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Summary

Planetary systems, under suitable general assumptions, admit positive measure sets of
“initial data” whose evolution gives rise to the planets revolving on nearly circular and
nearly co—planar orbits around their star. This statement (or more primitive
formulations) challenged astronomers, physicists and mathematicians for centuries. In
this chapter we shall review the mathematical theory (with particular attention to recent
developments) needed to prove the above statement.

1. The N-Body Problem: A Continuing Mathematical Challenge

The problem of the motion of N >2 point-masses (i.e., ideal bodies with no physical
dimension identified with points in the Euclidean three—dimensional space) interacting
only through Newton’s law of mutual gravitational attraction, has been a central issue in
astronomy, physics and mathematics since the early developments of modern calculus.
When N =2 the problem has been completely solved (“integrated”) by Newton: the
motion take place on conics, whose focus is occupied by the center of mass of the two
bodies; but for N >3 a complete understanding of the problem is still far away.

While the original impulse, coming from astronomy, has been somehow shaded by the
massive use of machines for computing orbits of celestial bodies or satellites, the
mathematical richness and beauty of the N —body problem has retained most of its
original attraction; for a selection of recent contributions, see, e.g., (Chenciner and
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Montgomery, 2000), (Ferrario and Terracini, 2004), (Hampton and Moeckel, 2006),
(Chen, 2007), (Fusco, Gronchi and Negrini, 2011), (Chierchia and Pinzari, 2011 (c)).

Here, we will be concerned with the planetary N —body problem, which, as the name
says, deals with the case of one body (the “Sun” or the “Star”’) having mass much bigger
than the remaining bodies (“planets”). The main question is then to determine “general”
conditions under which the planets revolve around the Sun without collisions and in a
“regular way” so that, in particular, no planet crashes onto another planet or onto the
Sun, nor does it escape away from such “solar system”.

Despite the efforts of Newton, Euler, d’Alembert, Lagrange, Laplace and, especially,
Henri Poincaré and G.D. Birkhoff, such question remained essentially unanswered for
centuries. It is only with the astonishing work of a 26—year—old mathematician, V.I.
Arnold (1937-2010), that a real breakthrough was achieved. Arnold, continuing and
extending fundamental analytical discoveries of his advisor A.N. Kolmogorov on the so
called “small divisors” (singularities appearing in the perturbative expansions of orbital
trajectories), stated in 1963 (Arnold, 1963) a result, which may be roughly formulated
as follows (verbatim formulations are given in Section 3.1 below).

If the masses of the planets are small enough compared to the mass of the Sun, there
exists, in the phase space of the planetary N —body problem, a bounded set of positive
Lebesgue measure corresponding to planetary motions with bounded relative distances;
such motions are well approximated by Keplerian ellipses with small eccentricities and
small relative inclinations.

Arnold gave a brilliant proof in a special case, namely, the planar three—body problem
(two planets), giving some suggestions on how to generalize his proof to the general
case (arbitrary number of planets in space). However, a complete generalization of his
proof turned out to be quite a difficult task, which took nearly another fifty years to be
completed: the first complete proof, based on work by M.R. Herman, appeared in Féjoz
(2004) and a full generalization of Arnold’s approach in Chierchia and Pinzari (2011c).

The main reason beyond the difficulties which arise in the general spatial case, is related
to the presence of certain “secular degeneracies” which do not allow a frout court
application of Arnold’s “fundamental theorem” (see Section 3.2) to the general
planetary case.

In this chapter we shall give a brief account (avoiding computations) of these results
trying to explain the main ideas and technical tools needed to overcome the difficulties
involved.

2. The Classical Hamiltonian Structure

2.1. Newton Equations and Their Hamiltonian Version

The starting point is with the Newton’s equations for 1+n bodies (point masses),
interacting only through gravitational attraction:
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(@) (1)
(i) _ Z u’ —-u .
i=S m 2 " i=01..n (1)
0572n J |u(l) _M(J) |3
J#

where u'® :(ul(i),ugi),ugi))eR3 are the Cartesian coordinates of the "™ body of

(unscaled) mass m; >0, |u|=~u-u= «,Zi u’ is the standard Euclidean norm, “dots”

over functions denote time derivatives, and the gravitational constant has been set to
one (which is possible by rescaling time 7).

Equations (1) are invariant by change of “inertial frames”, i.e., by change of variables of
the form u® —u® — (a+ct) with fixed a,ce R>. This allows us to restrict the
attention to the manifold of “initial data” given by

zn: mu”(0) =0, Z m,1i”(0) = 0; )
i=0

i=0

indeed, just replace the coordinates 1 by u'” —(a+ct) with

N

n n
- ' ! (i :
a:=mgy, E mu”(0) and  c:=my, E ma”(0), m, =) m,.
i=0 i=0 i=0

The total linear momentum M, = Z?:o m.i') does not change along the flow of (1),
1.e.,, M =0 along trajectories; therefore, by (2), M, (¢) vanishes for all times. But,

then, also the position of the barycenter B(¢):= Z?:o ml.u(i)(t) is constant (B =0) and,

again by (2), B(#) =0. In other words, the manifold of initial data (2) is invariant under
the flow (1).

Equations (1) may be seen as the Hamiltonian equations associated to the Hamiltonian
function

mimj

Sy
HN = —— —
|u(l) _u(J) |

i 2m, 0<i< j<n

where the subscript N signifies Newton, (U“,u”) are standard symplectic variables
(v =ml.1i(i) is the momentum conjugated to u'”) and the phase space is the

“collisionless” open domain in R°""*Y given by
M=U u? eR>:u? 24, 0<i= j<n}

endowed with the standard symplectic form
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D dUY adu® =Y AU ndu). 3)
i=0 0<i<n
1<k<3

We recall that the Hamiltonian equations associated to a Hamiltonian function
H(p,q)=H(p,,....,P,-4q----4,) » where (p,q) are standard symplectic variables (i.e.,

the associated symplectic form is dp Adg = Z; dp; ndq, ) are given by

pz_aqH pi:_aq'H’
ie., l “4)

G=0,H g,=0,H, (I1<i<n).

We shall denote the standard Hamiltonian flow, namely, the solution of (4) with initial
data p, and g,, by &, (p,.q,) - For general information, see (Arnold et al, 2006).

