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ABSTRACT. Arnold’s “Fundamental Theorem” on properly—degenerate systems
[3, Chapter IV] is revisited and improved with particular attention to the re-
lation between the perturbative parameters and to the measure of the Kol-
mogorov set. Relations with the planetary many—body problem are shortly
discussed.

1. Introduction and results. A problem that one often encounters in applica-
tions of KAM theory is related to the presence of degeneracies.

An important example (which actually motivated the birth of KAM theory)
is the problem of finding a positive measure set in phase space corresponding to
quasi—periodic motions in the planetary (1 + n)-body problem (i.e., 1 + n point
masses interacting only under a gravitational potential modeling a system formed
by a star and n planets). In this case the integrable limit (i.e., the n uncoupled
two—body systems formed by the star and one planet) does not depend upon a full
set of action—variables (“proper degeneracy”) and therefore typical non—degeneracy
conditions (such as Kolmogorov’s non—degeneracy or Arnold’s iso—energetical non—
degeneracy) are strongly violated.

To deal with properly—degenerate systems V.I. Arnold developed in [3] a new
KAM technique, which is summarized in what he called the “Fundamental Theo-
rem” [3, Chapter IV]. Arnold then applied the Fundamental Theorem to the planar,
planetary, nearly—circular three-body problem (n = 2) proving for the first time rel-
atively bounded motions for a positive set of initial data.

A full proof of this result in the general spatial many—body problem turned out
to be more difficult than expected. After an extension to the spatial three-body
case [15], a first complete proof was published only in 2004 [10], where a different
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(smooth) KAM technique (due to M.R. Herman) was used; for a real-analytic proof,
see [6].

In this paper we revisit and extend Arnold’s Fundamental theorem so as to
weaken its hypotheses and to improve the measure estimates on the Kolmogorov
set (i.e., the union of maximal invariant quasi-periodic tori).

In properly—degenerate KAM theory it is not enough to make non—degeneracy as-
sumptions on the unperturbed limit (as in standard KAM theory).
To describe a typical setting, let us consider a Hamiltonian function of the form

H(I,¢,p,q; 1) = Ho(I) + uP(I,0,p,q; 1) , (1)

where! (I,¢) € VxT™ C R™ xT™ and (p,q) € B C R*"2 are standard symplectic
variables; here V' is an open, connected set in R™ and B is a (2ng)-ball around the
origin; 2n, where n := nj + ng is the dimension of the phase space

P:=VxT"xB, (2)

which is endowed with the standard symplectic two—form

ni no
dI Ndp+dpNdg=> dI; Ndp;+ Y dp; Adg; .
j=1 j=1
The Hamiltonian H is assumed to be real-analytic.

When the perturbative parameter p is set to be zero (in the planetary case p
measures the ratio between the masses of the planets and that of the star) the
system is integrable but depends only on n; < n action—variables. A typical further
assumption is that the averaged (or secular) perturbation,

dp
PV ) ;I’ = P I7 ) ) ; ) 3
(P, @ 1, ) /1rn1 (L. psa: 1) ) 3)

has an elliptic equilibrium in the origin with respect to the variables (p,¢). Under
suitable assumptions on the first and/or second order Birkhoff invariants (see [11]
for general information) one can guarantee the existence of maximal KAM tori near
the “secular tori”

{1} x T™ x T2, (4)
where 1= (M1, .oes My )s T} denotes a no—dimensional torus given by the product
of ny circles of radii n; > 0 and € := maxm; is small®.

More precisely, Arnold makes the following assumptions

(A1) I € V — 01Hy is a diffeomorphism;

2 1 ng n2
(A2) Pu(p,g;T) = Ro(1)+) Qi(I)ri+§ > Bi(Driri+ > Nije(Dririri+oe
i=1

ij=1 i\j,k=1

3.

2 2
p; +q;
——= and o0g/|(p,q)|® — 0 as (p,q) — 0;

(A3) the matrix of the second order Birkhoff invariants is not singular, i.e.,
|det ()| > const >0 forall I € V.

where r; :=

IT™ denotes the standard n—dimensional flat torus R™/(27Z").

2An interesting point is what is the relation between e and p, especially in view of physical
applications (in the planetary case e measures the eccentricities and relative inclinations of the
star—planet motions): this matter will be further discussed in the following.

3From now on we drop the dependence on p of the perturbation, assuming that such dependence
is smooth enough, say C!, and that the norms are uniform in pu.
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We can now state Arnold’s Fundamental Theorem. Denote by B, = B?>"2 = {y €
R?"2 : |y| < €} the 2ny-ball of radius € and let

P.:=V xT" x B, (5)
and recall the definitions of H and the phase space P in, respectively, (1) and (2).

Theorem 1.1. (Arnold’s “Fundamental Theorem” (3, p. 143])
Let H be real-analytic on P and assume (A1)+(A3). Then, there exists e, > 0 such
that, for

0<e<e,, 0<p<e, (6)
one can find a set kK C P C P formed by the union of H—invariant n—dimensional
tori close to the secular tori in (4), on which the H-motion is analytically conjugated
to linear Diophantine® quasi—periodic motions. The set K is of positive Liouville—
Lebesgue measure and satisfies

meas K > (1 — const €*) meas P, , where a :=1/(8(n +4)) . (7)

Remark 1. By Birkhofl’s theory (compare Proposition 2 below), the expansion in
(A2) for B, may be achieved if one assumes that (p,q) — By (p,q; I) has an elliptic
equilibrium in p = ¢ = 0 and the first order Birkhoff invariants {2; are non resonant
up to order 6, ie’,

no

’ZQj(I)kj’2C0n5t>0 VIeV, ¥V 0<[k[<6, keZ. (8
j=1

In this paper we relax condition (6) and replace assumption (A2) with either
(A2") (p,q) — By(p,q;I) has an elliptic equilibrium in the origin p = q¢ = 0 and
the first order Birkhoff invariants are non resonant up to order four, i.e. , they
verify (8) with 6 replaced by 4.
or
2 1 & , i +a
(A2") By(pq;I) = Po(I)+ > _ Qu(I)ri+ 5 > Bij(I)rir; + o4 withr; := = o
|4 i=1 i,7=1

and o4/|(p,q)|* — 0 as (p,q) — 0.

We shall prove the following two theorems.
Theorem 1.2. Let H be real-analytic on P and assume (Al), (A2') and (A3).
Then, there exist positive numbers €., Ci and b such that, for

1
-_— 9
Cy(loge=1)2b ~ ©)
one can find a set I C P formed by the union of H—invariant n—dimensional tori, on

which the H—-motion is analytically conjugated to linear Diophantine quasi—periodic
motions. The set KC is of positive Liouville—Lebesgue measure and satisfies

meas P > meas K > (1 - C, <\/ﬁ (loge 1) + ﬁ)) meas Pe . (10)

0<e<e, w<

Next theorem needs stronger hypotheses on p but there are no conditions on the
first order Birkhoff invariants.

4[e., the flow is conjugated to the Kronecker flow 8 € T — 0 + wt € T", with w = (w1, w2)
satisfying (19) below.

5Here and below, for integer vectors k € Z™, |k| := |k|1 = 271 |kj|- See also notation in
Chapter 2.
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Theorem 1.3. Let H be real-analytic on P and assume (Al), (A2"”) and (A3).
Then, there exist positive numbers €., Cy and b such that, for

€0

0<e<e, 0<M<W, (11)

one can find a set K C P. formed by the union of H—invariant n—dimensional
tori, on which the H—-motion is analytically conjugated to linear Diophantine quasi—
periodic motions. The set KC is of positive Liouville—Lebesgue measure and satisfies

meas P, > meas K > (1 — C’*\/E) meas P, . (12)

Let us make a few remarks.

(i)

Under assumption (A2'), near p = 0 = ¢, the dynamics is approximated by
the dynamics governed by the integrable “secular (averaged and truncated)
Hamiltonian”

2 2
pi t4
. ) . (13)

Heyeo = Ho(I) + ,u(PO(I) + Z Q1)

The phase space P is foliated by 2n dimensional Hge.—invariant tori as in (4)
with 0 < € < € where € denotes the radius of the ball B in (2). Indeed, in
this case T,'? are simply given by {p? + qJQ- =1;, j <ne} withn; <e In the
perturbed case the fate of the secular tori may be different according to the
relation between € and p. In fact what happens is that, if p < €*, with a > 1
(in particular, if (6) or (11) holds), then K C P, as in Arnold’s Theorem, but
if > €“ then, is general K is not contained in P, and the persistent tori may
be not so close to the secular tori {I} x T™ x {p? + ¢} = n;, j < na} but
rather they are close to the translated tori

{1} < T™ x {(p; = 2> + (45 — ¢})* = mj, j < na}

where (p},4¢)) = (p?(]; 1), 45 (I; u)) are the coordinates of a “new equilib-
rium”, which depend upon the full averaged system and which may be “log-
arithmically” distant from the origin (as far as 1/loge™!). In any case, the
set KC fills almost completely a region diffeomorphic to and of equal measure
of P..

A precise geometrical description of the “Kolmogorov set” K is given in
Step 6 of § 3.
As mentioned above, in the planetary problem, g measures the mass ratio
between the planets and the star, while € is related to the eccentricities and
inclinations of the (instantaneous) two—body systems planet—star. Condition
(9) is much weaker than Arnold’s condition (6) and allows, at least in principle,
applications to a wider class of planetary systems.

Clearly, in order to apply properly—degenerate KAM theory to a concrete
system such as the outer Solar system® one should also estimate €, in (9),
which would be quite a technical achievement’.

6n the outer Solar System (Sun, Jupiter, Saturn, Uranus and Neptune) y is of order 1072 and
the largest eccentricity is of ~ 0.05 (Saturn).
"For partial results in this direction, see [5] and [12].
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(iii) Arnold declared [3, end of p. 142] that he made “no attempt to achieve ele-
gance or precision in evaluating constants” adding that “the reader can easily
strengthen the results”. However, the authors are not aware of improvements
on Arnold’s results (in the “full torsion case”, compare next item) and es-
pecially on the issue of giving possibly “sharp” estimates on the measure of
the Kolmogorov set arising in properly—degenerate systems. At this respect
it would be interesting to know whether estimate (10) could be improved or
not.

(iv) Relaxing (8), i.e. , bringing to four the order of non-resonance to be checked,
has an interesting application in the case of the (14mn)-body problem. In fact,
Herman and Féjoz showed [10] that, in the spatial case (n; = n and ny = 2n),
the only linear relations satisfied by the first order Birkhoff invariants €2, are
(up to rearranging indices):

2n—1

Qo =0, > Q1) =0. (14)

The first relation is due to rotation invariance of the system, while the second
relation is usually called Herman resonance®. Now, since in the spatial case,
Herman resonance is of order 2n — 1, one sees that for n > 3 it is not relevant
for (A2') (but it is for (8)).

