) implies that 7y < 73 for € small. Define

also
1

= 3.48
g lne—1t’ ( )

where qq is as in (3.38). Let us, now, estimate a in (2.25). Denote by w®(I) :=
((hi)'(fl),aafz). Then, for any k € Z2\{0} with |k| < K, by (2.20)—(2.24) and
the choice of 7, we find

. Y| —2eR K > k1R . ifky #0,
RS I e R (3.49)
e, if by =0,

for a suitable constant'® x; and provided € > 0 is small enough . We can therefore
take

R
o= 71 gltt . (3.50)
We can now check (2.26). Since, by (3.46),
Hf”flfz,g = EaHHlin‘hfzﬁ < EaHHlHTLSl ) (351)

155 = 0 is a singularity (resonance): we therefore have to stay a bit away from it.
16From here on, x; denote suitable constants depending, possibly, on A, a, b, ¢, q;, s1 and 71.



ON THE STABILITY OF ... 245

because of the choices of «, 71, § and K (see (3.50), (3.40), we find (2.19), (3.39)
and (3.48)),

afr ¢ Ryry gbtAtao+1/2]y o1

% = o . (3.52)
Thus, in view of the choice of the various parameters made in (3.38), (2.26) is
satisfied for ¢ > 0 small enough. Thus, by Lemma 2.2, there exist a real-analytic

symplectic transformation

OF 1 (1) € Wy, o /2506 — ®F(T,00) € Wiy 5, 5 (3.53)

such that
2
H 0 ®*(J,) = W (1) + €0 "2+ g*(J) + HE(, ) (3.54)
with (recall (2.28), (3.51), (3.48))

1
lg* — & (H)ollry 25072 < 7 € I1Hllry s,

+ A —hk2
| H; ||f1/2,f2/2,§/6 < Hf”v”-l,f-z,é exp(—K35/6) < HHlHrl,sl €Xp (W) )
19F(J,40) = (L) |54 27072576 < € €% [ Hllry sy » (3.55)
for a suitable ko > 0 (and e small enough). Thus, if we pick a ¢; so that

q<q <qo, (3.56)

we have that, for all € > 0 small enough,

1
VEE e 2,572,576 < WHalls, exp (= o) - (3.57)

Third step. In order to apply the KAM theorem (Lemma 2.3) we set:

J2
h(J) =h*(h) +eo 4+ g7 () = hi (D), f(v) = HE(Y),
r=ryr 3 S=~K3$§ L §—§
— 3 71 ) _311n€71> _27

D =D*(o)x D', Wy.s =D, x T2 | (3.58)

where k3 is a suitable constant such that!?
r < ﬁ s < é
— 4 ? — 6 -

Obviously the norm relative to the domain W, ; will again be denoted || - ||, but

beware that the sup—norms in the action variables are taken on different domains
according to whether o =1 or 0 = —1 (recall (3.42) and (3.43): in the case 0 = —1
the set R. has to be discarded). The estimates on ||(hE)”|| and on'® ||U~!|| require

17Recall (3.53) and that 71 < 72. The factor 1/4 is included in order to bound derivatives of
g* (and hence of h’") via Cauchy estimates. We recall the statement concerning Cauchy estimates
in our context: if g(J) is a function analytic on Dy x D!, then for any integers p1, p2 and for any

0<e<1
OP1+p2 g

”g”r r! 1
_— < . Ipa! ’ .
H 8]{71 ajgz cryer! T const (pl p2 ) rpP1p/P2 (1 — c)P1+P2

18Recall the definition of the matrix U in Lemma 2.3.
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some computations, which we collect in the following lemma.
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(3.36) and (1.9) there follows that b and A satisfy

Recall that from

1 a+1
b<— A . 3.59
<7 < (3.59)
LEMMA 3.1. There exists'® Cy > 0 such that, for all € > 0 small enough,
Co _ Co
h:l: " i, <« _ 0 1 , <0 )
IG5 < o W S o G00)

where || - ||»

denotes the sup—norm on D, defined in (3.58), (3.42), (3.43), (3.47).

Proof. First, we need estimates on the derivatives of g*. From (3.55) there follows

||gjE ||f1/2f2/2

< 2e%|Hy||y,,s,; whence, by Cauchy estimates?®

)

agi < ks ||H1||T1751 o= )\+1 H K HHlH"'I;Sl Ea—b
8J1 r T1 (9J2 1 ’
629i K ||H1||T1,S1 £~ 2)\+1 HBQ i ||H1||T1751 &_a—Qb
arz ll, =" 2 a2 I = r2 ’
aQQi HHlHﬁ S1 A—b+1
— e T 3.61
8J18J2 r T% c ( )
with a suitable constant k5 > 0. By (3.38) and (3.59), one has
1 3
a—/\+§>1, a—b>§, a—2\A+1>0,
5 1
The symmetric matrix U has the form
Uil Uiz U3
U = uir2 U292 U923 (363)
urg ugg 0
where (recall (3.58), (3.54) and (2.18))
O?hE 0%g* 0?hE 0%g*
Uyl = 5 = (h*)" + 792 ) U2 = = g )
0J7 0J7 0J10Js  9J10J2
oht  ont  og* 0?hE n 0%g*
u = = Uy = ———5 = €0
1 aJ,  8J, 0y’ 2702 aJ2
hi dg*
= eody + — . 3.64
v B, TR, (3.64)
Since (recall the estimates in Lemma 2.1)
+\3 -1
A—1 —1\3 (771 ) + Ine Gi + Cy
018 (11’15 ) S 71_2 < CZ 5 Cl S T S 02 \/g ’ 75 S Ty S €A+% ’
3.65)

19From here on, C; denote suitable constants depending, possibly, on A, n, a, b, ¢;, Eo, R1, r1
and || H [y s,

201t is exactly in order to get the estimates (3.61) that we kept track of the different complex
extension sizes in the variables J; and Js.
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for suitable constants C; > 0, by (3.61) and (3.62), we see that there exists a ¢ > 0
such that, for all J, € D, the following asymptotics hold?!

