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Abstract

We show that, in general, averaging at simple resonances a real-analytic,
nearly-integrable Hamiltonian, one obtains a one-dimensional system with a
cosine-like potential; ‘in general’ means for a generic class of holomorphic
perturbations and apart from a finite number of simple resonances with small
Fourier modes; ‘cosine-like’ means that the potential depends only on the
resonant angle, with respect to which it is a Morse function with one maxi-
mum and one minimum. Furthermore, the (full) transformed Hamiltonian is
the sum of an effective one-dimensional Hamiltonian (which is, in turn, the
sum of the unperturbed Hamiltonian plus the cosine-like potential) and a per-
turbation, which is uniformly exponentially small. As a corollary, under the
above hypotheses, if the unperturbed Hamiltonian is also strictly convex, the
effective Hamiltonian at any simple resonance (apart a finite number of low-
mode resonances) has the phase portrait of a pendulum. The results presented
in this paper are an essential step in the proof (in the ‘mechanical’ case) of
a conjecture by Arnold—Kozlov—Neishdadt [Arnold V I, Kozlov V V and
Neishtadt A 1 2006 Mathematical aspects of classical and celestial mechan-
ics Encyclopaedia of Mathematical Sciences 3rd edn vol 3 (Berlin: Springer),
remark 6.8, p 285], claiming that the measure of the ‘non-torus set’ in gen-
eral nearly-integrable Hamiltonian systems has the same size of the perturba-
tion; compare [Biasco L and Chierchia L 2015 On the measure of Lagrangian
invariant tori in nearly-integrable mechanical systems Rendiconti Lincei. Mat.
Appl. 26 1-10 and Biasco L and Chierchia L. KAM Theory for Secondary Tori
(arXiv:1702.06480v1 [math.DS])].
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1. Introduction

1.1 Consider a real-analytic, nearly-integrable Hamiltonian given, in action-angle variables, by
H.(y,x) = h(y) +ef(y, 0, (x) € M:=DxT", (1)

where D is a bounded domain in R”, T" = R"/ (27Z") is the usual flat n dimensional torus
and ¢ is a small parameter measuring the size of the perturbation € f. The phase space M is
endowed with the standard symplectic form dy A dx so that the Hamiltonian flow ¢}, (yo, xo) =:
(v(1), x()) governed by H. is the solution of the standard Hamiltonian equations '

}" = *@Hs(y,x), }’(0) = Yo,
X = OH(y,x), x(0) = xo,

(where ¢ is time and dot is time derivative).
It is well known that, in general, the ¢}, -dynamics is strongly influenced by resonances of the
(unperturbed) frequencies w(y) := 1'(y) = 0,h(y), i.e., by rational relations

w(y) k=Y wik;=0,

=1

with k € Z"\ {0}; for general information, compare, e.g., [1].

Indeed, assuming a standard non-degeneracy assumption on A, e.g., that the frequency map
y € D — w(y) is a real-analytic diffeomorphism of D onto the ‘frequency space’ 2:=h'(D),
then the action space D can be covered by three open sets

DcCD'UuD'uD?

so that the following holds. Roughly speaking, D x T" is a completely non-resonant set which
is filled, up to an exponentially (in 1/£¢) small set, by primary KAM tori, namely, Lagrangian
tori ¢y, -invariant on which the flow is analytically conjugated to the linear flow

0T — 0+ wt

with w satisfying a Diophantine condition

jw k| > |13|T Vi e z'\ {0},
1
(for some v, 7 > 0); w -k denoting the standard inner product > wk; and |k|;:= > |ki|.
Morevover, such tori are graphs over T" and are analytic deformation of integrable tori. D'
is an open O(y/¢)-neighbourhood of simple resonances (i.e., of regions where exactly one
independent resonance w(y) - k = 0 holds) and D? is a set of measure O(¢).

Indeed, such description (up to logarithmic corrections) follows easily by the covering
lemma below (proposition 2.1), by choosing suitably parameters (e.g., the ‘small divisor
constant” o ~ /£ and ‘Fourier cutoffs’ K ~ |log |*).

The region D? contains double (and higher) resonances and, in general, in D> x T”" there
are O(¢) regions where the dynamics is non-perturbative, being ‘essentially’ governed (after
suitable rescalings) by an e-independent Hamiltonian, as the following quotation from [1]
clarifies:

‘It is natural to expect that in a generic system with three or more degrees of freedom the
measure of the ‘non-torus’ set has order ¢. Indeed, the O(,/¢)-neighbourhoods of two resonant
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surfaces intersect in a domain of measure ~ €. In this domain, after the partial averaging taking
into account the resonances under consideration, normalizing the deviations of the “actions”
from the resonant values by the quantity 1/, normalizing time, and discarding the terms of
higher order, we obtain a Hamiltonian of the form %(A p, p) + V(q1, g2), which does not involve
a small parameter (see the definition of the quantity p above). Generally speaking, for this
Hamiltonian there is a set of measure ~ 1 that does not contain points of invariant tori. Return-
ing to the original variables we obtain a ‘non-torus’ set of measure ~ ¢.” ([1, remark 6.8,
p 285]).

Incidentally, we mention that, from the above description, it follows, as it is well known,

that the measure of the complement of the KAM primary tori in phase space is in general of
0(\/€) ([2-4]). In fact, this result is optimal, as the following trivial example shows: the phase
region inside the separatrix of the pendulum %yz +¢ cos x, withy € R and x € T!, does not
contain any primary invariant torus (circle) which is a global graph over the angle x, and such
a region has measure 41/2¢; (of course, in this integrable case, such a region is filled up by
secondary tori, corresponding to oscillations of the pendulum).
1.2 The dynamics in the simple-resonance region D' x T" is particularly relevant and inter-
esting. For example, it plays a major réle in Arnold diffusion, as shown by Arnold himself
[5], who based his famous instability argument on shadowing partially hyperbolic trajectories
arising near simple resonances.

On the other hand, in D' x T" there appear secondary KAM tori, namely n-dimensional
KAM tori with different topologies, which depend upon specific characteristics of the pertur-
bation ¢ f. The appearance of secondary tori is a genuine non-integrable effect, since such tori
do not exist in the integrable regime.

In the announcement [6] it is claimed that, in the case of mechanical systems, namely sys-
tems governed by Hamiltonians of the form H(y, x) = |y|>/2 + £ f(x), and for generic poten-
tials f, primary and secondary tori fill the region D' x T" up to a set of measure nearly
exponentially small, showing that the ‘non-torus set’ is essentially O(e) as conjectured in [1]
and studied in [7].

Indeed, the main results presented here, namely theorem 2.1, is one of the building blocks
of the proof (in the mechanical case) of Arnold—Kozlov—Neishdadt conjecture. The idea of
such proof is the following (compare, also, [8]).

As mentioned above DU is filled, up to an exponentially small set, by KAM invariant
primary tori. On the other hand, the region D? (which, according to Arnold, Kozlov and
Neishtadt, contains the main part of the non torus-set) has measure O(¢). It remains to inves-
tigate D', which is union of O(,/2) neighbourhoods of simple resonances with Fourier modes
k, with |k| < K, where the Fourier cut-off K goes to infinity as € goes to zero (which is a
standard fact in any normal form or averaging theory). In a neighbourhood of any fixed res-
onance, by averaging theory, one can symplectically conjugate H. to a Hamiltonian H* of
the form

H* =1 (y) + G (v, k - x) + eR(y, x) (2)

with R¥ a small remainder and & — G*(y, #) a periodic function of one single angle 6 (and zero
average), making the ‘secular Hamiltonian’ ¥ + G an integrable systems (parameterized by
n — 1 action variables). The natural strategy is then to put . in the action-angle variables of the
integrable Hamiltonian #* + ¢G* and to apply KAM theory. However, in order to do this one
has to control an essentially infinite number of singular change of coordinates in a quantitative
way (recall that K — oo as € — 0), which is clearly a technically difficult task unless one has a
uniform way to deal with infinitely many resonances. This is where theorem 2.1 below comes
in, as it shows that, under generiticity assumptions and up to a finite and fixed number of low
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Fourier modes, all simple resonances lead to essentially the same pendulum-like system. The
proof of the conjecture will then follow by showing KAM nondegeneracy of H. (this is a non
trivial task, which will be addressed elsewhere; compare [8]; for a related stronger conjecture
in two degrees of freedom, see [9]).

1.3 In the rest of this introduction we briefly discuss the main ideas needed to make a uniform
quantitative analysis of nearly-integrable systems at simple resonances. For simplicity we focus
on the case of purely positional potentials; precise statements are given in section 2 below, and,
for the general (but more technical and implicit) case, in section 8. D! is the union of suitable
regions D', which are O(y/£)-close to exact simple resonances {y € D|w(y) - k = 0}, and
which are labelled by generators k of one dimensional, maximal sublattices of Z" (see (16)
below); ‘exact’ meaning that w(y) does not verify double or higher resonant relations.