Actually, at this respect, Theorem 1.3 might be even more useful since it
involves no assumption on the €; so that in possible application to the spatial
(1 4+ n)-body problem, Herman resonance plays no role.

(v) The properly—degenerate KAM theory developed in [10] (for the C*° case) and
in [6] (for the analytic case), being based on weaker non—degeneracy assump-
tions, is different from Arnold’s theory. Roughly speaking, while Arnold’s ap-
proach is ultimately based on Kolmogorov’s non—degeneracy condition (“full
torsion in a two—scale setting”), the approach followed in [10, 6] (which might
be called “weak properly—degenerate KAM theory”) is based on the torsion
of the frequency map, exploiting conditions studied by Arnold himself, Mar-
gulis, Pyartli, Parasyuk, Bakhtin and especially Riissmann [16]; for a review,
see [17]. Indeed, for Arnold’s properly—degenerate theory one has to check
that the matrix of the second order Birkhoff invariants is not singular (condi-
tion (A3) above), while for the weak properly—degeneracy theory it is enough
to check a generic property involving only the first order Birkhoff invariants:
Conditions (A2) and (A3) are replaced by the requirement that the re-scaled
frequency map I € V. — &(I) := (0Hy(I),(I)) is non-planar, i.e., ©(V') does
not lie in any (n — 1)—dimensional linear subspace of R™.

Incidentally, the presence of the resonances (14) makes difficult a direct
application of weak properly—degenerate KAM theory to the spatial (1 4 n)-
body problem in standard Poincaré variables®.

Explicit measure estimates on the set of persistent tori in the context of
weak properly—degenerate KAM theory are not readily available!”.

8Compare also [1].

9 Application of the properly-degenerate KAM theory developed in the present paper using
Deprit variables [7] will be matter of a future paper by the authors.

10Tn fact, although Pyartli’s theorem on the measure of Diophantine points on a non-planar
curve is quantitative (compare [10, Théoréme 55]), explicit measure estimates of the Kolmogorov
set in the N-body problem, following the strategy in [10], do not appear completely obvious.
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(vi) Let us briefly (and informally) recall Arnold’s scheme of proof. First, by
classical averaging theory (see, e.g. , [2]) the Hamiltonian (1) is conjugated to
a Hamiltonian H satisfying, for any small'’ ¢ > 0,

H = Ho+ pRy + O(1*~%) (15)

where B, is as in (A2). Denoting R the truncation in (p,q) at order 6 of
B, one sees that (15) can be rewritten as

H = Hy + pBY + O(pe”) + O(*~°) (16)
if |(p, ¢)| < €. In turn, (16) is of the form
H = Ho + pB + O(ue")
if (6) holds. At this point, a two—time scale KAM theorem can be applied.

The scheme of proof of Theorem 1.3 is similar, but we use more accurate
estimates based on the averaging theory described in § 2.1 below and, es-
pecially, on the two—scale KAM theorem described in § 2.3 below; this last
result, in particular, is not available in literature and we include its proof in
Appendix B.

To relax significantly the relation between u and e, the above strategy has to
be modified. The scheme to prove Theorem 1.2 is the following:
step 1: averaging over the “fast angles” ’s;
step 2: determination of the elliptic equilibrium for the “secular system”;
step 3: symplectic diagonalization of the secular system;
step 4: Birkhoff normal form of the secular part;
step 5: global action—angle variables for the full system,;
step 6: construction of the Kolmogorov set via an application of a two—
scale KAM theorem and estimate of its measure.

Properly—degenerate systems present naturally two different scales: a scale of “order
one” related to the unperturbed system (the typical velocity of the fast angles ¢’s)
and a scale of order p (typical size of the secular frequencies) related to the strength
of the perturbation. Furthermore, a third scale appears naturally, namely, the
distance from the elliptic equilibrium in the (p, ¢)—variables.

We now give a more technical and detailed statement, from which Theorem 1.2
follows at once.

Theorem 1.4. Under the same notations of Theorem 1.2 and assumptions (Al),
(A2") and (A3), let 7 > ny and'® 7. > n = ny + na, with ny, ny positive integers.
Then, there exist e, < 1, v, Cyx > 1 such that, if (9) holds and if 7, y1, Y2 are
taken so as to satisfy uys < v1 and

e max{\/pi(loge™) 7, yue(loge™!) T, (loge™ )T} < 5 <,
7*65/2 < Y1 < Vx (17)
€72 (log (€2 /m?) 7)™+ < Jo <me?

1 The appearance of the exponents (2 — o) (rather than the more “natural” exponent 2) is due
to the presence of small divisors.

12 At contrast with classical KAM theory, where the Diophantine constant can be taken greater
than n — 1, here one needs 7« > n (in [3] it is taken n + 1): this is due to the asymmetry of the
frequency—domain having nj—dimensions of order one and n —n; = ny dimensions small with the
perturbative parameters.
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then, one can find a set K C P formed by the union of H—invariant n—dimensional
tori close to the secular tori in (4), on which the H—motion is analytically conjugated
to linear Diophantine quasi—periodic motions. The set KC is of positive measure and
satisfies

meas P, > meas C > [1 —C, (”y—i—m + l; + 6”2/2>:| meas P . (18)
€

Furthermore, the flow on each H—invariant torus in IC is analytically conjugated to a
translation ¢ € T™ — 4wt € T™ with Diophantine vector w = (w1, ws) € R™ xR™2
satisfying, for each k = (k1,k2) € (Z™ x Z"2)\{0},

Ilzllﬂ if kA0
|CU1 'kl + wo k2| Z _ (19)
“IkZIQT if k=0, kod0.

To obtain Theorem 1.2 from Theorem 1.4 one can choose
7 = 72 max {\/ﬁ(log e /3 (log e_l)T'H} , =72 =225 (20)

then (10) follows easily'®, with b = 7 + 1.
The proof of Theorem 1.3, as already mentioned, is simpler and it will be shortly
given in § 4.

2. Tools: Averaging, Birkhoff normal form and two—scale KAM. First of
all we fix some notation, which will be used throughout the paper.

e in R™ we fix the I-norm: |I|:=|I]; := Z |T;];

1§i§n1
e in T™ we fix the “sup—metric”: |¢| := |p|oo := max |p;| (mod 27);
1<i<n,

e in R" we fix the “sup norm”: |p| := |p|le := max |pi|, lg| = |¢|leo =

1§i§n2

(max |gil;
o for matrices we use the “sup-norm”: || :=|8]s := max|G;;;
i

o if ACR™, or ACT™, and 7 > 0, we denote by A, := (J,c4 {z e Cnmi

|z — x| < r} the complex r—neighborhood of A (according to the prefixed
norms,/metrics above);

e if f is real-analytic on a complex domain of the form U, x T™ with U C R?,
we denote by || f|lv, xTm, or, simply, || f[ls,s its “sup-Fourier norm”:

fllos =D sup Ifu(w)le™* |k[= > ki

kezm “EUv 1<i<m

where f,(u) denotes the k*® Fourier coefficient of f = Z fre(u)e®?
kezm

13First, let us check that (17) holds. From (9) it follows that 7 < v« (provided Cyx > 7.« and
€« is small enough). The lower bound on 7 is checked by considering the cases ¢ < p and p < €
separately. The bounds on 7; are obvious.The bounds on 72 are true for 7. big enough. Thus,
(17) is checked. Finally, (20) and (18) imply easily (10).
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e if f is as in the previous item, K > 0 and A is a sub-lattice of Z™, Tk f and
II f denote, respectively, the K—truncation and the A—projection of f:

Tif:= Y felwe®?, Tzf:=> fe(w)e™?;

|k|<K kEA

o if f: ACR?— R" is a Lipschitz function and p > 0 a “weight”, we denote
its p—Lipschitz norm by
Li - [f(I) = f(I)]
IFll3 =P~ suplf [+ L£(f) . L(f)= sup “—Z—7—" . (21)
’ A 1zrea  [I=1T']

e D, ., C R™*" denotes the set of Diophantine (71,72, 7)-numbers, i.e.,
the set of vectors w € R™ "2 satisfying for any k = (k1, ko) € Z™T"2\{0},
inequality (19) with 7. = 7, 72 = 72 and g = 1. When ; = 72 = 7, we obtain
the usual Diophantine set D, ;.

2.1. Averaging theory. The first step of the proof of Theorem 1.4 (and hence
of Theorem 1.2) is based upon averaging theory. We shall follow the presentation
given in [4, Appendix A], which in turn is based upon [14].

Proposition 1 (Averaging theory). Let K, 5 and s be positive numbers such that
Ks > 6 and let ay > ay > 0; let A x B x B C (R x R2) x R™ x R™, and
v = (r,7p,7q) a triple of positive numbers. Let H := h(I) + f(I,¢,p,q) be a real-
analytic Hamiltonian on Wy sys == Ay X B, X B;,q X 'ﬂ‘gfj"‘, Finally, let A be
a (possibly trivial) sub-lattice of Z:7*2 and let w = (w1,ws) denote the gradient
(01, h,Or,h) € RU*te2 Let k = (k1, ko) € Z9 x Z*2 and assume that

|w.k2{ oy AR A0 A Yk = (kk) EA K <K (22)

Qg if kl =0

aad _e(l+em)

E:=|fllvst+s < e Rs where d:=min{rs, r,re}, cm:= — (23)
Then, there exists a real-analytic, symplectic transformation
2 (Ilvwl7p/7q/) € Wv/2,.§+s/6 - (I7ﬁpap7 q) € WU,§+3 (24)
such that
H,.=HoV=h+g+ f.,
with g in normal form and f, small:
o 12 27¢,, B> FE
_ ' 0. ik-p —UAT% fllo/251s/6 < — m < =
g ng:( 7p7q)e ) ||g A Kf” /2,-"—/6711 aod =
keA
_ 29 mEZ _
||f*||v/2,§+s/6 < e Hs/6 2 om <e Ks/6p (25)

(6] d
Moreover, denoting by z = z(I', ', ', ¢’), the projection of U(I',¢',p’,q") onto the
z—variables (z = I, Is, @, p or q) one has

max{as|[1—1I1|, ass|la—I'|, aor |o—¢'|, aary [p—p'|, aory l¢g—q'|} <9IE. (26)

This Proposition is essentially Proposition A.1 of [4] with two slight improvements.
The first improvement is trivial and concerns the introduction of the parameter § so
as to separate the role of the analyticity loss in the angle—variables from the initial
angle—domain. Such variation is important, for example, in applying Proposition 1
infinitely many times.
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The second improvement is a bit more delicate and we use it in the proof of Propo-
sition 3 below. It concerns the separation of two scales in the frequencies w = Jrh.