2.2 The Linear Momentum Reduction

In view of the invariance properties discussed above, it is enough to consider the
submanifold

My = {(U,u) e M: Zn:rniu(i) =0=iU“)},

i=0 i=0
which corresponds to the manifold described in (2).

The submanifold M, is symplectic, i.e., the restriction of the form (3) to M, is again
a symplectic form; indeed:

= Z”:—mo T m; AU A du®.
My =t Mo

[ZdU(i) /\du(i)j

i=0

Following Poincaré, one can perform a symplectic reduction (‘“reduction of the linear
momentum’’) allowing to lower the number of degrees of freedom by three units; recall
that the number of degree of freedom of an autonomous Hamiltonian system is half of
the dimension of the phase space (classically, the dimension of the configuration space).
Indeed, let @, : (R,r) = (U,u) be the linear transformation given by

u® = O u? =0 4O (G =1,...,n)

Fhe * )

U© — RO _Z":Ru), UD=RO,  (i=1,..,n);
i=1

such transformation is symplectic, i.e.,
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S AU Adu® = dRD ndr;
i=0 i=0

recall that this means, in particular, that in the new variables the Hamiltonian flow is
again standard: more precisely, one has that ¢7’{N P =P o¢7’{N e where the subscript

“he” signifies helium (sun) and the little circles mean composition.

Letting

n
My, = Z m;
i=0

one sees that, in the new variables, My reads

n
{(R,r) e R™V RO =0, ,© = _m ] Z m,r? and 0= r? =7 VI<iz j<n}.

tot
i=l1

The restriction of the 2—form (3) to My is simply z dRY A dr®™ and

i=1

n |R(i) |2 m.m. R(i)'R(j) mm.
(HNO%)M:Z UL P S '
in1 2% |r @] I<i< j<n m, |7 =D

="Hy.

Thus, the dynamics generated by Hn on My is equivalent to the dynamics generated
by the Hamiltonian (R,7) € R*" — H, (R,r) on

My ={(R,r)=(RY,...., R, rV, . r"™)eR":0%r" 2r V) VI<iz j<n}

with respect to the standard symplectic form Z; dRY Adr'”’; to recover the full

dynamics on M, from the dynamics on M, one will simply set R (f)=0 and

n
0 . -1 [
rO@) :=-mg > mr@).
i=1

Since we are interested in the planetary case, we perform the trivial rescaling by a small
positive parameter x :

) RO . .
my=my,m, =um, (=1), XV="o0 xD=p0,

P (X, 1= (X, ),
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which leaves unchanged Hamilton’s equations. Explicitly, if

mym;
—_ M — .
M, = —, and m; = my + um;,
my + pm;

then

n |X(i) |z M. i, X(i) ,X(j) m;m;
Xx)=) | ————— |+ T G
Fon (6%) Z[ o, a0 ) 0] ()

i=1 I<i< j<n my
= Hy! (X, + M (X, ),
the phase space being

M= {(X,x):(X(l),...,X("),x(]),...,x(”))ER6” 02 xD #xY VI<i#£ j<nl,

endowed with the standard symplectic form Z; dX 9 Adx'? .

Recall that F(X,x) 1is an integral for “H(X,x) if {F,H}=0 where
{F,G}=Fy -G ,—F -G, denotes the (standard) Poisson bracket. Now, observe that

while Z;X @ is obviously not an integral for H,y » the transformation (5) does

preserve the total angular momentum Zl": WU D 5u® | “x* denoting the standard vector

product in R, so that the total angular momentum

C=(C,,C,,Cy)=>.C?,  CP =X xx, (7)

i=1

is still a (vector—valued) integral for H, . The integrals C;, however, do not commute

(i.e., their Poisson brackets do not vanish):

{Cl,Cz}:C3, {Cz’c3} :Cl’ {C3’C1} :CZa

but, for example, |C|* and C, are two commuting, independent integrals.
2.3. Delaunay Variables

The Hamiltonian H;ﬁ) in (6) governs the motion of n decoupled two—body (signified
by the subscript 2B) problems with Hamiltonian

i) 12 —
0) =|X(l)| _M,'mi
Boom, X0

l

(XD xD) e R*xR? 1= R} x (R*\ {0}).
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Such two—body systems are, as well known, integrable. The explicit “symplectic
integration” is done by means of the Delaunay variables, whose construction we, now,
briefly, recall (for full details and proofs, see, e.g., (Celletti and Chierchia, 2007)).

Assume that A{) (X (i),x(i)) <0 so that the Hamiltonian flow ¢2§i) (X (i),x(i)) evolves on
B

a Keplerian ellipse &; and assume that the eccentricity e; € (0,1).

Let a;, P, denote, respectively, the semimajor axis and the perihelion of €, .

3) :
o K2 5 2 k@ c®

Figure 1. Spatial Delaunay angle variables.

Let us, also, introduce the “Delaunay nodes”
vi=k®xC?Y 1<i<n, (8)

where (k(l),k(z),k(3)) is the standard orthonormal basis in R?. Finally, for u,ve R?
lying in the plane orthogonal to a non—vanishing vector w, let «, (4,v) denote the

positively oriented angle (mod 27 ) between u and v (orientation follows the “right
hand rule”).

The Delaunay action—angle variables (A;,T';,0,,(,,g,,0.) are, then, defined as

i

{Ai =M \ima;

(, := mean anomaly of x'” on €,

©Encyclopedia of Life Support Systems (EOLSS) 262



CELESTIAL MECHANICS - The Planetary N-Body Problem - Luigi Chierchia

= CO = Ay 1-e o

& =) vih)

®, =C" .k
0, = @ 3 «,7)

Notice that the Delaunay variables are defined on an open set of full measure of the
Cartesian phase space R> xRR>", namely, on the set where e; €(0,1) and the nodes v;
in (8) are well defined; on such set the “Delaunay inclinations” 1, defined through the
relations

cosi, = ———— =—*L, (10)

are well defined and we choose the branch of cos™ so that 1,€(0,7).

The Delaunay variables become singular when C'”) is vertical (the Delaunay node is no
more defined) and in the circular limit (the perihelion is not unique). In these cases
different variables have to be used (see below).

