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ABSTRACT. We consider the classical D’Alembert Hamiltonian model for a
rotationally symmetric planet revolving on Keplerian ellipse around a fixed
star in an almost exact “day/year” resonance and prove that, notwithstanding
proper degeneracies, the system is stable for exponentially long times, provided
the oblateness and the eccentricity are suitably small.

1. Introduction. Perturbative techniques are a basic tool for a deep understand-
ing of the long time behavior of conservative Dynamical Systems. Such techniques,
which include the so—called KAM and Nekhoroshev theories (compare [1] for gen-
eralities), have, by now, reached a high degree of sophistication and have been
applied to a great corpus of different situations (including infinite dimensional sys-
tems and PDE’s). KAM and Nekhoroshev techniques work under suitable non—
degeneracy assumptions (e.g, invertibility of the frequency map for KAM or steep-
ness for Nekhoroshev: see [1]); however such assumptions are strongly violated
exactly in those typical examples of Celestial Mechanics, which — as well known
— were the main motivation for the Dynamical System investigations of Poincaré,
Birkhoff, Siegel, Kolmogorov, Arnold, Moser,...

In this paper we shall consider the day/year (or spin/orbit) resonant planetary
D’Alembert model (see [10]) and will address the problem of the long time stability
for such a model.

The D’Alembert planetary model is a Hamiltonian model for a rotationally sym-
metric planet (or satellite) with polar radius slightly smaller than the equatorial
radius; the center of mass of the planet revolves periodically on a given Keplerian
ellipse of small eccentricity around a fixed star (or “major body”) occupying one
of the foci of the ellipse; the planet is subject only to the gravitational attraction
of the major body. This system is modelled by a Hamiltonian system of two and a
half degrees of freedom depending on two action—variables J; and Jy correspond-
ing, respectively, to the absolute value of the angular momentum of the planet and
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its projection onto the unit normal to the ecliptic plane!, on the two conjugated
angle—variables and on time; the dependence upon time is T—periodic, T' being the
“year” of the planet (i.e., the period of the Keplerian motion). The D’Alembert
model is integrable if the oblateness? ¢ of the planet vanishes, while if the eccen-
tricity p of the Keplerian ellipse is zero the system becomes time-independent.
The integrable approximation (¢ = 0) is properly degenerate: in suitable variables,
the D’Alembert Hamiltonian depends only upon the absolute value of the angu-
lar momentum J; of the planet. Clearly, J; is stable (i.e., stay close to its initial
value) for the full Hamiltonian and the (action) stability problem consists then in
studying the stability of J,, the projection of the angular momentum onto the unit
normal to the ecliptic plane (which measures the inclination of the spin axis on the
ecliptic plane). The “resonant model” deals with phase space regions around exact
day/year resonances, i.e., regions where the ratio between the periods of rotation
and revolution is a rational number p/q. More precisely, we shall fix 0 < £ < 1/2
and consider an e‘~neighborhood of the exact resonance J; = (27/T) (p/q). Then,
we shall prove the following

Theorem 1.1. Fixz ¢ > 0 and consider the D’Alembert model with 0 < p < £° in
an O(e*) neighborhood of an evact day/year resonance Jy as above. Assume that
Ji # /3L, where L denotes the projection of the angular momentum of the planet
onto the polar axis. Then, the evolution of the angular momentum of the planet
stay close to its initial position for times exponentially long in 1/e, provided € is
small enough.

A more precise formulation of this theorem is given in the next section, where
the Hamiltonian description of the resonant D’Alembert model is recalled. In § 3
the proof of Theorem 1.1 is given; such proof is significantly easier in the case the
resonance (p,q) is different from (1,1) and (2,1). This difference is related to the
fact that the “secular” part, in the case (p,q) # (1,1),(2,1), depends only on the
action variables, while in the other cases it depends explicitly also on one angle.
To overcome this difficulty, we will make use of (detailed, analytic information on)
action—angle variables for generalized pendula; even though this subject is classical,
we could not find in the literature any suitable reference and we decided, therefore,
to include it in appendix. The results presented here were announced in the note [3].

Let us make a few remarks:

e In view of the proper degeneracy, Nekhoroshev theorem [13] does not apply to
the D’Alembert model and an ad hoc proof is needed. Indeed, the “Nekhoro-
shev exponent” that we find is better than the one predicted for general
systems with two-and-a-half degrees of freedom; compare Theorem 2.1 below
with [13], [11] or [14]; this fact is related to the appearance of a “fast” time
scale®. For Nekhoroshev estimates on a related model, see [2].

IThe “ecliptic plane” is the (fixed) plane containing the Keplerian ellipse described by the
periodic motion of the center of mass of the planet.

2The oblateness of the planet is essentially the ratio between the polar and the equatorial
radius.

3The appearance of different time scales in Celestial Mechanics and its exploitation in pertur-
bation theory is a well known fact going back at least to Lagrange; for more modern implications
of the appearance of different time scales in connection with the problems considered here, we
refer the reader to, e.g., [12].
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e As mentioned above, the main difficulty in the proof of Theorem 1.1 is the ap-
pearance (in the cases (p,q) = (1,1), (2,1)) of separatrices in the (integrable)
secular Hamiltonian. To overcome such problem, we use energy conservation
arguments in the region close to the separatrices and averaging theory in the
region far away from it (after having introduced action—angle variables for
the secular Hamiltonian). Clearly, the key technical point consists in proving
the overlap of these two regions so as to obtain Nekhoroshev stability in the
whole phase space.

e We mention that in [7], it was claimed that the planetary D’Alembert model,
near the resonance (p,q) = (2,1), has an instability region where the variable
Jo undergoes a variation of order one (i.e., independent of the perturbative
parameters) in finite time, provided € and p = €° (for a suitable ¢ > 1) are
positive and small enough. The proof of this claim proposed in [7] contained
an algebraic error (see the Erratum in [7]) and, even though such error has
been corrected ([8]) and several technical progresses, in such direction, have
been obtained (see, e.g., [9], [15]), a complete proof of the above claim is still
missing.

2. Exponential stability theorem for the D’Alembert model. Let us pro-
ceed to formulate, in a more precise way, our main result. It is a classical fact
(essentially due to Andoyer) that the planetary D’Alembert model near an exact
(p:q) resonance may be described (in suitable physical units) by a a real-analytic

Hamiltonian of the form*

IQ
H., = §1+w(pf1—q12+q13)+5F0(11712,@17@2)‘*‘5#171(]1,127@1,@2,@3;#) , (1)

where:

o (I,p) € A x T3 are standard symplectic coordinates; the domain A C R? is
given by

A={Inl<r', |L-Jl<r, LeR}, (2)

with 0 < ¢ < 1/2, r > 0. In the terminology of the preceding item 1.2,
L:=J—Ji, I:=Jy J being a fixed “reference datum” corresponding to
the exact (p:q) resonance; p and ¢ are two positive co—prime integers, which
identify the spin—orbit resonance (the planet, in the unperturbed regime, re-
volves ¢ times around the major body and p times around its spin axis):
J1 = pw and the period of the Keplerian orbit is 27/(qw), (w > 0). The
action I; measures the displacement from the exact resonance, while I3 is
an artificially introduced variable canonically conjugated to 3 (the “mean
anomaly”), which is proportional to time.

e 0 <e,u < 1are— asin the preceding item — two small parameters (measuring,
respectively, the oblateness of the planet and the eccentricity of the Keplerian
ellipse).

e The functions F; are real-analytic functions in all their arguments, and may
be computed (via Legendre expansions in the eccentricity u) from the La-
grangian expression of the gravitational (Newtonian) potential; for explicit
computations, see, e.g., [7]. While the explicit form of Fy is not important
in the sequel, and, in fact, our result holds for any function F) real-analytic

4Compare, e.g., [7], [5]



572 L. BIASCO AND L. CHIERCHIA

and bounded on A, the explicit form of Fy plays a major réle in the following
analysis. The function Fjy is a trigonometric polynomial given by

Fo(Ii, Io,01,2) = Y ¢jcos(ipr) + dj cos(pr + 2¢2) (3)
JEZ, |j|<2

where ¢; and d; are suitable functions of J = (J1 + I, I3) which may be
described as follows. Let

L I
k1= k1(I1) == 73T Ko = Kko(I1, I3) := 7, —ill ,

V= 1/1(]1) ;:\/ﬁ7 Vo 1= 1/2(11,12) I:\/1—KZ§;

where L is a real parameter (L corresponds to the projection of the angular
momentum of the planet onto the polar axis of the planet and, since the planet
is rotational, it turns out to be a constant of the motion). The parameters

Ji, L and the constant r are assumed to satisfy
L43ret < Jy | Jo| 4+ 3r(et 4+ 1) < Jy (4)

so that 0 < k; < 1 and the v;’s are well defined on the domain A. Then, the
functions c; and d; are defined by