Proposition 1 holds also for ¢; # 0, {2 = 0 (i.e. , there is only one action scale), in
which case a3 := a1 = @, and in the case m = 0 (i.e. , there are no (p, ¢)—variables),
in which case one can take d = rs, ¢, = cg = e/2.

In the following, Proposition 1 will be applied twice: in step 1 of § 3 (with ¢; = nq,
ly =0, m = ny) and in Appendix B with m = 0.
Proposition 1 is proved in Appendix A.

2.2. Birkhoff normal form. We now recall a fundamental result due to Birkhoff
on normal forms. We follow [11].

Proposition 2 (Birkhoff normal form). Let o >0, s > 3; let Q@ = (Qy,--- , Q) €
R™ be non—resonant of order s, i.e. ,

Q-kl>a>0, V keZ™ with 0<|k|<s (27)
and let z = (p,q) € B2™ = {z : |2| < eo} C R*™ — H(2) be a real-analytic function
of the form

n 2 2
= Z Qiri +0(|2]*)  where r;:= Z% . (28)

Then, there exists 0 < € < €y and a real-analytic and symplectic'* transformation

¢: (p,)€B2mHz+z()EBQm
which puts H into Birkhoff normal form up to order s, i.e.'®,
[s/2]
H:=Ho¢= §:§zn4f§:Qj )+ 012" (29)

where, for 2 < j < [s/2], the Q;’s are homogeneous polynomials of degree j in
=2 | 22
2 1 G2
T = (1, - ,Tm) with 7j := u The polynomials QQ; do not depend on ¢.
Following the proof of this classical result as presented in [11] one can easily
achieve the following useful amplifications.
1. The construction of the transformation ¢ is iterative and can be described
as follows. There exist positive numbers € := €5, 5 < €53 < -+ < €9, and
a symplectic transformations ¢; such that ¢ = ¢s_o := @1 0--- 0 ¢p4_o, that
H o ¢; is in Birkhoff normal form up to order ¢ + 2 and

¢it Z=(pq €EBM™ —»i+4.4(2)€eBM , V1<i<s-—2,

. mi_
sup 21| < ¢im1— ! (€i—1)"t,

B2m «

where ¢;_; depend only on the dimension m and m;_; are defined as follows.
For i—1 =0, let Py the homogeneous polynomial of degree 3 for which H(z)—

14With respect to the standard 2-form dp A dg = Z dp; N dg;.
1<i<m
15[z] denotes the integer part of .
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i Qg = Po+ O(|z]*), while, for i — 1 > 1, let P;_; the homogeneous
polynomial of degree ¢ + 2 for which

m [(i+1)/2]
H(z)odiin—Y Qry— Y Qj(r)=Pii+0(z").
j=1 j=2

Write Pi1 = 30|04 g1mita Cars Lo (Pj +14)™ (pj — ig;)%, where i:=y/~1.
Then,

mi—1 = a’rlgzzt};ﬁka,m . (30)

. Proposition 2 can be easily extended to the case of a real-analytic function

m

H(z 1) = Z QD +0(|2%)

which also depends on suitable action variables I. More precisely, if A is an
open subset of R™, pg, sg, € are positive numbers, (I, ¢) and z = (p, ¢), with
(I,p,2) € Apy x TP, x Bfgn, are conjugate couples of symplectic variables with
respect to the standard 2—form dI Adp + dp Adg and Q@ = (24, ,Q,,) is a
suitable real-analytic function defined on A, verifying (27) on A,,, then, one
can prove that for suitable 0 < € = €50 < --- <€y, 0 < T =059 < -+ < 0y,
0 < p = ps—2 < - < po, ¢, there exist s — 2 real-analytic, symplectic
transformations which we still denote ¢;,

{ QSZ : Api X T”O'lz x lem - Apifl X T’gi71 X BEQZYI

¢i<(Ia ()572)) = (Iu 95 + (;71‘71(2; 1)72 + 21'71(5; I))

such that (29) holds with ¢ = ¢s_o = ¢1 0--- 0 s_s, Q4 = Q(I) and
suitable homogeneous polynomials @Q;(7;I) of degree j in 7 = (F1, -+ ,Tm)
whose coefficients are analytic functions on A;. At each step, the functions
(1) = 215 1), (1) — @ia (3 1) verify

~ m;— i
sup  |Zi1] < cii1——(ei_1)"t,
B2mx Ap, «

o m;—1 i+2
sup i—1] < ¢ €i— 31
|Pi—1] o (€i-1) (31)

2
B2 x Ay,

where, if, for any fixed I € A, ,, m;_1(I) are defined as in (30) with cq g =
Caﬁ(l)v then, m;_y = sup mi_l(l).

Pi—1

2.3. Two—scale KAM theory. The invariant tori of Theorem 1.3 and 1.4 will be
obtained as an application of a KAM Theorem, adapted to two different frequency
scales, which is described in the following

Proposition 3 (Two-scale KAM Theorem). Let ny, na € N, n:=nq+na, 7 > n,

Y127 >0,0<4s<5<1,p>0,DCR™ xR"™, A:=D

0, and let

H(J,4) = h(J) +£(J, ¢)

be real-analytic on A x T¢, . Assume that wy := Oh is a diffeomorphism of A with

non singular Hessian matriz U := 0%h and let U denote the n x ny submatriz of U,

i.e. ,

the matriz with entries Uij =Uj, formi+1<i<n,1<j5<n. Let

MZSjpllUII , M= S1;‘10||U|| . M ngpllU’lll v E = |fllpsts
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define

247+ +1
¢ := max {28n7 }

EM2L\ ™
K = 6 log (2> where log, a := max{1,loga}
s 71

p = min n 12 p
' SMEK™+1 7 g e+’

L := max {M ,Mﬁl,Mfl}
i=EL,

2

finally, let My, My upper bounds on the norms of the sub-matrices nq X n, ng X n
of U™Y of the first ny, last ny rows'®. Assume the perturbation f so small that the
following “KAM condition” holds

¢E<1. (32)

Then, for any w € Q. = wo(D) N Dy, 4y,7., 0ne can find a unique real-analytic
embedding

bo: V€T — (v(hw), ¥+ u(¥w)) € Re(D,) xT" (33)

where r := 20nEp such that T, := ¢, (T™) is a real-analytic n—dimensional H-
imwvariant torus, on which the H—flow is analytically conjugated to ¥ — ¥ + wt.
Furthermore, the map (¥;w) — ¢, () is Lipschitz and one—to—one and the invariant

set K := U T,, satisfies the following measure estimate
wWEN

meas (Re (D) x T™\ K)
(34)
gcn(meas (D\ D+, y,r. X T") 4+ meas (Re (D) \ D) x ’]I‘"),

where Da, , r. denotes the wo—pre-image of Dy, ~,, 7, in D and ¢, can be taken to
be ¢, = (1+ (1 +2°nE)?™)%. Finally, on T™ x Q. the following uniform estimates
hold

M M -~
cw) =19 < 1L V\Es
[or(w) = I0(w)| < 100 SF + 57 ) B
M. M -
cw) =19 < 2L \Es
[va(iw) = B(w)] < 10n( 2+ 7)) B
u(sw)| <2Es (35)

where v; denotes the projection of v € R™ xR over R™ and I°(w) = (I? (w), IS (w))
€ D is the wo— pre—image of w € €.

This result is proved in Appendix B.

167 ¢ M; >sup|Ti||, i=1,2, if U’1:< n > .
D

P
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3. Proof of Theorem 1.4. In this section we prove Theorem 1.4 (and hence
Theorem 1.2; compare the remark following the formulation of Theorem 1.4 in § 1).

In what follows, “C” denotes suitably positive constants greater than one indepen-
dent of € and pu, 7, v1, 72 but which may depend on ny, ne, Hy, sg, etc. Without
loss of generality, we may assume that H has an analytic extension to a domain
Poocorso = Vpo X Tl X Be, with sg < 1 and with wg := 9Hp a diffeomorphism of V.
We can also assume that the perturbation P has sup-Fourier norm ||P||y.e0,50 = 1
up to change the definition of pu.

€0,

Preliminary step. In view of (A2) on p. 547, we can assume that the quadratic
part of P, (p,¢;I) is in standard form Py(I) + Z Q;(I)r; + o2, where Q;(I)
1<i<ng
are the first order Birkhoff invariants; compare [18]. Furthermore (again by (A2)),
since the €;(I) are non resonant up to the order four, by Birkhoff theory (compare
§ 2.2 above), one can find a symplectic transformation, O(|(p,q)|?) close to the
identity, which transforms the original Hamiltonian into'” (1), with P,, as in the
standard form in (A2").

Step 1 Averaging over the “fast angles” ¢’s

Let 0 < € < e~'/%. The first step consists in removing, in H, the dependence on
¢ up to high orders (namely, up to O(u€’)). To do this, we use Averaging theory
(Proposition 1 above), with £; = ny, fo = 0, m = ny h = Hy, g =0, f = puP,
B =B ={0}, r, =7y =¢0, s =50, § =0, A = {0}, K such that
2 _ 30
e Ks0/6 .= 5 ie. K= "loge !, (36)
S0

A =D, r=p, where D, p are defined as follows.

Let 7 > ni, M := max;;supy, |07Ho(I)|, 7 = max{1,2°(30/s0) 1 \/cn, M},
3 > vsy/p(loge )7L Then, take

D=y (DW) AV and p:= min{ (37)

s )
2MKT+1 y PO 3
where D5 » C R™ is defined just before § 2.1. From the Diophantine inequality it
follows that ¥ < |@p|eo, so that

Ay*\/ﬁ(logefl)T+1 <7 < l@ollpo -

By the choice of D, the following standard measure estimate holds
meas (V \ D) < Cymeas (V) (38)

where C' depends on the C'-norm of Hy. By the previous choices, when I € ?ﬁ,

the unperturbed frequency map @y = OHy verifies (22), with a1 = ap = a == 37+,
in fact:
inf |wo(J) k| = inf [wo()-k|—= sup [(@o(J) —@o(])) - Kl
JEDp, IeD, JeDp,I€D,
0<|k|<K 0<|k|<K o<lm<k
T gl
— —pKM > — . 39
= K M=ok (39)

7By abuse of notations, we use the same name for the variables, but, strictly speaking, they
differ from the original variables by a quantity of O(|(p, ¢)|?) in (p, ¢), O(|(p, q¢)|®) in ¢ (the actions
I are the same).
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The smallness condition (23) is easily checked, provided EF = p is chosen small
enough, because the choice of 4 and ~, implies

7 1
= gmaX{Q, C\/ﬁ} <1.