+ 7@‘: Q1 I+a@ q1
uip = £0 (Wli)?’ (1 + O(e )) , ua=0(e2T) | ugy =co (1 +O0(e )) ,
+

uig = %(1 n 0(561)) : gz = 80J2<1 + 0(561)) . (3.66)
T
From these relations there follows immediately that
Cs

"
[(h)" - < S T(Ine 1y (3.67)
Let us, now, write the matrix U~! as follows
1 uUq U2 u3 + Uy
vr=t 1 ustug (3.68)
U3 +ug Us +Ug U7 + U
where
2
o = %1“33 gy — 201228 uy = (%) )
Ujs U13 Uu13
_ U23 _ u22 L U12U23 _ U11uU23
Uz = ug = — Uy = — —5 Us = ——5
U3 U3 Ui Uis
2
g = o2 = (B2) gy 22 (3.69)
U13 U13 U7s
Observe that from the above asymptotics (3.66) it follows
o _ g B (1 + 0(5‘?2)) (3.70)
TR |
for some G2 > 0; we also recall that
1
+ +
T, = Ei := Re (h™(J1)), (3.71)
|Ei‘ \VE+ ‘Eil

where —2¢ +¢* < E_ < —¢*, ¢* < E; < Ey. Notice that, from (3.65) and (3.66),
it follows also that

Cs
sup |u;| < T
i,JeD, € ne

Thus, it remains to estimate 1/]d]. From (3.69), (3.66) and (3.70), one sees that
there exist a complex number z := z; +1i2o with 2; > 0 and |22| < 21 /10 such that??

(5:6(:&271‘2jE e (Re J2)2+0+O(5‘j3)) )

(3.72)

Re d = 5(121 nFe (Re Jy)? +J+O(s‘73))

(3.73)
for a suitable gs > 0. Let us consider the two different signs separately. In the
“plus” case, we have to distinguish whether ¢ = 1 or ¢ = —1. When ¢ = 1, since
211y € (Re J2)? > 0, one has

6] > |Re d| =& (m; e (Re Jy)? +1 +0(a@3)) > g (3.74)

21Obviously, = O(e°) means that there exists a positive constant d such that, for all & small
enough, |z| < de°.
22Use also that, for Jo € D!, |ImJa|/| Re Ja| < const. b o Ve by (3.38).
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for € > 0 small enough. Let now o = —1 and notice that 23
2
5 (By) <nfed/e <2, VE >
€ c
2,4 1 2,4
W;(E+)27r;—(053+3b)2m s VE+§C€3+3b . (375)
Choose
1 . 9 1
¢ =16 mln{lel ) TR%} . (3.76)
Thus, in the region E; > 52/3/0, one has
6] > | Re 8] > 6(1 ~4z1cR? 1 0(5%)) > % :

. . 2.4
in the region F; < 053+3b, one has

2
6] > | Re 8] > <lele1 ~1+0(E)) >

£

5 -

Let us turn now to the “minus” sign case and notice that ¢* < |E_| < 2¢ and
Ty, > ke/e*? with a suitable kg > 0. Hence (recalling (3.66) and the assumption
b<1/4)

6] > Cy w5 2010 — Coe > Cyrge T — Cse > Cg e3720 (3.77)

where Cy4, Cs and Cg are suitable positive constants. Thus, since % +2b < 1, we
see that (in all cases)
Cr

671 < (3.78)

with a suitable C7 > 0. This bound together with (3.72) leads to the estimates on
|[UL]| given in (3.60), completing the proof of the lemma. O
We proceed to estimating the parameters appearing in the statement of Lemma 2.3.
From (3.64), (3.66) and (2.23) there follows that

oht NG
0J; furs| 2 C’81115—1 ’
OhE
il [P > Cgel™? 3.79
EYA |U23\ = Lge s ( )

~ ~ L 1+b 1+b
for a suitable Cg > 0 so that min; ; | 57| > Cse’™’. We next choose v < Cge™ ™.

Since the norm of HF is exponentially small with €, we can choose also v exponen-
tially small with e: we let, in fact, for a suitable vy > 0,

1 .
7 = 7o €Xp ( - 6;) ; with ¢<g <aq . (3.80)
Therefore, in view of (3.57), (3.60) and (3.80), we can take?*
— Co ._ 1 _ Coy
A= oy Feew(ogm)s 6= mergey 68D

23B y (3.71) 7r;' is a decreasing function of Ey. Recall also (3.43), that ¢ < 1 and that ¢ is
small.
24Recall the definitions of F' and G given in (2.33).



ON THE STABILITY OF ... 249

for a suitable Cy > 0. Next, we show that C in (2.34) is one in our case. By (3.58),
(3.60), (3.80) and (3.81), we see that (for a suitable Cjo > 0)

V(s — 5" C e ( _ 5%2>
Ar |[InFles — 0 (Ine )z 7
which implies that C' = 1 for € small enough. Therefore, recalling the definition
(2.34) of F', we can take, for a suitable C1; > 0 (see (3.81) and (3.58)) and for ¢ > 0
small enough,

F < Cyy exp ( - 6%) , (3.82)
which obviously will be smaller than one for any £ > 0 small enough. Thus, under
conditions (3.38), (3.59) and (3.80), Lemma 2.3 can be applied to the Hamiltonian
(3.54) showing the existence of KAM tori in each energy level of W, ; apart from a
small set of measure bounded by?® O(%) < O(exp(—1/%)). Thus (recall Remark 5),
the motions starting in W, s have action variables O(exp(—1/g))—close to their
initial values for all times. In the original coordinates (I, ), the measure of the
complementary of the KAM tori is again bounded by O(exp(—1/q)); the KAM tori
fill up the region M () with the exception of a set of measure O(exp(—1/q)). In view
of (3.55), the displacement of the KAM tori from the corresponding unperturbed
ones is O(e®) while the oscillation of the graph of the tori may be bounded by
O(v/¢). Repeating the argument in Remark 5 we find that, denoting (I(¢), p(t))
the ¢! evolution of (Iy, o) with?® (Iy,¢g) € M),

[1(t) — Io| < Ci2ve vit, (3.83)
(provided € > 0 is small enough).

