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1. INTRODUCTION

In 1954 A.N. Kolmogorov ([1, 2]), in occasion of the International Congress of Mathematicians in
Amsterdam, presented a fundamental theorem concerning the existence, under suitable assump-
tions, of quasi—periodic trajectories in the dynamics generated by nearly—integrable Hamiltonian
systems. Kolmogorov’s theorem is the fulcrum of the well-known KAM (Kolmogorov—Arnol’d—
Moser) theory; for reviews, see, e.g., [3, §6.3].

KAM proofs are typically based on two clearly separated steps:

(i) a “Newton like” scheme!);
(ii) quantitative estimates and proof of convergence of the scheme.

In [1], Kolmogorov, besides stating precisely the result, gives complete details for step (i) and,

as for step (ii), simply says?: “Only the use of condition (3) for proving the convergence of the
(

recursions, Kek), to the analytical limit for the recursion Ky is somewhat more subtle”.

In this paper, we review and comment Kolmogorov’s original paper [1]. In particular, we recall
Kolmogorov’s statement and give a complete and elementary proof of it, by recalling step (i) as
given in [1] and giving complete details for step (ii).

We point out that step (ii) — which consists in introducing a “scale of Banach spaces®”, giving

recursive estimates and deducing from such estimates the convergence of the scheme — is based
on very classical tools (such as Cauchy estimates for analytic functions or the classical Implicit
Function Theorem) obviously well known to Kolmogorov.

“E-mail: luigi@mat.uniroma3.it

YLoosely speaking, a “Newton like” scheme (which takes its name from the elementary Newton’s tangent algorithm
for finding zeros of real functions) consists in finding solutions of a (functional) equation F(u) = 0 by successive
approximate solutions u, so that the error at the n'" step, €, := ||F'(un)|), is (roughly) quadratic in the preceding
error: €, ~ €5_1.

YThe quotation is from p. 55 of [1]: Eq. (3) corresponds to the Diophantine assumption (compare (2) below); 6 is
the perturbative parameter that, in this paper, will be denoted ¢; finally K refers to symplectic transformations
(while here the letter K will denote a Hamiltonian in “Kolmogorov’s normal form”).

%) Compare (c) of Remark 1 below.
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KOLMOGOROV’S 1954 PAPER 131

It is our belief that the deepest part of the proof is, by far, step (i) so that, in a sense,
Kolmogorov’s paper might be regarded as “essentially complete”.

However, Kolmogorov’s approach has been, somehow, overlooked. In particular, neither V.I.
Arnol’d nor J.K. Moser followed up Kolmogorov’s outline: Arnol’d, in 1963 [4], published a lengthy,
detailed proof of Kolmogorov’s theorem using a rather different approach, which might be called a
“renormalization approach”, leading, in the limit, to a “pointwise integrable” Hamiltonian (or more
precisely, to a Hamiltonian integrable on a Cantor set); Moser’s first complete proof ([5], 1962),
which is also rather different, deals with the finitely differentiable case for twist maps.

We mention that Moser wrote a review [6] of Kolmogorov’s article [2] saying also: The proof of
this theorem was published in Dokl. Akad. Nauk SSSR 98 (1954), 527-530 [MR0068687 (16,92/c)],
but the convergence discussion does not seem convincing to the reviewer.

Indeed, Moser’s opinion is certainly correct, since Kolmogorov did not discuss the convergence of
the algorithm (apart from the sentence quoted above) and our belief should not appear in contrast
to Moser’s statement: we simply argue that step (ii) — although it involves several (elementary)
estimates — is rather straightforward and based on well known tools*) while the real breakthrough
in the solution of the problem is based on step (i).

We hope that this paper will help to appreciate, once more, the beauty of Kolmogorov’s proof.