Condition Ksy > 6 is trivially satisfied. Thus, by Proposition 1, we find a real-
analytic symplectomorphism

Q_S : (Ia@7p7 (j) € WE,E - (17907p7 Q) S Wvg,so U= U0/2 = (ﬁ/2760/2)7 §:= 50/6
where Wy, 50 == D,y x T%! x Be, (vo = (po, €0)), and, by the choice of K in (36),
H is transformed into'®

H(I,3,p,q) = Hoo(I,5,p,q)
= Ho(I) +uN(I,p,q) + pe X/ P(I, 5, . q)
= Ho(I)+pN(I,p,q) + pe® P(I,5,p,q) (40)

1 —1\27+1
sup [N — P < 14 OgiQ) (41)
Dp/2 v
In view of (26), the transformation ¢ verifies
_ _ B 10 6_1 T B 10 6_1 27+1
T=1 o=l lo—al < MBS gy < otlE ) (42)

Remark 2. The right hand sides of (41) and (42) can be made small as we please,
provided p and e are small and 7 is chosen suitably. The precise choice will be
discussed below.

Step 2 Determination of the elliptic equilibrium for the “secular system”

Since P,, has a 4-non resonant and non—degenerate elliptic equilibrium point at
0 and, in view of (41), N — P, is of order p(loge ')*" 1572 using the Implicit
Function Theorem and standard Cauchy estimates'?, for small values of this pa-
rameter, for any fixed I € D5, N also has a p(loge ")*" 15 *~close-to-0 el-
liptic equilibrium point, which we call (p°(I),q°(I)). We can thus assume that
|(p°(1),q°(I))| < eo/4 for any I and consider a small neighborhood of radius

0 < € < ¢p/4 around (p°(I),q°(I)). We let

(rg : (Ia¢7ﬁ7 (j) S Wf),§ - (17957137 Q) S WT),E V= (ﬁ/476)3 5= 50/12
be the transformation having as generating function
sLpga) =g+ (p+0°(D) - (1-4"(D)) ,

which acts as the identity on the I—variables, while shifts the equilibrium point into
the origin (and suitably lifts the angles ¢) accordingly to

I=1, p=p"(D+5, a=d"D+d,p=¢-0(5+"D)-(a—a"D)-

8For simplicity of notation, we do not write explicitly the dependence on pu,€,7, that is, we
write H(I, ®,p,q), etc. , in place of H(I, @, P, q; i, €,7), etc.
19Gee, e.g., [4, Lemma A.1].
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The transformation (;Nﬁ is close to the identity, since I = I and

,u(log 6_1)2T+1 ;

=2 Q

Ip—pl, |g—q| <

(43)

)

ol 73

Let us check, for example, the bound on |g — @| (as the other ones are immediate):
If

21 —1\7+1 1 —1\37+42
|@_¢‘§Cmax{e(oge_ )7 pe(loge™) }

D(Na@ﬁ’) = {(i7ﬁ7 Q> : I~€ Dﬁ(e)/4 3 (ﬁa q-— qo(j» € Be} )
then, by Cauchy estimates,

pd.d) —¢l = |or((p+p"(D)- (a-a"(D))

7=q°+q

< sw |0((G+0°D) - (a- (D))

D(p,€,%)
< ésupD(p,eﬁ) (ﬁ—i_po(f)) : (q_ qo(i))‘
- ple)/4

B (6 + M(loge’;;)%Jrl) €
< ¢ -

(loge 1)7+1
2 1 —1\7+1 1 —1\37+3
< Cmax{e (Oge_ ) 7 ue(ogf3 ) } .
3 3

By construction, the transformation qg puts H into the form
]ZI = HOQE = Ho(j)+,U,N(i,ﬁ,(j)+ﬂ€5p(j7¢,ﬁ7q), with N = NOQZ ) P = Pogz;

Observe that ||P||3s < C and N has a 4-non resonant and non-degenerate elliptic
equilibrium point into the origin of the (p, §)—coordinates.

Step 3 Symplectic diagonalization of the secular system

The standard “diagonal form” (28) can be achieved by a symplectic diagonalization
as in [18]. In fact, by [18], one can find a symplectic map

QB: (Ivsbvﬁqu)GWﬁ,é_)(Iv¢vﬁvq)€Wﬁ,§ b= (ﬁ/876/2)7 5= 80/24

which acts as the identity on the I —variables, is linear in the variables (p,§) and
close to the identity in the sense

2 —1\37+42
chelloge )T )

73

Such estimates are a consequence of the assumptions on P,, (compare the pre-
~ 2 —1\2741 ~
liminary step above), the estimate N = P,, + O(%)7 for which N is
—1y27+1

2
O(%)fclose to be diagonal and Cauchy estimates?’ . Moreover, one

o g~ A L€ .
1P —pl, Iq—q\SC(,—, | — ol <
72

2 —1y2741
Ke <10g;2 ) —close to the generating
function I - # +p- G of the identity map. Taking the derivatives and using Cauchy estimates, with
a loss of analyticity ~ Ce in (p, §), and ~ W in the ¢, we find (44).

20The generating function of this transformation is
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has that?! N(I,p,q) :== N o ¢(I,p,§) = Po(I) + Q(I) - # + R where

(log 6—1)27+1

A . JE

and R having a zero of order 3 for ,q) = 0 and that ngS transforms H into

®
H=Hod=Ho)+uN(,p,q)+nP(1,$.5,4), (P:=Pod).
Step 4 Birkhoff normal form of the secular part

By Proposition 2 (and subsequent remark) there exists a Birkhoff transformation

Qg : (Iv¢7ﬁ7 (j) S M/T),é i (Iv¢7ﬁ7 (j) S m},é U= (5/1676/4)7 §:= 50/48

which acts as the identity on the I-variables, is close to the identity as (compare

(31)):

2 —1y27+1 3 —1)37+2
N pe(loge™") . pe’(loge™)
p—pl, [§—q <C — , le—¢l<C — (46)
v v
The previous estimates follow from the fact that, in (31), the coefficients ¢, g of the
1)27—+1

non—normal part of can be upper bounded by m; : , uniformly in I;

_ p(loge”
= e —
a can be taken of order 1 in € and u; pg of O(W). Furthermore, ¢ puts N

into Birkhoff normal form up to order 4, hence, transforms H into the form

Hi=Hod = Hy)+u(BoD) + Q)7+ Lra + 0( .01
+pue’Pod
= Ho(I)+ puN(,7) + e P(I, 4, p,4) ,
P B |- -
where N(I,7) = Po(I) + Q1) -7+ 57”5(])7“7 Ty = %7 | Pllss < C.

Step 5 Global action—angle variables for the full system
We finally introduce a set of action—angle variables using symplectic polar coordi-
nates. Fix the real no—dimensional annulus??

A(G) = {J e R™ Zél€5/2 < J; < 6262 , 1< < TLQ} (47)

where ¢; will be fixed later on so as to maximize the measure of preserved tori and
e small enough with respect to 1/¢;, while ¢; is a constant depending only on the
dimensions. Let

D:=Dx Ale), p:=min{¢1€”/?/2, p/16}, §:=35=50/48 , (48)

where D is the set in (37). On Dy x TZ, let é: (L) = ((Jl,Jg),(wl,wg)) —

(I,%,p,q) be defined by

Jl = j y 1/)1 = (,5 y [)i = \/2]21' COS1/}21‘ y qz = \/2]21‘ Sin¢2i 1 S 7 S no . (49)

21 & . (52 1 62)/2
i = (B7 + q;)/2.
22This is needed to avoid the singularity introduced by the polar coordinates. Notice that
J; ~ €2 compared to (p,q) ~ e.
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For € small enough, (p, ) € Bc/4. The transformation & puts H into the form
H(J,) := H o= Hy(Jy) +puN(J) + pe’P(J, ) , where

o . o ~ ~ 1 . o o
Ni=Nog=PR()+Q0h) Jo+5hB(Nh)S, P=Pod
From the above construction there follows that the transformation
¢p:=dodopodog: (L,v)— (I,¢,p,q) (50)
is well defined?? and verifies

1)'r

11— Jy| < orlloee )7
v

|(p B ¢1| < Cmax { ,u(logej;)ZTJrl 2(log e~ 1)7+1 ,ue(loge;l)sTJrs
— ’Y 9 ’7 b ’7
—1yr —1y2741 51
Ipi — P9 — /2J2; cos ;| < Cmax{u(log,—: ) ) ue(log f—yz ) (51)
1T Z1y27 41
lg; — ¢? — \/2J2; sin o] < C'max { Mlog; ), uellog %2 ) }

Step 6 Construction of the Kolmogorov set and estimate of its measure
Fix 71 and 2 = p7a, with 1, 42 satisfying puys < 1 and (17). We apply now the
two—scale KAM Theorem (Proposition 3), with (compare Step 5 above)

H=H, h=Hy(J)+uN(J), f=upP(Jy)), D=D, p=p

and s = §/5, 5 =45/5.

It is easy to check that, for small values of** p(loge 1)2(7+1)52 the frequency
map wy, := &(Ho(Jy)+puN(J)) is a diffeomorphism of Dj, with non singular hessian
matrix 92(Hy(J1) + N (J)). Then, we see that (for a suitable constant C') we can
take M, M, ..., M, in Proposition 3 as follows:

M=C,M=Cu, M=Cu™', E=Cuc®, My =C, My=Cp~".

Then,
L<Cu™, K<Clog(éf/y?)™!
and (recall also (37))
5
. " Vo gl . 5/2 } (52)
> .
=¢ mm{(log (€ /712) 1)1 (log (€6 /71 2)—1)+1 (loge—1)r+1’ € 0
Finally,
R 2 2(7+1) 1 1 5 1 —1\2(7+41) 1 5
éESC’maX{e5 (log (%)) max{ﬁ,q},e(ogi—z), =% }7
€ M2 v €1 Po
(53)
with a constant C not involving ¢ . Then, from (17) it follows that
. 1 1
6E<C’max{—,v—2,e5} <1 (54)
REIS

231f 7 is chosen as to satisfy the first inequality in (17), then, the right hand sides of (41), (42),
(43), (44), (45) and (51) can all be bounded by 1/v«. Choosing v« big enough, the quantities
involved are small as we please.

24Quch inequality is implied by wﬁlog(s’”"*l < 4, which appears in (17).
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provided 7., @ > C and € < C~!. Finally, since the KAM condition ¢E < 1 is
met, Proposition 3 holds in this case. In particular, for any w in the set Q. :=
Dy, 4,7 Nwu(D), we find a real-analytic embedding

¢ TP =T, :=¢,(T") C Re(D,) x T"

with r < C'ﬁ < C%y such that, on T, the H-flow analytically conjugated to
9 —I9+wt. Weset T, := ¢(T,), where ¢ is the symplectic transformation defined
in (50). Using (51) and (35), the parametric equations of 7, may be written as

~ ~ 1 —1\7
I=J%+J, with | gc<“(°g€)+uﬁ>

(pz — p?)Q + ((h — q?)z = ng + jgi with 5165/2 < JSZ < 6262,

~ 2 —1\27 2,2 —1\47+2
and |y < o(M008C T welose DT gy
oG 74

where (J7,.J9) is the w, pre-image of w, p is much smaller than ¢1€°/? (compare
1\27+1

(52)); finally, by (51), |(po, 0)| < CHHEF—

It remains to estimate the measure of the Kolmogorov set

K=¢K)= | 7, where K:= []J T..

