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Abstract The 6n-dimensional phase space of the planetary (1 + n)-body
problem (after the classical reduction of the total linear momentum) is shown
to be foliated by symplectic leaves of dimension (6n − 2) invariant for the
planetary Hamiltonian H. Such foliation is described by means of a new
global set of Darboux coordinates related to a symplectic (partial) reduction
of rotations. On each symplectic leaf H has the same form and it is shown
to preserve classical symmetries. Further sets of Darboux coordinates may be
introduced on the symplectic leaves so as to achieve a complete (total) reduc-
tion of rotations. Next, by explicit computations, it is shown that, in the re-
duced settings, certain degeneracies are removed. In particular, full torsion is
checked both in the partially and totally reduced settings. As a consequence, a
new direct proof of Arnold’s theorem (Arnold in Russ. Math. Surv. 18(6):85–
191, 1963) on the stability of planetary system (both in the partially and in the
totally reduced setting) is easily deduced, producing Diophantine Lagrangian
invariant tori of dimension (3n − 1) and (3n − 2). Finally, elliptic lower di-
mensional tori bifurcating from the secular equilibrium are easily obtained.
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1 Introduction

A major breakthrough in the mathematical treatment of the three-body prob-
lem was the “reduction of the nodes” introduced by Jacobi in 1842 [19]. Ja-
cobi’s reduction allows to lower the number of differential equations which
describe the dynamics, frees the system from extra integrals of motion (re-
lated to invariance by rotation) and, in general, clarifies the structure of the
phase space.1 Applications of the reduction of the nodes in the general theory
of the three-body problem are countless.

1For a symplectic version of Jacobi’s reduction of the nodes, see, e.g., [6, §4.4].
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Jacobi’s reduction was fully generalized to the general spatial N -body
problem only in 1983 by A. Deprit [12], but, strangely enough, Deprit’s
reduction did not have a similar mathematical success.2 This fact might be
partly due to the pessimistic attitude of Deprit himself, who at p. 194 of [12],
writes: “Whether the new phase variables (34) and (35) are practical in the
General Theory of Perturbations is an open question. At least for planetary
theories, the answer is likely to be negative [. . .]”.

In this paper we show how, starting from Deprit’s reduction of the nodes,
one can give a new description of the analytic structure of the phase space
of the general N -body system, which not only might have some theoretical
interest in itself, but can be useful in practical computations. For example, we
will explicitly compute the second order Birkhoff invariants of the (reduced)
secular planetary3 perturbation showing, in particular, full torsion of the sec-
ular planetary system. This fact leads immediately to a new “direct” proof of
a celebrated theorem by V.I. Arnold on the existence of a positive measure
set of phase points evolving in relatively bounded motions in the planetary
(1 + n)-body problem for small values of the planet masses.

Before describing our results, let us briefly discuss the history of Arnold’s
theorem, which illustrates quite well the fundamental rôle of having “proper”
analytic symplectic variables for general N -body systems. In 1963 V.I.
Arnold [2] claimed that, in the general spatial planetary (1 + n)-body prob-
lem, there is a positive Liouville measure set of phase space points whose
evolution lies on invariant (3n−1)-dimensional Lagrangian Diophantine tori,
solving a more than centennial problem. Arnold gave a complete proof for the
planar three-body case,4 giving some indications on how to generalize his ap-
proach. Very roughly, Arnold’s scheme of proof consists in: averaging the
planetary Hamiltonian over the mean anomalies (“fast angles”); put the av-
eraged system (the “secular system”) in Birkhoff normal form up to order
four5; introduce polar symplectic variables for the secular system and check
Kolmogorov’s non-degeneracy, i.e., the non-degeneracy of the matrix of the
second order Birkhoff invariants (“torsion”), so as to apply a KAM theorem
for properly-degenerate systems.6

2At the present date, the MathSciNet database (MR0682462) shows only one citation of De-
prit’s paper.
3In the planetary (1 + n)-body problem one considers one star and n planets—all regarded as
point masses—interacting only through gravity.
4In this case the degrees of freedom are four and the tori are 4-dimensional.
5Actually, Arnold requires the Birkhoff normal form up to order six, but this is not necessary,
compare [10].
6We recall that a properly-degenerate Hamiltonian system is a system for which the unper-
turbed Hamiltonian does not depend on all the action-variables. In [2, Chap. 4], Arnold worked
out a general KAM theory for properly–degenerate Hamiltonian systems for which the aver-
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For many years it was believed that the problem was completely settled
by Arnold, also in view of authoritative endorsements, compare, e.g., Siegel-
Moser’s Lectures on Celestial Mechanics [27, p. 277]. However, M. Herman
in the 1990’s realized that there were serious hindrances preventing the exten-
sion of Arnold’s approach to the general case. Incidentally, by using Jacobi’s
reduction of the nodes, in 1995, Robutel [25] extended Arnold’s proof to the
spatial three-body case.

The first problem is related to the presence of secular resonances, i.e., res-
onances among the first order Birkhoff invariants �i of the secular perturba-
tion. In particular, Herman discovered a strange resonance that seemed not to
have been fully noticed before, namely that the sum of �i’s vanishes.7 These
resonances prevent standard applications of Birkhoff normal form theory8

and, what is worst for Herman’s approach (which we will shortly recall), they
imply that the frequency map lies on a plane. A second problem in trying to
pursue Arnold’s strategy is the allegedly lack of torsion of the secular pertur-
bation. Herman, using Poincaré variables,9 tried to compute the torsion in the
three-body case (in a suitable asymptotics) but did not succeed and computed,
instead, the Birkhoff invariants for a modified system.10 Indeed, it is a fact that
the torsion computed in Poincaré variables are degenerate at all orders [9].

To overcome such problems, Herman (unpublished), and later Féjoz in
2004 [15, 16], introduced two ideas: 1) use a weaker KAM theory based on
non-degeneracy conditions involving only the first order Birkhoff invariants
�i , i.e., one requires that the map a →�(a) is non planar (a being the vector
of the n semimajor axes and “non planar” means that � has not to be con-
tained in any hyperplane); 2) use a trick by Poincarè, consisting in modifying
the Hamiltonian by adding a commuting Hamiltonian, so as to remove the de-
generacy: by a Lagrangian intersection theory argument, commuting Hamil-
tonians have the same maximal transitive invariant tori, so that the KAM tori
constructed for the modified Hamiltonian are indeed invariant tori also for
the original system. Incidentally, we mention that Herman’s KAM theory in
[15] yields smooth tori also if the Hamiltonian system is analytic; for a real-
analytic version of Herman’s KAM theory, see [11].

aged perturbation admits an elliptic equilibrium. Such theory has been revisited and strength-
ened in [10]. We also recall that in properly-degenerate systems there appear two perturbative
parameters: one (say μ) measures the size of the perturbation and a second one (say ε) mea-
sures the distance from the reference elliptic equilibrium of the averaged perturbation.
7This resonance is now known as “Herman resonance”; for more information, compare [1],
[15] and Sect. 7.1 below.
8For generalities on Birkhoff normal forms and Birkhoff invariants, see [18].
9See, e.g., [15, §6,1] and references therein.
10Compare [17] and in particular the remark at the end of p. 24 where Herman says: “J’ignore
si detT2(a) est identiquement nulle!”, where T2 is the (4 × 4)-matrix of the second order
Birkhoff invariants for the three-body case and a the ratio of the semimajor axes.
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Let us now describe the results obtained in this paper.
First, we recall that the phase space of the planetary (1 + n)-body prob-

lem, after the classical Poincarè reduction of the linear momentum, is 6n-
dimensional and is endowed with standard (heliocentric) symplectic vari-
ables. On such phase space we introduce a new set of Darboux coordinates,
which we call Regularized Planetary Symplectic (RPS) variables: such vari-
ables are analytic in a neighborhood of the secular elliptic equilibrium, cor-
responding to co-planar and co-circular motions, of the secular Hamiltonian.
The RPS variables are obtained, first, by considering an action-angle version
of Deprit’s variables and then performing a Poincarè regularization to remove
the singularity due to the vanishing of the eccentricities and mutual inclina-
tions.

The RPS variables (�,λ, z) := (�,λ,η, ξ,p, q) ∈ R
n × T

n ×B4n, T
n be-

ing the standard flat n-dimensional torus and B4n denoting a ball around the
origin in R

4n, share with the spatial Poincaré variables several nice features
related to symmetries. In fact, the averaged perturbation, expressed in RPS
variables, is even in the secular variables z and commutes with rotations; the
d’Alembert relations in the quadratic forms describing the linearized secu-
lar system are retained. But unlike Poincaré variables, RPS variables may be
used to perform a partial and total symplectic reduction of the (1 + n)-body
problem.11 In particular, the partial reduction leads to a remarkable symplectic
foliation of the phase space into invariant symplectic submanifold (“symplec-
tic leaves”) with a prescribed orientation of the total angular momentum.

The partial symplectic reduction (3n− 1 degrees of freedom) may be de-
scribed as follows. The region M6n of the phase space corresponding to
bounded motions in the integrable limit is foliated by (6n − 2)-dimensional
symplectic leaves M6n−2

p∗
n,q

∗
n
, which are invariant for the planetary flow. In fact,

two conjugated variables pn and qn, depending only upon the total angular
momentum, are both cyclic for the planetary Hamiltonian H, and the invari-
ant leaves M6n−2

p∗
n,q

∗
n

are sections obtained by fixing pn = p∗
n and qn = q∗

n . The

induced symplectic form on any leaf is simply d�∧dλ+dη∧dξ +dp̄∧dq̄

where p̄ and q̄ denote the first (n − 1) components of p and q . Further-
more, the restriction of H to each symplectic leaf is the same and is given
by hKep(�) + μf (�,λ,η, ξ, p̄, q̄), where hKep coincide with the classical
expression of n-decoupled two-body systems in Delaunay variables.

We then study the secular Hamiltonian fav (i.e., the average over the λ’s

of f ) on M6n−2
p∗
n,q

∗
n
. The first order Birkhoff invariants of fav satisfy identically

only Herman’s resonance, while the well known “rotational resonance” (one
of the first order Birkhoff invariant vanishing identically) present in the unre-
duced setting, disappears.

11For formal series reductions based on Poincaré variables, see [21].
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Now, it is a general fact (discussed in Sect. 7.2 below), that, for rotational
invariant Hamiltonian systems, the construction of the Birkhoff normal form
is simpler: indeed the only dangerous resonances (leading to zero divisors)
are those non-vanishing integer vectors k for which

∑
ki = 0. Since fav is

rotation invariant, one sees immediately that Herman’s resonance does not
affect the construction of Birkhoff normal form, which is explicitly carried out
up to order four in the limit of well separated semimajor axes. In particular,
we show that the matrix formed by the second order Birkhoff invariant is
non-singular, proving full torsion of the secular Hamiltonian.12

The total symplectic reduction (3n − 2 degrees of freedom) may be de-
scribed as follows. Since the planetary Hamiltonian is the same on any sym-
plectic leaf M6n−2

p∗
n,q

∗
n
, without loss of generality, one can consider only the “ver-

tical leaf” M6n−2
0 = M6n−2

0,0 . In an open region avoiding certain “conic sin-
gularities” (compare (9.7)), we introduce a new set of Darboux coordinates,
which includes the symplectic couple (G,g) ∈ R+ × T, where G denotes
the Euclidean length of the total angular momentum. Since G is an integral,
the periodic variable g is cyclic and the motion is described by a (3n − 2)-
degrees of freedom system (M̂6n−4

G
, ĤG) where the phase space M̂6n−4

G
is

endowed with the standard symplectic form d�∧ dλ̂+ dη̂ ∧ dξ̂ + dp̂ ∧ dq̂ ,
with (p̂, q̂) ∈ R

2(n−2). Symmetries are now broken and in particular the secu-
lar origin is no longer an equilibrium for the averaged perturbation. However,
(essentially through the standard Implicit Function Theorem) one can per-
form a symplectic re-centering of the variables and still compute the Birkhoff
normal form up to order four and check again full torsion.

In particular, we see that in the partially reduced setting there still is an
independent commuting integral (namely, G), while in the totally reduced
system the are no other integrals related to invariance by rotations. Similarly,
in the partially reduced setting, Herman’s resonance is the only resonance
among the first order Birkhoff invariants, while in the totally reduced setting
no secular resonances exist.

As an application of the above theory, we consider the persistence of quasi-
periodic motions for small values of the planetary masses.

We show how to construct the Birkhoff normal form up to order four
in both the partially and totally reduced settings and then check the non-
vanishing of the torsion in all symplectic leaves. This fact allow to resume
Arnold’s direct approach and give a complete proof of Arnold’s theorem.
Furthermore, having Kolmogorov’s non-degeneracy allows for explicit (and
sharp) measure estimates: in the partially reduced case, if ε denotes the dis-
tance from the elliptic equilibrium, the Kolmogorov’s set (i.e., the union of

12On the other hand, as mentioned above, the torsion evaluated in the unreduced (6n)-
dimensional phase space is identically zero.
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(3n−1)-dimensional Diophantine tori) fill asymptotically an open set of mea-
sure ε4n−2 with a density of order 1 − √

ε; compare (11.2) below.
In the fully reduced setting one obtains a positive measure set of invari-

ant Lagrangian KAM tori in M̂6n−4
G

with (3n− 2) Diophantine frequencies;
indeed, the estimate on the measure of the Kolmogorov’s set in M̂6n−4

G
im-

proves, being proportional to ε4n−4. Lifting such tori in M6n−2 amounts to a
trivial rotation, leading to (3n− 1)-dimensional tori; however such tori may
now be Diophantine, Liouvillean or resonant according to the value of the
quasi-periodic average of ∂G ĤG (integrated along the motion). Incidentally,
we notice that, in the 6n-dimensional “ambient” phase space all the invariant
tori constructed are resonant since the RPS variables pn and qn do not move.

We finally turn to study the bifurcation of the linear elliptic equilibrium
corresponding to Keplerian motions in the fast variables. We prove that such
linear equilibrium bifurcates, in the fully non-linear setting, into Cantor fam-
ilies of n-dimensional elliptic Diophantine tori; for more comments and ref-
erences on this topic, see Sect. 11.2 below.

The organization of the paper is reflected by the table of contents reported
above. As the reader might have noticed the paper contains also a lengthy
appendix (Appendix B), where the averaged secular Hamiltonian is expanded
in RPS variables up to order 4. This computation is clearly central for the
computation of the Birkhoff normal forms and for checking the full torsion
of the planetary system, which is the main hypothesis for constructing KAM
tori, both in partially and totally reduced settings. On the other hand, once the
symmetries are established and the form of the expansion is therefore derived
(Sect. 6), these computations are in a sense “straightforward” and this is the
reason why they are relegated to the appendix. Another reason to spell out
these computations is to convince the reader that they can be done by pencil
and paper.

2 The planetary Hamiltonian in Cartesian variables

Let us consider the planetary (1+n)-body system, i.e., a system of n+1 bod-
ies (point masses) with masses m0 (corresponding to “the star” or the Sun)
and μmi (corresponding to n “planets”), subject only to the mutual gravita-
tion attraction.13 By translation invariance of the Newton equations governing
this system, we can restrict our attention to the invariant, symplectic subman-
ifold of vanishing total linear momentum and zero center of mass. On such
manifold, following Poincaré, one can introduce symplectic heliocentric co-
ordinates, eliminating the coordinates of the Sun and lowering the number of

13Eventually, μ will be taken 0 <μ� 1.
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degrees of freedom by 3 units. In such coordinates the planetary system is
governed by the Hamiltonian

Hplt =
∑

1≤i≤n

( |y(i)|2
2Mi

− Mim̄i

|x(i)|
)

+μ
∑

1≤i<j≤n

(
y(i) · y(j)

m0
− mimj

|x(i) − x(j)|
)

=: hplt +μfplt (2.1)

where x(i) = (x
(i)
1 , x

(i)
2 , x

(i)
3 ) ∈ R

3, y(i) = (y
(i)
1 , y

(i)
2 , y

(i)
3 ) ∈ R

3 are standard
symplectic conjugate variables, x · y =∑1≤i≤3 xiyi and |x| := (x · x)1/2 de-
note, respectively, the standard inner product in R

3 and the Euclidean norm;

Mi := m0mi

m0 +μmi

, m̄i :=m0 +μmi;

the phase space is the collisionless domain

P 6n := {(y, x)= ((y(1), . . . , y(n)), (x(1), . . . , x(n)))

∈ R
3n × R

3n : 0 	= x(i) 	= x(j) ∀i 	= j
}
, (2.2)

endowed with the standard symplectic form

∑

1≤i≤n
dy(i) ∧ dx(i) =

∑

1≤i≤n

∑

1≤j≤3

dy
(i)
j ∧ dx

(i)
j .

Physically, the coordinates x(i) represent the difference between the position
of the ith planet and the position of the Sun, while y(i) are the associated
symplectic momenta rescaled by μ; the position and velocity of the Sun is
recovered by recalling that the center of mass and the total linear momentum
are zero. For details, see, e.g., [15, §6.1] and references therein.14

The Hamiltonian hplt, as well known, describes the integrable limit given
by n decoupled two-body systems formed by the Sun and the ith planet.

In this way symplectic reduction of the total linear momentum has been
achieved, but the three components C1, C2, C3 of the total angular momentum

C :=
∑

1≤i≤n
x(i) × y(i)

are still integrals for the Hamiltonian (2.1). Such integrals are independent
but do not commute, as the well known cyclic Poisson commutation rules

14The parameters μ, Mj , m̄j here correspond to, respectively, ε, μj , Mj in [15].
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hold. Nevertheless one can form, out of them, two independent commuting
integrals, for example:

C3 =
∑

1≤i≤n

(
x
(i)
1 y

(i)
2 − x

(i)
2 y

(i)
1

)
and G := |C| =

∣
∣
∣
∣

∑

1≤i≤n
x(i) × y(i)

∣
∣
∣
∣. (2.3)

The conservation of C3 and G along the Hplt-trajectories is equivalent to the
invariance of Hplt under rotations around the k(3)-axis15 and around the C-
axis, and will be at the basis of the further symplectic reductions described in
Sects. 5 and 9 below.

3 Deprit’s action-angle variables

Following Deprit [12], we introduce, in an open subset of P 6n avoiding co-
circular and co-planar phase points, a remarkable set of action-angle vari-
ables. In the next two sections, after regularizing such variables (allowing
again for co-circular and co-planar points), we will achieve the symplectic
reduction of the inclination of the total angular momentum C and find a
global symplectic chart for the reduced symplectic submanifolds of dimen-
sion (6n− 2), which foliate the phase space.

Consider the flow (y(i), x(i)) → φthi
(y(i), x(i)) generated by the two-body

problem Hamiltonian

hi(y
(i), x(i)) := |y(i)|2

2Mi

− Mim̄i

|x(i)| with y(i) ∈ R
3, x(i) ∈ R

3 \ {0}. (3.1)

As well known, initial data (y(i), x(i)) with strictly negative energies
hi(y

(i), x(i)) = Ei < 0 give rise to bounded motions, evolving on Kep-
lerian ellipses Ei = Ei(y

(i), x(i)), having one focus in the origin. Let ai =
ai(y

(i), x(i)), ei = ei(y
(i), x(i)) denote, respectively, the semimajor axis and

the eccentricity of Ei(y
(i), x(i)),

C(i) := x(i) × y(i)

the angular momentum of the ith the planet, orthogonal to the plane of Ei and,
finally,

S(i) :=
i∑

j=1

C(j)

15(k(1), k(2), k(3)) denotes the standard orthonormal basis in R
3, i.e., k(i)

j
= δij , where δij

denotes the usual Kronecker delta.
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the “partial” angular momentum of the first i planets, for16 i = 2, . . . , n.
We consider the following phase spaces.

(D) D6n := the set of phase points17 (y, x) ∈ P 6n such that: Ei < 0; ei < 1;
S(i) is not anti-parallel18 to C(i) for 2 ≤ i ≤ n; C is not anti-parallel to
k(3).

(D∗) D6n∗ := the subset of D6n where the following inequalities also hold:

D6n∗ ⊂ D6n:
⎧
⎨

⎩

ei(y
(i), x(i)) > 0,

S(i) × C(i) 	= 0, ∀2 ≤ i ≤ n.

k(3) × C 	= 0,
(3.2)

Deprit action-angle variables19 ((L,�,�), (, γ,ψ)) are defined through a
symplectic map

φ∗ : (y, x) ∈ D6n∗ → ((L,�,�), (, γ,ψ)
) ∈ (0,+∞)3n−1 ×R×T

3n (3.3)

which we now proceed to describe.

(D1) The variables L= (L1, . . . ,Ln), = (1, . . . , n) and � = (�1, . . . ,�n)

are standard planar Delaunay variables,20 namely:

– Li :=Mi

√
m̄iai , where ai is semimajor axis of Ei ;

– the angle conjugated to Li is the mean anomaly i of x(i), i.e., the
area spanned by the orbital radius starting from the ith perihelion Pi
(:= the point of Ei at minimum distance from a focus) and ending at
x(i), normalized to 2π ;

– the action variable �i = |C(i)| is the Euclidean length of the ith angu-
lar momentum21 C(i).

(D2) For 1 ≤ i ≤ n− 1, �i := |S(i+1)|, while �n := C3 is the vertical com-
ponent of the total angular momentum as in (2.3). Notice that �n−1 =
|S(n)| = |C(1) + · · · + C(n)| = |C| =:G.

To describe the remaining Deprit angles γi and ψi , we introduce the follow-
ing notations. Given three non vanishing vectors u, v and w of R

3, with w

16In [12], Deprit uses the different (but equivalent) convention S(i) =∑n
j=i+1 C(j).

17Taking the phase points in the collisionless phase space P 6n (2.2) is actually only needed
in considering the planetary Hamiltonian, but could be disregarded in the general symplectic-
geometry arguments.
18We say that u and v in R

3 are anti-parallel if u× v = 0 and u · v < 0.
19Actually, the variables in [12] are slightly different from the variables in (3.3), compare
Remark 3.1-(i) below.
20For an analytical description of planar Delaunay variables see, e.g., [7, §3.2].
21Recall also the classical relation �i := |C(i)| = Li

√
1 − e2

i
.
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orthogonal to u and v, we denote as αw(u, v) the positively oriented angle be-
tween u and v in the plane πw orthogonal to22 w. We also denote by Rw(g)

the positive (3 × 3)-matrix rotation by an angle g around the axis oriented
as23 w.

In view of (3.2), on D6n∗ the following “nodes” are well defined.24

ν̄ := k(3) × C, νi :=
{

C(1) × C(2) i = 1,
S(i) × C(i) 2 ≤ i ≤ n.