2. KOLMOGOROV’S THEOREM

Kolmogorov considers a one—parameter family of Hamiltonian systems governed by a real—
analytic Hamiltonian (y, x,e) € M?? x (—eg,g¢) := B x T x (—g¢,e0) — H(y, z;¢), where B is a
d-ball around the origin in RY, T¢:=R?/ (27er), gp > 0 and ¢ is a real “small” parameter; the
phase space M?? is endowed with the standard symplectic form dy A dz = Z?Zl dy; N dxj so that

for each ¢ the Hamiltonian flow ¢, : M?% — M4 generated by H is the solution at time ¢ of the
Cauchy problem

y=—Hy(y, ;¢) y(0) =y
&= Hy(y,x;¢) z(0) ==z

where dot is derivative with respect to time ¢ € R and H, and H,, denote the gradients with respect
to x and y (for generalities see [3]).

Theorem (Komogorov [1], p. 52). Let H be as above and assume that K (y,x) := H(y,x;0) has
the form®

K:=E+w-y+Qy,z) and Q=O0(y]*); (1)

E cR and w € R? is a (homogeneously) Diophantine vector, i.e., there exist positive constants k
and T such that®)
K

T v n e z9\{0}. (2)

w-n| >

Furthermore, K in (1) is assumed to be non—degenerate in the sense that
det<a§Q(07 )> 7é 0,

Y Compare (d) and (c) in Remark 1 below.
®As usual, w-y = Z?:1ijj; Q = O(|y|*) means that 95Q(0,x) =0 for all @ € N* with |a| < 1, where 95 =

alel

Zer——=7 and || = a1 + - + aq.
= =g

ayll.“ayd

% Normally, for integer vectors n, |n| denotes |ni| + - - - 4 |ng|, but other norms may as well be used.
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132 CHIERCHIA

where (-) denotes average over T, Then, there exist 0 < e, < €g, a ball B, C B centered at the origin
of R% and a real-analytic symplectic transformation ¢, : B, x T — M??, depending analytically
also on € € (—¢ey,€4), such that ¢.|-=o is the identity map and, for any |e| < e,

Hoo¢.(y,2') = K.y, 2';e) = Bu(e) +w -y + Qu(y, 2'5e), with Q.= O(ly'|*).

Remark 1. (a) A Hamiltonian K of the form (1) is said to be in Kolmogorov’s normal form;
the Lagrangian torus 7, := {0} x T? is invariant for K, as ¢4 (0,2) = (0,x + wt); viceversa a
Hamiltonian admitting a d-dimensional invariant torus on which the flow is conjugated to the
translation  — x 4+ wt (with w; rationally independent) can be put in Kolmogorov’s normal form.

From Kolmogorov’s Theorem it follows that the torus 7. := $+(0,T%) is a Lagrangian torus
invariant for ¢%, and the H-flow on 7. is analytically conjugated (by ¢.) to the translation
' — 2’ + wt with the same frequency vector of T, = 7, ¢ (while the energy of 7, ., namely E,, is
in general different from the energy E of 7). The idea of keeping fixed the frequency is one of the
fundamental ideas introduced by Kolmogorov.

(b) The map ¢, is obtained as ¢, = limy . ¢1 0+ 0 @, where the ¢;’s are (e-dependent)

symplectic transformations of M?? closer and closer to the identity. It will be enough to describe
the construction of ¢1; ¢o is then obtained by replacing Hy := H with H; = H o ¢; and so on. The
construction of ¢ is carried out in step (i) following closely Kolmogorov.

(c) The analytical tools on which step (ii) is based are classical (and well established at the
beginning of the XXth century). Let us recall them here. For £ > 0, let

Dg ={yeC?: |y <& and Tg ={reC?: |Ima;| <& 1<j<d}/(2nZ%);
let, then, By = Be ., be the Banach spaces of real-analytic functions f on
We ey = Dg X ']I‘g x{e€C:lel <ep}

with finite sup-norm?”

