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1. INTRODUCTION

a. “One of the most remarkable of A. N. Kolmogorov’s mathematical achievements is his 1954

work on classical mechanics”: this is the beginning of V.I. Arnold’s celebrated paper Proof
of A.N. Kolmogorov’s Theorem on the Conservation of Conditionally Periodic Motions
with a Small Variation in the Hamiltonian [1], published in 1963, on the occasion of
A.N. Kolmogorov’s 60th birthday. A few lines after, Arnold adds: “Its deficiency has been
that complete proofs have never been published”.
Even though one could argue whether Kolmogorov’s proof in [11] is “complete” or not (see,
e.g., [5]), Arnold’s paper is certainly a milestone of modern dynamical systems, which not
only contains a complete and detailed proof of Kolmogorov’s theorem, but also introduces
new original, technical ideas of enormous impact in finite- and infinite-dimensional systems
(for reviews, see, e.g., [2] or [9]).

b. As is well known, Kolmogorov’s 1954 theorem in classical mechanics [11] (see also [5]) deals
with the persistence, for small €, of Lagrangian invariant tori of analytic integrable systems
governed by a nearly integrable Hamiltonian

H(y,z) = K(y) +eP(y, ) (1.1)

where (y,z) € R? x T? are standard symplectic action-angle variables. In short, the theorem
says that:

for small €, non-degenerate Diophantine unperturbed Lagrangian tori persist
Let us recall that “Diophantine” means that the unperturbed torus 7,0 == {yo} X T<, which

is invariant for the flow ¢’ governed by the integrable Hamiltonian K, is such that the
frequency w = Ky (yo) is Diophantine, i.e., it satisfies, for some o, 7 > 0,
d o
— o d .
w - k| ._;Mk]\ > e Y k€ Z0\{0}; (1.2)
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“non-degenerate” means that the Hessian of K at yg is invertible; finally, “persists” means
that 7, o deforms, for positive small enough ¢, into a Lagrangian') torus T invariant for ¢4 .

The scheme on which Arnold’s proof of Kolmogorov’s theorem is based, while sharing two
basic ideas of Kolmogorov’s approach, namely, the use of a quadratic symplectic iterative
method and the idea of keeping fixed the Diophantine frequency of the motion, is quite
different from Kolmogorov’s scheme in the following respects.

First, for a fixed frequency, Arnold constructs an embedded, Lagrangian invariant torus
obtained as a limit of symplectic transformations on action domains shrinking to a single
point; in contrast, Kolmogorov conjugates the given Hamiltonian to a complete normal form
admitting a Lagrangian invariant torus with the prescribed frequency.

A key difference between these two approaches is that Arnold, at each step of the iteration,

needs to control only a finite number of small divisors?), which, however, depend on actions
(this being the reason for the shrinking to one point of the action domains), while in the
denominators appearing in Kolmogorov’s scheme there enters only the prefixed Diophantine
frequency, allowing one to control at once all small divisors, and also to work with smaller and
smaller domains, which contain a fixed open set, allowing one, in the end, to get a genuine
symplectic transformation.

A clever quantitative revisitation of Kolmogorov’s scheme ([16]) shows that such a scheme
leads to optimal asymptotic estimates (as ¢ — 0). We shall show below that this is true also
for Arnold’s original “pointwise” scheme.

Kolmogorov’s and Arnold’s schemes are “pointwise” in the sense that they deal with the
continuation of a single prefixed unperturbed Lagrangian torus with Diophantine frequency.
This is in contrast with versions of the KAM theorem® dealing with the persistence of sets
of simultaneously persistent invariant tori, see [1, 7, 13, 14]. We point out that, actually,
Arnold’s original formulation of the KAM theorem in [1] belongs to this second kind of
theorem as it states the existence of a set of simultaneously invariant tori, however, the proof
is pointwise in nature and its scheme is exactly the one we follow closely here. Typically,
especially when one is concerned with lower-dimensional invariant tori, it is not possible to
construct a single torus with some pre-assigned property, but, rather, one obtains “Cantor”
families of persistent tori (compare, e.g., [9]).

The smallness condition, i. e., how small the perturbation has to be in order for the perturbed
invariant torus to exist, depends on local analytic properties of K (and on the analytic norm
of P). In particular, the main quantitative “competition” is between € and the size of the
small divisors appearing in the iterative scheme, the size of which may be measured by
the “homogeneous Diophantine constant” a (compare Eq. (1.2)) of the prefixed frequency

W= Ky(yo)~

The most important quantitative relations may be easily understood by looking at explicitly
solvable examples, i.e., at integrable systems.

To illustrate this point, let us consider, for example, a simple pendulum with gravity e,

Lo

H(y,z) = oY +e(cosz — 1), (1.3)

DA Lagrangian manifold is a submanifold of dimension d on which the restriction of the two form Z;l:l dy; N\ dx;
vanishes.

D To work with a finite number of divisors, Arnold introduces a Fourier cut-off (depending, in view of analyticity,
logarithmically on the size of the perturbation), an idea which has been widely followed also in infinite-dimensional
Hamiltonian perturbation theory.

3)Strictly speaking, there does not exists a KAM theorem (“KAM” standing for the initials of A.N. Kolmogorv,
V.I. Arnold and J.K. Moser), however, normally, it refers to (variations of) Kolmogorov’s theorem. Here, we
follow this tradition.
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1
viewed as an e-perturbation of the non-degenerate Hamiltonian K (y) := 2y2, (here, d = 1).

The energy zero level {H = 0} corresponds to the separatrix, i.e.,
y = +/2e(1 — cosx) ,

which shows immediately that in the region S := {|y| < 2/} there are no homotopically
non trivial invariant tori (curves) or, equivalently, no Lagrangian invariant curves, which are
graphs over the angle variable (“primary tori”). In other words, the region of action space
where unperturbed curves {yo} x T may be continued into invariant Lagrangian invariant
curves, which stay out of the “singular region” S are such that:

Yol > 2v/e . (1.4)

Now the resonant relations |K,(yo) - k| become, in this one-dimensional example, simply
lyo||k] and the Diophantine condition is, therefore, equivalent to requiring that a = |yo|
(recall (1.2)), and the necessary condition (1.4) becomes

;2 < 111 . (1.5)
Another fact that can be easily extracted from this example concerns the oscillations of
(primary) invariant tori®).
For yo > 0 the invariant (primary) curves are given by

ye(x) = \/yg +2¢(1 —cosx) = yog + ve(x) ,
with
2e(1 —cosx
ve(x) = (2 ) .
Yo + VY3 +2¢(1 — cos z)
Thus, one has that
4e € 4
osc (yYe) = osc (ve) = ve(m) —v:(0) = =
which, in view of (1.5), yields the relation
4 €
1+v2 o
Below, we shall prove that the enhanced Arnold scheme leads to a smallness condition of the
type (compare (2.4) below)

osc (ve) = (1.6)

€
, < ¢ (1.7)

a
(for an € and « independent constant ¢), which is in agreement with (1.5).
Furthermore, we shall also show that Arnold’s scheme leads to a bound on the oscillations of
persistent tori given as graphs {y = yo + v«(z), 2 € T} of the form (compare (2.6) below)
ose(v) <C - © (1.8)
o

(for an € and « independent constant C'), which, in view of (1.6), is seen to be optimal (as
far as the dependence upon ¢ and « is concerned), showing the “quantitative sharpness” of
Arnold’s scheme, on which the proof presented below is based.