On the set where the Delaunay variables are well posed, they define a symplectic set of
action—angle variables, meaning that

> dXD adx? =Y dA; ndl;+dT; Adg; +dO; AdO;

i=1 i=l1

for a proof, see Section 3.2 of (Celletti and Chierchia, 2007).

In Delaunay action—angle variables ((A,I',®),((,g,0)) the Hamiltonian Héﬁ) takes the

form

- M _
2 2N

i=1

B (A). (11)

We shall restrict our attention to the collisionless phase space

My ={(AT,0)eR™:

A, A;
A>T, >0, >0, L ——— Vi# j}xT,

M\~ M i,
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endowed with the standard symplectic form

D dA; ndl,+dT; ndg; +dO; AdE,.
i=1
Notice that the 6n—dimensional phase space M, is foliated by 3n—dimensional H}gg)—

invariant tori {A,T, ®}><']I‘3 , which, in turn, are foliated by n-—dimensional tori

{A}xT", expressing geometrically the degeneracy of the integrable Keplerian limit of
the (1+n)-body problem.

2.4. Poincaré Variables and the Truncated Secular Dynamics

A regularization of the Delaunay variables in their singular limit was introduced by
Poincaré, in such a way that the set of action—angle variables ((I',®),(g,8)) is mapped
onto Cartesian variables regular near the origin, which corresponds to co—circular and
co—planar motions, while the angles conjugated to A, which remains invariant, are
suitably shifted.

More precisely, the Poincaré variables are given by
(A A z) =(AAM,Ep,q) e R} xT" x R*, with the A ‘s as in (9) and

A=l +g +0,
N =2(A; =T;) cos(6; + g;)
& =—y2(A; —T,)sin(6; +g;)
p;, = «/2(1"1. —-0,)cos 6.
q;=—y2(T; —©,)sinb;

Notice that e, =0 corresponds to 1, =0=¢&;, while 1, =0 corresponds to p;, =0=q;;
compare (9) and (10).

On the domain of definition, the Poincar¢ variables are symplectic

D> dA; Adl;+dT; Adg; +dO; nd6, =Y dA; Ad; +dn; AdE; +dp; ndq;;
i=1 i=l1

for a proof, see Appendix C of Biasco et al (2003). As phase space, we shall consider a

collisionless domain around the “secular origin” z=0 (which correspond to co—planar,
co—circular motions) of the form

(A Az) e M = AxT" x B (12)
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where A is a set of well separated semimajor axes

.A:={A:gj<aj<aj for 1<j<n} (13)

where a,--,a,, a,-,a,, are positive numbers verifying Qj<c_1j<2j+l for any

1< j<n, @, :=»,and B* is a small 4n—dimensional ball around the secular origin
z=0.

In Poincaré coordinates, the Hamiltonian H,;, (6) takes the form

7_{P (Aa X,Z) = hK (A) + :ufP (Aa )\,,Z), zZ= (napaéaq) € R4n (14)

where the “Kepler” unperturbed term A is as above; compare (11).

Because of rotation (with respect the k®—axis) and reflection invariance of the
Hamiltonian (6) (with respect to the coordinate planes), the perturbation f, in (14)

satisfies well known symmetry relations called d’Alembert rules i.e., f, 1s invariant
under the following transformations:

(m,&,p,q) = (=§,—M.q,p)
(m.&,p,q) > (n,&,—p,—q)
(m,&,p,q) = (—n,&,p,—q) (15)
(M.&,p,q) > (,—-&,—p,q)
(AN Z) = (AN, +2,5%(2))

where, for any geT, S* acts as synchronous clock—wise rotation by the angle g in
the symplectic z,—planes:

(16)

S8 125 SE@D) =(Sy(2),nS, (22, S, :z( cos g singj_

—sing cosg

compare (3.26)—(3.31) in Chierchia and Pinzari (2011b). By such symmetries, in
particular, the averaged perturbation

Pav (A,Z) = (2711_)11 J.’H‘” fP (A,}\.,Z)CD\., (17)

which is called the secular Hamiltonian, is even around the origin z=0 and its
expansion in powers of z has the form

2 2 2 2
=W+ o) 22T o) (8)
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where Q,, Q, are suitable quadratic forms and Q-u” denotes the 2—indices contraction

Zi j Quu; (9, u; denoting the entries of Q, u ). This shows that z=0 is an elliptic

equilibrium for the secular dynamics (i.e., the dynamics generated by fp" ). The explicit

expression of such quadratic forms can be found, e.g. in (36), (37) of Fé&joz (2004)
(revised version).

The truncated averaged Hamiltonian

2 2 2 2
hK+u[%(A)+%<A>-%+Q¢A)-%J

is integrable, with 3n commuting integrals given by

2 g2 2. 2
_n +§ r_pi+qi
= 50 —

2 ' 2

A, P ) (I<si<n
the general trajectory fills a 3n—dimensional torus with n fast frequencies 0, hy (A;)

and 2n slow frequencies given by
m:/’l(o-ag):lu(o_lan'ao_nagla"'agn)’ (19)

o; and g, being the real eigenvalues of Q,(A) and O, (A), respectively; such tori
surround the n—dimensional elliptic tori given by {A}x{z =0}, corresponding to n—

coplanar and co—circular planets rotating around the Sun with Keplerian frequencies
Op (A

Figure 2. The truncated averaged planetary dynamics
3. Arnold’s Planetary Theorem

In the following section, we report some of Arnold’s statements concerning the
existence of regular quasi—periodic motions for the planetary (1+ n)—body problem. We

recall that, in general, a “quasi—periodic” (or “conditionally periodic) orbit () with

(rationally independent) frequencies (@,,...,@,)=we R? is a solution of the Hamilton
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equations of the form J'(¥) = Z(wt,...,w,t) for a suitable smooth function Z(4,,...,6,)

27 —periodic in each variable 6, .

3.1. Arnold’s Statements (1963)
In p. 87 of Arnold (1963) says:

Conditionally periodic motions in the many-body problem have been found. If the
masses of n “planets” are sufficiently small in comparison with the mass of the central
body, the motion is conditionally periodic for the majority of initial conditions for which
the eccentricities and inclinations of the Kepler ellipses are small. Further, the major
semiaxis perpetually remains close to their original values and the eccentricities and
inclinations remain small.