1 V2
co(I1,I2) := Z(QK?V% + (1 + KZ%)) ,  do(I1,I3) := —f(?m% —v?),

[ I 1%40% 1 ko) K1
Cil( 1’I2) : % s d:l:l(zl, 22) = :F% ,

[i.1 = V2V2 1/21:|:I€ 2
cta(l1, Io) : 182 , dao(Iy, Ip) = % ) (5)

With the above positions, for the motions governed by the (p:¢)-resonant D’Ale-
mbert Hamiltonian H, ,, there holds the following

Theorem 2.1. Let ¢ >0, 0 < £ < 1/2 and 0 < Cy < min{c,¢}. Assume that (4)
holds and that

n(0) # (6)

(which is equivalent to J; # \/3L). Then, there exist €9, C; > 0 such that, if
0<e<eyand 0 < pu <L’ then

C C
C1 . 5 2
|[I(t) — I(0)] < Csr ™" | Vot < T(e) = ~Ca exp (ECO) ) (7)

where (I(t),p(t)) denotes the H. ,—evolution of an initial datum (I(0),(0)) €
A x T3,

3. Proof of the theorem.
3.1. Preliminaries

We shall use the following notations: if ) # D C R? and p := (p1, p2, .. ., pq) with
0 < pj <ooforl<j<d, wedenote

Dp::{I:(Il,...,Id)ECd : | =Ll < pjj=1,...,d, forsomel e D} ;
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T denotes the complex set {z € C?: |Imz;| <o, j=1,...,d} (thought of as a
complex neighborhood of T?).

We shall work in the Banach space Hr(D, x TZ) of functions f real-analytic on
D, x T2 having finite norm

1 £llp.o := D sup [ fe(D)]e!*

keza l€Pe

fr(I) being the Fourier coefficients of the periodic function ¢ — f(I,¢). Notice
that, by Liouville Theorem, if f € Hr (D, x TZ) and p; = oo for some 1 < j < d,
then f does not depend on I;.
We shall use the following standard result from normal form theory; see [14] for
the proof with p; = -+ = pg; (for the simple modifications in the case of different
analyticity radii, see [4] or [5]).

Lemma 3.1 (Normal Form Lemma). Let H := H(I,p) := h(I) + f(I,¢) be a
real-analytic Hamiltonian on D x T? belonging to Hr (D, x T%) for certain p :=
(P15 P25, pa) with 0 < p; < 00, 1 < j <d, and o > 0. Let pp := mini<;<q p;-
Let A a sub-lattice of Z%, o > 0, K € N with Ko > 6. Suppose that VI € D, and
Vk e Z4\ A, |k| < K, we have |W'(I) - k| > o and that the following condition is
satisfied:

apg
||fHP1U = é 210K . (8)

Then, there exist a real-analytic symplectic transformation
¢: (J,9) € Dpja x Td 5 — (I,) = ¢(J,¢)) € D, x Ty

and real-analytic functions f. == fu(J,0), g:= g(J, %) = cp gr(J)e™ ¥ belong-
ing to the space Hr(D,/2 % TZ/G) such that the following properties hold:

() Hog(J,w) =h(J)+ > ful D)™™ +g(L9) + ful ], 9);
kEA,|K|<K
11
< < Sy
appc’ ~ Koo'~ 3"
(iti) || fillp/2.0/6 < ne 75,
5

2
(iv) T-J < —n<
oo

(i) llgllp/2,0/6 <

Po

277 apo 257

Remark 3.1. If h := h(I) := h(I,..., Iy1) + wly and f := f(I1,...,Io_1,9),
then the symplectic transformation ¢ preserves the form of the Hamiltonian and
has the form:

{ Ij:jj(J17~'~-7Jd717w)7 Spj:@j(‘]h'-'defl?dJ)? (1§]§d_1)7
Io=Ja+ La(J1,. s Ja-1,%) ,  pa="a ,

and, also, f« and g do not depend on Jg.

In what follows, we shall assume that, for any 0 < e < &, the Hamiltonian H, , in
(1) belongs to Hr(Ar x T2), where

R:= (re*,r,0) , 9)
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s >0 (and 0 < & < 1). We shall also denote My and M; (e-independent) upper
bounds on, respectively, | Fo||lgr,s and || F1||g,s-

3.2. Step 1: linear change of variables
Let ¢g be the following linear symplectic map:

ool 1= (11 B =20+ T+ T19). (5 + s — avhaed)) - (10
Then, ¢ casts the Hamiltonian H. , into the form

HOI',¢'se,p) := He 0 go(I', ') (11)

I/2
= S+ wly +eGo(I1, I, 0, 0, ©5) + epGi(I1, I, 07, 05, 55 1)
which belongs to Hr(Ar x Tg) with

Si=ds, ¢ =min{l/(1+p),1/(1+q), (12
and
|Gollr,s < My , IGillr,s < My .
Moreover:
Go(I1, Ih, 04, 0y, ) v= Hor(I1, I}, 04) + Go(I}, Iy, &}, b, %)
with
27r~

/ Go(I1, I3, ', 95, ©3)dps = 0

0
and

CO(HV&) ) if (p7 q) # (171)7 (2,1),

o1, 13) + dj, (11, I5) cos(Gpepr) »  if (p,q) = (1,1),(2,1) ,
with j; := 2 and j, := 1.

HOl(I{aIév 90/1) =

Obviously, since ¢y depends upon p and ¢, also the functions G; and Hy; depend
upon p and ¢, but we shall not indicate such dependence in the notation.

We remark that, in general, ¢ is not a diffeomorphism of R3 x T? (since the
induced map on T? has determinant equal to q); this fact, however, does not affect
the following analysis.

If
a =14 min{e, (} , (13)
using the fact that || < 2re’ and u < £, one see that H(®) has the following form:

I3 — — 0
5 +wly+ eHo (13, 01) +Golly, 01, ¢, 0) + e By (11, I, @), 03, )

where Go (I}, ) := 60(07 I3, ¢,

27
/0 Go(I3, ', b, h)des =0, (14)
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and (recall (5)), Ho1 (I}, 0}) := Ho1(0, I, ¢}) is equal to

o E()(Ié) ) if (p,Q) 7é (1»1)7(2a 1) ;
Ho (I3, ¢}) == 7 (15)
Co(13) + dj, (13) cos(ipyt) ,  if (p,q) = (1,1),(2,1) ,
where
Vs 1 1 /3
Co(15) == coo + coa—=2, coo = —(2-7%), co2i=—= (=771 (16)
2 2 4( 1) J? (2 ! )
and
- 1 I I
dy(Ih) == dy(0,13) := —~Fimy |1 — =2 (1+ =2,
() =00 1) = —5mmy 1= B (1+ F)
N .3 AN 71—2 L/Q 2
B = D(0,13) =~ 7 (14 7). (17)
where

Ry = k1(0) := ng, 71 = 1v1(0) == /1 — &5 . (18)

The function HQ(O)(I{, I, o, b, ok ) belongs to Hr(Agr x T%) and
|leHo1 + eGo + e H | r.s = |eGo + €' T°G1 | r.s < (Mo + €M) .

3.3. Step 2: time averaging

Here, we shall remove, up to exponentially small terms, the (fast) dependence upon
5. To do this, we shall apply the Normal Form Lemma with d := 3, (I,¢) =

(I',¢'), H:=HO h:=1%/2+wl}, f:=cHy + Gy + E“HQ(O) =Gy + e'teG,
D:=A p:=R, py:=re’,o0:=8, A:={(k1,k2,0) s.t. k1, ks € Z}, o := w/2,
K :=w/(4re"). The condition Ko > 6 is implied by
e < (wS/24r)Y/* . (19)
Condition (8) becomes
e(My + M) < 279722
which is verified, for example, if
r2 1/(1-20)
< (o) 20
— \29(My + M) (20)
Hence, for £ small enough, we can apply the Normal Form Lemma, finding a real—
analytic symplectic transformation
¢1: (I,p) € Apja x Ty — (I',¢') € Ag x T,
such that
HY(I, gre,p) = HY 0 61(1, pre) (21)
P o o
= o +wly +eHoi(l, 1) + e Hy (I, I, 1, @oi0) + B (D, o, 332)
and such that the following bounds hold. For any (I,$) € Ag /2 X T% /69
6

.9 1
|\ -1 < EE(MO +e°My) < (85%)%% < ?Tsz , (22)
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and

1HD (172,576 < MLV,

1 (| ry2,s/6 < MY = e(Mo + e°My) exp(— e1e™") (23)
where

MY = (M1 + %(MO + Ml))7 ¢ = % . (24)