Condition (1.7) is also the fundamental quantitative relation needed to evaluate the measure
of the Kolmogorov set, i.e., the union (in a prefixed bounded domain) of all primary tori.

YA primary Lagrangian torus is a graph over the angles {(y,z)| y =U(x),z € T%} and its oscillation is given by
sup,, . [U(z) — U(2")].

REGULAR AND CHAOTIC DYNAMICS Vol. 24 No. 6 2019



286

CHIERCHIA, KOUDJINAN

Indeed, (1.7) leads to a bound on the Lebesgue measure of the complement of the Kolmogorov
set by a constant times /e (compare [13, 14]), which again, comparing with the simple
pendulum (1.3) — that has a region (the area enclosed by the separatrix) of measure 16,/
free of primary tori — is seen to be asymptotically optimal. It has to be remarked, however,
that obtaining such an estimate is quite delicate and far from trivial (for a more detailed
discussion on this point, see [3, 8, 12]).

As is well known, Arnold’s scheme is an iterative Newton scheme vyielding a sequence of
)
“renormalised Hamiltonians”

o 27
Hj = Kj + € Pj,

so that Hy = H is the given nearly integrable Hamiltonian (1.1) and, for any j, Kj is
integrable (i.e., depends only on the action variable y), real-analytic in a r;-ball around
a point y; close to yo and satisfies:

0yK(y;) =w:=9yK(yo) ,  detOyK;(y;) #0, (1.9)

which means that at each step the frequency is kept fixed and that the integrable Hamiltonian
K is non-degenerate. The sequence of Hamiltonians H; is conjugated, i.e., Hj 1 = H; o ¢;,
with ¢; symplectic, closer and closer to the identity. The persistent torus 7, . is then obtained
as the limit
li ceiodi (. T .
Jdm goo--r0dja(y;, T)

The symplectic transformations ¢;’s are obtained by solving the classical Hamilton —Jacobi
equation so as to remove quadratically the order of the perturbation. In doing this one cannot
take into account all small divisors (which are dense) and therefore Arnold introduces a
Fourier cut-off x;, which allows him to deal with a finite number of small divisors. In view

of the exponential decay of Fourier coefficients, x; can be taken ~ ‘log (erHP i ”)!, which

introduces a logarithmic correction®, which does not affect the convergence of the scheme.
All this is well known.

The problem is to equip the scheme with “optimal” quantitative estimates, which may lead,
in the end, to the above sharp asymptotic bounds. This involves careful choices of various
parameters entering the scheme (see § 3.2) and, in particular, it is crucial to treat the first
step in a different way with respect to the remaining steps: this technical, but important,
aspect is explained in Remark 1 below.

V.I. Arnold pointed out that his proof extended with little changes to the iso-energetically
non-degenerate case, i.e., when the energy is prescribed and the unperturbed Hamiltonian

satisfies the condition®
RK 0K
oK 0 y=yo

det £0. (1.10)

Indeed, it would not be difficult to adapt our improved Arnold’s scheme also to the
iso-energetically non-degenerate case, proving the sharpness of the asymptotic smallness
conditions also in this case.

. Finally, we mention that the quantitative estimates provided in this paper could be used to

improve the (exponentially long) stability time of “nearly-invariant tori”, introduced in [10].

% For full details, see § 3.1 below and, in particular, “Step 1: Construction of Arnold’s transformation”.

®The matrix in (1.10) is a (d + 1) x (d + 1) matrix, where the upper right corner 8, K has to be interpreted as a
column vector, while the lower left corner is a raw vector and the zero is a scalar. The condition expresses the
fact that the map (y, \) — (A9, K, K) is locally invertible.
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2. NOTATION AND QUANTITATIVE STATEMENT OF ARNOLD’S THEOREM
« Forde N:=1{1,2,3,...} and 2,y € C, welet x -y := 2191 + - - - + x47q be the standard inner
d

product; |z|; = Z |z;| be the 1-norm, and |z| ;== max |z;| be the sup-norm.
— 1<i<n
]:

o T¢:=R?/277Z% is the standard d-dimensional (flat) torus.

e m1:C4xC?3 (y,2) —> yand m2: C¢ x C? 5 (y,x) — x are the projections on the first and
second component, respectively.

e Fora>0,7>2d-12>1,

A;::{weRd:|w-k|>|le, vo#kezd} (2.1)
is the set of (c, 7)-Diophantine numbers in R
« For r,s >0, y9 € C?%, we denote:
T¢ = {m cC?:|Imz| < 3} /2nZe,
By (yo) = {yeRd: ly — wol <7”}7 (yo € RY),

Dy(yo) = {y € C*:ly—yol <7} Dralyo) = Dy(yo) x T%.
o If 1;:= diag (1) is the unit (d x d) matrix, we denote the standard symplectic matrix by

0 —-14
1 O

« For yop € R, A, (yo) denotes the Banach space of real-analytic functions with bounded
holomorphic extensions to D, s(yo), with norm

Il llrsyo = sup |-].
D'r,s(y())
We also denote:
|~ [lryo = sup |-], | - Ils =sup|-].
Dr(yo) Tg

« We equip C¢ x C? with the canonical symplectic form
w=dy Ndx =dyy Ndxy + -+ dyg N dxg

and denote by ¢, the associated Hamiltonian flow governed by the Hamiltonian H (y,z),
y,x € C, ie., 2(t) = ¢ly(y,x) is the solution of the Cauchy problem 2 = JVH(z), 2(0) =
(y, ).

« Given a linear operator £ from the normed space (V1, || - ||1) into the normed space (Va, || - ||2),

its “operator-norm” is given by

L
I£]| == sup | a:||2’ so that ||Lx||2 < ||£] ||z]1 for any =z € V4.
zevivio} Izl
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« Given w € R?, the directional derivative of a C'' function f with respect to w is given by

d
D,f=w-fz= ijfz]-'

j=1

. If fis a (smooth or analytic) function on T¢, its Fourier expansion is given by

F=>" fe™  fi= (27::),1 /Td fla)e ™ dr,

kezd
(where, as usual, e = exp(1) denotes the Neper number and i the imaginary unit). We also
set:
(f)=fo= gpa [ F@dz, xA@)= > fee N >0,

|k|1<N

pn being the Fourier projection onto the Fourier modes with |k|; < NNV; notice that (-) = po(+).