This concludes the proof of Theorem 1.4. O

Proof of Theorem 1.3

We proceed to show that Theorem 1.4 and energy conservation imply (1.10) in Mg
when o = 1 and in Mg\N, when o = —1 (recall the definition of A, in (1.12)).

In view of the oscillations of the KAM tori in the region M) we shall consider

slightly smaller sets M@ c M@ To define such sets we let N, := A, and:

~

N = {(I,gp) ;2 et

2
4 €3
3b<Hp<2—},
Cc

N = {(I, @)t |Hp| <22 or H, < —2 + 251+2b} :
N = {(I, v): || < QREb} )
MO = Mp\WO UN®@) | MED .= MONN, (3.84)

REMARK 7. Because of Theorem 1.4 (and, hence, because of the confinement due
to the presence of two—dimensional KAM tori in three-dimensional energy levels),
the smaller sets M(®) have the property that User d)f,(./T/l/(")) C M) (where ¢,
denotes the H (U)fﬂow). In particular, in the case ¢ = —1, a trajectory cannot cross

25Provided 7 is choosen striclty larger than one; the constant 4 is defined in (iii) of Lemma 2.3
and, in view of Lemma 3.1, is related to v by a power of ¢.
26Recall that R < Ry < Ro and that € will be small compared also to (Rg — R).
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the region N, (a fact that could also be checked directly by energy conservation
. 2 4

since 5 + 3b < 1).

Denote by z(t) := (I(t),¢(t)) the motion with initial data zo := (lo, o) governed
by H) in Mg (if o = 1) or Mg\N, (if ¢ = —1). Let us consider the different
cases which may occur.

(i) If 2 € M) then, as remarked above, z(t) doest not leave M) where (3.83)
(and hence (1.10)) holds.

(i) If z(t) € NO for |t| < T for some T > 0, then, by energy conservation, (1.10)
holds?7 for [t| < T.

(iii) If 2(t) € N@ for |t| < T then (1.10) (trivially) holds for |t| < T.

(iv) By (ii) and (i) (1.10) holds until z(t) € N® UN®@. But if z(t) leaves
NO UN and enters the region M) then, by (i), (1.10) holds again. O

Appendix A. The Planetary D’Alembert Hamiltonian. In this appendix
we revisit briefly the Hamiltonian version of the planetary D’Alembert model as
presented in [4] and discuss a connection with the result presented in this paper.

In [4], Section 12, it is shown that the motion of a planet modelled by a rotational
ellipsoid with flatness € > 0 whose center of mass revolves on a Keplerian ellipse of
eccentricity p > 0, subject to the gravitational attraction of a fixed star occupying
one of the foci of the ellipse, is governed (in suitable units) by a Hamiltonian
function given by

JE -
Hep(1,9) = 5 + A+ w(Js = )

+EF0(J1,J27’(/J1,’(/J2)+€/,LF1(J17J2,’¢1,’L/}2,'(/)3> 5 (Al)
where:
o (J,)) € A x T? are standard symplectic coordinate; the domain A C R is
given by
A::{‘J1|<C€e, ‘Jg—j2|<d, JgéR}, (AQ)

with 0 < £ < 1,0 < ce® < d <1, (J1,Jo) fixed “reference data” (verifying
certain assumptions spelled out below);

e 27 /w is the period of the Keplerian motion (“year of the planet”);

e the functions F; are trigonometric polynomial given by

Fy =Y cjcos(jih) + d; cos(jppr + 2t2)
jez
lil<2

Fi= 3 (=3)e; cos(iun + ) + 2 { cos(jihn + 20 + ) — Tcos(jubs + 20z — ) }
JEZL
lil<2

27In fact, calling Ep(t) = Hp(I1(t), 01(t)), if 2(t) € N for |t| < T, then |Ep(t) — Ep(0)] <
O(e?) for all |t| < T (recall that A = 1 + 2b and that a > )). Thus, by energy conservation, there
follows that

IQ(t)Z ; 12(0)2 4 Ep(t) — EP(O) — O(Ea_l) ,
13

for all |t| < T. Therefore, I2(t)2 — I2(0)2 = O(¢*~1) and (1.10) follows.
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where ¢; and d; are functions of (Jq, Jz) listed in the following item;
o let

I J:
k1= R1(J1) = Ji+J Ko 1= Ka(J1, J2) 1= Ji +2J1 7

v1:=v(J1) = /1— K2, vy 1= wo(J1, J2) i= /1 — K3 ;

where L is a real parameter; the parameters J;, L, ¢ and the constants ¢ and d are
assumed to satisfy

|Jo| +d + ce* < |1, 0 <|L|+cet < |11, (A.3)

so that 0 < k; < 1 (and the 1;’s are well defined). Then, the functions ¢; and d;
are defined by

1 2
co(Jy, Jo) = Z(Qn?ug + (1 + H%)) , do(J1,J2) :i= — %(2&% —v¥),
K1Kol1V 1+ ko)K7
c+1(J1,J2) == % ; d1(J1,J2) == F % )
V22 V2(1 4+ ko)?
cio(J1, Jo) = — % , dio(J1, o) = — % (A.4)

REMARK 8. (i) We recall that, actually, the above model is a “first order pu—
truncation” of the full D’Alembert model, which in place of Fy + pF; has a series
> >0 W F; with Fj trigonometric polynomials.

(ii) Since J3 appears only linearly with coefficient w, the angle 13 corresponds
to time t and H. , is actually a two-degrees-offreedom Hamiltonian depending
explicitly on time in a periodic way (with period 27 /w).