1flle = lflle.co == sup |f]- (3)

£,e0

The standard sup-norm of real-analytic functions on T¢ depending analytically on € € D;O ={e¢€
C: |e] < e} will be denoted by || - |lo = - llo,eo = Supray p1. | - |. Then

1. Ber C Be whenever § < & and ||flle < || fller for any f € Ber;

2. if f e Be and f,(y;¢e) denotes the n-th Fourier coefficient of the periodic function z —
f(y,x;e), then, by Cauchy integral formula of complex variables,

[fayie)l < Ifllee™™ . Ynezt VyeDE VeeC: e <ep

3. let f € B¢ and let p € N then there exists a constant B, = Bj,(d) > 1 such that, for any
multi-index (o, ) € N% x N® with |a| 4 || < p and for any 0 < ¢ < &, one has®

10002 Fller < Byl flle (€ — &)~ Uel+Io0; (4)

7 Sometimes, the explicit dependence on ¢ will not be denoted in the norms or in the B-spaces, as g (or £, below)
will not be changed during the iteration.
$)These are the so called Cauchy estimates, which follow immediately by Cauchy integral formula.
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KOLMOGOROV’S 1954 PAPER 133

4. assume that? z — f(z) € B¢ has zero average; assume that w satisfies (2) and let p € N;
denote by

D, =w-0, ::iji (5)

the derivative on T% in the direction w and let

fn in-x -1
= =D
u Ziw.ne Wf

nezd
n#0

denote the unique solution with zero average of the equation

Dyu=f, (u) =0.
Then, D;'f € Be for any 0< ¢ <& and there exist constants B, = B,(d,7) > 1 and
k, = ky(d,7) > 1 such that, for any multi-index 3 € N¢ with |3| < p, one has'?)

IIfIIs

102D flle < B, E-¢)* (6)

(d) Cauchy estimates and the “small divisor estimate” (6) are based on the idea of giving
bounds of analytic functions, on which there act operators diagonal in Fourier space, on smaller
complex domains. This idea goes back to Cauchy and it seems unlikely that it was not obvious to
Kolmogorov.

Proof of the Theorem. By hypothesis (eventually reducing eg), it follows that there exist
0 < ¢ <1, such that H € Be.,. Write H(y,x;¢) as H = K + P, then K, P € Be,.

Step (i) Kolmogorov’s idea is to construct a near—to—the—identity symplectic transformation ¢y,
such that

Hi:=Ho¢) =K +e*P, Ki=E +w-y+Q:1¢,2), Q1=0(y); (7)

if this is achieved, the Hamiltonian K; has the same basic properties of K (the linear part in y
is the same and, being ¢, close to the identity, K7 is non—degenerate), and the procedure can be
iterated.

To carry out this strategy, Kolmogorov indicates the form of the generating function of ¢,
namely!!)

9@ x) =y -x+e(b-z+s(@)+y - alx)), (8)

where s and a are (respectively, scalar and vector—valued, e-dependent) real-analytic functions on
T with zero average and b € R

9 Clearly, all definitions may be easily adapted to functions depending only on z.
1 This estimate follows by expanding in Fourier series. In fact, if §:=¢&—¢, by (2), 02D, fller <
<

18l ¢ ’ 18l+7 _ f _
S eza B leS I i flle 3 pa T e = Mle gl s [P ol e
n#0 n#0 n#0

By % (€ —¢)~UBIHT+d)  where last estimate comes from approximating the sum with the Riemann
integral fRd|y|‘m+T e vl dy.

D Compare [3] for generalities on symplectic transformations and their generating functions. For simplicity, we do
not report in the notation the dependence of various functions on ¢, but, in fact, P = P(y,x;¢), s = s(z;¢),
a = a(x;e), ete.
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134 CHIERCHIA
Remark 2. (a) If we denote!?