We are ready to formulate a quantitative version of Arnold’s theorem?.

Theorem A. Let d>2; 7>d—1; a,r,e >0; 0<s, <s<1;yeR? K,Pc Ars(yo); H :=
K +eP. Assume that

W= 8yK(Z/0) €A},

(2.2)
det (2K (y0)) # 0.
Define:
T = 02K (o), P o= [|Pllager K= 2K |y T = [T 6:=TK,
and denote by € the rescaled smallness parameter:
€
€= KPaQ. (2.3)

There exist constants 1 < C < C, depending only on d and 7, such that, if a := 67 + 3d + 8 and

a < _T_ and €< €= (SC_* Zz)a , (2.4)
then there exists a real-analytic embedding
v € TS, = ¢u() = e(yo, @) + (va(2), (@) € Dy s(w0),
where ¢e is the trivial embedding
pe: @ € T = (yo, ),
such that the d—torus
Tow = 6. (T7) (2.5)

is a Lagrangian torus satisfying
Phy o dul(a) = pu(z +wt), YzeT? VieR.

' To avoid introducing too many symbols, we use capital straight style for positive constants (P,K,T,C,...), while
usually capital normal style is used for functions or matrices (K, P, H,T,...).
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Furthermore,
ceo’ 1

1 K
S PR L P T SR (26)

Remarks and addenda.

(i) 0 is a measure of the local “torsion” and is a number greater than or equal to one:

0= TK > TIIK,y (o) | > ITIIE, (o)l = | TIIT | > 1. (2.7)

(ii) Notice that the estimate on v, in (2.6) implies that the maximal action oscillation of the
torus 7, is bounded by a constant times ae, which in view of (2.3) is ~ ¢/a as advertised
in (1.8).

(iii) All numerical constants are explicitly “computed” during the proof. A complete list of them,
including the definitions of C, and C, is given in Appendix A.

(iv) The torus 7, is Kolmogorov non-degenerate. More precisely, H can be put in Kolmogorov’s
normal form with non-degenerate quadratic part: there exists a symplectic transformation ¢
close to ¢, for which

Ho¢(y,z) = E+w-y+ Q(y,z) such that det(Q,,(0,-)) #0;
for details, see Appendix B.

(v) The value of €, in (2.4) is not optimal. In Remark 2 a better (still not optimal) value is given.

(vi) The dependence of the invariant torus 7 . on ¢ is analytic. More generally, if H = H(y, z; 2)
is real-analytic also in z € V., V being some open set in C™, and all the above norms are
uniform in z € V, then the invariant torus 7, . is real-analytic in V. This is an obvious
corollary of Weierstrass’s theorem on uniform limits of holomorphic functions, in view of the
uniformity of the limits in the proof.

3. PROOF
3.1. Arnold’s Scheme: the Basic Step

The next Lemma describes Arnold’s basic KAM step, on which Arnold’s scheme is based. Its
quantitative formulation involves a few constants, which are defined as follows:

3 2v+d
vmrts Gmav2(3) [ ol i) e ay,

3 v+d
€2 ( ) [ ot elivay,
2 Rd

Co=2%d, C3:=(d°C}+6dC; +Co) V2, C4:=max{6d°Co, C3}.

Lemma 1. Let® r>0,0<20<s<1, yeR? K Pe A, s(y) and consider the Hamiltonian
parametrised by € > 0
H(y,xz;¢) = K(y) +eP(y, ).
Assume that
det Kyy(y) #0 , w=Kyly) e A} ,

8K and P stand here for generic real-analytic Hamiltonians which later on will, respectively, play the roles of K §
and Pj, and y, r, the roles of y;, r; in the iterative step.
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and let K, T and P be positive numbers such that
[Kyyllry <K, ITN<T,  [[Pllrsy <P,

where T == K, (y) ™.
Now let A\, 7,7 be positive numbers such that:

2
5 r «
Az log (027 T ), i< ;7 <min {7, b
B\T epk) TS aaaTk e TS ggker
where
4
K= .
o
Finally, define
40dT2K C K 2
L:= Pmax{ o (td) 4 max{l, “ } 0_2(”+d)} , §5=8— 0, s
72 V2 rK” o? 3
Then, if
o
L< .
tS g
there existy' € R% and a symplectic change of coordinates
¢ =id+ed: Dy (y') = Doz s(y),
such that
Ho¢/ = H = K'+&*P',
Oy K'(y) =w, detdK'(y') #0,
where
K''=K+eK =K +(P(y,")).
Moreover, letting
2 -1 _, T
(2K'(y)) =T+eT,
the following estimates hold:
~ 8 TP ~
”82/KHT/2,y < KLa ‘y/ - Y‘ < ) HTH < TL7
Y r

maX{Hamﬂ-?gBHS’v ||W¢~5||F/2,s/,y’} < d_ZUd_llﬂ ||P/||F/2,8’,y’ < LP)
where

max{¥ 111, 0

a’r

W =
0 1,

Observe that
o2+ PK/a® < (V2/Cy) € L,
so that (3.3) implies
ePK  ogZvtd
2 < ’

« (&

which, in particular, implies that A > 1 and x > 4.
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Proof.
Step 1: Construction of Arnold’s transformation

We seek a near-identity symplectic transformation
¢/: D7'1731 (y/) — DT,S(Y)»

with Dy, s, (y') C Dy4(y), generated by a generating function?) of the form 3’ - = 4 g(y/, ), so that

/ /
y=y +eg( )
¢ 1 , (3.8)
=z +egy(y,x),
such that
H =Ho¢ =K' + P, (3.9)
Oy K'(y') =w, det 8§/K'(y') # 0. '
By Taylor’s formula, we get!?
H(Y +egu(y @), 2) = K() + K () + 2 |[K'(Y) - g0 + PuP W) = K ()]
42 (P(l + p® +P(3)) (v, z) (3.10)
= K'() +2 [K'W) - g0+ PuP, ) = KW + 2P (0 2),
with & > 0, which will be chosen large enough so that P®) = O(e) and
P, =pPN 4 p@ 4 pB
1 1 '
P( ) = £2 [K(y/ + Egz) - K(y/) - EKy(y/) : gx] = /(; (1 - t)Kyy(Etgz) gz g:cdt
1 ! 3.11
PR - . [P(y + g, z) — P(y,2)] = / P,(y' + etgy, x) - g.dt (3.11)
0
1 1 -
P®) = ) [P(y,2) — PPy, )] = ) > Puy) e
\ Inli>x

By the non-degeneracy condition det Ky, (y) # 0, for € small enough (to be made precise below),
det 8;,[( '(y) # 0 and, therefore, by the standard inverse function theorem (see, e.g., Lemma 5),
there exists a unique y’ € D,.(y) such that the second part of (3.9) holds. In view of (3.10), in order

to get the first part of (3.9), we need to find g such that K,(v') - g + PV, -) — K (y') vanishes;
such a g is indeed given by

9= Y (”Ey/') e, (3.12)
0<npi<w Y y)-m
provided that
Ky(y) n#0, VO<|nh <k, Vy €Dn(y) (CDily)). (3.13)

But, in fact, since K(y) is rationally independent, then, given any x > 0, there exists 7 < 7 such
that

Ky(y') n#0, Y0<|nj1 <k, Vi €Dx(y). (3.14)

9)Following the classical approach of Arnold, we use generating functions to construct symplectic transformations.
Of course, one could also use the equivalent method of time-one Hamiltonian flows (or Lie series).