3.4. Step 3: averaging over ¢; (case (p,q) # (1,1), (2,1))

Let us assume, first, that (p,q) is different from (1,1) and from (2,1). Then the
Hamiltonian Hg;(/2, 1) is independent of the angles, allowing to treat the angle
1 as a “fast” angle in a suitable domain A. Consider, therefore, the Hamiltonian

. o 7. N s
HO(1, Iy, o1, $2;€) := ?1 +eco(lz) +¢ H1(1)(117[2,<P1,<P2;5) , (25)
and let
N . 5 1 1 5 A - 5
A= {1 € (=2ref, —Zreb) U (oreb, 2ret), |Ip — 2. 2
{I €( 4r6, 27‘5)U(27‘5,47‘5), |15 J2|<47‘} (26)

In order to apply the Normal Form Lemma, we let Cy be as in Theorem 2.1, a as
in (13) and fix a number b so that
1 a — Co
—<b< .
2 <bs 2
We, also, let: d := 2, (I,¢) := (I1, I, 1, $a), h := [2/2 + eco(ly), f = e*HY,
D = A, p = (re®/4,r/4), po = re®/4, 0 = S/6, A = {(0,k2) s.t. ks € Z},
a:=re/8, K = r2(215M1(1)500)_1. With such positions, we see that we can apply
Lemma 3.1, provided
212 91/(-b-Co) 1/00} r2S
_ , ¢ , g i= ————— .
|coa|r(J2 + 2r) 2 ? 9. 217M1(1)

Under such condition, we can find a real-analytic symplectic transformation

(27)
e < min { [ (28)

G2 (I, o, @1, 32) € Agrer s,078) X T%/36 — (I, o, p1,82) € Agres pa 0y X TS
such that

HO(Iy, I, @1, @ase) = HY 0 ¢o(I1, In, 1, P23 €) (29)
I? - - s = = L
= 51 +eto(I) + e*H (I, I, @2;€) + HP (11, I, 1, §2;€)
with
2 2 4.
| H )||(reb/8,7'/8),S/36 < M= §M1( ),

M*(Q) = EaMl(l) exp(— CQS_CO),

IN

(2
V& )||(7‘6b/8,r/8),S/36
and, for any (I1, Is, §1, Pa) € A(rsb/S,r/S) X T%’/g@a

997 s(1) b
%Ea—b < re. ) (30)

I, — I, |Is — L] <
| — L], [T, — I| < S 5



EXPONENTIAL STABILITY 577

Extend such symplectic transformation on A(st/&r/g) x C x Tz/% by setting

bo(I1, In, I3, @1, @, P35 €) = (P2(T1, L2, §1, Pos €), I3, P3) -
In this way, denoting (I, @) = (I1, I, I3, $1, P2, $3), we see that
H®(I, i) := HY 0 ¢o(I, s ¢) (31)

2o _ o S
= ?1 + wlis +€60(12) +€aH§2)(Il,IQ,g02;€) + H£2)(11712,g0;6)

with
2 1
”H H(Tab/S r/8,00),5/36 = < M( ) M( ) Mag )-

In order to simplify the calculus of the constants we assume that

& < min { (2%)1/“_00), (¢ cl)w}. (32)

Using (32) it is simple to prove that
e lexp( ™) > e %exp( e ). (33)

In fact, using (32) and the fact that a < 3/2, it is sufficient to prove that exp( ¢;e %)
> ¢~ ! which is guaranteed® again by (32).
By (33) we, also, obtain

(2)

—© . _ —(2) 8r
O T T AN ST

3.5. Step 4: conclusion of proof (case (p,q) # (1,1),(2,1))

We are, now, in the position of concluding the proof of Theorem 2.1 for the
case (p,q) # (1,1), (2,1). The arguments we shall use, here, are based on energy
conservation. However, such arguments, are not completely straightforward because
we have to keep track of domains (recall that the variables (Il, IQ) are not defined
in a neighborhood of the origin) and also because we shall freely use different sets
of variables.

e Energy conservation for the Hamiltonians H") and H®?)

Denote by £(t) := (I(t), (t)) and Z(t) := (I(t), §(t)) the solutions of the Hamilton
equations associated, respectively, to the Hamiltonians H™) in (21) and H® in
(31), with respective initial data 2(0) := (I(0),$(0)) and 2(0) := (I(0),3(0)).
Furthermore, if F = F(I,$), denote A F := F(2(t)) — F(2(0)) and AF :=
F(z(t)) — F(2(0)). Then, conservation of energy for the Hamiltonians in (21) and
(31) yields®:

ecog[ 2(0) ALy + = (Atzg) } +[ HO)A, + = (AJI)2

twA Iy + A HY + AtHil) =0, (35)

5 Setting z :=¢ ¢ and y := 1/¢¢1 we have to prove that e* > z¥. This is obvious if y < 1; if
y > 1 it is true if, for example, z > y2.

2
SRecall (15) and observe that for any numbers z, y, one has % -4 = %(:c —y)? +yz —y).
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and
7 AT Lz 732 7 AT 1 X732
€Co [IQ(O)AJQ +5(Ad) } 4 [Il(O)At 1+ 5 (&)
+WAtf3 + EaAtHl(Q) + AtHfP) =0. (36)

e  A-priori exponential estimates for the drift of I, I and I

For” 0 < t < T(e) we have directly by Hamilton equations, (33) and Cauchy

estimates®
Mo + M,y

o PN 6
AcTs| = Ay < sup [0, HED (2(r)ie)lt < — MVt < 2= le® (37)
0<r<t eS 961y
N 1
Ad| < sup 05 B Gr)e)lt < O MPt < e, (38)
0<r<t eS 16

Consider, now, (real) initial positions
(11(0), 2(0)) € {|11] < (1 +27T)re"} x {|fy = o] < (1 +277)r}
and let us consider, separately, two cases:

R 1
() |L(t)] < irsb, Y0 <t <T(e);

- 1 A 1
(i) 30 <" < T(e) st |[1(t)] < §r5b VO<t<t* and |[L(t")] > irsb.

e Case (i) and stability of I,
Consider case (i): by (37) and (35), we see that, until
Fa(t) — Jo| < 3r/2, (39

we have
’QIQ(O)A,JQ+(A,JQ)2 < care?l (40)

where we can take?

(41)

c 1 <1 Mo+ M w 16 MY M§2)>
3: —_— — .

—2) 2 2

ool \4 48?7 3 7 r

We need, at this point, an elementary estimate (whose trivial proof is left to the
reader):

Lemma 3.2. Let y,yo € R and C' > 0 and suppose that
290y +y°| < C* .
Then:
(1) if lyo| < C then [y| < lyo| +/yg +C* < (1 +V2)C,

7 We shall consider only positive times since negative times are treated in a completely
analogous way.

8 “Cauchy estimates” allow to bound derivatives of analytic functions in terms of their sup—norm
on larger domains; with our choi(igof norms, Cauchy estimates take the followipg form. Consider
a 2m-periodic function f(¢) := .z fre'® ¥ analytic on Ts with ||f||s := & |fxle!®ls, then

ax et |9 f(0)] < é”f”s B fact for all 0 < 0 < s we have max et [0 f(9)| < |04 flls—0 =
o |klem1Flo | frlelkls < i i | frlel®!1® and taking the sup over o < s of the right hand side,
we have the thesis.

9Recall (6), which implies co2 # 0.



EXPONENTIAL STABILITY 579

(2) if lyol > C then'® |y| < C?|yo|~* < C.

Let us now assume that

1 2/(2b—1)
< 4
€= (20\/@) (42)

and let us apply the estimates of Lemma 3.2 to (40) with C := \/¢c3re®, yo := I (0)
and y := Afg Then:

11,(0)] < /eare”r = |f2(t)—f2(0)|§(1+\/§)\/73r501S(l i)r,(43>

g 28
2
~ ~ ~ c37r _ 1 1
1,0 = L) — ,(0)] < — -l (2 44
|12(0)] > /¢esre = |[2(t) — Iz( )|7‘I2(0)|E *(8 28>r7 (44)

which in particular imply (39).
e Case (ii) and stability of I,
If (ii) occurs, then, by (44), we have that
(1427 > L) > re¥/2,  |LE) - Jo| <5r/4.
Then, by (30), we can find
(I 13, @1, @3) € Ay L x T

such that

O3, I3, 7, 83) = (L(t), Lo (t7), 1 (17), @2 (t7)) -
Now, as in (38), we have

hence, using (30),
[11(t) = L(0)] 11(8) = ()] + L (t) — L (t)]

+ |j1(t*) — f1(0)| + \E(O) - jl(O)\

IN

11
< (L+ —+ e

16 ' 28
L] < (14— + o)’
= 16 267
Finally, using (22), we obtain
5 5
\I(t) — (0)] < Zreb and  |I1(t)] < Zrae , (46)
provided
r 1/1-b 47
< .
°= (21%5(1\40 +M1)) (47)

e Stability of I
In order to prove stability for the Ir-variable, we can apply (36) until