WEN, weE,

namely, (18). Let D% = - = w; (D, usy,r. ) D, where D is the set in (48), with

D as in (37) and D.,, .5, -, is defined just before § 2.1. Then, by (34) and because
¢ is volume preserving, we have
meas K = measK
> meas(Re(D,) x T") (55)
—c(meas (D\ D? » T™) + meas (Re (D)) \ D x T")).

V15HY2,Tx

Now, let V :=V x B2, where B[?, denotes the open set {[.J;| < é2€%}. Observe
that D C V; define P, := V x T™ x {p? + ¢? < €2} (compare (5)). Then, by the
estimate (38) and the definition (47) of A(e),
meas (D, x T") > meas (D x T")
= meas D meas (A(e)) meas (T™)
(1 —C7— Ce™/?)meas (V x T")
= (1—C5— Ce™/?)meas (P 2z

cze)

Y

n2
6262’

meas (Re (V;)\V) < C¥%measV , meas (B, \ B)

meas (Bcs, \ B) < C’g meas B

Similarly, denoting for short B := B one has that®®

A

meas (V\D) < C(F+e™/?)measV .

25Recall that r < C72.
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Thus,
meas Re (D) \ D x T" < meas Re(V,)\ D x T" (57)
< meas Re(V;)\V x T" + measV \ D x T"
< C’(l;+7+e”2/2)meas(v x T™)

€

= C(Z% + 7 4 €"2/?) meas (Pagze) -

Finally, the frequency map w,, := (0., (Ho + uN), 1ds,N) is a diffeomorphism of

a p-neighborhood of D x By ... Note that w, as a function of .J; is defined on

Ca €2
Dj and as a function of J; is a polynomial; notice also that BZ;Q is just the full
closed ball around the annulus A(e) (compare (47)). Then, the measure of the set
D\Dz H%)Tchlloes not exceed the measure of the (71, y2)-resonant set for w, in
the set D x B 62262' Such set of resonant points may be estimated by the following

technical Lemma, whose proof is deferred to Appendix C.
Lemma 3.1. Let ny, ng € N, 7 >n:=n3 +ng, 7, 2 >0,0< 7 <1, D bea
compact set. Let
w=(w,ws): DxBy —QCR™ xR"™
be a fwztion which can be extended to a diffeomorphism on an open neighborhood
of D x B?Q, with wy of the form
wao (11, I2) = woa (1) + B(11)12

where I, — B(11) is a (no X ng)-matriz, non singular on D. Let

k|7

Ry > max lwil, a>max|B]|, c(n,7):= Z
DxB; b 0£kezn

and denote
R’Ylﬁzﬁ = {I = (IhIQ) € D x F:‘LQ : W(I) ¢ DWh’hﬂ'} :

Then,
meas (R,Yl,.m’f) < (clfyl + co l?) meas (D X B;f?)
7
where
ni—1
= 8 —1n 1 _ no ,
cy= max [|(0w) " s o™ c(n,7)p (58)

o :=max ||| a"2 7! c(ng,T)
D
for a suitable integer p depending on D and w,.

By Lemma 3.1 with 1 as in Step 6, D as in (37) and
P =26, W= Wrese 1= (aJl(HO +NN)76J2N) y Y2=%2, a=R=C,

we see that

meas (D\ D}, =, - xT") < meas(R,, 5,- xT")

< max{c, (3—2}(71 + l;) meas (D x Bg,e2 x T")
C2 €

¢ ‘
max{er, 2} (1 + 1) meas P, o (59)
2

IN
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with ¢; independent of € and p. Then, in view of (55)+(59), (18) follows, with e
replaced by /2¢2¢. The proof of Theorem 1.4 is finished. O

4. Proof of Theorem 1.3. Since most of the arguments are similar (but simpler)
than the ones used in the proof of Theorem 1.2, we will skip most technical details.

We can write Pay(p,q; 1) = N(I,7) 4+ Pay(p, q; I), where

NI =R+ Y ety S Gy

1<i<ng 1<i,5<n2
and, for a suitable C' > 0,

sup  |Pu| < Cé€° VO<e<e. (60)

2
B2 XV,

Step 1 Fix 7 > nj, 0 < € < ¢p, and

S 5> (@)ml Villoge 1)
H 50 572 :

Qogte 1 12 oy

In place of Proposition 1, we use Lemma A.1 below, where we take r, = rq = ¢q,
p = pwith pasin (37), p, = p; = €0/4, 0 = 50/6 and the remaining quantities as in
Step 1 of the proof of Theorem 1.4, namely, {; =ny, o =0, m =no h = Hy, g =0,
f:uP,A:D,r:ﬁ,asin(?)?)B:B':{O},SZSO,al:agzd:%,
where K as in (36) and A = {0}. With such choice, the check of the non resonance
assumption (64) for oy = 9Hy in Dﬁ is the same as in Step 1 of the proof of
Theorem 1.4 and the smallness condition (65) is implied by (61). Then, there exists
a symplectic transformation ¢ such that H o ¢ = Hy + g4 + f, as in Lemma A.1.
Since g4 coincides with p Py, on the domain Wy 5 (recall the definition of W, s just
above the (40)), where ¥ = (p/2,€0/2) and § = 2s0/3, we find

H(I,$,p,q) = Hod(I,5,p,q) (62)
- HO(I)+UPaV(I_)a(jaI) +P(I7@aﬁaq)
= Ho(I) +uN(I,7) + pPu(p,3; 1) + P(1,5,P,q) -

By (69) below, the transformation ¢ satisfies the estimates (42). Furthermore, by
(61), the choice of K in (36) and (68) below, the function P in (62) satisfies
- _ K27+1 I_(T _ B
1P]los < Crmax{®=— B o7 Ko/0) < Cpe® . (63)
Y Y
By such estimate and (60), the perturbation P := ,u]:’av + }5, on the smaller domain
W5, where © = (p/2,€/2), 5 = 3, is bounded by Cpue®.

Step 2 and conclusion At this point, we proceed as in Steps 5 and 6 of The-
orem 1.4, with W5 s, N and P replacing, respectively, Wi g, N and ue515. Now,
choose 7, big enough (so that the KAM condition (53), (54) is satisfied), and fix
v, 72 satisfying p72 < 71 and last two lines in (17). Then, we can find a set of
invariant tori

K. C Dy x T™ x {261 < p? + ¢ < 2626* , YV i} C (P gz
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(with r < C%,) satisfying the measure estimate

IN

meas (P\/Ee \ /C*) meas (P\/ﬁe)r \ ]C*)

< CH+Am+ g + "% meas P 3z, ).

Finally, taking, as in the proof of Theorem 1.2, 71, 72 as in (20), and choosing as ¥
the value in the right hand side of (61), the theorem is proved with K := K, N Ps,e
and /2¢q€ replacing e. O

Appendix A. Averaging theory (Proposition 1). In this appendix we general-
ize Proposition A.1 in [4] to a two—frequency—scale, as needed in Appendix B below.
Proposition A.1 in [4] is based on the application of an “iterative lemma”. The fol-
lowing lemma is the (easy) generalization of the iterative lemma (Lemma A.5) in
[4] suitable for our purpose.

Lemma A.1. Let 0 < as < ay, £ =01+ 45 with £; € N and let A be a sub-lattice of

7t Let g = Z gr(w)e*? and H(u,p) = h(I) + g(u, @) + f(u, @) be real-analytic
keA

on Wy s == A, X By, x B x T, where A x B x B C (R x R®) x R™ x R™

and v = (r,rp,1q). Let p < /2, pp < 1p/2, pg < 1¢/2, 0 < 5/2, V= (p,pp,Pq)-

Suppose that k = (ki,ke) € Z% x Z*2 and that

a1 lf k‘l 7& 0 Vi Vi =
. > 1 2 <
w(I)k|{a2 i k=0 V keZ*xZ?, k¢A, |k|<K, T€A,.
(64)
Assume also that the following “smallness condition” holds:
)
1 fllws < aci ,  where §:=min{po, pppe} ., cm:=e(l+em)/2. (65)
Then,there exists a real-analytic symplectic transformation
d) : (Ilvgolap/aq/) € WU—QU,S—QO’ - (I,@,p7 q) S WU,U ) (66)
such that
Hi:=Ho¢=h+gy+fy, (67)
with g — g =U\Tg f and
c e 2
’U—l/S—O'< 1- z v,8 — 2 b5 ) v,s ke v,s
IFl-znezr < (1= 2500 ) [N + N HoHlos 4 o
(68)

Furthermore, the following uniform bounds hold:

max {amlflffi\, 0|l — Iy|, aaple—¢'|, aapglp—1'], ozzppquq/\} <[ fllo,s -
(69)

Proof. Assumptions (64), (65) allow to apply the iterative lemma [4, Lemma A.5],
withn=¢ D=A, E=DB,F=DB K=K, a=a, so as to find an analytic
transformation ® := ¢ verifying (66)+(68) and the bounds on |Iy — 15|, |p — p/|,
lg — ¢'| into (69). In order to prove the bound on |I; — I{|, we recall that such
transformation is obtained?® as the time-one map associated to the Hamiltonian

26Compare [4, (A.14)].
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flow of

Jiu(u) i
H, = ————e"Y 70
omg)= 3 e (70)
|k|<K, keA
Then, one can split Hy as
Hy(u,0) = H (u,0) + HP (u,02) ,  where o= (p1,p2) € T4 x T
with

o :: fi(w)  ing
o) (U,QO) _Z ka(]—)e ’
|k|<K, k€A k170
H® — Je) gy _
1) (U,@Q) Z ZkQ 'LUQ(I)e

k2| <K, (0,k2)€A
Using (64), one finds that Hél), Hf) verify

1 [1f1lo.s 2
1B e < B2 HY

o < W los (71)

= o

Since H(f) is independent on ¢4, from the generating equations of ¢, equation (71)
and Cauchy estimates, the bounds for |I; — I{| (69) follow.
Finally, when f does not depend on (p, ¢q) one can simply take m = 0. O
We now may proceed to sketch the proof of the Averaging theory in § 2, i.e.,
Proposition 1.
By the same considerations of footnote 20 of [4], we can limit ourselves to the case
e K5/6 < 32¢,,FE/asd. As in [4], we apply once Lemma A.1 with v = 1 := v/8;
0 = 0¢ := 5/6, thus, constructing a transformation ®y : Wi := Wi s+s1 — Wo sts)
with v = 3/4v, s1 = 2/3s which transforms H = h + f into H; = h + go + f1.
Similarly to (A.19) of [4], it follows that || fillyy, < £. By (69), one can replace
(A.20) of [4] with

a15|[1(1) - I, a25|1£1) — Do), agry|p™ —p|, asrylq —q| , agr|p™) — | < 8E .
Next, one proceeds as in (A21)=-(A.26) of [4], with W; := W, 54, replacing W;,

ag replacing o, E; := |/ fi|ly, replacing €;, in order to prove (25). Finally, (26)
follows by the same telescopic argument as in?" [4], except for taking into account,
as done above, the double scale (69) of the «;’s. O

Appendix B. Two—scale KAM theory (proof of Proposition 3). The proof
of Proposition 3 is based on the following iterative lemma. For the purpose of this
proof, we replace 7, with 7.