Bo=Po(x) :=b+s,, A=Ax):=a, and [=p6(y,z):=pF+AY,
then ¢ is implicitly defined by

y=y +eB(y x) =y +e(fo(z) + Alx)y')

' =z +ea(x).
(b) For € small, x € T — z + ca(z) € T¢ defines a diffeomorphism of T¢ with inverse
r=¢(2) =2 +ea(;e),

for a suitable real-analytic function «. Thus ¢; is explicitly given by

y=y +eBy, ("))
¢1:(y ') — (9)
x = p(a).
To determine b, s and a, observe that by Taylor’s formula
H(Y +2f,2) = E+w-y +Q,2) +2[w- B+ Q) - B+ Py, 2)] +*P'(y,2)  (10)

where P’ := P'(y,x;¢) := PM) + P?) with

1
PU = 5[Q +eb,2) — QY x) —eQy(y,z) - B] = /0 (1 =t)Qyy(y +tef,z) B - Bdt

1 (11)
P = HP(Y +26.0) = PU/o)) = [ P/ +10,0) - G
0
Note that
Qy(y,z) - (agy’) = QW (Y, 2) = O(|y'|*), (12)
and that (again by Taylor’s formula)
1
Qy(y x) - fo = Quy(0,2)y - Bo+ QP (Y, z) , QW := /0 (1= 1)Qyyy(ty/, )y -y - Bodt
(13)

1
P(y',z) = P(0,z) + Py(0,z) -y + Q(3) (v, z), Q(3) = / (1 —t)Pyy(ty', )y -y dt .
0

Thus, since'® w-f =w-b+ Dys+ Dya -y, we find
H( +eba) =E+w-y + QU ,x) +eQ'(v,2) +eF'(y,x) + 2 P'(y , x) (14)
with P’ as in (10)—(11) and

Q'Y ) == QW +Q® + Q¥ = O(ly']”)

(15)
F'(y,z):==w-b+ Dy,s+ P(0,z) + {Dwa + Quy(0,2)b + Qyy (0, x)s, + Py(0, :c)} -y
12) As usual, we denote sz = 0x5 = (841, ..., Sz, ) and a, denotes the matrix (as)i; = Z—Zf; as above, we often do not

report in the notation the dependence upon e (but 8o, A and 8 do depend also on ¢).
¥ Recall that w - sz = Dys and w - (azy’) = (Dwa) -y
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KOLMOGOROV’S 1954 PAPER 135

It is now easy to see that there exist a unique constant b and unique functions s and a (with zero
average) such that F' is constant. In fact, if'®

in-T
e

s1= D21 (P0.2) = Po(0)) = = X s 2

bim —(Quy(0, ) ({Quy (0, )s2) + (70 ))
ai= =D} (Quy(0,2)(b + 5.) + Py (0,))

then F = w - b+ Py(0). Thus, with this determination of g in (8), recalling (b) of Remark 2, we
find that (7) holds with

Ei:=E+¢E , E:=w-b+ Py(0)
QY. 2) = Q. 2) +Qy ),  Q:= /Ole(y’,w’theoz) adt + Q'Y p(a))
Pu(y',a') = Py, (') .
Clearly, for € small enough <8§/Q1(0, 1)) is invertible and, if T := (Q,,(0,-) ™!, we may write
Ty = (02Q1(0,-)) " =T +¢T . (16)
Step (ii) This step (missing in Kolmogorov’s paper [1]) will be divided in two lemmata: the first

Lemma consists in equipping with estimates the construction of Kolmogorov’s transformation ¢
discussed in step (i) and the second one describes the iteration and its convergence.

Let M := ||P¢,; let C > 1 be a constant such that!®)
[E] @l Qe 1T < €5 (17)

ﬁxlﬁ)

0<d <& and define 5::5—%5, gi=¢6-9.

