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Abstract The 6n-dimensional phase space of the planetary (1 + n)-body
problem (after the classical reduction of the total linear momentum) is shown
to be foliated by symplectic leaves of dimension (6n — 2) invariant for the
planetary Hamiltonian 7. Such foliation is described by means of a new
global set of Darboux coordinates related to a symplectic (partial) reduction
of rotations. On each symplectic leaf H has the same form and it is shown
to preserve classical symmetries. Further sets of Darboux coordinates may be
introduced on the symplectic leaves so as to achieve a complete (total) reduc-
tion of rotations. Next, by explicit computations, it is shown that, in the re-
duced settings, certain degeneracies are removed. In particular, full torsion is
checked both in the partially and totally reduced settings. As a consequence, a
new direct proof of Arnold’s theorem (Arnold in Russ. Math. Surv. 18(6):85—
191, 1963) on the stability of planetary system (both in the partially and in the
totally reduced setting) is easily deduced, producing Diophantine Lagrangian
invariant tori of dimension (3n — 1) and (3n — 2). Finally, elliptic lower di-
mensional tori bifurcating from the secular equilibrium are easily obtained.
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1 Introduction

A major breakthrough in the mathematical treatment of the three-body prob-
lem was the “reduction of the nodes” introduced by Jacobi in 1842 [19]. Ja-
cobi’s reduction allows to lower the number of differential equations which
describe the dynamics, frees the system from extra integrals of motion (re-
lated to invariance by rotation) and, in general, clarifies the structure of the
phase space.! Applications of the reduction of the nodes in the general theory
of the three-body problem are countless.

IFor a symplectic version of Jacobi’s reduction of the nodes, see, e.g., [6, §4.4].
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The planetary N-body problem: symplectic foliation 3

Jacobi’s reduction was fully generalized to the general spatial N-body
problem only in 1983 by A. Deprit [12], but, strangely enough, Deprit’s
reduction did not have a similar mathematical success.” This fact might be
partly due to the pessimistic attitude of Deprit himself, who at p. 194 of [12],
writes: “Whether the new phase variables (34) and (35) are practical in the
General Theory of Perturbations is an open question. At least for planetary
theories, the answer is likely to be negative [...]".

In this paper we show how, starting from Deprit’s reduction of the nodes,
one can give a new description of the analytic structure of the phase space
of the general N-body system, which not only might have some theoretical
interest in itself, but can be useful in practical computations. For example, we
will explicitly compute the second order Birkhoff invariants of the (reduced)
secular planetary® perturbation showing, in particular, full torsion of the sec-
ular planetary system. This fact leads immediately to a new “direct” proof of
a celebrated theorem by V.I. Arnold on the existence of a positive measure
set of phase points evolving in relatively bounded motions in the planetary
(1 4+ n)-body problem for small values of the planet masses.

Before describing our results, let us briefly discuss the history of Arnold’s
theorem, which illustrates quite well the fundamental rdle of having “proper”
analytic symplectic variables for general N-body systems. In 1963 V.L
Arnold [2] claimed that, in the general spatial planetary (1 + n)-body prob-
lem, there is a positive Liouville measure set of phase space points whose
evolution lies on invariant (3n — 1)-dimensional Lagrangian Diophantine tori,
solving a more than centennial problem. Arnold gave a complete proof for the
planar three-body case,* giving some indications on how to generalize his ap-
proach. Very roughly, Arnold’s scheme of proof consists in: averaging the
planetary Hamiltonian over the mean anomalies (“fast angles”); put the av-
eraged system (the “secular system”) in Birkhoff normal form up to order
four’; introduce polar symplectic variables for the secular system and check
Kolmogorov’s non-degeneracy, i.e., the non-degeneracy of the matrix of the
second order Birkhoff invariants (“torsion”), so as to apply a KAM theorem
for properly-degenerate systems.°

2 At the present date, the MathSciNet database (MR0682462) shows only one citation of De-
prit’s paper.

3In the planetary (1 + n)-body problem one considers one star and n planets—all regarded as
point masses—interacting only through gravity.

“In this case the degrees of freedom are four and the tori are 4-dimensional.

3 Actually, Arnold requires the Birkhoff normal form up to order six, but this is not necessary,
compare [10].

SWe recall that a properly-degenerate Hamiltonian system is a system for which the unper-
turbed Hamiltonian does not depend on all the action-variables. In [2, Chap. 4], Arnold worked
out a general KAM theory for properly—degenerate Hamiltonian systems for which the aver-
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4 L. Chierchia, G. Pinzari

For many years it was believed that the problem was completely settled
by Arnold, also in view of authoritative endorsements, compare, e.g., Siegel-
Moser’s Lectures on Celestial Mechanics [27, p. 277]. However, M. Herman
in the 1990’s realized that there were serious hindrances preventing the exten-
sion of Arnold’s approach to the general case. Incidentally, by using Jacobi’s
reduction of the nodes, in 1995, Robutel [25] extended Arnold’s proof to the
spatial three-body case.

The first problem is related to the presence of secular resonances, i.e., res-
onances among the first order Birkhoff invariants €2; of the secular perturba-
tion. In particular, Herman discovered a strange resonance that seemed not to
have been fully noticed before, namely that the sum of ;s vanishes.” These
resonances prevent standard applications of Birkhoff normal form theory®
and, what is worst for Herman’s approach (which we will shortly recall), they
imply that the frequency map lies on a plane. A second problem in trying to
pursue Arnold’s strategy is the allegedly lack of torsion of the secular pertur-
bation. Herman, using Poincaré variables,” tried to compute the torsion in the
three-body case (in a suitable asymptotics) but did not succeed and computed,
instead, the Birkhoff invariants for a modified system. 10 Indeed, it is a fact that
the torsion computed in Poincaré variables are degenerate at all orders [9].

To overcome such problems, Herman (unpublished), and later Féjoz in
2004 [15, 16], introduced two ideas: 1) use a weaker KAM theory based on
non-degeneracy conditions involving only the first order Birkhoff invariants
;, i.e., one requires that the map a — 2 (a) is non planar (a being the vector
of the n semimajor axes and “non planar” means that €2 has not to be con-
tained in any hyperplane); 2) use a trick by Poincare, consisting in modifying
the Hamiltonian by adding a commuting Hamiltonian, so as to remove the de-
generacy: by a Lagrangian intersection theory argument, commuting Hamil-
tonians have the same maximal transitive invariant tori, so that the KAM tori
constructed for the modified Hamiltonian are indeed invariant tori also for
the original system. Incidentally, we mention that Herman’s KAM theory in
[15] yields smooth tori also if the Hamiltonian system is analytic; for a real-
analytic version of Herman’s KAM theory, see [11].

aged perturbation admits an elliptic equilibrium. Such theory has been revisited and strength-
ened in [10]. We also recall that in properly-degenerate systems there appear two perturbative
parameters: one (say ) measures the size of the perturbation and a second one (say €) mea-
sures the distance from the reference elliptic equilibrium of the averaged perturbation.

TThis resonance is now known as “Herman resonance”; for more information, compare [1],
[15] and Sect. 7.1 below.

8For generalities on Birkhoff normal forms and Birkhoff invariants, see [18].

QSee, e.g., [15, §6,1] and references therein.

10Compare [17] and in particular the remark at the end of p. 24 where Herman says: “J’ignore
si detTp(a) est identiquement nulle!”, where 7, is the (4 x 4)-matrix of the second order
Birkhoff invariants for the three-body case and a the ratio of the semimajor axes.
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The planetary N-body problem: symplectic foliation 5

Let us now describe the results obtained in this paper.

First, we recall that the phase space of the planetary (1 4+ n)-body prob-
lem, after the classical Poincaré reduction of the linear momentum, is 6n-
dimensional and is endowed with standard (heliocentric) symplectic vari-
ables. On such phase space we introduce a new set of Darboux coordinates,
which we call Regularized Planetary Symplectic (RPS) variables: such vari-
ables are analytic in a neighborhood of the secular elliptic equilibrium, cor-
responding to co-planar and co-circular motions, of the secular Hamiltonian.
The RPS variables are obtained, first, by considering an action-angle version
of Deprit’s variables and then performing a Poincare regularization to remove
the singularity due to the vanishing of the eccentricities and mutual inclina-
tions.

The RPS variables (A, A,z) ;= (A, A, n,&, p,q) e R" xT" x B T" be-
ing the standard flat n-dimensional torus and B** denoting a ball around the
origin in R*", share with the spatial Poincaré variables several nice features
related to symmetries. In fact, the averaged perturbation, expressed in RPS
variables, is even in the secular variables 7 and commutes with rotations; the
d’Alembert relations in the quadratic forms describing the linearized secu-
lar system are retained. But unlike Poincaré variables, RPS variables may be
used to perform a partial and total symplectic reduction of the (1 + n)-body
problem.'! In particular, the partial reduction leads to a remarkable symplectic
foliation of the phase space into invariant symplectic submanifold (“symplec-
tic leaves”) with a prescribed orientation of the total angular momentum.

The partial symplectic reduction (3n — 1 degrees of freedom) may be de-
scribed as follows. The region M®" of the phase space corresponding to
bounded motions in the 1ntegrab1e limit is foliated by (6n — 2)-dimensional
symplectic leaves M bn— q , which are invariant for the planetary flow. In fact,
two conjugated Varlables pn and g,, depending only upon the total angular
momentum, are both cyclic for the planetary Hamiltonian H, and the invari-
ant leaves M q* are sections obtained by fixing p, = p;: and g, = g,;. The

induced symplectlc form on any leaf is simply dA AdA+dnAdéE+dp Adg
where p and g denote the first (n — 1) components of p and g. Further-
more, the restriction of H to each symplectic leaf is the same and is given
by hkep(A) + wf (A, A, n,§, p,q), where hgep coincide with the classical
expression of n-decoupled two-body systems in Delaunay variables.

We then study the secular Hamiltonian f,, (i.e., the average over the A’s

of f)on M6" ~2  The first order Birkhoff invariants of fav satisfy identically
only Herman S resonance, while the well known “rotational resonance” (one

of the first order Birkhoff invariant vanishing identically) present in the unre-
duced setting, disappears.

UEor formal series reductions based on Poincaré variables, see [21].
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6 L. Chierchia, G. Pinzari

Now, it is a general fact (discussed in Sect. 7.2 below), that, for rotational
invariant Hamiltonian systems, the construction of the Birkhoff normal form
is simpler: indeed the only dangerous resonances (leading to zero divisors)
are those non-vanishing integer vectors k for which ) k; = 0. Since fyy is
rotation invariant, one sees immediately that Herman’s resonance does not
affect the construction of Birkhoff normal form, which is explicitly carried out
up to order four in the limit of well separated semimajor axes. In particular,
we show that the matrix formed by the second order Birkhoff invariant is
non-singular, proving full torsion of the secular Hamiltonian.'?

The total symplectic reduction (3n — 2 degrees of freedom) may be de-
scribed as follows. Since the planetary Hamiltonian is the same on any sym-
plectic leaf MO2 without loss of generality, one can consider only the “ver-

wodn

tical leaf” /\/lg" 2= Mgf‘o_z. In an open region avoiding certain “conic sin-
gularities” (compare (9.7)), we introduce a new set of Darboux coordinates,
which includes the symplectic couple (G, g) € Ry x T, where G denotes
the Euclidean length of the total angular momentum. Since G is an integral,
the periodic variable g is cyclic and the motion is described by a (3n — 2)-
degrees of freedom system (/\?12"—4, H,) where the phase space MS”“‘ is
endowed with the standard symplectic form dA A dA + dij Adé +dp A d§,
with (p, §) € R?"~2), Symmetries are now broken and in particular the secu-
lar origin is no longer an equilibrium for the averaged perturbation. However,
(essentially through the standard Implicit Function Theorem) one can per-
form a symplectic re-centering of the variables and still compute the Birkhoff
normal form up to order four and check again full torsion.

In particular, we see that in the partially reduced setting there still is an
independent commuting integral (namely, G), while in the totally reduced
system the are no other integrals related to invariance by rotations. Similarly,
in the partially reduced setting, Herman’s resonance is the only resonance
among the first order Birkhoff invariants, while in the totally reduced setting
no secular resonances exist.

As an application of the above theory, we consider the persistence of quasi-
periodic motions for small values of the planetary masses.

We show how to construct the Birkhoff normal form up to order four
in both the partially and totally reduced settings and then check the non-
vanishing of the torsion in all symplectic leaves. This fact allow to resume
Arnold’s direct approach and give a complete proof of Arnold’s theorem.
Furthermore, having Kolmogorov’s non-degeneracy allows for explicit (and
sharp) measure estimates: in the partially reduced case, if € denotes the dis-
tance from the elliptic equilibrium, the Kolmogorov’s set (i.e., the union of

120n the other hand, as mentioned above, the torsion evaluated in the unreduced (6n)-
dimensional phase space is identically zero.
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The planetary N-body problem: symplectic foliation 7

(3n — 1)-dimensional Diophantine tori) fill asymptotically an open set of mea-
sure €*"~2 with a density of order 1 — /€; compare (11.2) below.

In the fully reduced setting one obtains a positive measure set of invari-
ant Lagrangian KAM tori in MS” —4 with (3n — 2) Diophantine frequencies;
indeed, the estimate on the measure of the Kolmogorov’s set in /\>lg”_4 im-
proves, being proportional to €*#*~#. Lifting such tori in M®~2 amounts to a
trivial rotation, leading to (3n — 1)-dimensional tori; however such tori may
now be Diophantine, Liouvillean or resonant according to the value of the
quasi-periodic average of 9. H,, (integrated along the motion). Incidentally,
we notice that, in the 6n-dimensional “ambient” phase space all the invariant
tori constructed are resonant since the RPS variables p, and ¢, do not move.

We finally turn to study the bifurcation of the linear elliptic equilibrium
corresponding to Keplerian motions in the fast variables. We prove that such
linear equilibrium bifurcates, in the fully non-linear setting, into Cantor fam-
ilies of n-dimensional elliptic Diophantine tori; for more comments and ref-
erences on this topic, see Sect. 11.2 below.

The organization of the paper is reflected by the table of contents reported
above. As the reader might have noticed the paper contains also a lengthy
appendix (Appendix B), where the averaged secular Hamiltonian is expanded
in RPS variables up to order 4. This computation is clearly central for the
computation of the Birkhoff normal forms and for checking the full torsion
of the planetary system, which is the main hypothesis for constructing KAM
tori, both in partially and totally reduced settings. On the other hand, once the
symmetries are established and the form of the expansion is therefore derived
(Sect. 6), these computations are in a sense “straightforward” and this is the
reason why they are relegated to the appendix. Another reason to spell out
these computations is to convince the reader that they can be done by pencil
and paper.

2 The planetary Hamiltonian in Cartesian variables

Let us consider the planetary (1 +n)-body system, i.e., a system of n + 1 bod-
ies (point masses) with masses mg (corresponding to “the star” or the Sun)
and um; (corresponding to n “planets”), subject only to the mutual gravita-
tion attraction.!? By translation invariance of the Newton equations governing
this system, we can restrict our attention to the invariant, symplectic subman-
ifold of vanishing total linear momentum and zero center of mass. On such
manifold, following Poincaré, one can introduce symplectic heliocentric co-
ordinates, eliminating the coordinates of the Sun and lowering the number of

13Eventually, w will be taken 0 < u < 1.
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8 L. Chierchia, G. Pinzari

degrees of freedom by 3 units. In such coordinates the planetary system is
governed by the Hamiltonian

Y12 Mim; y@ .y mim;
Hp =) ( o, oy ) TH 2 mo @ —x0)|

1<i<n I<i<j<n

=: hpie + 1 fple (2.1)

where x) = (xl(i),xg),xgi)) e R3, y(i) = (yfi), yéi), yéi)) € R3 are standard

symplectic conjugate variables, x - y = 215153 xiy; and |x| := (x - x)/? de-

note, respectively, the standard inner product in R3 and the Euclidean norm;
momnt;

M; == ————,  mi:=mo + um;;
mo + pum;

the phase space is the collisionless domain

PO =y, x) = (OGN, ..., y™), D, x ™))
eRM x R¥: 0#xD £xW) Vi j}, (2.2)

endowed with the standard symplectic form

YoayOnax®= 3" Y ay nax).

1<i<n I<i<nl1<j<3

Physically, the coordinates x ) represent the difference between the position
of the i planet and the position of the Sun, while y are the associated
symplectic momenta rescaled by u; the position and velocity of the Sun is
recovered by recalling that the center of mass and the total linear momentum
are zero. For details, see, e.g., [15, §6.1] and references therein.!*

The Hamiltonian Ay, as well known, describes the integrable limit given
by n decoupled two-body systems formed by the Sun and the i planet.

In this way symplectic reduction of the total linear momentum has been
achieved, but the three components Cy, Cy, C3 of the fotal angular momentum

C:= Z x@ x y(i)
1<i<n

are still integrals for the Hamiltonian (2.1). Such integrals are independent
but do not commute, as the well known cyclic Poisson commutation rules

14The parameters p, M j, m j here correspond to, respectively, €, w;, M in [15].
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The planetary N-body problem: symplectic foliation 9

hold. Nevertheless one can form, out of them, two independent commuting
integrals, for example:

Cy = Z (xf’)yg) —xé’)yl(l)) and G:=|C|=

1<i<n

3 @ x @

1<i<n

. (2.3)

The conservation of C3 and G along the Hy-trajectories is equivalent to the
invariance of H,y under rotations around the k3 -axis'® and around the C-
axis, and will be at the basis of the further symplectic reductions described in
Sects. 5 and 9 below.

3 Deprit’s action-angle variables

Following Deprit [12], we introduce, in an open subset of %" avoiding co-
circular and co-planar phase points, a remarkable set of action-angle vari-
ables. In the next two sections, after regularizing such variables (allowing
again for co-circular and co-planar points), we will achieve the symplectic
reduction of the inclination of the total angular momentum C and find a
global symplectic chart for the reduced symplectic submanifolds of dimen-
sion (6n — 2), which foliate the phase space.

Consider the flow (y@,x®) — ¢! (y@, x{)) generated by the two-body
problem Hamiltonian l

YD) M

h(y®, x©y = .

with y e R?, x@ e R*\ {0}. (3.1)

As well known, initial data (y),x®) with strictly negative energies
hi(yD, x®) = E; < 0 give rise to bounded motions, evolving on Kep-
lerian ellipses &; = &;(y®, x®), having one focus in the origin. Let ¢; =
a; (y(i), x(i)), e =¢; (y([), x(i)) denote, respectively, the semimajor axis and
the eccentricity of &; (y@, x®),

€0 = x )  y®

the angular momentum of the i the planet, orthogonal to the plane of &; and,
finally,

i
§@ . Z cW)
j=1

where § ij

I3 k@ k) denotes the standard orthonormal basis in R3, i.e., k;i) =4ij,

denotes the usual Kronecker delta.
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10 L. Chierchia, G. Pinzari

the “partial” angular momentum of the first i planets, for'®i =2, ..., n.
We consider the following phase spaces.