Later, p. 125 of (Arnold, 1963):

With the help of the fundamental theorem of Chapter IV , we investigate in this chapter

the class of “planetary” motions in the three—body and many—body problems. We show
that, for the majority of initial conditions under which the instantaneous orbits of the
planets are close to circles lying in a single plane, perturbation of the planets on one
another produces, in the course of an infinite interval of time, little change on these
orbits provided the masses of the planets are sufficiently small.

In particular, it follows from our results that in the n-body problem there exists a set of
initial conditions having a positive Lebesgue measure and such that, if the initial
positions and velocities of the bodies belong to this set, the distances of the bodies from
each other will remain perpetually bounded.

The “fundamental theorem” to which Arnold refers is a KAM (Kolmogorov—Arnold—
Moser) theorem for properly—degenerate nearly—integrable Hamiltonian systems: it will
be discussed in Section 3.2 below. For generalities on KAM theory, see, e.g., (Armold,
Kozlov and Neishtadt, 2006) or (Chierchia, 2009).

Finally, p. 127 of (Arnold, 1963):

Our basic result is that if the masses, eccentricities and inclinations of the planets are
sufficiently small, then for the majority of initial conditions the true motion is
conditionally periodic and differs little from Lagrangian motion with suitable initial
conditions throughout an infinite interval of time —oo <t <+c0.

Arnold defines the “Lagrangian motions”, at p. 127 as follows: the Lagrangian motion
is conditionally periodic and to the n ‘“rapid” frequencies of the Kepler motion are
added n (in the planar problem) or 2n—1 (in the space problem) “slow” frequencies
of the secular motions. This dynamics corresponds, essentially, to the above “truncated
integrable planetary dynamics”; the missing frequency in the space problem is related to
the fact that one of the spatial secular frequency, say, ¢, vanishes identically; compare

Section 3.5 below.
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As mentioned in the introduction, Arnold provides a full detailed proof, checking the
applicability (non—degeneracy conditions) of his fundamental theorem, only for the

two—planet model (n=2) in the planar regime. As for generalizations, he states (p. 139
of (Arold, 1963)):

The plane problem of n>2 planets. The arguments of Section2 and 3 easily carry
over to the case of more than two planets. (---) We shall not dwell on the details of the
calculations which lead to the results of Sections 1, 4.

As for the spatial general case (p. 142 of (Arnold, 1963)):

The rather lengthy calculations involved in the solution of (3.5.9), the construction of
variables satisfying conditions 1)—4), and the verification of non—degeneracy conditions
analogous to the arguments of Section 4 will not be discussed here.

In the next section we shall discuss Arnold’s strategy.

3.2. Proper Degeneracies and the “Fundamental Theorem”

The main technical tool is a KAM theorem for properly degenerate systems.

A nearly—integrable system with Hamiltonian
H,(Lp)=hD+uf(l,p), Ip)eR xT’,

for which 4 does not depend upon all the actions 1},...,1, is called properly degenerate.
This is the case of the many-body problem since /i (A) in (14) depends only on n

actions A,,...,A,, while the number of degrees of freedom is d =3n.

In general, maximal quasi—periodic solutions (i.e., quasi—periodic solutions with d
rationally—independent frequencies) for properly degenerate systems do not exist:
trivially, any unperturbed properly—degenerate system on a 2d dimensional phase space

with d >2 will have motions with frequencies not rationally independent over Z“ . But
they may exist under further conditions on the perturbation f .

In Chapter IV of (Arnold, 1963) Arnold overcame for the first time this problem
proving the following result, which he called “the fundamental theorem”.

Let M denote the phase space
M:={(1,p,p,q):(1,p) eV xT" and (p,q) € B},

where V is an open bounded region in R” and B is a ball around the origin in R*";
M is equipped with the standard symplectic form
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dI ndp+dp ndg = dl; ndp;+_ dp; ndg,.

i=1 i=1

Let, also, H 4 be a real-analytic Hamiltonian on M of the form
H,(I,0,p.q):=h)+uf,p,p.q),

and denote by [ the average of f over the “fast angles” ¢ :

av — d(D
o e.)=] ., fUL.p.q) o

Theorem 3.1 (Arnold, 1963) Assume that f* is of the form

2 2
av L 1 Pjt+4q;
f =f0(1)+ZQj(I)rj+§T(I)r-r+04, rj:=—f2 L (20)
J=1

where T is a symmetric (mxm)-matrix and limg, . . |0o4|/|(p,q) |4=0. Assume,

also, that 1, €V is such that

deth"(1,) #0, (21)
detz(Z,)#0. (22)

Then, in any neighborhood of {IO}de x{(0,0)} € M there exists a positive measure
set of phase points belonging to analytic “KAM tori” spanned by maximal quasi—

periodic solutions with n-+m rationally—independent (Diophantine) frequencies,
provided u is small enough.

Recall that @ e R? is Diophantine if there exist positive constants y and ¢ such that

k>, Vk e Z4\ 0.
|k [

Let us make some remarks.

1. Actually, Arnold requires that f* is in Birkhoff normal form up to order 6,
which means that

e :fO(I)Jrin(I)rj +%z’(1)r~r+P3(r;I)+06

j1
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where P, is a homogeneous polynomial of degree 3 in the variables 7, (with I —

dependent coefficients); but such condition can be relaxed and (20) is sufficient:
compare (Chierchia and Pinzari, 2010), where Arnold’s properly degenerate
KAM Theory is revisited and various improvements obtained.

Condition (21) is immediately seen to be satisfied in the general planetary
problem; the correspondence with the planetary Hamiltonian in Poincaré
variables (14) being the following: m=2n, I=A, o=\, z=(p,q), h=h,

fzfp-

Condition (22) is a “twist” or “torsion” condition. It is actually possible to
develop a weaker KAM theory where no torsion is required. This theory is due

to Riissmann (RiiBmann, 2001), Herman and Féjoz (Féjoz, 2004),where ™ is
assumed to be in Birkhoff normal form up to order 2,
f&= f0(1)+zy;_1:l Q;()r;+0,, and the secular frequency map 1 — Q(/) is

assumed to be non—planar, meaning that no neighborhood of /;, is mapped into
a hyper plane.