Lemma 4. There exist constants ¢ = &(d,7,5) > 1, i € Zy and 7 = v(d,7) > 1 such that'"

Iszllg; 1ol [E1 llallg, laz e [1Bolle: [1Blle, 1€ e,

2,Q/(0,)lo < GCR6 M = L,
(18)
|P'lg < eCPo~7 M* = LM .
Furthermore, if e, satisfies

ex L <

Wl o>

: (19)

W Recall point (c) in Remark 1 above for the notation.

1% The notation in Eq. (17) means that each term on the Lh.s. is bounded by the r.h.s. The choice of norms on finite
dimensional spaces (R?, C?, space of matrices, tensors, etc.) is not particularly relevant, however for matrices,
tensors (and, in general, linear operators) we shall work with the “operator norm”, i.e., the norm defined as
|IL]| = sup,o | Lull/||ull, so that [[Lul| < ||L][||lu]|, an estimate, which will be constantly used.

) The parameter £ will be the size of the domain of analyticity of the new symplectic variables (3, z’), domain
on which we shall bound the Hamiltonian H; = H o ¢, while ¢ is the size of an intermediate domain where we
shall bound various functions of y’ and z.

"Here || - [le = || - lle.co-
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136 CHIERCHIA

the following is true. For |e| < ey, the map Y.(x) := x4 ca(x) has an analytic inverse @(z') =
' +ea(x’;e) such that, for all e < e,

lallee. KL andV el <e., = id +ea: Tgl — T¢; (20)
for any (y',z,e) € Wg, . |y +eB(y' )| <& the map ¢1 is a symplectic diffeomorphism and

o1 = (v +eB(y (@), p(a") : We e, — DEXTE and  |dllge. < L, (21)

where qg is defined by the relation ¢ =: id + 5¢~).
Finally, there exist c > ¢, u > i and v > U such that 4, 18)

0
ex L i=¢e,cCH*o7V M < 3’ (22)
then

B 1Qllee. s 1T Nlere. < L,
(23)

1Pilere. < LM.

Proof. The estimates in (18) follow easily from (c) of Remark 1: as an example, let us work out
the first two estimates in (18), i.e., the estimates on ||s; || and [b]: actually these estimates will be

given on a larger intermediate domain, namely, Wf_g -,» allowing to give the remaining bounds on
37

the smaller domain W . Let f(z) := P(0,2) — (P(0,-)). By definition of || - [[¢ and M, it follows

that [|f]le < |P(0,)le + [[{P(0, ))lle < 2M. By (6) with p = 1 and & = £ — £, one gets

_ 2M
stug,g < 31731@157191’

which is of the form (18), provided & > By - 2- 3% /k and 7 > k;. To estimate b, we need to bound
first [Qyy (0, )| and |P,(0, x)| for real =. To do this we can use Cauchy estimates: by (4) with p = 2
and, respectively, p = 1, and & = 0, we get

[Qyy(0,)]lo < m BoCE™2 <m BoC6™%  and || Py(0,)]lo < mByMdst,

where m = m(d) > 1 is a constant which depends on the choice of the norms (recall also that
0 < &). Putting these bounds together, one gets that |b| can be bounded by the r.h.s. of (18)
provided & > m(ByBy -2-3" k™1 + By), i > 2 and 7 > k; + 2. No new ideas are required to work
out the other estimates in (18).

Next, we show how (19) implies the existence of the inverse of 1. satisfying (20). The defining
relation 1. o ¢ = id implies that a(a’) = —a(z’ 4+ ea(z’)), where a(a’) is short for a(a’; €), and such
relation is a fixed point equation for the non—linear operator f : u — f(u) := —a(id + eu). To find
a fixed point for this equation one can use a standard contraction Lemma (see [7]). Let Y denote
the closed ball (with respect to the sup—norm) of continuous functions w : Tg, x {le] < ex} — C4
such that ||ul|e -, < L. By (19), |Im (2’ + eu(z'))| < & +e. L <& + g = ¢, for any u € Y and any
S Tg/; thus, [|f(u)llee. < llallg < L by (18), so that f:Y — Y; notice that, in particular, this
means that f sends z—periodic functions into z—periodic functions. Moreover, (19) implies also that
f is a contraction: if u,v € Y, then, by the mean value theorem and (18), |f(u) — f(v)[ < [lazl¢ [¢]
lu — v| < Lle| |u — v|, so that, by taking the sup-norm, one has ||f(u) — f(v)||e < exLllu —v[le <
1|lu — v||¢ showing that f is a contraction. Thus, there exists a unique a € Y such that f(a) = o