. . 11y, . . 11
_IFl< =2 == _IFl< =2 ==
L) - I7] < (8 29)7"5 and  |L(t) - 3| < (8 29)1" (48)

10 We set = C’Zya2 and we have used that v/1+2z—1 < z/2and 1 —+v/1—z < z for
0<x<1.
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obtaining again (as for (40))
215 (Io(t) — I3) + (Io(t) — I3)?| < ear®e® . (49)

We prove the first inequality in (48) using (30) and (45). As in case (i) we use
Lemma 3.2 with C := /31, yo := I3 and y := I(t) — I}. Using again (42) we
have that

~ ~ 1 1
Bl < vears® = bt -] < 0+ V2)Vare® < (s - 5)r. (60)

2
= ~ c3T _ 1 1
51> Vare® = |ht) - ] < e P< (5o (51)

which, in particular, imply the second condition in (48).

e (Conclusion

Finally, if we define Cy := (2b—1)/2, Cg := \/¢3+ 275, (with c3 is defined in (41)),
then, by (43), (44), (50), (51), (22) and (30) we obtain

|(0)] < Cere®t = |L(t) — I,(0)| < (1 + v2)Cere®r < (52)

1L,(0)] > Cere®t = |L1(t) — L(0)] < Ger* a1 T
 |L(0)] -8
The proof of Theorem 2.1 is concluded in the case (p,q) # (1,1),(2,1).

(53)

3.6. The case (p,q) = (1,1) or (p,q) = (2,1)

We, now, turn to the case (p,q) = (1,1) or (2,1). In such a case, the Hamiltonian
(21) has the form
J L . .
HWY = 5 wls —ehy(D)(1+ cos jppr) + ehp(l2) + eqgM +  HY (54)
where

k(Do) = —=d;, (1), hy(la) :==Co(La) + kp(l2), j1=2, ja=1  (55)
In this subsection ¢; will denote positive (e-independent) constants and we will

take € as small as we need.
Choose 1 < XA < a — Cy (here A corresponds to 2b). From (23) we deduce that

I5(t) — Is(to)| < &1, V0 <to<t<Ti(e) = &exp(—E&2/e"). (56)
In order to prove stability in the other actions we state the following elementary
Lemma concerning the conservation of energy.

Lemma 3.3. Let H := H(I,t;p) := h(I) + puf(t) € R, I,t,

that h is analytic and not identically constant and tha | (t)] <1 forallt € R.
Fiz rg > 0. Then, there exist 0 < pg,v < 1 and ¢ such that, if for some
continuous function I1(t) = I(t;p) with |Io] := |1(0)] < ro H(I(t),t;u) =0, then
for all 0 < p < po we have |I(t) — Io| < cu®.

Proof. Being h analytic we have that, if N := {|I| < 27y s.t. A'(I) = 0}, then
#N < o0. Hence, there exists p. € N such that VI € N there exist 1 < pg < p.
for which™ A(P0)(I5) # 0 and h(P)(I;) =0 V1 < p < po.

© € R and assume

<
h

11 We denote with h(P) the p-th derivative of h with respect to I.
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There exist bp > 0 and 0 < rj < ro such that VI, € N, |Iy| < ro we have that
|h®o)(I)| > by, VY |I — Ip| < r}. We claim that the Lemma holds with v < 1/p,,
c < (2po!/bo)t/Po and po < (rh/c)P+. In fact, by Taylor’s formula, V|I — Iy| <
rh, 3|1, — Io| < 7 such that h(I) — h(Iy) = h®P)(L)(I — Iy)P°/pe! and hence
[L(t) — Io[P° < 2po!s/bo.

On the other hand, if |Iy| < ro with Iy € {|I| < 2r¢, s.t. |[I — 1| > r{/2,VI; €
N} =: M, then, defining m := minys |h'| > 0, the Lemma holds with v < 1,
¢ <2/m, po < roym/4, since 2u > |h(I) — h(lp)| > m|I — Iy O

We consider first the case (p,q) = (2,1); the analogous case (p,q) = (1,1) will be
considered later. For brevity we will omit the dependence on p = 2 in the formulas.
In the Hamiltonian (54) we analyze first the following part, which represents a
pendulum with a small gravity depending on a parameter:

A s I 12 . )
E:=E(I,Is,¢1) := E(I1, 1o, ¢1;¢) := 51 — ek(Iy)(1 4+ cos @) , (57)

where k(Iy) = ky(I5). We denote E(t) := E(I1(t), Ir(t), 1(t)).
We claim that if 0 < tp < ¢ < Ti(e) then

B(t) - Blto)] < 4" —> |Li(t) = hilto)] < &avE . |Ba(t) = La(to)] < &5 . (58)

In fact, if |[E(t) — E(to)| < 4¢* then the variable I; may vary, at most, by order
Ve and using (56), we can apply the energy conservation to the Hamiltonian (54)
obtaining that

[A(L2(t)) = h(Ix(to))] < &re .
Hence, by the fact that h(:) is a non constant analytic function (as it is immediate
to verify), using Lemma 3.3 we get (58).

Since the Hamiltonian F(n(fg, 1) depends explicitly on @1, in order to carry out
the analogous of step 3 above (§ 3.4), we have, first, to introduce action—angle

variables for the two—dimensional integrable system % +eHo (f 2, 1), which may be
viewed as a “suspended pendulum” (with potential cos ¢ or cos 2¢1) having a small
gravity varying with a second action—variable. The results we need are contained
in the following proposition, the proof of which is deferred to the appendix!?

Proposition 3.1. Let k(I) real-analytic on A° := [a, 3] for a < 8 with analytic
extension on A% forry > 0. Let

k:= max k(I,), k:= min k(I,), K := max |kK'(I)|,
LieAd LeA® IeA?,

and suppose that k > 0. Lete > 0,7 >0, Rg >2r; >0,0 < s <1, 59 >0,
DO = [—Ro,Ro],
E(p,I,q) :=p*/2 —ek(I)(1 + cosq)

and'?
Mt = {(p,Lq,go)E[O,Ro]xAOxTQ. 1< E(p,1,q) <RO/2}
M™ = {(nqu)éDOonxT% —2ek(I) +n < E(p,I,q) < n}

12 For the simpler case k = 1, see Lemma 2.1 and Appendix B of [4].
13 An analogous statement holds for p € [~ Ry, 0]. Of course, we are assuming that the various
parameters are chosen so that ME # 0.
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Then, there exist positive constants c1,co (sufficiently large and depending only on
k, k, k') and c3, c4, cs, cs, €0 (sufficiently small) such that if € < eg, Ry > c1+/5,
r1 > c2v/E, n < c3e and
n . n S1 S9
=Ccy—e, = min{cs ———, 7 =cg———, :
N I S o o R A WY

then the following holds. There exist two real-analytic symplectic transformations
ot Q (pl,p ) X Toy x Tg, — D7, x A)) x T, x Ty, and two real-analytic functions

E*: Q?Epl,pz) — C2 50 that
¢*(P,J,Q.%) = (. 1,q.¢)
p=pH(P,JQ), I=J, q=q¢5(P,J,Q), ¢ == (P,J,Q.¢),
E=(P,J) = E(p*(P,J,Q),J,¢" (P, J,Q)) ,
HE(QF x T?) = M* | (59)

where, letting I = I; + il and P = P) +iPs:

OF = {(Pl,h) €eR’® st. PLeD*(IL), I € AO}’

DH(n) = (P*(1, 1), P*(RE/2, 1)),
Di(Il) = Pi(_2€k(‘[1) +777]1)7P7(_777]1) )

™ Yo (E,I)
pt = \/5/ Vo(E, 1,008, P~ = 2\/5/ Vo(E,T,0)ds,
™ Jo ™ Jo
and
g(E,I,0) := E+ ek(I)(1+ cos?), Yo(E, I) := arccos(—1 — E/ek(I)).

