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A DIRECT METHOD FOR CONSTRUCTING SOLUTIONS 
OF THE HAMILTON-JACOBI EQUATION 
Luigi Chierchia' 

SOMMARIO. Si  presenta un nuovo metodo cile perniette 
d i  stabilire l'esistenza d i  soluzioni globali dell'equozione 
classica d i  HamiltonJacobi per Harniltoniane Hfy.  x). perio- 
diche in f x l  . . . . , xd  ). 

SUMMARY. A new method that allows to  establish the 
existetice o f global solutions o f'the classica1 Hamilton Jacobi 

equation f o r a  Hamiltotzian Hfj.. x). periodic in ( x l .  . . . . xd). 

is presented. 

1 .  INTRODUCTION 

The purpose of this paper is t o  describe a direct and 
constructive procedure that allows t o  «solve», under suitable 
assumptions, the classica1 equation of Hamilton-Jacobi 
for a Harniltonian H(y, x )  periodic in x r (x, . . . . , xd  ). 
The method presented here is particularly suited for coinpu- 
ter-assisted implementation (for computer-assisted techniques 
applied t o  rnechanics see [ 6 ] ) .  

Let us consider the phase space J# = U x lFd, U being 

an open bounded set of IRd and T [r IR/(?rH). endowed 
with the standard syinplectic forin 52 = C!=, dyi A dx i ,  
so that the Hainilton equations for H have the usual forni 

where a denotes gradient [ax = (a/a.r, , . . . ,a /axd ), etc.]. 
The Hainilton-Jacobi equation can be written in the forin 

the unknowns being the «new» Hamiltonian h ,  wliich depends 

on half of the variables, and tlie generating function $; 

(of course, for (1) to  make sense one has t o  require that 

ax@(q. E u). 
'{ere. ((generating function)) stands for a C-(IR" x T " )  

function satisfying 

and such that the iiiap (y,  x )  = %(q,  E) defined via the 

relations 

yields a diffeomorphism of IR" x T" into itself. Such a 
diffeomorphism preserves the syinplectic 2-forin 52 and 
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tlierefore it preserves also tlie foriii of tlie IIaiiiiltoii equa- 
tions (see: [ l  . 131 for general inforiiiatiori, l . Tlius. if tliere 

exists a solutioii satisfying (1)  fòr al1 x E T". tlie transfor- 
nied Hainilton equations becoine siiiiply : 

and one sees that the Haiiiiltonian H ~ d i n i t s  e ! , ~ b ~ /  rlitasi- 

periodic solutions 

running over d-dirnensional irzvarianr rorr i- - = i : , s) = 

= V6(t7, E), E €nd). 
However, it is well known ([l91 se? d : x  ( 3 : '  rhat for 

general Hamiltonians tliere do nor f ~ \ . i j i  i,:. ;snsrating 
function satisfying ( l )  on some opetl ser I '  A -- , - ' - -  .... eucep- 
tions being the so-called ((integrable sJ.jts:r:s L--..rrlieless, 
from KAM theory ([15, 3, 16) :  sse [I] 1.3: L  su. and 
[ l  3 ,  141 for an elementary exposition i i r  (al:: ... . :::i[ wlien 
H has the special forin 

with 

then, if E is small enough, one can constriict , . ~ ; L > . - ; . Z . ~ J I ~  
solutions of tlie Hainilton equations with pri.>; r:,; irs- 

quencies w satisfying a Diophantine conditior: o; 1::: r .  . :.s . 

for some y, T > O and any n E H" \ 101 ( S L I C ~  a vec'tor 

w will be called (y, T )-Diophsntine). 
Now, quasi-periodic solutions are closely related to  ((poiiit- 

wise)) solutions of (1).  To be iiiore precise, let us iiiake 
the following 

DEFINITIOR A triple (I'. $. h)  rvill be called a soliction 
(or I'-solution) of (1) if I' is a closed subset of U, $ a gene- 

ratirrg function arzd h a Cm (R") fur~ction suclr tlrat (1) 