(3.4)

(D3) γi := αC(i) (νi,Pi), i.e., γi is (in the plane orthogonal C(i)) the “argu-
ment of the perihelion with respect to the node the νi”. Thus, γi differs
form the Delaunay’s angle gi , which is defined as the argument of the
perihelion with respect to the node ν̄i := k(3) × C(i), simply by a shift:

γi = αC(i) (νi,Pi)= αC(i) (νi, ν̄i)+ αC(i) (ν̄i , Pi)= αC(i) (νi, ν̄i)+ gi ,

ν̄i := k(3) × C(i). (3.5)

(D4) ψn−1 := αC(ν̄, νn) and25 ψn := αk(3)(k
(1), ν̄).

(D5) When n > 2, the angles ψ1, . . . ,ψn−2 are defined as26 ψi :=
αS(i+1)(νi+2, νi+1), 1 ≤ i ≤ n− 2.

Remark 3.1 (i) In Appendix A.1 it is given the analytic expression of the
map φ−1∗ . Here, we just remark that the variables (L,�, , γ ) are “horizontal
variables”: each quadruple (Li,�i, i, γi) describes the position of the ith

planet on its orbital plane, while the variables (�,ψ) play the rôle of “vertical
variables”, since they are related to the orientations of the different orbital
planes.

In the original paper by Deprit we find a different set of horizontal vari-
ables, namely, the set

(R,�, r,φ)= ((R1, . . . ,Rn), (�1, . . . ,�n), (r1, . . . , rn), (φ1, . . . , φn)
)
,

(3.6)

22For example, if u= k(1), v = k(2) and w = k(3), then αk(3) (k
(1), k(2))= π/2.

23For example, Rk(3) (π/2)k(1) = k(2).
24I.e., do not vanish. Notice that (for later convenience) the node ν1 is defined as ν1 = ν2 (and
that assumption (3.2) with i = 2 implies ν1 	= 0). In [12] ν1 is chosen with the opposite sign,
possibly to recover, for n = 2, the so-called “Jacobi’s opposition of the nodes” (namely, the
relation C × C(1) = −C × C(2)). Notice also that ν̄ is orthogonal to k(3) and νi is orthogonal
to C(i) and S(i).
25Such angles will be often denoted, respectively, by g and ζ .
26Note that νi+2 := (S(i+2) × C(i+2))= (S(i+1) × C(i+2)) so that also νi+2 ∈ πS(i+1) .
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where (ri, φi) are the usual polar coordinates of x(i) on πC(i) with respect to νi
(as polar axis); (Ri,�i) are their respective conjugated actions. In [12] Deprit
proved that the variables (R ,�, � , r , φ, ψ) are symplectic. Since the map
(Ri,�i, ri, φi)→ (Li,�i, i, γi) is well known to be symplectic,27 it follows
that the variables D1–D5 are symplectic28; for a different (inductive) proof of
the symplecticity of the variables D1–D5, see [8].

(ii) A remarkable property of Deprit’s variables is the presence, among
the action variables � , of the two commuting Hplt-integrals G = �n−1 and
C3 = �n. The variables �1, . . . , �n−2 complete �n−1, �n so as to obtain a
commuting set of action variables � = (�1, . . . ,�n).

(iii) Besides G and C3, also the angle ζ (the longitude of the node among
the planes πk(3) and πC) is an integral of motion: giving G, C3 and ζ corre-
sponds to giving the three components of the angular momentum C. This fact
will be crucial in the forthcoming reduction.

(iv) As in Delaunay variables, the integrable part hplt of the planetary
Hamiltonian (2.1) takes the well known “Keplerian form”:

hKep(L)= −
∑

1≤i≤n

M3
i m̄

2
i

2L2
i

. (3.7)

4 Regularized Planetary Symplectic (RPS) variables (�,λ,z)

The action-angle Deprit variables defined in Sect. 3 become singular when
some of the inequalities in (3.2) fails. We describe now a regularization proce-
dure which allows for ei = 0 and for C(j+1) parallel to S(j), and C parallel to
k(3), including, in particular, the case of co-circular and co-planar motions.29

This procedure is analogous to the Poincaré regularization of the Delaunay
variables. The new symplectic variables (�,λ, z) with

�= (�1, . . . ,�n), λ= (λ1, . . . , λn), z= (η, ξ,p, q)

η = (η1, . . . , ηn), ξ = (ξ1, . . . , ξn),

p = (p1, . . . , pn), q = (q1, . . . , qn)

27Compare, e.g., §3.2 of [7].
28Note that the variables (�,ψ) correspond, in Deprit’s notation [12] (up to an unessential

reordering of C(1), . . . , C(n)), to: �i =�∗
n−1−i

for 1 ≤ i ≤ n− 1; �n =N∗
0 ; ψ1 = θ∗

n−2 +π ,
ψi = θ∗

n−1−i
for 2 ≤ i ≤ n− 2; ψn−1 = θ∗

0 + π ; ψn = ν∗
0 . Notice also that the names in [12]

of the variables (�,φ) in (3.6) are (�, θ).
29Actually, the regularization procedure depends on whether one wants to allow parallel or

antiparallel angular momenta and C parallel or antiparallel to k(3). For definiteness, we shall
describe only the case corresponding to parallel angular momenta, and C parallel to k(3) (the
other cases being analogous).
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will be called Regularized Planetary Symplectic (RPS) variables and are de-
fined as follows.

Let (L,�,�, , γ,ψ) = φ∗(y, x); let ψ0 := 0, �0 := �1 and �n+1 := 0.
Then, for 1 ≤ i ≤ n, we define:

�= L, λi = i + γi +ψn
i−1, where ψn

i =
∑

i≤j≤n
ψj ,

{
ηi = √

2(�i − �i) cos(γi +ψn
i−1)

ξi = −√
2(�i − �i) sin(γi +ψn

i−1)
(4.1){

pi =√2(�i+1 +�i−1 −�i) cosψn
i

qi = −√2(�i+1 +�i−1 −�i) sinψn
i

Remark 4.1 Writing out (pn, qn) explicitly one finds
⎧
⎨

⎩

pn =√2(�n−1 −�n) cosψn = √
2(G− C3) cos ζ

qn = −√2(�n−1 −�n) sinψn = −√
2(G− C3) sin ζ

(4.2)

showing that the conjugated variables pn and qn are both integrals for Hplt.
This fact is at the basis of the partial symplectic reduction described in next
section.

The map from the Cartesian heliocentric variables (y, x) to the RPS vari-
ables (�,λ, z) will be denoted by φ : (y, x) ∈ D6n∗ → (�,λ, z). Its inverse
map φ−1 can be described as follows (see Appendix A.2 for full details):

φ−1:
⎧
⎨

⎩

y(i) = Ri (�, z)y
(i)
pl (�i, λi, ηi, ξi)

x(i) = Ri (�, z)x
(i)
pl (�i, λi, ηi, ξi)

(4.3)

where:

• (�i, λi, ηi, ξi)→ (y
(i)
pl , x

(i)
pl ) denotes the planar Poincaré map, i.e., the map

which sends a point (�i, λi, ηi, ξi) ∈ (0,+∞) × T × {η2
i +ξ2

i

2�i
< 1} to the

point (y(i)pl , x
(i)
pl ) ∈ R

2 × R
2 ⊂ R

3 × R
3 recovering the Cartesian coordi-

nates on the “instantaneous orbital plane” (i.e. the Ei plane). The planar
Poincaré map is explicitly given by30

x
(i)
pl = (x(i)1 ,x(i)2 ,0

)
, y

(i)
pl = βi ∂λi x

(i)
pl (4.4)

30Compare, [3, Lemma 2.1].
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where
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x(i)1 := 1
m̄i

(
�i

Mi

)2(cosui − ξi
2�i

(ηi sinui + ξi cosui)− ηi√
�i

√
1 − ηi

2+ξi
2

4�i

)

x(i)2 := 1
m̄i

(
�i

Mi

)2(sinui − ηi
2�i

(ηi sinui + ξi cosui)

+ ξi√
�i

√
1 − ηi

2+ξi
2

4�i

)

βi := m̄2
i M

4
i

�3
i

(4.5)

and ui = ui(�i, λi, ηi, ξi)= λi +O(|(ηi, ξi)|) is the unique solution of the
(regularized) Kepler equation

ui − 1√
�i

√

1 − ηi2 + ξi
2

4�i

(ηi sinui + ξi cosui)= λi; (4.6)

• for 1 ≤ i ≤ n, Ri are products of matrices:

Ri = R∗
nR∗

n−1 · · · R∗
i Ri (4.7)

where R1 = id and Ri , R∗
j are 3×3 unitary matrices depending on (�, z)

but with Ri , R∗
j , for 1 ≤ i ≤ n and 2 ≤ j ≤ n−1, independent of the cyclic

couple (pn, qn). The matrices Ri , R∗
j have the form

R∗
i =
⎛

⎝
1 − q2

i c
∗
i −piqic

∗
i −qis

∗
i−piqic

∗
i 1 − p2

i c
∗
i −pis

∗
i

qis
∗
i pis

∗
i 1 − (p2

i + q2
i )c

∗
i

⎞

⎠ , 1 ≤ i ≤ n

(4.8)

Ri =
⎛

⎝
1 − q2

i−1ci −pi−1qi−1ci −qi−1si

−pi−1qi−1ci 1 − p2
i−1ci −pi−1si

qi−1si pi−1si 1 − (p2
i−1 + q2

i−1)ci

⎞

⎠ , 2 ≤ i ≤ n

where ci , si , c∗i , s∗
i , explicitly computed in Appendix A (compare (A.22),

(A.23) and (A.27)), are analytic functions of ρi = η2
i +ξ2

i

2 , rj = p2
j+q2

i

2 for
1 ≤ i ≤ n and 1 ≤ j ≤ n− 1.

Remark 4.2 (i) By (4.8), when p = 0 = q , one has Ri = id = R∗
i for all i’s.

In this case, by (4.3) and (4.7), the remaining variables (�,λ,η, ξ) are seen
to coincide with the planar Poincaré variables.

(ii) By (4.1), (ηi, ξi) = 0 corresponds to ei = 0 and (pj , qj ) = 0 to S(j)

parallel to C(j+1) (j 	= n). By (4.2), (pn, qn)= 0 corresponds to G= C3, i.e.,
to C parallel to k(3).
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(iii) From (4.3)–(4.8) it follows at once that the map φ : (y, x) ∈ D6n∗ →
(�,λ, z) ∈ φ(D6n∗ ) defined in (4.1) can be extended to a real-analytic diffeo-
morphism

φ : (y, x) ∈ D6n → M6n := φ(D6n) (4.9)

where D6n is the set defined in Sect. 3–(D).
(iv) The variables (�,λ, z) are symplectic. In fact, let, on D6n∗ , (ρi , ϕi ),

(ri , χi ) denote the symplectic polar coordinates associated to31 (ηi, ξi),
(pi, qi), and let ρ = (ρ1, . . . , ρn), r = (r1, . . . , rn), ϕ = (ϕ1, . . . , ϕn), χ =
(χ1, . . . , χn). In terms of �, ρ, r , λ, ϕ, χ , (4.1) become

⎛

⎝
�

ρ

r

⎞

⎠= M

⎛

⎝
L

�

�

⎞

⎠ ,

⎛

⎝
λ

ϕ

χ

⎞

⎠= M̂

⎛

⎝


γ

ψ

⎞

⎠

where M and M̂ denote the matrices of order 3n uniquely defined by the
equations (1 ≤ i ≤ n− 1)

⎧
⎨

⎩

�i = Li

ρi = Li − �i
ri = �i+1 +�i−1 −�i

⎧
⎨

⎩

λi = i + γi +ψn
i−1

ϕi = −γi −ψn
i−1

χi = −ψn
i

One easily recognizes that the matrices M and M̂ are related by M̂ = (Mt)−1,
where (·)t denotes matrix transposition. This relation implies that φ is sym-
plectic on D6n∗ , hence, by regularity, on D6n.

The properties in (iii) and (iv) explain the name given to the variables
(�,λ, z).

(v) The following relations are immediately checked

∑

1≤i≤n
ρi =

∑

1≤i≤n

η2
i + ξ2

i

2
=
∑

1≤i≤n
�i −

∑

1≤i≤n
�i (4.10)

∑

1≤j≤n−1

rj =
∑

1≤j≤n−1

p2
j + q2

j

2
=
∑

1≤j≤n
�j −�n−1 =

∑

1≤j≤n
�j −G

(4.11)

rn = p2
n + q2

n

2
=�n−1 −�n =G− C3. (4.12)

31I.e., in complex notation, ηj + iξj =√2ρj e
iϕj and pj + iqj =√2rj e

iχj , where i := √−1.
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5 Partial symplectic reduction of the planetary system

We now go back to the planetary many-body problem showing, in particular,
that its phase space D6n (defined in Sect. 3-(D)) is foliated by Hplt-invariant
symplectic submanifolds of dimension (6n− 2) with a natural “global” sym-
plectic structure.

Let H(�,λ, z) := Hplt ◦φ−1 = hKep(�)+μf denote the planetary Hamil-
tonian expressed in RPS variables with phase space given by M6n as in (4.9),
endowed with the standard symplectic form d�∧ dλ+ dη ∧ dξ + dp ∧ dq .

As mentioned in Remark 4.1, the variables pn, qn in (4.2) are both integrals
and cyclic for H. This means that the perturbation function f does not depend
upon (pn, qn), i.e., f = f (�,λ, z̄) with

z̄ := (η, ξ, p̄, q̄) := ((η1, . . . , ηn), (ξ1, . . . , ξn), (p1, . . . , pn−1),

(q1, . . . , qn−1)
)
.

The upshot is that the phase space M6n is foliated by symplectic H-invariant
submanifolds

M6n−2
p∗
n,q

∗
n

:= {(�,λ, z) ∈ M6n : pn = p∗
n, qn = q∗

n}, (5.1)

p∗
n and q∗

n being fixed constants. A global symplectic chart is given simply
by the first (6n− 2) variables (�,λ, z̄), the restriction of the symplectic form

on each “symplectic leaf ” M6n−2
p∗
n,q

∗
n

being

d�∧ dλ+ dη ∧ dξ + dp̄ ∧ dq̄.

Finally, the restriction of the planetary Hamiltonian to each leaf M6n−2
p∗
n,q

∗
n

is
the same, as the perturbation f is independent from the couple (pn, qn): we
shall keep denoting H the partially reduced Hamiltonian and f the planetary
perturbation:

H(�,λ, z̄)= Hplt ◦ φ−1 = hKep(�)+μf (�,λ, z̄). (5.2)

Remark 5.1 (i) In view of this last observation, without loss of generality,
we can restrict our attention to the symplectic leaf M6n−2

0 := M6n−2
0,0 with

p∗
n = 0 = q∗

n , which corresponds to the “vertical submanifold” {C1 = 0 = C2}
where the total angular momentum is oriented in the k(3)-direction.

(ii) When the “vertical variables” p and q are set to be zero, that is, when
the secular set z is taken z = zpl = (η, ξ,0,0), the map φ−1 reduces to the
planar Poincaré map.

(iii) The expression “partial reduction” refers to the fact that, on each leaf
M6n−2

p∗
n,q

∗
n
, H admits another independent integral, namely, the restriction of
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G=�n−1 = |C| onto M6n−2
p∗
n,q

∗
n
. From (4.10) and (4.11) there follows

G=
∑

1≤i≤n
�i − 1

2
|z̄|2. (5.3)

We also note that the expression of C3 on M6n is given32 by

C3 =G− p2
n + q2

n

2
=
∑

1≤i≤n
�i − 1

2
|z|2. (5.4)

Notice that the formula for C3 on M6n coincides with the well known one in
spatial Poincaré variables.

(iv) The conservation of G along H-trajectories induces into the averaged
perturbation33 fav some symmetries (discussed in detail in Sect. 6 below),
which imply, in particular, that fav is an even function of z̄ and that its
quadratic part splits into the sum of two separated terms:34

Qh(�) · η
2 + ξ2

2
+ Q̄v(�) · p̄

2 + q̄2

2
(5.5)

where the “horizontal part” Qh is a quadratic form of order n coinciding with
that of the planar problem, while the “vertical part” Q̄v is a quadratic form of
order n − 1. As we will see below, Qh and Q̄v are non-degenerate,35 hence,
the point z̄ = (η, ξ, p̄, q̄) = 0, corresponding to zero eccentricities and zero
relative inclinations, is a non-degenerate elliptic equilibrium for the secular
Hamiltonian fav.

(v) In Poincaré variables36 a splitting similar to (5.5) holds with the same
horizontal quadratic form and with the vertical quadratic form replaced by
a quadratic form Qv of order n. One can show that the eigenvalues of the

32Recall (4.12) and observe that, clearly, C3 =G on M6n−2
0 .

33Here and in what follows, the index “av” denotes the average over the fast angles conjugated
to �; the function fav is usually called “secular Hamiltonian”.
34For exact notation, see footnote 39 below. The symmetries expressed by (5.5) is sometimes
called “d’Alembert relations”.
35Actually, they are, respectively, negative and positive definite. The positive-definiteness of
Qh has been proved in [15, PROPOSITION 73]. From the analytical expression of Q̄v there
follows that, since C1 < 0, its eigenvalues ς̄i ’s are (maybe not strictly) positive. From their
asymptotic evaluation (compare the proof of Proposition 7.2 below) there follows that they are
actually strictly positive on an open set A of semimajor axes described below (see (7.2)). By
standard arguments of complex analysis there follows that Q̄v is strictly positive on an open
dense set.
36For the analytic definition of spatial Poincaré variables, see [15] or [3]. Notice that secular
“vertical” variables of the Poincaré set (i.e., the p’s and the q’s) are in R

n.
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quadratic form Q̄v into (5.5) coincide with the non identically vanishing
eigenvalues of Qv (compare [9]). As shown in [15] and Proposition 7.1 below,
the trace tr (Qh + Qv) = tr (Qh + Qv) = 0, where Qv is the (n × n) matrix
Qv := ( Q̄v 0

0 0

)
; this relation is known as “Herman’s resonance”.

6 Symmetries of the partially reduced secular Hamiltonian

The planetary perturbation function f in (5.2) enjoys several symmetry prop-
erties, which, in particular, simplify the Taylor expansion of the secular
Hamiltonian37 fav(�, z)= (2π)−n

∫
Tn f dλ.

In view of Remark 5.1-(i), we will consider only the symplectic “vertical
leaf” M6n−2

0 .
The angular momentum integral G Poisson commutes with the unper-

turbed Keplerian Hamiltonian hKep, whence G commutes with f . This fact
implies that f is invariant under the Hamiltonian flow g → Rg at time g

generated by G, i.e.:

f
(

Rg(�,λ, z̄)
)= f (�,λ, z̄) for any g ∈ T, (�,λ, z̄) ∈ M6n−2

0 . (6.1)

The action of Rg corresponds, in Cartesian variables (y, x), to a positive
rotation of all the y(i)’s and the x(i)’s by an angle g around the C-axis, which
coincide with the k(3)-axis on M6n−2

0 . By the expression (5.3) of G in RPS
variables, such flow is given by

Rg: �′ =�, λ′
i = λi + g, z̄′ = Sg z̄ (6.2)

where Sg acts as synchronous rotation in the symplectic (ηi, ξi) and (pi, qi)-
planes:

Sg:
(
η′
i

ξ ′
i

)

= R(−g)

(
ηi

ξi

)

,

(
p′
j

q ′
j

)

= R(−g)

(
pj
qj

)

,

1 ≤ i ≤ n, 1 ≤ j ≤ n− 1 (6.3)

R(g) being the plane rotation by g

R(g) :=
(

cosg − sing
sing cosg

)

. (6.4)

37By (4.4) and (4.3), the λ-average of the perturbation (2.1) expressed in RPS
variables (�,λ, z) reduces to the averaging the newtonian potential V (�,λ, z) :=
∑

1≤i<j≤n(− mimj

|x(i)−x(j)| ).
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As one checks immediately, the planetary perturbation fplt (2.1) is invariant
also under the following transformations (x(i), y(i))→ (x′(i), y′(i)):

R−
1 : x′(i) = (− x

(i)
1 , x

(i)
2 , x

(i)
3

)
, y′(i) = (y(i)1 , −y

(i)
2 , −y

(i)
3

)

R−
2 : x′(i) = (x(i)1 , −x

(i)
2 , x

(i)
3

)
, y′(i) = (− y

(i)
1 , y

(i)
2 , −y

(i)
3

)

R−
3 : x′(i) = (x(i)1 , x

(i)
2 , −x

(i)
3

)
, y′(i) = (y(i)1 , y

(i)
2 , −y

(i)
3

)

R1↔2 : x′(i) = (x(i)2 , x
(i)
1 , x

(i)
3

)
, y′(i) = (− y

(i)
2 , −y

(i)
1 , −y

(i)
3

)
.

(6.5)

Such transformations correspond, respectively, to the reflections with respect
to the planes {x1 = 0}, {x2 = 0}, {x3 = 0} and {x1 = x2}. Notice that the
invariance by R−

2 and R1↔2 is implied by the invariance by R−
1 and Rg .

The actions of the reflections (6.5) in the variables (�,λ, z) are found us-
ing (4.3)–(4.8) and their expressions are given by

R−
1 : �′

i =�i, λ′
i = π − λi, z̄′ = (−η, ξ, p̄,−q̄) := S −

14z̄

R−
2 : �′

i =�i, λ′
i = −λi, z̄′ = (η,−ξ,−p̄, q̄) := S −

23z̄

R−
3 : �′

i =�i, λ′
i = λi, z̄′ = (η, ξ,−p̄,−q̄) := S −

34z̄

R1↔2 : �′
i =�i, λ′

i = π
2 − λi, z̄′ = (ξ, η, q̄, p̄) := S1↔2 z̄.

(6.6)

Let us check, for instance, the expression of R−
1 , the others being similar.

From Kepler’s equation (4.6), it follows that u′
i := ui(�i,π − λi,−ηi, ξi)=

π − ui(�i, λi, ηi, ξi) := π − ui , hence, cosu′
i = − cosui and sinu′

i = sinui .

By (4.5), if x(i)(�i, λi, ηi, ξi)= (x(i)1 , x(i)2 , 0), then

(x′
1
(i),x′

2
(i),0) := x(i)(�i,π − λi,−ηi, ξi)= (−x(i)1 ,x(i)2 ,0).