In averaging/normal form theory (see, e.g., [1, section 6] and references therein), one
typically considers a finite but large (typically, e-dependent) number of simple resonances.
More precisely, one considers generators k with |k|; < K, and K can be chosen accord-
ing to the application one has in mind. Typically, one chooses K ~ 1/e* for a suitable
a > 0 (as in Nekhoroshev theorem [10, 11] or in the KAM theory for secondary tori in two
degrees of freedom [9]) or K ~ [loge|® (as in the general KAM theory for secondary tori of
[6, 8]).

Furthermore, in any fixed simple resonant region D'*, one can remove the non-resonant
angle dependence, so as to symplectically conjugate H., for € small enough, to the Hamiltonian
H* in (2) where: h* is e-close to h, & — G*(y, 0) is a function of one angle and R is a ‘very
small’ remainder, with mth Fourier coefficient R¥ () vanishing when m = jk for some j € Z.
Thus, up to the remainder R*, the Hamiltonian depends effectively only on the ‘resonant angle’
6 := k - x and therefore the secular Hamiltonian #* + £G* is integrable: this is the starting point
for (‘a priori stable’) Arnold diffusion (compare, e.g., [5, 12—19]) or for the KAM theory for
secondary tori of [6, 8].

There are here two main issues to be clarified:

(a) What is the actual ‘generic form’ of G?
(b) How small (and compared to what) is the remainder R*?

(a) According to averaging (or normal form) theory G¥ is ‘close’ to the projection of the
potential f on the Fourier modes of the resonant maximal sublattice Zk:

Pouf() =Y fre*.

JEZ

Now, since f is real-analytic on T", it is holomorphic in a complex strip T% around T" of width
s > 0 and its Fourier coefficients decay exponentially fast, behaving typically as

| fil ~ || £ e khs 3)

Hence, in general, one will have

> fre = fie g fe 0 (|1 e )

JEL

which, by the reality condition f_; = f, can be written as

> fe =2 filcos (k- x+6%) + 0 (| £l e ) )
jez
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for a suitable §® ¢ [0, 27). Thus,

Pz f(x) = Z Fre ™ =2|fi] (cos (k- x+6%) + o(1)) (5)

JEZ

provided the higher Fourier modes are smaller compared to | f], i.e.:
1
Ik &~ ©)
s

(precise statements, norms, etc, will be given in section 2). In other words, one expects (5) to
hold for generic real-analytic potentials and for all generators k’s satisfying (6). Indeed, this
is the case: we shall introduce certain classes of analytic potentials #, . (definition 2.2), for
which (choosing suitably the ‘tail’ function 7) (5) holds for generators k satisfying (6). The
class H,, is ‘generic’ in several ways (compare definition 2.2 and theorem 3.1 below):

(a) It contains an open dense set in the class of real-analytic functions having holomorphic
extension on a complex neighbourhood of size s of T" (in the topology induced by a
suitably weighted Fourier norm);

(b) Its unit ball is of measure 1 (with respect to a natural probability measure);

(c) Itis a ‘prevalent set’ (compare [20] or [21]).

Next, in order for G* to be close to pz f in (5), one needs to have a bound of the type

3 s
sup |Gk — S << il ~ 1 flle ks, (7
Dlkxn

As well known, analytic averaging methods involve an analyticity loss in complex domains.
In particular, the Hamiltonian in (2) and, therefore, G, can be analytically defined only in a
smaller complex strip T} with s, < s. Therefore, by analyticity arguments, the best one can
hope for is an estimate of the type

sup |G* — paf| - | flle i, (8)
DLk

for a suitable constant ¢ that can be taken to be smaller than any prefixed positive number.
But then, for (8) and (7) to be compatible one sees that one must ‘essentially’ have s, ~ s and
that standard averaging theory is not enough (compare, e.g., [1 1], where s, = s/6; for a more
detailed comparison with the averaging lemma of [11], see also remark 4.1(d) below; for other
refined normal forms, see also [22—25]). To overcome this problem, we provide (section 4) a
normal form lemma with small analyticity loss, ‘small’ meaning that one can take

s, =s(1 —1/K) 9)

(compare, in particular, (70)). The value (9) is compatible with (7) for |k|; < K, showing that,
generically, one has that G¥(y, k - x) has the same form of the right hand side of (5). In partic-
ular we prove that: the ‘effective Hamiltonians’ i* + eG¥, as k varies (c¢/s < |k|; < K), have
essentially the same cosine-like potential (up to a phase-shift) and, hence, the same topological
features (compare remark 2.2(a) below).

Notice also that for low modes this last property, in general, does not hold, as one
immediately sees by considering k = e; = (1,0, ...,0) and a potential f such that

Pze, f(x) = cos x; + cos 2xy,
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which is a Morse function with two maxima and two minima in T'. In fact, in the above men-
tioned proof of Arnold—Kozlov—Neishtadt conjecture ([8]), low modes need a ad hoc analysis
and, in particular, fine analytic properties of the singular action-angle variables for general
Morse potential have to be used (compare, [26]).

(b) What we have just discussed gives also an indication of how small R needs to be in
order to be negligible. In fact, if (5) is the leading behaviour, one should have ||R*|| < | f4/.
But in order to perform averaging procedures, one has, typically, control on small divisors up
to the truncation order K, so that the remainder will be (by analyticity estimates) of order e ¢
even using a refined normal fomal lemma as the one mentioned above. But this is not enough
since | fx| can get as small as e X for large mode k (see (3)).

To overcome this problem, we introduce in section 5, at difference with standard geom-
etry of resonances in Nekhoroshev’s theory (compare, [10, 11, 27-31]), two Fourier cutoffs
K, and K, (with K, > 3K;) in such a way that on the simple resonant regions D"* one has
non-resonance conditions for double and higher resonances up to order K, while K, which is
introduced to make averaging theory in DY, is also the maximum value of the size of the gen-
erators k associated to simple resonances. Therefore, we will get an estimate of the remainder
RF of the type

3)
|\Rk|| < constK¥ e K292 L conste K% . e K25/8 const| f¢| A (10)

(where in the second inequality we used K> > 3K and || || has been absorbed in the constants).
Notice that in the last inequality we are also using the generiticity of the potential f, which is
assumed to have a typical behaviour with respect to the Fourier modes corresponding to the
generators k (see, in particular, (32) below). The final upshot is that one can construct, via a
near-identity symplectic transformation Wy, a complete normal form

H. o Uy =: H*O) + 2| file (cos(k x4 09y £ GRy k- x) + Rk(y,x)) (11)

with ||G*|| < 1 and ||R¥|| < C’'e %2%/3; compare theorem 2.1 below and, in particular, formula
(42).

Summarising: generically, for all k large enough, G* in (2) is ‘cosine-like’, i.e., a Morse
function with one maximum and one minimum (compare remark 2.2(a) below) and R* is
exponentially small with respect to the oscillations of G* (see (42) and (44) below).

As a consequence we get that, if A(y) is strictly convex, the effective Hamiltonian has a
phase portrait of a pendulum (compare remark 2.2(b)) below).

The paper is organized as follows.

In section 2 (definitions and main theorem) the principal definitions, assumptions and results
are given (KAM non-degeneracy, generators of 1D maximal lattices G}, covering lemma and
the sets D', the classes of generic potentials H; -, and theorem 2.1, which is the main result of
the paper).

In section 3 (the generic class H ) the properties of the class of potentials H; - are discussed
and proved.

Section 4 (normal form lemma) is a technical section devoted to a refined normal form
lemma, allowing for minimal analyticity loss in angle variables.

In section 5 (geometry of resonances and proof of the covering lemma) the proof of
proposition 2.1 (the ‘covering lemma’) on the geometry of resonances and their properties
is given.

In section 6 (averaging theory) the covering lemma and the normal form lemma are put
together so as to get the high-order averaging theory in the non-resonant region D° x T" and,
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especially, in the simple-resonant regions D' x T"; here a definite choice for the Fourier cut-
offs and the parameters controlling small divisors is done (assumption A).

In section 7 (proof of theorem 2.1) the proof of the main theorem is given.

In section 8 (general (y-dependent) potentials) the more general case of potentials depending
also on action variables is briefly discussed.

Appendix A contains the proof of an elementary result in linear algebra needed in a linear
symplectic change of variables, clarifying the universal pendulum structure after normalization
in the case of mechanical systems.