(D) D?” := the set of phase pointsl_7 (v,x) € PO such that: E; < 0; ¢; < 1;
S is not anti—parallell8 to C% for 2 <i <n; C is not anti-parallel to
k3.

(Dy) DS” := the subset of D% where the following inequalities also hold:

ei(y®,x0) >0,
D Do 18O D £0, V2<i<n. (3.2)
k@ x C+£0,

Deprit action-angle variables!® ((L,T, W), (¢, y,¥)) are defined through a
symplectic map

¢s: (3,x) €DV — ((L,T, W), (L, y,¥)) € (0, +00)* ' x Rx T (3.3)

which we now proceed to describe.

(D1) Thevariables L = (Ly,...,Ly), £={1,....¢y)and T =Tq,...,Ty)
are standard planar Delaunay variables,”® namely:

— L; := M;+/m;a;, where q; is semimajor axis of &;;

— the angle conjugated to L; is the mean anomaly £; of x), i.e., the
area spanned by the orbital radius starting from the i perihelion P;
(:= the point of &; at minimum distance from a focus) and ending at
x@D, normalized to 27;

— the action variable I'; = |C¥)| is the Euclidean length of the i angu-
lar momentum?! C®,

(Dy) For 1 <i <n—1,V; :=|SE+D| while ¥, := Cs is the vertical com-
ponent of the total angular momentum as in (2.3). Notice that ¥,_; =
IS =|CD 4...4CM| = |C|=:G.

To describe the remaining Deprit angles y; and ;, we introduce the follow-
ing notations. Given three non vanishing vectors #, v and w of R3, with w

161, [12], Deprit uses the different (but equivalent) convention § ® = Z?:i 41 cW),

17Taking the phase points in the collisionless phase space PO (22) is actually only needed
in considering the planetary Hamiltonian, but could be disregarded in the general symplectic-
geometry arguments.

18we say that # and v in R3 are anti-parallel if u x v=0and u - v <O0.

19Actually, the variables in [12] are slightly different from the variables in (3.3), compare
Remark 3.1-(i) below.

20For an analytical description of planar Delaunay variables see, e.g., [7, §3.2].

21Recall also the classical relation ;.= |C([)| =L;\/1— eiz.
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The planetary N-body problem: symplectic foliation 11

orthogonal to u# and v, we denote as «y, (i, v) the positively oriented angle be-
tween u and v in the plane 7, orthogonal to??> w. We also denote by R, (g)
the positive (3 x 3)-matrix rotation by an angle g around the axis oriented
23
as™ w.
In view of (3.2), on DE" the following “nodes” are well defined.?*

cHxCc@® =1,

SO xCch  2<ij<n. (3.4

b :=k® x C, Vi = {

(D3) ¥i = ace (vi, P;), i.e., y; is (in the plane orthogonal C9) the “argu-
ment of the perihelion with respect to the node the v;”. Thus, y; differs
form the Delaunay’s angle g;, which is defined as the argument of the
perihelion with respect to the node v; := k® x C@, simply by a shift:

vi = oo (i, P) = oaco (vi, Vi) +oco (Vi P) = aco (vi, Vi) + &,
i =k x CW, (3.5)

(D4) Yn—1:=ac(V,v,) and® ¥, == ag (KD, D).
(D5) When n > 2, the angles 1,...,¥,_2 are defined as20 v o=
g+ (Vit2, Vit1), 1 i <n—2.

Remark 3.1 (i) In Appendix A.1l it is given the analytic expression of the
map ¢, I Here, we just remark that the variables (L, I, ¢, y) are “horizontal
variables”: each quadruple (L;, [';, ¢;, y;) describes the position of the jth
planet on its orbital plane, while the variables (W, y) play the role of “vertical
variables”, since they are related to the orientations of the different orbital
planes.

In the original paper by Deprit we find a different set of horizontal vari-
ables, namely, the set

(R, ®,r, ) = ((Ri, ., Ra)s (Bry ooy @), (11, T)s (15, ),
(3.6)

22For example, if u = kD, v =k® and w =k, then o) *kM k@) = /2.

23For example, R; 3 (71/2)k(1) =k@,

241 e., do not vanish. Notice that (for later convenience) the node vy is defined as vi = v, (and
that assumption (3.2) with i = 2 implies vy # 0). In [12] v} is chosen with the opposite sign,
possibly to recover, for n = 2, the so-called “Jacobi’s opposition of the nodes” (namely, the
relation C x C(l) = —C x C@). Notice also that v is orthogonal to k3 and v; is orthogonal
to C and §O.

25Such angles will be often denoted, respectively, by g and ¢.

26Note that Vig2 = (S(i"'z) X C(i+2)) = (SU+D % C(i"'z)) so that also v; 4 € g+ -

@ Springer



12 L. Chierchia, G. Pinzari

where (r;, ¢;) are the usual polar coordinates of x) on o with respect to v;
(as polar axis); (R;, ®;) are their respective conjugated actions. In [12] Deprit
proved that the variables (R ,®, W, r, ¢, ) are symplectic. Since the map
(Ri, @i, ri, ;) = (Li, Iy, £i, vi) is well known to be symplectic,27 it follows
that the variables D|—Ds5 are symplecticzg; for a different (inductive) proof of
the symplecticity of the variables D;—Ds, see [8].

(i) A remarkable property of Deprit’s variables is the presence, among
the action variables W, of the two commuting Hpy-integrals G = W, and
C3 = W,,. The variables ¥y, ..., V,,_» complete ¥,,_1, ¥, so as to obtain a
commuting set of action variables ¥ = (¥, ..., V).

(iii) Besides G and Cj3, also the angle ¢ (the longitude of the node among
the planes m;3) and 7c) is an integral of motion: giving G, C3 and ¢ corre-
sponds to giving the three components of the angular momentum C. This fact
will be crucial in the forthcoming reduction.

(iv) As in Delaunay variables, the integrable part Ay of the planetary
Hamiltonian (2.1) takes the well known “Keplerian form”:

M3m?
hkep(L) == ), — 5 (3.7)

1<i<n i

4 Regularized Planetary Symplectic (RPS) variables (A, A, z)

The action-angle Deprit variables defined in Sect. 3 become singular when
some of the inequalities in (3.2) fails. We describe now a regularization proce-
dure which allows for e; = 0 and for CY*1 parallel to S/, and C parallel to
k®, including, in particular, the case of co-circular and co-planar motions.>’
This procedure is analogous to the Poincaré regularization of the Delaunay
variables. The new symplectic variables (A, A, z) with

A=(A1,...,An), )":()\la---’)\n)7 ZZ(U’EsPsQ)
77:(771’---a77n)a sz(é—l’"'agl’l)a
p=P1,-.., pn), q=1(q1,---,qn)

27Cornparf:, e.g., §3.2 of [7].

28Note that the variables (W, ) correspond, in Deprit’s notation [12] (up to an unessential
reordering of D, ..., c)y, to: ¥; = @Z_l_i forl<i<n—1;¥, = NE)"; Y = :_2 + 7,
Vi =05 |_,for2<i<n-—2;%,_1 =067+ m; yn =v. Notice also that the names in [12]
of the variables (®, ¢) in (3.6) are (®, 6).

29Actually, the regularization procedure depends on whether one wants to allow parallel or

antiparallel angular momenta and C parallel or antiparallel to k@ For definiteness, we shall
describe only the case corresponding to parallel angular momenta, and C parallel to k3 (the
other cases being analogous).
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The planetary N-body problem: symplectic foliation 13

will be called Regularized Planetary Symplectic (RPS) variables and are de-
fined as follows.

Let (L,T,W, 2, y, %) = ¢« (y,x); let Yy :=0, ¥g:=T11 and I',,41 :=0.
Then, for 1 <i < n, we define:

A=L, Ai=Li+yi+y,, wherey! = Z Vi,
i<j<n
ni =~2(A; —Ti)cos(y; + ¥/ ))
& =—2(A; = Ty)sin(y; + ¥ )

4.1
{ pi =2t + W1 — W) cos Y
gi =—v2(iq1 + Vi — V) siny)
Remark 4.1 Writing out (pj,, g,) explicitly one finds
Pn = +/ 2(Wp—1 — W) cos ¥, = +/2(G — C3) cos¢
4.2)

gn = —+/2(W,—1 — V) siny, = —/2(G — C3)sin¢

showing that the conjugated variables p, and g, are both integrals for Hpy.
This fact is at the basis of the partial symplectic reduction described in next
section.

The map from the Cartesian heliocentric variables (y, x) to the RPS vari-
ables (A, A, z) will be denoted by ¢ : (v, x) € Dg" — (A, A, 2). Its inverse
map ¢! can be described as follows (see Appendix A.2 for full details):

P Rl DY (A, 2, i, 60) .
x@ =M (A, Z)x;i)(Ai, Xismis &)

where:

o (A, Ai,mi, &) — (yr()li), xI()li)) denotes the planar Poincaré map, i.e., the map

2 2
which sends a point (A;, Ai, i, &) € (0,400) x T x {% < 1} to the
point (yr()i), xr()i)) € R? x R? ¢ R? x R? recovering the Cartesian coordi-
nates on the “instantaneous orbital plane” (i.e. the &; plane). The planar
Poincaré map is explicitly given by>°

o) =00,y =gy (4.4)

3OCompa\re, [3, Lemma 2.1].
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14 L. Chierchia, G. Pinzari

where
(@ L(ﬁ)z( o i( sinu; + & N — i~ ni2+$f2)
Xy = - (57) (cosui — 3 (n; sinu; +&; cosu; e v
; N2 A .
x = %(A—’l) (sinu; — 55 (nj sinu; + & cosu;)
4.5
+ &i 1 '}i2+512) “.5)
VA 4A;
m2 M4
ﬁi = lA?l

and u; = u; (A;, Ai, ni, &) = Xi + O(|(n;, &)]) is the unique solution of the
(regularized) Kepler equation

1 ni® +&°
u — 1—

VA 4A;

e for 1 <i <n, ‘R; are products of matrices:

(ni sinu; + & cosu;) = A;; (4.6)

R =RIRE_, - RIR; 4.7)

where R1 = id and R;, R}“ are 3 x 3 unitary matrices depending on (A, z)
but with R;, R’j’f, for1 <i <nand?2 < j <n—1,independent of the cyclic
couple (py, gn). The matrices R, Rj‘ have the form

1 — g7 —pigic} —qis}
R;k = —piqicz-k 1-— pizt;k —piﬁ;k , 1<i<n
qis; pis; 1= (p}+aqd)c;
(4.8)
1—g? ¢ —pi—1gi-1¢i —qi—15i
Ri=|-pi-igi-ici  1—p} —Pi—15i , 2Zi=n
qi—15i Di—15i 1= (pr, +a7 i

where ¢;, s;, ¢/, 57, explicitly computed in Appendix A (compare (A.22),

24 g2 244g2
(A.23) and (A.27)), are analytic functions of p; = 2 ;Si , T = il ;rq’ for

I<i<pnandl<j<n-—1.

Remark 4.2 (i) By (4.8), when p =0=g¢, one has R; = id =R} forall i’s.
In this case, by (4.3) and (4.7), the remaining variables (A, A, 1, &) are seen
to coincide with the planar Poincaré variables.

(i) By (4.1), (;, &) = 0 corresponds to ¢; = 0 and (p;,q;) =0 to S
parallel to CcU+Dh (j #n). By (4.2), (pn, gn) = 0 corresponds to G = Cs, i.e.,
to C parallel to k.
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The planetary N-body problem: symplectic foliation 15

(iii) From (4.3)—(4.8) it follows at once that the map ¢ : (y,x) € Dg” —
(A, A, 7)€ ¢(DS”) defined in (4.1) can be extended to a real-analytic diffeo-
morphism

¢ : (y,x) € D" > M := (D) (4.9)

where D is the set defined in Sect. 3—(D).
(iv) The variables (A, A, z) are symplectic. In fact, let, on DSZ”, (pi> ©i),
(ri, xi) denote the symplectic polar coordinates associated to>! ni, &),

(plvql)’ and let p = (p19~~~710n)’ r = (rla’--vrn)s (0 = (golv---’(pl’l)’ X =
(X1,.-+» Xn). Interms of A, p, r, A, @, x, (4.1) become

A L A A L
p|=M|T|, p |=M|v
r VY X v

where M and M denote the matrices of order 3n uniquely defined by the
equations (1 <i <n-—1)

Ai=1L; ri=Lit+yi+yi
pi=Li—T; gi=—vi— ¥
ri=lip1+ Vi = Xi=—Y

One easily recognizes that the matrices M and M are related by M=M"H"!,
where (-)! denotes matrix transposition. This relation implies that ¢ is sym-
plectic on D, hence, by regularity, on D%".

The properties in (iii) and (iv) explain the name given to the variables
(A, N, 2).

(v) The following relations are immediately checked

n + &
Yo=Y =) A= YT (4.10)

1<i<n 1<i<n 1<i<n I<i<n
2 2
p;+q;
>ori= ), Fy = TimWa= ) =G
I1<j<n-1 I<j=<n-1 1<j<n 1<j<n
4.11)
2 2
+
=P, — W, =G -Gy, 4.12)

3ll.e., in complex notation, n;j —|—i$j =, /ijei‘pf and pj +iqj = 2rjein, wherei:=+/—1.
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16 L. Chierchia, G. Pinzari

5 Partial symplectic reduction of the planetary system

We now go back to the planetary many-body problem showing, in particular,
that its phase space DO (defined in Sect. 3-(D)) is foliated by Hpie-invariant
symplectic submanifolds of dimension (6n — 2) with a natural “global” sym-
plectic structure.

Let H(A, A, 2) :=Hpito e hxep(A) + uf denote the planetary Hamil-
tonian expressed in RPS variables with phase space given by M%" as in (4.9),
endowed with the standard symplectic form dA AdA +dn AdE +dp Adq.

As mentioned in Remark 4.1, the variables p,, g, in (4.2) are both integrals
and cyclic for H. This means that the perturbation function f does not depend
upon (pn, gn),i.e., f = f(A, X, 7) with

z = (77’5’13,6}) = ((771, "'5”7[)’ (51’ ""én)’ (Pl’ ---’Pn—l),
@15+ Gn-1))-

The upshot is that the phase space MO is foliated by symplectic H-invariant
submanifolds

Mo = 1A 2 2) e M s py=p. an = a3}, (5.1)

p and g, being fixed constants. A global symplectic chart is given simply

by the first (6n — 2) variables (A, A, z), the restriction of the symplectic form
6n—2

on each “symplectic leaf ” M5 %
n>in

being
dANdL+dnAdE+dpndg.

Finally, the restriction of the planetary Hamiltonian to each leaf /\/lgﬁfq%ﬁ is
the same, as the perturbation f is independent from the couple (p,, q,:):nwe
shall keep denoting H the partially reduced Hamiltonian and f the planetary
perturbation:

H(A, A, Z) = Hpit0 ¢~ = hgep(A) + wf (A, 1, 7). (5.2)

Remark 5.1 (i) In view of this last observation, without loss of generality,
we can restrict our attention to the symplectic leaf /\/lg” 2= Mgt’o_z with
Py =0=g,, which corresponds to the “vertical submanifold” {C; =0 = C;}
where the total angular momentum is oriented in the k¥ -direction.

(i1)) When the “vertical variables” p and g are set to be zero, that is, when
the secular set z is taken z = zp = (1, €, 0, 0), the map q‘)_l reduces to the
planar Poincaré map.

(iii) The expression “partial reduction” refers to the fact that, on each leaf
M?,’%;f:, ‘H admits another independent integral, namely, the restriction of
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The planetary N-body problem: symplectic foliation 17

G =V, =|C| onto M6" 2 From (4.10) and (4.11) there follows

_ L
> M-SR (5.3)

1<i<n

We also note that the expression of C3 on M®" is given’? by

C3=G—p”+q"—ZA——|z| (5.4)

1<i<n

Notice that the formula for Cz on M®" coincides with the well known one in
spatial Poincaré variables.

(iv) The conservation of G along H-trajectories induces into the averaged
perturbation®? f,, some symmetries (discussed in detail in Sect. 6 below),
which imply, in particular, that f,, is an even function of z and that its
quadratic part splits into the sum of two separated terms:>*
2+ P+

— +Qu(A) - > (5.5)

Qu(A) - 15

where the “horizontal part” Qy is a quadratic form of order n coinciding with
that of the planar problem, while the “vertical part” Q, is a quadratic form of
order n — 1. As we will see below, Qn and QV are non-degenerate, 35 hence,
the point Z = (1, &, p, g) = 0, corresponding to zero eccentricities and zero
relative inclinations, is a non-degenerate elliptic equilibrium for the secular
Hamiltonian fyy.

(v) In Poincaré variables® a splitting similar to (5.5) holds with the same
horizontal quadratic form and with the vertical quadratic form replaced by
a quadratic form Q, of order n. One can show that the eigenvalues of the

32ZRecall (4.12) and observe that, clearly, C3 = G on M6" 2,

33Here and in what follows, the index “av” denotes the average over the fast angles conjugated
to A; the function f,y is usually called “secular Hamiltonian”.

34For exact notation, see footnote 39 below. The symmetries expressed by (5.5) is sometimes
called “d’ Alembert relations”.

35Actually, they are, respectively, negative and positive definite. The positive-definiteness of
Qp, has been proved in [15, PROPOSITION 73]. From the analytical expression of Qy there
follows that, since C1 < 0, its eigenvalues ¢;’s are (maybe not strictly) positive. From their
asymptotic evaluation (compare the proof of Proposition 7.2 below) there follows that they are
actually strictly positive on an open set A of semimajor axes described below (see (7.2)). By
standard arguments of complex analysis there follows that Qy is strictly positive on an open
dense set.

36For the analytic definition of spatial Poincaré variables, see [15] or [3]. Notice that secular
“vertical” variables of the Poincaré set (i.e., the p’s and the ¢’s) are in R”.
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18 L. Chierchia, G. Pinzari

quadratic form Q, into (5.5) coincide with the non identically vanishing
eigenvalues of Q, (compare [9]). As shown in [15] and Proposition 7.1 below,
the trace tr (Qp + Qy) = tr(Qn + Qv) =0, where Qy is the (n x n) matrix
Qy:= (%V 8); this relation is known as “Herman’s resonance”.