If one changes simultaneously (p̄, q̄) → (p̄,−q̄), then, by (4.3) and (4.8),
one obtains that, if

x(i)(�,λ, η, ξ, p̄, q̄)= (x(i)1 (�,λ,η, ξ, p̄, q̄), x
(i)
2 (�,λ,η, ξ, p̄, q̄),

x
(i)
3 (�,λ,η, ξ, p̄, q̄)

) := (x
(i)
1 , x

(i)
2 , x

(i)
3 )
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then38

x′(i) := x(i)(�,π − λ,−η, ξ, p̄,−q̄)= (−x
(i)
1 , x

(i)
2 , x

(i)
3 ). (6.7)

This is the first identity into the first line of (6.5). The second one is then
obtained taking the derivative of (6.7) with respect to λi , multiplied by βi .

Remark 6.1 (i) The fast angles λ’s are averaged out when considering the
secular Hamiltonian fav.

(ii) The invariance of f under the reflections (6.6) yields the following
symmetries for fav:

fav(�, z̄)= fav(�, Sgz̄)= fav(�, S z̄) for any S ∈ {S −
14, S −

23, S −
34, S1↔2}.

(6.8)
(iii) By the symmetries S −

14, S −
23, and S −

34, it follows that fav is an even
function of the variables (η, q̄), (ξ, p̄) and (p̄, q̄). Thus, the parity holds also
in the variables (η, ξ) and (η, p̄). By the S1↔2 -invariance, fav does not change
when (η, ξ) is changed to (ξ, η) and, simultaneously, (p̄, q̄) to (q̄, p̄).

We are now ready to discuss the form of the Taylor expansion of the secular
Hamiltonian fav around the elliptic equilibrium z̄ = 0 up to the fourth order.
By parity, in second order term, only the monomials39 η2, ξ2 will appear
and, in the fourth order term, only the monomials η4, η2ξ2, ξ4, p̄4, p̄2q̄2,
q̄4, η2q̄2, ξ2p̄2, ξ2q̄2, ξ2p̄2, ηξp̄q̄ . By the symmetry S1↔2 , the tensors in
front of each monomial of the couples (η2, ξ2), (p̄2, q̄2), (η4, ξ4), (p̄4, q̄4),

(η2q̄2, ξ2p̄2), (η2p̄2, ξ2q̄2) will be pairwise equal. Let us denote Qh · η2

2 , Q̄v ·
p̄2

2 the quadratic forms associated to the monomials η2, p̄2 and

Fh · η2ξ2, Fv · p̄2q̄2, Fhv · η2q̄2, F′
hv · η2p̄2

the quartic forms associated to, respectively, η2ξ2, p̄2q̄2, η2q̄2, η2p̄2. By the

invariance for the transformation ηi → (ηi − ξi)/
√

2, ξi → (ηi + ξi)/
√

2,

38π − λ denotes, for short, the vector of components (π − λ1,π − λ2, . . . , π − λn). Notice
that R∗

n = id since we have assumed pn = 0 = qn (compare (4.8)). This relation easily implies
(6.7).
39For tensors, we use the same notation as in [15]. Thus, if a = (ai,j )i∈{1,...,n}r1 ,j∈{1,...,n−1}r2
is a tensor with r = r1 + r2 indices and ki is an integer between 0 and ri , then, a ·
ηk1ξr1−k1 p̄k2 q̄r2−k2 denotes

∑

i∈{1,...,n}r1 ,j∈{1,...,n−1}r2
ai,j ηi1 · · ·ηik1

ξik1+1 · · · ξir1pj1 · · ·pjk2
qjk2+1 · · ·qjr2 .

In the Taylor expansion are present only those monomials ηaξbpcqd which are left unvaried
by the symmetries S −

14, S −
34, S −

23, S1↔2 in (6.6) (and by their compositions).
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p̄i → (p̄i − q̄i)/
√

2, q̄i → (p̄i + q̄i)/
√

2 (which corresponds to a rotation
by π/4 around the C-axis: compare (6.3)), the quartic tensors associated to
monomials η4, p̄4 coincide, respectively, with one half the quartic tensors
Fh, Fv associated to η2ξ2, p̄2q̄2. By the same reason, the tensor associated
to ηξp̄q̄ coincides with one half the difference F′

hv − Fhv, provided (as it is
always possible) the entries (Fhv)ijkl , (F′

hv)ijkl of such tensors are chosen so
as to satisfy (F′

hv)ijkl = (F′
hv)jilk , (Fhv)ijkl = (Fhv)jilk .

By the previous considerations, the expansion of fav has the form

fav(�, z̄)= C0(�)+ Qh(�) · η
2 + ξ2

2
+ Q̄v(�) · p̄

2 + q̄2

2

+ 1

2
F(�) · z̄4 + P(�, z̄) (6.9)

where P has a zero of order 6 (due to the parity of fav as a function of z̄) in
z̄= 0 and 1

2F(�) · z̄4 denotes the fourth order term

1

2
F(�) · z̄4 := Fh(�) · η

4 + ξ4 + 2η2ξ2

2
+ Fv(�) · p̄

4 + q̄4 + 2p̄2q̄2

2

+ Fhv · η
2q̄2 + ξ2p̄2 − 2ηξp̄q̄

2

+ F′
hv · η

2p̄2 + ξ2q̄2 + 2ηξp̄q̄

2
. (6.10)

Remark 6.2 The invariance by R−
3 actually implies that the whole perturba-

tion (and not only its average) is even in (p̄, q̄).

The explicit values of the tensors appearing in (6.9), (6.10) will be given
in Appendix B.

7 Birkhoff normal form of the partially reduced secular Hamiltonian

In this section we shall discuss non-resonance properties of the first order
Birkhoff invariants of the partially reduced secular planetary Hamiltonian and
its full torsion (i.e., the non-vanishing of the determinant of the second order
Birkhoff invariants). In particular, we will show that: (i) the first order Birk-
hoff invariants do not verify, at any order, any other resonance besides Her-
man’s resonance (which, actually, as follows from Sect. 7.2 below, does not
affect the construction of Birkhoff normal forms); (ii) the matrix of the second
order Birkhoff invariants is not singular (“full torsion”). Furthermore, we will
construct explicitly the Birkhoff normal form up to order four for any n, in the
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well-spaced regime. The secular planetary Hamiltonian is rotation invariant40

and this simplifies the structure of the “dangerous resonances” in constructing
Birkhoff normal forms: this is a general fact that will be explained in Sect. 7.2
below.

The computations in this section are based upon the Taylor expansion up
to order four of the secular planetary perturbation, as given in Appendix B.

7.1 First order Birkhoff invariants

Proposition 7.1 (Herman’s resonance)

tr (Qh + Qv)=
n∑

i=1

σi +
n−1∑

i=1

ςi = 0, Qv :=
(

Q̄v 0
0 0

)

, (7.1)

where (σ, ς̄) ∈ R
n × R

n−1 are the eigenvalues of the two quadratic forms Qh
and Q̄v in (6.9).

Proof By (B.1) and (B.3), the diagonal entries of the matrices Qh and Q̄v are
given by (Qh)ii = ∑

1≤k 	=i≤n mimk
C1(ai ,ak)

�i
and (Q̄v(�))ii =

−∑1≤j<k≤n mjmkC1(aj , ak)(Lji − Lki)
2. Using (B.4), one readily finds

(Lji − Lki)
2 =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

1
�i+1

+ 1
Li
, k = i + 1, 1 ≤ j ≤ i

1
�i+1

− 1
Li+1

, i + 1 < k ≤ n, j = i + 1

1
Li

− 1
Li+1

, i + 1 < k ≤ n, 1 ≤ j < i + 1
(when j ≤ k − 2)

0, otherwise.

This implies that
∑

1≤i≤n−1(Lji − Lki)
2 = ( 1

�j
+ 1

�k
) and hence

n−1∑

i=1

ςi = tr Q̄v =
∑

1≤i≤n−1

(Q̄v(�))ii

= −
∑

1≤i≤n−1

∑

1≤j<k≤n
mjmkC1(aj , ak)(Lji − Lki)

2

= −
∑

1≤j<k≤n
mjmkC1(aj , ak)

∑

1≤i≤n−1

(Lji − Lki)
2

40I.e., it is invariant under Sg ; compare (6.8) and (6.3).



The planetary N -body problem: symplectic foliation 23

= −
∑

1≤j<k≤n
mjmkC1(aj , ak)

(
1

�j

+ 1

�k

)

= − tr Qh = −
n∑

i=1

σi.
�

We shall now prove that σ(�) and ς̄ (�) do not satisfy any other reso-
nance, up to a prefixed order, on a suitable open set of �’s. More precisely,
we consider the following subset of {a1 < · · ·< an}

A := {� : aj < aj < aj for any 1 ≤ j ≤ n
}

(7.2)

where a1, . . . , an, a1, . . . , an, are positive numbers verifying aj < aj < aj+1
for any 1 ≤ j ≤ n, an+1 := ∞ (“well-spaced regime”).

Proposition 7.2 For any n≥ 2, s ∈ N, there exist aj , aj and d such that

|(σ, ς̄) · k| ≥ d > 0 for any � ∈ A, k ∈ Z
2n−1: 0 < |k| ≤ s

with ki 	= kj for some i 	= j. (7.3)

In particular, the first order Birkhoff invariants (σ, ς̄) ∈ R
n × R

n−1 of the
partially reduced planetary system verify, identically, only Herman’s reso-
nance (7.1).

To prove Proposition 7.2, we need the following simple41

Lemma 7.1 Let M∗ ∈ Mat(m × m), M∗ ∈ Mat(r × r), M# ∈ Mat(m × r),
M# ∈ Mat(r ×m). Let

Mδ :=
(
M∗ + O(δ) δM#

δM# δ1+tM∗ + O(δ2)

)

, 0 ≤ t < 1, (7.4)

where δ is a small parameter. Then,

(i) if λ∗ 	= 0 is a simple eigenvalue of M∗, then, for |δ| small enough, Mδ

has an eigenvalue of the form λ∗
δ = λ∗ + O(δ);

(ii) if λ∗ is a simple eigenvalue of M∗ and detM∗ 	= 0, then, for |δ| small
enough, Mδ has an eigenvalue of the form λδ∗ = δ1+t λ∗ + O(δ2);

(iii) if r = 1 and (U∗)tM∗U∗ = diag [λ∗
1, . . . , λ

∗
m], with U∗ ∈ SO(m) and 0 	=

λ∗
i 	= λ∗

j , then there exists Uδ = diag [U∗,1]+O(δ) such that (Uδ)
tMδUδ

is diagonal.

Proof Statement (i) follows applying the IFT (Implicit Function Theorem)
to the function F1(λ, δ) := det(Mδ − λ idm+r ), noticing that F1(λ,0) =

41Compare also Lemma B.2 of [4].
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(−λ)r det(M∗ − λ idm). For statement (ii), apply the IFT to

F2(λ, δ)= det

(
M∗ − δ1+t λ idm δ1−tM#

M# M∗ − λ id r

)

noticing that det(Mδ − δ1+t λ idm+r ) = δ(1+t)rF2(λ, δ). Finally, for state-
ment (iii), apply the IFT the m+ 1 functions (w, δ)→ (F (i),1 − |w|2), with
1 ≤ i ≤m+ 1, where F (i)(w, δ)= (M(i)

δ − λ
(i)
δ idm)w, λ(1)δ , . . . , λ

(m+1)
δ de-

note the eigenvalues of Mδ which are obtained by continuation of λ∗
1, . . . , λ

∗
m

and λ :=M∗; M(i)
δ the matrix which is obtained by Mδ dropping its ith row

and column. �

Proof of Proposition 7.2 Fix s ≥ 1. We shall prove by induction that, for any
n≥ 2, the eigenvalues σ2, . . . , σn, ς1, . . . , ςn−1 do not satisfy any non trivial
resonance up to order s in A and thus (7.3) follows. For n = 2, the assertion
follows by the direct computation:

σ2 = −3

4
m1m2

a1

a2
2�2

(
a1

a2
+ O

(
a1

a2

)2)

,

ς = +3

4
m1m2

a1

a2
2

(
1

�1
+ 1

�2

)(
a1

a2
+ O

(
a1

a2

)3)

.

(7.5)

By (7.5), the functions a2 → |k2σ2 + κς | with a1 < a1 < a1 and (k2, κ) 	= 0,
have a positive infimum on a suitable neighborhood of a2 = +∞.

Assume now that, when n−1 ≥ 2, σ̂ = (σ̂1, . . . , σ̂n−1), ς̂ = (ς̂1, . . . , ς̂n−2),
Â replace n, σ , ς̄ , A, where σ̂ = (σ̂1, . . . , σ̂n−1), ς̂ = (ς̂1, . . . , ς̂n−2) denote
the eigenvalues of the matrices Q̂h, Q̂v at rank n− 1 and Â is a suitable set
of the form (7.2), with n− 1 replacing n, then, σ̂2, . . . , σ̂n−1, ς̂1, . . . , ς̂n−2 do
not satisfy any non trivial linear combination on Â. Then, (7.3) holds with
n− 1, Â, σ̂ , ς̂ . In particular, on Â,

0 	= σ̂i 	= σ̂j and 0 	= ς̂h 	= ς̂k, ∀1 ≤ i < j ≤ n−1, ∀1 ≤ h < k ≤ n−2.
(7.6)

As it follows from formulae in (B.1)–(B.4), at rank n, the matrices Qh and Q̄v
are given by

Qh =
(

Q̂h + O(δ) O(δ)
O(δ) αδ(1 + O(δ2/3))

)

,

Q̄v =
(

Q̂v + O(δ) O(δ)
O(δ) βδ(1 + O(δ2/3))

) (7.7)
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where42

δ := a−3
n , α = −3mn

4�n

∑

1≤i<n
mia

2
i ,

β = +3

4

(
1

Ln−1
+ 1

�n

)

mn

∑

1≤i<n
mia

2
i

and Ln−1 = ∑1≤i≤n−1�i . By Lemma 7.1, Qh has n − 1 eigenvalues
(σ1, . . . , σn−1) which go to σ̂ = (σ̂1, . . . , σ̂n−1) as δ → 0 and a non van-
ishing eigenvalue σn = αδ + O(δ5/3); similarly, Q̄v has n − 2 eigenvalues
(ς1, . . . , ςn−2) which go to ς̂ = (ς̂1, . . . , ς̂n−2) and a non vanishing eigen-
value ςn−1 = βδ + O(δ5/3). The assertion at rank n for the frequencies
σ2, . . . , σn, ς1, . . . , ςn−1 then follows. �

Remark 7.1 Actually, as mentioned in Remark 5.1-(v) above, the first order
Birkhoff invariants of the reduced secular Hamiltonian coincide with the first
2n− 1 invariants of the (non-reduced) secular Hamiltonian computed in spa-
tial Poincaré variables.43 Therefore, the non-resonances shown above could
have been indirectly deduced by comparison with the non-reduced setting.
However, the details would not have been shorter (and can be found in [9]).

7.2 Birkhoff normal forms for rotation invariant functions

For rotation invariant Hamiltonians (i.e., invariant under Sg) the construction
of Birkhoff normal forms simplifies. As a consequence we shall see that Her-
man’s resonance (7.1) does not play any rôle in the construction of Birkhoff
normal forms (at any order) for the planetary system in RPS variables.

Let us consider a general setting, namely, let B an open, bounded, con-
nected set of R

n; let D := B × T
n × B2m

r , endowed with the standard sym-
plectic form dI ∧ dϕ+ du∧ dv and consider a (ϕ-independent) real-analytic
function f: (I, ϕ,w) ∈ D → f(I,w) ∈ R of the form

f(I,w)= f0(I )+� · r + P(I,w)

42From (B.1)–(B.4) it follows that (Qh)nn = −∑1≤i≤n−1
mimn
2�n

ai
a2
n
b3/2,1(ai/an) and (B.4),

that (Q̄v)n−1,n−1 =∑1≤i≤n−1
mimn

2 ( 1
Ln−1

+ 1
�n

)
ai
a2
n
b3/2,1(ai/an). In fact that, by (B.4),

the differences Lj,n−1 − Lk,n−1 vanish unless k = n, in which case they take the value

−
√

1
Ln−1

+ 1
�n

for any 1 ≤ j ≤ n− 1.

43In such set-up there appear a “vertical” invariant ςn = 0, which in the reduced setting is
absent.
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where

{
w = (u1, . . . , um, v1, . . . , vm) ∈ R

2m

r = (r1, . . . , rm), rj = u2
j+v2

j

2

(7.8)

with P(I,w) = o(|w|2). The components �j of � are called the first order
Birkhoff invariants.

Denote by Rg the symplectic rotation of D into itself

Rg : (I, ϕ,w)→ (I ′, ϕ′,w′) with I ′
i = Ii, ϕ

′
i = ϕi + g, w′ = Sg(w),

(7.9)

Sg being as in (6.3) (i.e. rotates simultaneously by R(−g) in the symplec-
tic planes (ui, vi)). We say that a function F(I,w) is rotation-invariant if
F(I, Sgw)= F(I,w) for all angles g. We then have:

Proposition 7.3 Assume that f is rotation-invariant and that the first order
Birkhoff invariants �j verify, for some a > 0 and integer s,

|�(I) · k| ≥ a > 0, ∀k ∈ Z
m:

m∑

i=1

ki = 0, 0 < |k|1 :=
m∑

i=1

|kj | ≤ 2s, I ∈ B.

(7.10)
Then, there exists 0 < r̆ ≤ r and a symplectic transformation φ̆ : (I, ϕ̆, w̆) ∈
D̆ := B × T

n ×B2m
r̆

→ (I, ϕ,w) ∈ D which puts f into Birkhoff normal form

up to the order44 2s. Furthermore, φ̆ leaves the I -variables unvaried, acts as
a ϕ̆-independent shift on ϕ̆, is ϕ̆-independent on the remaining variables and
is such that

φ̆ ◦ Rg = Rg ◦ φ̆. (7.11)

Proof As customary, we pass to complex symplectic variables45

(t, t∗)= ((t1, . . . , tm), (t∗1 , . . . , t∗m)
):
⎧
⎨

⎩

tj = uj−ivj√
2

t∗j = uj+ivj√
2 i

(7.12)

44I.e., such that f ◦ φ̆ = f0 +� · r̆ +∑2≤h≤s Ph(r̆; I )+ o(|w̆|2s ), where Ph are homogeneous

polynomials in r̆j = |w̆j |2/2 := (ŭ2
j

+ v̆2
j
)/2 of degree h.

45As above, i denotes the imaginary unit
√−1.
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and write f in such variables46

f(I, t, t∗)=
∑

0≤k<+∞

∑

|α|1+|α∗|1=k

cα,α∗(I )
∏

1≤i≤m
t
αi
i t∗i

α∗
i . (7.13)

In terms of the coordinates t , t∗ the rotations Rg in (7.9) becomes

Rg: I ′
i = Ii, ϕ′

i = ϕi + g, 1 ≤ i ≤ n; (t ′, t ′∗)= Sg(t, t∗) (7.14)

where Sg : (t, t∗) → (t ′, t ′∗) with t ′j := tj e
ig and t ′∗j := t∗j e−ig . Thus, one

sees immediately that f being rotation invariance is equivalent to have

cα,α∗(I )= 0, ∀|α|1 	= |α∗|1. (7.15)

In particular, a rotation invariant function is even in (t, t∗). Thus, the first
non-vanishing (and not in normal form) polynomial of the Taylor expansion
of f with respect to the w-variables has degree 4, i.e.,

f(I, t, t∗)= f0 +
∑

1≤j≤m
�j |tj |2 + P4(I, t, t

∗)+ O(|t |6),

P4 =
∑

|α|1+|α∗|1=4

c
(4)
α,α∗

∏

1≤j≤m
t
αj
j t∗j

α∗
j ; (7.16)

f0, �j and c(4)α,α∗ depend on I and we denote |tj |2 := itj t∗j . Because of rotation

invariance, c(4)α,α∗ = 0 for |α|1 	= |α∗|1. From Birkhoff normal form theory
(see, e.g., [18]) one knows that the symplectic transformation putting (7.16)
into Birkhoff normal form of order 2 can be obtained as the time-1 flow φ2
generated by the Hamiltonian function

K4 =
∑

α 	=α∗

c
(4)
α,α∗

i� · (α − α∗)
∏

1≤j≤n
t
αj
j t∗j

α∗
j

=
∑

|α|1=|α∗|1
α 	=α∗

c
(4)
α,α∗

i� · (α − α∗)
∏

1≤j≤n
t
αj
j t∗j

α∗
j . (7.17)

Notice that, since
∑

1≤i≤m(αi −α∗
i )= |α|1 −|α∗|1,

∑
1≤i≤m(αi −α∗

i )= 0 in

(7.17). Hence, in view of (7.10), we have that |�(I) ·(α−α∗)| ≥ a > 0 so that
K4 is well-defined and analytic in a neighborhood of t = 0 = t∗. Clearly, K4

46With abuse of notation, we denote with the same symbol the function f in complex symplec-
tic coordinates.
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is rotation invariant (and ϕ-independent). Let (I, ϕ, t, t∗) → �θ
K4
(I, ϕ, t, t∗)

the Hamiltonian flow (which leaves I unvaried) generated by K4 at time θ .
Since the transformations Rg in (7.9) are symplectic and K4 is invariant by
Rg , the flow �θ

K4
commutes with Rg :

�θ
K4

◦ Rg(I, ϕ, t, t∗)= Rg ◦�θ
K4
(I, ϕ, t, t∗).

Taking θ = 1, we find that the transformation φ2 :=�1
K4

commutes with Rg .
Furthermore, φ2 puts f in Birkhoff normal form up to the order 4, acting on
the ϕ-variables as a ϕ-independent shift and as the identity on the I -variables
and being ϕ-independent on the remaining variables. This implies that the
function f2 := f ◦ φ2 is ϕ-independent, too. To check that f2 is again rotation
invariant, we denote (I, (t, t∗))→ (tφ2, t

∗
φ2
) the projection of φ2 on the (t, t∗)-

variables and φg := Rg ◦φ2 = φ2 ◦ Rg . Then, the projection of φg the (t, t∗)-
variables is given by Sg(tφ2, t

∗
φ2
), thus

f2
(
I, Sg(t, t∗)

)= f ◦ φ2
(
I, Sg(t, t∗)

)= f ◦ φ2 ◦ Rg
(
I, (t, t∗)

)

= f ◦ φg
(
I, (t, t∗)

)= f
(
I, Sg(tφ2, t

∗
φ2
)
)

= f
(
I, (tφ2, t

∗
φ2
)
)= f ◦ φ2

(
I, (t, t∗)

)

= f2
(
I, (t, t∗)

)
.