4. Indeed, the torsion assumption (22) implies stronger results. First, it is possible to

give explicit bounds on the measure of the “Kolmogorov set”, i.e., the set
covered by the closure of quasi—periodic motions; see (Chierchia and Pinzari,
2010). Furthermore, the quasi—periodic motions found belong to a smooth
family of non—degenerate Kolmogorov tori, which means, essentially, that the
dynamics can be linearized in a neighborhood of each torus; see Section 6.1 for
more information.

On the base of Theorem 3.1, Arnold’s strategy is to compute the Birkhoff normal form

(20) of the secular Hamiltonian f;" in (17) and to check the non—vanishing of the
torsion (22).

3.3. Birkhoff Normal Forms

Before proceeding, let us recall a few known and less known facts about the general
theory of Birkhoff normal forms.

Consider as phase space a 2m ball B;m of radius & around the origin in R*” and a

real-analytic Hamiltonian of the form

H(w)=c, +Q-r+0(|w|2),

where
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2m,
W= (U, VsV, ) ER

2,2
_uj vy

r=(1j,.. L), T 5

The components Q; of Q are called the first order Birkhoff invariants. The following
is a classical result by G.D. Birkhoft.
Proposition 3.1 Assume that the first order Birkhoff invariants Q ; verify, for some

a>0 and integer s,

Q-k|>a>0, VkeZ":0<[K|, :=i‘kj‘325. (23)

J=1

Then, there exists 0<6' <6 and a symplectic transformation ¢7 we Bém —>we B;m
which puts H into Birkhoff normal form up to the order 2s,i.e.,

Hof=co+ Qi+ Y Ph(f)+0(|vT/|2s)], (24)

2<h<s
where P, are homogeneous polynomials in r; =|w; 2 /2:= (1]§»+ \73-) /2 of degree h.

Less known is that the hypotheses of this theorem may be loosened in the case of
rotation invariant Hamiltonians: this fact, for example, has been used neither in Arnold
(1963) nor in Féjoz (2004).

First, let us generalize the class of Hamiltonian function so as to include the secular
Hamiltonian (18): let us consider an open, bounded, connected set U < R" and consider
the phase space D:=UxT" ><B52’", endowed with the standard symplectic form
dindp+dundy.

We say that a Hamiltonian H(I,p,w) on D is rotation invariant if HoR® =H for

any geT, where R® is a symplectic rotation by an angle g€T on D, ie., a
symplectic map of the form

RE:(I,pw)—> ', @' ,w) with I, =1,¢" =@ +gw=5%w),
with S§¢ defined in (16).

Now, consider a ¢ —independent real-analytic Hamiltonian
H:(I,p,w)eD—> H(I,w)eR of the form
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H(I,w) = c0(1)+Q(1).r+o(|w

2;I);

2;I) we mean that f = f(I,w) and | f |/|w[*— 0 as w—0.

by f =0(|w

Then, it can be proven the following

Proposition 3.2. Assume that H is rotation—invariant and that the first order Birkhoff
invariants C ; verify, for all I eU , for some a>0 and integer s

QK|2a>0, VOxkeZ":> k=0 and k| <2s. (25)
i=1

Then, there exists 0<6'<o and a symplectic transformation
gz;:(l,(b,vT/)eﬁzzUx']I‘"ng,m —>(,p,w)eD which puts H into Birkhoff normal
form up to the order 2s as in (24) with the coefficients of P, and the reminder

depending also on [ . Furthermore, (/; leaves the [ —variables fixed, acts as a @ —
independent shift on ¢, is ¢ —independent on the remaining variables and is such that

poRE =R f (26)

We shall call (23) the Birkhoff non—resonance condition (up to order s) and (25) the
“reduced” Birkhoff non-resonance condition. The proof of Proposition 3.2 may be
found in Section7.2 in (Chierchia and Pinzari, 2011 (c)).

3.4. The Planar Three-Body Case (1963)

In the planar case the Poincaré variables become simply

(A, Az) = (A, ANn,E) e RY xT" xR,
with the A ‘s as in (9) and

M =+ /2(Ai —I';)cosg;
Ei=—+ /2(Ai —TI",)sing; ‘

The planetary, planar Hamiltonian, is then given by

=L +g,

%,pln (A’ )\"Z) = hK (A) + quP,pln (Aa }\,,Z), zZ.= (napag) € RZH
and

1 _. pav =C.(A A 1”|2+(§2 0 4
(272_);1 j’ﬂ‘” fP,pln —JP,pln — 0( )+Qh( )T+ (|Z| )
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In Eq. (3.4.31), p.138 of (Arnold, 1963), Arnold computed the first and second order
Birkhoff invariants finding, in the asymptotics @, < a,:

Q= =3y (A (1+o(ﬁD
4 a, a\, a,

3 0
214N} 4A, A
9 1 1432 -5/4
T m,mzag 9 3 (1+O(a2 )),
4A A, A3

which shows that the ;s are non resonant up to any finite order (in a suitable A -

domain), so that the planetary, planar Hamiltonian can be put in Birkhoff normal form
up to order 4 and that the second order Birkhoff invariants are non—degenerate in the
sense that

117 a
dett=—(mm,)? ——L1_(1+0(1
(mym,) T ag(AlAz)z( D)

=———-L(1+0(1) #0;
a

actually, in (Arnold, 1963) the 7, are defined as 1/2 of the ones defined here;
moreover, a;‘ in Eq. (3.4.31) of (Arnold, 1963) should be replaced a; .

This allow to apply Theorem 1 and to prove Arnold’s planetary theorem in the planar
three—body (n=2) case.

An extension of this method to the spatial three—body problem, exploiting Jacobi’s
reduction of the nodes and its symplectic realization, is due to P. Robutel (Robutel,
1995).

3.5. Secular Degeneracies

In the general spatial case it is customary to call o; the eigenvalues of Q,(A) and ¢;
the eigenvalues of and Q,(A), so that Q =(o,¢) ; compare (19).