Iiolds identicallj, ,for (q. x )  E I' x T" 

In otlier words. the E-derivatives of the new tlainilto- 
nian H o U'@ vanish on I' : For sny a E N" \ ( O )  

(t) E r). 
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If the Haniiltonian is of  the type (2 )  - (3 )  and E is  sniall 

enougli it is possible t o  show that  there exist r s o l u t i o n s  

of  ( I ) .  r being a Cantor se t  of  positive Lebesgue iiieasure 

( [ IO .  181). Ilowever tlie iiietliod of  [ IO]  and [ l 8 1  (as well 
as tlic origina1 iiietliods of  [15 ,  2. 161) iiivolves infinitely 
niany clianges o f  variables and the existence of  4 can be 
establislied only in a rather involved way. 

Instead, ~ i s ing  a suitable Neivton tnethod, close in spirit 

t o  tliat receiitly introduced by Moser iii [ l 7 1  (see also 1221 

aiid [h]) .  i t  is  possible (under  appropriate assumptioiis) 

t o  constriict directly solutions of ( l ) .  Roughly speaking. 

h? ~(di rect ly))  I iiican tliat, starting froiii an ((approximate 

\oIiil!,>ii» of  ( I ) .  oiie coiistriict a series (wliose first term 

1s tlic <iapproxiiiiate solutioii») corivergiiig to  a true solii- 

rioii i i i  Llic sciise of tlie above definition. 

I lic ~ii iootliness of  tlie solutions constructed Iiere will 

bc ~ x o v c d  in a coiiipletely eleiiieiitary way by iiieans of 

wcll known tools froin rea1 analysis witliout any use of 

gerieralized notions of  differentiability (as tiie notion of  

((Wliitncy differcntiability N. which is used in [ l  O] and [ l  81). 

As ol' applications, I believe tliat i t  is  possible t o  apply 

tlie tlicoreiii presented below to  nurnericully constructed 

approxiinate solutions iii order  t o  rigoroi~s1.y establisli tlie 

cxisteiice o f  actual solutioiis o f  (1 )  close t o  tlie riuiiierical 

approxiiiiations. Of course. iii sucli a case. a rigorous con- 

trol. ovcr tlie approxiriiatioiis by iiieans of tlie so-called 
«iritcrval-aritlimetio would be iiecessary (see [ b ]  and re- 

fereiiccs tlierciii for iiiore iiiforriiatioiis on t liis topic) For 

cxaiiiplc it sliould be possible t o  use tlie Ncwtoii sclieiiie. 
oli wliicli tlie theoreni is based. in coiijuiiction witli coiiiputer 

assistcd cstiiiiatioiis (cfr .  [C?]) t o  give ejj'ectivc stability 

bounds for tlie restricted tlirce body problein of  celestial 

iiieclianics. It woiild also be interesting to  try to  apply 

tlic tlicorein below t o  thc  work in [ 7 ] .  wliere tlie Ilairiilton- 

Jacobi eiluatioii is nuirierically solved for  severa1 non-inte- 

grable systeiiis. 

-1'lic rcst o f  tlie papcr is orgaiiized as follows: In the next 

section the propcr assuiiiptions are iiiade precise and tlie 

I'licoreiii is stated.  (Tlie foriiiulatioii of the Tlieoreiii is 

dividcd iii tliree parts: tlie first part contains tlie genera1 

stateiiierit, tlic second is a detailed quaiititative version 

of siicli a stateiiieiit and in tlie tliird part tlie solution is 

described via rcciirsive foriiiulae). In Sectiori 3 tlie inetliod 

o f  proof is qiiickly discusscd and in Section 4 details are 

worked o u t .  

2 .  ASSUMPTIONS AND TIIEOREM 

Let us now proceed t o  iriake tlie proper assuinptions 

arid g v e  a precise for~iiulatioii of  tlie iiiain result in the 

reul-utiulytic setting. 