The argument can now be iterated, with f2 = f ◦ φ2 replacing f. After s − 1
steps, we have the thesis of Proposition 7.3. �

Remark 7.2 Birkhoff normal form up to the order 2s for the secular Hamil-
tonian is achieved in s − 1 steps, rather than 2s − 2, because of parity.

7.3 Second order Birkhoff invariants

From now on we shall consider, in phase space, a neighborhood of the secular
origin (which corresponds to co-planar and co-circular motions) with well-
spaced semimajor axes. In such neighborhood we will construct the Birkhoff
normal form. Therefore, we let47

M̃6n−2 := A × T
n ×B2(2n−1)

ε0
⊂ M6n−2

0 (7.18)

where A is as in (7.2) and ε0 is some positive number.

47Actually such neighborhood can be lifted to any leaf M6n−2
p∗,q∗ .
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Now, let Uh = Uh(�) ∈ SO(n) a matrix which diagonalizes Qh(�) and

Ūv = Ūv(�) ∈ SO(n− 1) a matrix which diagonalizes Q̄v(�):

Ut
hQhUh = diag[σ1, . . . , σn], (Ūv)

tQ̄vŪv = diag[ς1, . . . , ςn−1]. (7.19)

Put Ū := diag [Uh,Uh, Ūv, Ūv] and consider the unitary transformation of
B

2(2n−1)
ε0 into itself z̄ = Ū(�) z̃ = Ū(�) (η̃, ξ̃ , p̃, q̃), namely, the transforma-

tion

η = Uhη̃, ξ = Uhξ̃ , p̄ = Ūvp̃, q̄ = Ūvq̃. (7.20)

In the coordinates z̃, the quadratic part of fav in (6.9) is in diagonal form

∑

1≤i≤n
σi(�)

η̃2
i + ξ̃2

i

2
+
∑

1≤i≤n−1

ςi(�)
p̃2
i + q̃2

i

2
, (7.21)

with the first order Birkhoff invariants (σ, ς̄) satisfying in the set A Herman’s
resonance and only that.

The change of coordinates (7.20) is lifted to a symplectic transformation φ̃
of the domain M̃6n−2 into itself which, leaving the �’s unvaried, acts as

φ̃: (�, λ̃, z̃)→ (�, λ̃− λ1(�, z̃), Ū(�) z̃) (7.22)

where λ1(�, z̃) is a suitable shift making φ̃ symplectic.48

Let us denote

H̃(�,λ, z̃) := H ◦ φ̃(�, λ̃, z̃)= hKep(�)+μf̃ (�, λ̃, z̃),

(�, λ̃, z̃) ∈ M̃6n−2. (7.23)

It is easy to see that the transformation φ̃ in (7.22) preserves G. Indeed, since
it acts as the identity on � and as a unitary transformation z̄ = Ū(�)z̃ on z̃,
we have

G ◦ φ̃(�, λ̃, z̃)=G(�, Ū(�)z̃)=
∑

1≤i≤n
�i − 1

2
|Ū(�)z̃|2

=
∑

1≤i≤n
�i − 1

2
|z̃|2 =G(�, z̃). (7.24)

48The generating function of φ̃ is S(�̃, η̃, p̃, λ, ξ, q̄) := �̃ · λ+ ξ · Uh(�̃)η̃ + q̄ · Ūv(�̃)p̃ so
that λ̃1(�, z̃)= ξ · ∂�Uh(�)η̃+ q̄ · ∂�Ūv(�)p̃ evaluated at ξ = Uh(�)ξ̃ , p̄ = Ūv(�)p̃.
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This fact implies that φ̃ commutes with the G-flow Rg (6.2) and hence, since
the Hamiltonian (5.2) is Rg-invariant, also the Hamiltonian (7.23) is Rg-
invariant. Since φ̃ commutes also with the reflections R−

1 , R−
3 , in (6.6) and

H is invariant by them, we have also that H̃ is invariant by R−
1 , R−

3 (and
hence also by R−

2 and R1↔2 ).
Thus, the averaged perturbation f̃av admits the same symmetries as fav,

namely, for any (�, z̃) ∈ A ×B
2(2n−1)
ε0 one has

f̃av(�, z̃)= f̃av(�, Sgz̃)= f̃av(�, S z̃), ∀S ∈ {S −
14, S −

23, S −
34, S1↔2}

(7.25)

where S −
14, S −

23, S −
34, S1↔2 are defined in (6.6). As discussed in Sect. 6 above,

such symmetries imply that f̃av has the form49

f̃av(�, z̃) := (f ◦ φ̃)av(�, z̃)= fav ◦ φ̃(�, z̃)

= C0(�)+
∑

1≤i≤n
σi(�)

η̃2
i + ξ̃2

i

2

+
∑

1≤i≤n−1

ςi(�)
p̃2
i + q̃2

i

2

+ 1

2
F̃(�) · z̃4 + P̃(�, z̃) (7.26)

where P̃(�, z̃) is of order |z̃|6 and (compare (6.9) and (6.10))

1

2
F̃(�) · z̃4 := F̃h(�) · η̃

4 + ξ̃4 + 2η̃2ξ̃2

2
+ F̃v(�) · p̃

4 + q̃4 + 2p̃2q̃2

2

+ F̃hv · η̃
2q̃2 + ξ̃2p̃2 − 2η̃ξ̃ p̃q̃

2
+ F̃′

hv · η̃
2p̃2 + ξ̃2q̃2 + 2η̃ξ̃ p̃q̃

2
.

The new quartic tensors F̃h, F̃v, F̃hv, F̃′
hv are easily identified observing that

F̃(�) · z̃4 = F(�) · (Ū(�)z̃)4 (7.27)

with F(�) as in (6.10).

49Since φ̃ acts as a λ̃-independent shift on the λ̃ variables and is λ̃-independent on the re-
maining variables, then, the actions of averaging and applying φ̃ can be interchanged, i.e.,
(f ◦ φ̃)av = fav ◦ φ̃, whence, (7.26).
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Expression (7.26) is the starting point for the construction of the normal
form up to fourth order for the averaged perturbation of the planetary prob-
lem: we make use of Proposition 7.3 with

m= 2n− 1, B = A, r = ε0, s = 2, and f = f̃av.

Herman’s resonance, indeed, does not violate assumption (7.10) (at any order
2s of the Birkhoff transformation), since it holds with k = (1, . . . ,1), hence,∑

1≤i≤2n−1 ki = 2n− 1 > 0.
Let

ε0 > ε1 := r̆ > 0,

φ̆ : (�, λ̆, z̆) ∈ M̆6n−2 := A × T
n ×B2(2n−1)

ε1
→ (�, λ̃, z̃) ∈ M̃6n−2

(7.28)

be the Birkhoff transformation given by Proposition 7.3. Denote

H̆ := H̃ ◦ φ̆(�, λ̆, z̆)= hkep(�)+μf̆ (�, λ̆, z̆) (7.29)

the normalized Hamiltonian, with50

f̆av(�, z̆) := (f̃ ◦ φ̆)av(�, z̆)= f̃av ◦ φ̆(�, z̆)
= C0(�)+� · R̆ + 1

2
τ R̆ · R̆ + P̆(�, z̆) (7.30)

where z̆ := (η̆, ξ̆ , p̆, q̆), P̆(�, z̆) is of order |z̆|6 (compare (7.26)), R̆ = (ρ̆, r̆),

ρ̆ = (ρ̆1, . . . , ρ̆n), r̆ = (r̆1, . . . , r̆n−1), ρ̆i := η̆2
i +ξ̆2

i

2 , r̆i = p̆2
i +q̆2

i

2 , and, finally,
�= (σ, ς̄) (compare Proposition 7.2).

Remark 7.3 (i) Notice that, since f̃ is invariant by Rg , by (7.11) the pertur-
bation f̆ in (7.29) is again invariant by Rg :

f̆ ◦ Rg(�, λ̆, z̆)= f̃ ◦ φ̆ ◦ Rg(�, λ̆, z̆)= f̃ ◦ Rg ◦ φ̆(�, λ̆, z̆)
= f̃ ◦ φ̆(�, λ̆, z̆)= f̆ (�, λ̆, z̆).

(ii) Since f̃av is even in z̃, to explicitly evaluate the second order Birkhoff in-
variants, we can use the procedure described in the proof of Proposition 7.3,
with f = f̃av and m= 2n− 1. In the three-body case (n= 2) one can compute
the Birkhoff invariants explicitly (Sect. 8), while for arbitrary n, we shall eval-
uate the Birkhoff invariants in the asymptotic limit of well-spaced semimajor
axes, i.e., on the set A in (7.2) (Sect. 8.2).

50Again, (f̃ ◦ φ̆)av(�, z̆) = f̃av ◦ φ̆(�, z̆), since φ̆ acts as a λ̆-independent shift on the λ̆-
variables and is λ̆-independent on the remaining variables.
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(iii) As remarked in [15], since the Birkhoff invariants are real-analytic
functions of the semimajor axes, they define complex holomorphic functions.
Now, since in Sects. 8–8.2 we will see that the determinant of the second order
Birkhoff invariants (which is also an holomorphic function of the semimajor
axes) does not vanish on the set A, by complex function theory,51 it then
follows that the determinant does not vanish on an open dense set.

8 Full torsion of the partially reduced planetary system

In this section we shall check the full torsion of the partially reduced planetary
(1 + n)-body problem, i.e., we shall show that the matrix of the second order
Birkhoff invariants τ computed above is non singular. In the case n = 2 we
will evaluate exactly τ , while for the general case we shall deduce a simple
inductive formula in the asymptotics of well-spaced semimajor axes.

8.1 Full torsion in the three-body case

In the case n = 2, we can compute explicitly τ , re-obtaining, in the planar
limit, the computation performed by Arnold in [2].

In this case, we have two couples of horizontal variables (η1, ξ1), (η2, ξ2)

and one couple (p, q) of vertical variables. Writing down the matrices Qh and
Q̄v (of order 2, 1 respectively), the quartic tensors Fh, Fv, Fhv, F′

hv appearing
in the expansion (6.9) (compare Appendix B, definitions in (B.1)–(B.17)),
computing the matrix Uh which diagonalizes Qh (the matrix Ūv = 1 being
trivial) as in (7.19) and computing finally the normal form of the polynomial
(7.27) with Ū = diag [Uh,Uh,1,1] as described in proof of Proposition 7.3,
one finds the following expressions of the second order Birkhoff invariants:

τ11 = 4m1m2

(1 + d2)2

[
r1(a1, a2)

�2
1

+ d4r1(a2, a1)

�2
2

+ 2d2r2(a1, a2)

�1�2

− 2dr3(a1, a2)

�1
√
�1�2

− 2d3r3(a2, a1)

�2
√
�1�2

+ d2r4(a1, a2)

�1�2

]

τ12 = 4m1m2

(1 + d2)2

[
(1 − d2)2r2(a1, a2)

�1�2
+ 2d2r1(a1, a2)

�2
1

+ 2d2r1(a2, a1)

�2
2

+ 2d(1 − d2)r3(a1, a2)

�1
√
�1�2

− 2d(1 − d2)r3(a2, a1)

�2
√
�1�2

(8.1)

+ (1 − 6d2 + d4)r4(a1, a2)

4�1�2

]

51Compare, also, with the argument used in Proposition 74, p. 1573 of [15].
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τ22 = 4m1m2

(1 + d2)2

[
r1(a2, a1)

�2
2

+ d4r1(a1, a2)

�2
1

+ 2d2r2(a1, a2)

�1�2

− 2dr3(a2, a1)

�2
√
�1�2

− 2d3r3(a1, a2)

�1
√
�1�2

+ d2r4(a1, a2)

�1�2

]

τ13 = m1m2

(1 + d2)2

[
1

�1

(
1

�1
+ 1

�2

)

(s1(a1, a2)+ s∗
1(a1, a2))

−
(

1

�2
1

+ d2

�2
2

)

C1(a1, a2)

− d√
�1�2

(
1

�1
+ 1

�2

)

(s2(a1, a2)+ s∗
2(a1, a2))

+ d2

�2

(
1

�1
+ 1

�2

)

(s1(a2, a1)+ s∗
1(a2, a1))

]

τ23 = m1m2

(1 + d2)2

[
1

�2

(
1

�1
+ 1

�2

)

(s1(a2, a1)+ s∗
1(a2, a1))

−
(

1

�2
2

+ d2

�2
1

)

C1(a1, a2)

+ d√
�1�2

(
1

�1
+ 1

�2

)

(s2(a1, a2)+ s∗
2(a1, a2))

+ d2

�1

(
1

�1
+ 1

�2

)

(s1(a1, a2)+ s∗
1(a1, a2))

]

τ33 = 4m1m2

[

r∗1(a1, a2)

(
1

�1
+ 1

�2

)2

+ C1(a1, a2)

4�1�2

]

where

d := |a − b|
2c

(√

1 + 4c2

(a − b)2
− 1

)

with a := C1(a1, a2)

�1
, b := C1(a1, a2)

�2
,

c := C2(a1, a2)√
�1,�2

and C1, C2, r1, . . . , r4, r∗1, r∗2, s1, s2, s∗
1, s∗

2 are defined in terms of the Laplace

coefficients β(r)k (α) := br/2,k(α) in Appendix B (compare (B.2), (B.6), and
(B.8)).
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The expression (8.1) generalizes the normal form of the planar three-body
problem (the only known), computed in52 [2, Arnold, 1963]. And in fact,
if we consider Arnold’s case (n = 2 and p = 0 = q) and use the following
asymptotics (where we regard a1 = O(1) and 1/a2 small)

r1(a1, a2)= 3

16a2

(
a2

1

a2
2

+ O

(
a4

1

a4
2

))

,

r1(a2, a1)= − 3

4a2

(
a2

1

a2
2

+ O

(
a4

1

a4
2

))

r2(a1, a2)= r2(a2, a1)= − 9

16a2

(
a2

1

a2
2

+ O

(
a4

1

a4
2

))

, (8.2)

r3(a1, a2)= O

(
a3

1

a4
2

)

= r3(a2, a1)

r4(a1, a2)= O

(
a4

1

a5
2

)

, d = O(a−5/4
2 )

then, asymptotically, the matrix τ of the coefficients of (7.30), which is re-
duced to “horizontal” submatrix of (8.1) τpl = ( τ11 τ12

τ12 τ22

)
takes the value

τpl =m1m2
a2

1

a3
2

⎛

⎝

3
4�2

1
− 9

4�1�2

− 9
4�1�2

− 3
�2

2

⎞

⎠ (1 + O(a−5/4
2 )). (8.3)

We, then, recover

det τpl = − 117

16�2
1�

2
2

(

m1m2
a2

1

a3
2

)2

(1 + O(a−5/4
2 )). (8.4)

This is Arnold’s check53 of non-degeneracy (or “full torsion”) of the
frequency-map of the planar three-body problem.

The first non-trivial case after that considered by Arnold, is the (spatial)
three-body problem. As Arnold, we consider well-spaced semimajor axes.
Then, using the expansions

r∗1(a1, a2)= − 3

16a2

(
a2

1

a2
2

+ O

(
a4

1

a4
2

))

, s1(a1, a2)= 3

a2

(
a2

1

a2
2

+ O

(
a4

1

a4
2

))

52Recall that when p = 0 = q , the RPS map coincides with the planar Poincaré map.
53Compare (8.4) with [2, p. 138, (3.4.31)]. Notice that, in [2], the second order Birkhoff in-

variants are defined as one half the τij ’s and that, in [2], a4
2 should be corrected into a7

2 .
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s1(a2, a1)= 9

8a2

(
a2

1

a2
2

+ O

(
a4

1

a4
2

))

,

s∗
1(a1, a2)= − 3

4a2

(
a2

1

a2
2

+ O

(
a4

1

a4
2

))

(8.5)

s∗
1(a2, a1)= 9

8a2

(
a2

1

a2
2

+ O

(
a4

1

a4
2

))

, s2(a1, a2), s∗
2(a1, a2)= O

(
a3

1

a4
2

)

C1(a1, a2)= − 3

4a2

(
a2

1

a2
2

+ O

(
a4

1

a4
2

))

,

we find, from (8.1), that the planar matrix (8.3) is completed, in the spatial
case, to

τ =m1m2
a2

1

a3
2

⎛

⎜
⎜
⎜
⎜
⎝

3
4�2

1
− 9

4�1�2

3
�2

1

− 9
4�1�2

− 3
�2

2

9
4�1�2

3
�2

1

9
4�1�2

− 3
4�2

1

⎞

⎟
⎟
⎟
⎟
⎠
(1 + O(a−5/4

2 )). (8.6)

For small 1/a2, this matrix is non singular:

det τ = − 27

16�4
1�

2
2

(

m1m2
a2

1

a3
2

)3

(1 + O(a−5/4
2 ))

= −27

16

m2

m1m
3
0

a4
1

a7
2

(1 + O(μ)+ O(a−5/4
2 )) (8.7)

having used �2
i =m2

i m0ai + O(μ).

8.2 Asymptotic full torsion in the general case

The asymptotic evaluation (8.7) can be extended to the general case:

Proposition 8.1 (Full torsion of the planetary frequency map) For n≥ 2 and
0 < δ� < 1 there exist54 μ̄ > 0, 0 < a1 < a1 < · · ·< an < an such that, on the
set A defined in (7.2) and for 0 <μ< μ̄, the matrix τ = (τij ) is non-singular:
det τ = dn(1 + δn), where |δn|< δ� with

54μ̄ is taken small only to simplify (8.8), but a similar evaluation hold with μ̄= 1.
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dn = (−1)n−1 3

5

(
45

16m2
0

)n−1
m2

m1m0
a1

(
a1

an

)3 ∏

2≤k≤n

(
1

ak

)4

. (8.8)

Proof The proof is by induction on n. The case n = 2 has been proved by
explicit computation, compare (8.7).

Assume now that, when, in the statement of Proposition 8.1, n− 1 ≥ 2, Â
and τ̂ replace n, A, τ , then,

det τ̂ = dn−1(1 + O(μ)+ O(1/
√
a2)) (8.9)

and let us prove this equality at rank n. Proceeding as in the proof of Propo-
sition 7.2 and using Lemma 7.1-(iii), one sees that, at rank n, matrices which
diagonalize Qh, Q̄v may be taken of the form

Uh = U(0)
h + O(δ), Ūv = Ū(0)

v + O(δ) (8.10)

where U(0)
h = diag [Ûh,1], Ū(0)

v = diag [Ûv,1] and Ûh, Ûv denote matrices
which diagonalize the second oder matrices Q̂h, Q̂v at the previous rank.

Using (B.5)–(B.17), one also sees that the polynomial of degree 4 in (6.9)
has the form

F(�) · z̄4 = (F̂(�̂)+ F0(�))(z
(n−1))4 +

∑

1≤i≤3

Fi(�) · (z(n−1))4−izi

+ F4(�) · z4, (8.11)

where Fi are O(δ), �̂, z(n−1), z denote the sets of variables

�̂= (�1, . . . ,�n−1),

z(n−1) = (η1, . . . , ηn−1, ξ1, . . . , ξn−1,p1, . . . , pn−2, q1, . . . , qn−2)

z := (ηn, ξn,pn−1, qn−1)

and F̂ · (z(n−1))4 is the fourth order polynomial in (6.9) associated to rank
n− 1. Later, we will need the explicit expression of the polynomial F4 · z4 in
(8.11), which, as we will shortly see, is given by

F4 · z4 = F̄h(�)(η
2
n + ξ2

n )
2 + F̄v(�)(p

2
n−1 + q2

n−1)
2

+ F̄hv(ηnqn−1 − ξnpn−1)
2 + F̄′

hv(ηnpn−1 + ξnqn−1)
2, (8.12)
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where

F̄h(�)=
∑

1≤j<n
mjmn

r1(an, aj )

�2
n

F̄v(�)=
∑

1≤j<n
mjmn

[

r∗1(aj , an)
(

1

Ln−1
+ 1

�n

)2

+ C1(aj , an)

4Ln−1�n

]

F̄hv =
∑

1≤j<n
mjmn

[(
1

Ln−1
+ 1

�n

)
s1(an, aj )

�n

− C1(aj , an)

2�2
n

]

F̄′
hv =

∑

1≤j<n
mjmn

[(
1

Ln−1
+ 1

�n

)
s∗

1(an, aj )

�n

− C1(aj , an)

2�2
n

]

.

(8.13)

In fact, the first line in (8.13) is found using (B.5). Next, by (B.7), the ac-
tion Fv1, Fhv1, F′

hv1 on z4, is found selecting in the formula of Fv1 only the
indices j = k = n− 1 and, in the formula of Fhv, F′

hv, the indices j = n and
h = n− 1. Using, as in the proof of Proposition 7.2, that Li,n−1 − Lj,n−1 =
−
√

1
�n

+ 1
Ln−1

δj,n, one finds the contribution to F̄v, F̄hv and F̄′
hv propor-

tional to, respectively, r∗1, s1 and s∗
1 in (8.13). Finally, the actions of the

tensors Fv2, Fhv2, F′
hv2 on z4 are found observing that the matrices Ti+1,

T∗
i , T̄i defined in (B.9)–(B.17) contain only (ηj , ξj )-variables with indices

j ≤ i + 1 and (pj , qj )-variables with indices j ≤ i. Hence, the monomi-

als with literal part z4 in the polynomial (B.17) are only those appearing in∑
1≤i<n mimnC1(ai, an) tr T̄n−1. Since the quartic part of the trace of T̄n−1 is

−Q̄n−1(p
2
n−1 + q2

n−1), with Q̄n−1 = −Ln−1�n(p
2
n−1+q2

n−1)−2(Ln−1)
2(η2

n+ξ2
n )

4L2
n−1�

2
n

(up

to monomials which do not depend on z: compare (B.9)), it follows that the
sum of the actions of Fv2, Fhv2, F′

hv2 on z4 is identified with the polynomial

∑

1≤i<n
mimnC1(ai, an)(p

2
n−1 + q2

n−1)

× Ln−1�n(p
2
n−1 + q2

n−1)− 2L2
n−1(η

2
n + ξ2

n )

4L2
n−1�

2
n

and hence (8.13) follow.
By (8.10) and (8.11), letting, for short, Ū(0) := diag [U(0)

h ,U(0)
h , Ū(0)

v , Ū(0)
v ]

and Û := diag [Ûh, Ûh, Ûv, Ûv], one readily finds that the polynomial (7.27)
is given by
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F̃(�) · z̃4 = F(�) · (Ūz̃)4 = F(�) · ((Ū(0) + O(δ))z̃)4

= (F̂(�̂)+ F̃0(�))(Ûz̃
(n−1))4 +

∑

1≤i≤3

F̃i (�) · (z̃(n−1))4−i z̃i

+ (F4(�)+ O(δ2)) · z̃4, (8.14)

where F̃i are O(δ) and

z̃(n−1) := (η̃1, . . . , η̃n−1, ξ̃1, . . . , ξ̃n−1, p̃1, . . . , p̃n−2, q̃1, . . . , q̃n−2),

z̃ := (η̃n, ξ̃n, p̃n−1, q̃n−1).