6 Symmetries of the partially reduced secular Hamiltonian

The planetary perturbation function f in (5.2) enjoys several symmetry prop-
erties, which, in particular, simplify the Taylor expansion of the secular
Hamiltonian®” f,(A,z) = Q7)™ [, fdA.

In view of Remark 5.1-(i), we will consider only the symplectic “vertical
leaf” M&" 2.

The angular momentum integral G Poisson commutes with the unper-
turbed Keplerian Hamiltonian /xep, whence G commutes with f. This fact
implies that f is invariant under the Hamiltonian flow g — R¢& at time g
generated by G, i.e.:

F(RE(A, A, D) = f(A,1,2) foranygeT, (A, 1,2) e MI 2 (6.1)
The action of R# corresponds, in Cartesian variables (y, x), to a positive
rotation of all the y()’s and the x)’s by an angle g around the C-axis, which
coincide with the k®-axis on /\/lg”_Z. By the expression (5.3) of G in RPS
variables, such flow is given by

RE: A=A, MX=rx+g =8z (6.2)

where S¢ acts as synchronous rotation in the symplectic (n;, &) and (p;, g;)-

planes:
77/' n; p/A .
Sg: 1 =R _ , J =R _ (p])’
(é{) s (éi) (q}> Oy
l<i<n, 1<j<n-—1 (6.3)

‘R(g) being the plane rotation by g

R(g) = (cosg —sing>' 6.4)

sing cosg

37By (44) and (4.3), the A-average of the perturbation (2.1) expressed in RPS

variables (A, A,z) reduces to the averaging the newtonian potential V (A, X, z) =
mim;

Lizi<jzn "o o))
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The planetary N-body problem: symplectic foliation 19

As one checks immediately, the planetary perturbation fpi (2.1) is invariant
also under the following transformations (x| y@) — (x’@_y/®).

Rt X0 (a0 0= )
Ry: XO=(", = x"), v O=(=y" " )
(6.5)
Ry: x'® = (xl(l), xél), —xél)), y' @O = ( ) yél), (l))
. @ 0O @ (@) (i)
R, x/0= (x5, x", x37), y' O = =(- - =y3).

Such transformations correspond, respectively, to the reflections with respect
to the planes {x; = 0}, {x2 = 0}, {x3 = 0} and {x; = x»}. Notice that the
invariance by R, and R,_, is implied by the invariance by R and R%.

The actions of the reflections (6.5) in the variables (A, A, z) are found us-
ing (4.3)—(4.8) and their expressions are given by

Ri: A=A, MN=m—»%, Z=(n&p —q:=8,2

Ryt A=A M=—h.  F =0k —p.d)= S5
(6.6)
Ryt A=A A=k, Z=0.8 P, —q) =Sz
. AL ) ) = _ = =\ =
Rl<—>2' Ai—Al, )\41—7_)\'15 Z _(5’n9q’p) ‘_Sl<—>2z'

Let us check, for instance, the expression of R, the others being similar.
From Kepler’s equation (4.6), it follows that u; =u;(Aj, T —Aj,—ni, &) =
w —ui(Ai, A, 0, &) =7 — u;, hence, cosu; = —cosu; and sinu; = sinu;.
By (4.5), if x®(A;, Ai, iy &) = (x\, x{, 0), then

X, D, %D, 0) := xO(As, 1 — hi, =i, &) = (—xP,x0, 0).

If one changes simultaneously (p,g) — (p, —¢q), then, by (4.3) and (4.8),
one obtains that, if

XA 0,8 5,3 = (VA A0, € 5 @), X (A A, E, By ),

(A 0,6 5 D) = (D xdP 1)
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20 L. Chierchia, G. Pinzari

then38
KO = xO(A 7w — 0 =, £, p—g) = (—xP 1P xD), 6.7)

This is the first identity into the first line of (6.5). The second one is then
obtained taking the derivative of (6.7) with respect to A;, multiplied by g;.

Remark 6.1 (i) The fast angles A’s are averaged out when considering the
secular Hamiltonian fjy .

(i1) The invariance of f under the reflections (6.6) yields the following
symmetries for fay:

for(A.2) = fay(A, S82) = fuy(A.S2) forany S € (Sy. Sy S50 S,
(6.8)
(iii) By the symmetries S, Szg, and 531, it follows that f,y is an even
function of the variables (1, ), (&, p) and (p, ¢). Thus, the parity holds also
in the variables (1, &) and (n, p). By the S, _,-invariance, f,y does not change
when (7, §) is changed to (£, n) and, simultaneously, (p, g) to (g, p).

We are now ready to discuss the form of the Taylor expansion of the secular
Hamiltonian f,, around the elliptic equilibrium z = O up to the fourth order.
By parity, in second order term, only the monomials® 7%, £2 will appear
and, in the fourth order term, only the monomials n*, &2, &4, p*, pq>,
g*, n’q*, £2p%, £24°, £2p%, nEpq. By the symmetry S,..,, the tensors in
front of each monomial of the couples (2, £2), (5%, 3%, (n*, &), (p*, g%,
(%32, €2 p%), (n? p*, £2g%) will be pairwise equal. Let us denote Q, - g, Q-

=2
% the quadratic forms associated to the monomials 5%, p? and
Fo-n’6%,  Fy-p°q°,  Faon’@d,  Fyon'p

the quartic forms associated to, respectively, n2£2, p>g>, n*>q>, n>p>. By the
invariance for the transformation n; — (n; — éi)/«/i, & — (i + 5,-)/«/5,

387 — A denotes, for short, the vector of components (7 — Ay, T —Ay,..., T — Ay). Notice

that R}: = id since we have assumed p,, = 0 = g, (compare (4.8)). This relation easily implies
(6.7).

39For tensors, we use the same notation as in [15]. Thus, if a = @i jief1,..ny1, jell,...n—1}"2
is a tensor with r = r; + rp indices and k; is an integer between O and r;, then, a -
nk1gr—ki pkagra—ka genotes

> @i j iy Mig G 1 iy Py Py D iy
ie{l,...n}1,je{l,...,n—1}"2

In the Taylor expansion are present only those monomials n¢& b pch which are left unvaried
by the symmetries S|, S34, Sy3, S|, in (6.6) (and by their compositions).
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pi — (pi — cj,-)/«/i, qi — (pi + q[)/\/i (which corresponds to a rotation
by /4 around the C-axis: compare (6.3)), the quartic tensors associated to
monomials 1%, p* coincide, respectively, with one half the quartic tensors
Fu, Fy associated to &2, p2g°. By the same reason, the tensor associated
to n& pg coincides with one half the difference F|, — Fyy, provided (as it is
always possible) the entries (Fhy);jki, (Ffw),- k1 of such tensors are chosen so
as to satisfy (F})ijkr = (F.,) jitk» Foy)ijii = (Fry) jitk-
By the previous considerations, the expansion of f;y has the form

2 2 =2 =2
ve2 +
il +Qun)- 221

fav(A, 2) = Co(A) + Qn(A) - . !

1
+5F(8) -2+ P(A.D) 6.9)

where P has a zero of order 6 (due to the parity of f,y as a function of z) in
z=0and %F(A) - 7% denotes the fourth order term

1 _ 4+ 4+222 _4+_4+2_2_2
L TN FELT N7 W Al e S PN W A
2 2 2
2-2 252 ==
+ —2
LR, T4tE n§ pq
2
2 =2 2-2 =~
2
+Fpy - L e Z +2n6pq (6.10)

Remark 6.2 The invariance by R; actually implies that the whole perturba-
tion (and not only its average) is even in (p, q).

The explicit values of the tensors appearing in (6.9), (6.10) will be given
in Appendix B.

7 Birkhoff normal form of the partially reduced secular Hamiltonian

In this section we shall discuss non-resonance properties of the first order
Birkhoff invariants of the partially reduced secular planetary Hamiltonian and
its full torsion (i.e., the non-vanishing of the determinant of the second order
Birkhoff invariants). In particular, we will show that: (i) the first order Birk-
hoff invariants do not verify, at any order, any other resonance besides Her-
man’s resonance (which, actually, as follows from Sect. 7.2 below, does not
affect the construction of Birkhoff normal forms); (ii) the matrix of the second
order Birkhoff invariants is not singular (‘“full torsion”). Furthermore, we will
construct explicitly the Birkhoff normal form up to order four for any 7, in the
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22 L. Chierchia, G. Pinzari

well-spaced regime. The secular planetary Hamiltonian is rotation invariant*
and this simplifies the structure of the “dangerous resonances” in constructing
Birkhoff normal forms: this is a general fact that will be explained in Sect. 7.2
below.

The computations in this section are based upon the Taylor expansion up
to order four of the secular planetary perturbation, as given in Appendix B.

7.1 First order Birkhoff invariants
Proposition 7.1 (Herman’s resonance)
n n—1 Q 0
Qi +Q)=) o+ =0, Q= ( o O) . an
i=1 i=1

where (0, ¢) € R" x R~ are the eigenvalues of the two quadratic forms Qp,
and Qy in (6.9).

Proof By (B.1) and (B.3), the diagonal entries of the matrices Q, and Q, are
given by Qi = X g, mimi G and QA =
— 1< ckenmjmikCi(aj, ax)(Lji — Lyi)?. Using (B.4), one readily finds

o tE  k=itl, 1<j<i
i ﬁ_ﬁ i+l<k<n, j=i+1
(Lji— L) =19 4 1 k< {<icitl
T TS0 1+ 1<k=<n, <Jj<i+
(when j <k —2)
0, otherwise.

This implies that Z]Signfl(ﬁji — L) = (A% + AL,() and hence

n—1
Ya=uwQ = > Q)
i=1

1<i<n—1

=— Z Z mmeCi(aj, ar)(Lji — Lxi)*

I<i<n—11<j<k<n
2
=— Z m;mgCi(a;, ax) Z (Lji — Lii)
1<j<k=n 1<i<n-—1

401e., it is invariant under S8; compare (6.8) and (6.3).
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11 “
== 2 mjmkcl(aj,ak)(r+A—k>=—trQh=—ZUz’-D
J i=1

1<j<k<n

We shall now prove that o (A) and ¢(A) do not satisfy any other reso-
nance, up to a prefixed order, on a suitable open set of A’s. More precisely,
we consider the following subset of {a; < --- < a,}

A:={A:Qj<aj<ﬁjf0rany1§j§n} (7.2)
wherea,,...,a,,ai,...,ay,, are positive numbers verifying aj<aj<a
forany 1 < j <n, a,41 := oo (“well-spaced regime”).

Jj+1

Proposition 7.2 Foranyn > 2, s € N, there exist a i aj and d such that

I(6,8) - k|>d >0 foranyAe A, keZ" 1 0<k|<s
with k; # k; for some i # j. (7.3)

In particular, the first order Birkhoff invariants (o, &) € R* x R"~! of the
partially reduced planetary system verify, identically, only Herman’s reso-
nance (7.1).

To prove Proposition 7.2, we need the following simple*!

Lemma 7.1 Let M* € Mat(m x m), M, € Mat(r x r), M* € Mat(m x r),
My € Mat(r x m). Let

_(M*+0() sm*
M .—( SMy S M, +0(52) ) 0<r<l, (7.4)

where § is a small parameter. Then,

(1) if A* £ 0 is a simple eigenvalue of M*, then, for |8| small enough, Mg
has an eigenvalue of the form 15 = A* + O(8);
(i) if Ax is a simple eigenvalue of M, and det M™* # 0, then, for |8| small
enough, Mg has an eigenvalue of the form )Ji =817, +0(8%);
(i) ifr =1 and (U*)'M*U* = diag[A], ..., A}]1, with U* € SO(m) and 0 #
AT # )»j, then there exists Us = diag [U*, 114+ O(8) such that (Us)'MsUs
is diagonal.

Proof Statement (i) follows applying the IFT (Implicit Function Theorem)
to the function Fj(X,d) := det(Ms — Aid,;4,), noticing that Fj(A,0) =

41Compare also Lemma B.2 of [4].

@ Springer



24 L. Chierchia, G. Pinzari

(=A)" det(M* — X\id ;). For statement (ii), apply the IFT to

* _ ol4rq 3 1—t pq#
fz(x,5)=det<M sttiyid,, &'"'M )

My M, — iid,

noticing that det(Mys — 8!t xid,,4,) = 8+ (i, 8). Finally, for state-
ment (iii), apply the IFT the m + 1 functions (w, §) — (F @ 1 — |w?), with
1 <i <m+1,where FOw,8) = (M — A idmw, 25", ..., 20" de-
note the eigenvalues of M; which are obtained by continuation of A7, ..., A},
and A := M,; /\/lg’) the matrix which is obtained by M dropping its i row
and column. g

Proof of Proposition 7.2 Fix s > 1. We shall prove by induction that, for any
n > 2, the eigenvalues 03, ..., 0y, 1, ..., n—1 do not satisfy any non trivial
resonance up to order s in .4 and thus (7.3) follows. For n = 2, the assertion
follows by the direct computation:

3 a (a1+0<a1)2)
o)y =——mm — — ,
2=y e o\
+3 ay (1 L 1 a1+0 aj 3
mim — .
5= 4 M2 2 2 A1 Ay 17%)

By (7.5), the functions ay — |ky02 + k| with a; <a; <a; and (k, k) # 0,
have a positive infimum on a suitable neighborhood of ay = 4-c0.
Assume now that, whenn—1>2,6 = (61,...,0,-1), ¢ = (1, ..., Sn2),
Areplace n,o, ¢, A, where 6 = (01, .., 0n-1), ¢ = (<1, o Sn_2) denote
the eigenvalues of the matrices Qh, Q,, at rank n — 1 and A is a suitable set
of the form (7.2), with n — 1 replacing n, then, 62, ..., 6,1, S1, - .-, Sp—2 dO

not satisfy any non trivial linear combination on .A. Then, (7.3) holds with
n—1, A, o, ¢. In particular, on A,

0#6;#6; and 0#E&,#S, Vli<i<j<n—1,Vi<h<k<n-2.

(7.6)
As it follows from formulae in (B.1)—(B.4), at rank n, the matrices Qp, and Q,
are given by

op = (@ +0© 0(8)
0(%) ad(1 4+ 0523
(1.7)

ol

~(Qu+0() 0(9) )
T 00 Bs(L+0%3)
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where*?
_ 3my 2
8 = an 3’ = — Z mlal )
4An 1<i<n
5 +3( 1 4 1 ) 5
=4- — |m, m;a;
ANLn—1 - An I<i<n

and £, | = Zl<i<n_1A,~. By Lemma 7.1, Qy has n — 1 eigenvalues
(01,...,0,_1) which go to 6 = (61,...,6,_1) as § — 0 and a non van-
ishing eigenvalue o, = a8 4+ O(8%/3); similarly, Q, has n — 2 eigenvalues
(¢1y.-., Sn—2) Which go to ¢ = (&1, ..., ¢y—2) and a non vanishing eigen-
value ¢,_1 = B8 + O(8°/3). The assertion at rank n for the frequencies
02,...,04,Cl, ..., Cn—1 then follows. O

Remark 7.1 Actually, as mentioned in Remark 5.1-(v) above, the first order
Birkhoff invariants of the reduced secular Hamiltonian coincide with the first
2n — 1 invariants of the (non-reduced) secular Hamiltonian computed in spa-
tial Poincaré variables.*> Therefore, the non-resonances shown above could
have been indirectly deduced by comparison with the non-reduced setting.
However, the details would not have been shorter (and can be found in [9]).

7.2 Birkhoff normal forms for rotation invariant functions

For rotation invariant Hamiltonians (i.e., invariant under S¢) the construction
of Birkhoff normal forms simplifies. As a consequence we shall see that Her-
man’s resonance (7.1) does not play any role in the construction of Birkhoff
normal forms (at any order) for the planetary system in RPS variables.

Let us consider a general setting, namely, let B an open, bounded, con-
nected set of R"?; let D :=B x T" x BrZ’”, endowed with the standard sym-
plectic form dI Adg + du A dv and consider a (¢p-independent) real-analytic
function f: (1, ¢, w) € D — f(I, w) € R of the form

(1, w) =fo(I) + 2 -r+P(, w)

“2From (B.1)~(B.4) it follows that (Qp)nn = — .| <j<,_1 S % b3)5 1 (a; /an) and (B.4),

2
n ay

that (Q)n—1,n—-1 =2 1<i<n—1 %(2:4 + A%)Z—Qbyz,l(ai/an)- In fact that, by (B.4),

the differences £ ,_1 — L ,—1 vanish unless k = n, in which case they take the value

- /£:71+Ainforany1§j§n—l.

431n such set-up there appear a “vertical” invariant ¢, = 0, which in the reduced setting is
absent.
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w:(ul,...,um,vl,...,vm)GRZ’"
where w2402 (7.8)
r=(r1"'-arm)’ rj= 4 4

with P(I, w) = o(Jw|?). The components £2; of €2 are called the first order
Birkhoff invariants.
Denote by R¢ the symplectic rotation of D into itself

RE: (L, p,w)— (I',¢',w) with Il =1, j=¢; +g, w' =S%(w),
(7.9)

S8 being as in (6.3) (i.e. rotates simultaneously by R(—g) in the symplec-
tic planes (u;, v;)). We say that a function F (I, w) is rotation-invariant if
F(I,S83w) = F(I, w) for all angles g. We then have:

Proposition 7.3 Assume that f is rotation-invariant and that the first order
Birkhoff invariants 2 verify, for some a > 0 and integer s,

m m
1QU) k| =a>0, VkeZ"™ > k=0, 0<lklj:=) |kj|<2s, I€B.
i=1 i=1
(7.10)
Then, there exists 0 < F < r and a symplectic transformation ¢ : (I, , ) €
D:=BxT"x B;zm — (I, ¢, w) € D which puts f into Birkhoff normal form
up to the order®* 2s. Furthermore, ¢3 leaves the I-variables unvaried, acts as
a ¢-independent shift on ¢, is ¢-independent on the remaining variables and
is such that

doRE=RS0g. (7.11)

Proof As customary, we pass to complex symplectic variables*

= ”J;;’j

1) =((t1, . tw), (], o 1)) Y (7.12)
£ = ujtiv;
7 Vi

#Le., such that fop = fo+ Q-7 + D o<n<s PhG D+ o(|w]35), where P}, are homogeneous
polynomials in 7; = |i|?/2 := (ﬁ% + 5?) /2 of degree h.
45 As above, i denotes the imaginary unit 4/ —1.
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and write f in such variables*°

(= > Y cawrd ] e (7.13)

0<k<+o0 |a|1+|a*|1=k 1<i<m
In terms of the coordinates #, t* the rotations R$ in (7.9) becomes
R =1;, ¢=¢i+g 1<i<n; (t', %) = S8(t,1*) (7.14)

where S8 : (¢t,t*) — (¢/,t'*) with tJ/. = tjeig and t}* = t}‘e‘ig. Thus, one
sees immediately that f being rotation invariance is equivalent to have

Caer(I) =0, Vil # ™1 (7.15)

In particular, a rotation invariant function is even in (¢, t*). Thus, the first
non-vanishing (and not in normal form) polynomial of the Taylor expansion
of f with respect to the w-variables has degree 4, i.e.,

(1t =fo+ Y Qltj1* +Pall, 1,6 +0(1]%),

I1<j=m
_ (4) oj *Ol
Py = Z cone |1 4 (7.16)
loe]y +le* 1= 1<j<m
fo, 2 and ca a* depend on I and we denote |t |2 :=ir Jt* Because of rotation
)

invariance, ¢, . = 0 for |a|; # |a*|1. From Birkhoff normal form theory
(see, e.g., [18]) one knows that the symplectic transformation putting (7.16)
into Birkhoff normal form of order 2 can be obtained as the time-1 flow ¢»

generated by the Hamiltonian function

“4)
C % . *
Ks= S A
N ppe oy [
aFa* 1<j<n
(4)
_ otoz* o *a
= Y - e [T 4 (7.17)
It!th:\a*h 1<j<n

aFa*

Notice that, since ) | ;. (i — &) = |al1 — ™1, D1 ;< (@i —0f) =01in
(7.17). Hence, in view of (7.10), we have that |2 () - (o« —a™)| > a > 0 so that
K4 is well-defined and analytic in a neighborhood of t = 0 = ¢*. Clearly, K4

46With abuse of notation, we denote with the same symbol the function f in complex symplec-
tic coordinates.
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is rotation invariant (and ¢-independent). Let (I, ¢, ¢, t*) — CIDf4 I, @, t,t%)
the Hamiltonian flow (which leaves I unvaried) generated by K4 at time 6.
Since the transformations R$ in (7.9) are symplectic and K4 is invariant by
R, the flow <I>f4 commutes with R&:

Y oRE(1, ¢, 1,1") =RE0 @ (I,9,1,1%).