Let Uo x T,, M. be an open coiiiplex neigliborhood 
o f  M .  Assunie M E C'"(IRL' x lFd) and real-analytic and 

boiinded o n  M,, (actually. under suitable growtli assuinp- 

tioiis on H, non-coiiipact doiiiains can also be treated; see 

[ l  1 l ) .  
Let @ be a gerierating fuiiction sucli tliat x ( q ,  i )  [E inverse 

@ 
o f  x -t an@(q ,  x ) ]  is real-analy tic on 

fo r  soirie p ,  s > O:  furtherinore assume tliat. if 

tlien a x 4 ( 9 i ' , p  ,s C Uo with 

8 -d is t . (acJ , .  a - y @ ( 9 1  . , i , , r  i ) >  o 

«aU,, » denoting. liere, (C boundary of  LIo ». 

Let li be a C"(IR" functioii. real-analytic o n  Y p ( r ) .  
sueli tliat a n h ( r )  is a set  of  iiiiiforinly (y .  T)-l)iopliaiitiiie 

vcctors and let e be tlic errorfzitzctiotl defined by 

Finally assuiiie that 

Ket~iurk (On tlie clioice o f  iiorins): Here wc will no t  

compute  explicitely tlie constants appearing in  ou r  set 

of estiinates. Tlierefore we sliall not fix explicitely the  

norrris in finite diiiieiisional spaces (of coinplex o r  integer 
vectors, niatrices, e tc . )  sincc i111 such noriiis Lire. for  ou r  

purpouses, equivalcnt. 011  tlic otlier hand ,  if orie is interestcd 
in tlie coricrete (and effcctivc) iiiipleiiientation of tlie riicthod 

preseiited Iiere, a careful clioice of  al1 norins aiid paraiiieters 

is iiiiportant: see [ A ] .  

Retrlurk l'he qiiadruple ( r ,  @. h,  el  sliould be tlioiight 

of  as an  u l ~ / ~ r o s i t r ~ a t e  solutior?. tlic siiialler e is, tlie better 

is the approxiiriation. F o r  exairiple, i n  the case ( 3 )  - (3) 
oiie can take @ q . S ,  as li any  C'" extciision of /Io aiiil 

as r tlie prc-iiiiagc iirider tiic iiiap q -t w - a /l o f  a set  
of  vcctors (y ,~)Uiopl iant ine  (because of  (3) anli  is iiiverti- 

blc o n  U s o  tliat witli a siiitable clioice of  tlie 1)iophantiiic 

coiistaiits, r f 0). In tliis case thc  error fiiiiction is siriiply 

C(% Z )  = € / f l  (7). .y) = ( E ) .  

THEOREM 

Par t  I: Under tlie ubove assirin/~tions, if Il c (1 , ' .p ,, 1s 

SI?IUII cnougli, tlicn tlicrc exist a closed se t  r, C U,  u getie- 

rating fiitrctiori @* a t ~ d  a C'" function li. silcli tliut 

(i) r. 1ia.s tlie ~urlzc curtlinalitj~ us r atzd 

iuitli a suitable constant O < C < 1 ; 

(ii) anl i*(r*)  = a n l i ( r ) ;  

( i i i / ( r* .@* h * ) i ~  a r*-solution of(1). 

Par t  II: Tlrc stuternctits i11 Par t  l catz bc given tht3 /i)llow- 

irig ~llrurititative fort~ziihtiotr. Ler 



Cj ' l + TP sup 11 H 11 11 I I I . , p , l ,  
. k o  

2 "Il  a,n.x)~l lr ,p , ,  max{ll (a;q,x)4)- '  Il  (a:n,x)4)-1 //, l ,  

[ ( 1  . ( 1 -  supIRd, d ( 1  . ( ( 1  and assutne (for simplicity) 
tllat s < 1 and p < 6 .  T l ~ e n  tlzere exists a constant K,, 
depending only on d and T ,  suctz that i f  

2 K s - 4 ( T +  1 ) ~ i ~ 2 C 3 C ,  e(iog E - '  j 2 ( ' +  1 )  < 1 (6) 

then ( i ,  ii. iii) above follow with 

C =  Ks- 3 ( T + 1 ) ~ 1  C2C3 ~ ( l o g  E '  ) 2 ( T f  

where K r K(d,  T )  < K,. Furthermore. the following estima- 
tes hold 

and tl a, b E 

where t h ~  0 S are smooth functions (depending on the 
above constants Ci) such tlzat lime,,, B ( E ) / E ~  = O for a t ~ y  
O < a r < l .  