Furthermore, recalling that the fixed point is achieved as the uniform limit lim, ., f™(0) (0 € Y)
and since f(0) = —a is analytic, so is f™(0) for any n and, hence, by Weierstrass Theorem on the

8)Notice that, since L > L, (22) implies (19).
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KOLMOGOROV’S 1954 PAPER 137

uniform limit of analytic functions, the limit « itself is analytic. In conclusion, ¢ € B ., and (20)
holds. Next, for (y',z,e) € We_ , by (18), one has |y' +eB(y’, )| < E+e, L <E+ g =¢— % <
so that (21) holds and ¢; defines a symplectic diffeomorphism!?) satisfying (21) and the fourth
inequality in the first line of (23).

It remains to show the other estimates in (23). Since L > L, the bound on |E| comes
straightforwardly from (18). By (20) and (18), one has || Pi||¢re, < [|[P'|lg.. < LM < LM. Now,

by Cauchy estimates, (18) and (21), it follows immediately that?®)

1Qllerc. » 2C*05,Q(0,)loe. < cCH6™ M =1L, (24)
for suitable constants ¢ > ¢, i > p, v > v. Thus,
(0201(0,)) = (92Q(0,)) +£(@2Q(0,)) = T~ (14 + £T(92.Q(0, )))
= T7'(14+¢R), (25)

and, in view of (17) and (24), we see that ||R| < L/(2C). Therefore, by (22), e.||R|| < 1/6 < 1/2,
implying that (1 + eR) is invertible and

(Lg+eR) ™ =14+ > (-1)Fe"RF =1 4D
k=1

with ||D| < [|R||/(1 = |e|[|R]|) < L/C. In conclusion, by (25), and the estimate on || D,

~ ~ L
Ty=0+eR) ' =T+eDT =T +¢T IT| < ||ID||C < cC=1L,

proving last estimate in (23) and, hence, Lemma 4. O

Next lemma shows that, for |¢| small enough, Kolmogorov’s construction can be iterated and
convergence proven.

Lemma 5. Let

C = 2max {| B |wl, |Qlle, |7, 1} - (26)
Fix 0 < & < € and, for j >0, let
p— P— 60
fo:=¢ 0 =5
-t
0o 1= = Gr1=§ =0 =L+

(so that & | &). Let, also, Hy:= H, Ey:=FE, Qo :=Q, Ko:= K, Py:= P and let ¢, 1 and v be
as in (22) with 0 = dg, and assume that €, satisfies

€x Cx Ay ||Plleey <1 where ¢y := 3056(V+1) CH ., dy:=2""t >1. (27)
Then, one can construct a sequence of symplectic transformations
¢ Weeo = DE XTE | (7 21), (28)
so that
Hj = ijlo¢j =: Kj+€2jpj (29)

9 Notice, in particular, that the matrix 14 + ea, is, for any z € Tg, invertible with inverse 14+ €S(z;¢€); in
fact, since |leas|ls < e+L < 1/3 the matrix 14+ €a, is invertible with inverse given by the “Neumann series”
(La+eaq) ™t = La+ 3332, (1) (ax)" =: La +eS(x;¢), so that ||Sle., < llasllec. /(1 — lellaclle.,) < 5L