Moreover, the following estimates hold for (P,I) € QF

(Pl Pz)
1 T 1 Vek
opE* (P D) > Ne D) — = (60)
1 ek
mn( \Eimm) In (H 7)

IA

4[77 k(I
O E=(P,)| v , (61)
In (1+ fgkl(n )
|ET (P,I)]

where B = E1 + iFs. Finally, since

OrEX (P, 1) = —0; PE(EX(P,I),)[0pPT(EX(P,1),1)]"*,
we can write, for real P and I,

O EXE(PI) = —ek(D)[1 +YE(P,I)] with |[YE(PI)| <1 (62)

where

s 1 et ‘
YEPI) = cos 0
0 0

g(E£(P,I),1,0) g(E£(P,I),1,0)
with Y =7 and ¢y~ :=o(E~ (P, I),I).
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To apply Proposition 3.1 to the pendulum (57), we set (p, I, q ©) = (fl, I, o1, @g)
(P, J,Q,%) = (I, Iz, p1,¢2), k = ko, A" = [l — 37, I + 37], 7o := /4, n := &,
Ry = 47"5‘) ry = rel /4, 51 = 59 = §/6. If € is suPﬁc1ently small we can apply
Proposition 3.1 transforming the Hamiltonian

72

~ ~ ~ I ~ ~
HD = AO() Iy, 41, ¢2;e) i= 51 — ek(Lo)(1 + cos ¢1) + eh(fa) + e*HY

into the new Hamiltonians
H(l)i = H(l) © (bi(il j27¢13¢2;5) = Ei(jl,j2) + Eh(j2) +€aH1(1)i(j17j2a¢17¢2)

which belongs to Hg (QF x Ty, x Ty,), wherelt

(p1,p2)
pri=&e 2 ppi= 6N nT (1), o1 = &SI (1/e), 0p = €S

We now perform the analogous of step 3 in § 3.4. In order to apply the Normal Form
Lemma, we take ¢ sufficiently small and we set'® d := 2, (I, ) := (I1, Iz, ¢1, P2),

h:=E*(I1, L) + eh(l2), f = c*H{V*, D := QF, p:= (p1,p2), po == p1, 0 := 01,
A = {(0,ky) st. ke € Z}, o := flg\fln el K = &3¢ %, So we find two
real-analytic symplectic transformations ¢1 buch that
H(Q) (117]239017502; ) H(l O¢2 (117[23Q017502a )
Ei(flj2)+€h(12)+€aHf (1, I, Gase) + HP (I, I, 61, Gai )

belongs to HR( x Ty, /6 X To,/6) and

(p1,p2)/2

L= L)\~ L| < p1/27,  |HP|| < e exp(—€155/e%) . (63)

Now we complete our two symplectic transformations defining
¢5 (I, I, Is, 1, P2, B3; €) = (07 0 6™ (I, I, $1, a3 €), I3, Bs)
so that
H®E(I, gie) = HY 0 95 (I, re) 1= (64)
EX(I, f2) +eh(l) +wls + e*HO* (I, I, go;6) + HOF (I, Iz, 35 ).

belongs to HR( x Cx Ty, /6 x Ty,6 x Tg/s) with

(p1,p2)/2
|HS™ || < €16 exp(—€175/£0) .

We now perform the analogous of Step 4 in § 3.5. Let

+ 2
QF = Q(1+2 ) (p1,p2) NR”.

From the form of the Hamiltonian (64) we deduce that ¥ (I (to), I2(to)) € Q*
|I~1(t) — il(to)‘ < 5185&9 , V0Lt <t< TQ(E) = &g eXp(—le/ECO) < Tl(&‘) .
(65)
Since I3(t) — Is(ty) = I3(t) — I3(to), from (56) and (65) we deduce, using the energy
conservation, that

[E*(11(t0), I2(t)) + eh(L2(t))] — [E* (11(to), T2(t0)) + eh(I2(to))]| < €226 . (66)

14 We have &g = ¢4, €9 = c5/(A — 1), €10 = c6/6(N — 1), €11 = 1/12.
15 We can make such a choice of «, using (60) and (61).
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We now prove that G=(-) := E*(I}(ty),-) 4 eh(-) are non constant analytic func-
tions. From (16) and (55), it follows that

dG= ’ (7

Ty(y) = E{Cozy — K (y)Y (Il(to),y)} : (67)
Now we observe that by (55), (17), (18), k(y) is effectively defined and ana-
lytic for all |y| < I; and the same is true for Y*. Thus, from the fact that
lim,_,_7y+ k'(y) = 0 (as it follows differentiating (17)) and that |[Y*| < 1, by

(67) we deduce that
dG* .
lim ———(y) = —elicoe,
y—(-I)*+ dy ) e
which is different from 0 by (16) and the non-degeneracy assumption (6). This
proves that GT are non constant analytic functions. Finally, using (66), we can

apply Lemma 3.3 and find &34, &35 > 0 such that

|I2(t) — I(0)] < Ea5e®. (68)
We remark that, in principle, €24, £25 found with Lemma 3.3, depend on I (to) but,
since we work in compact sets QF, we can take them independent on I (to).
We have proved stability for 0 < to <t < Ty(e) and (I(to), p(to)) € QF x R x T3.
By (63) this implies stability for (I(tg),¢(to)) € QF x R x T3. By (59) this is
equivalent to prove stability for (I(to), $(to)) € M* x R x T? where

ar = {(1.9) st < B(h, b, ¢n) < R3j2, b e A%
M~ = {(f, @) s.t. — 2ek(ly) + e* < B(Iy, In, ¢1) < —e*, I € AO} :

Using (58) and (56) it is immediate to prove stability for (1(0), $(0)) € M x R x T3
and 0 <t < Ty(e), where

—{ StE]l,IQ,QDl <R0/2 IQEAO}

Observing that M D (A%R N R3) x T3, by (22) and the fact that ¢q is linear, we
finally obtain (7). This finishes the proof in the case (p,q) = (2,1).

It remains to consider the case (p,q) = (1,1). The Hamiltonian (54) becomes
I3 .
HY = 51 — ek(I2)(1 + cos2¢p1) + F (69)

where F := F(I, ¢;¢) := wls+ehy(fy) + o HY )(11,12,<p1,<p2, )—i—H( )(11,12,% e).
Next, we perform the following linear change of variables IF := /2, I} := I,
I3 = Iy, &Y 1= 291, @5 = P, @5 = P3, casting the Hamiltonian (69) into the
form

HY = O, g% 0) = A[BUL I, ¢1e) + (FOnL 012 (1)
with . .
()2 _k(3)

2 4

For ease of notation, we have omitted in F' the (fz , Ig, &5, ¢5; €)—dependence, which,
here, plays no role. We now apply'® Proposition 3.1 to E defined in (71), finding

E(jfv 157 927{7 ) =

(14 cos@y) . (71)

16 Again we will omit the dependence on the variables (13, I, @5, ¢%; ).



EXPONENTIAL STABILITY 585

two symplectic change of variables f{‘ = pt(P,Q), ¢t := ¢*(P,Q), putting the
Hamiltonian (70) in the form
HL) = 4[BH(P) + FE(P,Q)] (72)

where F+(P, Q) := iF(Qpi (P,Q),q"(P,Q)/2). We note that the functions p* are
both 27-periodic in Q. The function ¢~, and hence F~, is 2w-periodic in Q) too; so
we can define (11, ¢1) := (P, Q) and proceed exactly as for (p, q) = (2, 1), applying
the Normal Form Lemma and the subsequent arguments.

The positive energy case is different: in fact ¢t (P, Q +27) = ¢ (P, Q) + 27 so that
FT is only 4m-periodic in @, but in order to apply the Normal Form Lemma we
need a 2m-periodic function. We, therefore, define another linear change of variables
Py :=2P, Qo := @Q/2, so that (72) becomes

HE = 4[ET(Po/2) + FL(Po, Qo)) - (73)

where F (Py, Qo) := F, (Py/2,2Q0) which is 2m-periodic in Qq. Therefore, we
may define (11, @1) := (Po, Qo) and proceed again as in the case (p,q) = (2,1). The
proof of Theorem 2.1 is, now, complete .

Appendix A. Complex action-angle variables for the pendulum. In this appendix
we give a detailed proof of Proposition 3.1. Throughout this section, we shall denote z;
and z2, respectively, the real and imaginary part of a complex number z = z; + iz2.

e First step: estimates on the action domains

Let ki := SUP7eag |k (D], k2 := SUP7eag |k2(I)|, @1 := k1(1 + coshsq) + k2 sinh s; and
Qo 1= E2(1+coshsl)+kl sinh s1. a
For suitable c7,cs > 0 small enough, we define F3(E;) := ernln™'(1 + =), E :=

[Eq]
csr1(Ro + 1) + R3/2, and, for I; € A°, we define the domains £, £~ := £ (1)
EY = {(Ei1+iFy, st.n/2< E1 <E; |Es| < E3(E1},
5_ = {El +’LE2 ) s.t. — 2€k(i1) +7]/2 S E1 S —’17/2 3 |E2| S E;(El)}

Let F(p) := p*/2. We claim that
I -TL|<p:, heA’ FEcErUE (), 0€T,, = g(EI1,0)cFD)). (A1)

It is immediate to see that F(D2 ) D &, where
g
E = {—ri<2E1<R}—ri, |E2| <71 2E:1 +7%}

{R — 1 <2E1 < (Ro+7m1)?, |Ea| < E2(E1)}

and EQ(El) = [—El —+ (Ro —+ T1)2/2]R0/(R0 =+ 7’1).
Next, we define
_ _ P—
&:={—2ek1 < E1 <2, |Es| < ES}U{2e < E1 <E, |E2| <2crn Ei/e},
where ES := max{Fj(2¢), E3(2¢k1)}, and £ := ED UEP UED with:

g(l) = {—26[:31 —ea; < B <2 —cea, |E2| < Eg + 6@2},
EP = {2e—cay < By < E —¢aa, |E2| < 20777q (F1 +ear)/e +ear},
5_(3) = {E*Sdl < By §E+Ed1, |E2| < 2c¢rm E/E+€ﬁ2}.