Part 111, The HamiltonJacobi solution ( r , ,  4,. h,) is 
given by the following recursive )òrmulae. Let 2 4 ,  
h o  ' h ,  e,, = e  and, fori  B O ,  let 

where 

with 

and 

g,(v) = q ,o (v ) .  
Then i', , 4,  and h ,  are given b y  

3.  IDEA OF T H E  PROOF 

This theorem is based on  an iteration of a suitable Newton 
algorithtn. Before giving tlie details of tlie proof.  I will 

quickly discuss the  niain points of sucli an algorithin. 
Given an approximate solution ( r ,  4. h ,  e )  of (1)  [i.e. 

given e by ( 5 )  with q varying in a suitable open neiglibor- 
hood of I '],  one wants t o  construct a «bet ter»  approxiiiia- 
t ion. As in the classica1 Newton schemc. tlie iiew approxirna- 

tion will be required t o  reduce quadratically the magnitude 
of tlie error.  More precisely, we will require that the new 
approxirnate solution (I", 4'. h'. e ' )  satisfies, for q E I", 

O ' - @  = +  = ( 9 ( e )  

e f = ~ ( a x 4 ' . x )  - h 1 =  & ( e 2 )  

an/l'irl) = a n h ( r ) .  

To find 4' (and h ' )  expand H(@:. x )  near (Ilere and in 

the  following we shall use notations like and a x @  inter- 

changeably ): 

H ( ~ ; , X ) = H ( ~ ~  + + , . ~ ) = n ( $ ~ , x ~ + r i , c ~ ~ . . ~ i  i i ,+o(+*) 

= e + I z + H y  .+, + O(+*), 
tlie last identity being a consequencr o i  i 5 I Rscalling that 

we are maiung the ansatz that  4 = I' i(; I .  ;is ndsd to  solve 

[up  t o  order L', ( e 2  )I the equatioii 

e + IIyi4x.  X)  . +x = g i v )  (10) 

for  sonie function g t o  be deteriiiined. 
Taking the q-gradient of  ( 5 )  one obtaiiij 

/ l y  ( I $ ~ ,  x) = [ ( a 2  (n. x 1 (11, + en 

where tlie superscript T denotes inatrix-trriri~~~ojition 

Tliercforc, since 

I(a;n,,)4)Tl- l en . +, = O ( e 2 )  

one sees that ,  up  t o  order fi ( e 2 ) .  (1  0) Lsn ht. written as 

e + h ,  . ( a ;  q , x ,  4)- ' $, = g(q) .  (1 1) 

Introducing the change o f  variables on T' iparainetrized 

by q )  x + t = $ l l ( ~ .  x )  and  denoting by t - s , (q.  t )  its 
inverse. one  checks easily that  

ia; v,.r )4)-  $, = at  +(V, x,(v. t ) ) .  ( 1  2 )  

Equation ( 1  1 )  can be. now,  easily solved for q E i': Set 

s o  that 

und d v ,  x )  = C <i,) exp  [ i n .  $,,(v, x ) ] .  
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Then one finds iminediately neigliborhood of r .  In fact, setting 

and 

Notice tliat ii, is well defined for q E r since l i o ( r )  is 

(y ,  T)-Diophantine. Iiowever, in order to liave ii, defined 

on open sets, we will follow Arnold's original idea [ 2 ]  of 

introdiicing suitable truncations in Fourier space (cfr. the 

,\;.'s in the above Thcoreni). Once ii, is defined on a neigh- 

borliood of r ,  to  find a global sinooth extension will be 

eleinentary . 