Lemma B.1 (Iterative Lemma). Under the same assumptions and notations of
Proposition 3, for any 1 < j € N, there exists a domain D; C R", two positive
numbers p;j, s; and a real-analytic and symplectic transformation ®; on W; =
(Dj)p, x T2, which conjugates Hy := H to

Hj :HQO(I)j :hj+fj

and such that the following holds. Letting, for j = 0, Dy := wy (Dyy.4e.r) N D,
So =8, poi=p, My :=M, M,y = M, My :=M, Ly:=L, Ey := E, Ky := K,

Sj

27Compare [4]: last formula before Appendix B.
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[)0 = [), EQ = E and, fOT’j Z 1, S5 = Sj_1/12, Mj = 2Mj_1, Mj = QMj_l,
Lj:=2L; 1, pj == pj—1/16,

E? | L;,_M? 6 E;L; M2\ -1
=0 K= o (7J - ) 72
J 72 J 5; g+ 2 (72)

N . B! Y2 } 3 E;L;
i = min , —= , pir s Ei=— 73
Pj { 3MjK;-r+l 3MjK;+1 Pj J p? (73)

then

(i) Dj € (Dj-1)p,_,/16; the frequency map w; := Oh; is a diffeomorphism of
(Dy),,; such that wj(D;) = w;j_1(Dj_1); the map

b= (ivis2) s 1€ Dyy =y owya(D) € D,

verifies

. . My B A
sup |Z]‘1 — 1d| S 5nﬁ1Ej_1pj_1 S 5nEj—1Pj—1 3

j—1
S My o A
sup |Zj2 - 1d| § 5nﬁEj_1pJ‘_1 § 5nEj—1Pj—1 (74)
j—1
L(ij —id) < 25nE; (75)

(i1) the perturbation f; has sup—Fourier norm on W;

If5llw; < E; (76)
(ii1) the real-analytic symplectomorphism ®; is obtained as &; = ¥ 0---0 T,
where
Uyt (I, 1) € Wi — (Ip—1,01-1) € Wit
verifies

3M .
sup [Ti—1,1(Ik, or) — Ipa] < EMEkquq

(Di) i X T2y

3~ .
sup [Ti—1,2(Ik, pr) — Ii 2] < iEk—lpk—l

(Dk)py, XTEy

3.
sup  |ok—1(lk, or) = on] < 7 Ep-186-1 (77)

(Di)py X2,

and the rescaled dimensionless map ¥y, — id = 1,3,S\I/kolpf’i —id, has Lipschitz

constant on (Dy) /5 X T?§+Sk)/s

. 94T+ L
,C(\I/k — ld) S 4n ( 6 ) Ek_1 (78)

where id denotes the identity map, lq denotes the d x d identity matriz,
1po = (p_llmif_lln), Dy == p~ 1Dy, T :=R/(27/s)Z;
() for any j>1, E; < E]2;1~
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Remark 3. Lemma B.1 generalizes the inductive theorem of [3, p. 144]. In [3], the
quantities E, 1, 72 are estimated as ~ pe’, €219, pe?t?, respectively®®. Indeed,
our approach allows to have E ~ ue® (and hence, essentially, to replace assumption
(A2) with (A2')), taking for 71, 72 the smallest possible values compatibly with
convergence, namely, v, ~ €/, v5 ~ pue®/? (compare (20) above). Such smaller
choice of 1, 72 with respect to [3] is important in order to improve the density of
the invariant set as in (18).

Proof. The proof is based on Proposition 1 (with m = 0, {1 = ny, s = na,
B = B’ = (). Notice that, by assumption and the choice of Dy, the following
inequalities hold, for j — 1 =10

éEj_l <1 (79)
Lj—l > max {Mj_l ,Mj_,ll,Mj_,ll} (80)
w(Dj-1) C Dy a7 - (81)

Let us assume (inductively) that, when j —1 > 0 (79), (80) and (81) hold and that,
for j —1 > 1, the Lemma holds with ®;_; =¥ ;0---0W;_;.

In order to describe the j™ step, for simplicity, we write p, p, s, M, M, M, L, K,

E,E,D,H h, f w= (wi,ws) for pj_1, pj—1, sj—1,etc. , --- and py, p4, 54, etc. ,
--- for pj, pj, sj, etc. , --- (the corresponding initial quantities will be called, as in
the statement, po, po, So, €tc. , -+ ).

By (81) and the choice of p (equation (73)), when 0 < |k| < K and I € D, the
following non resonance inequalities hold (which are checked as in (39) above)

2
3;_17 =:qa; when kj #0;

lwi (L) - k1 + w2 () - ko| > (82)

2
3;{2, =y when ki =0&ks#0.

The inequality K's > 6 is trivial by definition of K (see (72)) and also the smallness
condition (23) is easily met, since in this case d = ps and hence

K
2700
o

E
|| fllp,xtn,, < 2%co——— < éE <1
2prHDpx?rH_S s

having used ap > 2MKp, L > M, 25¢y < ¢ and (79). Thus, by Proposition 1
(with A= {0}, h=h,,g=0, f=f, W;,=D; xT?, ), Hmay be conjugated to
H+ Z:HO\I’+ :h++f+

where, by (25) and the choice of K,

ELM?
72

The conjugation is realized by an analytic transformation

1Dy axmy,, < €< E=E,. (83)

\I/+Z (I-‘r?sp-‘r)EDﬁ/2XT?+S/6H(I7§0)€DPAXT?+S .

28With a as in (7) above.
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Furthermore, in view of (26) (with ai, ay as in (82)), of a; > 2LKpM/M, of
ay > 2LKp, of Ks > 6 and of L > M~1, ]\}[’1, we have

3M ..

sup LTy, 94) — L4l < 1 ke (84)

Dﬁ/2ng+s/6 4

Similarly,
3 A 3.
Sup 2 (L1, p4) — It 2| < EEP ) sup lo(I4,p4) — @] < ZES .

Dpr2xTg /6 DpaxTy 6

(85)

Lemma B.2. The new frequency map w, := 0hy is injective on Dj/g and maps
Djj16 over w(D). The map iy = (iy1,i42) := wi' ow|p which assigns to a point
Iy € D the wy -pre-image of w(ly) in D16 satisfies

M, E ME M,E ME
sup i1 — id| < 5n 1 <b5n——, supliyo — id| <5n % <5n——,
D p D p
ME
L(iy —id) < 20— . (86)
p

Finally, the Jacobian matriz U, := 0%h_ is non singular on D; /s and the following
bounds hold

My :=2M > sup ||Uy|, My:=2M> sup |Uy], (87)
1€D, ;s I€D, /s
My :=2M > sup |U{'|, Mg :=2M;> sup |Tiyl|, i=1, 2.
5/8 €Dp/s
T
where Uyt =: ).
(7

Postponing for the moment the proof of this Lemma, we let p; := p/16, s4 :=
5/12, and Dy := i (D). By Lemma B.2, D, is a subset of D;,16 and hence

(D+4)ps C Dyys - (88)
At this point, (76) follows from (83) and (77) from (84), (85). We are now ready to
prove that E, = E;L+ < E?. Since

£y
T
s EiLiM3\-1 g2 ELM?\ -1
5+= 15 and x4y = (T) =3 where 1z := ( 2 ) (89)
we have
12 log 2 log 2
Ky = Sloga, =12 (log‘:z: 3log ) —oup - 01082 o
St s s s
Thus,
. : m V2 p p
= min , = , =—)> —— 90
P { SML KT BNk PTG } e
and , , ,
Eu+ _ Eté[“r < E L‘;w %4(24)2(7‘4’1) _ 8(24)2(T+1)EL‘24 E
P m? P m
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Now, using, in the last inequality, the bound

ELM? 1 EL 1 EL

1

= < _— =

712 9K2HD) [y, /(BMETH2 = 9. (6/5)20TD 32 9
(since K > 6/s) we find

(%) 2(T+1) E

. 8 . .
E, < §(45)T+1E2 < B2 (91)

(having used s < 1/4).

The estimate in (78) is a consequence of (84), (85), (88), (89), (90) and Cauchy
estimates:

LUy —id) < 20 sup  [[D(P - id)l|s

(D;)ps xT2,. .

N %EA’j,l max{p;_1/po,s/so0}
min{3p;-1/(8p0), sj-1/(12s0)}

j-1 1N\ I
2n 3/4(1/12) E;_1=4n <(24é ) E;_4.