We observe that obviously & C &: moreover (recalling the definitions of a1, as)

I-T|<py, L eA’, Ec& 0T, = g(EIL0ct.
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We observe that E; > 2¢ implies In™*(1+ ps/TQ < Qpﬁ/s and hence & D £TUE ().
Now we prove & C € which will imply (A.1), since F(D?) 2 EDéEDeDetue ().
It is simple to see that £ C £ is implied by the following conditions:
(1) (—2eky — ea1) + i(EY + eaz) € &, which is implied by r1= 2(—2ek; — eay) + 12 >
ES + eaz a__ o
(2) (E+¢ca1)+i(2crn E/e+eaz), which is implied by Eg](E-‘raal) >2crm E/e+eas

P =
(3) if (RE —73)/2 > 26 — a1 then r1 2Ey + 72 > 2crnp  E/e + eap for all 2¢ — a; <
Ey <min{(R3 —r})/2, E — ca1}.
Defining k1 := max{1, k1 }, one sees that (1) holds provided
q

- | © S
c2 > max{ 4decreski + o , 2 2ki+ai}

If cs < 1/2, we have that Eo(E +ea1) > Ro(Ror1/2 —€a1)/(Ro 4 71) and hence (2) holds
provided co > 16v/2¢7¢5 and cica > 4a1 + 8as.
Finally, conditions c2 > +/2a2 and ¢z > 2¢7c3 imply (3).

e In the following we will choose the positive branch of the squpre root i.e. if z = |z|e'
with o € (=7, 7), then we define the analytic function /z := = |z]e’*/2. We also define
Inz:=In|z| + i and arccos z := —iln(z + iv/1 — 22).

We need the following elementary lemma (whose obvious proof is left to the reader):

Lemma A.1. Let z1,22 > 0. Then V&1 £ iza = wy +iwa and (z1 +iw2) Y% =41 Fiyo
where
da—p— q
w1 (1, 2) ::i z1 4+ xf+ad, wa (21, 22) ::i —z1+ 23+,
(LE z ) L T1+ z%—‘—zg (LE z ) L —x1+ z%-‘—z%
Y1(T1,T2) = ﬁ\/m ) Y2(x1,T2) 1= ﬁ\/m .
We observe that, for x1 fized, w1 (resp. y1) is increasing (resp. decreasing) for xa > 0;
ya2 15 also increasing but only for xo < v/3x1. Moreover if x1 > x2 the following estimates
hold

1 2o 1 =z
< < < V2 — < < —
V1 < wi < VE + s < V24T, 3\/571”27\/5@7
L1 _ 1 <y<ﬁ 1 o <y 1
— <—<yn < , s <y < —=— .
\/5 V1 V1 + T2 V1 4 ;r?/Q 2 ;r?/2

e Second step: estimates on the action derivatives in the positive energy case

In the following we put ¢ := ek; (I). We observe that, for 8 € [0, 7], 2§/7% < g1 < §, where
G(E1,1;0) := Ey + ek1(I)(m — 6)2. The following estimates hold*”

r—_ z z z
LIH 1+ i < ﬂpL— WBL—L “de
Ve B 7 0 T 0 D Bide Ve o D14y

1 2
= —arcsinh(a)g—ﬂ-ln 1+ = ;

e e Ex
1 T dip m dy

BB T S o GPYT o (Bt e)” 42
_ 1 @ dy _ o
Eive o (1+92)*?  EU 11 n2%¢/E;
< il where a:=m ¢€/F; .

E1\/E1 + €

17Use In(1 + t) < arcsinh (t) = In(t + V1 +t2) < 21In(1 + t)
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Next, we prove that V |I — f1_| <p2, 1 € A%, E € Y g1(E,I,0) > 2|g2(E, I,0)|. In fact

we first have that if c5 Sil/Sk' then g1(E, I,0) > E1/2 and, hence, we have only to prove

that E1/4 > E5(E1) + 2k csnln~'(e/n). Taking cs < c7/4k" we have only to verify that
|E1| > 6E5(E1) . (A.3)

It is easy to see that the previous inequality is verified for ¢ < 1/36.

Consider, now, I = I; € A° real and g2 = E» > 0. Using Lemma A.1, g1 > § and (A.2)

we have Y z Y r
2 T dy 2 1 e
P(E, I E -~ >Y%F,—In 1 — . A4
R i ol v I (A4
Using Lemma A.1, 2§/7m% < gl < g and (A.2) we have
| g— | g
€ €
In 1 — < omPl(E,I 1 — . A5
27T\/gn+E1_E1(v) t g (A.5)
Using Lemma A.1, 2§/72 < g1, (A.2) and the fact that |92\ < |Es| + 2¢ka we have
1
dpPy (E, 1 Es| + 2¢k ) A6
| EL2 ( )| (| 2| 2) fElm ( )

We observe that'®
E
lEf| = B 1n(1i%s/71)
Let us proceed by proving that
ek’ por® = K esm®n < nln(1 + p26/7]) <2E;In(1+ pe/iEH) . (A.8)

<crln(l+ pa/Tl) < p:—u) In(1 + qul) . (AT

In fact, last inequality holds because the function F1In(l 4+ = €/E1) is increasing and
attains minimum for By = n/2; t first inequality is proved, if cs < 1 /8 and using
ki(I) > k/2, if K'es7 < In(1+2v2 k), which is verified if ¢5 < (7°v/2k') " min{1, k}.
Using (A.5), (A.6), (A.7), (A.8) we have

23 r__
0P (BN <X m 1+ — . A9
P (B < 2 14 (49)
It remains to estimate
V2 Z 1+ cosf
OPT(E,I)| = —=¢|k'( ————df| .
|01 P (E, 1) o |k (D)l . pm |
We observe_that
T 1+cosf Z2 VT Z2
P = P dr < Fi(x)dz ,
o ' g(E,I0) 0o V2—z E+ek(Dz o (=)
where Fi(z) := /z( \/Z—x\/El—i—em) !, In order to estimate last integral we split it as
z
1 2
F1 (z)dz = Fi(x)dx+  Fi(x)dz.
0 0 1
We have
z z
1 1 1
VT NI 1
Fi(z)dz < ———dz < dx = )
0 1(2) ~ o VEi+ex Z_ o VEiz + ex VE| + ex
2 2
Fi(x)dx < V2 L dz = 2v2 ,
1 \/E1+6 1 \/2—37 \/E1+6
which implies
2v2 £ (1)
orPT(E, )| < 22k <2V pP=—L Ve . A.10
(8,01 < 2R < 2o Ve (A.10)

P—
18 We use the fact that zIn?(1 +  ¢/E1) > nifz >n/2 and c3 < 1/8.
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We, now, prove that ~ -
PHEN D (DT (11))2y, VI €A (A.11)
Since P (Ey +iEs, I,) = %2 o w1 (B +ek(11)(1+ cosf), E2)df, we have by Lemma A.1

that P;" is an increasing function for Fa > 0. Hence, in order to prove (A.11), we have to
prove the following estimates, V E1 + iFy € €+, I € A%

() Py (Ey+iE5(Ev), L) > 2p,
(i) Pl (n/2+41iE5(n/2), 1) < P (3n/4, 1),

(i) P (n, 1) = Pi" (3n/4, 1) > 2p1,
Ifea < \FC7 min{1, +} we obtain (i), since, from (A.4),
P—P——
- In(1 k(I E
Py (Ey +iF3(E1), L) > ¢r V21 égp@ > @ﬂ min{1, 1},
3nve k(L) In(1+ £/E)) 3my/e k
Inequality (ii) follows from
Z.q
P (n/2+iE3(n/2), I) < (V2/) 1/2 + B3 (Ev) + ek(I1)(1 + cos 0)do
Z_.q o

< (V2/7) 3n/4 + ek(I1)(1 + cos 0)d = Py (3n/4, I).

Using (A.5) and the fact that 7 < £/8, we have'®

h 4 p_i
Pr(nh) - PiGBn/an) > =L Liware k) > 2 Lminf1, 1}

1 7 41 1 7 1) Z . \/» \/» = 871'\/5 L
which implies (iii), provided ¢s < 1677 mln{l
Again, from (A.5), we have

8 s
PH(E, L) — P (R2/2, 1) > Sru(R +r)imm<12 B
1 s 41 1 0 1) = o 0 1 \/E B Ek(jl) - .