2. Definitions and main theorem

Let n > 2 and D be a bounded domain in R”. Assume that H. in (1) admits, for some r,s > 0,
a holomorphic extension on the complex domain D, x T" C C?", where

D,::U{ZE(C”: lz—y| <r},

yeD

TV :={x=(x1,..., %) € C":|Im x;| < s}/ 2nZ"),

|- | denoting the standard Euclidean norm.
The integrable Hamiltonian % is supposed to be ‘KAM non-degenerate’ in the following
sense.

Definition 2.1 (KAM non-degeneracy). A real-analytic function
h:ye DCR'"—h(y)eR, (n=2), (12)

D being a bounded domain of R”, is said to be KAM non-degenerate if the frequency map

¥ €D W) =0h() € Vi=w(D) C By(0) CR", Mi=sup (],
(13)
is a global diffeomorphism of D onto 2 with Lipschitz constants given by
[y =yolL™" < |w() = wOo)l < Lly —yol . (V3.0 € D); (14)

By(0) denotes the real Euclidean ball of radius M centred in the origin.

Let Z! denote the set of integer vectors k # 0 in Z" such that the first non-null component
is positive:

Zy={keZ":k#0 and k; >0 wherej=min{i:k; #0}}, (15)

and denote by G} the generators of 1D maximal lattices, namely, the set of vectors k € Z such
that the greater common divisor (gcd) of their components is 1:

T:={keZl gcdky,..., ky)=1}. (16)

Then, the list of one-dimensional maximal lattices is given by the sets Zk with k € G}. Given
K > 0 we set

Tk = G1 N {[kly <K} a7
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Proposition 2.1 (Covering lemma). Let h be KAM non-degenerate and let w denote
its gradient. Fix K, > Ky > 2 and o > 0. Then, the domain D can be covered by three sets
D' CD,

D=D°uUD'UD?, (18)
so that the following holds.
(a) D°is ()2, Ky) completely non-resonant (i.e., non-resonant modulus {0}), namely,
ye D’ = |w(®) k| > a/2, V0<|k|12:Z|k}'|§K1- (19)
(b) D' = Ukeng D"t where, for each k € g;{Kl, DY isa neighbourhood of a simple reso-
Ky
nance {y € D:w(y) - k = 0}, which is 2aK,/|k|, Kz) non-resonant modulo 7k, namely,
y €D = |w) -] = 20K, /K|, VLETZ", L& Tk | <K (20)

(¢c) D? contains all the resonances of order two or more and has Lebesgue measure small with

a?: more precisely, there exists a constant ¢ > 0 depending only on n such that

meas (D*) < cL"M"* o> K3 T'K (2D

(L and M being as in definition 2.1).

The proof is given in section 5.
The covering {D'} in (18) is the pull back of a covering in frequency space:

D':={yeD:uw@y) € Q}, (22)
where the Q’s are defined as follows.

Qi={we BM(O):kgéin |w- k| > a/2}. (23)

1K,

To define Q' and D'* for k € Gy, let py- denote the orthogonal projection on the subspace
perpendicular to k, i.e.,

Prwi=w — #(w - k)k.
Then,
QU {w ER":|w-k| < [piw| <M, and |piw-(> 3‘;(1'{2, e gl \Zk}
D' :={y e D:w(y) € Q' (24)
o= J o 25)

kegj’y,{l

Finally, the set 2? is the union of neighbourhoods of exact double resonances: if

Rio={w k=w-£=0}, keGiy.leGly, l¢Tk, (26)
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then
Q= {lw- k| < a} N {|prw| < M} N {|prw - €] < 3aKx/ Ik}, 27
02 = U U 07, (28)
keg;"Kl legi’sz
(¢ Tk
Remark 2.1.

(a) The simply resonant regions D' in (24) are labelled by generators of 1D maximal lattices
k € G up to size |k|; < Kj, however, the non-resonance condition (20) holds for integer
vectors ¢ with |£|; up to a (possibly) larger order K,. This generalization (with respect to
having K, = K as, e.g., in [11]) is technical but important if one wants to have sharp con-
trol over the averaged Hamiltonian in a normal form near simple resonances; in particular
in order to obtain (10) (compare, also, (150), (172), and (44)).

(b) The non-resonance relations (19) and (20) allow to apply averaging theory and to remove
the dependence upon the ‘non-resonant angle variables’ up to exponential order; for
precise statements, see theorem 6.1 in section 6.

We proceed, now, to describe the generic non-degeneracy assumption on periodic holo-
morphic functions, which will allow us to state the main theorem (in the case of positional
potentials).

If s > 0, we denote by B! the Banach space of real-analytic functions on T? having zero
average and finite /> weighted Fourier norm:

Bl:=(f= Z fee®* I flls < oo p . where || f][s:= sup | fi] . (29)
kezn kezn
kA0
Note that / € B! can be uniquely written as:

f) = Z Z fer. (30)

kegl jezZ\{0}

For functions (not necessarily holomorphic in y) f:D, x T! — C we will also use the
(stronger) norm

| Flors = 1flrs = sup > [ fi] . 31)
YEDr pegn
Definition 2.2 (Non degenerate potentials). A tail function 7 is, by definition, a non-
increasing, non-negative continuous function

7:0 € (0,11 — 7(5) > 0.

Given s > 0 and a (possibly s-dependent) tail function 7, we define, for 6 € (0, 1], H;-(J) as
the set of functions in B such that, for any generator k € G, the following holds

if [k]; > 7(6), then|f] > d|k|;" e he, (32)

The class H, ; is the union over § of the classes H, - (§):

HS,T:: U HST((S) (33)

0<6<1
3534
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In fact, one could substitute n in (32) with every 7z > n/2; compare remark 3.2 below. The
‘weight” |k|;" is necessary in order to show that 7 ,(d) in (33) has positive measure in a
suitable probability space; compare theorem 3.1(b) below.

The classes H, - contain (if the tail is choosen properly) the non degenerate potentials for
which theorem 2.1 below holds and, as mentioned in the introduction, satisfy three generic-
ity properties, as shown in theorem 3.1 below (compare, also, remark 3.1). We remark that
such properties hold for any tail 7, which can be chosen differently according to the particular
problem at hand.

We are ready to the state the main result of this paper.

Theorem 2.1. Letn > 2,5 > 0,0 < 9,7y < 1 such that

9
75<2;€#ﬂ. (34)
)

consider a Hamiltonian H.(y,x) = h(y) +cf(x) as in (1) with h KAM non-degenerate
(definition 2.1) and f purely positional (i.e., independent of the y-variable) with

I£lls = 1. (35)

Assume that the potential is non-degenerate in the sense that
f € Hsr(0) (36)

with tail function

4 29
To(0;77) = 5 log <e + W) . 37

Let K, > 3K, > 6 satisfy

V—in— ) n n L 1 3
Kg =3 5 st W%’ forsomev > §n+2, (38)

L being defined in (14). Set

KV

m:¢%ﬁ. (39)
Finally, assume that
L 2
c< L) (40)

v "
KZ

Then, for any k € ngl with 7,(8;7) < |k|; < K, there exists 6% € [0,27) and a symplectic

change of variables defined in the neighbourhood of the simple resonance D'* x T", with D'
defined in (24), such that the following holds:

.k n Lk n
\Ijk'Drk/Z x Ts(lfl/Kg)z - Drk X Ts(lfl/Kz)’ 1)

and

H. oWy =0 (y) + 2| frle (cos(k -z + 0%)) + G (y, k- x) + £¥(y, 2)) ‘ (42)
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where GK(y, ) € B! foreveryy € Dik’l;z and
sup [ — h| < yde,  |GMpie, p0 <7 (43)
1Lk
/2
Finally, ) . 10n,3n P
put’ =0 and |£pic, psa-1/k2 < T s, (44)

The proof of this theorem is given in section 7.
Remark 2.2.

(a) Morse structure of the ‘secular’ potentials.
Recalling (31), estimate (43) means

sup > [Gy)le <. 45)

epbk
YED 'y JEL

This implies that for every y € D' the 27-periodic real function

0+ cos(d + 0% + G(y, ) (46)

behaves like a cosine in the sense that it is a Morse function with only one maximum and
one minimum and no other critical points. To prove this, notice that by (45) we have

sup  [0,CG (0| < v/’ sup [05C (. 0)] < /e

yEDlvk,xeTl yeD“‘,xE']I‘l

Therefore, denoting by /() the derivative of the function in (46), we have that 1(6) > 0
for @ € (—0% 4 0., 7 — 6% — .) and () < 0 for 6 € (1 — OP + 6.,27r — P — g.),
where - := arcsin(y/e?). Moreover in the interval (—0® — 0., —0® + §.) the function
¥(0) has a zero and is strictly increasing since 1'(6) > /1 —v/e? —v/e* = :c > 0.
Finally in the interval (7 — 6% — 0., 7 — 0® + 6.) it has a zero and is strictly decreasing
since ¢'(0) < —c < 0.