It turns out that such invariants satisfy identically the following two secular resonances

, =0, D (0;+5)=0 (27)
i=l1

©Encyclopedia of Life Support Systems (EOLSS) 273



CELESTIAL MECHANICS - The Planetary N-Body Problem - Luigi Chierchia

and, actually, it can be shown that these are the only resonances identically satisfied by
the first order Birkhoff invariants; compare Proposition 78, p. 1575 of (Féjoz, 2004).

The first resonance was well known to Arnold, while the second one was apparently
discovered by M. Herman in the 1990’s and is now known as Herman resonance.

Notice that both resonances violate the usual Birkhoff non—resonance condition (23) but
do not violate the reduced Birkhoff condition (25).

What is a more serious problem for Arnold’s approach is that the matrix 7 indeed is
degenerate, as clarified in Chierchia and Pinzari (2011b), since

(T 0 -
™=l o (28)

7 being a matrix of order (2n—1).

3.6. Herman—Fejoz Proof (2004)

In 2004 J. Fejoz published the first complete proof of a general version of Arnold’s
planetary theorem (Féjoz, 2004). As mentioned above (remark (ii), Section 3.2), in
order to avoid fourth order computations (and also because M. Herman seemed to
suspect the degeneracy of the matrix of the second order Birkhoff invariant; compare
the Remark towards the end of p. 24 of (Herman, 2009)), Herman’s approach was to use
a first order KAM condition based on the non—planarity of the frequency map. But, the
resonances (27) show that the frequency map lies in the intersection of two planes,
violating the non—planarity condition. To overcome this problem Herman and Féjoz use
a trick by Poincare, consisting in modifying the Hamiltonian by adding a commuting
Hamiltonian, so as to remove the degeneracy. By a Lagrangian intersection theory
argument, if two Hamiltonian commute and 7 is a Lagrangian invariant transitive torus
for one of them, then 7 is invariant (but not necessarily transitive) also for the other
Hamiltonian; compare Lemma 82, p. 1578) of (Féjoz, 2004). Thus, the KAM tori
constructed for the modified Hamiltonian are indeed invariant tori also for the original
system. Now, the expression of the vertical component of the total angular momentum
C,; has a particular simple expression in Poincaré variables, since

1 1

Cy= 3 0,30t 55 +pi )|
j=1

so that the modified Hamiltonian

Hy == Hp (A, A2) + 5C,

is easily seen to have a non—planar frequency map (first order Birkhoff invariants), and
the above abstract remark applies.
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3.7 Chierchia—Pinzari Proof (2011)

In (Chierchia and Pinzari, 2011 (c)) Arnold’s original strategy is reconsidered and full
torsion of the planetary problem is shown by introducing new symplectic variables
(called rRpPs—variables standing for Regularized Planetary Symplectic variables; see
Section 4.1 below), which allow for a symplectic reduction of rotations eliminating one
degree of freedom (i.e., lowering by two units the dimension of the phase space).

In such reduced setting the first resonance in (27) disappears and the question about the
torsion is reduced to study the determinant of T in (28), which, in fact, is shown to be
non—singular; compare Section8 of (Chierchia and Pinzari, 2011 (c¢)) and (Chierchia and
Pinzari, 2011 (b)) (where a precise connection is made between the Poincaré and the
RPS—variables).

The rest of this chapter is devoted to explain the main ideas beyond this approach.
4. Symplectic Reduction of Rotations

We start by describing the new set of symplectic variables, which allow us to have a
new insight on the symplectic structure of the phase space of the planetary model, or,
more in general, of any rotation invariant model.

The idea is to start with action—angle variables having, among the actions, two
independent commuting integrals related to rotations, for example, the Euclidean length
of the total angular momentum C and its vertical component C;, and then (following

Poincaré) to regularize around co—circular and co—planar configurations.

The variables that do the job are an action—angle version of certain variables introduced
by A. Deprit in 1983 (Deprit, 1983) (see also (Chierchia and Pinzari, 2011 (a))), which
generalize to an arbitrary number of bodies Jacobi’s reduction of the nodes; the
regularization has been done in (Chierchia and Pinzari, 2011 (¢)).

4.1. The Regularized Planetary Symplectic (RPS) Variables

Let n>2 and consider the “partial angular momenta”

g0 ._ Zi:c(”, g _ Z":C(j) e

Jj=1 J=1

and define the “Deprit nodes”
v, =80 xC?, 2<i<n
V=V,

Vv, =kPxC=v;

(recall the definition of the “individual” and total angular momenta in (7)).
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P; := perihelion
v = S(Z) X C(Z)

7 = k(3 x Ctd)

Figure 3. The angle y,

The Deprit action-angle variables (AT,¥,(,y,y) are defined as follows. The
variables A, I' and ( are in common with the Delaunay variables (9), while

|S(i+1) , 1<i<n-1

Vi=a v;,P) Y, = {C3 o .
A ((i+1) (Vis2sVis1) 1<i<n-1

;= o @ (k(l),v) izn

Define also G :=|C|= ‘S(")

The “Deprit inclinations™ ¢ are defined through the relations

C(i+1) X S(i+l)

‘ C(i+1)

‘ e 1<i<n-1,
S

COs Y 1=

C-kY
]

, i=n.

Similarly to the case of the Delaunay variables, the Deprit action—angle variables are not
defined when the Deprit nodes v; vanish or ¢; ¢(0,1); on the domain where they are

well defined they define a real—analytic set of symplectic variables, i.e.,
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ZdX(i) Adx'D = Zd/\i ndl;+dl; ndy; +d¥; Ady;; for a proof, see Chierchia and

i=1 i=1

Pinzari (2011a) or Section 3 of Chierchia and Pinzari (2011c).

CE+1)

vi =80 % ¢

Figure 4. The angle v, for 1<i<n-2

C

=k xC

AN
II

v a=-0"X cln)

Figure 5. The angles v, , =g and v, = ¢

The RPS variables are given by (A, 4,z2) :=(A,4,1n,&, p,qg) with (again) the A ‘s as in
(9) and
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Ai=Li+y+yl

{ n, = mcosm +yil)
& =—\2(A; T sin(y; +y/l)
pi= \/Z(Fm +W¥, - cosy;
[ qi =_\/2(Fi+l +W¥, —¥))siny/

where

Vo=l T,0=0, w:=0, y:= Z Vi

i<j<n
On the domain of definition, the RPS variables are symplectic
Do AN AdL +dT Ay +dY Ady; =Y AN A +di AdE +dp; Adg;;

for a proof, see Section4 of Chierchia and Pinzari, 2011c).