(iii) The physical interpretation of the action—variables Ji, Jo and the parameter
L is the following. The action variable J; + J; is (in suitable units) the absolute
value of the angular momentum of the planet; the variable Js is the absolute value of
the projection of the angular momentum of the planet onto the direction orthogonal
to the ecliptic plane (i.e., the plane containing the Keplerian ellipse) and L is the
absolute value of the projection of the angular momentum of the planet in the
direction of the polar axis of the planet (and is a constant of the motion).

(iv) Under our assumptions (i.e., that 0 < cs® < d < 1), the average over the
angle of H. o is given by

I 1 _2 N

T+ D+ el = o) +51{(2 — o) - 2 - D) + O(d)} : (A.5)
where 7y := /1 — (L/J1)2. By (iii) we see that #; < 1 corresponds to rotations of
the planet with spin axis nearly orthogonal to the ecliptic plane (a case common,
for example, in the Solar System). In such a case the average over the angle of
H. o is not a convex function of the action variable J,. This lack of convexity (for
the “effective” Hamiltonian) is quite a common feature in Celestial Mechanics and
is exhibited, for example, also in three-body—problems. This is the reason why, in
our model problem, we considered also non convex cases (corresponding above to
o=-1).

We proceed now to show how the D’Alembert model relates to the model (1.5)—(1.8)
investigated in this paper.
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We are interested (as in [4]) to “reference data” corresponding to day/year reso-
nances (as the one often observed in the Solar system). We let, therefore,

jl = 2w s (AG)

corresponding to a 2:1 day/year-resonance. Then, the linear symplectic change of
variables @ : (J,v) — (J,v) given by

T = (20 +Jo, Do+ Js) = (b — 20 + s, — Us,0s) , (ALT)
casts the Hamiltonian H. , into the form ﬁgﬁu(j,z/}) = H., 0®(J,¢) with

. J? . P PO
Hs,u(Jaw) = ?1 +WJ3 +5FO(J1aJ27Q/]) +5,U/F1(J17J27¢) ) (AS)

where

Fo(Jr, Jo, ) i= Fo(Jv, 21 + Jo, 1 — 20 + 243,002 — 3) |

Fy(J1, Ja, ) = Fo(J1,2J1 + Ja, 1 — 20 + 203,403 — 3, 403) . (A.9)
For 0 < ¢ < 1, the angle ¢ (i.e., the time) is a “fast variable?®” and we may
apply averaging theory (or normal form theory). We shall apply the “resonant

version” (in three degrees—of-freedom) of Lemma 2.2, which, for the sake of clarity
we reformulate?®:

LEMMA A.l. Let D C R and D' C R? and consider a Hamiltonian H(J 1) :=
h(J) + f(J, ) real-analytic on Ws, 4, 5 := (Ds, X D} ) x T? for some iy > 71 >0
and § > 0. Assume that there exist K > 6/3 and o > 0 such that

w(J) -kl >a, VkeZ, |k|<K, ks#0, YJeDsyxDi , (A.10)

where w(J) := Vh(J). Assume also that
05721
1117208 < S50 - (A.11)
Then, there exist a real-analytic symplectic transformation
D :(L,p0) € Wi ai,/2506 = PLp) € Wiy 5y

such that

Ho®(I,p) =h(I)+ g(I,p1,02) + fu(1, ) (A12)
with
20K
afl

Hf”flfmﬁ ) (A13)

NG

1 271'
lg— o= [, 0)deslls /24072506 < (1 ly70,8)° <

2T 0
||f*H7A‘1/2,7A‘2/2,§/6 < ||fH721,7ﬁ27§ eXp(—K§/6) s
12(1, ) — (L, 0)l#y j2,72 /2,876 < € 1 fll71,72,5
where fi(I,¢) == >k <x fe(I) exp(ik - ¢) and é > 0 is a suitable constant.
28n fact, when & = 0, (d/dt)ip1 = O(e'), (d/dt)s = 0 while (d/dt)is = w.

29The proof is given in [9] and the same comments in the Remark 6—(ii) apply word—by-word
to the present situation.
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Let ¢ = 10, 0 < £ < 1 and ¢ small (in particular e/ < d); let also .Jo and L be so
that (A.3) is (abundantly) verified. If we choose also
. . d
Pt =g (A.14)
we see that the functions v; and &; (and hence the functions ¢;, d;, FA} ) are analytic
and bounded, for any 3 > 0 and any R > 0, in the domain (D, x D}, ) x T? where

D :=[-10e,10¢") , D' :={Jy: |Jo—Jo| <2d} x {|Js] < R} .
We can now apply Lemma A.1 to the Hamiltonian ﬁe,u(j, ¢) = H(J, ) with

~ J2 ~ A A ~ A A A ~ A A A
h(J) =5 wls . f(J,9) = Fo(Jr, o, ) + pFi(y, Jo, )
Under the above position, for 0 < p < 1, we have that

Hf||,f‘17fa27§ < const ¢ .

Thus, letting o = w/2 and K := w/(4e’), we see that (A.11) is satisfied for any
¢ < 1/2. Now, observe that

1 27!‘/\ . . . " N "
o Fo(J1, J2,4p)daps = ¢ + dy cos ¢y (A.15)
0
where &y 1= éo(jl, jg) and d; := Al(jl, j2) are defined as
éo(jl,jg) = 00(j1,2j1 +j2) B Czl(jl,jg) = dl(jl,le +j2) . (Alﬁ)

Thus, by Lemma A.1 and (A.15), we find that }AIE)M o ®(I, ) has the form

2

I )
= +wls+ 5(60(11712) +di(I, 1) Cosgol)

+ (11, s, 01,0258, 1) + fu(l1, L2, 056, 1) (A.17)
where (if ¢ is as in the Lemma) § := g—e[éo(I1, Io)+di (I1, I3) cos ¢1]. The function
f+ is exponentially small,
ws 1
2170)
and, in view of (A.13), the definition of § and (A.15), the function g satisfies the
bound

1-llt 2572576 < |1 52,5 exP(—E5/6) < const sexp ((— (A.15)

117, /2,75 /2,576 < const (27 tep) . (A.19)
Thus, assuming |p| < €€ with ¢ > 1/2 and 0 < ¢ < 1/4, in the above region of phase
space, the D’Alembert Hamiltonian is described, up to the exponentially small term
in (A.18), by the Hamiltonian3"

2o )
Hp (I, I2, 1, 0256, 1) = ?1 +6(co(11,12) + dl(Il,Ig)cosgol)

+e°G(I1, Iz, 1, 256, 1) (A.20)
where

5 ~
ai=min{21-0), 14c} >3, G:= E% + N|Gll#s j2.0 2576 < conmst . (A.21)

30Tf we disregard fi then wl3 becomes a constant, which we may drop.