As a consequence the phase portrait of the effective Hamiltonian

H*) + 2| file (cos(k - x + 0©) + Gy, k - x)) 47)

and that of the Hamiltonian /*(y) + 2| f|e cos(k - x 4+ 6®)) are topologically equivalent.
(b) The ‘pendulum structure’ of the secular Hamiltonian.
The secular Hamiltonian (47) is an integrable system as it depends only on one angle.
Fix k € Z"\{0} with gcd(ky, . .., k,) = 1, then, there exists a matrix A, € Mat,,(Z) such
that

A . ~
A = < kk) € Matyu(Z), Ax € Matg-1)xn(Z), det Ax =1, |Ap|o < Kux,

(48)

where |- |, as usual, denotes sup-norm (of matrices or vectors). The existence of such a
matrix is guaranteed by an elementary result of linear algebra based on Bezout’s lemma
(for completeness, we include the proof in appendix A; see lemma A.1).

Let us perform the linear symplectic change of variables

O (Y, X) = (v,%) 1= (ALY, A 'X), (49)
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(©

which is generated by the generating function S(Y,x):=Y - A;x. Note that ®; does not
mix actions with angles, its projection on the angles is a diffeomorphism of T" onto T",
and, most relevantly, X,, = k - x is the ‘secular angle’.

In the (Y, X)-variables, the secular Hamiltonian in (47) takes the form

h (Y) + 2| file (cos(X, + 0P) + G'(A{Y,X,)), with h*(Y):=h*(A}Y).
(50)

Fix yo € D' on the exact resonance, namely 8yhk(yo) -k=0. Let Yy be such that
Yo = AEYO. We have
(48)
Ay, h*(Yo) = O,hNALY) -k = 8,1 (yo) -k =0, 85, h*(Yo) = 5 h* o)k - k,

yy

where 8\2)}1" is the Hessian matrix of i*. By Taylor expansion the secular Hamiltonian in

(50) takes the form (up to an addictive constant)

% (05 o)k - k) (Y = You)* + O ((Yu = You)*) + 2| file (cos(X,, + 6©) + G(A{Y, X,.)) .
(1)

In particular if the Hamiltonian / is convex the coefficient ai,hk(yo)k -k = :my is bounded
away from zero (for ¢ small enough independently of k) and the phase portrait of the
secular Hamiltonian in (51) is topologically equivalent, for |Y,, — ¥o,| small (in the region
D'* x T" in the original variables), to that of the pendulum

1
Emk(Yn — You)?* + 2| fi|e cos(X, + 6%).

The y-dependent case.

Let us briefly discuss the case in which f depends explicitly also on the actions y. First
we note that it can happen that, even if the potential f(y,x) satisfies the non-degeneracy
condition given in definition 2.2 at some point yy, there is no neighborhoud of y, on which
the non-degeneracy condition holds. For example consider the potential

_ 1 —n YUY —|klys Likx
F.x) = fOn,x):= EZ (|k|1 - 7) g ks gk,
k0
We have that || f||p,.s :=supp, |f|s = 1 with D = {0} and
£(0,) € Hyo(1/2).

However, f(rj ") = 0 for every |k| = j; in particular for every odd number j = 2h + 1,
h>1and k:=(h+ 1,h,0,...,0) € G}'. Then for every § > 0, tail function 7 > 0 and
odd j > 3, we have

f(rjin» ) ¢ HST((S)

However, one can prove that the non-degeneracy condition holds in a set of large measure.
In particular, we will prove that given p > 0, if for a certain point yo € D the potential
S (o, ) € My, (0) for a suitable 7+ = 7+(u) and |k| > 7+(u), then (42)—(44) holds (with
fx = fi(y) and for a suitable phase 6% = §®(y)) for every y € B, 5.(yo) up to a set of
relative measure smaller that p. The precise statement is given in theorem 8.2, section 8.
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(d) On the choice of norms.
The space of functions f : T — C™ endowed with the ¢! -Fourier norm | - |, is a Banach
algebra, while { f : T? — C" s.t. || f||; < oo} isjusta Banach space (nota Banach algebra).

However, the norm || - ||, is particularly suited to describe the space of potentials as a
probability space (see next section).
Of course, the norms || - || and | - |, are not equivalent and, in general, as it is easy to

check, one has:

£ 1lrs < | flrs < (coth™(0/2) = D[ f lrs10 < 2n/)"|| flrs5+0- (52)

3. The generic class #;

Here we discuss some properties of the classes H; . of non-degenerate potentials introduced
in definition 2.2.
To a given f € B" and k € G we associate a periodic function F* as follows

fEB!— FFeB), where F'(0):= Z fe, (53)
JEZ\{0}

(f being the Fourier coefficient of f with Fourier index jk € Z"), and notice that any f € B}
can be uniquely written as:

x) = Y FMk-x) (54)

keg?

Notice also that, if k € G} and | f],., < oo, then

|Fk|r,|k|1s < |f|r,s- (55)

Next, we introduce a probability measure on the unit ball in B?. Denote by ¢*°(Z”) the Banach
space of complex sequences (over Z) given by

(2 = {z €Ch st #0 and |z]o = sup |z| < —i—oo} . (56)
keZ

Then, the map
i c B" ||y s c (7" 57

is an isomorphism of Banach spaces, which allows to identify functions in B} with points in
£>°(Z}) and the Borellians of Bf with those of £>°(Z}); recall that since the functions in B{ are
real-analytic one has the reality condition f; = f ;..

Denote by B, the closed ball of radius one in B and by B the Borellians in B;.

On B; we can introduce the following natural (product) probability measure. Consider,
first, the probability measure given by the normalized Lebesgue-product measure on the
unit closed ball of ¢>°(Z}), namely, the unique probability measure ;o on the Borellians of
{z € £(Z"): |z]c < 1} such that, given Lebesgue measurable sets Ay in the unit complex
disk Ay € D:={w € C: |w| < 1} with Ay # D only for finitely many &, one has
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o HAk = H %meaS(Ak)

keZl {keZ? :Ay#D}

where ‘meas’ denotes the Lebesgue measure on the unit complex disk D. Then, the isometry j
in (57) naturally induces a probability measure (i, on the Borellians 13, so that p,(B;) = 1.

Remark 3.1.

(a) Since f € B, one has that | fi| < || f|l;e¥'* for all k’s and (32) says that, when k is a
generator of maximal 1d-lattices (later corresponding to simple resonances), the k-Fourier
coefficient does not vanish and is controlled in a quantitive way from below: |k|;" is a suit-
able weight (needed in the proof of theorem 3.1 below), while § is any number satisfiying

inf | fillklr s > 6> 0. (58)
k|1 >7(0)
(b) It is easy to construct functions in #,,(9). For example let
fG):=20 > |k[;"e 1 cos(k - x), (59)
kegt

which has Fourier coefficients

e Skl e s if +k € G
k= 0, otherwise

and 1d-Fourier projections
F 0) = 3|k|;" e ¥1* cos 6.
Then, f € H,(0) and, also, f € H, () for any choice of tail function 7(4).

Recall that a Borel set P of a Banach space X is called prevalent if there exists a compactly
supported probability measure v on the Borellians of X such that v(x + P) = 1 for all x € X;
compare, e.g., [20] or [21].

Theorem 3.1 (Properties of H, ). Lets > 0 and T be a tail function. Then:

(b) HS,T n B] S B al’ld IU’S(HJ,T M Bl) =1.
(¢) Hs., is a prevalent set.

(a) The set Hs, C B? contains an open dense set.

Proof.

(a) M, contains an open subset 7 . which is dense in the unit ball of B].
Let us define H . as H,, but with the difference that (32) is replaced by the stronger
condition

36 > 0s.t. | fi] =0 e s, Ve gl |k, > 7(6); (60)

(note, however, that 1,(H,) = 0).

Let us first prove that ; _ is open. Let f € H; . We have to show that there exists p > 0
such thatif ||g||; < p,then f 4 g € H; . Fix § > 0 such that (60) holds and, by continuity
of 7(8), choose p < § small enough such that [7(6)] > (") — 1, where ¢’ := ¢ — p and
[-] denotes integer part. Then, since 7(J) is not increasing, it is immediate to verify that
|k|1 > 7(6) < |k|1 > 7(0"). Moreover
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i+ gelel ' > | il —|lg|ly > 6 — p=¢", Vkeg] |k > (),

namely f + g satisfies (60) (with ¢’ instead of 9).