2001t is only here that a constant L > L is needed; the (irrelevant) factor 2C? has been introduced for later
convenience.
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converges uniformly to a Kolmogorov’s normal form. More precisely, €%’ Pj, ®j:=¢1o¢pp0---00;,
E;, Kj, Q; converge uniformly on We, ., to, respectively, 0, ¢, Ex, Ky, Q«, which are real-analytic
on We, .. and Ho ¢, = K, = E, + w -y + Q. with Qs = O(|y|*). Finally, the following estimates
hold for any |e| < e and for any i > 0:

(leles d.M)*

i 7
el My = el |1 Prllee. < -

160 — idlless |B = B, 1Q = Qulle IT — Toll < lel ca duM | (31)
where M := ||P||¢ ., = Mo and T, := <8§Q*(0,~)>71.

Proof. Notice that the constant C' defined in (26) satisfies (17) and that (27) implies (22) (and,
hence, (19)).

Let us assume (inductive hypothesis) that we can iterate j > 1 times Kolmogorov transfor-
mation obtaining j symplectic transformations ¢;11 : We, ., — Dgi X ’]I‘gi, for 0 <1< j—1, and

J Hamiltonians H;11 = H; 0 ¢;11 = K11 +E2i13i+1 real-analytic on We,, , ., such that, for any
0<i<y—1,
|wl; [E:], |Qille, 1T < C
(32)
5.

s

le|? L = |e|* eCHo57 2V M; <

|

Observe that for j =1, it is ¢ =0 and (32) is implied by the definition of C in (26) and by
condition (27).

Because of (32), (22) holds®") for H; and Lemma 4 can be applied to H;, and one has, for
0<i<j—1and for any |¢| < &, (compare (23)):

|Bir1l < |Eil + el Li,  1Qitilles < IQille +1el* Li s 1T ll < ITll + e Li
ir1 — id llesy, < |el* Ly Mis1 < M;L; . (33)

Observe that, by definition of ¢,, d, in (27) and of L; in (32), one has [e[* L;(30;7 ) = ¢, d.!|e|* M;, so
that L; < ¢, d,'Mj, thus by last relation in (33), for any 0 < i < j — 1, [e]* M1 < o dF(M;]e|*)2,
which, after having been iterated, yields (30) for 0 < i < j.

Next, we show that, thanks to (27), (32) holds also for i = j. In fact, by (32), (33) and the
definition of C' in (26):

Jj—1
i 1 1 ; 2
2 —i_
|E;| < |E|+Ze* L; < |E|+§Z<5¢ < |E|+§Z2 ‘=Bl+3<C.
=0 120 120
The bounds for ||Q,|| and ||7}|| are proven in an identical manner. Define L; as in (32) for i = j.
Now, by (30),_; and (27),

e L;(3671) = e dI[e]¥ My < e di (o duen M) J(en d ) < 1/du < 1,

which implies the second inequality in (32) with ¢ = j; the proof of the induction is finished and
one can construct an infinite sequence of Kolmogorov transformations satisfying (32), (33) and (30)
for alliv > 0.

To check (31), we observe that for any i > 0

o

lefes d*M>i+1
320 '

le[* Ly = 5

er die* M; < g (Jele. d. M) < (

2D Mutatis mutandis.
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and therefore

i w A M\ @
S EPFLi<Y (’E‘CT) < leles dM .
i>0 i>1

Thus,

1Q = Qulle. <Y N1Qilles <Y le*' Li < Jelex duM;

i>0 i>0

and analogously for |E — E,| and ||T — T/|.

To estimate ||¢, — id ||¢,, observe that for any i > 2

. . . i—1
1@; — id[l¢, < || Pi1 0 ds — dille, + | — id |le, < | @imy — id [le, + el Li-n,

which, after having been iterated, yields ||®; — id|[¢, < S, le|2" Li, < |e|es d, M;; taking the limit
over i completes the proof of (31), of Lemma 5 and, hence, of Kolmogorov’s Theorem. 0
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