) Recall (§2) that () stands for the average over T¢ and that py is the Fourier projection onto modes with |k|; < N.
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The last step is to invert the function x +— = + &g, (v, z) in order to define P’. By the inverse
function theorem, for € small enough, the map x — = + £g,/(3/, ) admits a real-analytic inverse of
the form

o-(y 2" = 2" +ep. (v, 2), (3.15)
so that Arnold’s symplectic transformation is given by

y=9 +eg,e:(v/,2"))

¢ (Y, 2" — { _ (3.16)
z =gy, ') =" +e@e(y, ).
Hence, (3.9) holds with
P'(y,2') = Py (y’, gog(y’,x’)). (3.17)
Step 2: Quantitative estimates
First of all, notice that from the definitions of 7 and 7 it follows that
or r
r<Tr < . 1
TSTS 900 <o (3.18)

We begin by extending the “Diophantine condition w.r.t. K,” uniformly to Dr(y) up to order .
Indeed, by the mean value inequality and K,(y) = w € A}, we get, for any 0 < |n|; < k and any

y' € Di(y),

Kyyll7 _
Ky (y) -l = o -n+ (5, () — Ky(y)) -l > gl nl (1 _ glEwllry |n|1r)

jw -
« dK « dK «
> 1— ™) > 1— THE) > 3.19
T G ) LT (R o) EPWRI 8
so that, by Fourier estimates (Lemma 4(ii)), we have
def nP,(y . Pl _2,
||gr||777§7y < sup e (n,(;y)n eln-e < Z ‘[H{ ?H,?;S’;/l‘ |’IZ|1€(S 3 )|n\1
75 () 0<|n|1<kK y\Y 0<|n|1<K y\Y
Celnl: 2] (s—2 2P 2
< P s|n|1 1 (s ,U)\n|1 < v olnh
Z € o &7 o Z In|fe”s
0<|nl1<K nezd
v+d
<2 [ ety = ()% [ ey = ¢,
a Jrd 20 a Jpd «
def Oy Pu(y) N Kyy(')n in-
015y % sup ( - P)
! w5 ) |octaricn \Eu(¥) -1 (Ky(y') - 1)

< Z sup (H(Py)nHF,S,y_i_HPnHT’S ||Kyy||r,y|n|1> e(s—ga)\nh

0<|n|1<r Dr(y) |[Ky(y') - n| Y |Ky(y) - n|?

2
(&Uié&l% j{: P e—ﬂnh2“”I 4 PeslnliK|nl, 2|n|{ e(s=30)Inlh
r—r o @

0<|n|1<K
(3.18) 4p N
S a?r Z (‘n‘Ia+TK|n|1T+ ) e 3U|n‘l
0<|n|1<K
< max{aer} 4P Z (|7’L|71— + |n|%7'+1) e—gg‘n|1
Of2
0<|n|1<k
a ) 4PK iy 2
s max{l’ TK} a2 /I‘Qd (|y|71- + |y|17+ ) e 3‘7‘y|1dy
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3 274+d+1 o 4PK i N B

20 a?
< \C/OQ max{l, O;(} P;(o-_(27'+d+l) <L,
r Q@
where
L:=6 \(;(; maX{L C:(} P;( —(2v+d+1)
r Q@
Analogously,

Co a Yy PK _
105 csllmsy < o mas {1, 5} T om @ < 1,

and, by Cauchy’s estimate (Lemma 4(i)), we get

6Co a Yy PK _
||85’zngF,s”,y < /2 max{l, T‘K} 20 (Qud+1) _ |
where
n. 5 3 . 3 . .
S =8 — 60‘ and Hay/:c:ch?*,S”,y = D?%Ry) max{|8y;xjxkg| : Z,],k’ = 17 Ce
Also,
~ P 2P
”Ky”r/2,y = H<Py>”r/2,y < HPyHr/2,§,y < I < r’
2
P 4P

||8§’K||r/2,y = ||<Pyy>||r/2,y < ||Pyy||r/2,§,y < (’I” . 7‘)2 < r2 <KL.
2

993

(3.20)

d}.

Next, we prove the existence and uniqueness of y’ in (3.9). Let U, := {n € C : |n| < 2¢ } and consider

the map
F: Di(y) x U, — c?
(ym) > Ky(y) + 0Ky (y) — Ky(y)-
Then

o F(y,0)=0, Fy(y,07! =Ky(y) ' =T.

e For any (y,n) € Dy(y) x U,
1La = TF, (g, n)ll < 1La = TEyyll + [l 171 105 K]l 2,

) 4P
S AT Kyyyllryr + 26T 2
; PG _ 27  8TP
<atk " sl U ark® BT
r—r T T T
1

<2dTK + el
r 2

(B18)+(33) 5 ¢ 5 1 1
< + < .
12 6 ~ 12 12
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e Recalling o < %, we have

4eP _5.2vFd

2T F(y, - =2|T Ky(y)| <2T < vhde |
ITIIECy, M2e 0 = 2|l IISlljlspln y (Y] . sq TKC €
=3-29(20)" 7 oleL < 3-2¢7 oleL (3.21)
(3.3) ;
< 3f(2a)d‘7<;

Therefore, we can apply the inverse function theorem (Lemma 5). Hence, there exists a function
g: U. — Dj(y) such that its graph coincides with F~1({0}). In particular, y’ := g(e) is the unique
y € Dy(y) satisfying 0 = F(y,e) = 0, K'(y) — w, i.e., the second part of (3.9). Moreover,

8 TP (3:21) i
Y =yl <2ATUIE Y 0< ™7 < 32" FoleL <, (3:22)
so that
D+ (y') € Dx(y). (3.23)

Next, we prove that 8;[( '(y") is invertible. Indeed, by Taylor’ formula, we have
1
8§K'(y’) = Kyy(y) +/0 Kyyy(y + tey) - eydt + e Ky (y')

1
=7 <]1d +el (/ Ky (y + tep) - gdt + Kyy(y/)>>
0
= T_l(lld +eA),
and, by Cauchy’s estimate,