Then, computing the second order Birkhoff invariants τ = (τij ) from (8.14),
one finds

τ =
(
τ̂ + O(δ) O(δ)

O(δ) τ̄ + O(δ2)

)

(8.15)

where τ̂ is the second order Birkhoff invariants matrix at rank n− 1 and τ̄ is
the matrix of the Birkhoff invariants of order 2 associated to the polynomial
in (8.12), i.e.,

τ̄11 = 4F̄h = 4mn

�2
n

∑

1≤j<n
mj r1(an, aj )

τ̄12 = τ̄21 = F̄hv + F̄′
hv =mn

∑

1≤j<n
mj

[(
1

Ln−1
+ 1

�n

)

× s1(an, aj )+ s∗
1(an, aj )

�n

− C1(aj , an)

�2
n

]

τ̄22 = 4F̄v = 4mn

∑

1≤j<n
mj

[

r∗1(aj , an)
(

1

Ln−1
+ 1

�n

)2

+ C1(aj , an)

4Ln−1�n

]

.

Using now Ln−1 =�n−1(1 + O(�n−2/�n−1), �2
i =m2

i m0ai(1 + O(μ)) and
the asymptotics expressions in (8.2) and (8.5), one finds

τ̄11 = −3
mn−1a

2
n−1

m0mna4
n

(1 + O(1/�n−1)+ O(μ)),

τ̄12 = 9

4

a2
n−1

m0
√
an−1ana3

n

(1 + O(1/�n−1)+ O(μ)) (8.16)
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τ̄22 = −3

4

mnan−1

m0mn−1a3
n

(1 + O(1/�n−1)+ O(μ)).

Finally in view of (8.15),

det τ = det τ̂ det τ̄ (1 + O(δ))= − 45

16m2
0

a3
n−1

a7
n

dn−1(1 + O(1/
√
a2)+ O(μ))

relation which immediately implies (8.8) at step n, because of the inductive
assumption (8.9). �

9 The totally reduced planetary system

We turn now to the total reduction of the planetary system. Indeed, the par-
tially reduced Hamiltonian (in Birkhoff normalized variables (7.28)–(7.30))
H̆ = hkep + μf̆ still commutes with the length of the total angular momen-
tum G = |C|, or, equivalently, is invariant under the Rg action; compare
Remark 7.3. This allows to reduce completely the total angular momentum
by introducing symplectic variables, which include an action-angle couple
(G,g), with g cyclic for the reduced planetary Hamiltonian. However, to
achieve the total reduction one has, in general, to exclude certain conical sin-
gularities, compare (9.7) below.55

Recall (7.28) and let, at first,

M̆6n−2∗ := A × T
n ×B∗ (9.1)

where B∗ denotes the open set

B∗ := B2(2n−1)
ε1

∩ {z̆: (η̆i , ξ̆i) 	= 0, (p̆j , q̆j ) 	= 0

for any 1 ≤ i ≤ n, 1 ≤ j ≤ n− 1
}
.

For z̆ ∈ B∗, let

⎧
⎨

⎩

ρ̆i := η̆2
i +ξ̆2

i

2

ϕ̆i := arg(ξ̆i , q̆i)
,

⎧
⎨

⎩
r̆j := p̆2

j+q̆2
j

2

χ̆j := arg(p̆j , q̆j )
(9.2)

55These singularities include the secular origin (i.e., co-circular and co-planar phase points);
but, say, all co-circular and all-but-one co-planar are allowed; compare Remark 9.1-(iii) below.
In the case n= 2, these singularities are removable; see [9].
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be the symplectic polar coordinates associated to (η̆i, ξ̆i), (p̆j , q̆j ). The inte-
gral G becomes then a linear function of �, ρ̆1, . . . , ρ̆n, r̆1, . . . , r̆n−1,

G=
∑

1≤i≤n
�i −

∑

1≤i≤n
ρ̆i −

∑

1≤j≤n−1

r̆j . (9.3)

Denote r̂ := (r̆1, . . . r̆n−2), χ̂ := (χ̆1, . . . χ̆n−2), 1k := (1, . . . ,1) ∈ R
k and ob-

serve that

� · dλ̆+ η̆ · dξ̆ + p̆ · dq̆ =� · dλ̆+ ρ̆ · dϕ̆ + r̆ · dχ̆
=� · dλ̆+ ρ̆ · dϕ̆ + r̂ · dχ̂ + r̆n−1 · dχ̆n−1

=� · d(λ̆+ χ̆n−11n)+ ρ̆ · d(ϕ̆ − χ̆n−11n)

+ r̂ · d(χ̂ − χ̆n−11n−2)+Gd(−χ̆n−1). (9.4)

Define, now, the symplectic map φ̂−1 : (�, λ̆, z̆)→ (�,G, λ̂, g, ẑ) by letting,
for 1 ≤ i ≤ n and 1 ≤ j ≤ n− 2:

λ̂= (λ̂1, . . . λ̂n) ∈ T
n, (G,g) ∈ R+ × T, ẑ= (η̂, ξ̂ , p̂, q̂)

with η̂ = (η̂1, . . . , η̂n), ξ̂ = (ξ̂1, . . . , ξ̂n) ∈ R
n; p̂ = (p̂1, . . . , p̂n−2),

q̂ = (q̂1, . . . , q̂n−2) ∈ R
n−2

{
�i

λ̂i := λ̆i + χ̆n−1

{
G=G(�, z̆)

g := −χ̆n−1 = − arg(p̆n−1, q̆n−1)
(9.5){

η̂i =√2ρ̆i cos (ϕ̆i − χ̆n−1)

ξ̂i =√2ρ̆i sin (ϕ̆i − χ̆n−1)

{
p̂j =√2r̆j cos (χ̆j − χ̆n−1)

q̂j =√2r̆j sin (χ̆j − χ̆n−1)

Conclusions are drawn in the following

Remark 9.1 (i) In view of (9.4) the map φ̂−1 : M̆6n−2∗ → M̂6n−2∗ :=
φ̂−1(M̆6n−2∗ ) is symplectic.

(ii) Inverting formulae (9.5) we find that the symplectic map φ̂ is explicitly
given by

(
η̆i

ξ̆i

)

= R(−g)

(
η̂i

ξ̂i

)

, λ̆i = λ̂i + g, 1 ≤ i ≤ n

(
p̆j
q̆j

)

= R(−g)

(
p̂j
q̂j

)

,

(
p̆n−1
q̆n−1

)

= R(−g)

(√
 2 − |ẑ|2

0

)

,(9.6)

1 ≤ j ≤ n− 2
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where  2 := 2(
∑

1≤i≤n �i −G) and R(g) is the matrix (6.4). Thus, φ̂ can be

extended to a real-analytic map φ̂ : M̂6n−2 → M̆6n−2 with56:

M̂6n−2 :=
{

� ∈ A, G ∈ R+, |ẑ|<  (�,G)

:=
√
√
√
√2

( ∑

1≤i≤n
�i −G

)

< ε1, λ̂ ∈ T
n, g ∈ T

}

.

(iii) In particular, points on the hyperplanes (η̂i , ξ̂i)= 0 or (p̂j , q̂j )= 0, cor-
responding to co-circular or co-planar motions for n − 1 planets (and one
possibly co-circular with the others but not co-planar) are regular points for φ̂.

(iv) Consider the Hamiltonian Ĥ := H̆ ◦ φ̂ on the phase space M̂6n−2. As
already mentioned, the invariance of H̆ by Rg implies that the variable g is
cyclic for H̆ ◦ φ̂. We then set

ĤG(�, λ̂, ẑ) := H̆ ◦ φ̂(�, λ̂, ẑ;G)= hKep(�)+μf̂G(�, λ̂, ẑ). (9.7)

For fixed values of the parameter G ∈ R+, the “totally reduced planetary
Hamiltonian” ĤG governs the motions of the planetary system on the (6n−
4)-dimensional phase space

M̂6n−4
G

:= ÂG × T
n ×B

2(2n−2)
 (�,G) , ÂG := {� ∈ A : 0 <  (�,G) < ε1},

(9.8)

endowed with the standard symplectic form d�∧ dλ̂+ dη̂ ∧ dξ̂ + dp̂ ∧ dq̂ .
(v) The full motion on M̂6n−2 is then simply obtained by integrating the

cyclic variable g, which amounts to a rotation around the direction of C with
instant speed given by ∂GĤG.

10 Birkhoff normal form and full torsion of the totally reduced secular
Hamiltonian

In this section, by means of the standard IFT, we cast the totally reduced sec-
ular Hamiltonian f̂G,av in Birkhoff normal form up to order four on M̂6n−4

G
.

In this context, at contrast with the partially reduced case, there are no secular
resonances (see Remark 10.1 below); on the other hand, as in the partially
reduced case, the torsion matrix is nonsingular.

56Recall (9.1) and notice that by (9.2) and (9.3)
∑

1≤i≤n �i −G= |z̆|2/2. Notice also that φ̂
is well defined for any � ∈ R

n+.
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10.1 Fourth order Birkhoff normal form of the totally reduced planetary
Hamiltonian

We first consider the “ambient phase space” M̂6n−2. Using the expression of
φ̂ in (9.6) and the independence of f̂G on g, we have

f̂G = f̆ ◦ φ̂ = (f̆ ◦ φ̂)|g=0 = f̆ ◦ φ̂0 (10.1)

where φ̂0 := φ̂
( )

0 := φ̂|g=0 has the simple expression

φ̂
( )

0 : λ̆= λ̂,

{
η̆ = η̂

ξ̆ = ξ̂

{
p̆i = p̂i
q̆i = q̂i

{
p̆n−1 =√ 2 − |ẑ|2
q̆n−1 = 0

1 ≤ i ≤ n− 2. (10.2)

Taking the average of (10.1) with respect to λ̂ and using (7.30) one readily
finds the following expression

f̂G,av(�, ẑ)= f̆av ◦ φ̂( )0 = Ĉ0(�, )+�̂(�, ) ·R̂+ 1

2
τ̂ (�)R̂ · R̂+ F̂(�, ẑ,  )

(10.3)
where

R̂ := (ρ̂, r̂), ρ̂i := η̂2
i + ξ̂2

i

2
, r̂j := p̂2

j + q̂2
j

2
1 ≤ i ≤ n, 1 ≤ j ≤ n− 2;

the constants Ĉ(�, ) and �̂= (�̂1, . . . , �̂2n−2) are defined as:

Ĉ0(�, ) := C0(�)+  2

2
ςn−1(�)+  4

4
τmm(�), m := 2n− 1(10.4)

�̂i(�, )=�0
i (�)+  2(τim(�)− τmm(�)), 1 ≤ i ≤ 2n− 2 (10.5)

with �0 := (�0
1, . . . ,�

0
2n−2) given by

�0
i (�) :=

{
σ 0
i (�) := σi(�)− ςn−1(�), 1 ≤ i ≤ n

ς0
i−n(�) := ςi−n(�)− ςn−1(�), n+ 1 ≤ i ≤ 2n− 2;(10.6)

and the matrix τ̂ = (τ̂ij ) by

τ̂ij (�) := τij (�)− τim(�)− τjm(�)+ τmm(�), 1 ≤ i, j ≤ 2n− 2;
(10.7)

finally,

F̂(�, ẑ,  ) := P̆ ◦ φ̂( )0 (�, ẑ). (10.8)
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In general, for n ≥ 3, the function F̂(�, ẑ,  ) has non vanishing derivatives
in ẑ = 0. But the existence of a suitable elliptic equilibrium for f̂G(�, ẑ) can

be established by a simple IFT argument and the relative normal form around
such equilibrium next restored by classical symplectic diagonalization and
Birkhoff normal form.

Remark 10.1 The functions (10.6) do not exhibit any resonance of order 4
or lower in the range of well separated semimajor axes. In fact, the existence
of a non-trivial linear relation among the �0

i ’s, would imply a linear relation
among σ1, . . . , σn, ς1, . . . , ςn−1 different from Herman’s resonance (since
the coefficient of ςn−1 should be opposite to the sum of the coefficients of σ1,
. . . , σn, ς1, . . . , ςn−2), which is in contradiction with Proposition 7.2.

Let

I := (�,G),

B∗ =
{

I = (�,G) ∈ A × R+:
∑

1≤i≤n
�i −G> 0

}

⊂ R
n+ × R+

ϕ̂ := (λ̂, ĝ) ∈ T
n+1, û := (η̂, p̂), v̂ := (ξ̂ , q̂), ẑ := (û, v̂).

Proposition 10.1 There exists ε2 ∈ (0, ε1) such that, on the domain

M̌6n−2 :=
{

I ∈ B∗, ϕ̌ ∈ T
n+1, 0 <  (I) < ε2, |ž|<  (I)

4

}

, (10.9)

one can find a real-analytic and symplectic transformation with respect to
dI ∧ dϕ + dû∧ dv̂,

φ̌: (I, ϕ̌, ž) ∈ M̌6n−2 → (I, ϕ̂, ẑ) ∈ M̂6n−2,

with the following properties. The map φ̌ leaves the I -variables unvaried,
maps ϕ̌ → ϕ = ϕ̌ + ϕ̌1(I, ž), and is ϕ̌-independent on the remaining vari-
ables; furthermore, it puts ĤG into the form

ȞG = ȞG ◦ φ̌ = hKep(�)+μf̌G(�, λ̌, ž) (10.10)

with:

f̌G,av(�, ž)= ČG(�)+ �̌G(�) · Ř + 1

2
Ř · τ̌G(�)Ř + P̌G(�, ž),

ž= (ǔ, v̌)= ((ǔ1, . . . , ǔ2n−2), (v̌1, . . . , v̌2n−2)
)
,

Ř = (Ř1, . . . , Ř2n−2), Ři = ǔ2
i + v̌2

i

2
;

(10.11)

with P̌G(I, ž) having a zero of order 5 in ž= 0.
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The first and second Birkhoff invariants �̌G, τ̌G verify

|�̌G(�)−�0(�)| ≤ C (I)2, ‖τ̌G(�)− τ̂ (�)‖ ≤C (I)2, (10.12)

where �0 and τ̂ are as in (10.6) and (10.7). Finally, �̌G is non-resonant up to
order four.57

Remark 10.2 (i) Clearly, since the Hamiltonian ĤG does not depend on g, it
projects to a Hamiltonian (which we still call ĤG) on the totally reduced phase
space

{

� ∈ A, λ̌ ∈ T
n, |ž|<  (I)

4
<

ε2

4

}

, (10.13)

endowed with the standard symplectic form d�∧ dλ̌+ dη̌ ∧ ďξ + dp̌ ∧ dq̌

(p̌, q̌ ∈ R
n−2 and G is a parameter). Notice that, now, the secular center ž= 0

is an elliptic equilibrium for the totally reduced Hamiltonian ĤG.
(ii) For the applications in Sect. 11 below, we will consider, for simplicity,

a subset of (10.13) of the form

M̌6n−4
G

:= {� ∈ ǍG, λ̌ ∈ T
n, |ž|< ε3

}
,

with ǍG := {� ∈ A : 4ε3 <  (�,G) < ε2}, (10.14)

where ε3 is an arbitrary positive number smaller than ε2/4.

Proof of Proposition 10.1 We divide the proof of into four steps.
Step 1: The new elliptic equilibrium
For n = 2, the point ẑe := 0 in an equilibrium for f̂G,av for any I ∈ B∗.

When n ≥ 3, to find an equilibrium I → ẑe(I ), we use the IFT (Proposi-
tion 10.2 below).

Fix a number 0 < θ < 1. For

ž= (ǔ, v̌)= ((ǔ1, . . . , ǔ2n−2), (v̌1, . . . , v̌2n−2
) ∈ B

2(2n−2)
θ , (10.15)

let φ̌( ) the map

φ̌( ): (�, λ̂, ž)→ φ̂
( )

0 (�, λ̂,  ž) := (�, λ̂, φ̌
( )

z̆
)= (�, λ̂,  φ̌

(1)
z̆
),

where φ̂
( )

0 is the map (10.2) and hence the z̆-component of the map φ̌(1)

becomes:

φ̌
(1)
z̆

: ž= (ǔ, v̌)→ z̆= (ŭ, v̆) : z̆i = ži , i ≤ 2n− 2

57And, in fact, by possibly reducing ε2, at any finite order.
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ŭ2n−1 =
√

1 − |ž|2 , v̆2n−1 = 0. (10.16)

Let us also put

f ( ) := f̂G,av|ẑ= ž = Ĉ0(�, )+  2
(

�̂(�, ) · Ř +  2

2
Ř · τ̂ (�)Ř

+  4Q(�, ž,  )

)

where Ři := ǔ2
i + v̌2

i

2

(1 ≤ i ≤ 2n−2) and, by (10.8) and (10.16), the function Q(�, ž, α) is defined
by

α6Q(�, ž, α)= F̂(�,αž, α)= P̆ ◦ φ̂(α)0 (�,αž)

= P̆(�, φ̌
(α)

z̆
(ž))= P̆(�,αφ̌

(1)
z̆
(ž)). (10.17)

Since the function z̆ → P̆(�, z̆) is regular on the closed ball B
2(2n−1)
ε1/2 ⊂

B
2(2n−1)
ε1 , has a zero of order 6 in 0, φ̌

(1)
z̆

is regular on B
2(2n−2)
θ and

|φ̌(1)
z̆
(ž)| = 1 for any ž ∈ B

2(2n−2)
θ , by (10.17), for any fixed �, the function

(ž, α)→ Q(�, ž, α) is a regular function of ž, α on the domain

|ž| ∈ B
2(2n−2)
θ and 0 ≤ α ≤ ε1

2
.

We now need a quantitative formulation of the standard IFT58:

Proposition 10.2 (Quantitative IFT) Let w0 ∈ R
h, and let A be a compact

set of R
k . Let F : (w,α) ∈ BR(w0)×A → F(w,α) ∈ R (BR(w0) denoting

the closed ball of radius R and center w0) be a continuous function with
invertible and C1 Jacobian matrix ∂wF(w0, α), for any α ∈ A. Denote by
M(α) := (∂wF (w0, α))

−1, by m an upper bound on supA ‖M‖ (‖ ·‖ denoting
the standard “operator norm” on matrices). If

4m2 sup
A

|F(w0, α)| sup
BR(w0)×A

‖∂2
wF‖ ≤ 1 (10.18)

then, there exists a unique continuous function α ∈A→w(α) ∈ Bρ(w0) such
that F(w(α),α)≡ 0 for any α ∈A, where ρ := 2m supA |F(w0, α)|.

58The elementary proof can be found in [5, Theorem 1].



46 L. Chierchia, G. Pinzari

We apply Proposition 10.2, with59 h = 2n − 2, k = 1, A = {α}, w0 = 0,
R = θ and

F(ž, α) := ∂ž(f
(α) − Ĉ0(�,α))α

−2

= ∂ž

(

�̂(�,α) · Ř + α2

2
Ř · τ̂ (�)Ř + α4Q(�, ž, α)

)

,

having omitted the dependence on � in the notation for F . We have in fact
⎧
⎪⎪⎨

⎪⎪⎩

F(0, α)= α4∂žQ(�,0, α)

∂žF (0, α)= diag [�̂, �̂] + α4∂2
ž

Q(�,0, α)

∂2
ž
F (ž, α)= α2∂3

ž
(1

2 Ř · τ̂ Ř + α2Q(�, ž, α))

easily implying the existence of three constants60 c1, c2, c3 (independent on
�) for which the following bounds hold

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

|F(0, α)| ≤ c1α
4

‖(∂žF (0, α))−1‖ ≤ 2 supA ‖(diag [�̂, �̂])−1‖ =: m
when c2α

4 ≤ 1
sup

ž∈B2(2n−2)
θ

‖∂2
ž
F (ž, α)‖ ≤ c3α

2.

(10.19)

Notice that the constant m is well defined by the non resonance assumption
of the �’s. Let

c4 := 2mc1, c5 := 2c4

θ
, c6 := 4m2c1c3

and let  ̄ such that the inequalities

max
{
c6α

6, c5α
5}≤ 1 (10.20)

hold for α ≤  ̄. The assumption (10.18) of Proposition 10.2 is easily met,
since, in view of (10.19), (10.20)

4m2|F(0, α)| sup
B

2(2n−2)
θ

‖∂2
ž
F‖ ≤ c6α

6 ≤ 1.

59In particular, Proposition 10.2 holds also when the compact A is a set of one point only.
60The ci ’s can be taken

⎧
⎪⎨

⎪⎩

c1 := sup�∈A,0≤α≤ε1/2 |∂žQ(�,0, α)|
c2 := 2 sup�∈A,0≤α≤ε1/2 ‖(diag [�̂, �̂])−1∂2

ž
Q(�,0, α)‖

c3 := sup
�∈A,ž∈B2n−2

θ ,0≤α≤ε1/2
‖∂3

ž
( 1

2 R · τ̂R + α2 Q(�, ž, α))‖
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Then, by Proposition 10.2, a root že = že(�,α) of equation F(ž, α) = 0 can
be found, satisfying

|že| ≤ 2m|F(0, α)| ≤ c4α
4 (10.21)

for any α ≤  ̄. Thus, the point ẑe = ẑe(�,G) ∈ B
2(2n−2)
c4 

5 ⊂ B
2(2n−2)
θ /2 defined

as ẑe :=  že(�, ) is an equilibrium for fG,av for any (�,G), with � ∈ A and
G such that  (�,G)≤ ε2, where ε2 ≤  ̄.