Let us now show that #; . is dense in the unit ball of B}. Take f in the unit ball of B
and0 < \ < 1. We have to find f € A, with || f — f||; < \. Let § := \/4 and denote by
frand ﬂ (to be defined) be the Fourier coefficients of, respectively, f and f We, then,
let fi = f; unless k € Gr, |kl > 7(0) and |fi|el* < 6, in which case, fi=d0e Mis 1t
is, now, easy to check that f € H! and is A-close to f.

(b) Hsr "By € Band p(H, - NBy) =1

We shall prove that, for every § > 0, the measure of the sets of potentials f that do not
satisfy (32) is O(6?), the result will follow letting § — 0.

By the identification (57), the measure of the set of potentials f that do not satisfy (32)
with a given § is bounded by

0y Ik 61)
kezn
(c) Hs, is prevalent.
Consider the following compact subset of 0(Z): let

K= {z={z}kezs 12 € Dijjy, }» where Dy, :={w € C: |w| < 1/[k[;}, and let
v be the unique probability measure supported on K such that, given Lebesgue
measurable sets Ay C Dy, with Ay #+ Dy /I, only for finitely many k, one has

v HAk = H @meas(Ak).

keZi {kezy :A#Dy )y . }

The isometry j; in (57) naturally induces a probability measure v; on B} with support
in the compact set Ky := j; ' K. Reasoning as in the proof of y,(#,,) = 1, one can show
that v4(H,s5) > 1 — const 2. It is also easy to check that, for every g € B!, the translated
set H, s + g satisfies v(H,5 + g) = vs(Hss)- Thus, one gets vy(H,r + g) = vs(Hsr) = 1,
V g € B!, which means that H; ; is prevalent. 0

Remark 3.2. As mentioned above, one could impose the condition |fi| > d[k[;" e K15 in
(32). Then (61) would become 623", . |k|;*", which is still fine if 7 > n/2.

4. Normal form lemma

In this section we describe an analytic normal form lemma for nearly-integrable Hamilto-
nians H(y,x) = h(y) + f(y,x), which allows to average out non-resonant Fourier modes of
the perturbation f on suitable non-resonant regions, and allows for ‘very small’ analyticity
loss in the angle variables, a fact, which will be crucial in our applications. In fact, the main
point of the following normal form lemma is that the new averaged Hamiltonian is defined,
in the fast variable (angle) domain, in a region almost equal to the original domain, ‘almost
equal’ meaning a complex strip of width s(1 — 1/K), if s is the width of the initial angle
analyticity.

We recall ([11, 29]) that, given an integrable Hamiltonian A(y), positive numbers «, K and
alattice A C Z", a (real or complex) domain U is («, K) non-resonant modulo A (with respect
to h) if

W) k| >a, VyeU VkeZ'\A, [k, <K. (62)
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We need also the following notations. Given f(y,x) = >, sn fi(»)e** and a sublattice A of
7", we denote

paf =Y R prf =D fine. (63)
ke kEA
Notice that:
| pASrss |Pkf|r,s < | flrs (64)
Given N > 0, we let:
TvfG.x):= Y A Tyfo.x):= > fiy)e*. (65)
[k[y <N K[y >N

Note that py and Ty commute and that

|Tn flrss T flrs < || (66)
ITx flrso <e NV fl. 0<o<s. (67)

Proposition 4.1 (Normal form with ‘small’ analyticity loss). Let r,s,a >0, K € N,
K >2,D CR" and let A be a lattice of 7". Let

H(y,x) = h(y) + f(y, %) (68)

be real-analytic on D, x T" with | f|,; < co. Assume that D, is («, K) non-resonant modulo A
and that

211K2
Qars

0, : 1fls < 1. (69)

Then, there exists a real-analytic symplectic change of variables

U:(y,x)eD, xT, — (y,x) €D, x Ty with r.:=r/2,s.:=s(1—-1/K) (70)

satisfying
I I
V|, < == .
ly =y < i lngllagxn|x, x| < Tk (71)
and such that
HoW=h+f +f, f:=parf+Tgpif (72)
with
Folioss € 0l e PR Lol < 0./8F 7] 3
Hrese X K *|J |r.ss K PASHlrse S (Vs ek

Moreover, re-writing (72) as
HoW =h+g+ fio where pag =g, pafix =0, (74)
one has

1 —(K-2)5
Ig - PAfIr*,s* < Eﬁ*lﬂr,s» |f**|r*,s/2 < 2e (K2 |f|r,5» (75)
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where

5= min{s log 8}. (76)

Remark 4.1.

(a) The ‘novelty’ of this lemma is that the bounds in (73) and the first one in (75) hold on the
large angle domain T with s, = s(1 — 1 /K). In particular the first estimate in (73) (or,
equivalently, in (75)) will be important in our analysis in order to obtain (150), (153) and,
therefore, (159), (166) and finally (171), which is the key to prove (43) in theorem 2.1.
The drawback of the gain in angle-analyticity strip is that the power of K in the smallness
condition (69) is not optimal: for example in [11] the power of K is one (but s, = 5/6,
which would not work in our applications).

(b) Having information on non-resonant Fourier modes up to order K, the best one can do is
to average out the non-resonant Fourier modes up to order K, namely, to ‘kill’ the term
Tk pyx f of the Fourier expansion of the perturbation. This explains the ‘flat’ term f =
paf + T pxf surviving in (72) and which cannot be removed in general. Now, think of
the remainder term f, as

fo=pafe+ (Te PaSs + Tk PASe) ;
then, pa f« is a (4| f],s/K)-perturbation of the part in normal form (i.e., with Fourier

modesin A), while T,% pk [« 1s, by (67), a term exponentially small with K (see also below)
and Tk p3 f, is a very small remainder bounded by 8(J,/8)X|f|,,/eK.

(c) We note that (74) follows from (72). Indeed we take

g=paf + Pafes  foo =T PaS + Pafe = TePafe + T PAUSs + 1)
Then the first estimate in (75) follows by the first bound in (73) and (64). Regarding the

second estimate in (75), we first note by (73) and (67), (used with f, r, s, o and N, replaced,
respectively, by f., 7, Sx, 5 — £ and K, so that s, — o = s/2 and e~ K TD7 e~ (K-2s/2)

ITIJ(_f*Ir*,S/Z = |TIJ<_f*|r*,swa < ei(KH)glf*'r*,s* < ei(Kiz)s/zﬁ*lﬂm/K-

By (64), (73) and (67) we get

|f**|r*,x/2 < |TK pkf*lr*,s/Z + |T[éf*|r*,s/2 + |T[éf|r*,s/2
8
< (ﬁ*/g)KiKlflm + ei(Kiz)X/zw*/K + e73S/2)|f|r,s
e

< 2e K7 £,

(d) Let us compare our results with more standard formulations, such as the normal form
lemma in section 2 of [11]. In that formulation, imposing the weaker smallness condition
| f|rs < const ar/K, the normal form Hamiltonian writes & 4+ G + £ with f exponentially
small (of order | f|,,e%%/®) and, regarding G one knows that

K
19 = Tk paflas < const. I fI7. (77)
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For our purposes we need to prove that, whenk € Z, |k|; < Ky < K (k € Zﬁl indexes the

simple resonance we want to consider while [ € Zj indexes the second order resonance
beyond k) and | fi|/|f].s = |k|;" e 1%, the quantity

1
= sup |g(y) — fil
|fk| YeD, />

is small. Indeed by (75) we have

1 O\, e Wi g |k|n elssolkh
77 Sup gk()’) _fk < W fr,s < e 1 —

Al | SEV TR ST

0* k|7 es|k|1/K 19* K"
:f||15 <?es#’ (78)
which is small when
arss \'/"

(i)

Consider, for example, the function f = sf with € small and f defined in (59). We have
that | |, = cde, for a suitable constant ¢ > 0. In this case (79) writes

K < (‘;‘(—r;)l/n. (30)

On the other hand by estimate (77) one only have

1 Ke ek 5
—— sup |9x(y) — fi| < const.—|k|7 elklis e~ IkIs/6 < const.—— K[! e5 K05,
|fk|y€Dr/2 ar ar

which is small only for

6 ar
K — log — 1
1<<5S 0g o (81)

that is a considerably stronger bound than the one in (80).

Since we are considering simple resonances indexed by |k|; < K, the non resonant
region will be non-resonant only up to order K;; therefore we have that the perturbation,
after normal form in the non-resonant region, will be of magnitude

ce Ki5/0 > E(Ks/ar)l/s,

when the bound (81) applies. This estimate is very bad. On the other hand, in our case,
the weaker bound (80) applies and we obtain that the perturbation is exponentially small.

Next, let us recall a techincal lemma from [11]. Given a function ¢ we denote by X:ﬁ the
Hamiltonian flow at time ¢ generated by ¢ and by ‘ad’ the linear operator

u— adeu = {u, ¢} := Z (U, by, — Uy, Px;)
i=1

and ad’ its iterates:

adgu::u, adéu::{adfjlu,¢}, !