AN < ITI (A Ky llejzye ¥ =y + € 103K 1oy

A1 -
<l (Ml ey gl e 1R sy
2

(3.22) <2dK85TP 45P> 4 TP
< T + <

B
r2

(4dTK + 1)

r r 72

20d=T2KP 1 . B3) ¢ 1
< < el < .
r2 2

Hence, 8;,[( '(y") is invertible with
ZK'(Y) = (Lg+eA) T =T+ > () AT = T + T,
k>ql

and

”AH 0 Y
Tl < T <2 |[A|l||IT|]| €elT <2 T=T

Next, we prove the estimate on P,. We have

P
ellgellrsy <eCi o THHD ¢ "L
(6%

3 33 3
so that, for any (v/,z) € Ds 5(y),
2
Y +egalyx) —y| <FH L < 4L <<,
3 8 3 3
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and thus

2
1POllesy < RIK eyl 2, < 2K (€ Poe0) — 2c2KP g-204a)
7,5 yyllry |9z rsy\ o 10é2 5

2
PO|ssy <d|P,5 - ray < dF ¢, P o) _gac, P o0
” gz ||7,5,y 1 1 s

6 5 r T« ar

and by Fourier estimates (Lemma 4(ii)), we have

aln|
PP sy < S [Pullrye DM <P 3 75"

|n\1>n \n|1>n
_olnly _ Ko _olnlp
E e” 4+ < Pe 1 E e 4

\n|1>n |n\1>0

d o d
KO a KO 2_
—Ped Ze—‘f‘ ) =Pe T ({1 ¢, ) -1
P 1— e 4
€7

RO 2 d RO 2 d
=Pe 4 <1—|— o ) — 1) <Pe 4 (1—}—0) —1
es — 1 4

<o e T ((0+8)"—0?) <dslo e

(3.2)
— CQU_dP €—>\ < C2O_—dPO_—(2y+d) 3 P2K _ C2P€ P2K 0.—2(l/+d)
« o

Hence,

1P llr 5y < IPDllzsy + 1PPllrsy + 1P 1r,5
KP?
C2
Oé2

2
< 2C2 U—2(u+d)+6dclp (u+d)+c2p€ PK _—2(+d)

ar

P2
= (dQC%TK —+ 6dC1aUV+d + CQ?“K) 2 —2(7+d+1)
T

o
P2
< (dQC% + 6dCq + Cg) max {a, rK} a2ra_2(T+d+l)

2
Cs max{l, “ } P KJ_Q(V+d) < LP.
V2 rKJ «o?

Finally, we prove that, given 3’ € Dz(y), the function t.(z) =z +egy (¥, ) has an analytic

<

inverse'V. Consider the Banach space

B = {u € CN(TY,Ch) : J|ully g = max {||uls, |0zulls } < L}.

(3.3)
¢, wehave Im (2 +cu(2')) < ' +ellully <’ +el < s'4+0/6=5".
Hence, the functional f: B > u— —g,(y,id 4 eu) is well-defined and smooth. Moreover, for any
u € B,

For any u € B and any 2’ € T¢

(33) o

1f @lls < Nlgy lwr <L, 0:(f(W))lls < llgyallwr - lellldzulls <L-felb < Lo <L.

W Observe that e (id 4+ eu) = id is equivalent to u = —gy (v id+ eu), i.e, u is a fixed point of the map
u s —gy (Y, id + eu).
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Thus, f: B — B. Furthermore, for any uy,us € B,
) (3 3) o 1
[f(u1) = fug)llsrn < (L+d°el)el - flur —uglls1 < 23d2 Nlur —uzlls1 < 2||ul — uz||s 1,
Hence, f is a contraction. Therefore, by the Banach—Caccioppoli fixed-point theorem, f has a
unique fixed point ¢. € B; @, is obtained as the uniform limit lim f™(0) (as 0 € B). Thus, as f* = f
n

is real-analytic on Dy(y) x ']Tg,, by Weierstrass’s theorem on the uniform convergence of analytic
functions, @, is real-analytic on Dy «(y). The rest of the claims on ¢/ and P’ are then obvious. [

3.2. Arnold’s Scheme: Iteration

Letd, 7, H, K, P, T, ¢, a, 1, 8, S, P, K, T, 0, € be as in Theorem A. Set Ko =K , Py =
P, Hy:= H. Then, starting from H(, we shall iterate infinitely many times Lemma 1.
The very first step being quite different from all the others, it shall be done separately.

Before starting, let us give some definitions'?).
=€, bOp=0, ro=r, Tog=T, Ky=K, Pyg=P,
0= (5—5.)/2, X:=loget, ko= 400_1)\0 ,

-25d
3 £ Co :=max {2%, C5}, Cy:=3d- 202432 max {640d%, C4} ,

Cy = (z—dcﬁ)é . Co = 3max {80d\/2, c4},

C5 =

)\* — C _(4V+2d+1))\211 02 0* — 22V+2d+1 C% 02'
_ éoP
60 = C9 Op ~2(v+d) 60 90, Pl = EOE 0.

We also set, for j > 0,

(o1)] . g0 _ QO'Z'
9j 8j+1.:8j—0'j28*—|—2j, j j

J
20
Kj+1 = K()H(l—i-o;)gl‘(oe ) < Ko\/2 T]+1 —T()H 1—1— k) To\/2
k=0

1 « 5 1y . 1
T4l = _ min , , W, = diag | max 14,1
AR {2d\/2Kon;-’ 48d 00} ’ ¢ < { r]} ‘ d)

80d\/2 To 90 —(v+d) (0% Ko _2 (v+d) }

L; .= P, max o Cymax< 1
J ! TJQ- J ’ ’TjK 027

;= kj =4 Ko,

Observe that
Wy = diag (Ka_llld, ld) ;o Sidse, 110, ee<é.

Note also that, since €y is proportional to e, P is independent of €.

3.2.1. First step

Lemma 2. Assume

ro
a <

and é<1. (3.24)
To

12)Recall the definitions of v and C4 given at the beginning of § 3.1.
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Then there exist y1 € Dy, (yo) and a real-analytic symplectic transformation
G0 : Dry s, (Y1) = Drg,s0(%0)
such that, for Hy := Hg o ¢g , we have
Hy = K| +£*Pp,
{Olel(yl) =w, det 8§1K1(y1) #0

and
8¢ TO PO

‘yl - yO‘ < y

0
1K1l 4y < Kiy 1T < T, Ty =0, Ki(y1)™",
52||P1||7“1,817y1 < 52P1 )

max {HWO((bO - id)”ThSl,yl ) Ha:cﬂ'Q(gbO - id)HSI} < d_2ag_l € LO :

Proof. Since

(3.24)
Ko = 4061 > 8
and
o (3.24)2(3.31) 1 o _ 5 1
20v/2Koky 2d-8V2Ko To  48d 6y’
we get
1 . Q 5 19 leY
R T { 2dy/2Kore  48d 90} T Adv/2Kor?
Thus,

_ 80dv2 To 0y —(vtd a ) Ko —spwaay | —
EL0(3001)<35P0maX{ 2 00( ),C4max 1’r0K0 290 (v+d) 001

T Cowid)—1 Koe P
<3max{80dv20," ' * | Cymax{1, @ Lgo2rd=1Kos o
ro roKo roKo a2

(3.24) oyt — (3.24)
< 3max{80d\/2, c4}002< Dl o= < 1.