Step 2: Symplectic shift of the equilibrium into the origin
The equilibrium point ẑ = ẑe can be then shifted into the origin with the

change of variables

ẑ= z� + ẑe, i.e., û= u� + ûe(I ), v̂ = v� + ûe(I ), (10.22)

where z� := (u�, v�) is taken varying into the closed ball B
2(2n−2)
θ /2 , so to have

|ẑ| = |z� + ẑe| ≤ |z�| + |ẑe| ≤  θ

2
+  θ

2
=  θ <  . (10.23)

By construction, the function f �(I, z�) := f̂G,av|ẑ=z�+ẑe has vanishing linear
part61 in z� = 0. Using this fact and (10.3), we can write

f �(I, z�) := f̂G,av|ẑ=z�+ẑe = C�
0(I )+�� · R� + 1

2
R� · τ̂R� + Q�(I, z�),

(10.24)

where62

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

C�
0(I ) := Ĉ0(I )+ �̂ · R̂e + 1

2 R̂e · τ̂ R̂e, where R̂(i)
e := (û

(i)
e )2+(v̂

(i)
e )2

2

R�
i := (u�i )

2+(v�i )
2

2

�� := �̂+ τ̂ R̂e
Q�(I, z�) := P�(I, z�)− Lz�(P�(I, z�))

(10.25)

where

P�(I, z�) := F̂(�, z� + ẑe,  )= P̆ ◦ φ̂( )0 (�, z� + ẑe) (10.26)

and Lz�(P�(I, z�)) denotes the linear part of P�(I, z�) with respect to z� in
z� = 0.

61If z→ g(a, z) is analytic on z= 0, its linear part in z= 0 is ∂zg(a,0) · z.
62If v ∈ R

2n−2, v(i) or vi denotes its ith component.
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The shift (10.22) is next lifted to a symplectic transformation φ� which,
leaving the I ′s unvaried, acts on their respective conjugated angles as63

ϕ̂ = ϕ� + u� · ∂I v̂e(I )− (v� + ûe(I ))∂I ûe(I ).

Step 3: Symplectic diagonalization around the equilibrium

Let Q�, C�, F� denote, respectively, the coefficients of the expansion

Q�(I, z�)= P�(I, z�)− Lz�(P�(I, z�))

= Q�
0(I )+ z� · Q�(I )z� + C�(I ) · z�3 + 1

2
F�(I ) · z�4 + Q�

5(I, z
�),

(10.27)

with Q�
5(I, z

�)≤ C|z�|5. Using (10.23) and (10.26), one easily finds suitable
constants c7–c9 such that

sup
A

‖Q�(I )‖ ≤ c7 
4, sup

A
‖C�(I )‖ ≤ c8 

3, sup
A

‖F�(I )‖ ≤ c9 
2.

(10.28)
In particular, when  is sufficiently small, the quadratic form

Q∗ := diag [�̂, �̂] + Q� (10.29)

associated to f �(I, z�) has purely imaginary eigenvalues (hence, the equilib-
rium z� = 0 is elliptic). Let them be denoted as �̌= (�̌1, . . . , �̌m−1); notice
that in Proposition 10.1 �̌ is denoted �̌G. Then, �̌ satisfy

|�̌− �̂| ≤ c10 
4. (10.30)

Let �̌ · R∗, where R∗
i = (u∗

i )
2+(v∗

i )
2

2 , the diagonal form of the quadratic form
Q∗ as in (10.29) and let z∗ → L(I )z∗, where z∗ = (u∗, v∗), the symplectic
transformation64 which transforms Q∗ in such diagonal form. By (10.28), L
is  4-close to the identity and hence we can assume that is well defined on the
domain B2(2n−2)

 /3 . Being linear and symplectic, L can be lifted to a symplectic
transformation

φ∗ : (�,λ∗, z∗)→ (�,λ�, z�)

on the domain

D∗: I ∈ B∗, ϕ ∈ T
n+1, 0 <  (I) <  ∗, |z∗|<  (I)

3
,

63The generating function of this transformation is S(I ′, u′, ϕ, v)= I ′ · ϕ + u′ · (v − ve(I
′)+

v · ue(I
′).

64With respect to du∗ ∧ dv∗.
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such in a way to leave the I ’s unvaried and shifting the angles ϕ∗ of a ϕ∗-
independent quantity and is ϕ∗-independent on the remaining variables. Let

f ∗
av := f �

av ◦φ∗ = ČG + �̌ ·R∗ +C∗ · (z∗)3 + 1

2
R∗ · τ̂R∗ +F∗ · (z∗)4 +O(|z∗|5),

where C∗ and F∗ are  4-close to C� and F�, respectively.

Step 4: Construction of the Birkhoff normal form
By (10.30) and (10.4), the first invariants �̌ of f ∗

av are  2-close to the func-
tions �0

i into (10.6) which, as already observed, do not satisfy any resonance
of order 4 or lower in A. Then, when  is sufficiently small, Birkhoff theory
can be applied, proving the thesis of Proposition 10.1.

The final claim follows at once by the non-resonance of the �0
i ’s (Re-

mark 10.1) and by taking ε2 small enough (compare (10.12)). �

10.2 Full torsion of the totally reduced planetary system

We are now ready to check full torsion in the fully reduced setting.

Corollary 10.1 Fix n≥ 2 and 0 < δ� < 1. Then, there exist μ̄ > 0, 0 < a1 <

a1 < · · · < an < an such that for any μ < μ̄ and for any � ∈ ǍG, where ǍG

is the set in (10.14), the matrix τ̌G is non-singular: det τ̌G = d̂n(1 + δn), with
|δn|< δ� and

d̂n = m0mn

mn−1

a4
n

a2
n−1

d̃n (10.31)

where ñ is defined as 17
3 dn, for n= 2, and as 4

15dn for n > 2, dn being defined
in (8.8).

Proof By the second inequality in (10.12) (eventually, taking ε2 smaller), it
suffices to prove that the matrix τ̂ defined (in terms of the unreduced matrix τ )
in (10.7) is non-singular. We distinguish two cases.

Case n= 2 By the computation of the τij ’s performed in Sect. 7.3 (com-
pare the exact expression in (8.1), or, better, the asymptotics for small 1/a2
in (8.6)), when 1/a2 is small enough, one has

τ̂ =m1m2
a2

1

a3
2

⎛

⎝
− 6

�2
1

− 15
4�2

1

− 15
4�2

1
− 3

4�2
1

⎞

⎠ (1 + o(1)),

easily proving non-singularity:

det τ̂ = −
(

m1m2
a2

1

a3
2

)2 153

16�4
1

(1 + o(1)) 	= 0.
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Case n≥ 3 Since τi,2n−1 = τ2n−1,i = O(δ) for any 1 ≤ i ≤ 2n− 1, one easily
finds that

τ̂ =
(
τ̌ + O(δ) O(δ)

O(δ) τ̂2n−2,2n−2 + O(δ2)

)

(10.32)

where δ = 1/a3
n, τ̌ denotes the unreduced matrix relatively to n − 1 bodies

(of order 1 in δ) and

τ̂2n−2,2n−2 = τ̄11 − 2τ̄12 + τ̄22 = −3

4

mn

L2
n−1

δ
∑

1≤j<n
mja

2
j (1 + o(1)) (10.33)

(compare (8.15) and (8.16), (10.7)). Then, by (10.32), (10.33) and the non
singularity of τ̌ (compare Proposition 8.1, with n− 1 replacing n), we have

det τ̂ = −3

4

mn

L2
n−1

∑

1≤j<n
mja

2
j (det τ̌ ) · δ · (1 + o(1)) 	= 0

and (10.31) immediately follows. �

11 Quasi-periodic motions in the planetary problem

In this section we shall see some consequences of the non-degeneracy of the
Birkhoff normal forms of the planetary system, providing, in particular:

(i) a new direct proof of Arnold’s planetary theorem [2, 15] both in the par-
tially and in totally reduced settings, including explicit measure estimates
on the Kolmogorov’s set (i.e., the union of Lagrangian KAM tori);

(ii) existence of Cantor families of n-lower dimensional elliptic tori in the
partially and totally reduced phase space.

11.1 Lagrangian Diophantine tori in the planetary system

The existence of Lagrangian KAM tori and estimates on the measure of the
Kolmogorov’s set for the partially reduced and totally reduced planetary mod-
els will follow immediately from the following theorem, which is an improve-
ment of Arnold’s “Fundamental Theorem” in [2, Sect. 4].

Theorem 11.1 Let Pε := V ×T
n1 ×B

2n2
ε , where V is an open, bounded, con-

nected set of R
n1 and B

2n2
ε is a 2n2-dimensional ball of radius ε centered at

the origin. Let ε0 > 0 and let H(I,ϕ,p, q;μ) = H0(I )+ μP(I,ϕ,p, q;μ)
be a real-analytic Hamiltonian on Pε0 , endowed with the standard symplectic
form dI ∧dϕ+dp∧dq . Assume that H verify the following non-degeneracy
assumptions:
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(A1) I ∈ V → ∂IH0 is a diffeomorphism;
(A2) Pav(p, q; I )= P0(I )+∑n2

i=1�i(I )ri + 1
2

∑n2
i,j=1 βij (I )rirj + o4 with

ri := p2
i +q2

i

2 and lim(p,q)→0
o4

|(p,q)|4 = 0;

(A3) |detβ(I)| ≥ const > 0 for all I ∈ V .

Then, there exist positive numbers ε∗ < ε0, C∗ and c∗ such that, for

0 < ε < ε∗, 0 <μ<
ε6

(log ε−1)c∗
, (11.1)

one can find a set K ⊂ Pε formed by the union of H -invariant n-dimensional
Lagrangian tori, on which the H -motion is analytically conjugated to linear
Diophantine quasi-periodic motions with frequencies (ω1,ω2) ∈ R

n1 × R
n2

with ω1 = O(1) and ω2 = O(μ). The set K has positive Liouville-Lebesgue
measure and satisfies

meas Pε > meas K > (1 −C∗
√
ε)meas Pε. (11.2)

This is Theorem 1.3 in [10], to which we refer for the proof.65

• Consider the partially reduced planetary (1+n)-body system in normalized
Birkhoff coordinates, i.e., consider the Hamiltonian system (H̆, M̆6n−2

ε )
where H̆ is as in (7.29) and M̆6n−2

ε is defined as in (7.28) with B2(2n−1)
ε1 re-

placed by B2(2n−1)
ε with ε ≤ ε1. Consider also the “well separated regime”,

i.e., let μ < μ̄ and let the semimajor axes ai be as in (7.2) with aj and aj
as in Proposition 8.1, so that full torsion holds (det τ 	= 0).

Then, M̆6n−2
ε has exactly the form of Pε with V = A, n1 = n, n2 = 2n−1.

Furthermore, by the form of the Keplerian part, by (7.30) and by Proposi-
tion 8.1, one sees immediately that the Hamiltonian H̆ satisfies assumptions
(A1)–(A3) of Theorem 11.1. Thus, the following result follows at once.

Theorem 11.2 If μ < μ̄ and ε < ε1 verify condition (11.1), then each
symplectic leaf M6n−2

p∗
n,q

∗
n

(5.1) contains a positive measure H-invariant Kol-
mogorov set Kp∗

n,q
∗
n
, which is actually the suspension of the same Kol-

mogorov’s set K, which in normalized Birkhoff symplectic variables (�, λ̆, z̆)
is H̆-invariant. Furthermore, K is formed by the union of (3n − 1)-
dimensional Lagrangian, real-analytic tori on which the H̆-motion is ana-
lytically conjugated to linear Diophantine quasi-periodic motions with fre-
quencies (ω1,ω2) ∈ R

n × R
2n−1 with ω1 = O(1) and ω2 = O(μ). Finally,

65Actually, Theorem 11.1 is a corollary of a more general result holding under much milder
conditions than (11.1); compare Theorem 1.2 in [10].
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K satisfies the bound in (11.2) with Pε replaced by M̆6n−2
ε ; in particular

meas K � ε2(2n−1).

Remark 11.1 (i) In fact, from Remark 7.3-(iii) it follows (giving up the con-
structive approach) that the same result holds in an open dense set of M6n.

(ii) Since the “secular variables” z̆ vary in a ball around the origin, which
correspond to co-circular and co-planar motions, we recover and strengthen
Arnold’s results in [2]; compare [2, p. 125 and p. 142]. The approach followed
here extends to the general situation Arnold’s proof, which was given only for
the planar n= 2 case.

(iii) The proof in [15] of Arnold’s result is rather different from the one
presented here. Indeed, the proof in [15] is based on the following: (a) one
works in the unreduced phase space endowed with Poincaré spatial symplec-
tic variables; (b) the KAM non-degeneracy condition used in [15] involves
only the first order Birkhoff invariants,66 which requires the frequency-map
(formed by ∂�hKep and by the first order Birkhoff invariants of the secular
Hamiltonian) to be non-planar (i.e., not to lie in any hyperplane); (c) in the
unreduced phase space, however, two secular resonances are present (Her-
man resonance and the vanishing of one of the spatial eigenvalues, ςn); (d) to
overcome the problem of the secular resonances, Féjoz, following an idea of
Herman (based, in turn, on a Poincaré trick), modifies the system by adding a
term proportional to C2

3, since, by an abstract Lagrangian intersection theory
argument, two commuting Hamiltonians have the same transitive tori; (e) to
obtain (3n− 1)-dimensional tori one restricts to the vertical symplectic sub-
manifold67 {C1 = 0 = C2}.

As side remarks, we point out also that: in the unreduced setting the full
torsion is false (i.e., one can show that the determinant of the second order
Birkhoff invariants vanishes identically68); the KAM theory developed in [15]
the invariant tori constructed are C∞ even if the starting Hamiltonian is ana-
lytic69; it is not clear what kind of measure estimates one would obtain from
the scheme in [15].

• We turn now to the construction of Lagrangian tori in the fully reduced
setting and well-spaced regime. Let M̌6n−4

G,ε be as in (10.14) with ε3 re-

placed by a generic ε ≤ ε3. Then, also in this case, M̌6n−4
G,ε has the form Pε

with V = AG, n1 = n, n2 = 2n− 2 and the totally reduced Hamiltonian ȞG

66Such condition is called “Arnold-Pyarti’s condition” in [15]; elsewhere is also called “Rüss-
mann condition”.
67In [15], however, no explicit symplectic variables are available on the vertical submanifold.
68Compare [9].
69For a real-analytic version of [15] see [11].
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in (10.10)–(10.11), by Proposition 10.1, verifies assumptions (A1)–(A3) of
Theorem 11.1. Thus, a statement parallel to Theorem 11.2 holds also in the
totally reduced case:

Theorem 11.3 If μ < μ̄ and ε < ε3 verify condition (11.1), then, M̌6n−4
G,ε

contains a positive measure Kolmogorov set KG, which is ȞG-invariant and is
formed by the union of 3n− 2-dimensional Lagrangian, real-analytic tori on
which the ȞG-motion is analytically conjugated to linear Diophantine quasi-
periodic motions with frequencies (ω1,ω2) ∈ R

n × R
2n−2 with ω1 = O(1)

and ω2 = O(μ); furthermore KG satisfies the bound in (11.2) with Pε re-
placed by M̌6n−4

G,ε . In particular meas KG � ε2(2n−2).

Remark 11.2 (i) The tori found in this theorem were not mentioned in [2].
(ii) The (3n− 1)-dimensional invariant tori in the partially reduced phase

space obtained by integrating (rotating) the angle g in the Hamilton equation
ġ = ∂GĤG, may be resonant according to whether the quasi-periodic average
of ∂GĤG is rationally independent or not with the (3n− 2) Diophantine fre-
quencies of the invariant tori belonging to KG. In general one expects to have
all kind of tori (resonant, Liouvillean and Diophantine). Clearly all the 3n-
dimensional tori lifted in the unreduced space will be resonant, since the pn
and qn variables are, in fact, always constant.

11.2 n-Dimensional elliptic KAM tori in the planetary system

In this final section we discuss briefly elliptic lower dimensional tori in the
planetary reduced (and fully reduced) system, generalizing to the spatial case
the results in [4].

The Lagrangian tori found in Sect. 11 have fast Keplerian rotations and
slow secular quasi-periodic variations around the elliptic linear equilibrium.
It is natural to ask whether the linear secular equilibrium bifurcates in the full
nonlinear dynamics into lower dimensional elliptic tori of dimension n. This
is indeed the case, as we will shortly prove.

Results in this direction were obtained in [14] in the planar three-body
case, in [3] for the spatial three-body case and in [4] in the planar (1 + n)-
body case. All these results are based on the application of the lower dimen-
sional KAM theory as developed by Melnikov [22], Kuksin [20], Eliasson
[13], Rüssmann [26] and Pöschel [24]. The extension of the previous results
to the general spatial case in the partially and fully reduced setting is possible,
because of absence of low-order resonances (in the well-spaced region or in
an open dense set). We also remark that in this discussion one only needs non
degeneracy of the first order Birkhoff invariants (“Melnikov’s conditions”)
and no information is needed on the second order Birkhoff invariants.

The existence of lower dimensional tori will be based upon the following
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Theorem 11.4 Let Pε and H be as in Theorem 11.1 with (A2) and (A3)
replaced, respectively, by

(A′
2) Pav(p, q; I ) = P0(I ) + ∑n2

i=1�i(I )ri + o2 with ri := p2
i +q2

i

2 and
lim(p,q)→0

o2
|(p,q)|2 = 0;

(A′
3) |�i | ≥ const, |�i −�j | ≥ const, ∀i 	= j, ∀I ∈ V.

Then, if ε and μ are small enough, there exists a Cantor set of actions I in
V of positive n1-measure, which parameterizes a family of n1-dimensional
elliptic H -invariant tori on which the H -motion is analytically conjugated to
linear quasi-periodic motions with n1 Diophantine frequencies close to the
unperturbed frequencies ∂IH0.

The proof of Theorem 11.4 is given is Sect. 4 of [4].
Taking Pε = M̆6n−2 (as in (7.28) with ε1 replaced by ε ≤ ε1) and H̆ =

hkep(�) + μf̆ (�, λ̆, z̆) (as in (7.29)–(7.30)), and observing that assumption
(A′

3) follows from Proposition 7.2, one obtains the following corollary:

Theorem 11.5 For ε, μ small enough, the well-spaced, partially reduced
planetary system (H̆, M̆6n−2) possesses a Cantor family of n-dimensional
elliptic H̆-invariant tori with frequencies close to the unperturbed Keplerian
frequencies. Such tori are “surrounded” by the Lagrangian tori constructed
in Theorem 11.2.

An analogous discussion can be done in the totally reduced planetary sys-
tem, leading to the existence of n-dimensional elliptic tori also in M̌6n−4

G

(compare (10.14)).
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Appendix A: Explicit formulae for the RPS map

A.1 Deprit map

In this section we describe the map which relates the action-angle Deprit vari-
ables (�,�,�,λ, γ,ψ) defined in Sect. 3 to the standard Cartesian variables
(y, x) ∈ R

3n × R
3n.
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To describe properly the rotations occurring in such map, we introduce
the following notation. Given two frames F = (k(1), k(2), k(3)) and G =
(κ(1), κ(2), κ(3)), we say that G is (i,ψ)-rotated with respect to F if

κ(1) ⊥ k(3), ακ(1) (k
(3), κ(3))= i and αk(3)(k

(1), κ(1))=ψ i,ψ ∈ T.

(A.1)
So, if (z1, z2, z3), (ζ1, ζ2, ζ3) denote, respectively, the respective sets of Carte-
sian coordinates of a point P with respect to F, G, i.e., P = z1k

(1) + z2k
(2) +

z3k
(3) = ζ1κ

(1)+ζ2κ
(2)+ζ3κ

(3), the matrix RFG of the change of coordinates
from G to F, i.e., such that

⎛

⎝
z1
z2
z3

⎞

⎠= RFG

⎛

⎝
ζ1
ζ2
ζ3

⎞

⎠

is given by

RFG = R31(ψ, i) := R3(ψ)R1(i),

with R1(i), R3(ψ) denoting the matrices

R1(i)=
⎛

⎝
1 0 0
0 cos i − sin i
0 sin i cos i

⎞

⎠ , R3(ψ)=
⎛

⎝
cosψ − sinψ 0
sinψ cosψ 0

0 0 1

⎞

⎠ .

(A.2)
Let F = (k(1), k(2), k(3)) a prefixed positively oriented orthonormal frame.
With the same notations as in Sect. 3, we introduce the following positively
oriented frames.

• The “orbital frames” Fj , for 1 ≤ j ≤ n, defined by the orthonormal triples
(k(1,j), k(2,j), k(3,j)), where k(3,j) is in the direction of C(j) and k(1,j) in
the direction of the node νj (compare the definition (3.4));

• the frames F∗
j , for 1 ≤ j ≤ n, defined as follows. F∗

1 is the orbital frame F1,
defined above. For 2 ≤ j ≤ n, the frames F∗

j are defined by the orthonor-

mal triples (k(1,j)∗ , k
(2,j)∗ , k

(3,j)∗ ), where k(3,j)∗ is in the direction of S(j) and
k
(1,j)∗ in the direction of νj+1, with νn+1 := ν̄.

The planes (k(1,j), k(2,j)) of the frames Fj = (k(1,j), k(3,j), k(3,j)) con-
tain the osculating ellipses Ej (orthogonal to C(j) ‖ k(3,j)). We recall that
they are defined as the ellipses with the perihelia Pj forming an angle γj

with the k(1,j) = νj -axis, semimajor axis aj = 1
m̄j
(
Lj

Mj
)2 and eccentricity

ej =
√

1 − (
�j
Lj
)2. We also recall that the symplectic Cartesian coordinates

(y(j)pl ,x(j)pl ) with respect to the orbital frame Fj of a point on the osculating

ellipse Ej are recovered by the so-called Kepler map, analytically defined by
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equations

x(j)pl = R3(γj )x
(j)

orb, y(j)pl = βj ∂j x(j)pl (A.3)

where βj is as in (4.5) and

x(j)orb = aj

⎛

⎜
⎝

cosuj − ej
√

1 − e2
j sinuj

0

⎞

⎟
⎠ , (A.4)

uj being the unique solution of Kepler’s equation uj − ej sinuj = j .
By (A.3) and the definition of the frames Fj , the Cartesian coordinates

(y(j), x(j)) with respect to the prefixed frame F = (k(1), k(2), k(3)) are recov-
ered by the following formulae

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

y(j) = (y
(j)

1 , y
(j)

2 , y
(j)

3 )= RFFj (�,�,ψ)y(j)pl (Lj ,�j , j , γj )

= βj∂j x
(j)

x(j) = (x
(j)

1 , x
(j)

2 , x
(j)

3 )= RFFj (�,�,ψ)x(j)pl (Lj ,�j , j , γj )

1 ≤ j ≤ n,

(A.5)
where RFFj denotes the matrix which describes the change of coordinates
from Fj to F.

To describe RFFj in terms of the Deprit variables defined in Sect. 3, we
consider the following tree of frames

F → F∗
n → F∗

n−1 → ·· · → F∗
j → ·· · → F∗

2 → F∗
1 = F1

↓ ↓ ↓ ↓
Fn Fn−1 Fj F2

(A.6)

and we decompose RFFj as

RFFj =
{

RFF∗
n
RF∗

nF∗
n−1

· · ·RF∗
j+1F∗

j
RF∗

2F1, j = 1

RFF∗
n
RF∗

nF∗
n−1

· · ·RF∗
j+1F∗

j
RF∗

jFj , 2 ≤ j ≤ n
(A.7)

with RFG generically denoting the matrix associated to the change of coordi-
nates from G to F.