WV
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(as standard, {-, -} denotes Poisson bracket).
Recall the identity (‘Lie series expansion’)

> O (uo X)

1
u OX(}? = Z Eadf;u = Z Thzo,

>0 (=0

valid for analytic functions and small ¢.

Lemma 4.1 (LemmaB.3of [11]). ForO<p<r,0<o <s,DCR"

1 1
Sup Z |axi¢(y: ')lsfo' < ;'Qﬂr,s» SUP m?1<Xn|ag¢(y» )|s < ;|¢|r,s»

yeD, 1<i<n yeDr—p RIS
By lemma 4.1 we get (see also lemma B.4 of [11])

Lemmad.2. For0< p<r:={ro,r} 0<o <5:={s0,s}

1 1 1
o8 e < ( n ) Flosolelee

e\(o -7+ pG—5+0) (-7t pso—5+0)

Summing the Lie series in (82) (see lemma BS5 of [11]) we get, also,

Lemmad.3. LetO< p<rogand0 < o < sg. Assume that

79 = 4e|¢|r0,xo < 1

po

(82)

(83)

(84)

Then for every p < r' < ro, o <5 < s¢, the time-1-flow X(;, of vector field X define a good

canonical transformation

qubZD,/,p X T?Lg — Dr/,p/z X T?’—U/Z
satisfying
N N
) <L, max|y— x| <92
ly =¥ < de’ 1<i<n|l il < 4

Moreover let r > p,s > o and set
7:= min{ro, 7}, 5:= min{so,s}.

Then for any j > 0

1
|Lt o X(;, — Z adgu|;,p,g,g < Z Elad?@tl;,p,g,o—

h<j h>j
< 20/2)[{ut, O} pj25-0)2
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for every function u with |u|,; < oc.
In particular when r < rp, s < 8o

1 .

|Lt © X(}; - ulrfp,sfo' < Z E'adgubfp,sfa < 219|M|r,s» (88)
h>1

|Lt o X(}; —u— {Lt, (b}'rfp,sfa < 1§2|u|r,s» (89)

Proof. We first note that by lemma 4.1 (applied with r and s replaced, respectively, by ry and
so) for every (y,x) € Dy, x T§ _, we have

p

1 p 1 Jo o
6)( 5 <7 rszigi, ar' 5 <7 rszigf-
| (b(y x)|1 €O'|¢| 0+50 de de 1n<lflgxn | l¢(y x)l p|¢| 0-50 4 4
Then (85) holds.
For h > 1, set for brevity
: ~._ P ~._ T
|- ]i:=]" b —ips—G—it> Oglgh,ﬂ*zh,a-fz”
We get
|adf, {u, §};
831 1 1 .
< | = + = —— D] |ad’fl{u, O}i-1
e (p(s0§+i&+a/2) U(ror+lp+p/2)> e
8n? 1
\ 10,5 dl 1 —1s
epO'th |¢|o ola {Lt ¢}| 1
and, iterating,
|ad {I/l ¢}|h X epo (2h)'|¢|r0 Yol{ ¢}|r p/2s—0/2 X h'(’l?/Z) |{M ¢}|r p/2,s—0/2

by Stirling’s formula. Then

1 ‘l
Z (h+ 1)|| ]H”l’ pS—0 =X Z m(ﬁ/Z)hHu ¢}|r p/2,5—0/2

h>j

proving (87) in view of (84).
Finally (88) and (89) follows by (87) and since |[{u, ¢}|r—,/25-0/2 < 2€~ 119|u|” by (83). O

Given K > 2 and a lattice A, recall the definition of f” in (72) and define

fE=f—f =Txppf.
so that we have the decomposition (valid for any f):

F=0+ 5 f=Paf+Tgpaf. fC:=Tpif. (90)
Lemmad4.4. Let0< p <rand0 < o <s. Consider a real-analytic Hamiltonian

H = H(y,x) = h(y) + f(y,x) analyticon D, x T. 91)
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Suppose that D, is («, K) non-resonant modulo A for h (with K > 2). Assume that
0= —|f%,s < 1. (92)
Then there exists a real-analytic symplectic change of coordinates
\If::Xqﬂ:D,+ X 'IF:.’+ 50L,Y) = ,x) €D, xT!, ry:i=r—p,sy:=s—0,

generated by a function ¢ = ¢X = Ty p1 ¢ with

|¢|r,s < |fK|r,s/a» (93)
satisfying
VI < 5P <l
|y y |1 X 1946" 12?§n|xl 'xll =X 194’ (94)
such that
HoW =h()+ f+(/,x),  fr:=f + [ (95)
with
| filrisy < 40| flrs- (96)
Notice that, by (90) and (96), one has
ff = f*K’ |f+|r+,‘v+ < |f*|r+,s+ + |f|r,s < Jr41§)|f|r,s- e
Notice also that
b p 95) Lp b b %6) .
f+ -r=5 = |f+ - f |r+,s+ < |f*|r+~s+ < 419|f|r,s- (98)
Proof. Let us define
_ L ﬁn(y) im-x
0=000= 3 g
[m| <K mg A

and note that ¢ solves the homological equation
{h.¢} + f* =0. 99)

Since D, is («, K) non-resonant modulo A the estimate (93) holds. We now use lemma 4.§ with
ro and s replaced, respectively, by r and s. With these choices it is 1) = ¢, and, by (92) ¥ < 1.
Thus, (84) holds and lemma 4.3 applies. (94) follows by (86). We have

HoVU=h+ "+ f,
with
fi=thoU —h—{h,¢})+(fol — f).

Since

| 1 : (99) 1
ho\y—h—{h,qs}zzﬁadghzzmadg{h,oj} = —Z(H 1)'acigf’f,
=2 =1 ’ =1 ’
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we have

) . .
lhoW —h—{h, ¢}|r+ st Z _|ad fK|r+ sy S 219|fK|r,s < 20| f s

21

Finally, applying again lemma 4.3 with u = f, by (88), we get |[f o W — f[,, ;. < 20| f .5
proving (96) and concluding the proof of lemma 4.4. 0

As a preliminary step we apply lemma 4.4 to the Hamiltonian H = h + f in (68) with
p=r/4and o = s/2K. By (64), (66), (90) and (69) hypothesis (92) holds, namely

2eK

Qars

(N |5 < 1 (100)

Then there exists a real-analytic symplectic change of coordinates
n 0 O n 3 1
V_y:D,, X TSO SO xY) = (,x)e D, xT;, ry:= Zr, soi=(1——]s,
satisfying
RN OIS BN OIS L
b=yl < 16e’ 1n<11a<xn|xl IS 197181{’

such that

HoV_; = :Hy=hy") + foo' 2, x"),  fo=f + fu £ :==Paf +Tg Px

(102)
with
|f*|ro,so < 4'1971|f|r,s- (103)
Recalling (90) and (102) we get
fo =1~
and, by (103) and (100),
27eK
5 o < A0l flrs < = (104)
Then, setting
2%ek?
Do 1= 0| f| sy Withd 1= ——, (105)
ars
we have
26eK? 2 ©9) 1
19 rs < 19* 8 2 < Py 106
o< (T St < (106
Finally, since f; — f” = f! by (98) we get
, )27eK ( 9 1
1 = Plooso < 401171 < — I/ Ol flrs- (107)

s S g
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The idea is to construct ¥ by applying K times lemma 4.4.