Taking 6 = 1, we find that the transformation ¢, := @] , commutes with RS,
Furthermore, ¢, puts f in Birkhoff normal form up to the order 4, acting on
the g-variables as a g-independent shift and as the identity on the /-variables
and being ¢-independent on the remaining variables. This implies that the
function f; :=f o ¢, is ¢-independent, too. To check that f, is again rotation
invariant, we denote (I, (¢, t*)) — (t4,, t;;z) the projection of ¢ on the (¢, t*)-
variables and ¢, := R o ¢» = ¢ 0 R8. Then, the projection of ¢, the (z, t*)-
variables is given by S8 (¢4,, t(’;z), thus

f2(1, S8t 1%)) =fo (I, S8t 1%)) =fo oo RE(I, (1, 1%))
=fogy(I,(1,1) =1(I, S (14, 15,))
=f(1, (19,,13,)) =fo pa(1, (t,1%))
=1D(1, (t,1%)).

The argument can now be iterated, with f = f o ¢, replacing f. After s — 1
steps, we have the thesis of Proposition 7.3. (]

Remark 7.2 Birkhoff normal form up to the order 2s for the secular Hamil-
tonian is achieved in s — 1 steps, rather than 2s — 2, because of parity.

7.3 Second order Birkhoff invariants

From now on we shall consider, in phase space, a neighborhood of the secular
origin (which corresponds to co-planar and co-circular motions) with well-
spaced semimajor axes. In such neighborhood we will construct the Birkhoff
normal form. Therefore, we let*’

MO 2= Ax T" x B22"=D ¢ M{" 2 (7.18)

where A is as in (7.2) and €( is some positive number.

47Actually such neighborhood can be lifted to any leaf Mg’l_qz*.
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Now, let Uy, = Up(A) € SO(n) a matrix which diagonalizes Qn(A) and
U, = Uy(A) € SO(n — 1) a matrix which diagonalizes Qu(A):

UpQuUn = diag[oy, . ..., an], (Uy)'QuUy = diaglg1, ..., su-1]. (7.19)

Put §{ := diag [Uy, Uy, Uy, Uy] and consider the unitary transformation of

B€20(2n—1)

tion

into itself 7 = $I(A)Z = L_l(A) n, § , D, q), namely, the transforma-

n="Uni, E=UnE, p=Uyp, ¢=0g. (7.20)

In the coordinates z, the quadratic part of f,y in (6.9) is in diagonal form

+~2
D TS R SN 4, (7.21)

1<i<n I<i<n-—1

with the first order Birkhoff invariants (o, ¢) satisfying in the set A Herman’s
resonance and only that.

The change of coordinates (7.20) is lifted to a symplectic transformation ¢
of the domain M%~2 into itself which, leaving the A’s unvaried, acts as

(ALK ZD) > (A A—A(A, D), U(A)D) (7.22)

where A1 (A, 7) is a suitable shift making ¢ symplectic.*3
Let us denote

H(A L, 2) = H o §(A, 4, 2) = hiep(A) + 1 f (AR, 2),
(A, %, 7) e MO"2, (7.23)
It is easy to see that the transformation ¢ in (7.22) preserves G. Indeed, since

it acts as the identity on A and as a unitary transformation zZ = ${(A)Z on Z,
we have

God(A.LDH=GAUND= > A —%IQ(A)ZIZ

1<i<n

1
=Y Ai- E|z|2 =G(A,2). (7.24)

1<i<n

BThe generating function of ¢ is S(A, 7, p, A, &,§) :=A - A+ & - Up(A)i+ G - Uy(A)p so
that 11 (A, Z) =& - 9o Up(A) 7 + G - 95 Uy (A) p evaluated at € = Up(A)E, p=Uy(A)p.
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30 L. Chierchia, G. Pinzari

This fact implies that (,5 commutes with the G-flow R (6.2) and hence, since
the Hamiltonian (5.2) is R&-invariant, also the Hamiltonian (7.23) is R8-
invariant. Since qs commutes also with the reflections R, R, in (6.6) and
‘H is invariant by them, we have also that H is invariant by Ry, R; (and
hence alsoby R, and R _,).

Thus, the averaged perturbation f, admits the same symmetries as fay,

namely, for any (A, Z) € A x B2*"~" one has

fav(A, D) = far(A, S82) = fu(A, S2), VS €(Si; Sozs Sips Sy}
(7.25)

where S|, 853, S5y, S, are defined in (6.6). As discussed in Sect. 6 above,

such symmetries imply that f,, has the form*’

fav(A,2) i= (f o )av(A, 2) = fav 0 H(A, D)

2+ E2
= Co(A) + Z 0i(A) ==+
1<i<n
+c}?
+ Y i TL
1<i<n—1

+ %F(A) 4+ PAL D) (7.26)

where P (A, %) is of order 171 and (compare (6.9) and (6.10))

1~ B - "'4+ ~4+2~2~2 - ~4+ "’4+2"’2~2

L CONFELT N7 W Al e/ S YN W A

2 2 2
a7 2népq TP+ 827 + 26 pg

The new quartic tensors Fr, By, Fiy, f:fw are easily identified observing that
F(A)-7* =F(A) - (A7) (7.27)

with F(A) as in (6.10).

49Since ¢ acts as a X-independent shift on the A variables and is A-independent on the re-

maining variables, then, the actions of averaging and applying $ can be interchanged, i.e.,
(f o @)ay = fav o ¢, whence, (7.26).
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Expression (7.26) is the starting point for the construction of the normal
form up to fourth order for the averaged perturbation of the planetary prob-
lem: we make use of Proposition 7.3 with

m=2n-—1, B=A, r =eq, s=2, and f:f.aV-

Herman’s resonance, indeed, does not violate assumption (7.10) (at any order

2s of the Birkhoff transformation), since it holds with k = (1, ..., 1), hence,
Let
€>€1:=7F>0,
¢ b v 6n—2 2(2n—1 > ~6 2(7'28)
¢ (A AD)eMTTi=AXxT" x Bq( =D 5 (A Z) e MO
be the Birkhoff transformation given by Proposition 7.3. Denote
=M od(A, i 2)=hep(A)+nf(A L 2) (7.29)
the normalized Hamiltonian, with>°
fav(A.2) = (F o )ay(A. D) = fay 0 (A, D)
o 1 o o o
=Co(A)+Q-R+ ETR-R—i-P(A,Z) (7.30)

where ? := (i1, €, p, §), P(A, %) is of order |Z|° (compare (7.26)), R=(5,7),

~) 2 ~v) | 2D
Nr+ES o Di+q;
5=k, i = =5, and, finally,

15 = (ﬁls--‘&ﬁ}’l)a F = (Fl’---»i;n—l)’ ﬁl' =
Q = (o, ¢) (compare Proposition 7.2).

Remark 7.3 (i) Notice that, since f is invariant by R#, by (7.11) the pertur-
bation f in (7.29) is again invariant by R$:

foR¥(A A2 =fodoR¥(A LD =FoR 0P(A L 2)
= fod(A LD = f(AX D).

(i) Since fyy is even in Z, to explicitly evaluate the second order Birkhoff in-
variants, we can use the procedure described in the proof of Proposition 7.3,
with f = f,y and m = 2n — 1. In the three-body case (n = 2) one can compute
the Birkhoff invariants explicitly (Sect. 8), while for arbitrary n, we shall eval-
uate the Birkhoff invariants in the asymptotic limit of well-spaced semimajor
axes, i.e., on the set A in (7.2) (Sect. 8.2).

50Again, (f o Pav(A, %) = fay 0 P(A, %), since ¢ acts as a i—independent shift on the i-
variables and is A-independent on the remaining variables.
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(iii) As remarked in [15], since the Birkhoff invariants are real-analytic
functions of the semimajor axes, they define complex holomorphic functions.
Now, since in Sects. 8—8.2 we will see that the determinant of the second order
Birkhoff invariants (which is also an holomorphic function of the semimajor
axes) does not vanish on the set A, by complex function theory,’! it then
follows that the determinant does not vanish on an open dense set.

8 Full torsion of the partially reduced planetary system

In this section we shall check the full torsion of the partially reduced planetary
(1 4+ n)-body problem, i.e., we shall show that the matrix of the second order
Birkhoff invariants T computed above is non singular. In the case n = 2 we
will evaluate exactly 7, while for the general case we shall deduce a simple
inductive formula in the asymptotics of well-spaced semimajor axes.

8.1 Full torsion in the three-body case

In the case n = 2, we can compute explicitly 7, re-obtaining, in the planar
limit, the computation performed by Arnold in [2].

In this case, we have two couples of horizontal variables (11, &1), (172, &2)
and one couple (p, g) of vertical variables. Writing down the matrices Qp and
Q. (of order 2, 1 respectively), the quartic tensors Fp,, Fy, Fpy, F|, appearing
in the expansion (6.9) (compare Appendix B, definitions in (B.1)-(B.17)),
computing the matrix U, which diagonalizes Qy (the matrix Uy = 1 being
trivial) as in (7.19) and computing finally the normal form of the polynomial
(7.27) with 4 = diag[Uy, Uy, 1, 1] as described in proof of Proposition 7.3,
one finds the following expressions of the second order Birkhoff invariants:

dmimy [rl(al,az) d*ri(az,a1)  2d°ty(ar, az)
711

IR Y A2 A4,
2dr3(ar,a2)  2d°r3(ar, 1) d’ra(ar, az)
T AWAL | MVAR | AiA ]
dmimy [ (1 —d*)’ra(ar,a0)  2d*ri(ar,az)  2d%ri(az, a1)
le:(1+c12>2[ A1A A2 A2
L 240 —dYrsar,ay)  2d(1 = d)rs(ar, a1) &.1)
AVATA, Aov/AiAs
(1 — 6d* + d*)rs(ar, an)
4NN ]

51C0mpare, also, with the argument used in Proposition 74, p. 1573 of [15].

@ Springer



The planetary N-body problem: symplectic foliation 33

4mimy [rl(az,cu) d*ri(a1,a2)  2d°ry(ay,az)

T =
2T A+a2 A2 Af Arh
2drs(ar, a1)  2d°r3(ay, az) n d’r4(ay, az)]
Ao/ AN A/ A A A1hz
mim; 11+1<( )+ 5} (a1, @)
i — = | — | (sy(aj,a si(ai,a
13 G197 | o\ 7, 1(ay, az 1341, d2
( ! + dz)C ( )
- — +— )Ci(a1, a2
AT A3
d (1+1>(( )+ s3(a1, @)
- S2(ai, a S>(ay, a
X 2(ag, a2 2\dl, a2
+ —<— A—)(Sl(az ai) + s (az, “1))]
mimy
T3 = m Az — |(s1(az, ar) + s (a2, ar))
( ) 1(ar, az)
(1 )( (ar.a2) + s3(ar. @)
— S2(ay, a S>(ay, a
AIA X 2(ar, az 2\d1, dz
1 1
<A_ )(Sl(al az)+51(al 02))]
Ar
1\ Cia,
133 =4mmy |:r1 (a1, “2)(_ + _) %}
where

—b 4c2 _C Ci(ai,
g e I( | c 1) with & 1(a1, az) b 1(ay az),

2c (a — b)2 B A1 ' A2
_ Ca(ar, az)
VAL Ao
and Cy, Ca, 11, ...,14, 1], 15, 81, 82, 87, 8; are defined in terms of the Laplace

coefficients ﬂ,&r)(a) := b2, k() in Appendix B (compare (B.2), (B.6), and
(B.8)).
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The expression (8.1) generalizes the normal form of the planar three-body
problem (the only known), computed in>2 [2, Arnold, 1963]. And in fact,
if we consider Arnold’s case (n =2 and p = 0 = ¢) and use the following
asymptotics (where we regard a; = O(1) and 1/a, small)

3 a]2 a;‘

ri(ar, az) = — —2+O =)
16a; \ a3 a;
3 a% af
ri(az,a1)=——| - +0{
4as \ a5 as

9 a% a‘l1
r(ar, az) =r(az, a1) = — —=+0|l =) (8.2)
16a; a; a,
3
4
13(a1, az) =0<—4) =r3(az, ar)
ay
a‘f —5/4
r4(al7a2):O a_s ) d:O(az )
2

then, asymptotically, the matrix T of the coefficients of (7.30), which is re-
duced to “horizontal” submatrix of (8.1) Tp1 = (7.1 1.7) takes the value

T2 722
3 __9
a]2 4A% 2NV _5/4
Tpl =mimy— 0 3 (I+0(a, ™ )). (8.3)
“C\TmEn TN
We, then, recover
117 a2 2 —5/4
detty = ——— mm—l) 14+ 0(a ). 8.4

This is Arnold’s check®® of non-degeneracy (or “full torsion”) of the
frequency-map of the planar three-body problem.

The first non-trivial case after that considered by Arnold, is the (spatial)
three-body problem. As Arnold, we consider well-spaced semimajor axes.
Then, using the expansions

3 612 a4 3 612 a4
rT(aLQZ):_—(—; +O<—i)>, Sl(alva2):_(—;+0(—i))
16&2 a2 a2 a az az

52Recall that when p =0=gq, the RPS map coincides with the planar Poincaré map.
53Compare (8.4) with [2, p. 138, (3.4.31)]. Notice that, in [2], the second order Birkhoff in-
variants are defined as one half the t; i ’s and that, in [2], ag should be corrected into “; .
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9 (a? af
51(02»01)=8—<—;+0 =)
ay a, a,
2 4
* _ 3 al al
si(ara)=——(-2+0( =2 (8.5)
4ax \ a3 as
9 a% a‘f a%
sj(@,a))=c—|—5+0|— ||  s2a,a), s5(a1,a2) =0( —;
8as a; a a,

3 a% a‘l1
C](al,a2)2_4—02 ?—{_O a_4 )
2 2

we find, from (8.1), that the planar matrix (8.3) is completed, in the spatial
case, to

3 -9 3
4% 4A1A2 A?
2
a 9 3 9 —5/4
r=mm— | —mm  Th mm (4067 66
o EE T N
A2 4A1Ay 4A3
For small 1/ay, this matrix is non singular:
27 a2\’ —5/4
dett =————(mmy—L ) (1+0(@;”
27 my 614 —5/4
=-— 2L +0w+0,"") (8.7)
16 mymy a,

having used Ai2 = m?moai 4+ O(w).

8.2 Asymptotic full torsion in the general case

The asymptotic evaluation (8.7) can be extended to the general case:
Proposition 8.1 (Full torsion of the planetary frequency map) For n > 2 and
0 < 8, < 1 there exist* nw>0,0<a; <ay <---<a, <ay such that, on the

set A defined in (7.2) and for 0 < . < i, the matrix T = (1;;) is non-singular:
dett =d, (1 + 8,), where |5, | < 8, with

54 /u is taken small only to simplify (8.8), but a similar evaluation hold with g = 1.
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3/ 45 \"' m, a\? 1\*
d = (=" 1= — — . 8.8
n=0D 5(16m%) mlmoal(an> 1_[ <ak> ®8

2<k<n

Proof The proof is by induction on n. The case n = 2 has been proved by
explicit computation, compare (8.7).

Assume now that, when, in the statement of Proposition 8.1, n — 1 > 2, A
and 7 replace n, A, 7, then,

det? =dy—1(1+0(n) +0(1//a)) (8.9)

and let us prove this equality at rank n. Proceeding as in the proof of Propo-
sition 7.2 and usi_ng Lemma 7.1-(iii), one sees that, at rank n, matrices which
diagonalize Qp, Qy may be taken of the form

Up=U"+06), 0, =09+00) (8.10)

where U](10) = diag [Un, 1], I_Jso) = diag [Uy, 1] and Uy, U, denote matrices
which diagonalize the second oder matrices Qh, QV at the previous rank.

Using (B.5)—(B.17), one also sees that the polynomial of degree 4 in (6.9)
has the form

F(A) - 74 = (F(A) + Fo(A) D)% + Z Fi(A) - (2~ Dy4=iyi

1<i<3

+Fy(A) -2, (8.11)
where F; are O(8), A, "1, z denote the sets of variables

A=(A1,..., A1),
Z(n_l) = (771, cees n—1, 51’ ""gn—l’ Pts---> Pn-2,41, ""qn_Z)
7 .= (nna él’lv pn—la Qn—l)

and F - (z"=D)* is the fourth order polynomial in (6.9) associated to rank
n — 1. Later, we will need the explicit expression of the polynomial Fy4 - z* in
(8.11), which, as we will shortly see, is given by

Fs- 2" =Fa (M) +ED* + By (M) (pi_y +a7_))*

+ 1ahv("]nQn—l - é:npn—l)2 + F;w(nnpn—l + énQn—l)z’ (8.12)
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where

FL(A) = Z mjmnw

2
I<j<n ‘An
) - 1 1\*  Ci(aj,an)
B T L) ey an)
FV(A) = Z m;mpy rl(a]’ an)<£n_1 + An> + 4,2"_1[\” ]
1<j<n B
o 1 , . ) (8.13)
B si(an, a;j 1aj, an
' 1<]Z';n ’ n- 21171 An A" ZA%
" 1<j<n J” L\ £n-1 Ap An ZA% .