We have thus to express the matrices appearing at the right hand side of
(A.7) in terms of the Deprit variables. To do it,we define the following “ab-
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solute” angles ij , i∗j , i.e., the angles in (0, π) defined by

cos i∗j = �2
j +�2

j−1 − �2
j+1

2�j�j−1
, cos i∗n = C3

G
, i1 := i∗1 ,

cos ij+1 = �2
j + �2

j+1 −�2
j−1

2�j�j+1

(A.8)

where �0 := �1 and 1 ≤ j ≤ n − 1. Notice that i∗n has the meaning of the
absolute angle between C and k(3) and, considering the triangle with sides
�j−2 = |S(j−1)|, �j = |C(j)| and �j−1 = |S(j)| = |S(j−1) + C(j)|, for 1 ≤
j−1 ≤ n−1, i∗j−1 is the absolute angle between S(j−1) and S(j) (with S(1) :=
C(1)), while, for 2 ≤ j ≤ n, ij is the absolute angle between C(j) and S(j).
Notice also that values 0 or π are never reached because of the assumptions70

(3.2).
By the above definitions, one has that

• F∗
n is (i∗n, ζ )-rotated with respect to F and hence, as noticed at the beginning

of this section,

RFF∗
n
= R31(ζ, i

∗
n). (A.9)

In fact, k(1,n)∗ ‖ νn+1 := ν̄ = k(3) × C ⊥ k(3); by the definition of i∗n ,
α
k
(1,n)∗

(k(3), k
(3,n)∗ ) = αν̄(k

(3),C) = αk(3)×C(k
(3),C)= i∗n and, by definition

of ζ , αk(3) (k
(1), k

(1,n)∗ )= αk(3)(k
(1), ν̄)= ζ .

• When n≥ 3,

RF∗
j F∗

j−1
= R31(ψj−1,−i∗j−1) for 2 ≤ j − 1 ≤ n− 1, (A.10)

since F∗
j−1 is (−i∗j−1,ψj−1)-rotated with respect to F∗

j .

In fact, one has that k(1,j−1)∗ ‖νj = S(j) × C(j) ⊥ S(j)‖ k(3,j)∗ ; further-

more, α
k
(1,j−1)∗

(k
(3,j)∗ , k

(3,j−1)∗ ) = ανj (S
(j), S(j−1)) = αS(j)×C(j) (S(j),

S(j−1)) = α−S(j)×S(j−1) (S(j), S(j−1)) = −i∗j−1, by definition of i∗j−1. Fi-

nally, by definition of ψj−1, α
k
(3,j)∗

(k
(1,j)∗ , k

(1,j−1)∗ ) = αS(j)(νj+1, νj ) =
ψj−1.

• For 2 ≤ j ≤ n, Fj is (ij ,ψj−1)-rotated with respect to F∗
j , hence,

RF∗
jFj = R31(ψj−1, ij ), 2 ≤ j ≤ n. (A.11)

70S(j) × C(j) 	= 0 implies that also S(j−1) × S(j) 	= 0, since C(j) = S(j) − S(j−1).
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In fact, k(1,j) ‖νj = S(j) × C(j) ⊥ S(i)‖ k(3,j)∗ ; furthermore, by definition of
ij ,

αk(1,j) (k
(3,j)∗ , k(3,j))= ανj (S

(j),C(j))= αS(j)×C(j)(S
(j),C(j))= ij

and finally, by definition of ψj−1,

α
k
(3,j)∗

(k
(1,j)∗ , k(1,j))= αS(j)(νj+1, νj )=ψj−1.

• For j = 1, F1 is (−i∗1 ,ψ1)-rotated with respect to F∗
2, implying

RF∗
2F1 = R31(ψ1,−i∗1 ). (A.12)

In fact, similarly to the previous case, we have that k(1,1) ⊥ k
(3,2)∗ and

that αk(1,1)(k
(3,2)∗ , k(3,1)) = αν2(S

(2),C(1)) = −αν2(C
(1), S(2)) = −i1 =

−i∗1 . Furthermore, since ν1 = ν2, we have that α
k
(3,2)∗

(k
(1,2)∗ , k(1,1)) =

αS(2) (ν3, ν1)= αS(2) (ν3, ν2)=ψ1.

Then, in view of (A.7), (A.9), (A.10), (A.11) and (A.12), the description (A.5)
of the Deprit map is completed by the following formulae

RFFj (�,�)=

⎧
⎪⎪⎨

⎪⎪⎩

R31(ψn, i
∗
n)R31(ψn−1,−i∗n−1) · · ·

R31(ψ2,−i∗2 )R31(ψ1,−i∗1 ), j = 1
R31(ψn, i

∗
n)R31(ψn−1,−i∗n−1) · · ·

R31(ψj ,−i∗j )R31(ψj−1, ij ), 2 ≤ j ≤ n.

(A.13)

where i∗j , ij are as in (A.8).

A.2 RPS map

By (4.1) and (4.2), the angles ζ , ψn
j =∑j≤k≤n ψk and γj are related to reg-

ularized variables by71

ζ =ψn = − arg(pn, qn), ψn
j = − arg(pj , qj ),

γ1 − arg(p1, q1)= − arg(η1, ξ1), (A.14)

γj − arg(pj−1, qj−1)= − arg(ηj , ξj ) 2 ≤ j ≤ n.

71Recall the choice ψ0 = 0. As usual, if (u, v) ∈ R
2 \ {0}, arg(u, v) denotes the unique t ∈ T

such that cos t = u√
u2+v2

and sin t = v√
u2+v2

. Recall also that assumptions (3.2) imply

(ηj , ξj ) 	= 0, (pj , qj ) 	= 0 for any 1 ≤ j ≤ n.
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From the formula of ψn
j , we find the angles ψ1, . . . , ψn−2, ψn−1 = g:

ψj =ψn
j −ψn

j+1 = arg(pj+1, qj+1)− arg(pj , qj ) for 1 ≤ j ≤ n− 1.
(A.15)

We substitute such expressions of into the matrices RFFj defined in (A.13),
and we find

RFF1 = R1R3
(− arg(p1, q1)

)
,

RFFj = Rj R3
(− arg(pj−1, qj−1)

)
for 2 ≤ j ≤ n

(A.16)

where the matrices Rj are the products (4.7), with

R∗
j :=
{

R313(arg(pj , qj ),−i∗j ), 1 ≤ j ≤ n− 1
R313(arg(pn, qn), i∗n), j = n

(A.17)

and

Rj := R313(arg(pj−1, qj−1), ij ),

2 ≤ j ≤ n with R313(ψ, i) := R3(−ψ)R1(i)R3(ψ). (A.18)

Remark A.1 Notice that, if (�,λ, z)→ Rg(�,λ, z), where Rg is as in (7.9),
then, Ri → R(g)RiR(−g) (since the same holds for the matrices Ri , R∗

i ,
as it follows by their definitions).

Substituting (A.16) into the expression of y(j), x(j) in (A.5), with x(j)pl
as in (A.3) and using finally the expressions in the second line of (A.14),
one easily finds the expression in (4.3), with Ri as in (4.7) and x

(j)

pl :=
R3(− arg(ηj , ξj ))x

(j)

pl easily recognized to be the planar Poincaré map de-

fined in (4.4) and (4.5).
To complete the analytical expression of the RPS map (4.3), we have to

express the matrices R∗
i , Ri in (A.17) and (A.18) in terms of the variables

(�,λ, z).
To this end, we let

ρi := η2
i + ξ2

i

2
, ri := p2

i + q2
i

2
, Li :=

∑

1≤j≤i
�j

z0 := (η1, ξ1), (A.19)

zi = (η1, . . . , ηi+1, ξ1, . . . , ξi+1,p1, . . . , pi, q1, . . . , qi), 1 ≤ i ≤ n− 1

so that zn−1 = z̄, (z̄, (pn, qn))= (zn−1, (pn, qn))= z. By (4.1), (4.2),

�i =�i − ρi, 1 ≤ i ≤ n
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�i =
i+1∑

j=1

�j −
i+1∑

j=1

(�j − �j )−
i∑

j=1

(�j−1 + �j+1 −�j)= Li+1 − 1

2
|zi |2,

1 ≤ i ≤ n− 1

C3 =G− p2
n + q2

n

2
=�n−1 − p2

n + q2
n

2
= Ln − 1

2
|z2| (A.20)

Then, by (A.8), we have

1 − cos i∗n = G− C3

G
= p2

n + q2
n

2Ln − |z̄|2 = (p2
n + q2

n)c
∗
n (A.21)

where

c
∗
n := 1

2Ln − |z̄|2 (A.22)

Similarly define c∗1, . . . , c∗n−1, c2, . . . , cn by

c
∗
j := 2�j+1 − 2ρj+1 − rj

(2Lj+1 − |zj |2)(2Lj − |zj−1|2) 1 ≤ j ≤ n− 1

cj := 2Lj−1 − |zj−2|2 − rj−1

2(�j − ρj )(2Lj − |zj−1|2) 2 ≤ j ≤ n

(A.23)

such that, by (A.8) and (A.20), for 1 ≤ j ≤ n− 1

1 − cos i∗j = 1 − �2
j +�2

j−1 − �2
j+1

2�j�j−1

= (�j+1 −�j +�j−1)(�j+1 +�j −�j−1)

2�j�j−1

= (p2
j + q2

j )c
∗
j (|z0|2 := 2ρ1) (A.24)

and, for 2 ≤ j ≤ n

1 − cos ij = 1 − �2
j−1 + �2

j −�2
j−2

2�j−1�j

= (�j−2 −�j−1 + �j )(�j−2 +�j−1 − �j)

2�j−1�j

= (p2
j−1 + q2

j−1)cj . (A.25)
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Now, if R1, R3 are as in (A.2) then, the matrix R313(ψ, i)= R3(−ψ)R1(i)×
R3(ψ) has the expression

R313(ψ, i)=
(

1 − sin2 ψ(1 − cos i) − sinψ cosψ(1 − cos i) − sinψ sin i
− sinψ cosψ(1 − cos i) 1 − cos2 ψ(1 − cos i) − cosψ sin i

sinψ sin i cosψ sin i cos i

)

(A.26)

Then, by (A.21), (A.24), (A.25) and (A.26), we find that the matrices R∗
j , Rj

into (A.17) and (A.18) have the expressions (4.8), with cj , c∗j as in (A.22) and
(A.23) and

s
∗
j := sin(−i∗j )

√
p2
j + q2

j

= −
√

c∗j
(
2 − (p2

j + q2
j )c

∗
j

)
1 ≤ j ≤ n− 1

s
∗
n := sin i

√
p2
n + q2

n

=
√

c∗n
(
2 − (p2

n + q2
n)cn
)

sj := sin ij
√
p2
j−1 + q2

j−1

=
√

cj
(
2 − (p2

j−1 + q2
j−1)cj

)
2 ≤ j ≤ n.

(A.27)

Notice that the matrices R∗
j , Rj , hence the matrices Ri in (4.7), are regular

also when some of (ηj , ξj ) or (pj , qj ) vanishes. Since, as it is known, also

the planar Poincaré map (y(j)pl , x
(j)

pl ) (compare (4.5), (4.6)) is regular, the RPS
(4.3) map is so.

Appendix B: Expansion of the secular Hamiltonian up to order four in
RPS variables

Here, we will prove that the explicit form of the constant C0, the quadratic
tensors Qh, Q̄v and the quartic tensors Fh, Fv, Fhv, F′

hv appearing into the
expansion (6.9) and (6.10) are given by the following explicit formulae.

• The constant C0 is trivial and is given by C0(�) := −∑1≤j<k≤n
mjmk

ak
×

b1/2,0(aj /ak) where ak = ak(�k) = m̄−1
k (�k/Mk)

2 is the kth semimajor
axis and bh,k’s denote the Laplace coefficients.72

Let us, now, denote by β
(r)
k := br/2,k and, for two any positive numbers

a 	= b, α = α(a, b) := a/b. Then:

72Recall the definition of Laplace coefficients: if h > 0, k ∈ Z, α ∈ C, with α 	= ±1,

the Laplace coefficient bh,k(α) are the Fourier coefficient of the function t → (1 + α2 −
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• the horizontal quadratic form Qh is73

Qh(�) · η2 :=
∑

1≤j<k≤n
mjmk

(

C1(aj , ak)

(
η2
j

�j

+ η2
k

�k

)

+ 2C2(aj , ak)
ηjηk
√
�j�k

)

; (B.1)

with

C1(a, b) := − α

2b
β
(3)
1 (α), C2(a, b) := α

b
β
(3)
2 (α) (B.2)

• the vertical quadratic form Q̄v is

Q̄v(�) · p̄2 := −
∑

1≤j<k≤n
mjmkC1(aj , ak)

( ∑

1≤h≤n−1

(Ljh − Lkh)ph

)2

(B.3)
where C1 is as in (B.2) and L is the n× (n− 1) matrix given by

Lij :=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

−
√

�j+1
Lj+1Lj

for i = 1 and 1 ≤ j ≤ n− 1, or 2 ≤ i ≤ j ≤ n− 1
√

Li−1
Li�i

for 2 ≤ i ≤ n and j = i − 1

0 otherwise.

(B.4)

where Lj :=∑1≤k≤j �k

• the horizontal quartic tensor Fh(�) is given by

Fh(�) · η2ξ2 :=
∑

1≤i<j≤n
mimj

(

r1(ai, aj )
η2
i ξ

2
i

�2
i

+ r1(aj , ai)
η2
j ξ

2
j

�2
j

+ r2(ai, aj )
η2
i ξ

2
j

�i�j

+ r2(aj , ai)
η2
j ξ

2
i

�i�j

+ r3(ai, aj )
ηiηj ξ

2
i

�i

√
�i�j

+ r3(aj , ai)
ηiηj ξ

2
j

�j

√
�i�j

2α cos t)−h, i.e., bh,k(α)= 1
2π

∫ 2π
0

coskt
(1+α2−2α cos t)h

dt . Recall that we are in a region of phase

where a1 < a2 < · · · < an. Notice that, when z̄ = (η, ξ, p̄, q̄) = 0, the x(i)-projection of the
RPS map reduces to x(i) = ai(cosλi, sinλi,0), whence the expression of C0 follows.
73Formulae (B.1), (B.2) are as in [15, (36), (37)], where Poincaré variables are used. This is
due to the fact that when p̄ = q̄ = 0 and pn = qn = 0, the two sets of variables (Poincaré and
RPS) coincide: see Remark 4.2-(i). The “vertical” quadratic form in (10.29), on the other hand,
differs from that in [15].
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+ r3(ai, aj )
η2
i ξiξj

�i

√
�i�j

+ r3(aj , ai)
η2
j ξiξj

�j

√
�i�j

+ r4(ai, aj )
ηiηj ξiξj

�i�j

)

(B.5)

where, for a 	= b,

r1(a, b) := − α

256b
[(−60α5 + 4311α3 − 300α)β(9)0 (α)

+ 8 · (7α6 − 252α4 − 222α2 + 7)β(9)1 (α)

+ 4 · (75α5 − 503α3 + 135α)β(9)2 (α)

+ 24 · (23α4 + 13α2)β
(9)
3 + 37α4 β

(9)
4 (α)]

r2(a, b) := 3α

512b
[(84α5 − 8832α3 + 84α)β(9)0 (α)

− 8 · (5α6 − 652α4 − 652α2 + 5)β(9)1 (α)

− 5 · (328α5 − 561α3 + 328α)β(9)2 (α)

+ (216α6 − 1020α4 − 1020α2 + 216)β(9)3 (α)

+ (116α5 + 200α3 + 116α)β(9)4 (α)

− (20α4 + 20α2)β
(9)
5 (α)+ 3α3 β

(9)
6 (α)]

r3(a, b) := α

256b
[(1146α4 + 1266α2)β

(9)
0 (α)

+ (−744α5 + 2014α3 − 864α)β(9)1 (α)

+ 8 · (28α6 − 321α4 − 321α2 + 28)β(9)2 (α)

+ (552α5 + 423α3 + 672α)β(9)3 (α)

+ 6(29α4 + 9α2)β
(9)
4 (α)− 5α3 β

(9)
5 (α)]

r4(a, b) := − α

128b
[(−36α5 − 7956α3 − 36α)β(9)0 (α)

+ 8 · (α6 + 828α4 + 828α2 + 1)β(9)1 (α)

+ (−3096α5 + 1039α3 − 3096α)β(9)2 (α)
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+ (648α6 − 1332α4 − 1332α2 + 648)β(9)3 (α)

+ (348α5 + 700α3 + 348α)β(9)4 (α)

− 60 · (α4 + α2)β
(9)
5 (α)+ 9α3 β

(9)
6 (α)] (B.6)

• the vertical quartic tensor Fv(�) and the mixed quartic tensors Fhv(�),
F′

hv(�) can be splitted as

Fv(�)= Fv1(�)+ Fv2(�), Fhv(�)= Fhv1(�)+ Fhv2(�),

F′
hv(�)= F′

hv1(�)+ F′
hv2(�)

where
• Fv1(�) · p̄2q̄2, Fhv1(�) · η2q̄2 and F′

hv1(�) · η2p̄2 are respectively given
by

∑

1≤i<j≤n
mimj

(

r∗1(ai, aj )
( ∑

1≤h≤n−1

(Lih − Ljh)ph

)2

×
( ∑

1≤k≤n−1

(Lik − Ljk)qk

)2

+ r∗2(aj , ak)
( ∗∑

1≤h<k≤n−1

(Lih − Ljh)(Lik − Ljk)(phqk − pkqh)

)2)

(B.7)

∑

1≤i<j≤n
mimj

(

s1(ai, aj )
ηi

2

�i

+ s2(ai, aj )
ηiηj
√
�i�j

+ s1(aj , ai)
ηj

2

�j

)

×
( ∑

1≤h≤n−1

(Lih − Ljh)qh

)2

∑

1≤i<j≤n
mimj

(

s∗
1(ai, aj )

ηi
2

�i

+ s∗
2(ai, aj )

ηiηj
√
�i�j

+ s∗
1(aj , ai)

ηj
2

�j

)

×
( ∑

1≤h≤n−1

(Lih − Ljh)ph

)2

with

r∗1(a, b) := − 3

32

α2

b
(2β(5)0 (α)+ β

(5)
2 (α))
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r∗2(a, b) := − 3

16

α2

b
(β

(5)
0 (α)+ β

(5)
2 (α))

s1(a, b) := α

64b
[2α(57α2 + 117)β(7)0 (α)+ (−12α4 − 291α2 − 12)β(7)1 (α)

+ 2α(15α2 − 45)β(7)2 (α)+ 27α2β
(7)
3 (α)]

s2(a, b) := α

64b
[554α2β

(7)
0 (α)+ α(−376 − 376α2)β

(7)
1 (α)+ 2(16α4

(B.8)

+ 10α2 + 16)β(7)2 (α)+ 56α(α2 + 1)β(7)3 (α)+ 2α2β
(7)
4 (α)]

s∗
1(a, b) := α

64b
[2α(71α2 + 11)β(7)0 (α)+ (−20α4 + 119α2 − 20)β(7)1 (α)

+ 2α(−79α2 − 19)β(7)2 (α)− 47α2β
(7)
3 (α)]

s∗
2(a, b) := α

64b
[−430α2β

(7)
0 (α)+ α(8 + 8α2)β

(7)
1 + 2(16α4 + 118α2

+ 16)β(7)2 (α)+ 56α(α2 + 1)β(7)3 (α)+ 2α2β
(7)
4 (α)].

• The definition of Fv2(�) · p̄2q̄2, Fhv2(�) ·η2q̄2 and F′
hv2(�) ·η2p̄2 is more

involved (reflecting the products (4.7) appearing in the definition of the
rotation matrices Ri).

Let c2, . . . , cn, c∗
1, . . . , c∗

n−1, c̄1, . . . , c̄n−1 be defined by

{
c∗

1 := L11 i = 1

ci := Li,i−1 2 ≤ i ≤ n

{
c∗
i := Lki 2 ≤ i ≤ n− 1, 1 ≤ k ≤ i

c̄i = ci+1 − c∗
i =
√

Li+1
Li�i+1

1 ≤ i ≤ n− 1

(B.9)

where Lij is the matrix (B.4). Notice, for later convenience, that the above
definitions imply that the differences Li − Lj of the rows of L are related
to c2, . . . , cn, c∗

1, . . . , c∗
n−1, c̄1, . . . , c̄n−1 by

Li − Lj =
{
(−αij ,0n−j ), i = 1, 2

(0i−2,−αij ,0n−j ), i ≥ 3

αij :=
{
(−c∗

1,−c∗
2, . . . ,−c∗

j−2, c̄j−1), i = 1

(−ci,−c∗
i , . . . ,−c∗

j−2, c̄j−1), i ≥ 2

(B.10)

where 0r denotes the null vector of dimension r .
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Define the homogeneous polynomials, of degree 2 in z̄, Q2, . . . , Qn, Q∗
1,

. . . , Q∗
n−1, Q̄1, . . . , Q̄n−1 by74

Qi := 2Li−1(Li−1 + 2�i)ρi +�i(Li−1 −�i)ri−1 −�2
i |zi−2|2

4L2
i �

2
i

,

2 ≤ i ≤ n

Q∗
1 := 2�2(2�1 +�2)ρ1 − 2�2

1ρ2 +�1(�2 −�1)r1

4�2
1L

2
2

,

Q∗
i := −2L2

i ρi+1 + Li (�i+1 − Li )ri +�i+1(2Li +�i+1)|zi−1|2
4L2

i L
2
i+1

,

2 ≤ i ≤ n− 1

Q̄i := �2
i+1|zi−1|2 + 2L2

i ρi+1 − Li�i+1ri

4L2
i �

2
i+1

, 1 ≤ i ≤ n− 1

(B.11)

where

zi := (η1, . . . , ηi+1, ξ1, . . . , ξi+1,p1, . . . , pi, q1, . . . , qi) for 1 ≤ i ≤ n− 1.