Distinguishing the two cases for the minimum, we see that (iv) holds, provided cgco >
V2reqes and cgeacr > VErcacs.

e Third step: estimates on the action derivatives in the negative energy case

Defining F := E 4 2¢k(I) and using the substitution ¢ := 1+¢ek(I) (cos @ —1)/E we obtain

Z -
Py = 2B g
T o JT-¢ E¢-F
Zl

OsP~(E,I) = V2 1q~ dg,
T oo SEJI-E E¢-F
ZlqE E
0P (B 1) — V2K (I) ¢ —

dg
Tk(I) o VEVT—E
‘We define E§ — E = z1 +iz2 where 21 := 2e£ — F1(1 — &) and 22 := 2eko (1) — E2(1 = €).
Using that |E1| > |Ea2| and that, if cses < k/(2k"), we have ki(I) > |k2(I)|, we obtain
that z1 > |z2].

We observe also that in order to perform the previous change of variables 6 = arccos(—1+
(¢ —1)E/ek(I)) we have to verify that the argument of arccos is well defined®®. For any

19 Use In(1 + 22)/z > min{1,1/z}.
20 We define arccos(z1 + iz2) in the complementary of the set {21 € (—oo, —1] U [l + 00)}
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I €AY, we take I; € A with |[I — I1| < p2. We have —E1 < 2ek(l1) — n/2. We have
to prove that, defining y := k3(I)/k%(I) with 0 <y < 1, if Bz = Eika(I)/ki(I) then
[2e(k(L1) + k2(1)) — n/2]z + [—2ek1 + n/2] > 0, which is verified provided c5 < 1/(4k").

In the following, in order to estimate the derivatives of P~, we set b := 2¢/|E1| > 1 and
we will use Lemma A.1.
For I =1, € A% we have

z
T 2v2 - Ve
Py (E, I = — E Eoyr)———d
2 ( 9 1) Z7T 0( 1y2+ 2y1)m 5
> V2eEy Ve de
T o T2+ Ei|(1-6))¥2 VT -¢
b r
B Ve ge>2 L o S (a2
2m/i o (2e€+ [En[)3/2 6m /1 |En|
Furthermore,?*
z
— ﬂ ! yl(ml le)
ogP; (E,I) = — e '
1 ( ) ﬂ_z o \/g /;1 _£ .
2! 1 2° ' 1
< = —p——d{+ — ———d
T o . & 2e6+ |Ev|/2 T o VEVe
_ V2 ' L dt + V2
VI o VivIti v/
12 €
< In 14+ — . A13
T IEa] (A.13)
On the other hand,
1 Z 1) 1 1 Z 1
oP; (E,I) > — p———d¢ = dt
1 (B D) T o \/E”2§§+|El| Vom0 ViIVIHE
1 €
——In 14+ — . A.14
2 /i |E1] (A1
Using the fact that |z2| < 2eks + |E2| and the estimate
171 6 2
08Py (B, 1)] < =

d¢ < —
T o VEJI—Eab 3/2 f*7TUE‘1|\/,E—’—63/2’

we obtain that, as in the positive energy case,

_ Zﬂﬂ €
P (E,I)| < In 1 — . Al
oeP (B < 2w 1+ £ (A.15)
Since z1 > |x2|, one has p|x1 +iza| < V/2,/z1. From the previous inequality we conclude
that Z
- 21K/ (D] ~ 1
0P~ (B, T)| < <26 Fw (A.16)

k(1) f &Vl
Finally differentiating the equality Ei(Pi(E,I),I) = E with respect to E and I we
obtain respectively dp E* (P, I) = [0g PT(E*(P,I),I)]"" and

OB (P,I) = —0rP=(EX(P,1), [os P=(E*(P,1), D],
which, by (A.5), (A.9), (A.10), (A.14), (A.15), (A.16), imply (60) and (61) .

Next, we prove that

P (E (L) D (D (I1))2, YL eA". (A.17)

R,
21 b
Use | \/mdt<4ln( + V).
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R P < S
Since P (E1 +iFE2, 1) = == J(Ewyr — Bay2) §/1 — £dE, we have by Lemma A.1 that

(being y1, —y2 decreasing) P; is a decreasing function (for E2 > 0). Hence, in order to

prove (A.17), it is enough to prove the following estimates, VI, € A°, By +iE2 € £ (I1):
(i) Py (By+iE5(E1), 1) > 2p1,
(i) Py (=n/2+iB5(n/2), 1) = Py (=n,I1) > 2p1,
(iii) Pp(—2ek(l) +n,I) — P (=2ek(l1) +n/2,11) > 2p1.

If ¢4 < -crmin{l, 1} we obtain (i) because of:

2 w0+ RO

_ 1
Py (E1 +iE5(Ey), L) > c —— > ¢t ——=min{l, =}.
2 BB ) 1) 2 o e P (1 + Py~ Tomye M

Since
P (=n/2+iB5(n/2), 1) = Pi (=, 1)
> Py (=n/2,5) = Py (=n, 1) = |Pr (=n/2+iE3(n/2), 1) = Py (=n/2,1h)],
using (A.14) and (A.15), if 7 < 1/(327%), we have
_ o = _ = 1 n
Pl (=n/2+iE5(n/2), 1)) — Py (=, 1) > — — 7 £
1( 77/ + 2(77/ )7 1) 1( B 1) = A crdm \/Eln 1+ 2
1
> — —min{l, =
> 8ﬂ_\ﬁmm{ 7k},
which (exactly as in the positive energy case) yields (ii).
From (A.14) we have

Py (=2ek(Iy) +n, 1) — Py (=2¢k(Ih) +n/2,T1) > 47:Z/ﬁ In(1+1/v2) > 8\/5%\/?

which yields (iii), provided ¢4 < 1/(16v27Vk).
e  Fourth step: construction of the symplectic transformation

We will find our symplectic transformation using the generating function
TP
S(E,I,q) =2 9(E,1,0)do .
0

We note that in order to well define S we have to take into account the presence of the
square root. In particular we are interested in the definition of the functions

i rTPR )
Let 7t :=Cand 7~ := {g € Cs.t. |¢1| < 7} and define*

DHE, ) :={qeT* st. g(E,I,q) ¢ (—o0,0]}.
Forany E € £, I ¢ Agg, the functions

S(E,1,q), 0sS(E,1q), 0iS(ELq), x (Elaq, £(EIlq,
are analytic in ¢ on D% (E,J). So the functions x*t (E(p,I1,q),1,q) and .fi(E(p7 I1,q9),1,q)
are analytic in p, q on the disconnected set??
D* = DY) :={(p.g9) € Cx T* st. g(E(p,1,q),1,q) ¢ (~00,0]}
= {(p9) €CxT" st.p*/2 ¢ (—00,0} = {(p,q) €C X T s.t. p1 #0} .

X (E,1,q)

22 If a,b € C we denote (a,b) := {z = a+t(b—a), witht € (0,1)} (and, analogously, for [a, b),
(a,b], [a,b]); symbols like (a,ac0), with a € C and |a| = 1, (or [a, ac0), (oo, Bc0), etc) denote
lines: (a,ac0) := {z = a + at, witht > 0}.

23 We see that DT does not really depend on I.



EXPONENTIAL STABILITY 591

Our next step will be to define both ¥*(p, I,q) := x*(E(p,I,q),1,q) and £ (p,I,q) :=
E(E(p,1,9),1,q) for all (p,q) € C x T*. We set X := ¥ (p, [,q) and £* := £*(p, 1, q)
where

z
g ! q"‘ 9 if p1 >0
— 7 ) 1 I
] V2 OpPH(BE(p. 1,91 D) o = g(B(p,1,q),1,0)
o .
% ™ ! ! h4d9 if p1 <0
= _ 5 1 )
V2 0pP(E(p,1,9).1) o = 9(E(p,1,9),1,0)
and
z
g ‘ T ltest it p1>0
Ry — e U~ b 1 b
. \/ialpi(E(p717q)7I) 0 HQ(E(p:LQ)7I:9)
& = z
q
=3 € o ts0 i <o,

" V20:PE(E(p,1,9),1) o @ g(E(p,1,q),1,0)

which are well defined and analytic for (p,q) € D*. Notice that, in the positive energy
case, there are no problems with the definition of Y™ and £, and we note that

Xt La+2r)=x"(p,1,q)+2r and £ (p,I,q+2m)=E&"(p,1,q)+2r. (A.18)

In the negative energy case we proceed differently. We define
z z

P P _ 2
Fe(B,L,p) = — P dz, Fi(BLp) =— Pt g,
o € G(E, I z) 0o € g(E,Iz2)

where §(E, I,p) := 1—(—1—E/e+p*/2¢)? is analytic on the complex domain D™ (E, I) :=
{p € Cs.t. g(E,I,p) ¢ (—o0,0]}. Then, Fr(E(p,1,q),1,p)and Fi(E(p,1,q),1,p) are well
defined and analytic on?*

D =D (I):={(p,q) €Cx T st. §(E(p,1,9),I,p) ¢ (—o0,0]} =
{(p,q) eCXT st.1—cos’q¢ (—00,0]} ={(p,q) €CxT s.t.q1 #0}.