254 L. BIASCO AND L. CHIERCHIA

REMARK 9. (i) The form of Hp has been, for us, the main motivation to discuss
the dynamics of models described by (1.5)—(1.8).

(ii) The theory developed in this paper cannot be applied directly to Hp be-
cause of the following two reasons: (a) The “intermediate Hamiltonian” éo(I1, I2) +
(fl (I1, I3) cos 1 has a more complicate dependence on the action variables than the
one considered in this paper and one would need to extend Lemma 2.1. (b) The
second (technical) reason is that the I;—domain of analyticity of Hp is small with
g, while in our model we assumed H; analytic in a given (e-independent) region.

(iii) While problem (a) needs further investigations, problem (b) may be easily
overcome. More precisely, the proofs of §3 work also if one allows 71 (i.e., the smaller
action radius of analyticity of the perturbation H;) to depend upon €, say m =
const ef, provided a > ¢+3 /2. In fact, the crucial point where a dependence upon
of 1 comes in, is in the second step of the proof of Theorem 1.4 and, more precisely,
in checking the condition (2.26) for applicability of the normal form lemma 2.2. If
r1 = const &, for some £ > 0, we see, by (3.52), that we must have

1 3
a>€+b+)\+qo+§:€+§+3b+q0, (A.22)

which is equivalent to require (compare (1.9) and (1.13))

3 1 3 3
a>€+§, b<§(a—§—€), q<(a—§—€—3b>. (A.23)
(iv) In the case of the D’ Alembert reduced Hamiltonian Hp, we have a = 2(1—/),
so that (A.23) would be satisfied provided 0 < ¢ < 1/6. Of course, the argument in
(iil) is applicable to Hp only if the qualitative dependence on e of the analyticity
domain in the analogous of Lemma 2.1 remains the same.

Appendix B. Real-analytic action—angle variables. Here, we shall give a
complete proof of Lemma 2.1. For the purpose of this appendix we shall denote
the variables (I7, 1) with (the standard pendulum coordinate names) (p,q) and
set E(p,q) := Hy(p,q;¢€) := Hy(I1,p1;¢). We shall also denote the action-angle
variables for E(p,q) by (P,Q) (which therefore coincide with the variables (17, ;)
of Lemma 2.1).

We shall use the following notation: if A, B are two strictly positive functions we
shall say A ~ B if there exist positive constants ¢*,c™ so that cA < B < ctA4
pointwise. For example,

B B
VA¥B+vVA VA+B

Obviously, “~” is transitive. Also, if A, B and C are strictly positive, then A ~ B
implies A+ C ~ B+ C. Let x = x1 + ixzs be a complex number (with z; € R).
Since®! 22 +13 ~ (|z1|+x2)?, from (B.1) it follows immediately the following trivial
lemma

VA+ B - VA= (B.1)

8 (a1 | +22)2/2 < a2 + 23 < (a1 | + 22)2.
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LEMMA B.1. If 1 > 0, then x1 £1xe = wy + iwg; if 1 < 0 then Va1 £ixg =
we £ 1wy where

1
w o= (ot yfattad~ @l ) s Vs (B.2)

e
— PR — —+ ~ ~ B.3
Wo \/E T 1 +x2 (.T% +.'L'§)1/4 |_’I,‘1| +m2 ( )

If £1 > 0 then (z1 = i:rg)*l/2 =y Fiye; if x1 <0 then (z1 £ ixg)*l/g =y F i1
where

T+ /23 + 23 \/fx1+\/x%+x§ Lo

1
Y1 = ~ Y2 =
V2y/22 + 23 Vizi +z2 V2\/a} + z} (1] + 22)3/2
(B.4)
If x1 >0 then (z1 +ix0) 3/? = 21 Fize; if 21 < 0 then (z1 +ixe) /% = —2zp Fizy
where 21 = y1(y? — 3y3), z2 = y2(3y? — y3) and y1,y2 are as above. Furthermore,
if y1 > 2y2 then yi — 3y3 ~ yi, 3yi —y3 ~ yi and

1 T2

—————————————— ~ —— B.5
Tl T el 2" (ol a2 (B:5)

zZ1 ~

We divide the proof of Lemma 2.1 in several steps considering, in particular,
separately positive and negative pendulum energy E = E(p, q). In the following we
shall consider energies £ = E; 4+ iFs € C such that

|Ea| < ¢|En| (B.6)
for a suitable 0 < ¢ < 1.

First step: action variable (positive energy). In such a case, as well known,
the action variable for E(p, q) is given by

2 s
PH(E) = f/ VE + (11 cosd) di (B.7)
T Jo
and, denoting by with a dot the derivative with respect to F, we have

P+

_VE
. NOR 1
PHE) = -4 0 (E+5(1+cosw))3/2dw

and, in general,

dnti 2(2n -1 [T 1
7P+(E):(—1)"£( n—1) / & .
dhn+1 2r  2» o (E+e(l+ cosyp))ntl/2

Notice that the above functions, viewed as functions of E, at F; fixed, have even
real part and odd imaginary part. Thus in the following we may consider only the
case Fo > 0.