Let
r s
=—, 0=
P~k 2K7
3 1
rii= er ip, <1 — 2K> —io, |-|i=]"rs (108)
Fix 1 < j < K and make the following inductive assumptions:

Assume that there exist, for 1 < i < j, real-analytic symplectic transformations

U, ::X(;H :D, xT! 3 oD, xD) 5 (D 50Dy D, xT"

Si—1?

generated by a function ¢;_; = ¢X | with

ldiztlict < If5 lim1 /v, (109)
satisfying

D _ 0 < 9. (- _ <9 S

ly yWh < 191711661(” lrg?énhg v | < 19[7181{2’ (110)
such that

Hi:=H_ 10V, = :h+fi=h+ K+ p (111)
satisfies, for 1 < i < j, the estimates

28[(2|f|rY (69) 9, il 1 /9, il

(m> () i) e
where

V1= 6| fX].. (113)

Let us first show that the inductive hypothesis is true for j = 1 (which implies i = 1). Indeed
by (106) we see that we can apply lemma 4.4 with f and ¥ replaced, respectively, by fX and
P = 0| fOK |o. Thus, we obtain the existence of Uy = generated by a function ¢y = (;50 with

1 4)27 eK
|¢0|ro S0 < |f0 |ro S0 < |f|rs7 (114)

satisfying (109) and (110), so that (h + &) o ¥y = :h + f; and, by (95) and (96),

>26K

|F1l1 < 40| £ |o < |fo |0 < |f|rs; (115)

note that (fX)’ = 0. We have that f; = f| + fg o Wy. Then, since (f)¥ = 0and (f3)" = f3,
one finds

=N oYo— 5 fI—f=F+oV— fy). (116)
Write
fooWo—fo=(fg—fHoVo—(fg— )+ oW~ f —{f ¢} + {f" bo}.
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By (88) (with u, r and s replaced by f; — £, ro and s9) we have

I(fs = £ 0 Wo — (fg — [l < 200l fy — f'lo < |f|

ars
by (106) and (107). By (87) (with u, ¢, j, 7 and s replaced, respectively, by f b ¢, 1, g and sp)

b b 29K3
|f [¢) \Ifo — fb - {f 5 ¢0}|1 < Zﬂol{fba ¢0}|r07p/2,s07(7/2 X rz ) |f|” X

rs’

by (106), (114) and (83) (with f and g replaced by ¢, and f”). Analogously by (83) we get

24K2 (114 211K3 (6 9) K
|¢0|0|f|rv = 2 zzlflis\ |f|

Hf"doth <

Summarising:

20K
|f0 °© ¥o f0|1 ars |f|r,s

Then, by (115) and (116) we get

2’K
IFE1 1A = Aol < =—=IfL, (117)
Qrs

checking (112) inthe case j =i = 1.

Now take 2 < j < K and assume that the inductive hypothesis holds true for 1 < i < jand
let us prove that it holds also for i = j+ 1. By (112) and (69) we can apply lemma 4 4 (with
f and ¥ replaced by ij and 9;). Thus, we obtain the existence of ¥; = X qlbj, generated by a

function ¢; = ¢} with

13 U;

o IJ < If =5 (118)

so that (h + f}-K) oW, = :h+ f}-H and, by (95) and (96),

(113) 4

~ 1 )
Fivilier < 4081, 503 'S 20870 S 0,9 < /9,

231 25

(119)

since j > 2. We have that f;11 = f 11 + f7 o ¥;. Then (as above, (f)) = 0and (f))" = f})
=S+ (oW = fla— £ =F+ (o0, — f)).

(120)

Writing

J
=+ =M+ = f
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we have

f;o\ljj_fj?:{f7’¢j}
+ oW~ —{f ;)
(o= oW —(fy = 1)

J

> (0= re = = £) (121)
i=1

where ¥; = X (},j. By (83) (with f, g, ro and sy replaced, respectively, by ¢, f°, r; and s;) we
get, by (109) and (113),

24K? 24K,
|¢j|j|f|r,s < !

6 1
earsd s = €245

112 1 .
7 it < /8 S a5 @e/8)

ers

By (87) (with u, ¢, j, 7 and 5 replaced, respectively, by f b ¢, 1, rjand s;) reasoning as above
we get

9, . 1 .
70w = 17 = {F" 0 it SOHL Oy pj2smoi2 < 3 5 0u/8) T2 < S <(0,/8)2
J J 4ed 26¢6
by (112) and (69). By (88) (with u,  and s replaced, respectively, by fob — 17, rj, §;) we have

b b b b 28¢K 1 ;
I(fg = 1709 = (f5 = Ml S = £ < IR0 < 350,/8) ™

by (107), (112), (105) and (69). Analogously, for 1 < i < j, by (88) (with u replaced by
=1

2 oy
[ = £ 0 W)= (FF = f2 0l SO0 = f4]; < 50./8)

by (112). Then by (69)

J
» b b 2 .
|; ((f,»b —flpo¥; —(f) — fH)) [i+1 < %(ﬁ*/g)ﬂd'
Whence:
/ ! 4 +2
f7 0 W)= filimr < 55 W0./8)Y7
Then by (119) we get

§ 1 :
|Fratljsr + 17 0 W) = £l < 5(19*/8)”2-

By (120) we get (112) with i = j 4 1. This completes the proof of the induction.
Now, we can conclude the proof of proposition 4.1. Set

\I/Z:\IJ,IOWOO---O\IIK,I.
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Notice that, by (108), rx = r/2 = r, and sx = s(1 — 1/K) = s,. By the induction, it is

HoW=Hy oUg "S*ht fo=:h+ f + f, (122)

with f> = paf + T¢ pi f (recall (72)). Note that by (112) and (106)

K K
Do Vi <D W0./8) < 0./7. (123)
i1 -

Since (v/,x) = (%, x%) by (101), (110) and triangular inequality we get

K r19
I N () O _ (i-D| < V=1
Y =yl <y =yOh + )P =L < 1661{2191 |

i=1
(1? r 9 U, (120> r I, U,
STee \"' 77k ) S1ee \8k Tk )

then (71) follows (the estimate on the angle being analogous).
Since TKP £’ = ()% = 0 (for any f, recall (90)) we have

(113)

(112)
ITkPX filros, = |filx = 6 "Wk < 07 '(0,/8)K T = (0, /8)’< |l (124)

proving the second estimates in (73).
Finally, (using that K > 2 and that ¥, < 1)

(122) (90)

| Felrass = 1k = Pl =1+ 1= Ple < ULk + 15 — fblo+Z|fb fali

i=1

(107),(112)

S8l + gl s+ 52(19 /8"

(124),(123)

; 8 1 192 1
g 19* Ki r.s 719* r.s
@/ el s g0l

566

19 |f|r S

which proves also the first estimate in (73). ]

5. Geometry of resonances and proof of the covering lemma

We start by observing that from the definitions given in section 2 (in particular, (23) < (28)),
it follows at once that

QU U D By (0). (125)

Next, let us point out the non-resonance properties satisfied by the frequencies in ).

(a) If 0 # |k} < K, then there exists k € G, and a 0 # j € Z such that k = jk and,
therefore,

we = |w-k|=|j|\w-l_c|>|w-l_c|>kném lw -k >a/2.  (126)

1K
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(b) Let w € QY with k € ik, and let £ ¢ Zk, |(|; < K». Then, there exist j € Z\{0} and
Ve Gl k, such that £ = JjU'. Hence,

(k-
|w-£|:|j||w-e/|>|w-e’|:|%www
K, 30K, oK, 20K,
> |ptw- | — 222 e - : 127
P T T T T W (12D

(c) It remains to evaluate the measure of Q2. To do this, we first prove the following

Lemma5.1. Ifwe QG withk € G, { € Gy, [ & Tk, then

dist(w, Rer) < V10aKs k|| (128)
Moreover,
2 nam—2 2K2
meas (§2;,) < 3-2"M W (129)

Proof. Letv € R" be the projection of w onto Rklj,, which is the plane generated by k and ¢
(recall that, by hypothesis, k and ¢ are not parallel). Then,

dist (w, Ryp) = dist (v, Ry0) = v (130)
and
lv-k| =|w-k| <a, |piv-f =]|prw- £ <3aky/[k|. (131)
Set
(- k
hi=pil=0— k. 132

Then, v decomposes in a unique way as
v = ak + bh

for suitable a, b € R. By (131),
|ppv- €] = [bh- €] <3aKy/|k], (133)

and

s |[02k|)? — (€ - k)? 1
pog PEEL S
-4l P P

since |£|?|k|*> — (¢ - k)? is a positive integer (recall, that k and / are integer vectors not parallel).
Hence,

1b] < 30Kk, (134)

and (128) follows since |h| < || and |v| = \/@2[k|> + B2[h?> < V/10aK; |k||4).
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To estimate the measure of Qk , we write w € Ry asw = v + v’ with v in the orthogonal
complement of the plane generated by k and /. Since |v*| < |w| < M and v lies in a rectangle
of sizes of length 2 /|k|* and 6aK2|k| (compare (133) and (134)) we find

K
2 Gaka kM) = 3 - "M 2R (135)

meas (Q,%j) |k|

Ikl2
finishing the proof of lemma 5.1. O

From (28) and (135) it follows immediately (recall that n > 2) that
meas () < eM" 2K KL, (136)

for a suitable constant ¢ depending only on 7.

At this point the proof of proposition 2.1 follows at once: recalling the definition of L in
definition 2.1, (125) implies (18), while (126), (127) and (136) imply immediately (19), (20)
and (21) respectively, proving proposition 2.1. 0

6. Averaging theory

Putting together the normal form lemma (proposition 4.1) and the covering lemma
(proposition 2.1) there follows easily the following averaging theorem for non-resonant and
simply resonant zones.