For the planetary problem, we shall restrict the phase space in the RPS variables to a set
of the same form as in (12), (13), namely

(A,2,2) e Mgps = AxTxB" (29)

With B a 4n-dimensional ball around the origin.

The relation between Poincaré variables and the RPS variable is rather simple. Indeed if
we denote by

o5 (A4, 2) > (A N2) (30)

p

the symplectic transformation between the RPS and the Poincaré variables, one has the
following

Theorem 4.1 (Chierchia and Pinzari, 2011 (b))
The symplectic map ¢PRP S in (30) has the form
A=A+p(A2)  z=2Z(A2)

where p(A,0) =0 and, for any fixed A, the map Z(A,-) is 1:1, symplectic (i.e., it
preserves the two form dn Adé& +dp A dq ) and its projections verify, for a suitable
V=V(A) eSO(n), where SO(n) denotes the special orthogonal group of (nxn)

matrices,
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ILZ=n+0,11.Z2=8+0;,11,Z=Vp+0,, 11, Z=Vq+0,;.
where O, = 0(|Z|3),
4.2 Partial Reduction of Rotations

Recalling that
1—‘nJrl =0, an—l :| S(n) |:‘ C |9 an = C3a vV, = ak(3) (k(l), k(3) xC)

one sees that

P. =~2(C|-C5) cosy,
qn:_\’2(| C | _C3) Sinl//n,

showing that the conjugated variables p, and q, are both integrals and hence both

cyclic for the planetary Hamiltonian, which, therefore, in such variables, will have the
form

Hyps (A, A,27) = I (M) + s frps (A, 4, 2), (31)
where 7z denotes the set of variables
E = (773 53 1_73 q) = ((7719---7 nn)a (517---9 gn)a (pln seey an)a (QP---) Q,H))-

In other words, the phase space ./\/lgﬁs in (32) is foliated by (6n—2)—dimensional

invariant manifolds

My = M (32)

Pn>qn Pp >4 =const >
and since the restriction of the standard symplectic form on such manifolds is simply

dAANdA+dnAadé+dp ndg,

such manifolds are symplectic and the planetary flow is the standard Hamiltonian flow
generated by Hipg in (31). We shall call the symplectic, invariant submanifolds M;’Z;i

“symplectic leaves”. They depend upon a particular orientation of the total angular
momentum: in particular, the leaf ./\/106 "2 corresponds to the total angular momentum

parallel to the vertical k‘®—axis. Notice, also, that the analytic expression of the
planetary Hamiltonian Hypg is independent of the leaves.

In view of these observations, it is enough to study the planetary flow of Hgpg on, say,
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the vertical leaf M.

5. Planetary Birkhoff Normal Forms and Torsion

The RPS variables share with Poincar¢ variables classical D Alembert symmetries, i.e.,
Hyps 1s invariant under the transformations (15) S being as in (16); compare Remark
3.3 of (Chierchia and Pinzari, 2011 (b)).

This implies that the averaged perturbation

1
b = —— dA
RPS 7))’ J.Tn Jres

also enjoys D’Alembert rules and thus has an expansion analogous to (18), but
independent of (p,,q,):

2 2 -2, =2
5D =6+ Q) T2 g ) XL o) (33)

with Q, of order n and Q, of order (n—1). Notice that the matrix Q, in (33) is the

same as in (18), since, when p=(p,p,)=0 and g=(q.,q,)=0, Poincaré and RPS
variables coincide.

Using Theorem 4.1, one can also show that

_[Q 0
QV _(0 O]

is conjugated (by a unitary matrix) to Q, in (21), so that the eigenvalues &, of QV

coincide with (g;,...,5,_;) , as one naively would expect.

In view of the remark after (27), and of the rotation—invariant Birkhoff theory
(Proposition 3.2), one sees that one can construct, in an open neighborhood of co—planar
and co—circular motions, the Birkhoff normal form of fgpg at any finite order.

More precisely, for ¢ >0 small enough, denoting

R=AxT'xB"?,  B"?:={7eR"2:[z]<d],

an e¢-neighborhood of the co—circular, co—planar region, one can find a real-analytic
symplectic transformation
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¢, :(MA,2)eP. > (MAZ)eP
such that

H = Haps ©4, =l (A)+ 11f (A, A4, 2)

with
_ 1 _ P
,2) = L fdA=Cy(A)+Q-R+—-7 R-R+P(A,z
fav( ) (272_)n I’ﬂ' f 0( ) 7 ( )
where
Q=(0,q)
RN > - S 16
2=(.8. 5.0, R=(p0), PAD=0(lZ),
ﬁ:(pp"'aﬁn)a F:(fla"':Fn—l)a
_2 =2 2 2
:771+§i 7'—pi+%
1 2 > 1 2

With straightforward (but not trivial!) computations, one can then show full torsion for
the planetary problem. More precisely, one finds (Proposition 8.1 of (Chierchia and
Pinzari, 2011 (c)))

Proposition 5.1. For n>2 and 0< 5, <1 there exist 1 >0,
O<g,<a<-<a,<a,

such that, on the set A defined in (13) and for 0< u < i, the matrix T = (7;) is non—

singular:

det7 =d, (1+6,),

where |5, |< 0. with

n-1 3 4
dy =y 3B m fa L] (34)
516 m; mmy 4y ) o<p<n\ %

Incidentally, we remark that z is taken small only to simplify (34), but a similar

evaluation hold with z=1.
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6. Dynamical Consequences
6.1 Kolmogorov Tori for the Planetary Problem

At this point one can apply to the planetary Hamiltonian in normalized variables
H(A, A,7) Amold’s Theorem 3.1 above completing Arnold’s project on the planetary
N —body problem.