R R R
We now split the integral in the definition of S, 95 S and 015 as | = Owo + 120 and in

the second integral we let 6 = arccos(—1 — E/e + 2% /2¢). Then, defining®®

s ,

3 n/2+ 0P (E(p,1,q),1) Fe(EpIq),Lp), if g >0,
X (p1,q) = = »

- _7T/2_ aEP—(E(p7[7Q)7I) FE(E(p7[7Q)7lap)7 if q1<0,

and

8 —1

S n/2+ 0P (E(p,1,q),I) Fi(E(p,1,9),1,p), if ¢ >0,
= 1, q) =
& (1,9 = B

—m/2— 0P (E(p,1,q9),I) Fi(E(p,1,q9),1,p), if ¢ <O,
we have VI € A?

P27

X (pI,q) =X (p,I,q) mod2r and & (p,I,q)=¢& (p,I,q) mod2m. (A.19)

v (p,q) eD ND

24 Also in this case D~ does not really depend on 1.
25 We note that ¥~ and £~ are analytic on D—.
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Using (A.19), we can finally deﬁnez X & :(pq) € D UD — C/27Z
< x (p1,q), if (p,q) €D,
X (p,1,q):= _ X
T X (plq), if (p,g) €D,
and 8 . .
B < & (p,1q), if (pg) €D,
& (p1q) = _

& (p.1,q), if (pg)eD™,

where, on D™,

X (Blp.1,9),1,) =X (p.1,q) and & (E(p.1,9),1,q) =& (p.1,q).
Moreover we finally extend by periodicity the definition of ¥~ (p, I, ¢) and £ (p, I, q) on all
{g€ Cs.t.q1 #7+2km, k € Z} = Ukez 2km+7~ in the following way: if ¢ € 2kn+7 ~
we define X_(py I: q) = X_(p7 I7 q— 2kﬂ—) and g_ (p7 I7 q) = g_ (p7 17 q— 2kﬂ—)

Now we are able to construct our symplectic transformation. Since (9PEi # 0, by the
Implicit Function Theorem, there exists E¥ = E*(P,.J) such that

PE(EX(P,J),J)=P. (A.20)
Let S*(P,J,q) := S(E*(P,J),J,q); we , then, define the following generating func-
tions (which depend on the new actions and on the old angles): GF=(P,J,q, ) := Jp +
S (P, J, q).é)ur symplectic transformation ¢¥ is implicitly defined by
< p=0,G* =9,5F(P,J,q), Q=0pG* =0pS*(P,J,q),

- IZa*PGi:Jv w:aJGi:$0+aJSi(P7J7q)7
We want to express ((;Si)*l as a function of the old variables (p, I, ¢, ). We immediately
have J = I and P = P*(E(p,I,q), I). Differentiating (A.20) with respect to J and P we
have, respectively, 9z PT0;E* + ;P = 0 and 9pPTOpE* = 1. Now, we can express
the new angles as functions of the old variables:

> Q=0Q%@p, 1,9 =x%(p,1,9),
h i
T p =yt 1,q,9) = ¢ — 0 PE(E(p, 1,9),T) Q¥ (p,1,q) — £ (p,1,q)

We observe that @~ and ¢~ are 2w-periodic in ¢ by definition of ¥~ and £7; by (A.18)
we deduce that ¢" is 27-periodic in ¢ too and Q™ (p, I,q + 27) = Q1 (p, I, q) + 27.

e Fifth step: estimate on the angle analyticity radius

We first study the analyticity radius in Q. Fix I € A22 and I; € A° with |I — I| < p2.
We must prove that VP. € Di and VQ. € T, there exist p¥ and ¢ such that
Q*(p%,I,¢F) = Q.. Soit is sufficient to prove that VE, € £%(I,) we have x*(E., I, Ts,) D
T,,.

We first consider the positive energy case.
We observe that we have xT(E,1,0) =0, x"(E,I,£m)= 7. Let us first consider the
case [ =1; € AO, E =FE; € £T. In such a case

xY(EL L, (=7, 7)) = (—m,7), xT(E1, I, (0,4i00)) = (0, +isT (E1, L)) ,

26 We observe that D~ U D~ is an open set and that its complementary set (ﬁ’ U ’ﬁ’)c =
{(p,q) € CXT~ ,s.t.p1 =0, q1 = 0} does not interest our analysis. In fact, if (p, q) € (D~UD™)e,
then p = ip2 and ¢ = igz2 and, hence, we have E(ipz,I,ig2) = —p?/2 — ek(I)(1 + cosh g2) and
Er(ip2,1,iq2) = —p2/2 — ek1(I)(1 + cosh q2) < —2ek1(I) < —2ek(I1) + n/2 where |I — I1| < p2
(and we have used the fact that c5 < 1/4k’). We conclude that E(ip2,I,iq2) ¢ £ (I1).
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and
xT(Ey, I, (7, &7 £ ipo(Er, 1)) = (£, £7 £ isT (E1, ),

where 7

- I de
st (B, L) = V2(0pPE) ™" p - . (A.21)
0 E1 + ek(11)(1 + cosh 0)
In fact, it is X+(E1, I_l,D(El, I_l)) =T+ (g, ,1,)- We will prove that
X+(E17 jl? TSl N ﬁ+(E17 fl)) 2 TU+(E1,I_1,51) (A22)
where, for s > 0,
ot (B, 1,s) := (inf X (B, I,t+is) . (A.23)
te(—m,m
Observe that 9z P* € R and g = g1 —igo, where§7 g1 = %‘;—i—eﬁ('fl)(l—kcos q1 gpshgz) and
95 = ek(I) sin q1 sinh g2. Splitting the integral OH'” = S+ Z:'H, we haweR o 1/\/g =

i, 1/\/g1 and, using the notation of Lemma A.1, we obtain Im ;:H 1//g9= Otyg(gl, g2),
which, since y2 > 0, attains its minimum at ¢ = 0. Collecting all these informations we
have that 7

) i R df
0" (Br, L, 8) = x3 (Br, L is) = V2(0uPT) ™" P 7 ’
(Ev, 11, s) = X5 (En, 11, is) @pP") o Ei1+ek(l1)(1+ cosh0)

It is easy to see that

Z s 1
s h d@ >e 1 In 1—|—S Ek(f1)
— = C9 — e ———
o ' By +ek(I)(1+ cosh) B Ey + 2¢k(Ih)
Thus, by (A.9), we get
s o s 1
T ek(Ih) 1 ek(I1)

Ei,I,8) > cioln 1 U 1t @1 A

o7 (B hys) 2 enln 1+s Ey + 2ek(11) " * Ey ’

which implies that, V7/2 < E1 < E and I; € A°,
s

n _

g (El,Il, S) Z C11 1n(5/n) .
In the general case, using the estimates on YT and its derivatives®®, one has that, if
E=F,+iFE;ec&tand I € Agz, then O’+(E,]7 s) > 0120+(E17f1,s) > Cw,m. Taking
s :=s1 and c¢ < c13, we have the claim concerning the form of o;.

8

We now pass to the negative energy case. As before fix ' and I and observe that
X (E,I,0) = 0 and x~(E,I,+¢0(E,I)) = £nr/2. Consider first the case I = I; € A°
and F = IS 5_(1_1) We find X_(Elvj_ly (71/}0(E1,I_1),71[10(E1,I_1))) = (771’/2,7T/2) and
X~ (E1, I, (0,%xic0)) = (0,+is™ (E1,I1)), where s~ (E1,11) was defined in (A.21). It is

simple to see that we have
n (0]

Xi(pajlaq) s.t. (p7q) € ﬁ7 U,ZA)77 E(pvjlvq) = E13 |Q2| <s1 2
n (o]
D Q2| <o (Er,I1,s1)

which is analogous to (A.22). The estimate on o1 for the general case £ € £ (I) and

I €AY, with Iy € A% |I — I1| < ps, follows exactly as in the positive energy case.

We now briefly discuss the analyticity radius in the angle ¥. Observing that, as it is simple
to see, [xT|, [€¥| < 14 and remembering (A.10) and (A.16), we see that, [T (P, T,q, @) —
| < ci54/e. Hence, if € is sufficiently small, we can take o2 = s2/2,. The proof of
Proposition 3.1 is now complete.

27 For symmetry reasons we can consider t,q1 > 0.
28 See Appendix B of [4].
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