In fact, the first line in (8.13) is found using (B.5). Next, by (B.7), the ac-
tion Fy1, Fhvi, Ffwl on 7%, is found selecting in the formula of Fy; only the
indices j = k =n — 1 and, in the formula of Fy,, F{lv, the indices j = n and
h =n — 1. Using, as in the proof of Proposition 7.2, that £; ,_1 — L ,—1 =

— /AL,, + ﬁ(ﬁ j.n» one finds the contribution to F,, Fyy and F{w propor-
tional to, respectively, 1}, s; and s} in (8.13). Finally, the actions of the
tensors Fyp, Fhva, Ffwz on z* are found observing that the matrices T;1,
T;.*, T; defined in (B.9)—(B.17) contain only (n;,&;)-variables with indices
J <i+1and (pj,q;)-variables with indices j < i. Hence, the monomi-
als with literal part z* in the polynomial (B.17) are only those appearing in
21§i<n m;m,Ci(a;i, a,) tr T,,_1. Since the quartic part of the trace of T,_1 is

_ = ot An (P2 a2 ) =2(L0- )2 (2 +ED)
_Qn—l(l?ﬁ_l + q,%_l), with Qn—l = — 1 1 1 1 u

A28 (
to monomials which do not depend on z: compare (B.9)), it follows that the
sum of the actions of Fy2, Fpyva, Fwa on 7% is identified with the polynomial

> mimaCr(ai. an)(pr_y +qy_)
1<i<n
5 Lo1An(p2_ +q2 ) =282 (2 +ED)
482 A7

and hence (8.13) follow.

By (8.10) and (8.11), letting, for short, 4@ := diag[U”, U\, U, 0]
and §l 1= diag [ﬁh, ﬁh, fJV, fJV], one readily finds that the polynomial (7.27)
is given by

@ Springer



38 L. Chierchia, G. Pinzari

F(A) -2* =F(A) - 9)* =F(A) - (U +008)2)*
= (F(A) + Fo(M)E"")* + 3~ Fi(a) - G077

1<i<3
+ (F4(A) +0(8%) - 2, (8.14)
where F; are O(8) and
Z(ﬂ*l) = (ﬁl! -"9ﬁn—1’§19 --‘75}1—17 ﬁlv uwﬁn—%él, "~7qn—2)7
7= (fin, &n» Pn-1. Gn—1)-

Then, computing the second order Birkhoff invariants T = (z;;) from (8.14),
one finds

T=<f+0(8) o<5)) 5.15)

0@B) T+0?
where 7 is the second order Birkhoff invariants matrix at rank n — 1 and 7 is

the matrix of the Birkhoff invariants of order 2 associated to the polynomial
in (8.12), i.e.,

_ _ 4dm
T11=4Fh=A—2n Z mri(ay,a;)

n 1<j<n
- - = - 1 1
T1p = o1 = Fpy + Fyy =my Z mj[(—+—)
l<i Ln-1 Ap
<j<n

% Sl(an,aj)'f’ST(anaaj) _ Ci(a;,an)
A, A%

) _ 1 1\?
T =4F, = 4m, Z m; |:r’1‘(aj, an)(— + —)
1< En—l An
<j<n
Ci(aj,an)
4£n—1An ‘

Using now £,_1 = Ay—1(1+O(Ap—2/An—1), A? = m?*moa; (1 +O(w)) and
the asymptotics expressions in (8.2) and (8.5), one finds

2
- Mp—1a, _
T = —3——=L (14 O(1/Aye1) + O()),
momya

(V7] n

2
- 9 a,
Tn=-—"F7—==0+00/An-1) +0()) (8.16)

dmo/an—_1ana

@ Springer



The planetary N-body problem: symplectic foliation 39

3 muau—1
T =—>———a(1+0(1/Ap-1) + O(1)).
4-n10n1n 14;

Finally in view of (8.15),

45 “3—1
5 —=dp—1(1 +0(1/a2) +O0(n))
l6mg ay

dett =dettdett(l +O(8)) = —

relation which immediately implies (8.8) at step n, because of the inductive
assumption (8.9). O

9 The totally reduced planetary system

We turn now to the total reduction of the planetary system. Indeed, the par-
t1a11y reduced Hamiltonian (in Birkhoff normalized variables (7.28)—(7.30))
H= hyep + 1 f still commutes with the length of the total angular momen-
tum G = |C|, or, equivalently, is invariant under the R& action; compare
Remark 7.3. This allows to reduce completely the total angular momentum
by introducing symplectic variables, which include an action-angle couple
(G, g), with g cyclic for the reduced planetary Hamiltonian. However, to
achieve the total reduction one has, in general, to exclude certain conical sin-
gularities, compare (9.7) below.”>
Recall (7.28) and let, at first,

MO=2:= A x T" x B, 9.1)
where B, denotes the open set

By :=BX*" U n{z (i, &) #0, (5;.4;) #0

forany 1 <i <n, lfjfn—l}.

For 7 € By, let

v 22 ~2 4 =2

o nitE; . . Pitq;

=t Fj= T 9.2)
@i = arg(&;, g;) Xj :=arg(p;,q;)

S These singularities include the secular origin (i.e., co-circular and co-planar phase points);
but, say, all co-circular and all-but-one co-planar are allowed; compare Remark 9.1-(iii) below.
In the case n = 2, these singularities are removable; see [9].
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be the symplectic polar coordinates associated to (7;, é,) (pj.q J) The inte-

gral G becomes then a linear function of A, p1, ..., On, F1s « - Fn—1,
G=> AN— Y Bi— > ¥ (9.3)
I<i<n 1<i<n 1<j<n—1

Denote 7 := (71, ...7n—2)s X = (X1, .-+ Xn—2), 1x :==(1,..., 1) € R¥ and ob-
serve that
A-di+7-dE+p-di=A-di+p-dp+7-dx
=A-di+ﬁ-d¢+f'd)2 + i1 dXn—1
= A-dOA+ fn—11n) + 5 - d(@ = Fn—11n)
+7 d()? - )anllan) + Gd(_infl)- (94)
Define, now, the symplectic map d (AR E) = (A,G, A, g, 2) by letting,
forl<i<mandl<j<n-2:

S

:(il,...in)eT", (G,g) eRy x T, t=0,E p,4)

Wlt ( "sﬁ}’l)véz(él?--"é}’l)eRn;ﬁz(ﬁb---aﬁn—Z)v
é=(élv’én—2)€Rn_2

A; G=G(A,2)

Ai =X + Xn—1 g:=—Xn-1=—ag(Pn—1,4n—1)

9.5)
{ﬁiZ\ﬂﬁi cos (@; — Xn—1) :ﬁj:\/ij cos (Xj — Xn—1)
& = V27 sin (@i — Xn—1) 4j =/2Fjsin (Xj = Xn-1)
Conclusions are drawn in the following
Remark 9.1 (i) In view of (9.4) the map ! :MS”_Z — /\312"—2 =
d~ 1 (MO =2) is symplectic.

(ii) Inverting formulae (9.5) we find that the symplectic map qs is explicitly
given by

@ Springer



The planetary N-body problem: symplectic foliation 41

where Q2 = 2(213-5,1 A; — G) and R(g) is the matrix (6.4). Thus, qAb can be
extended to a real-analytic map q3  MO=2 5 MOn=2 3,156

A2 {A €A, GeRy, |Z] <o(A,G)

= Z(Z Ai—G)<el, AeT, ge']I‘}.

1<i<n

(iii) In particular, points on the hyperplanes (7;, £)=0or ( pj.q;) =0, cor-
responding to co-circular or co-planar motions for n — 1 planets (and one
possibly co-circular with the others but not co-planar) are regular points for ®.

(iv) Consider the Hamiltonian H ::ﬂ:{ o qAb on the phase space MO=2 Ag
already mentioned, the invariance of H by R¢ implies that the variable g is
cyclic for H o qAS We then set

Ho(A, 2 2) i=Hop(A, 4, 25 G) = hieep(A) + nfu(A, 2, 2). (9.7

For fixed values of the parameter G € R, the “totally reduced planetary
Hamiltonian” H,; governs the motions of the planetary system on the (bn —
4)-dimensional phase space

MOTH = A x T" x Bég\”zj) , A, :={AeA: 0<0(A,G) <€l
(9.8)

endowed with the standard symplectic form d A A dh+diAdE +dp nd§.

(v) The full motion on M5~ is then simply obtained by integrating the
cyclic variable g, which amounts to a rotation around the direction of C with
instant speed given by 0 H,;.

10 Birkhoff normal form and full torsion of the totally reduced secular
Hamiltonian

In this section, by means of the standard IFT, we cast the totally reduced sec-
ular Hamiltonian fG,aV in Birkhoff normal form up to order four on M?”“‘.
In this context, at contrast with the partially reduced case, there are no secular
resonances (see Remark 10.1 below); on the other hand, as in the partially
reduced case, the torsion matrix is nonsingular.

S6Recall (9.1) and notice that by (9.2) and (9.3) " ;< A; — G = |Z|?/2. Notice also that ¢
is well defined for any A e R} .
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10.1 Fourth order Birkhoff normal form of the totally reduced planetary
Hamiltonian

We first consider the “ambient phase space’ » M2 . Using the expression of
$ in (9.6) and the independence of fc on g, we have

fo=Fod=(fod)l=o=fodo (10.1)
where ¢0 = ¢(Q) = <f>| ¢=0 has the simple expression

{pl 131 {ﬁn—lzvgz—lflz
qi —Qt én—l =0
1<i<n-2. (10.2)

Taking the average of (10.1) with respect to A and using (7.30) one readily
finds the following expression

1

foav(D, ) = favo d® = Co(A, 0)+ (A, 0)- R+ STWRR+F(A.2,0)
(10.3)
where
~D ) ~D ~2
. 2 | & pi+aq;
— (5.7, po= Fp=—t—L 1<i<n 1<j<n-2;

2 2

the constants é(A, 0) and Q= (le, cee, an—z) are defined as:

2 4
A o Qe
Co(A, ) :==Co(A) + 7§n—1(A) + mem(A), m:=2n —1(10.4)

Qi(A, 0) = QUA) + 0> (Tim(A) — Tam(A)), 1 <i<2n—2(10.5)
with Q0 :=(QY, ..., an—z) given by

o o) (A) :=0;(A) = Gu-1(A), 1<i<n
Qi (A) = . (10.6)
gz n(A)_gl n(A) —cp—1(A), n+1<i<2n-2;
and the matrix 7 = (%;;) by
flJ(A) = tl'j(A) - Tim(A) - ij(A) + Tmm(A), 1<i, j <2n-—2;
(10.7)
finally,

F(A,2,0) =P od(A.2). (10.8)
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In general, for n > 3, the function F (A, Z, 0) has non vanishing derivatives
in Z = 0. But the existence of a suitable elliptic equilibrium for f;(A, Z) can

be established by a simple IFT argument and the relative normal form around
such equilibrium next restored by classical symplectic diagonalization and
Birkhoff normal form.

Remark 10.1 The functions (10.6) do not exhibit any resonance of order 4
or lower in the range of well separated semimajor axes. In fact, the existence
of a non-trivial linear relation among the Q?’s, would imply a linear relation
among oy, ..., Oy, G1, ..., ¢cp—1 different from Herman’s resonance (since
the coefficient of ¢,_; should be opposite to the sum of the coefficients of o7y,

vy 0n,s G1, .. .5 Gn—2), Which is in contradiction with Proposition 7.2.
Let
I:=(A,G),

B*:{I:(A,G)GAXR+: Z A,-—G>O}CRZ’FXR+

1<i<n
g:=0peTt,  d:=@®p. :=Eq9. 2:=(@@0.
Proposition 10.1 There exists €; € (0, €1) such that, on the domain

o(l)

MO=2 :={IGB*, geT™ 0<o() <e 2l <=,

}, (10.9)

one can find a real-analytic and symplectic transformation with respect to
dI Ndo +di Adv,

¢ (1, $,2) e M2 = (1,$,2) e M2,

with the following properties. The map ¢Z leaves the I-variables unvaried,
maps ¢ — ¢ = ¢ + ¢1(1, 2), and is ¢-independent on the remaining vari-
ables; furthermore, it puts H, into the form

Ho ="Moo p = hiep(A) + 1 fo(A, 4, 2) (10.10)
with:
(8,5 = Co(8) + (M) Rt SR B (MR+ B0, 9,
2=, 0) = ((1, ..., 0m—2), V1, ..., V2p-2)), (10.11)
. i+

R=(Ry,...,Ra0), R; = o
with 750(1, 2) having a zero of order 5 in 7 = 0.
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The first and second Birkhoff invariants Q. %, verify
2,(8) =N = Co(D?,  [1E(8) = (M) = Co(D)?, (10.12)

where Q0 and © are as in (10.6) and (10.7). Finally, QG is non-resonant up to
order four>’

Remark 10.2 (i) Clearly, since the Hamiltonian H,, does not depend on g, it
projects to a Hamiltonian (which we still call H,) on the totally reduced phase
space

(10.13)

. 1
{AeA, Let, 5 < 2D 6—2}

<
4 4
endowed with the standard symplectic form d A A di+diAdE+d pAdg
(P, ¢ € R"2 and G is a parameter). Notice that, now, the secular center 7 = 0
is an elliptic equilibrium for the totally reduced Hamiltonian H,.

(ii) For the applications in Sect. 11 below, we will consider, for simplicity,
a subset of (10.13) of the form

MO = A€ A, ieT", |7l <ea),
with A, :={A € A: 4e3 < 0(A, G) < 2}, (10.14)
where €3 is an arbitrary positive number smaller than €, /4.

Proof of Proposition 10.1 We divide the proof of into four steps.

Step 1: The new elliptic equilibrium

For n = 2, the point Z. := 0 in an equilibrium for fG,aV for any I € B,.
When n > 3, to find an equilibrium I — Zz.(I), we use the IFT (Proposi-
tion 10.2 below).

Fix a number 0 < 6 < 1. For

F= (i, ) = ((i1, ..o din2), B, T2 2) € Byt 2 (10.15)
let (@ the map

@ (A3 D — L (AR 0D) = (A1 ¢0) = (A 1, 09,

where q;(()g) is the map (10.2) and hence the z-component of the map s

becomes:

57 And, in fact, by possibly reducing €5, at any finite order.
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U1 =+/1—21*, V241 =0. (10.16)

Let us also put

2
3 A A YR
f(Q) = foavlz=oz = Co(A, 0) + QZ(Q(A, 0)-R+ > R-7(A)R
v2 v2
- u; + v;
+0'0(A.Z, Q)) where R; := %
(1 <i <2n—2)and, by (10.8) and (10.16), the function Q(A, Z, &) is defined
by

a®Q(A, %, a) = F(A, aZ,a) =P o g\ (A, af)
—PA, S @) =P, adP ). (1017)

Since the function 7 — P(A 7) is regular on the closed ball Bz(% b C

32(2” 1) has a zero of order 6 in O, ¢§) is regular on Eé(zn ? and

|¢(1)(Z)| =1 forany 7 € Be(zn 2 , by (10.17), for any fixed A, the function
(z a) —> Q(A, z, ) is a regular function of Z, & on the domain

—2(2n—2)

7| e B, and 050[5%1.

We now need a quantitative formulation of the standard IFT>8:

Proposition 10.2 (Quantitative IFT) Let wo € R", and let A be a compact
set oka Let F: (w,a) € Br(wy) X A — F(w,a) € R (Bgr(wp) denoting
the closed ball of radius R and center wg) be a continuous function with
invertible and C' Jacobian matrix 3, F(wo, @), for any a € A. Denote by
M () := (8 F (wo, @)~ 1, by m an upper bound on sup 4 ||M|| (|| - || denoting
the standard “operator norm” on matrices). If

4m?sup |F(wo, )| sup |2 F| <1 (10.18)
A Br(wo)x A

then, there exists a unique continuous functionx € A — w(a) € Ep(wo) such
that F(w(a), o) =0 for any o € A, where p :=2msupy | F(wo, o).

38The elementary proof can be found in [5, Theorem 1].
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We apply Proposition 10.2, with>® h =2n — 2, k =1, A = {a}, wo =0,
R =06 and

FZa):=8:(f® - Co(A,a))a™?
2
A M ac v M 4 .
= 0 <Q(A, a)-R+ > R -T(A)R+a"Q(A, zZ, a)),
having omitted the dependence on A in the notation for . We have in fact
F(0,0) =a*9:Q(A,0,0)
3;F (0, ) = diag [, 2] + &*02Q(A, 0, @)
07F(Z, o) =a?0 (G R TR+ a?Q(A, 2, )
easily implying the existence of three constants® ¢y, ¢», c3 (independent on
A) for which the following bounds hold

|F(0,)| <cra*

(3 F (0, @)1 < 2sup 4 |(diag[2, QD[ =:m
when coa? < 1

2 Y 2

SUp; 21-2) 195 F (2, o) || = c3e”.

(10.19)

Notice that the constant m is well defined by the non resonance assumption
of the 2’s. Let

2c4

c4 :=2mcy, c5 = 5 c6 = 4m2c1C3
and let o such that the inequalities
max]cea®, csa”} <1 (10.20)

hold for @ < o. The assumption (10.18) of Proposition 10.2 is easily met,
since, in view of (10.19), (10.20)

4m*|F(0,a)| sup [|0ZF| <cea® <1.
)

§§(2n72

n particular, Proposition 10.2 holds also when the compact A is a set of one point only.
60The ¢;’s can be taken

C1:=SUPAc A 0<a<e /2 |03 LA, OA’ O[)A|
= ZsupAeA,OSaSﬂ/z II(diag[S2, Q])_lag (A, 0,0l

c3 1= sup 103 (3R FR+a?Q(A, £, 0))]|

AEA,ZEE;n_Z,Oﬁaﬁﬂ /2
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Then, by Proposition 10.2, a root Ze = Z.(A, «) of equation F(Z,«) =0 can
be found, satisfying

|Ze| < 2m|F(0, @)| < cqar® (10.21)

2(2n 2) —2(2n—-2)
B o5 CBgypy  defined

as Ze := 0Ze (A, 0) is an equilibrium for f; oy for any (A, G), with A € A and
G such that (A, G) < e, where €3 < 0.

for any o < @. Thus, the point Z. = Z.(A, G) €

Step 2: Symplectic shift of the equilibrium into the origin
The equilibrium point Z = Z. can be then shifted into the origin with the
change of variables

2=27"+2Z, e, u=u"+iu.(I), v=v"+1i.(l), (10.22)

where z* := (u*, v*) is taken varying into the closed ball 892,2/"2 2 , SO to have
A R R 0 0

|z|=|z*+ze|5|z*|+|ze|§%+%:ge<g. (10.23)

By construction, the function f*(I, z*) := f, a| 2—;*43, has vanishing linear
part61 in z* = 0. Using this fact and (10.3), we can write

. 1.
U127 = foavli=pgz, = CHD + Q7R + SR IR* + Q*(1, 2,
(10.24)

where®?