Therefore, Lemma 1 implies Lemma, 2.

3.2.2. Subsequent steps, iteration and convergence
For j > 1, define

_ KO E2j Pj

. KoP.2 .
. —1 7o ~ o
a2 y Pj+1 = )\*91 a2 y Ej = )\* 01 Ej.

6]'1

Thus, for any 5 > 1, one has

j+1 j+1 2
. L Kee? TP 1 Koe? - KoP;
A 1 170 Jj+1 170 —1 70
€41 = )\* (91—’— €41 = )\* 91+ 9 = )\* 91+ 9 )\*(91 2
« « «
. 2 /\2
= ()\* 61 ej) = &5,
i.e.,
R ~9i—1
G=2

097

(3.25)

(3.32)

(3.33)

Once the first step is completed, all the following steps do not need any other condition. Actually,
the first condition in (3.24) is no longer necessary and the second condition needs to be strengthened

merely a little bit more. To be precise, the following holds.
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Lemma 3. Assume (3.26) = (3.29) and

Cs b5 &< 1. (3.34)
Then one can construct a sequence of symplectic transformations
Gj—1: Drjs;(Y5) = Dry s 1 (Yj—1), G =2 (3.35)
so that
H;=H; j0¢;, 1= K;+” P, (3.36)

converges uniformly.

More precisely, €2j_1Pj_1, ¢ti=¢ro¢g0--0pi_1, Kj_1, yj_1 converge uniformly on {y.} x ’]I‘f*
to, respectively, 0, ¢*, Ky, y. and Hi0¢p* = K, with ¢* real-analytic for x € ’]I‘;l* and det 83[(* (y«) #0.
Finally, the following estimates hold for any i > 1:

¥ (| Billr,s0s < ¥ Pi (3.37)
8v/2T o2 P,
[Yit1 — il < : ; (3.38)
20’g él

W1 (¢* —id)| < on {y.}xT¢ . (3.39)

3d? 0.

Remark 1. Notice that Py is actually independent of € (and, in particular, of loge~!), while P;

for j > 2 does depend on loge~! through \,. This is a crucial point, which allows us, in the end,
to get optimal bounds on the displacement of the persistent invariant torus from the unperturbed
one.

Proof. First of all, notice that, for any ¢ > 1,
min « 5 T min 71 5
T = 1 = 1 . T
o 4dv/2Kor? " 96d bo 4 96d6,

2
- min T 5 T 5 .
- 4vi 7 96d0, 41 7 \ 96d6, ) !

= min{ ' g " e g ir
- 47 96dy 4v(i—1) " \ 96dh, ) !
(5 0 547\
i 96dhy ) 7\ 96d6,

T m.ni 5 . 4:,/ 1 m,ni 1 5 T
= . 1M1 =T 1 = .
4ui 960, ’ ! 227 96d6y | ai’

where
96d0, 96d
a] ‘= max{22”, 5 0} <max{22”, 5 } '00:C6 00. (340)
For a given j > 2, let (/) be the following assertion:
there exist j — 1 symplectic transformations™
(bi : DT¢+1,5i+l(yi+1) — D2Ti/3,§i (yl)7 fO?" 1 < ( < .7 - ]-7 (341)

13) Compare (3.4).
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599

and j — 1 Hamiltonians H;11 = H; o ¢; = K;j11 + 52i+1PZ'+1 real-analytic on Dy, s (yit1) such

that, for any 1 <1< j—1,
105 Killrs: < Kiy T < Tiy 9yKi(yi) =w .,  95Ki(yi) #0,

-1 2v+d _—1 21 0i
| Billrssiys < Piw Ky = 4o " log (U vl ) , gL <

7 7
and |
8v/2Tpe?' P;
OyKip1(yiv1) =w,  OpKiv1(yir1) #0,  [yir1 —yil < r; '
A
”TH—l” < HTz” ""TiEQzLi s HKi-i-l”riJrhyiH < ||Ki”ri,yi +521Pi )
||85Ki+1||7"i+17yi+1 < HOSKZ'HTI-,% + KZ'EQZLZ- ,

max {|’Wz(¢l - id)Hri+173i+lyyi+1 ’ ||896772(¢Z - id)HSiJrl} < d_2 O_;i—l 521 Li )

\|’B+l”n+178i+17yi+1 < PiLi .
Assume (27) for some j > 2 and let us check (£771). Fix 1 <i < j — 1. Then

) (343) L (342) o
||8yKi+1||7‘¢+17yi+1 < HayKiHTi,yi +Kie i < Ki+K; 3 = Ki+1 < KO\/2

and, similarl
’ " 1Tl < Tiya,

which proves the two first relations in (3.42) for ¢ = j. Also,

3.31
R P
rikKi T i Kov/2

so that
i i dv2To00 —(u Ko —o@ _
g2 L¢(3ai_1) = 3¢2 Pimax{80 \/2 0 Oai ( +d), C4max{1, @ } gai A +d)} o; 1
T TZ'KZ' (0%

%

< 3¢2'P, ma 9 , Cy ;

1

i ar;

(3.44) {80d\/2T090 1 } Y
X (o

C4} oy 2=l e?'P;

¢ ar;

— 3max {80d\/ 2T000f

i
2i
)—16% P

a2

(3.31) Cotmrd1 Koe2' P; ,
< 12dV2max {640d%, Cy} gy 20 FOTIR0% Tigag2i-n) 2
(0%

%

— 3max {64023’ 'Ky, C4} o, 2 H 4dv/ 2Kkl ai !

(3.40) otrd)—1 Kog2 Py o aie
< 12d\/2max{640d2, C4}a 2v+d)-1 108 98’C2( l)n”

i a2 0
i—1
= 3d - 294245/ max {64042 , C, ) 00—(4u+2d+1) (22y+2d+1C§0(2))
Koe2 P; 12
X 02 ! (logeo 1) VHS
21' ~ ,\21'—1
—(4v+2d+1) N2V 2 i1 Koe® Py i1 & €
< Cro, (logeg )™ 65 0 2 = A 00 € = .= o,
(3.34) 1
< 0 <1.
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Moreover,
2L < A\ 0 e

Thus, by the last relation in (3.43), for any 1 <i<j—1,

2i+1 2i 2i i—1 2i 2i+1
€ ||Pi+1||7“i+1781+1,yi+1 e’ Lie” P < )‘*9* e Pi=¢ Pi+1 5

which proves the fourth relation in (3.42) for i = j. Furthermore, by exactly the same computation
as above, one gets

~ AQ1

9i+1 1 €i+1 €1
e Liy1(30;) < 0. = o <1,

* *

which proves the last relation in (3.42) for i = j. It remains only to check that the fifth relation
in (3.42) holds as well for i = j in order to apply Lemma 1 to H;, 1 <i < j and get (3.43) and,
consequently, (27+1). In fact, we have!