Indeed, by using the refinements of Theorem 3.1 as given in (Chierchia and Pinzari,
2010), from Proposition 5.1 there follows

Theorem 6.1. There exists positive constants €,, ¢, and C, such that the following
holds. If

6

€
O<e<e, O<yu<——
# loge ™

-2

then each symplectic leaf M,?Z,qn

(32) contains a positive measure Hypg —invariant

Kolmogorov set le” an which is actually the suspension of the same Kolmogorov set

K c P, whichis H —invariant.

Furthermore, K is formed by the union of (3n—1)—dimensional Lagrangian, real—

analytic tori on which the H—motion is analytically conjugated to linear Diophantine
quasi—periodic motions with frequencies (a,®,)€R" xR*"™ with w =0(1) and
w, =0(u) .

Finally, KC satisfies the bound
measP 2meas K> (1-C, Je )measP.

2 ~ measP.

€

In particular, measkC = e**

6.2 Conley-Zehnder Stable Periodic Orbits

Indeed, the tori 7 €K form a (Whitney) smooth family of non—degenerate
Kolmogorov tori, which means the following. The tori in XU can be parameterized by

their frequency weR™! (e, T =7,) and there exist a real-analytic symplectic
diffeomorphism

vi(y,x)eB"xT" > v(y,x;w)eR, m:=3n-1,

uniformly Lipschitz in @ (actually C* in the sense of Whitney) such that, for each @
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(@) Hov=E+w-y+0; (Kolmogorov’s normal form)

(b) E R (the energy of the torus); weR"™ is a Diophantine vector;
(© Q=0(yP)
(d) det _[Tm 0,,0(0,x)dx # 0 , (nondegeneracy)

(e) 7,=v(0,T™").

Now, in the first paragraph of Conley and Zehnder (1983) the authors, putting together
KAM theory (and in particular exploiting Kolmogorv’s normal form for KAM tori)
together with Birkhoff-Lewis fixed—point theorem show that long—period periodic
orbits cumulate densely on Kolmogorov tori so that, in particular, the Lebesgue measure
of the closure of the periodic orbits can be bounded below by the measure of the
Kolmogorov set. Notwithstanding the proper degeneracy, this remark applies also in the
present situation and as a consequence of Theorem 6.1 and of the fact that the tori in £
are non—degenerate Kolmogorov tori it follows that

in the planetary model the measure of the closure of the periodic orbits in 'P. can be

bounded below by a constant times €""* . For details, see Chierchia (2014).
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Glossary

Averaging :

Action—angle
variables :

Birkhoff normal
forms :

Degenerate

Hamiltonian systems :

Diophantine
numbers :

Elliptic equilibrium :

Hamiltonian
equations :
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In a nearly-integrable Hamiltonian system (i.e., a small
Hamiltonian perturbation of a completely integrable
Hamiltonian system) the procedure of averaging over fast
angle variables.

A particular set of symplectic variables; half of them have the
physical dimension of an action (energy times time).

Normal form in which, under suitable assumptions, a
Hamiltonian having an elliptic equilibrium can be transformed,
through a symplectic map, into a Hamiltonian depending only
on polar action variables.

Integrable Hamiltonian systems that, when expressed in action
variables, do not depend in a “general” way on the actions.

Irrational numbers or set of numbers badly (in a specific
quantitative way) approximated by rational numbers.

A linearly stable equilibrium point for a Hamiltonian (i.e., a
point where the gradient of the Hamiltonian vanishes)

First order evolution equations ruling the dynamics of a
conservative system.

283



CELESTIAL MECHANICS - The Planetary N-Body Problem - Luigi Chierchia

Integrable

Hamiltonian system :

Invariant tori :

KAM Theory :

Keplerian ellipses :

Kolmogorov tori :

Linear and angular
momentum :

N -body problem :
N —body system :

Newton’s equations :

Node lines (or simply
“nodes”) :

Phase space :

Planetary systems :

Quasi—periodic
motions :

Resonances :

Secular Hamiltonian
and secular
degeneracies :

Small divisors :
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A Hamiltonian systems whose evolutions can be solved in
terms of integrals (“quadratures”) and when all solutions are
bounded can be put, through a symplectic transformation of
action—angle variables, into a system with Hamiltonian
depending only upon action variables.

Tori, embedded in a phase space, which are invariant under the
Hamiltonian evolution.

The bulk of techniques and theorems, beginning with the
contribution of Kolmogorov, Arnold and Moser, dealing with
the problem of the stability of quasi—periodic motion in
perturbation of integrable Hamiltonian systems.

Ellipses described by a two—body system with negative
energy.

Invariant tori on which the Hamiltonian flow is symplectically
conjugated to a Diophantine linear flow and which are non—
degenerate in a suitable sense.

Physical characteristics of a system of many bodies.

The mathematical problem of studying the motion of an N
body system.

N point-masses (“bodies”’) mutually interacting only through
gravitational attraction.

The fundamental evolution equations of classical mechanics
expressing the proportionality between forces and
accelerations of a given body (the proportionality constant
being the mass of the body).

Intersections of relevant planes (e.g., the intersection of the
plane orthogonal to the total angular momentum and a fixed
reference plane).

Classically, the space of positions and corresponding velocities
(times masses); in modern and more general terms, the
“symplectic manifold” (see below) of a Hamiltonian system.

A system of N —bodies where one body has mass much larger
than the other bodies studied in nearly—coplanar and nearly
co—circular regime.

Motions that can be described by a linear flow on a torus with
incommensurate frequencies.

Commensurate relations.

In the planetary Hamiltonian problem, the Hamiltonian
obtained by averaging over the mean anomalies.

Linear combination (with rational coefficients) of frequencies
appearing in the denominator of expansions arising in
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averaging theory.
Symplectic Coordinates on a symplectic manifold allowing us to express
coordinates : in a standard way the associated symplectic form.

Symplectic manifold : An even dimensional manifold endowed with a symplectic
form, i.e., a non—degenerate, closed differential 2—form.

Symplectic reduction : A mathematical process allowing us to lower the dimension of
the phase space, which amounts to simplify significantly the
original set of differential equations.

Symplectic A diffeomorphism on a symplectic manifold preserving the
transformation : symplectic form.
Twist or torsion : A non—degeneracy condition of integrable Hamiltonian

systems expressing the fact that the map between actions and
frequencies is a local diffeomorphism.
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