4. PROOF OF THE THEOREM 

(For  techniques similar to  that used bere see. besides the 
already cited [15,  2, 16, 10,  18,  13,  14)  also [ l ? .  70 ,  21, 
231 and,  for our  purposes, especially [ S ,  h ,  8, 91). 

(i) The itcJrutive step 

Let 11s ;tart by makiiig quantitative the construction of 

( r ' .  G', li', e ')  ou t  of ( r .  4. li, e ) .  Notice that if f(q, x )  is 

rcal-analytic oli gl.,p,, then R q ,  t )  5 f(q, xm(q,  t ) )  is real- 
analytic on Yp(r )  x Zs and 

t:ix now an ((analyticity-loss)) paraineter O < o < s /2 .  

As already reriiarked, to  have ii, defined on open sets 

W C  need t o  introduce a truncation of the senes expansion 

of e :  

tlie parameter .V being chosen so tliat e(' ) = 0 ( 1 1  e 1 :.,p,E ). 

More prccisel y setting 

because of tlie exponeiitially fast decay of tlie C ' s  [whicli 

are nothing else than the Fourier coefficients of F(q, .)l, 
one lias 

1 2 
l l ~ I l l P S  o '( yp Il Il  i..,, ,s 

provided 

K I  o d e  < 1 

for a suitable constant K1 depending only on il. Conse- 

quently, ii, is defined by replacing the siim over ~ ' l  \ 10) 

in (13) by the surn over ( n  E 2ld : O < 1 rl 1 < .V;. Now, 

ii, solves (for q E r )  

Moreover, having a finite tluttlber of divisors to dea1 

with. one can define ii, (and hence 4 '  = 4 + I)) on an open 

one can easily check that V0 < I n 1 <.V and Vq E YF(r) 

I 
1 l lo(q) .  ti 12 - (1 5) 

7y 1 tr 1 T 

whence there exists K, = K2(d, T )  SO that 

To  estiniate sums containing small divisors. here and in 

tlie following, we will inake use of a result of Russniann 
(l'heoreiii 1 .I of [ ? O ]  1. 

Tlie new error function e '  is given by 

e l = e ( ' )  +[II(4, + i i , , , ~ ) - f ~ ( ~ ~ . ~ ) - ~ ~ ~ ( 4 ~ , ~ ) ~ ~ ~ ì l +  

+ e. . ( a i o , , ) G )  4, 

and we want t o  estirnate 1 1  e' I (  (for q in a neighborhood of 

r )  in terins of 1 1  e Ilr,p.s. T0 d o  this we first show that if e 

is so small that 

tlien 

4, + 4 x .  Q I . . i i . S -  o - Yp(P). 

In fact, since 

dist.(axs. axs- D )  > 1 1  a;o,x)4 Il,:,; 0 ,  ( i  t;) 

using C'aucliy estiiiiates t o  bound tlie supreinurii of deriva- 

tives in ternis of the supreinurn of functions on siiiriller 

doinains (see, e .g., Leinina 2 of [ h ] )  one lias 

Il a, I l  r,;,S- 0 < K3 I l  a;o,x)4 I l  r ,p,s (yloT + ])Il e I l  i~,p,s.  

whicli. togetlier with (161, implies (17). Now, using agaiii 

Caucliy estiiiiates, < p12 2nd recalling (1 2) one finds 

Let us pass now to define the new set i''. Assuriie that 

C' = k' 
0 - 4 p -  I l  e I l  I ~ . p , ,  I l  @:/l)- l I l  ,-,p < 1 (20) 

for a suitable coristant K4 = K4(d) .  then by Cauchy esti- 

riiates. 