A A ~ (i) A~ (i)
Co(ly:=Co(l) + Q- R+ AR - #R.,  where RYY := @)+

o )24 (v)?
R; 2 (10.25)
Q*:=Q+ 7R,
Q*U, ") :=P*U,z*) — Lx(P*(1,z"))
where
P12 = F (A, 2" 420,00 =P o P (A, 2" + Ze) (10.26)

and L+ (P*(I, z*)) denotes the linear part of P*(I, z*) with respect to z* in
77 =0.

olyf 7 — g(a, z) is analytic on z = 0, its linear partin z =01is d;g(a,0) - z.
621 y e R27=2 v or v; denotes its i™ component.
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The shift (10.22) is next lifted to a symplectic transformation ¢* which,
leaving the I's unvaried, acts on their respective conjugated angles as®>

¢=¢" +u"-010e(I) — (V" +iie(1))drite (D).

Step 3: Symplectic diagonalization around the equilibrium

Let Q*, C*, F* denote, respectively, the coefficients of the expansion
Q*(1,2") =P*U,z*) = L+(P*(1, "))
1
= Qf(D) +2" QD" +C (1) -2+ SF (1) - ™ 4+ Q3(L.2"),
(10.27)
with Q3(/,z%) < C|z*]°. Using (10.23) and (10.26), one easily finds suitable
constants ¢7—cg such that
sup [Q*(DI| <c70®,  suplIC* (DIl <cse’,  sup [F* (D] < co0’.
A A A
(10.28)
In particular, when p is sufficiently small, the quadratic form
Q" := diag[$2, Q]+ Q* (10.29)

associated to f*(/, z*) has purely imaginary eigenvalues (hence the equilib-
rium z* = 0 is elliptic). Let them be denoted as Q = (Ql, .o, Qm—1); notice
that in Proposition 10.1 <2 is denoted €2,. Then, 2 satisfy

12 — Q| < c100™. (10.30)

Let - R*, where Rf = M, the diagonal form of the quadratic form
Q* as in (10.29) and let z* — L(I)z*, where z* = (u*, v*), the symplectic
transformation64 which transforms Q* in such diagonal form. By (10.28), £
is 0*-close to the identity and hence we can assume that is well defined on the
domain 32;2" 2) . Being linear and symplectic, £ can be lifted to a symplectic
transformatlon

¢F (MM, Z%) — (A A5, 29)
on the domain

o(l)

D*: I eB,, @ T, 0<o(l) <o, |2*] < =

63The generating function of this transformation is S(I’,u’, @, v) =1"- ¢ +u' - (v —ve(I') +
v-ue(l).
64With respect to du* A dv*.
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such in a way to leave the I’s unvaried and shifting the angles ¢* of a ¢*-
independent quantity and is ¢*-independent on the remaining variables. Let

N v 1
where C* and F* are o*-close to C* and F*, respectively.

Step 4: Construction of the Birkhoff normal form

By (10.30) and (10.4), the first invariants Q of fa are Q -close to the func-
tions QO into (10.6) which, as already observed, do not satisfy any resonance
of order 4 or lower in A. Then, when o is sufficiently small, Birkhoff theory
can be applied, proving the thesis of Proposition 10.1.

The final claim follows at once by the non-resonance of the Q?’s (Re-
mark 10.1) and by taking €, small enough (compare (10.12)). O

10.2 Full torsion of the totally reduced planetary system

We are now ready to check full torsion in the fully reduced setting.

Corollary 10.1 Fixn >2 and 0 < 6, < 1. Then, there exist . > 0,0 <a; <
ay <---<a, <ay such that for any p < pu and for any A € ./Vlc, where /le
is the set in (10.14), the matrix T is non-singular: det T, = dn(1 + 8y), with
|6, < 64 and

~  momp at -

d, = 2” dy (10.31)
Mp—-1 a, 4

where 1 is defined as 3 Ld,, forn =2, and as 15d forn > 2, d, being defined
in (8.8).

Proof By the second inequality in (10.12) (eventually, taking €, smaller), it
suffices to prove that the matrix T defined (in terms of the unreduced matrix t)
in (10.7) is non-singular. We distinguish two cases.

Case n =2 By the computation of the 7;;’s performed in Sect. 7.3 (com-
pare the exact expression in (8.1), or, better, the asymptotics for small 1/a;
in (8.6)), when 1/a; is small enough, one has

5 [ —6 15
. aj A? 4A3
t=mmy— | | ;| (o)),
D \7TIa2 T
1

easily proving non-singularity:

det? ( alz)z 153 1 4 o1)) £0
et? = —(mmr— 0 )
a3) 16A}

@ Springer



50 L. Chierchia, G. Pinzari

Case n > 3 Since 7, 2,1 = T2p—1,; = O(8) forany 1 <i <2n — 1, one easily
finds that

. (T+06) 0()
= < 0G) Tzt 0<52>> (10.32)

where § = 1/a’, T denotes the unreduced matrix relatively to n — 1 bodies
(of order 1 in §) and

2 R —2F = —o s > mjad(1+o(1) (10.33)
2n—2,2n—2 — 111 12 22 = 422 Jj4j .

n—1 1<j<n

(compare (8.15) and (8.16), (10.7)). Then, by (10.32), (10.33) and the non
singularity of T (compare Proposition 8.1, with n — 1 replacing n), we have

3 m
det? = —=—"— a2(dett)- 8- (1+0(1))#0
ett 42}%_112 m jaj(det?) (1+0(1)) #
<j<n
and (10.31) immediately follows. O

11 Quasi-periodic motions in the planetary problem

In this section we shall see some consequences of the non-degeneracy of the
Birkhoff normal forms of the planetary system, providing, in particular:

(i) a new direct proof of Arnold’s planetary theorem [2, 15] both in the par-
tially and in totally reduced settings, including explicit measure estimates
on the Kolmogorov’s set (i.e., the union of Lagrangian KAM tori);

(i1) existence of Cantor families of n-lower dimensional elliptic tori in the
partially and totally reduced phase space.

11.1 Lagrangian Diophantine tori in the planetary system

The existence of Lagrangian KAM tori and estimates on the measure of the
Kolmogorov’s set for the partially reduced and totally reduced planetary mod-
els will follow immediately from the following theorem, which is an improve-
ment of Arnold’s “Fundamental Theorem” in [2, Sect. 4].

Theorem 11.1 Let P, :=V x T"! x Béznz, where V is an open, bounded, con-
nected set of R"! and Bg "2 is a 2ny-dimensional ball of radius € centered at
the origin. Let €9 > 0 and let H(I, ¢, p,q; u) = Ho(I) +u P(1, @, p,q; 1)
be a real-analytic Hamiltonian on Pe,, endowed with the standard symplectic
formdI Nndo+dp Adq. Assume that H verify the following non-degeneracy
assumptions:
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(A1) I € V — 05 Hy is a diffeomorphism;
(A2) Pay(p.q; 1) = Po() + 172 Qi(Dri + 5 Y% Bij(Drirj + o4 with
2 2
._ pitd4; : —0-
ri ‘= -3 and hm(p’q)_,o KI:# = O,
(A3z) |detB(l)| =const> 0 foralll € V.
Then, there exist positive numbers €, < €y, Cy and c, such that, for

€

(1()5567_1)"*’ (11.1)

0<e<e,, O<u<

one can find a set KC C Pe formed by the union of H -invariant n-dimensional
Lagrangian tori, on which the H-motion is analytically conjugated to linear
Diophantine quasi-periodic motions with frequencies (w1, wp) € R™ x R"2
with w1 = O(1) and wy = O(w). The set K has positive Liouville-Lebesgue
measure and satisfies

meas P, > meas K > (1 — Cy+/€) meas P.. (11.2)

This is Theorem 1.3 in [10], to which we refer for the proof.65

e Consider the partially reduced planetary (1+-n)-body system in normalized
Birkhoff coordinates, i.e., consider the Hamiltonian system (7, MS”‘Z)

where H is as in (7.29) and /\;IS”_Z is defined as in (7.28) with B€21(2n—1) re-

placed by Bg @1=D \ith e < €. Consider also the “well separated regime”,
Le., let u < fu and let the semimajor axes a; be as in (7.2) with ¢ ; and a;

as in Proposition 8.1, so that full torsion holds (det t £ 0).

Then, MSH has exactly the form of P, with V =A,n; =n,np, =2n—1.
Furthermore, by the form of the Keplerian part, by (7.30) and by Proposi-
tion 8.1, one sees immediately that the Hamiltonian H satisfies assumptions
(A1)—(A3) of Theorem 11.1. Thus, the following result follows at once.

Theorem 11.2 If u < i and € < €1 verify condition (11.1), then each
symplectic leaf M?,'}fq% (5.1) contains a positive measure H-invariant Kol-
mogorov set Kpx 4+, which is actually the suspension of the same Kol-

mogorov’s set K, which in normalized Birkhoff symplectic variables (A, )
is H-invariant. Furthermore, K is formed by the union of (3n — 1)-
dimensional Lagrangian, real-analytic tori on which the H-motion is ana-
Iytically conjugated to linear Diophantine quasi-periodic motions with fre-
quencies (w1, ) € R* x R with w; = O(1) and wy = O(w). Finally,

65Actually, Theorem 11.1 is a corollary of a more general result holding under much milder
conditions than (11.1); compare Theorem 1.2 in [10].
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K satisfies the bound in (11.2) with P. replaced by MS"—z; in particular
meas C ~ 2=,

Remark 11.1 (i) In fact, from Remark 7.3-(iii) it follows (giving up the con-
structive approach) that the same result holds in an open dense set of M.

(ii) Since the “secular variables” Z vary in a ball around the origin, which
correspond to co-circular and co-planar motions, we recover and strengthen
Arnold’s results in [2]; compare [2, p. 125 and p. 142]. The approach followed
here extends to the general situation Arnold’s proof, which was given only for
the planar n = 2 case.

(iii) The proof in [15] of Arnold’s result is rather different from the one
presented here. Indeed, the proof in [15] is based on the following: (a) one
works in the unreduced phase space endowed with Poincaré spatial symplec-
tic variables; (b) the KAM non-degeneracy condition used in [15] involves
only the first order Birkhoff invariants,®® which requires the frequency-map
(formed by 0phkep and by the first order Birkhoff invariants of the secular
Hamiltonian) to be non-planar (i.e., not to lie in any hyperplane); (c) in the
unreduced phase space, however, two secular resonances are present (Her-
man resonance and the vanishing of one of the spatial eigenvalues, ¢,); (d) to
overcome the problem of the secular resonances, Féjoz, following an idea of
Herman (based, in turn, on a Poincaré trick), modifies the system by adding a
term proportional to C3, since, by an abstract Lagrangian intersection theory
argument, two commuting Hamiltonians have the same transitive tori; (e) to
obtain (3n — 1)-dimensional tori one restricts to the vertical symplectic sub-
manifold®’ {C; = 0= C,).

As side remarks, we point out also that: in the unreduced setting the full
torsion is false (i.e., one can show that the determinant of the second order
Birkhoff invariants vanishes identically®®); the KAM theory developed in [15]
the invariant tori constructed are C*° even if the starting Hamiltonian is ana-
lytic®; it is not clear what kind of measure estimates one would obtain from
the scheme in [15].

e We turn now to the construction of Lagrangian tori in the fully reduced

setting and well-spaced regime. Let MS";A' be as in (10.14) with €3 re-

placed by a generic € < €3. Then, also in this case, /\plgfi_“ has the form P

with V = Ag, n1 = n, np =2n — 2 and the totally reduced Hamiltonian 7%6

66Such condition is called “Arnold-Pyarti’s condition” in [15]; elsewhere is also called “Riiss-
mann condition”.

671n [15], however, no explicit symplectic variables are available on the vertical submanifold.
68Compare [9].
For a real-analytic version of [15] see [11].
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in (10.10)—(10.11), by Proposition 10.1, verifies assumptions (A1)—(A3) of
Theorem 11.1. Thus, a statement parallel to Theorem 11.2 holds also in the
totally reduced case:

Theorem 11.3 If 1 < [t and € < €3 verify condition (11.1), then, ,/\;IS’”;‘L

contains a positive measure Kolmogorov set K, which is H,-invariant and is
Jormed by the union of 3n — 2-dimensional Lagrangian, real-analytic tori on
which the H,-motion is analytically conjugated to linear Diophantine quasi-
periodic motions with frequencies (w1, @) € R* x R**72 with w; = O(1)
and wy = O(w); furthermore Kg satisfies the bound in (11.2) with Pe re-
placed by ./\>lg";4. In particular meas Kg ~ e2?1=2).

Remark 11.2 (i) The tori found in this theorem were not mentioned in [2].

(ii) The (3n — 1)-dimensional invariant tori in the partially reduced phase
space obtained by integrating (rotating) the angle g in the Hamilton equation
g= 36 He, may be resonant according to whether the quasi-periodic average
of dgH, is rationally independent or not with the (3n — 2) Diophantine fre-
quencies of the invariant tori belonging to KCg. In general one expects to have
all kind of tori (resonant, Liouvillean and Diophantine). Clearly all the 3n-
dimensional tori lifted in the unreduced space will be resonant, since the p,
and g, variables are, in fact, always constant.

11.2 n-Dimensional elliptic KAM tori in the planetary system

In this final section we discuss briefly elliptic lower dimensional tori in the
planetary reduced (and fully reduced) system, generalizing to the spatial case
the results in [4].

The Lagrangian tori found in Sect. 11 have fast Keplerian rotations and
slow secular quasi-periodic variations around the elliptic linear equilibrium.
It is natural to ask whether the linear secular equilibrium bifurcates in the full
nonlinear dynamics into lower dimensional elliptic tori of dimension n. This
is indeed the case, as we will shortly prove.

Results in this direction were obtained in [14] in the planar three-body
case, in [3] for the spatial three-body case and in [4] in the planar (1 + n)-
body case. All these results are based on the application of the lower dimen-
sional KAM theory as developed by Melnikov [22], Kuksin [20], Eliasson
[13], Riissmann [26] and Poschel [24]. The extension of the previous results
to the general spatial case in the partially and fully reduced setting is possible,
because of absence of low-order resonances (in the well-spaced region or in
an open dense set). We also remark that in this discussion one only needs non
degeneracy of the first order Birkhoff invariants (“Melnikov’s conditions™)
and no information is needed on the second order Birkhoff invariants.

The existence of lower dimensional tori will be based upon the following
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Theorem 11.4 Let P, and H be as in Theorem 11.1 with (Ay) and (A3)
replaced, respectively, by

2, .2
(Ay) Pa(p.q: D) = Po(l) + Y32, Qi(Dyri + 02 with ry := P9 and

limp,g)~0 5,5 = 03
(A}) || > const, [ — Q| > const, Vi # j, VI € V.

Then, if € and p are small enough, there exists a Cantor set of actions I in
V' of positive ni-measure, which parameterizes a family of ni-dimensional
elliptic H-invariant tori on which the H-motion is analytically conjugated to
linear quasi-periodic motions with ni Diophantine frequencies close to the
unperturbed frequencies 0y Hy.

The proof of Theorem 11.4 is given is Sect. 4 of [4].

Taking P = MOn=2 (as in (7.28) with € replaced by € <€) and H =
hyep(A) + 1 f (A, X, Z) (as in (7.29)—(7.30)), and observing that assumption
(A%) follows from Proposition 7.2, one obtains the following corollary:

Theorem 11.5 For €, u small enough, the well-spaced, partially reduced
planetary system (H, M—2) possesses a Cantor family of n-dimensional
elliptic H-invariant tori with frequencies close to the unperturbed Keplerian
frequencies. Such tori are “surrounded” by the Lagrangian tori constructed
in Theorem 11.2.

An analogous discussion can be done in the totally reduced planetary sys-
tem, leading to the existence of n-dimensional elliptic tori also in MS”‘A’
(compare (10.14)).
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Appendix A: Explicit formulae for the RPS map
A.1 Deprit map

In this section we describe the map which relates the action-angle Deprit vari-
ables (A, T", W, X, y, ¥) defined in Sect. 3 to the standard Cartesian variables
(y,x) e R¥" x R,
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To describe properly the rotations occurring in such map, we introduce
the following notation. Given two frames F = kW, k@ 3y and G =
(K(l), k@, K(3)), we say that G is (i, ¥)-rotated with respect to F if

M 1k, 0,0k k=i and o6 *kV M=y iyeT.

(A.1)
So, if (z1, 22, 23), (L1, {2, ¢3) denote, respectively, the respective sets of Carte-
sian coordinates of a point P with respect to F, G, i.e., P = zlk(” + sz(z) +
23k® = 216D + 0@ 4 236D the matrix Reg of the change of coordinates
from G to F, i.e., such that

Z] g1
22 | =Rrc | &2
23 &3

is given by
RrG = R31(¥, i) :=R3(¥)R1(),
with R1(i), R3(¥) denoting the matrices

1 0 0 cosyy —siny 0
Ri(G)=1]0 cosi —sini |, Ra(y)=|]sinyy cosyy O
0 sini cosi 0 0 1

(A2)

Let F= (kU k® k@) a prefixed positively oriented orthonormal frame.
With the same notations as in Sect. 3, we introduce the following positively
oriented frames.

e The “orbital frames” Fj, for 1 < j < n, defined by the orthonormal triples
(k1D k@D 30y where k37 is in the direction of CY) and k7)) in
the direction of the node v; (compare the definition (3.4));

e the frames ij, for 1 < j < n, defined as follows. F’f is the orbital frame Fy,

defined above. For 2 < j < n, the frames Fj‘ are defined by the orthonor-

mal triples (kil’j ) , k,(kz’j ) , kf’j ) ), where kf’j ) is in the direction of S and

k57 in the direction of Vi1, With v, := .