1 j—1d—
3/8 (2(24)f+1>

Equations (74), (75) follow from (86), (87) (and the inequality L > M) at once.
Finally, by the bounds (87), we see that L, = 2L is an upper bound for M, , M;l,
]\Zf_;l; (91) easily implies éE; < 1 and wy(Dy) = w(D) C Do, +,,+ by definition of
D, . Take then ®; := ®;_; o U;, where ¥; = ¥, &5 = id. Having also checked

inequalities (79), (80), (81) after the j*I' step, Lemma B.1 is proved. O
Proof of Lemma B.2 Since h; =h + g and, by (25),
; 5

sup |g| < sup |g—f|+ sup [f| < - F (92)
5/2 Do Dpy2 4

(where f denotes the average of f), by Cauchy inequality,
SUPp,, g |0g|oo < E

sup [[0% g|| = sup [|0% gloc < - < ey <275 (93)
Djya Ds/a = p/8 (p/8)? P?
hence,
sup [|U+]| = sup [|0%hy]| = sup [0%h + &%
0/ p/a p/a
2 2 B
< sup [[07h|| + sup [|97g|| < M +2" 5 <2M .
Dj)a Djja P
The proof of supp_ , U] <2M is similar. Using
_ _ EM 1
sup [|0% g(9%h) | < sup |0%]| sup U] < 27— < o, (94)
Dp/a Dj/a Dj/a p
and this implies [|(1 + 8% g(9%*h)~!)71| < 2, so,
My <2My, Myy<2My, M, <2M. (95)

Injectivity of wy = w + dg on Dj/g follows from the non singularity of 0%h, over
D4 and the observation that two points I, I, € Dj/s with the same image would
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be closer (in 1-norm) than p/8:

L= = 1= I = o @) — o @)

< sup [|0(w )| sup [w(I}) —w(Iy )|

Dp/s Dpy/s
= sup||d(w )| sup [0g(I}) — dg(I1)h

Dy Doys

_ 2. Y )
< M~nL%E§23nE{W <2

3/8p p 8

From the inclusion w4 (Dj/16) D w+ (D), (3211) (the latter set is defined with respect
to 1-norm) and the uniform bound

nb/4E -
- <p/(32M) , 96
Lo < o/ (20) (96)
it follows that w, (Dj/16) D w(D). The first bound in (86) follows from (96):

sup w — w. |1 = sup|dgl <
D D

sup|i+1(I)—Il| = sup|i+1(I)—11|1
D D
= s%p|wllow1(l)—ll|1
— suplertown (D) it own(Ds
< sup Myq|wia (1) —wi(Dh
D

= 2M; sup|dg|y
D

ME
< bn——-.
p
The bound for supp |i42(I) — 2| in (86) is similar. Finally, from
. _supp, ., |8l ME
sup it (1) — Ioo < 2M sup |0g|eo < 2M Doy2 <28
Dy/s Dj/s 38 P

there follows

o, (D)~ ey

Li+—id) <n inf sup||D(i4+—id)||ec <m inf s < 2%, —
0<r<% D, o<r<% g -r p

(D(i4 — id) denoting the matrix of the derivatives of iy — id). O

We are now ready for the Proof of Proposition 3

Step 1 Construction of the “limit actions”
Define, on Dy = w™ (D, ,,7) N D,

7t01= ld, ijlzijoij_lo"'oil jZl (97)

The definition is well posed because (inductively) 7;_1(Dy) € wj__ll(D%ﬁ%T). Usual
telescopic arguments imply the uniform convergence of 7; to i = (i1,42) := lim; i;
on Dy and (compare (74)),

M, - My .
sup iy — id | < 10n—poEy , sup iy — id| < 10n=—=poEy (98)
Do M Do M
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and that
D, :=i(Dy) C (Dj),, forall j (99)
since
+oo
sup |7; — 7| < 5np; ZEk = 5np; ZEO < 10np1E0 < pi - (100)
k=1 k=1
In particular, (100) with ¢ = 0 implies
D, C (Do)ionpoEo C DionpoEo - (101)

By (75), letting p; := 25nE; one finds®

+oo

J
Ly —id) < JJO+m) -1 < JJO+m)-1. (102)

=1

~

=

Here the infinite product leolo(l + ;) converges, being bounded by

+00 I
TL0 w0 = oo |Slogt+ ) <o [zm]
1=0 L ¢ 1
< exp 26nEZ(E)l
L !
< exp _27nEA} <1+ 25nE

(103)
(having used the elementary estimate e* < 1 + 2z for 0 < z < 1). It follows from
(102), (103)
L(i— id) < limsup L(ij11 —id) < 2°nE . (104)
J
So, 7 is bi-Lipschitz, hence, injective on Dy, with lower and upper®’ Lipschitz
constants

L_(1)>(1—2%nE), L (1) <(1+2nF).
Step 2 Construction of ¢,

29Write ij41 1= ij41 — id = (3j41 — id) o (id +4;) + 44, so that
L(ij41) L1 = id) (14 £(i5)) + £(5)
= L0y (L1 — 1) +1) + L(s41 — id)
Iterating the above formula, we find
L(ij+1) < L(ij41—id) + 1+ L(Gj41 — id))L(5 — id) +
+ (A4 L@GEjp1 — id)) - (1 + L2 — id))L(1 — id)
g+l

= J]a+£L6e-id) -

k=1

IN

30We recall that, if f : R® — R™ is bi-Lipschitz, the lower, upper Lipschitz constant for f are

defined as
U@ =1 e =S

L_(f):=
a2y |z =yl oty Jo—yl
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Put, on W; = (Dj),, x Ty,
(I)j ;:\Illo-”O\I/j

and let W, := D, x T", so, by (99), W, C Nn;W,. The sequence {®;} converges
uniformly on W, as it is easily seen using (77) and usual telescopic arguments. Let
us call ® this limit and define

b (V) = ((vl(ﬁ;wL 2 (%5 w)), ¥ + u(ﬁ;w)) = B(i(wy (W), V)
for w € Dy, -, » Nwo(D). Since (99) imply, on D, !,

0,®—id[y = limsup[l;,®—id|; <lim Y sup |, ¥ —id,

L 1<k<j
3 My . - My . .

G —— By <2—F 1

= 4M/’OZ kS M, 0£0 » (105)

namely,
. My o, .

sup |11, ® — id|; < 2—FEppo (106)
W. Moy

and similarly,
sup |17, ® — id|; < 2Eopo , sup [I1,® — id | < 2FEgso (107)
W, W.

then, in view of (98), (106), (107), the definition of W, and the triangular inequality,
we have (35). Equations (101), (106), (107) also imply

= ¢u(T") C (Da)yp 50 X T" C Dy x T where 1 = 20nEopy -

Fmally, with similar arguments as in Step 1, by (78), the rescaled map defined on
D, xT?  as®= 150,50 P 0 15,5, = lim; Uio0---0 \Il has Lipschitz constant

5/s0?
~ ~ +0<3 A
L(®—id) <limsupL(¥; —id) < (A +a) -1 <eXre —1<2Y g < 2'nky,
J
(108)
T+1

T ko
where ¢, = 4n (24(;1) FE, provided

E<1. In particular, ®, hence, ®, and,
finally, the map (9, w) — ¢, () are bi-Lipschitz, hence, injective.

Step 3 For any w € D, 4, Nwo(D), Ty = ¢,(T") is a Lagrangian H-invariant
torus with frequency w.

We consider the action I, € D, as independent variable, so, if ¢;(Iy, o) denotes
the H-flow starting at (Ip, o), then, we have to prove

qbt(tb(l*,ﬁ)):cb(l*,ﬁ—i—w*(l*)t), where w, (L) := wo(i (L)) .

We can write

60 (L, ) = (L, + wu(L) D] = |0 (P, 9)) = DL, D + wa (1) 1) o
< 10u((L D) = 61 (25(1,0))|
+ |¢t(q>J 1*,19) O;(I,, 9+ w (I)1)]
+ P (L, 0 + wi(L)t) — D(Ly, ¥ 4+ wi (14)t)]

3111, denotes the projection on the z—variable, where z is I1, I or ¢.
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Due to the uniform convergence of ®; to ® on W, and continuous dependence on
the initial data, both

[0 (L, 0+ w, (1)) = (L, 0+ w, (L)D)
and
60 (@(1.,9)) = 60 (@5(1.,9)))]
go to 0 as j — 00, so, to conclude, we have to prove that
60 (@ (1, 9)) = @5 (1,9 + w. (L)0)

also goes to 0. Due to the canonicity of ®; on W}, we have
01(25(L.9)) = @, (¢1(1.,9))

with ¢7(I,,9) the H; = Ho ®; = h; + f;flow from (I,,?). Using (108), we are
reduced to prove that

¢l (1., 9) — (I, 9 + w, (1)) — 0

as j — —oo. But this is an easy consequence of the generating equations of

(L), 05(1)) = i (1., )

Lty =1, - / 0t (I (), 5 (r))dr
gﬁj(t):19+/0 a[(hj(.[j(’r))+fj(.[j(’i'),30j(7'))d’7'

making use of Cauchy estimates and the bounds of Lemma B.1.

Step 4 Measure Estimates (proof of (34))

In order to prove (34), we decompose
meas (Re (D) XT"\K) < meas (( Re (D,)\D) XT”) + meas (DX’JI‘”\K) . (109)

The measure of the second set in (109) can be estimated as follows. Since the map
i—id : Dy — D, is Lipschitz on Dy with Lipschitz constant verifying (104), by
a Theorem of Kirszbraun?, it can be extended to a Lipschitz function having the
same Lipschitz constant on the domain (Dy),,, where py = 10nEp/(1 — 25nE).
We denote i, — id such extension. Then, %, is a bi-Lipschitz extension (hence,
injective) of 7 on (Dy),,, with lower Lipschitz constant £_(i.) > 1 — 28nE. This
implies that 7, sends a ball with radius p; centered at Iy € Dy over a ball with
radius (1 — 28nE)p; = 10npE > supp, |7 — id| centered at i(lp), so as to conclude

ie((Do)pl) DDy .

32The9rem Assume A C R"™, and let f:A—=R™ be Lipschitz. Then, there exists a Lipschitz
function f: R™ — R™, such that f = f on A with L(f) = L(f). For a proof, see [9, §2.10.43].
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Then, since 7, is injective3,
meas (Do \ D*) = meas [ Dp \ #( )

(

= meas (DO \ Ze(D )
(i
(i

< meas (ic(Re (Do), \Ze(Do)>
< meas (io(Re (Do), \DO)>
< L))" meas (Re (Do), \Do)
< L(7)" meas (Re (Dy,) \ DO)
< E(i)”(meas (Re(Dm) \D) + meas (D \ Do)) .
Then,
meas (D \ D*) < meas (D \ DO) + meas (DO \ D*) (110)
< (1+£0)") meas (D\ Do) + £()" meas (D, \ D)
< \/a(meas (D \ Do) + meas (Dpl \D))

where ¢,, is as in the statement of Proposition 3. In turn, using (105), (107), (108),
we can repeat the above argument, with

d, K=dD,xT", D.xT", 2n, L@®), p=2E/(1—-2"nE)
replacing the previous
’Za D*7 DO) n, ‘C(i)’ P1
respectively, and we find
meas (D x T \K) < @(meas (D\ D. x T™) + meas (Re (D,) \ D x T"))

The result then follows by rescaling the variables, in view of (109), (110) and noticing
that p1, p2 := pp2 < r:=20nEp. O
Appendix C. Measure estimates (proof of Lemma 3.1). Let

Ry > max |wi|, a>max|p],

DxB}? D
Ry:=ar, U(I1):= Bp(0) x BR2 (woz(11)) = |J v@m) . (1)
IleD

By the choice of R; and since
jwa(I) = woz ()| = |B(I) | < [|B(I)||| | < af = Ry V1= (I1,I5) € D x By’

then, the set &/ in (111) is an open covering of the compact set Q@ = w(D x B,").
Hence, for a suitable positive integer p and Ifl), cee I:Ep) € D, we have that the
sets U; 1= U(I{l)) realize a covering of , namely, U, ;. U; D Q.