Setting F + (1 + cosv)) := Ey + (1 4 cosp) + iFy := 21 (¢)) + ixy with z1(¢p) =
Ey + (1 4+ cos®) and zo = Eo, we get (notice that x1(v)) > E1 > Es = x4
21 ()43 ~ x1(¢). Thus, PT(E) = P} (E)+iP; (E), PY(E) = P (E)+iP) (E),
PH(E) = P (E) +iP; (E) .



256 L. BIASCO AND L. CHIERCHIA

From (B.2) it follows

™ w/4 w/4
P~ [ Va@ds~ [ Va@ids~ [ VB eds~ VBT
0 0 0

Since, for ¢ € (0,), it is 1(¢p) = E1 + (1 + cosy)) ~ Eq + e(w — ¢) (making in
the integrals the change of variable y = (7 — 1)\/e/E1), from (B.4) we get32

dy

| ) _ Ve
P~ f J%N/ ﬁfﬁﬂ:}/ Ve
= \% arcsinh <7T 1;1) ~ % In (1 + E€1>

gy [ By £
E | @ (” E)

From (B.4) it follows that
_pt - Toody -~ " dy
K (®) / ()2 / B+ e(n — QPP
1

B 1 /“VEEl dy B 0
Eirve Jo A +y2)32 B2 N 72e/B, BEiwEi+e

Similarly,

and
dip B,

)2 " EyE +e

7P2+(E) b /07r (z1

Thus, using (B.4), we find®?

Bt N oody " dy

B (®) E/ @) E/ B+ <(r — 1))
E2 W\/% dy - E2
BEl U9 BB Te

Summarizing the following estimates hold

E

PHE) ~ E te, P;’(E)N\/len<1+ ;) (B.9)
. 1 € . E,

PHE) ~ —In(1+,/=), —PfE)~—2_ (B.I0
() ﬁn( +1/E1) F(E) ~ g (B0
) 1 ) E

_PH(E - _PHE)~ 2 B.11
1( ) El\/m7 2( ) E%m ( )

Second step: action variable (negative energy). In this case the action
variable is given by

Yo(E)
P(E)Q;Tﬁ/ VE+e(l+cosyp)dy
0

32Use arcsinh (t) = In(t + V1 + t2) ~ In(1 + ¢).
33In the last estimate we considered separately F1 < e (in which case VE1 +¢ ~ 4/ and

.=
Jo \/El “ﬂ‘j% ~ 1) and E; > ¢ (in which case VE1 + ¢ ~ vE71 and (1 +32)75/2 ~ 1.
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where 1(E) is the first positive number such that E + (1 4 cos¢o(E)) = 0.
Differentiating

B V2 o (E) 1
B 7/ VE+e(1+cost) w

Making the change of variable ¢ = arccos(1 — E/e 4+ £E/¢) where E := E + 2 we
get

P~ (E

_ 22
/\/fy/Ef E

P~(E) = V2 de . (B.12)
T ET=E\EE-E
Thus,
/ ng E3/2 i (B.13)
and, in general,
o V2 (@2 -1l (1—-¢&n
R N v = s

As above, for symmetry reasons, we may consider only Es > 0. Observe that
E¢—E = (=E\(1-§)+22) —iEa(1-¢) = (Er§ — B1) —iBy(1-€) = 21(§) —iwa(€)

with z1(&) := Elf — Ey and 22(€) == E3(1 — €). When 0 < & < 1 it is?* 21(€) >
22(€) > 0. Let now y1(£),y2(€) be as in (B.4). Then

1 Zo
e v (B.14)
Vo mE
so that y; > yo provided ¢ is small enough. If z;(&), 22(&) are as in (B.5), then
1 T2
Al 37/2 s Z9 ~ T/Q (B15)
Ty Ty
Obviously:
S S S (B.16)
=Y Ty2, = =21+ 129 . .
\VVEE—F (E€ — E)3/2
By (B.12) and (B.16) we see that>
_2v2
Pre) =22 [ B ) Y e / EVE e ()
Elf Eq
Similarly, from (B.12), (B.16) and (B.14) we get:
_ 2v/2 /1 - VE
Pr(B) = Y2 (Biys + Eoyn) o dg
2 ( ) T 0 ( 192 2 1)m
' EVEy/EVT — ! E
Wdf—f—/ 2\f d¢  (B.18)
0 (BEr§—Er)3/?

V1 Ei§ — By

34The function x1 (£) —x2(€) is increasing so that z1 (&) —22(¢) > 21(0)—22(0) = —E1—F2 > 0.
35Use Er1y1 — Faya ~ Eqyy1.
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Finally, from (B.12), (B.13), (B.14), (B.15), (B.16), there follows

1
. 1
B <E>~/ S / —
0 \[\/f E1€—E1 \fE1€ E1)
£)3/2
de | d¢. (B.19
/ VE( Elf E1)3/2 : o V& E1§ Ey)5/2 a )
If —2¢ < Fy < —e (since, in such case, E\§ —Ei~e, —FEy ~ ) we have
_ E ~ B,
P (F)~— P, (F)~—=
1 ( ) \ﬁ7 2 ( ) \E’
_ 1 _ Ey
Py (E)Nﬁv Py (E) 3/2
_ 1 _ Es
B (B)~ 5 By (p)~ 22 (B.20)

The case —e < E; <0 (i.e. Ey ~ €) is a bit more complicate and it is convenient to
break up the integrals in (B.17) as f = 1/2 + f1/2 The latter integrals are easier
to handle since if 1/2 < € < 1 then v/ ~ 1 and E1§ FE71 ~ ¢ and therefore the
estimates in (B.20) follow. As for the other integrals, since 0 < £ < 1/2, one has
1 — & ~ 1. Substituting t = 1 (so that E1& — Ey = —E4(t + 1)) and denoting
a = —E,/2E;, in view of the estlmates in (B.20) and of the estimates done in the
integrals over (1/2,1), we obtain

E1 —-E Vit E,

VE TR s m‘“”ﬁ’