(B.12)

Next, for arbitrary numbers Q, c 	= 0, r , p, q , denote

T(c,Q, r,p, q)

:=

⎛

⎜
⎜
⎜
⎝

1 − q2( c
2

2 +Q) −pq(c
2

2 +Q) −qS(c,Q, r)

−pq(c
2

2 +Q) 1 − p2( c
2

2 +Q) −pS(c,Q, r)

qS(c,Q, r) pS(c,Q, r) 1 − (p2 + q2)( c
2

2 +Q)

⎞

⎟
⎟
⎟
⎠

;

(B.13)

where

S(c,Q, r) := c+ 1

c
Q− c3

4
r. (B.14)

74Recall (A.19).
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Now, define

T1 := id ,

Ti := T(ci,Qi, ri−1,pi−1, qi−1) for 2 ≤ i ≤ n

T∗
i := T(c∗

i ,Q
∗
i , ri, pi, qi), for 1 ≤ i ≤ n− 1

T̄i := T(c̄i , Q̄i, ri, pi, qi)) for 1 ≤ i ≤ n− 1;

(B.15)

and let, for 1 ≤ i < j ≤ n,

Tij := (Ti )
t(T∗

i )
t · · · (T∗

j−2)
tT̄j−1, (B.16)

where Tt denotes the transpose of T and the product (T∗
i )

t · · · (T∗
j−2)

t in front

of T̄j−1 is absent when j = i + 1.
Let, finally, Qij denote the quartic part (i.e., the homogeneous part of or-

der 4 in z) of the upper left (2×2) submatrix of Tij and define the polynomial

∑

1≤i<j≤n
mimjC1(ai, aj ) trQij , (B.17)

where trQij denotes the trace of Qij .

Then, Fv2(�) · p̄2q̄2, Fhv2(�) · η2q̄2 and F′
hv2(�) · η2p̄2 are identified as

the monomials associated respectively to the literal parts p̄2q̄2, η2q̄2, η2p̄2 of
the polynomial (B.17).

Proof of (B.1)–(B.17) Using (4.3), we write the Euclidean distance of x(i)

and x(j) as

|x(i) − x(j)| = |Rix
(i)
pl − Rj x

(j)

pl | = |x(i)pl − Rij x
(j)

pl |, where Rij := R
t
iRj ,

so as to write fav as75

fav = −
∑

1≤i<j≤n

mimj

4π2

∫

T2

dλi dλj

|x(i)pl − Rij x
(j)

pl |
. (B.18)

Since x(i)pl and x
(j)

pl have vanishing third components, we can substitute, into

(B.18), the matrix Rij with R
(2)
ij , defined as its upper left submatrix of or-

der 2. It is easy to see, using (4.7), (A.17) and (A.18) that R
(2)
ij even in z. We

75As we have already observed, also in the variables (�,λ, z) the averaged perturbation coin-
cides with the average of the averaged Newtonian potential (B.18).
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therefore denote

R
(2)
ij = id + qij + Qij + O(|z|6) (B.19)

its expansion up to the fourth order, where qij and Qij are respectively matri-
ces of order 2 of homogeneous polynomials in z of degree 2, 4 respectively.

We interrupt for a while the description of the expansion, just to point
out how the 2 × 2 matrices qij , Qij may be computed. This is done in the
following

Remark B.1 At first, by (4.7), write Rij as

Rij = R
t
iRj = (Ri)

t(R∗
i )

t · · · (R∗
j−1)

tRj = (Ri )
t(R∗

i )
t · · · (R∗

j−2)
tR̄j−1

for 1 ≤ i < j ≤ n (B.20)

where Ri := id ,

R̄j−1 := (R∗
j−1)

tRj for 1 ≤ j − 1 ≤ n− 1 (B.21)

and the products (R∗
i )

t · · · (R∗
j−1) do not appear for j = i+ 1. Notice that the

matrix R̄j−1 = (R∗
j−1)

tRj has the expression (compare (A.17) and (A.18))

R̄j−1 = (R∗
j−1)

tRj = R313
(

arg(pj−1, qj−1), i
∗
j−1 + ij

)

= R313
(

arg(pj−1, qj−1), īj−1
)

(B.22)

where

īj−1 := i∗j−1 + ij for 1 ≤ j − 1 ≤ n− 1. (B.23)

By the definition of i∗j−1 and ij and (B.23), the inclination īj−1 corresponds to

be the outer angle of �j−2 and �j in the triangle of �j−2, �j , �j−1. Hence,
with the same notations as in Appendix A.2, using (A.20)

1 − cos īj−1 = 1 − �2
j−1 −�2

j−2 − �2
j

2�j�j−2
= (�j +�j−2)

2 −�2
j−1

2�j�j−2

= (�j +�j−2 −�j−1)(�j +�j−2 +�j−1)

2�j�j−2

= (p2
j−1 + q2

j−1)c̄j−1

where c̄j−1 := 2Lj − |zj−2|2 − 2ρj − rj−1

(2�j − 2ρj )(2Lj−1 − |z2
j−2|)

(j ≥ 2) (B.24)
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Then, by (B.22) and (A.26), R̄j−1 has the expression

R̄j−1 =
⎛

⎜
⎝

1 − q2
j−1c̄j−1 −pj−1qj−1c̄j−1 −qj−1s̄j−1

−pj−1qj−1c̄j−1 1 − p2
j−1c̄j−1 −pj−1s̄j−1

qj−1s̄j−1 pj−1s̄j−1 1 − (p2
j−1 + q2

j−1)c̄j−1

⎞

⎟
⎠

(B.25)

where

s̄j−1 := sin īj−1
√
p2
j−1 + q2

j−1

=
√

c̄j−1
(
2 − (p2

j−1 + q2
j−1)c̄j−1

)
. (B.26)

(i) To compute the second order term qij of R
(2)
ij , where R

(2)
ij is the sub-

matrix of order 2 of the matrix Rij in (B.20), we truncate the matrices
Ri , R∗

i , R̄i to the second order and denote as Si , S∗
i , S̄i the respective

truncations. In fact, by (B.20), the matrix qij can be obtained taking the
term of degree 2 of the submatrix of order 2 of the products

(Si )
t(S∗

i )
t · · · (S∗

j−2)
tS̄j−1 for 1 ≤ i < j ≤ n (S1 := id) (B.27)

of the respective truncated matrices. By (4.8), (B.25) and the definitions
(A.23), (A.27), (B.24) and (B.26) of the functions ci , c∗i , c̄i , si , s∗

i , s̄i , one
sees that the expressions of the respective truncated matrices are

Si+1 = S(ci+1,pi, qi), S∗
i = S(c∗

i , pi, qi), S̄i = S(c̄i, pi, qi)

1 ≤ i ≤ n− 1

where ci+1, c∗
i , c̄i , are defined in as in (B.9) and S(c,p, q) denotes

S(c,p, q) :=

⎛

⎜
⎜
⎝

1 − 1
2c

2q2 −1
2c

2pq −cq

−1
2c

2pq 1 − 1
2c

2p2 −cp

cq cp 1 − 1
2c

2(p2 + q2)

⎞

⎟
⎟
⎠ .

It is quite immediate to check that, if

α = (α1, . . . , αm), y = (y1, . . . , ym), x = (x1, . . . , xm) ∈ R
m,

then, the second order term of the principal submatrix of order 2 of the
product

S(α1, y1, x1) · · ·S(αm, ym, xm)
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is given by the matrix

q(α, y, x)

= −1

2

(
(α · x)2 (α · y)(α · x)−"(α,y, x)

(α · y)(α · x)+"(α,y, x) (α · y)2
)

(B.28)

where "(α,y, x) denotes

"(α,y, x) :=
∑

1≤h<k≤m
αhαk(yhxk − ykxh) (when m≥ 2).

Then, taking the quadratic part qij in the products in (B.27), the entries

aij , bij , cij , dij of the matrix qij = ( aij bij
cij dij

)
are found using (B.28) with

m=
{
j − 1 i = 1
j − i + 1 i ≥ 2

α = αij

(B.29)

y =
{
(p1, . . . pj−1) i = 1
(pi−1, . . . , pj−1) i ≥ 2

x =
{
(q1, . . . , qj−1) i = 1
(qi−1, . . . , qj−1) i ≥ 2

with αij as in (B.10). Therefore, one finds

aij = −1

2

( ∑

1≤k≤n−1

(Lik − Ljk)qk

)2

bij = −1

2

∑

1≤h,k≤n−1

(Lik − Ljk)(Lih − Ljh)phqk

+ 1

2

∗∑

1≤h<k≤n−1

(Lih − Ljh)(Lik − Ljk)(phqk − pkqh)

(B.30)

cij = −1

2

∑

1≤k,h≤n−1

(Lik − Ljk)(Lih − Ljh)phqk

− 1

2

∗∑

1≤h<k≤n−1

(Lih − Ljh)(Lik − Ljk)(phqk − pkqh)

dij = −1

2

( ∑

1≤k≤n−1

(Lik − Ljk)pk

)2

where the asterisk in
∑∗ means that such sums exist only when n ≥ 3;

we have also used the first relation in (B.10).
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(ii) The fourth order matrix Qij has a less explicit expression. To compute it,
we have to consider the fourth order truncations of the matrices Ri , R∗

i ,
R̄i . By (A.23), (A.27), (B.24), (B.26) one easily sees that the functions
ci , c∗i , c̄i , si , s∗

i , s̄i verify

ci = c2
i

2
+Qi + O(|z̄|4), si = S(ci,Qi, ri−1)+ O(|z̄|4)

c
∗
i = (c∗

i )
2

2
+Q∗

i + O(|z̄|4), s
∗
i = S(c∗

i ,Q
∗
i , ri)+ O(|z̄|4)

c̄i = c̄2
i

2
+ Q̄i + O(|z̄|4), s̄i = S(c̄i , Q̄i, ri)+ O(|z̄|4)

where ci , c∗
i c̄i , Qi , Q∗

i , Q̄i and S(c,Q, r) are defined in (B.9), (B.11)
and (B.14). Then, since Qi , Q∗

i , Q̄i , Si , S ∗
i , S̄i are O(|z̄|2), the fourth

order truncations of the matrices Ri , R∗
i , R̄i are given by the matrices

Ti , T∗
i , T̄i into (B.15). Hence,

The matrix Qij into (B.19) of R
(2)
ij is uniquely identified as the prin-

cipal submatrix of order 2 of the fourth order term of the matrix Tij into
(B.16).

We proceed with the expansion of the function (B.18). Using (B.19), we write
the squared Euclidean distance Dij := |x(i)pl − Rij x

(j)

pl |2 as

Dij = |x(i)pl − Rij x
(j)

pl |2 = |x(i)pl − R
(2)
ij x

(j)

pl |2

= |x(i)pl |2 + |x(j)pl |2 − 2x(i)pl · R(2)
ij x

(j)

pl

= |x(i)pl − x
(j)

pl |2 − 2x(i)pl · qij x(j)pl

− 2x(i)pl · Qij x
(j)

pl + O(|z̄|6).

We have then the following expansion for the inverse Euclidean distance

1

|x(i)pl − Rij x
(j)

pl |
= 1

|x(i)pl − x
(j)

pl |
+ x

(i)
pl · qij x(j)pl

|x(i)pl − x
(j)

pl |3
+ x

(i)
pl · Qij x

(j)

pl

|x(i)pl − x
(j)

pl |3

+ 3

2

(x
(i)
pl · qij x(j)pl )

2

|x(i)pl − x
(j)

pl |5
+ O(|z̄|6). (B.31)
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Then, multiplying this expression by −mimi , taking the average over λi , λj ∈
T and the sum for 1 ≤ i < j ≤ n, we split fav as

fav(�, z̄)= fh(�, (η, ξ))+ f
(1)
hv (�, z̄)+ f

(2)
hv (�, z̄)+ fv

(
�, z̄
)+ O(|z̄|6)

where

fh
(
�,(η, ξ)

) := −
∑

1≤i<j≤n

mimj

4π2

∫

T2

dλi dλj

|x(i)pl − x
(j)

pl |

f
(1)
hv (�, z̄) := −

∑

1≤i<j≤n

mimj

4π2

∫

T2

x
(i)
pl · qij x(j)pl

|x(i)pl − x
(j)

pl |3
dλi dλj

f
(2)
hv (�, z̄) := −

∑

1≤i<j≤n

mimj

4π2

∫

T2

x
(i)
pl · Qij x

(j)

pl

|x(i)pl − x
(j)

pl |3
dλi dλj

fv(�, z̄) := −
∑

1≤i<j≤n

mimj

4π2

∫

T2

3

2

(x
(i)
pl · qij x(j)pl )

2

|x(i)pl − x
(j)

pl |5
dλi dλj

(B.32)

Remark B.2 Notice that each of the previous functions is rotation invariant,
i.e., it is invariant under the transformations (�,λ, z̄)→ Rg(�,λ, z̄) defined
in (6.2). Indeed, when (�,λ, z̄) → Rg(�,λ, z̄), the matrices Rij = Rt

iRj

transform as

Rij → R(g)Rij R(−g)

since the same holds for the matrices Ri (compare Remark A.1) and the
planar Poincaré map as x

(i)
pl → R(g)x

(i)
pl . Then, the scalar products x

(i)
pl ·

R
(2)
ij x

(j)

pl = x
(i)
pl · Rij x

(j)

pl are rotation invariant and hence (since they are so

term by term) the scalar products x(i)pl · qij x(j)pl and x
(i)
pl · Qij x

(j)

pl are. The ro-

tation invariance of fh, f (1)
hv , f (2)

hv , fv then follows. Also invariance by the
reflections (6.6) can easily be checked. Noticing finally that

• fh depends only on (η, ξ);
• f

(1)
hv is O(|(p̄, q̄)|2) and its quartic part vanishes for (η, ξ)= 0;

• f
(2)
hv is O(|z̄|4) and vanishes for (p̄, q̄)= 0;

• fv is O(|(p̄, q̄)|4);
the following expansions hold

fh = C0(�)+ Qh · η
2 + ξ2

2
+ Fh · η

4 + ξ4 + 2η2ξ2

2
+ O(|(η, ξ)|6)
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f
(1)
hv = Q̄v · p̄

2 + q̄2

2
+ Fhv1 · η

2q̄2 + ξ2p̄2 − 2ηξp̄q̄

2

+ F′
hv1 · η

2p̄2 + ξ2q̄2 + 2ηξp̄q̄

2
+ O(|z̄|6)

(B.33)

f
(2)
hv = Fhv2 · η

2q̄2 + ξ2p̄2 − 2ηξp̄q̄

2
+ F′

hv2 · η
2p̄2 + ξ2q̄2 + 2ηξp̄q̄

2

+ Fv2 · p̄
4 + q̄4 + 2p̄2q̄2

2
+ O(|z̄|6)

fv = Fv1 · p̄
4 + q̄4 + 2p̄2q̄2

2
+ O(|z̄|6)

• The tensor Fv1

This tensor defines the quartic part of the function fv in (B.32). Since qij is
a matrix of degree 2 in z̄, to compute Fv1, it suffices to truncate the planar
Poincaré map x

(i)
pl to its zero order, i.e., to substitute x(i)pl with

x
(i)
tr0 = ai(cosλi, sinλi) where ai = 1

m̄i

(
�i

Mi

)2

. (B.34)

If aij , bij , cij , dij are the entries of the matrix qij as in (B.30), we have

Fv1 · p̄
4 + q̄4 + 2p̄2q̄2

2

= −
∑

1≤i<j≤n

mimj

4π2

∫

T2

3

2

× a2
i a

2
j (aij cosλi cosλj + bij cosλi sinλj + cij sinλi cosλj + dij sinλi sinλj )2

(a2
i + a2

j − 2aiaj cos (λi − λj ))5/2
dλi dλj

Computing the integral easily gives the quartic form

Fv1 · p̄
4 + q̄4 + 2p̄2q̄2

2
= −

∑

1≤i<j≤n

3

16

a2
i

a3
j

((a2
ij + b2

ij + c2
ij + d2

ij )

× (2β(5)0 + β
(5)
2 )+ 2(aij dij − bij cij )β

(5)
2 )mimj

Using the expressions (B.30) and selecting the monomial with literal part
p̄2q̄2, we find the result in (B.7) and (B.8).

• The tensors Fhv2 and F′
hv2 and Fv2
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Such tensors define the quartic part of the function f
(2)
hv into (B.32). Since

Qij is of degree 4 in z̄, to compute them we substitute, as before, x(i)pl with its
0-order truncation (B.34). The computation of the integral is immediate and
gives the quartic form

Fhv2 · η
2q̄2 + ξ2p̄2 − 2ηξp̄q̄

2
+ F′

hv2 · η
2p̄2 + ξ2q̄2 + 2ηξp̄q̄

2

+ Fv2 · p̄
4 + q̄4 + 2p̄2q̄2

2

= −
∑

1≤i<j≤n

mimj

4π2

∫

T2

x
(i)
tr0 · Qij x

(j)

tr0

|x(i)tr0 − x
(j)

tr0 |3/2
= −

∑

1≤i<j≤n

mimj

4π2

×
∫

T2

aiaj (Aij cosλi cosλj +Bij cosλi sinλj +Cij sinλi cosλj +Dij sinλi sinλj )

(a2
i

+ a2
j

− 2aiaj cos (λi − λj ))
3/2

dλi dλj

= −
∑

1≤i<j≤n
mimj

ai

2a2
j

(Aij +Dij )β
(3)
1 =

∑

1≤i<j≤n
mimjC1(ai, aj ) trQij

(B.35)

where Aij , Bij , Cij , Dij denote the entries of Qij = (Aij Bij

Cij Dij

)
and C1(ai, aj )

is as in (B.2).

• The tensor Fh

For the computation of the tensor Fh, defining the quartic part of fh (see
(B.32)), we have to consider the truncation of x

(i)
pl = (x(i)1 ,x(i)2 ,0) up to

degree 2 in η and ξ separately. Let such truncation be denoted as x
(i)
tr4 =

(x(i)1,tr4,x(i)2,tr4,0). Proceeding as in [4], we write the regularized Kepler equa-
tion (4.6) in the form

vi = si sinvi + ti cosvi, where vi := ui − λi (B.36)

and

si := 1√
�i

√

1 − η2
i + ξ2

i

4�i

(ηi cosλi − ξi sinλi)

= 1√
�i

(

1 − η2
i + ξ2

i

8�i

)

(ηi cosλi − ξi sinλi)+ O(|(ηi, ξi)|5)
(B.37)

ti := 1√
�i

√

1 − η2
i + ξ2

i

4�i

(ηi sinλi + ξi cosλi)
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= 1√
�i

(

1 − η2
i + ξ2

i

8�i

)

(ηi sinλi + ξi cosλi)+ O(|(ηi, ξi)|5)

We then expand, from (B.36), the variable vi = ui − λi in powers of (si, ti)

vi = ti + si ti + s2
i ti − 1

2
t3i + s3

i ti −
5

3
si t

3
i + O(|(si, ti)|5) (B.38)

Using (B.37) and (B.38) into (4.5), we find

x(i)1,tr4 = 1

m̄i

(
�i

Mi

)2(

cosλi + ηi

2
√
�i

(cos 2λi − 3)− ξi

2
√
�i

sin 2λi

+ 3

8�i

η2
i (cos 3λi − cosλi)− ηiξi

4
√
�i

(3 sin 3λi + sinλi)

− ξ2
i

8�i

(3 cos 3λi + 5 cosλi)− η2
i ξi

16�i

√
�i

(16 sin 4λi − 5 sin 2λi)

− ηiξ
2
i

16�i

√
�i

(16 cos 4λi + 9 cos 2λi − 3)

− η2
i ξ

2
i

64�2
i

(125 cos 5λi + 9 cos 3λi − 14 cosλi)

)

(B.39)

The expression of x(i)2,tr4 can be obtained from the right-hand-side of (B.39),
letting (λi, ηi, ξi)→ (π2 −λi, ξi, ηi). Using finally such truncated expressions
into the definition of fh in (B.32) will provide, through the computation of the
(αi, αj , βi, βj )-derivatives with respect to (ηi, ηj , ξi, ξj ) over αi !αj !βi !βj !,
the quartic form Fh · η2ξ2 as in (B.5) and (B.6). We omit further details.

• The tensors Q̄v, Fhv1, F′
hv1

The tensors Q̄v, Fhv1, F′
hv1 define the expansion of the function f (1)

hv . For their
computation (in particular, for the computation of the quartic tensors Fhv1 and
F′

hv1), we shall put ξ = 0 and then shall select into the expansion of f (1)
hv |ξ=0

the monomials with literal part p̄2, η2q̄2, η2p̄2 respectively.
By the previous paragraph, we find the following truncations of the Kepler

map up to degree 2 in η and with ξ = 0

x(i)1,tr2 = 1

m̄i

(
�i

Mi

)2(

cosλi + ηi

2
√
�i

(cos 2λi − 3)

+ η2
i

8�i

(3 cos 3λi − 3 cosλi)

)

(B.40)
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x(i)2,tr2 = 1

m̄i

(
�i

Mi

)2(

sinλi + ηi

2
√
�i

sin 2λi + η2
i

8�i

(3 sin 3λi − 5 sinλi)

)

Denoting x
(i)
tr2 := (x(i)1,tr2,x(i)2,tr2), by the expression of f (1)

hv in (B.32), since the

matrix qij is O(|(p, q)|2) and x(i)1,tr2, x(i)2,tr2 are, respectively, even, odd in λi ,

f
(1)
hv = −

∑

1≤i<j≤n

mimj

4π2

∫

T2

x
(i)
tr2 · qij x(j)tr2

|x(i)tr2 − x
(j)

tr2 |3
dλidλj + O(|(p̄, q̄)|2η4)

= −
∑

1≤i<j≤n

mimj

4π2

∫

T2

aijx(i)1,tr2x(j)1,tr2 + dijx(i)2,tr2x(j)2,tr2

|x(i)tr2 − x
(j)

tr2 |3
dλi dλj

+ O(|(p̄, q̄)|2η4) (B.41)

where aij , dij are the diagonal entries of qij (given in (B.30)). In particular,

if we put also η = 0, so to have x(i)tr2 = x
(i)
tr0 = ai(cosλi, sinλi), by (B.33) and

(B.41), we can identify

Q̄v · p̄
2 + q̄2

2
=
∑

1≤i<j≤n
mimjC1(ai, aj ) trqij

(the computation being the same as in (B.35)) with trqij = aij + dij the trace
of qij . Using the expressions for aij , bij in (B.30) and selecting the monomial

in p̄2, we find the result in (B.3).
If we use the whole expression for x(i)1,tr2, x(i)2,tr2 as in (B.40), computing the

derivatives of order two with respect to (ηi, ηj ), for (ηi, ηj )= 0, we then have

the second order in η of f (1)
hv , which we identify with Fhv1 ·η2q̄2 +F′

hv1 ·η2p̄2.
We omit the details of this straightforward computation. �
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