I l  (a:/'')- 1 1  r ,p/2 = 11 [ I  + (a;ll)- I a;è,]- l (~:II)- l 1 1 , . , ~ / ~  < 

Therefore for any q" E r ,  the iiiap q + anll '(q) is inver- 

tible on Y q( q O )  [E Y ({qo} ) l .  Moreover, (21) iinplies P/ - P/ 2 



that a h'(]' (7 )) contains a (closed) ball of radius 
p - p I 2  O 

~ ( 4  ) /  @,h) SO that,  by (701, a,h(go) E 
a,h'(Yp12(g0)). Also, if gh = (a,hf)-I O a,h(go) one 
check easily 

Thus, we can define 

As for the ineasure of r' observe tliat. denoting by J' 
the Jacobian of  g + (a,hl)- '  O a,h(g), (g  E r ) ,  one has 

I d e t J 1 -  1 ) = I  d e t [ ~ + ( a ~ h ) - ~ a ~ ~ , ] - l ( <  (24) 

< K , P - ~  1 1  l l l . , p , s  I l  @:l1)- Il l-,P = CO (25) 

so  that 

(1 - c o ) ~ ( r ) < ~ ( r l ) < ( l  + c , ) ~ ( r ) .  (70) 

Now, if e is small enough, we can find a neighborhood 

of r' contained in Yp(r) .  More precisely if 

i.e., if for a suitable constant K5 

1 (27) 
p - . '  I ( ( a i h ) '  I ( , , ,  E ( l ~ g E ' ) ' ~ ~ <  1 

then 

Yp/,(r1) C ypz(r).  

Next. let us discuss the invertibility of a:,., ,($ + J,). 
Using Cauchy estiinates, < p / ?  and ( l j ) ,  one finds 

Now, an argument similar t o  that used t o  derive (21) will 

show that,  if 

then 

2 l x 1  l I r , ~ , s  o G2l l  (a(,.x)$) - l  l l r ,p ,  S .  
(79) 

Now. observe that (28) iriiplies ) I  J,, 1 1  i.,p,s o < a ;  there- 

fore, V g  E YP12(rt) C Yp(r),  

2,, C $;(v. x,$(v, =s:so)). 

This ineans that 

x P12 ) x 2 0 )  Cx@,(Yp X ZS- o ) .  

Thus, if one sets 

s l = s  - 20,  

one sets that a:,,x)$' is invertible on 

9 ;  *,;/ 2 , s 8  = YFI2(r1) x x;,, x;, =x,$,(Y- p12 ( r ' ) ,  ZS.) 

xg,(g,  .) being, of course, tlie inverse of $;(q, .). Moreover 

Tlie last thing we need t o  discuss, in order to  conclude 

the iterative step, is the smooth extension of J,. 
In the appendix we construct a function x E C ( c d )  n 

c"(IR~) : cd -t [O, l ] with support in Y- ( r ' ) ,  identically P/ 4 
equa1 t o  one in Y- ( r ' )  and such that,V a E R I ~ ,  P/ 8 

where a is a suitable universal constant. 
We then define J,' E c ~ ( I R ~ )  by setting J,' r O if g E 

d \ YP14(r1) and J,' - xJ, if g E YP14(r1). Thus, J,' 3 J, 

in YJ8( r f )  and [iising once more Cauchy estiinates to  
estinlate tlie derivatives of J, in YFi4 ( r ' ) ]  

2 I I J  I (31) 
1 il  a( , ,x)@ Il l.,p,s 

I l  a:a:J,rll- TI [ a 

Therefore, $' 3 $ + J,', is a (global) canonical transforina- 

tion if 

which, f o r a  suitable constant K 8 ,  is implied Ii). 

(32) 

To conclude that tlie iteration step \\,t. still rieed to define 
the new radius p'. whicli in view of the above will be set 

equa1 to P/8. 
Finally, one can easily check that ali the above sinallness 

conditions on e are fulfilled by requiring 

fiil Tlie iterution 

The proof goes on by iterating tlie above step, provided 

the condition corresponding t o  (33) is satisfied at  eacli step 

of the iteration. 
Let us label by j the quantities involved at the i"' stcp, 

i.e., denote by {h.). ,  ,, {$,;,,o, ( r , } , ~ , ,  . . . (h, li, li, = 11'. 
I I -  

. . .), the sequences obtained by iteratively applying the 

above step. Fix the «analy ticity-loss sequence» a r s2-(1+ 3 ,  
I 

so tliat S .  = s - 2 C!- ' a.  4 s /2  (for a discussion of admissible 
I r=O 1 

analyticity-loss sequence, see [9]). Denote by E, ( to be 

defined in a inoment) suitable irpper bollnds on 

and notice that p .  will then be defined in terms of , . I 
Let us proceed by induction. Define 

where a - K , , S ~ ( ~  + ')C C b z 2'+ l .  Assunle that, for 1 3' 
O , C i < j .  