Py ()~ 22 <1+ln€> ,

Pr(E) ~

NE —E
e g et 7 ()
SERE A I rrries v
Pr(B) ~ 531/2 _Elf/ \ft+113/2 dtws?’7+—E11ﬁN—Ellﬁ’
P{(E)~%+ \[/ Vit 5/2dtN(—EL1?)22\E'

Summarizing we find3¢

_ El _ EQ g

PL(E) ~ . PQ(E)Nﬁln(H |E1|>

_ 1 g _ Eg

e~ () o A s

PrB) ~ e BB~ (B.21)

36Note that if € [1/2,00) then 1+ Inz ~ In(1 + /z).
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Third step: Estimates on the action—analyticity radius. Let us define the
following energy sets:

& = {E:E1+iEzeC7s.t.g<E1<E0, |Bs| < E3(Ey) )}
& = {E:E1+¢Eze<c,s.t.—zg+g<El<—g,|E2|<E;(El)}

where Ey := E(p,0) and E5(E;) := énln~ (1 ++/¢/|E1]) with 0 < & < 1 a suitable
small constant to be fixed later. From these definitions and from the assumption
n < £/32 it follows (B.6) for any E € £%. Let us now define

D* = (P (n),P*(Ey—¢)), D™ :=(P (-2c+n),P (-n)) .
We claim that P*(£%) D D*(0),. By symmetry reasons we keep considering only

FE5 > 0. Also we consider only the positive energy case since the other case is
completely analogous. By (B.9), there exists d; > 0 such that:

_ E3(Ey) 5 o
PH(Ey +iEX(Ey)) > dy =2 In(1 — ) =dje—L >
g ) 2 2 (1 o) —ae =

provided ¢ < di¢. Notice that, by definition, P1+ (E1+1E>) is an increasing function
of Ey. Thus, for any |Es| < Ej3(Ey), we have P;f (Eq+iEy) > P;F(Ep). From (B.10)
it follows that there exists do > 0 such that

P (Ey) — P (Ey — ) > da/Zln (1 + ]§|> >
0

provided c is small enough. Similarly, for any |Es| < E3(n/2) we have that3”

P (n/2+iEs) < P"(n/2+iE5(n/2)) < P (n/2 + E3(n/2)) < P (3n/4) .
‘We have proved that

P (n) — Py (3n/4) > jj/”gln (1 +~/§|) >

for ¢ small enough.

Fourth step: angle variable (positive energy); estimate on analyticity
radius.

Let g(E,) := E+&(1+cos) and consider the set M. (E) := {q € Cs.t.g(E,q) ¢
(00,0]}. For any E € £, the functions

S0 =2 [ VaED e, B0 B = G (B) 7 (B
T 0 ’ TOEY Y T OF OE "’
(B.22)
are analytic on M} (E). Observe that ¢ € C/2nZ — x*(E, q) is, for any fixed E,
one-to—one. Also Q% (p,q) := xT(E(p, q), q) is analytic and 2m-periodic. Let

¥ (p,q) = (PT(E(p,q)), Q" (p,q)) -
Then ®F is a symplectic map from M, := {(p,q)s.t.p € C* U {0}, E(p,q) €
E*} into C x C/27Z. Since ®* is one-to—one, its inverse ¢t = ()71 is well
defined and analytic. In fact, P*(F) is bijective and for any (P*,Q*) there is a
unique E* such that PT(E*) = P* and, since xT is one-to—one, there is a unique
q* € C/27Z such that xT(E*,¢*) = Q*. Finally, there is a unique p* € C* U {0}
such that E* = E(p*,q*). Fix E. Observe that x*(F,q) is 2mw-periodic and that

37Use \/901 + \/x% + 23 < \/2(z1 + z2) if 21,22 <0, and that Ej(n/2) > n/4 if & is small.



260 L. BIASCO AND L. CHIERCHIA

xT(E,0) = 0,x"(E,+r) = +n. Let us first consider the case £ = E; € R.
In such a case®® x*(By, (-, 7)) = (=m,7), xT(E1, (0, +ic0)) = (0,+is*(E1)),
XT(Ey, (7, £7 & ivo(E1))) = (&7, £ + is+(E1)) where

P+
Ny Tlias d d¢

VE1 +e(1+coshyp)

In fact, it is x ™ (E1, M} (E1)) = Tot(g,)- Let7 now, E = Ey +iFEy € £T. In this
case,

S+ (El) =

X+(E7TU N M:)_(E» 2 Ts(E,a’)
where

sT(E,0):= {mn )Imx (E,t+1i0) ,
te(—m,m

and, as in the case £ = Ej,
dip
\/El +e(1 4 cosh )

. P dP+
s (Elao) = ImX (E17ZU) = \/5

It is easy to see that

7 dy 7 dy 1 < \/T >
~ r—— 71 ]. = .
/0 VE1 +e(1 + cosh ) /0 By + e Ve G Ela

Thus, by (B.10), we get

In (1+ \/;0> |
ln(l-l-\/Ezl)

which implies that, for any /2 < Ey < Ey and for a suitable constant ¢ > 0, it is

S+(E17U) ~

sT(By,0) > QCM.

In the general case, using the estimates on P and its derivatives, one has that if
E = FE;+iFEy € £T then sT(E,0) > %s*‘(El,o') > cﬁ =: 5. This proves the
lemma for positive energies.

Fifth step: angle variable (negative energy). Consider the complex sets

M:={qeCst.|Req| <7}, M, (E) = {q € Ms.t.g(E,q) & (o0,0]}.