The planes (k) k20 of the frames F; = (kD kG0 B0y con-
tain the osculating ellipses &; (orthogonal to CYP || k37)). We recall that
they are defined as the ellipses with the perihelia P; forming an angle y;

. Lj) .. . . . . | Lj 2 ..
with the k() = v j-axis, semimajor axis a; = n‘Tj(E) and eccentricity

ej=,/1— (%)2. We also recall that the symplectic Cartesian coordinates
J
(yr(){), X;{)) with respect to the orbital frame F; of a point on the osculating

ellipse €; are recovered by the so-called Kepler map, analytically defined by
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equations

o =Ra0Xolye Yy =B 0 (A3)

where B, is as in (4.5) and

cosu; —e;j
xop=a; | /1 - eZsinu; |- (A4)
0

u j being the unique solution of Kepler’s equation u; —ejsinuj =4¢;.

By (A.3) and the definition of the frames F;, the Cartesian coordinates
(y(j ), xy with respect to the prefixed frame F = kW, k@ 3y are recov-
ered by the following formulae

YD = 9 9 =Ree, (0w, )y (L. Ty 4 v)

— 8. o))
_ﬂjagjx 1<j<n,

20 =, x5 %) = R, (T, W, w)x“)(L,,rJ,z, v
(A.5)
where Rpp; denotes the matrix which describes the change of coordinates
fromF; to F.
To describe Rp]:j in terms of the Deprit variables defined in Sect. 3, we
consider the following tree of frames

F—F;—F _ 1—>—>F’j"—> — F; — F} =F
Vo | ! (A6)
F,  Fa_i F; F,

and we decompose Rpp ; as

R Reg;Rezpe_ - Ree mRpgpy, 7= (A7)
FF; = . :
7 | ReeREspr_ "'RF +1FjRF Fj» 2=j=n

with Rgg generically denoting the matrix associated to the change of coordi-
nates from G to F.

We have thus to express the matrices appearing at the right hand side of
(A.7) in terms of the Deprit variables. To do it,we define the following “ab-
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solute” angles i, i;'.‘, i.e., the angles in (0, 7r) defined by

2 2 2
-*_\pj+\pj—1_rj+l .*_% L e
cosi¥ = , cosiy=—, ij:=ij,
J 2\111‘\11]'_1 G
) 5 ) (A.8)
U Y
COSijt1 =
2W, 4

where Wo :=T"1 and 1 < j <n — 1. Notice that i) has the meaning of the
absolute angle between C and k¥ and, considering the triangle with sides
W o= [SUD, T; =|CY and ¥;_; = [SP| = |SU~D 4 CP|, for 1 <
j—1<n-1, i;.k_l is the absolute angle between SU=D and SU) (with SV ;=

C(l)), while, for 2 < j < n, i; is the absolute angle between CY) and SV,
Notice also that values O or 77 are never reached because of the assumptions’’
(3.2).

By the above definitions, one has that

e F}is (i), ¢)-rotated with respect to F and hence, as noticed at the beginning
of this section,

Rep: = R31(8, i) (A.9)
In fact, k"™ | vop1 := v = k@ x C L k®; by the definition of i¥,
o1 (KO kP) = a3k, C) = a4 kP, €) = i} and, by definition
of £, o (kW k™) = oy (KD, D) = ¢
e Whenn > 3,
Rpepr | =Ra1(Yj—1,—i;_) for2<j—1<n-1, (A.10)

since F;‘._l is (—i }k_l Y j,l)—.rotated with respect to Fj. |
In fact, one has that kil‘J_]) lv; = S x ¢ 1L sW kf’”; further-
3.5) .G.j—1 ; i ;
more, Olkil,j—n(ki D=y = Oluj(S("), SUDY = gy e (8D,
S(j_l)) = (Xis(j)xs(j—l)(s(j), S(j_l)) = —l';(_l, by definition of i’/'f_l. Fi-
nally, by definition of 1, o0 (kil,j)’kil,j—l)) =g (Vjy1,v)) =

Vi-1.

e For2 < j <n,F;is (ij, ¥;_1)-rotated with respect to Fj., hence,

RpF; =R3(¥j-1.ij), 2=<j=n. (A.11)

705(7) % CU) =0 implies that also SU D x §() =£0, since CV) = §() — G-
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In fact, k(1.7 lv; = §W % cU) 1L sO kf’j); furthermore, by definition of

ij,
o k) KDy = 0y (SD, CD) = gy 0 (SY), €V =i
and finally, by definition of ¥; 1,
6. (7 KDy = gy ()41, v)) = Yot
e For j =1, Fy is (=i}, ¥)-rotated with respect to F3, implying
Rpsr, = R31 (Y1, —i). (A.12)

In fact, similarly to the previous case, we have that k(D | kf’z) and
that ayan (kO?, kGD) = ¢,,(S?,CV) = —a,,(CV, SP) = —j; =
—it. Furthermore, since v = v, we have that akia,z)(kil’z),k(l’l)) =
age (v3, v1) =age (v3, v2) = Y1.

Then, in view of (A.7), (A.9), (A.10), (A.11) and (A.12), the description (A.5)
of the Deprit map is completed by the following formulae

R31 (Yn, i:)Rfﬂ -1, _i:_l) co

Ra31(Y2, —i5)R31 (Y1, —iy), j=1
Rat(Yn, 1) R31 (Yn—1, —ip_y) -+

Ra1(Yj, —iDR31(Yj-1,ij), 2=j=n.

Rer; (T, W) = (A.13)

where i;‘f, i are as in (A.8).
A.2 RPS map

By (4.1) and (4.2), the angles ¢, w}“ = ijkSn Vi and y; are related to reg-
ularized variables by’

¢ =Yn=—arg(pn,qn),  V¥j=—arg(p;,q;),
y1 —arg(p1, q1) = —arg(n1, §1), (A.14)
yj —arg(pj-1,q9j-1) = —arg(n;, &) 2=<j=<n.

Tl Recall the choice Yo =0. As usual, if (u,v) € R2 \ {0}, arg(u, v) denotes the unique r € T
such that cost = = and sint = U Recall also that assumptions (3.2) imply

A/ u2+v2 R /M2+U2
nj.€))#0,(pj.q;) #0forany 1 < j <n.
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From the formula of w}’, we find the angles ¥y, ..., Yu—2, Y1 = g:

Vi =V =¥ =arg(pj+1,qj+1) —arg(pj,q;) forl <j<n-—1.
(A.15)
We substitute such expressions of into the matrices RFF; defined in (A.13),
and we find

Rrp, = R1R3( — arg(p1. q1)),

_ (A.16)
Rrp; =R R3(—arg(pj-1.qj-1)) for2<j<n
where the matrices fR; are the products (4.7), with
Raiz(arg(pj,qj), —i7), 1=<j=<n-—1
R = SO A A.17
J {R313(arg(pn,qn),l;f), j=n @17

and

Rj:=Raz(@g(pj-1,9j-1), 1)),
2<j <nwith Rai3(¢, 1) :=R3(=¥)R1(OR3(¥).  (A.18)

Remark A.1 Notice that, if (A, X, z) = RE(A, A, z), where R8 is as in (7.9),
then, R; — R(g)R;R(—g) (since the same holds for the matrices R;, R,
as it follows by their definitions).

Substituting (A.16) into the expression of y(j), x@) in (A.5), with X({)
as in (A.3) and using finally the expressions in the second line of (A.14),
) ._

. pl o
Ri(—arg(n;, & j))x;{) easily recognized to be the planar Poincaré map de-
fined in (4.4) and (4.5).

To complete the analytical expression of the RPS map (4.3), we have to
express the matrices R, R; in (A.17) and (A.18) in terms of the variables
(A, A, 2).

To this end, we let

one easily finds the expression in (4.3), with R; as in (4.7) and x

2 2 2 2
n; +§; pi +4;
pii=—o— niE o L= Z.Aj
1<j<i
20 :=(m1,81), (A.19)

so that z,—1 =2, (2, (Pn> gn)) = (Zn—1, (P, gn)) = z. By (4.1), (4.2),

Fi=Ai—pi, 1<i=<n
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i+1 i+1
W= "Aj—) (Aj—T, )—Z(\DJ 14— W) = l+1——|zl| ,
Jj=1 j=1 j=1
1<i<n-—1
2., .2 2., .2
1
ComG_Pntldn _  _Putdn o 202 (A.20)
2 2 2
Then, by (A.8), we have
—-GC3 P2+q?
1-— = L n * A21
cosiy G 28, 2P =(pr+q)c; ( )
where
= ; (A.22)
"2g, -z '
Similarly define ¢}, ..., ¢;_;, 2, ..., ¢, by
. 2A 41— 2041 — 1

= I<j<n-1
QL1 —1z;1HQ2L; —1zj-11%)

(A.23)
e Al2 e
¢j = 25j-1~ 122 7’]—12 2<j=n
2(A; —p)RL; —Izj-119)
such that, by (A.8) and (A.20),for 1 < j <n—1
2 2 2
1—cosi"f=1—\pj+\pj —lin
J 2\11]'\11]'_1
T =+ )T+ — W)
QW
= (p7+4a)c; (201> :=2p1) (A24)
and, for2 <j<n
w2 42— w?
l—cosij=1— L U R e
2v; T
W=+ T+ —T)
2\Ifj_1rj
= (P} + 47D (A25)
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Now, if R, R3 are as in (A.2) then, the matrix R313(v, i) = R3(—y¥)R (i) x
R3(¥) has the expression

1 —sin? (1 —cosi) —sinycosy(l —cosi) —siny sini
Raiz(¢¥,i) = (—sim/fcosw(l—cosi) 1 —cos? ¥ (1 —cosi) —coswsini>

siny sini cos ¥ sini cosi
(A.26)
Then, by (A.21), (A.24), (A.25) and (A.26), we find that the matrices R’J‘f, R;

into (A.17) and (A.18) have the expressions (4.8), with ¢;, c’j‘f asin (A.22) and
(A.23) and

sin(—i%)
&= et == [ (2= (P D) 1<jsn—1

2 2
\/Pj'i‘qj'

. \/cz (2= (P2 +q2)cn) (A.27)

VPitai
sini ]
§j = > \/C] (P?q"‘qu'q)cj) 2<j<n.

\/pj 1+q/ 1

Notice that the matrices ij, R , hence the matrices ‘R; in (4.7), are regular

also when some of (n;,&;) or (p;,q;) vanishes. Since, as it is known, also

the planar Poincaré map (yr(){ ), G )) (compare (4.5), (4.6)) is regular, the RPS
(4.3) map is so.

Appendix B: Expansion of the secular Hamiltonian up to order four in
RPS variables

Here, we will prove that the explicit form of the constant Cp, the quadratic
tensors Qp, Qy and the quartic tensors Fy, Fy, Fyy, Ffw appearing into the
expansion (6.9) and (6.10) are given by the following explicit formulae.

m jmk

e The constant Cy is trivial and is given by Co(A) := =3 - ; 4, X
biy2,0(aj/ax) where a = ap(Ag) = 17_1,:1(A1</Mk)2 is the kP semlmajor
axis and by, ;s denote the Laplace coefficients.”?

Let us, now, denote by ,Blgr) := by 2,k and, for two any positive numbers
a#b,a=ua(a,b):=a/b. Then:

72Recall the definition of Laplace coefficients: if 7 > 0, k € Z, « € C, with o # *£1,
the Laplace coefficient by i () are the Fourier coefficient of the function  — (1 + o2 —
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62 L. Chierchia, G. Pinzari

e the horizontal quadratic form Qy, is”>

2 2
Qu(A)-n*i= ) mmk(a(a,,ak)( Z—")
k

1<j<k<n

+2C2(aj,ak)ﬂ)§ (B.1)

VAGAL
with
cl<a,b):=—;’—bﬁ§3>(a>, cz(a,b):=%ﬂ§3)(a) (B.2)

e the vertical quadratic form Qy is

2
Q) -pPi=— Y. m,-mkcwa,»,ak)( > (c,-h—akh)ph)

1<j<k<n 1<h<n-—1
(B.3)
where C1 is as in (B.2) and £ is the n x (n — 1) matrix given by

A. ; b . .
sji;':j fori=landl <j<n—1l,or2<i<j<n-—1
Lij = 5;;\1 for2<i<nandj=i-—1 (B.4)
0 otherwise.

where £;:=% ) _; Ak
e the horizontal quamc tensor F(A) is given by

E 252
Fn(A) - n’&%:= ) mm,(n(al, aj o +r1<a,,al>[’\

I<i<j<n J
s ap L 4oy a2
r(a;,a; rna;, a;
2\di, dj AzA] 2\dj, di AiAj
2 o e2
nin;é&; nin;§;
+ 13001, a;) —F22— +r13(a), a;) d

NNV

dt. Recall that we are in a region of phase

AiJAA;

2acost) ! ie., bp () = ﬁ 02” %
where a; < ap < --- < ay. Notice that, when z = (n, &, p,g) =0, the x(i)-projection of the
RPS map reduces to x'¥) = g;(cos A;, sin A;, 0), whence the expression of Cy follows.

73 Formulae (B.1), (B.2) are as in [15, (36), (37)], where Poincaré variables are used. This is
due to the fact that when p =g =0 and p, = g, =0, the two sets of variables (Poincaré and
RPS) coincide: see Remark 4.2-(i). The “vertical” quadratic form in (10.29), on the other hand,
differs from that in [15].
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2 26 5.
77,'5[5,/’ 77]'515]

+r13(a;,a)) ———=— +r13(a;i,q;)) ————

3(a; J)Ai /—AiAj 3(] Z)Aj\/TAj
nin;&i&;
+ra(ai, a)) A’AJ’) (B.5)
where, for a # b,
o
r1(a,b) = — 2o [(=60a” + 431 1a> = 3000) B (@)

+8- (Ta® —252a* — 2220 +7) B (@)
+4-(750° — 5030 + 135) S (@)
+24- (23 + 1302 B + 370 B ()]

3
(a,b) = 2= [(84” — 88320 + 84) A (@)

— 8- (5% — 652" — 6520 +5) BV ()
—5.(328a° — 5610 + 328a) B (@)

+ (2160 — 1020a* — 102002 +216) B (@)
+ (1162° 42000 + 1160) B ()

— (20a* +2002) B (o) 4 303 B (@)]

fa(a, b) i= 5o [(11460° + 12660 5 (@)

+ (—7440° 420140 — 864a) B\ ()
+8- (28 — 321a* — 321a% 4 28) B3 (@)
+(5520° + 4230 + 6720) B (@)
+6(29a* +902) B () — 50% B (@)]
__e
1286
+8-(a® + 828" 4 8280% + 1) B ()

r4(a, b) = [(—360° — 79560 — 36a) B ()

+ (—30960° + 1039a> — 3096a) 57 ()
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+ (648a° — 1332a* — 133202 +648) B (@)
+ (3480 + 7000 + 348a) B (@)
—60- (@t +a?) B (@) + 907 B ()] (B.6)

e the vertical quartic tensor Fy(A) and the mixed quartic tensors Fpy(A),
F,(A) can be splitted as

Fy(A) =Fyvi(A) + Fya(A), Fhv(A) = Fhy1(A) + Fpya (A),
iy (8) = Fiy (A) £ Fiyy(A)

where
e Fy(A) - p2G2, Fuyi(A) - n%G% and Fl’wl(A) - % p* are respectively given
by
2
Z mim (I‘T(ai,aj)( Z (Lin — Ejh)Ph)
I<i<j<n 1<h<n-—1
2
X ( > (La —Ejk)CIk)
1<k<n-—1
* 2
+15(aj, ak)< Z (Lin — Ljn)(Lik — Lj)(pragr — Pk%)) )
1<h<k<n—1
(B.7)

2 2
ni ninj nj
Z m;m (Sl(ai»aj)# + s2(a;, aj) ———— +Sl(aj,ai)L)
l

I<i<j<n VA Aj
2
X ( Z (Lin — ﬁjh)%)

1<h<n-—1

ni? nin; n;°
E mimi|si(a;,a;)— +si(a;,a; +s¥(a;, a —)
i J( 1( i J)Ai 2( i ]) AiAj 1( Jj z)Aj

I<i<j<n

2
x( > <L,-h—cjh>ph>

1<h<n-—1

with

ri(a, b) = —i“—2<2ﬂ<5><a> + 85 @)
1\ L 32 b 0 2
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t5(a, b) = —— <ﬂ<5)< )+ 8 (@)

16 b
si(a,b) = m[za(smz + DB (@) + (—12a* —2910% — 12) 87 ()

+ 20150 — 45)8 (@) +270%B" (@)]

sa(a, b) = 64—[)[55401 B (@) + a(=376 — 3760 B (@) + 2(16a*
(B.8)
+100% 4 16)8Y” (@) + 560 (@® + 1B (@) + 2028 ()]
sT(a, b) == 64—[9[20[(7104 + 1B (@) + (—20a* + 1192% - 20) 8" ()

+2a(=79a% — 198 (@) — 472?65 ()]

s3(a, b) == 64b[ —430028" (@) + (8 + 802 B +2(16* + 11802
+16)85 (@) + 560 (@ + DB (o) + 2027 (@)].

o The definition of Fy,(A) - p q2 Fryo (A) - n q 2 and Fth(A) n p is more
involved (reflecting the products (4.7) appearing in the definition of the
rotation matrices R;).

* *
Letca, ..., cn, ¢l eninCp s

C1, ..., Cyn—1 be defined by

Cik::ﬁll i=1
ci:=Liji—1 2=<i=<n

{c;-k::ﬁk,- 2<i<n—1,1<k<i (B.9)

_ [ e .
Ci =Ciy1 —C cF = SX:H 1<i<n-—1

where L;; is the matrix (B.4). Notice, for later convenience, that the above
definitions imply that the differences £; — £ of the rows of £ are related

tocz,...,cn,c’lk,...,c:_l,El,...,En_l by
(_alj’on*j)’ l: 19 2
Li—L;= )
(Oi—Za_aijaOn—j)v 123
N N . B ) (B.10)
. (—cl,—cz,...,—cjiz,cj-_l), =
Y (_Ci5_C;kv"'v_c;_Zan—l)a 122

where 0, denotes the null vector of dimension r.
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Define the homogeneous polynomials, of degree 2 in z, Q2, ..., O, OF,
 QF 1,01, Ouor Y™

28 1(Lin1 + 20000 + Ai(€i1 — Adrio1 — Aflzial?

2<i<n
. 2MQA1+ Ao —2ATm + Ai(Ay — ADry
1 -— 9
4A1L3
, , (B.1D)
0F = =287 pip1 +Li(Aip1 — Lri + A1 QL + A 1)zi—1]
b 48282 ’

i+1
2<i=<n-—1
0; = Ai2-|-1|Zi—1|2 + 2820111 — LiAiq1ri

[ 242 ’
4£i Ai+1

1<i<n-1

where

zi =M., ni+1.81, .., 641, P1, .-, Pisqls ..., qi) forl<i<n-—1.