A O, €2 <\ Oy €060 =61 < Crog ™2 g, 02 ¢, (3.45)
so that
403-_1 log (JJQ-Verej_l) < 40]-_1 log (ej_l) = 40]-_1 log ()\*03;€1_2j_1)
(3.45) , - .
< 4o log (A*ei(A*e*eg)—” 1) <407 log (eg”)
:4j-4a()_110g(661) = Kj .

To finish the proof of the induction, i.e., to construct an infinite sequence of Arnold’s transfor-
mations satisfying (3.42) and (3.43) for all i > 1, one needs only to check (£2). Thanks to'®)
(3.26) =+ (3.29), we just need to check the two last inequalities in (3.42),_,. But, in fact, this is
contained in the above computation. Then we apply Lemma 1 to H; to get (3.41),_, and (3.43)
which achieves the proof of (?).

Next, we prove that ¢/ is convergent by proving that it is a Cauchy sequence. For any j > 4, we

=1

have, using again Cauchy’s estimate (and noting that 20~ >4, Vi > 0),

IW1(¢7 ™ = ) lrysys = W17 2 0 1 = W17 5
(3.41) P .
< W1 DY Wi llors /3085150 IWi—1(@—1 — 1d)[[r; s,

(3.43) 3 3 i
< max Tj_lT‘ HWj—l(ﬁ] ||7"j—175j717yj71><

)
j—1 20']'_1
X HWj_l(qu—l - id)”rj,s]-,y]-
3 N |
— 20_j_1 ||W]—1¢] 2||7‘j-1,8j_1,y]-_1 ||Wj—1(¢j—1 — 1d)||7'j78j,y]’

1 j—2 d 271 -1
< 2||Wj—l¢] Hrjflysjflyyj—l "0 (E Lj—130i71>

1 d -
< 2||Wj—1¢1||7‘27827y2 "051 €—1

j—2
1 (7 _ .
5 <H Wit 1 W; 1||) IW1 1 [l 52 - 051 €1

N

=1

(3.34)
"Notice that (logt)®® <t/?, Vt>e, Vs>1/4, so that eo(logey’)® < yJeo < e /2 <1, which in turn
proves the r.h.s. inequality in (3.45).
15 Observe that for j =2, i = 1.
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(3.44) 1 2 . o
- 2 H ri—i—l ||W1¢1||7‘2,82,y2 * Jj_l ej_l

=1
r1 d -
= 2T]_1 ||W1¢1||7'27527y2 : U]—l 6.]_1

(3.40) 1 B =4 o
<08 (Co 00)? W1 @1llrznie - (27°Co o) - &

j—5

_ 2J o2
< 04 (Co 002 [Wibillran - (27°Co b) - &

1
2
1
2
L 4 2 L\
— 38 (00 Wil (€005 1)

Therefore, for any n > 1, j > q0,
n+j

11 1 .
“Wl(¢n+]+ - ¢)n)Hrn+j+275n+j+27yn+j+2 < Z HWl(QZ)H_ - ¢Z)||Ti+275i+2yyi+2
1=n
< Z <H ||WkW]:_|1_1||> ||Wi+1(¢l+l - ¢Z)||7'i+273i+27yi+2
i=n \k=1
(3.44) S r
: k1 ; ;
= Z H max {17 } ||Wi+1(¢2+1 - ¢Z)||7'i+273i+27yi+2
‘ Tk
i=n k=1
= Z HWZ'+1(¢Z+1 - (bZ)HTi+273i+27yi+2
i=n

n+j 2t
1 L.
SCICTO A E i (R

=n
Hence, by (3.34), ¢/ converges uniformly on {y,} x ']Tgl* to some ¢*, which is then a real-analytic

map in x € ’]I‘g*.

To estimate |Wy(¢* —id)| on {y.} x ']Tgl*, observe that, for i > 1,

ol %L, < =

O'(C)l+l é%ifl O_(C)H-l 61 (20.0)d+1< él )H‘l
( ¢S 3.9id+l) g, T 3.9(d+l)ig, 1= 30,

A7
2d+1

and therefore
)d+1

s d+1 »
d 9 (209 €1 \! _ 2007 &
Z op € Li < 30, Z <2d+1> < 30, :

i1 i>1
Moreover, for any ¢ > 1,

||W1(gb2 - id)||7'i+173i+17yi+1 < HWl(qbi_l © ¢Z - ¢i)||7“i+1781+1,yi+1 + ||W1(¢Z - id)||ri+175i+1yyi+l
1—1

< ||W1(¢i_l - id)||7'i75i7yi + (H HWJW]_J}lH)HWZ(QbZ - id)||7‘¢+1,8i+1,yi+1
j=0

| Wl(gbi_l - id)||7'i73i7yi + ||WZ(¢Z - id)||7'i+1,3i+lvyi+1
HWl(qbZ_l - id)||7'i75i,yi + HWZ(qbZ - id)||7'i+173i+17yi+1
W1 (0" L

i : -2 _d—1 _2¢
| ( T 1d)||7'i75i7yi +d 201’ €
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which iterated yields

||W1(¢ - )||T1+1752+lyyz+l X Z Lk X 2 .
3d? 0,
k>1
Therefore, taking the limit over i completes the proof of (3.39) and hence of Lemma 3. O
CONCLUSION
We can now complete the proof of Theorem A. Let
1 C7; Co

— —(4v+2d+1 2 N
ClO = (2 ( ) —|—2C7) C9/(3d ) s Cll = 25u+3d—2 3.5, 42 | d2 \/2

Cyp = 92v+2d+1 Cg C;CsCy, Cyi3:=Cio+ 2—(1/+1) Cii  ,Cuy= 22(3u+2d+1)cl2 ’
Cis = 18d° + 70, C:=207+3d48C,.  C, = max {(4ue—1)8v/3c§{f, 2c15c} .
Observe that
(logt)" < (dve Y)W/t , Vi>1. (3.46)
Then

1
CS 06; & = C14 041/8 (S o S*)—2(3I/+2d+1) 62(10g 6_1)2V

(326) (dv e 1) Cpq G41/8 312 (5 — 5,)~2Br+2d4D)

3/2
< (C* 94 (8 - 8*)—(6u+3d+2) 6)