33Recall also the following classical fact: If f : A — R"™ is a Lipschitz function and A C R™ is
Lebesgue—measurable, then meas (f(A)) < L(f)™ meas (A). Compare, e.g., [8, Ch. 3].
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Now, we want to estimate the measure of the resonant set
Ryt a,r (112)
= U {IerB;‘"‘; |w(I)-k1|<k%|T}
1

(k1,ko)€EL™1 XZ™2
k170

{Ie D x B¢ |wa(I) - kol < 72}
0#ko €ZM2

The measure of the first set in (112) is bounded by

weas (U {repxBr s o b

kEZ™ ,k17#£0

|(0w) 7" meas (| {er - k||kT})

kEZ™,k1#0

p
< e 100 mens (U U{eevi k< gt}

kEZ™ k10 i=1

< gmax @) > 3 meas <{f”€U -kl < |k:}>

DxB kEZm k120 1<i<p

= max, ||(8w) oy Z/ dz

kEZM k1 #£0 1<i<p

< max
DxB.?

(113)

where

W]i = {,T:(.’I?l,mg)EUiZ | k1 +xo - k2‘< |k’|T} .

Now, as k; = (k%l),~o ,kinl)) =% 0, there exists 1 < j < ny such that |k§j)| # 0.
Perform, then, the change of variables

(m)

Zm = T3 for 1<m<mn,,m=#j,
Zj:.’L‘l'kil—f—xQ']{)Q,

— plm=n1) _
Zm = Ty or m+1<m<n=n;+ns,

where xz(-j ) denotes the 4t component of ;. Define the set W,ﬁ as the set of points

2= (2, ,2) verifying the following two conditions

((zi,--~, 2 1,—{2—2 zZ k(m Z z;lkém)}zéﬂ,--wz;l) € B (0)

m#j n1+1<m<n

41 < i+ G200 € B (o))
define also the set Ci as the set of points 2/ = (z{,---,2},) such that, for m =
ni + 1u LM,

ol < Ry for L <m #§ <, |2] < o T2 —wn()] < R
Then, Ci D VNV,Q and, since |k;| > 1,
1 1
der = — dz < — dz < dz = R~ 1R"2 m

wi k| v kil Je: ci k|



576 LUIGI CHIERCHIA AND GABRIELLA PINZARI

Hence, inserting this expression into (113), we find

meas( U {I Cw() k| < |Z|1¢ })

kEZ™ k1 #£0

_ _ 1
@ IR R S o
kEZ™ k1 £0
< max [(0) PR Ry e, 7) oo
X5y

< max

-Sng
x B

= max H((?w)_1 ||"R?171a"2f’”20(n, )P

DxB}?

c1y1 meas (D x BZ?) |

where ¢; is as in (58). We now estimate the measure of the second set in (112). By
Fubini’s Theorem,

meas | J {I: lwao (1) - ks < |]:22|T}:/DdI/U dl, (114)

0ky €Z™2 kg0 We(I)

where

AN {IQGE?(O)Z (woa (1) + BUNE) - k| < -2 }
OkscZn2

Perform, in the inner integral, the change of variable zo = wo2(I1) + B(I1)I2 and
let

Gt = {”ZGR“: B(L) M@z — woa(11)) € BE(0) |xk<|l:|}

c {zz €R™ : x5 € Bp(woa(l1)) , |z2-ko| < |1:22|} = Cr(I1)

since, if 2o € Ci(I1), then, x5 € Eﬁg(h)\lf C Bj:. Then, proceeding as done for the
first part of the proof (i.e. , with a suitable change of variable, for which z§ = T9-ko

if k‘éj) #0; 2, = x;m) for m # j), we find

/ . dIQ S mngH/B*lan/ ~ d]z
Ukaka(h) D UkQ;éoCk(Il)
< mgx”ﬁ_l”m/ ) dxo
D Uk2¢ock(ll)
1
< —1 ngR’VZQ*l .
< max |57 RE T e Y

ka#£0

Hence, inserting this value into (114) and since

R e 1
Ry =ai and 7#"~!= —meas(B}?),
7
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we find
meas( U {I: |w2(I).k2|§'Y2})
Osthyezn k2|7
2 EZL™2
< meas (D) max || 371|"2 RS> 'yqc(ng, 7)
D
= 021? meas (D x B}?)
7
where ¢z is as in (58). O

Acknowledgments. The authors are grateful to Luca Biasco, Jacques Féjoz and
Ugo Locatelli for many helpful discussions.
This paper is based on the PhD thesis [13].

[1]

2]

(3

[4]

5

[6]
[7]
(8]
[9)

(10]

(11]
(12]

(13]

14]
[15]

(16]

REFERENCES

K. Abdullah and A. Albouy, On a strange resonance noticed by M. Herman, Regul. Chaotic
Dyn., 6 (2001), 421-432.

V. I. Arnold, “Mathematical Methods of Classical Mechanics,” Translated from the Russian
by K. Vogtmann and A. Weinstein, Second edition. Graduate Texts in Mathematics, 60.
Springer-Verlag, New York, 1989.

V. 1. Arnold, Small denominators and problems of stability of motion in classical and celestial
mechanics, (Russian) Uspehi Mat. Nauk, 18 (1963), 91-192; English translation, Russian
Math. Surveys, 18 (1963), 85-191.

L. Biasco, L. Chierchia and E. Valdinoci, Elliptic two-dimensional invariant tori for the
planetary three-body problem, Arch. Rational Mech. Anal., 170 (2003), 91-135.

A. Celletti and L. Chierchia, KAM stability and celestial mechanics, Mem. Amer. Math. Soc.,
187 (2007), viii+134pp.

L. Chierchia and F. Pusateri, Analytic Lagrangian tori for the planetary many-body problem,
Ergodic Theory Dynam. Systems, 29 ( 2009), 849-873.

A. Deprit, Elimination of the nodes in problems of n bodies, Celestial Mech., 30 (1983),
181-195.

L. C. Evans and R. F. Gariepy, “Measure Theory and Fine Properties of Functions,” Studies
in Advanced Mathematics. CRC Press, Boca Raton, FL, 1992.

H. Federer, “Geometric Measure Theory,” Die Grundlehren der mathematischen Wis-
senschaften, Band 153 Springer-Verlag New York Inc., New York 1969.

J. Féjoz, Démonstration du ‘théoréme d’Arnold’ sur la stabilité du systéme planétaire (d’aprés
Herman), (French)Ergodic Theory Dynam. Systems, 24 (2004), 1521-1582. Revised version
(2007) at http://people.math. jussieu.fr/~fejoz/articles.html.

H. Hofer, E. Zehnder, “Symplectic Invariants and Hamiltonian Dynamics,” Birkhduser Ad-
vanced Texts: Basler Lehrbiicher. Birkh&user Verlag, Basel, 1994.

U. Locatelli and A. Giorgilli, Invariant tori in the Sun-Jupiter-Saturn system, Discrete Con-
tin. Dyn. Syst. Ser. B, 7 (2007), 377-398 (electronic).

G. Pinzari, “On the Kolmogorov Set for Many—Body Problems,” PhD thesis, Universita degli
Studi Roma Tre, April 2009, Available at http://ricerca.mat.uniroma3.it/dottorato/
tesi.html.

J. Poschel, Nekhoroshev estimates for quasi-conver Hamiltonian systems, Math. Z., 213
(1993), 187-216.

P. Robutel, Stability of the planetary three-body problem. II. KAM theory and existence of
quasiperiodic motions, Celestial Mech. Dynam. Astronom., 62 (1995), 219-261.

H. Riissmann, Nondegeneracy in the perturbation theory of integrable dynamical systems,
Stochastics, algebra and analysis in classical and quantum dynamics (Marseille, 1988), 211—
223, Math. Appl., 59, Kluwer Acad. Publ., Dordrecht, 1990.


http://www.ams.org/mathscinet-getitem?mr=MR1876533&return=pdf
http://dx.doi.org/doi:10.1070/RD2001v006n04ABEH000186
http://www.ams.org/mathscinet-getitem?mr=MR997295&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR170705&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2017886&return=pdf
http://dx.doi.org/doi:10.1007/s00205-003-0269-2
http://dx.doi.org/doi:10.1007/s00205-003-0269-2
http://www.ams.org/mathscinet-getitem?mr=MR2307840&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2505319&return=pdf
http://dx.doi.org/doi:10.1017/S0143385708000503
http://www.ams.org/mathscinet-getitem?mr=MR711657&return=pdf
http://dx.doi.org/doi:10.1007/BF01234305
http://www.ams.org/mathscinet-getitem?mr=MR1158660&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR257325&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2104595&return=pdf
http://people.math.jussieu.fr/~fejoz/articles.html
http://www.ams.org/mathscinet-getitem?mr=MR1306732&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2276414&return=pdf
http://ricerca.mat.uniroma3.it/dottorato/tesi.html
http://ricerca.mat.uniroma3.it/dottorato/tesi.html
http://www.ams.org/mathscinet-getitem?mr=MR1221713&return=pdf
http://dx.doi.org/doi:10.1007/BF03025718
http://www.ams.org/mathscinet-getitem?mr=MR1364478&return=pdf
http://dx.doi.org/doi:10.1007/BF00692089
http://dx.doi.org/doi:10.1007/BF00692089
http://www.ams.org/mathscinet-getitem?mr=MR1052709&return=pdf

578 LUIGI CHIERCHIA AND GABRIELLA PINZARI

[17] M. B. Sevryuk, The classical KAM theory at the dawn of the twenty-first century, Dedicated
to Vladimir Igorevich Arnold on the occasion of his 65th birthday, Mosc. Math. J., 3 (2003),
1113-1144, 1201-1202.

[18] J. Williamson, On the algebraic problem concerning the normal forms of linear dynamical
systems, Amer. J. Math., 58 (1936), 141-163.

Received April 2009; revised May 2010.

E-mail address: luigi@mat.uniroma3.it
E-mail address: pinzari@mat.uniroma3.it


http://www.ams.org/mathscinet-getitem?mr=MR2078576&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1507138&return=pdf
http://dx.doi.org/doi:10.2307/2371062
http://dx.doi.org/doi:10.2307/2371062

	1. Introduction and results
	2. Tools: Averaging, Birkhoff normal form and two--scale KAM
	2.1.  Averaging theory
	2.2. Birkhoff normal form
	2.3. Two--scale KAM theory

	3. Proof of Theorem 1.4
	4. Proof of Theorem 1.3
	Appendix A. Averaging theory (Proposition 1)
	Appendix B. Two--scale KAM theory (proof of Proposition 3)
	Appendix C. Measure estimates (proof of Lemma 3.1)
	Acknowledgments
	REFERENCES