(B.12)
Next, for arbitrary numbers Q, ¢ #0, r, p, g, denote
T(c, Q,r, p,q)
1-¢2(5+0Q) —pa(5+0) —4S(c, Q,r)
=| —pg(£+0) 1-p5+0) —pS(c, 0.r) :
4S(c, 0.r)  pSc, 0,r) 1= 45 +0)
(B.13)
where
1 3
&QQJ%=C+—Q—21 (B.14)
C

T4Recall (A.19).
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Now, define
T, :=1d,
T, :=T(ci, Qi,ri-1, pi—1,gi—1) for2<i=<n
) . _ (B.15)
T; :="T(c}, O}, ri, Pi-qi)s forl<i<n-—1
T; :=T(, Qi, i\ Pi» qi)) forl <i<n-—-1;
and let, for 1 <i < j <n,
Tij = (Ti)t(TT)t'"(T}‘T_z)tTj—l, (B.16)

where T' denotes the transpose of T and the product (T7)"- - - (T;_z)t in front
oij_l is absent when j =i + 1.

Let, finally, 9;; denote the quartic part (i.e., the homogeneous part of or-
der 4 in z) of the upper left (2 x 2) submatrix of T;; and define the polynomial

Y mim;Ci(ai, a)) r Q). (B.17)
I<i<j<n

where trQ;; denotes the trace of Q;;.

Then, Fy2(A) - p2g%, Faya(A) - n2? and Ff,(A) - n* p* are identified as
the monomials associated respectively to the literal parts p>g2, n*g>, n*>p> of
the polynomial (B.17).

Proof of (B.1)—(B.17) Using (4.3), we write the Euclidean distance of x@
and x) as

Ix® — x| = |, x(’) R x(])| = |x(l) %ijx(j)I where R;; := mgiﬁj,

S0 as to write fuy as’>
mim; dridh;
Jav == Z 4;,21 /2 6) P " (B.18)
I<i<j<n T |xpl _%ijxpl |
Since x) and x(’ ) have vanishing third components, we can substitute, into

pl
(B.18), the matrix R;; with %gj), defined as its upper left submatrix of or-

der 2. It is easy to see, using (4.7), (A.17) and (A.18) that i)%l(jz) even in z. We

75 As we have already observed, also in the variables (A, A, z) the averaged perturbation coin-
cides with the average of the averaged Newtonian potential (B.18).
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therefore denote
R = id +aij + Qi +0(2l%) (B.19)

its expansion up to the fourth order, where g;; and £J;; are respectively matri-
ces of order 2 of homogeneous polynomials in z of degree 2, 4 respectively.

We interrupt for a while the description of the expansion, just to point
out how the 2 x 2 matrices ¢;;, Q;; may be computed. This is done in the
following

Remark B.1 At first, by (4.7), write R;; as
Rij =RNR; =R R (RE_D'Rj = R)' R+ (RG_)'Rj-1
for1§1<]§n (B.20)
where R; ;= id,
Rj-1:=R;_D'R; forl<j—l<n—1 (B.21)

and the products (R})"- - - (R’j’ff]) do not appear for j =i 4+ 1. Notice that the
matrix 7_€j_1 = (’Rj_l)tRj has the expression (compare (A.17) and (A.18))
Rj-1=(R;_)'R;=Raz(arg(pj-1.qj-1).1]_, +1;)
= Ra3(arg(pj—1.qj-1).ij-1) (B.22)
where
ijo1=ij_ +i; forl<j—l<n—1 (B.23)

By the definition of i i and i; and (B.23), the inclination i ; j—1 corresponds to

be the outer angle of W; 5 and I'; in the triangle of W;_, I';, W;_;. Hence,
with the same notations as in Appendix A.2, using (A.20)

qﬂ._l—\p]?_z—ﬂ T+ V)% —

l—cossz_1=1— J J !
AN ) AN )
. Tj+W¥; 0=V, DT+ 2+¥;q)
B 2TV
= (P} +4; D1
28, — —2p; —
where ¢ := 2j2F =20 —rjm1 oy (B.24)

A —=2p))2Lj-1 =125 ,D)
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Then, by (B.22) and (A.26), R j—1 has the expression

i 1—61J2-_15j—1 —Pj-19j-1Cj—1 —qj—15j-1
Rj-1=|—-pj-19j-1¢j—-1 1 — p?_lcj—l —Ppj-15j-1
qj—15j-1 Pj—15j-1 1— (P?_l +‘IJ2'_1)E/'*1
(B.25)
where
_ Sian',1 _ _
51 = L= -t )). (B26)

2 2
Pi1tdj-y
@
1

(i) To compute the second order term gq;; of S‘il@.), where R 7 is the sub-
matrix of order 2 of the matrix 2;; in (B.20), we truncate the matrices
Ri, R;" R, to the second order and denote as S;, S;", S, the respective
truncations. In fact, by (B.20), the matrix q;; can be obtained taking the
term of degree 2 of the submatrix of order 2 of the products

SH'SH' - (ST_'Sjo1 forl<i<j<n(S;:=id)  (B27)

of the respective truncated matrices. By (4.8), (B.25) and the definitions
(A.23), (A.27), (B.24) and (B.26) of the functions ¢;, ¢}, ¢;, §;, 57, 5;, one

i°
sees that the expressions of the respective truncated matrices are

Siy1=S(cit1, pi-qi), ST =S(c}, pi, qi). Si =S, pirqi)

1<i<n-1

where ¢; 1, ¢}, ¢;, are defined in as in (B.9) and S(c, p, g) denotes

1—3¢%>  —3¢%pq —cq
S(c, p.q) = —%czpq 1— %CZPZ —cp
< cr 1= 570P 4

It is quite immediate to check that, if

a:(alv"'vam)v y:(ylvaym)’ x:(xlv"'axm)ERm’

then, the second order term of the principal submatrix of order 2 of the
product

S(oer, y1, x1) -+ S(my Yms Xm)
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is given by the matrix

q(Ol, y’ X)
__1( (o - x)* (a-y)(a-x)—A(a,y,x))
— 2 \(@-y)(a-x)+ Ae, y, x) (- y)?
(B.28)
where A(c, y, x) denotes
Aoy, x)i= ) anox(nxe — yexn) (whenm =2).
1<h<k<m

Then, taking the quadratic part g;; in the products in (B.27), the entries

. i bij . .
aij, bij, cij, d;j of the matrix q;; = (i:j d,-,J') are found using (B.28) with

j—1 i=1 N
m= it i>2 a = ajj
(B.29)

y= (p1,...pj—1) i=1 ‘= q1,...,qj-1) i=1
(pi-1,-..,pj—1) =2 Gi-1,--.,qj-1) =2

with ;; as in (B.10). Therefore, one finds

1 2
aij=—§( Z (Eik—ﬁjk)CIk)

1<k<n-—1

bij=—5 Z (Lik = Lji)(Lin — Ljn) prqk
1<h,k<n-—1
1 *
+ 3 Z (Lin — Ljn)(Lik — Ljk)(Prgr — Prqn)
1<h<k<n-—1
(B.30)

1
Gij =5 l<k%;n_l(ﬁik — L) (Lin — Ljn) Prqr

*

1
=5 2. L= L)Lk — L) (Prax = pran)

1<h<k<n-1
1 2
dij = —5( Z (Lik — /ljk)pk)
1<k<n-—1

where the asterisk in Z* means that such sums exist only when n > 3;
we have also used the first relation in (B.10).
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The planetary N-body problem: symplectic foliation 71

(ii) The fourth order matrix £;; has a less explicit expression. To compute it,
we have to consider the fourth order truncations of the matrices R;, Rl*.‘,
Ri. By (A.23), (A.27), (B.24), (B.26) one easily sees that the functions
¢, ¢, G, 5, §;, §; verify

2
C*
i=—+0i+ oz, s =S(ci, Qi ri—1) +0(Iz|h)

% (ka)2 * =
=L st =8(c}, QF, ri) + O(1zY)
52 — 4 - = 4

5[27’+Qi+0(|z| ), & =8, Qi,ri) + 021"

where ¢;, ¢} ¢;, Q;, OF, Q; and S(c, Q, r) are defined in (B.9), (B.11)
and (B.14). Then, since Q;, OF, 0, Si, SF, S; are O(|Z|?), the fourth
order truncations of the matrices R;, Rf, R, are given by the matrices
T;, T7, T; into (B.15). Hence,

The matrix Q;; into (B.19) of 9%1(]2) is uniquely identified as the prin-
cipal submatrix of order 2 of the fourth order term of the matrix T;; into

(B.16).

We proceed with the expansion of the function (B.18). Using (B.19), we write
the squared Euclidean distance D;; : |x(') R, ]x(] ) % as

. ” .
Dl] — |x(1) %l]x;{)| | (l) %f)x(lj)lz
Ix(l)| + |X(J)| 2x(l) 9%(2) (])
pl

0 _ (D2 (l) @)
Xpl 2 2x ~0ij Xp)

—2xy - Qyx +0Z1°).

|x

We have then the following expansion for the inverse Euclidean distance

() )
I I o i Qg
@) ) @) _ (J) (t) (]) 3 @ _ (]) 3
lxp — Rijx | X1 E | X1 |
)
3 (x “qij p{ )2 O(Iz 6) (B 31)
2 |x(z) (J)|5 +0(z["). ’
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Then, multiplying this expression by —m;m;, taking the average over A;, A ; €
T and the sum for 1 <i < j <n, we split fay as

fa(A, D) = falA, 0, 6) + £, 2 + £2(A, D) + fu(A,Z) +0(2(%)

where
fh(Av (77’ é)) T Z 47.[2 [TZ |x(l) (J)|
I<i<j<n
(z) ()
f(l)(A )= — Z m;m “9ijXp) di: do
»Z) - 4772 T2 |x(l) (J)| L
I<i<j<n pl
. B.32)
(i) Q () (
@A ) e mimj [ Xpl N
Sy (A, 2) = 1 Z 4772 /HQ |x(l) (J)|3 dhidh;
<i<j=<n
(i) ()2
o mim; (3 Cpr A% )”
F(A,2) = Z 472 /1r22 @ (J)|5 dhi di;
I<i<j<n pl

Remark B.2 Notice that each of the previous functions is rotation invariant,
i.e., it is invariant under the transformations (A, A, z) — R8(A, A, 7) defined
in (6.2). Indeed, when (A, A,2) — R8(A, A, 2), the matrices R;; = RiR;
transform as

Rij — R(&NRijR(—g)

since the same holds for the matrices fR; (compare Remark A.1) and the

planar Poincaré map as x — R(g)x(’) Then, the scalar products x()

%Ejz.)xlglj ) — (’) <SR Jx(J ) are rotation invariant and hence (since they are so
term by term) the scalar products x - ]xlgf ) and x(l) Qi ]x(] ) are. The ro-

tation invariance of fj, fh(vl), fh(vz), fv then follows. Also invariance by the

reflections (6.6) can easily be checked. Noticing finally that

Jn depends only on (n, §);
° f(l) is O(|(p, ¢)|?) and its quartic part vanishes for (1, £) = 0;

(2) is O(|z|*) and vanishes for (p, §) =
ﬂmomnwm,

the following expansions hold

2 2 4 4 2s2
+ +£Y42
n-+§ LR, 52 K3

fo=Co(A) +Qp- +0((n, )1
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=2 =2 2=2 2 =2 ==
- p tgq n°q°+&°p-—2n§pq
Y =Qy- + Fhy1 -
2 2
2 =2 2=2 —~ =
n“p-+&°q°+2népq -
+F,,, - 5 +0(z1%
(B.33)
2=2 252 == 2 =2 2=2 ==
_ /
@ _p n°q°+&°p- —2n§pq . n°p-+&°q°+2n&pq
Joy =Fnv2 - ) + o - >
~4 | =4 =222
+g*+2 _
+F, 21 . P9 4oqz
4 =4 ~2-2
+q*+2 _
fo=Fy L q2 P9 4 oqz

o The tensor Fyy

This tensor defines the quartic part of the function fy in (B.32). Since q;; is

a matrix of degree 2 in z, to compute Fy1, it suffices to truncate the planar
Poincaré map x;) to its zero order, i.e., to substitute xé’l) with

(i) . 1 (A
X, 4 =aj(coshj,sink;) wherea;=—|—] . (B.34)

0 m; \ M;

If a;;, b;j, cij, d;; are the entries of the matrix ¢;; as in (B.30), we have

.ﬁ4+é4+2ﬁ2(;2
2

. mim.i/§
N 4r2 Jp2 2

I<i<j<n

l:“vl

al.za?(aij cosA; cosAj + bijcosA;sindj +cjjsini; cosA;j +d;jsin}; sin )».,')2

(a? + ajz. —2ajajcos (Aj — 1j))>/?

drid)j

Computing the integral easily gives the quartic form

. ﬁ4+é4+2ﬁ2é2

Fvl )

3a} 5220
=— Z 1_60_3((aij+bij+cij+dij)

I<i<j<n J
x 285 + B + 2aijdij — bijei) By ymim

Using the expressions (B.30) and selecting the monomial with literal part
%%, we find the result in (B.7) and (B.8).

o The tensors Fnyy and F| , and Fy,
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Such tensors define the quartic part of the function fh(f) into (B.32). Since

;; is of degree 4 in Z, to compute them we substitute, as before, x(l) with its

0-order truncation (B.34). The computation of the integral is 1mmed1ate and
gives the quartic form

n°q> +£°p* —2nEpg n°p*+ 847 +2nEpg
Fhvo - +FhV2
2 2
“4 | =4 | 7=222
+q"+2
+Fy,- p q P q
2
- ¥ m,-m,-/ x40 - Qijxeo -y mimj
a s 4n? 2 |x(l) (J)|3/2 — 472
I<i<j=zn w0 — *u0 I<i<j=zn

ajaj(A;jjcosh;cosi; + Bjjcosi;sinA; + Cjjsind; coshj + Djjsind; sind )
X/Z d}»,‘d}uj
T

(a-2 +a2. —2a;jajcos(Aj — kj))3/2

3
=— Z mm,2 (A,J+D,j)ﬂ() Z mim;Ci(a;,a;)trQ;;
I<i<j<n J I<i<j<n
(B.35)
where A;;, B;;, C;j, D;; denote the entries of Q;; = (élj g”) and Cy(a;,a;)
i ij
is as in (B.2).

o The tensor Fy

For the computation of the tensor Fy, defining the quartic part of f;, (see

(B.32)), we have to consider the truncation of xéi) = (xi’),xg),O) up to

@) _
degree 2 in n and & separately. Let such truncation be denoted as x,, =
(xY )tr4, xg )tr4, 0). Proceeding as in [4], we write the regularized Kepler equa-
tion (4.6) in the form

v;i =s; sinv; +t; cosv;, wherev; :=u; — A; (B.36)
and

! 1 - ik ( Ai —&isina;)

= cosA; — & sin

Si \/A_l 4A1 ni i
1 i+ &7

= 1— = Aj — Ai) + O((n;,
(B.37)

1 + &7

t = 1— (n; sinA; + & cos \;)

JA; 4Al
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1 <1 _ 77,'2 + Siz
A 8A;

We then expand, from (B.36), the variable v; = u; — A; in powers of (s;, ;)

) (mi sinA; + & cosA;) + O((ni, &)1°)

1 5
vi=ti+siti +sPt — 5 24sit— 35 £ 4+0(Gsi,4)P)  (B.38)

Using (B.37) and (B.38) into (4.5), we find

x\) _i(ﬁ)z(COS/\-nL " (cos 20 —3) — S gina,
Lud = \ M, NN ' 2V A l

3 ni&i . .
- 31 —COSA;j) — 3 sin3X; vy
+ 8A,~n’ (cos3A; —cos ;) 4«/1\_,-( sin3A; + sin A;)
- i@ cos3A; + 5 cosh;) — ﬂ(% sin4i; — 5 sin2X;)
8A; 16A; /A
— misiz(l6cos4)v 49 cos2r; —3)
16A;/A; ' !
n; &
L 21
— W(IZS cos5A; +9 cos3A; — 14 cos Ai)> (B.39)

1

The expression of Xg’)m can be obtained from the right-hand-side of (B.39),
letting (A;, n;, &) — (% —\i, &, n;). Using finally such truncated expressions
into the definition of f, in (B.32) will provide, through the computation of the
(@i, aj, Bi, Bj)-derivatives with respect to (n;,n;,§;,&;) over a;la;!B;!B;!,
the quartic form Fy, - 7725 2 as in (B.5) and (B.6). We omit further details.

e The tensors Qy, Fuyi, Fi,,

The tensors QV, Fuvi, F;lvl define the expansion of the function fh(vl). For their
computation (in particular, for the computation of the quartic tensors Fyy; and
F,;), we shall put £ = 0 and then shall select into the expansion of fh(\l) le=0
the monomials with literal part pZ, n%g2, n>p> respectively.

By the previous paragraph, we find the following truncations of the Kepler
map up to degree 2 in n and with & =0

ng}m:__<ﬁ’) (cos)»;—l— " (cos2; — 3)

m; i 2 A
n?

+ —-(3cos3r; —3cos ;) (B.40)
8A;
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2 2
0= L (AY (Gins + —" gin2n; + 2 3sin3h, — Ssink)
2,tr2 n_/l[ Mi ! 2 /Al_ i SA, l l
Denoting xt(riz) = (Xgi,)trZ’ Xg,)trZ)’ by the expression of f}fvl) in (B.32), since the

matrix q;; 18 O(|(p, q)|2) and Xgi)trZ’ Xg)trZ are, respectively, even, odd in A;,

@) )
n_ mim; X2 " ij*e2 . 0 _ 12 4
D I e e YRR
l<i<j<n [Xyo — X2

(ONEE)) @ )

mim; AijX) 2 X1 g0 T dijX5 10X5 10
== 2. 472 [ O _ )3 dhidh
I<i<j<n T |xtr2 ) |

+0(3(, PI*nh (B.41)

where a;;, d;; are the diagonal entries of g;; (given in (B.30)). In particular,
if we put also n =0, so to have xt(rlz) = t(r’(; =a;(cosA;j, sin};), by (B.33) and
(B.41), we can identify

=2 =2
. P+
QV'%: Z mimjcl(ai’aj)trqij

l<i<j=<n

(the computation being the same as in (B.35)) with trq;; = a;; +d;; the trace
of q;j. Using the expressions for a;;, b;; in (B.30) and selecting the monomial

in ]32, we find the result in (B.3). ‘ .
If we use the whole expression for Xil)trZ’ Xg)trz as in (B.40), computing the

derivatives of order two with respect to (n;, n;), for (;, n;) = 0, we then have

the second order in 1 of f}S), which we identify with Fny; - n°g> + Fi.- n?p2.

We omit the details of this straightforward computation. O
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