(l)i is an upper bound on yp; 1 )  ei /ii; 
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(33); holds [(33), is (33) with o. 9. i-. . . . replaced 

by oi 4;. ri . . . I :  

(llI), 11 (a;q,x)4i)- 11 m < 2 11 (a;q,x)4)- ' I l - .  

Il lli G 2 Il ' 110, 

Il a ~ q , ~ ~ @ i l l i ~ ~ i l ~ ~ q , x ~ + l l ~ ~  I l a ~ h ; l l ; a ~ l l  a ~ ~ ! l l ~ 3  
11 (a;h,)- 11 i < 2 11 @:h)- 11 o .  

We are going to see that (6) implies (I,  11, III)i+ . 

Hctnorks 

1 ) The case i = O is implied by step (i). 
2) Since (33)i is assuined to hold tlie ( i  + 1)"' quantities 

are well defined and controlled according to (the analogous 
of) the estimates in (i). 

3) Since for x srnall enough the functions x(log x- ' ) l +  l ,  

x 2  (log x ' )' + are increasing. (33) iinplies the correspond- 
ing condition with replaced by ypi 1) ci 11;. 

4 )  Froiri the definition of the sequence E; it follows 
easily that,  for any i ,  

Thus, assuming that K ,  in (6) in sucli that 

pE(l0g < 112, 

one sees tliat 4 O faster tlian 2 -  2i .  

Froin (19) and (IIl);, i = O,  . . . , i  i t  follows easily (I),+ l . 
Now. I ani going t o  prove in detail the first and the last of 

(111),+ (the other inequalities beiiig similar and siinpler). 
Since +,+ l = 6 + X,= o $i, one has 

I l  (a;q.x)+,+, 1- I l m  < 

Using the a\surnptions (I, III),, (31) ànd the definition 
of a i ,  one finds 

Il a ~ q , x ) ~ i l ~ ~ a ~ l l . ~ - ( l + l ) ~ ~  a&, x )$ l l o2 ( r+1 ) i e , .  

'Therefore, by (34) and (6): 

which proves the first o f  the (III)j+ I . 
As for the last of  the (III),, : 

By Cauchy estimates, by (111); and recalling that p;+ l < 
a pi/2 one obtains 

Now, using (111); and the definition of ]Vi, one obtains 

Thus, the right-hand-side of (35) is bounded by 

where the final bound holds because of (6). 

Finlilly let us prove (I[),+ I . Using (I, III),, I and (6): 
K a - ( 2 ~ + 2 )  

9 , + l  Il a;q,x)a;+ l I l , +  1max(lI (a:q,x)+,+ 1 ) -  l ( l , +  1 , 

Il  (a:q.x)@j+ 1 ) l Il -l Il (':hj+ l )- ' ( 1  j+ I Il ',hj+ 1 Il j+  IPJ: I 

l r +  l < Y I I  a q h j + l I I i + i ~ j + l ( l o g ~ i + l )  

This finishes the proof of the induction. To  prove the 

rerriaining statements in the Theorem is, at this point. straight- 
forward: (i) of Part I follows from (26) and the inductive 
estimates, (7) from (22), (8) is included in (111); and (9) 

is a consequence of (31) and the inductive estimates. 

APPENDIX 

Let R >. O and A C d be a compact set. We construct 
function x E C(C d ,  n C - ( 1 ~ ~ ) :  d + [O, 1 ] with support in 

identically equa1 to one in YR12 and such that,  V n  E f U d ,  

Far t E 1R &note by x ~ ~ , ~ , ~  ](t) the characteristic function 



of [O, 1 / 2 1  and for q E O! let 

It is easy t o  see that the function xd has the desired 
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