(2.4)
<1

and

(2.4)
€0 < Cy 0% (s — 5,)7(OVF3d+2) "7,

Hence, (2.4) implies the smallness conditions (3.24) and (3.34). Therefore, Lemmas 2 and 3 hold.
Now set ¢, = ¢ o ¢* and observe that, uniformly on {y.} x ']I‘gl*,

|Wo (¢« —id)| < [Wo(o 0 ¢* — ¢%)| + [Wo(¢" — id)
< Wo (o = id) Iy 51,90 + [[WoWT || W1 (9" —id)]

1y 2061 _ (3.33)+(3.45) ‘76[ . 208 d (4V+2d+1) -
Spoielotgpy 6 S gp @t gp G O 06
1 2C7\  —(av+d+1 —(6v+3d+2
<3d224v+2d+1 3d2> % v : 90 €0 = Cyo Uo( Y ) 98 €0 =7 -
Moreover, for any i > 1,
— 8\/2T05 P,

(3.27)+(3.38) 8T06p0
Z |y] 1— y] < +

~X

yo\
Jj=

8T05 Po i utd 8T0€ 0. 12|
< v L; <
no ; 10d6,°7 " T 10d00 71 ; %
]/
< 8T0€ PO 71 O'T 20'g+1€1 (2~4)-%(3.45)
To 10d90 39*

and then, passing to the limit, we get

(50 P
Ci1 oy (5v+3d+1) 92 € ro

)

e P
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Thus, the triangle inequality gives

—(6v+3d+2
Sgplwo(cb* —¢e)| < Cy3 Uo( V) g3 ¢
T

Sx

which proves the bounds on ||u,|| and ||v.|| in (2.6). Let us now prove the bound on 0, u, in (2.6). Set
ﬂj = 8957'('2(@25]' — ld), Uj = 8x772¢0 o gﬁ] = (]].d + 110) ©--+0 (]]-d + fL])
Then, for any j > 0, we have

) ~ ~ (3.30)+(3.43) B - %
10750 < (Ut Hlollse) - A+ [1T5ls) < exp [d72) of e L | <€,

k>0
so that
. . . , , (3.30)4(3.43) .
~ ~ —2 d—1 _2i+1
U7 =075, = U7 (La + aj41) = U7 |ls, <N |lsj 0 llagnlls;, < e7d %0 €2 Ly,
which implies
. (2.4) (24) 1
U7 — 1ql|s, < e“*d_QZag_l L <ye < eq <
k>0
and then, letting j — oo, we get the estimate on 0 .. O

Remark 2. As it is easy to check, Theorem A holds under the milder condition € < ¢4 where
e =max{e>0: Cu 0% (5 — 5,) 2Bv+2d+D) 2 (log 6_1)2V <1,
and 2C (s — 5,) (O +3442) 93 ¢ oxp (C (s — s,)"OvF3d+2) 3 e) <1}

Notice that e, < e;.
Indeed, the condition

Ct 9481 (S B S*)—2(3V+2d+1) 62 (log 6_1)2V <1
guaranties the convergence of Arnold’s scheme, while the condition
2C (s — 5,) " H3442) 93 ¢ oxp (C (s — ;)" (OvF3d+2) g3 e) <1

ensures that the torus 7, . is a Lagrangian graph (over the “angle” variables).

APPENDIX A. CONSTANTS
For convenience, we collect here the list of constants appearing in the proof of Theorem A.
Recall that 7 > d — 1 > 1 and notice that all C;’s are greater than 1 and depend only upon d and 7.

vi=1+1,

3 2v4d 3 3 v+d B
Coi= V2 [ ol w) ey, = [ totgeiay,
2 Rd 2 Rd
Co=2%d, C3:=(d?C}+6dCy +Co) V2, Cy:=max{6d°Co, C3} ,

-25d
Cs:= 3 5 Co := max{22”, C5} . Cp:=3d.20v+2d+3/9 max{640d2, C4} ,
1
Cy = (2—dc6)8 Gy 3max{80d\/2, c4} C Cpo= (2—<4”+2d+1> +2c7) Co/(3d2)
1 C: C
Ciy T Cyo = 221241 C2 C. C4 Cy

T 9ov+3d—2 + 3.5.2042.q2.,/2"
C13 = C10 + 2_(V+1) C11 s C14 = 22(3y+2d+1)C12 5 C15 = 18d3 + 70 s

C = 20mH3d8C (= max{(4ue—1)8v/3c§{f, 2c15c} .
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APPENDIX B. KOLMOGOROV’S NON-DEGENERACY

Let

¢:=2e C(s—s,) O7F3d+8) g3 . 3 €2P .
«

(2.6)
s, < 1/2, it follows that id + u, is a diffeomorphism of T¢. Letting

Since ||yt

(0:(id + we) (2)) " = 1a+ A(z) |
we have

(2.4) 26) o ¢ 24 4 1 ”

(2.6)
1A, < 200wl < 26 < 1: (B.1)

In [15] it is proven that the map

d(y, ) = (yo + va(x) +y + Aly, 2 + u.(2))
is symplectic. Then
Ho¢(y,z)=E+w-y+Qy,z)
with
E=K(y), (Quy0,-)) = Kyy(yo) + (M),

1
M = 85 (K(y(] + vy + Yy + ATy) _ 2yTKyy(y0)y> ‘ 0 + aS(EP e} (b)

y=0"
(B.1) (2.4)

sup || Ky (yo) "M || < (184% +70)é0 < 1/2,

d

Sk

which shows that (Q,,(0,-)) is invertible.

APPENDIX C. REMINDERS

Classical Estimates (Cauchy, Fourier)

Lemma 4. [4] Let p e N, r,s > 0,y0 € C¢ and let f be a real-analytic function D, s(yo) with

[ fllrs = sup [|f].

Dy s(yo)

Then
(i) For any multi-index (1,k) € N® x N® with |I|; + |k|; < p and for any 0 <1’ <7, 0 < s’ < 5,'0

18505 Fllrsr < Pl = 7)1 (5 — ') FI
(ii) For any k € Z¢ and any y € D,(yo)
)] < e F £l
19 As usual, 9, = Byll?w;yfid ,Vy € R 1 ez
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Implicit Function Theorem
Lemma 5. [6] Let 7,5 > 0, n,m € N, (yo,z0) € C* x C™ and""
F: (y,x) € D} (yo) x D (o) C C"™ i F(y,x) € C"

be continuous with continuous Jacobian matrixz F,. Assume that Fy(yo,xo) is invertible with inverse
T = Fy(yo,x0) ! such that

1 —
sup |1, —TF,(y.2)]|<c<1 and sup |F(yo,") cd=ar

(C.1)
D2 (yo)x D (20) D () 17|

Then there exists a unique continuous function g: D" (xo) — D] (yo) such that the following are
equivalent:

(1) (y,2) € Dy(yo) x D' (wo) and F(y,z) = 0;
(17) = € D*(z9) and y = g(x).

Moreover, g satisfies

T
sup o~ wol < 1 sup |Flun. ). (€2)
Dy (zo) ~ € D (o)
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