For any E € £ is defined, as in (B.22), the analytic function S(E, q). We want to
extend S on the whole set M. At this purpose, fix £ € £~ and ¢ € M\ M, (E). We
shall then think the integral in (B.22) evaluated on a curve v : [0, 1] — M satisfying
the following conditions: if ¢ € [0, 1),then () € M, (E), v(0) = 0, y(1) = g; there
exists t* such that, for ¢ € [t*, 1), one has Img(E,v(t)) < 0. Note that in this way
~, which exist always, is a continuous on [0, 1]. We shall do the the same for the
integral representing 8E( q). Let x~(F,q) := (aa}; (E))*lg—]g(E,q) and observe
that ¢ — x~ (E, q) is one- to —one for any fixed E. Define, also,

X (E(p,q),q) if peC*t
Q (p.q) =
T—Xx(E(p,q),q) if peC”

38 1If a,b € C we denote (a,b) := {z := a + t(b — a), witht € (0,1)} and, in particular,
(a,a+ ic0) := {a + it, witht € (0,00)}.
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while, for p = 0, (in which case ¢ = £¢)(E)), we define Q@ (0, £¢o(F)) := £7/2.
Finally, define®’

Wl(E) = {X_(qu)a fOI’q € Muq 7& in(E)} ) WZ(E) =T WQ(E) .

Denoting, M, := {(p,q) € C x Ms.t. E(p,q) € £}, we see that the mapping
®~(p,q) == (P~ (E(p,q)),Q (p,q)) defines a real-analytic symplectic map &~ :
M, — C x C. The map ®~ is one-to-one’® and has an inverse ¢~ := (&)~ . If
Q* # +7/2, then Q* € Wy (E*) (resp. Q* € Wa2(E*)) and hence p* € CT (resp.
p* € C7). Moreover, since ¢ — x~ (E*,q) is one-to—one, there exists a unique
¢* such that x~ (E*,¢*) = Q* (resp. @ — x (E*,¢*) = Q*). Also p* is uniquely
determined since it verifies E* = (p*)? —e(1 +cos¢*). If, instead, Q* = 47 /2 then
(p*,q*) = (0, £¢o(E*)). Let us show that ¢! is analytic. Consider first Py, (i.e.

E)p) fixed and let us prove analyticity in @Q. In*! T/(IJ/1 (Eo) = {x (Fo,q), withq €

M(Ep) } and Wo (Ep) = {7m—x" (Eo,q), withq € M(E)y) } everything is analytic,
Let us check what happens on*20W; (Ey) N 0Wa(Ejp). Let us suppose (to fix ideas)
that Qo € Wi(Ey). Let @, — Q. Then we have to check that (p,,qn) =
¢~ (Po,Qn) — ¢ (Po, Qo) =: (po,qo). If Qn € Wi(Ey), then, continuity in go
comes from the definition of x~. Also, since p, € C* and Img(Ey, ¢,) < 0, we have
P = V2v/9(Eo, qn) — V2/9(Eo, q0) =: po. Let us turn now to the more delicate
case @, € Wa(Ey). We shall consider the real case, Fy € R, since the complex
case is analogous but more clumsy because of the loss of symmetries. In this case
Re Qo = £7/2 and Imgg = 0. The points ¢, are such that @, = 7 — x™ (Fo, ¢n)
and, by the symmetry of x~, we have that*® x~(Ep,q,) = ™ — Q. € Wi(Ep).
Since Qn — Qo = 7 — Qo, one has that x ™~ (Eo,n) — Qo. If ¢ (Eo, 7 — Qu) =
»~1(Eo, Qo), since T — Q,, € W1(Ep) we see that ¢, — qo and hence ¢, — qo (as
ImlIO = O) Observea now, that g(EOaQn) - Q(Eoia _7,@' Thena Po = \/i\/ g(EanO)a
while to determine the p, we have to choose the other branch of the square root,
namely*4

DPn = _\/i\/ g(E07Qn) = _\/5 g(Eovqn)
= *\@\/Q(Eo,(?n) - *\@\/ 9(Eo,q0) = —Po = po -

The continuity for fixed Qg and P, — P, is checked similarly.

Sixth step: angle variable (negative energy); estimate on analyticity
radius.

Fix E and observe that x~ (E,0) = 0, x (E, £¢o(E)) = £n/2. Consider the case
E = E; € R. As in the positive energy case we find x~ (F1, (—o(E1), ¥o(E1))) =
(—=7/2,7/2) and x~ (E1, (0, +ic0)) = (0, £is™ (E})), where

dP~ dy

57 (E1) = V2( 1B )71/0 VE1 +e(1+ cosh))

39Note that W1 (E) N Wa(E) = 0.

40 p—(E) is one-to—one and to any fixed (P*,Q*) = ®(p*, ¢*) there corresponds a unique E*
such that P~ (E*) = P*.

41 Vc[)/ denotes, as usual, the interior of W; OW denotes the boundary points of W.

421t is enough to check that, if Qo € OW1(Ep) NOWa2(Ey), then ¢! is continuous in (Py, Qo).

43 7 denotes, as usual, the complex conjugated of ¢ € C.

44Recall that Re po = 0, since g(Fo, qo) € (—o0,0).
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In fact, x~(E1, M, (E1)) = {|Req| < 7/2} = iM. Let now, in general, E =
FEi+iEy€e &, Then,

X (B, T, "M, (E)) 2 Ty~ (5,0) "M (E) ,

where
sT(E,o):= min Imx (E,t+io).
te(—m,m)
As in the case E = E; we have, as in the positive energy case,
dP~ 7 dy
s (F1,0) = Imy (Fi,ti0 ::\/i—fl/
(E1,0) C(Bnio) = V)™ [ s

dP~ 1 €
A——)"t—=In(1+,/=
\[(dE) ﬁn(+ E1a>
Also, using (B.21), we find
In <1 + /50)
In (1 + §1|>

which implies that there exists a constant ¢ such that, for any F; with 2e +7/2 <
Ey < —n/2, one has

s (Fy,0) ~

o
s (F1,0) > 2c————— .
In(e/n)
In the general case, by the estimates on P~ and its derivatives, one finds that, if
E=F, +iFEy, € £, then

1 o
“(F > —s (K > c—— =:
s~ ( ,a)_2s ( 1’0)_Cln(6/n) s
The lemma is proved also in the negative energy case. O
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