Assumption A. Letr,s > 0 and let # be KAM non-degenerate (definition 2.1).
Let f:D, x T? — C be a holomorphic function with

[ fllprs =1 (137)
and define

H-(y,x):=hQ@y)+ecf(y,x), O»x)eD, xT:, ¢>0. (138)
Let K>, K, v and « be such that

Ky 23K =26, v>=2n+2, a:=+cK;. (139)
For k € G ¢, define

KU K]/

= = 140
0 4LK1 =Vegk L|k| \/_L|k| (140)
- . L 1 . . L 1
0:=214,2 e W; 9 1= 21102 i W (141)
For later use, we observe that (38) implies:
9 < 6. (142)
Theorem 6.1. Let assumption A hold and assume that ¢ satisfies (40) and
V—n— n_.n L ev/z
K3t > 2Bty T (143)

Then the following holds.
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(a) There exists a symplectic change of variables

.0 n 0 n
Wo:Dy o X T k2 = Dry X Tia_1/k,y (144)
such that
H. oW = h(y) +eg°(y) + 2000,  (f) =0, (145)

where () = pjoy denotes the average with respect to the angles x and

_ 2nKi\" k-
S(l)lp lg° = (NI <7, |ff*|D0,ro/2,s(lfl/K1)/2 < 2( s > e K2,
D

ro/2

(146)

(b) D' = Ukegi« % DY* and for any k € 1 k, there exists a symplectic change of variables

WD) X T = DR X Ty gy sei=s(1 = 1/Ka), (147)
such that
H. 0 Uy = h(y) + eg" (v, ) + e f1,(3.%) (148)
where
¢ = pud, pufi=0, (149)
and
ZHKQ " _ —3)s
lg" — Pzif pri s 25, < Vs |ff*|D1vk,rk/2,x(lf1/K2)/2 < 2( 5 > e a2,
(150)
Remark 6.1.
(a) The functions g* and pz f depend, effectively, only on one angle # € T': more precisely,
setting
. Fiy,0):= Y Fiye”
Fi(y):= fi(y) J€Z,j£0
(151)
Gi) = gh) G 0):= > Ghye”
JEZL,j#0
we have (recall (54))
(P ) x) = Fik -2, ¢ 0,0 = 860 + G* 0.k - ). (152)
From (150) and (55) (and recalling that f has zero average) it follows
sup gl <90 |G = F¥lpa, o pgys, < 0- (153)
Dl'
/2

3554



Nonlinearity 33 (2020) 3526 L Biasco and L Chierchia

The function 6 € ’]I"lkm* — Gk(y, 0) is the ‘effective potential’ at the simple resonance k.
(b) We have assumed that || f]|,., = 1 (see (137)), since this is the natural assumption in term

of genericity properties, however the normal form lemma is formulated in term of the

stronger norm | - |. We need therefore to restrict slightly the angle-analyticity domain in
order to pass to the norm | - |. This can be done through (52), which yields (for r = r( or
r=ryand K = Kj or K»)
(2.3 /2nK\ "
|flrsa-m - < <T) : (154)

(c) The choice of o in (139) is not restrictive (since it is done through the introduction of v, a
new parameter) and it has the effect of making disappear € from the smallness conditions
and from the definition of the smallness parameters + and .

According to the choice of K| and K, one will get different kind of statements.

Remark 6.2.

a) Observe that ry < r < 4/eKY /L so that assumption (40) ensures the necessary condition:
2 p y

@ <r. (155)

ro < 1 < 7

(b) The hypotheses of the normal form lemma (proposition 4.1) concern a complex domain
D,, while the non-resonance properties of the covering lemma (proposition 2.1) hold on
real domains. The following simple observation allows to use directly the covering lemma:

If a set D C R" is («, K) non-resonant modulo A for 4, then the complex domain D,
is (v — LrK, K) non-resonant modulo A, provided LrK < «, where L is the Lipschitz
constant of w on the complex domain D,.

Indeed, if y € D, there exists yo € D such that |y — yo| < r and |w(yo) - k| = « for all
ke Z"\ A, |k|; < K. Thus, for such k’s, one has

|w) - k| = |wo) - k — (w(yo) — w®)) - k| = |w(yo) - k| — LrK > o — LrK .
O

Proof of theorem 6.1.

(a) By remark 6.2(b), (19) and the choice of ry in (140), the domain D?O is (a/4,K;) com-
pletely non-resonant (or non-resonant modulo the trivial lattice {0}) and, in view of (154)
and (143), one can apply proposition4.1 to H. in (138) with f, D, r, A, a, K and s replaced,
respectively, by ef, D°, ro, {0}, a/4, K, and s(1 — 1/K;). Thus, using (140) and that
K, > 2, one sees that

LK13|f|ro,s(lfl/K1)
K3"s(1 — 1/K)

139139) 16 LK} (2nK1 )"

190 = 215

sK3” s
(139) L 1 43
13 _n —s/2
S gt g2v-n—3 se / <L (156)
2
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showing that (69) holds (with 1, replaced by ), together with (76) with 5 replaced by
s(1 = 1/Ky)/2. Then, by (75) and (154), one has:

20K \" (139 /nK, \"  (156),141) _
sup g~ ()] < on (2250 ) 1212 ) L,

0 N
Dro /2

2nK\" 2nK;\"
|ff*|D°,r0/2,s(1—1/K1)/2 <2e<’<12>f<11/1<1>/2<—n 1) <2<—n 1) e~ (Ki1-3)/2,

N N

from which (146) follows.
(b) By remark 6.2(b), the definition of ry in (140) and (20), the domain Di,;k is

Q2aKy /|k| — LKy, Ky) = (aKa /|k], K7)

non-resonant modulo Zk.

Using again (154), we can apply proposition 4.1 with f, D, r, A, «, K and s replaced,
respectively, by e f, D', ri, Zk, aK, /|k|, K> and s(1 — 1/K>). Then, since |k| < K}, one
finds

LK2|k|2€|f|rk,x(lfl/K2)

. nll
k=2 a2s(1 — 1/K)

(139),(154) L 1
< 2n+12nn

—s/2
o KT <e i<, (157)

showing that (69) holds with 1, replaced by ¥, together with (76) with 5 replaced by
s(1 = 1/K3)/2. From (75), (157) and (154) there follows (150); indeed

1 /20K, \" (157141
lg" — Pzif Ipri s, o, < Kz( g )19k < W,

—(Kr—2)s(1— anzn 2nK2"775
|ff*|D1v’<,rk/2,x(1—1/K2)/2 < 2e K201 1/K2)/2<) < 2() e~ (K2=3)s/2. ]

N N

7. Proof of theorem 2.1

Under the above hypotheses, apart from a finite number of simple resonances the effective
potential G* at simple resonances is close to a (shifted) cosine:

Proposition 7.1. Let the assumptions of theorem 6.1 hold, let k € g;{Kl and let G¥ be as in
(151), (149). Then, if

|kly > 3/s, (158)
one has that

IG* — T F¥p1a, oy < 9T e Kl 4 28 g7 2khis (159)
Proof. Recall (65) and observe that by definition of Ty and Tﬁ,

G' —1\F* =1,G* - T\F* + T}-G*. (160)
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Now, since 3/s < |k|; < K} < K»/3,

Sup |G, — Fj:1| 196: s < 196 k15(1-2/K2)  gese—lklis
Drk/Z
so that
IT\G* — T\ F¥pra,, jon = |G} — File* + ]G5 — F & < 2e?e’de M0,
(161)

Next, recalling (151), we have that

T GHlota oz = 3 leal < 37 15l 4 3 lgw = ful el (162)

li=2 l11=2 l11=2
JEZ
Let us estimate the two sums separately. Since || f||; = 1, | fr| < e /¥ so that | f;| < e MK
and:
2 ks g2l _ oS A
Ji < JIK[s J = 18
Sl <> e =20 Sdete (163)
/=2 11122

where in the last inequality we used the assumption |k|;s > 3 > 2 + log 2.
Then (again, because |k|;s > 3), we see that

Z g — fule = Z g — fi|elksx g=llkls+21]

[j1=2 1122
(1%3)sup (e,j(\khs*fz)) 9 < e 2Kis=2 g
=2
< 64672|k|15(172/1(2)19 < ,(9ezs+4672|k|15. (164)
Putting (163) and (164) together, by (160) and (158), (159) follows. ]

Proposition 7.2. Let the assumptions of theorem 6.1 hold; let s > 0, 0 < § < 1 and fix any
0 < v < 1. Assume (38) and (34). If k € gg{,{l satisfies

lkly > 76857, (165)
(with 74(0;7y) defined in (37)) then,
|G* — T, F* Ipié s 20 < YOk, (166)
where
= b|k|; e e (167)

Remark 7.1. Conditions (38) and (165) are stronger than the ones on v in (139), (143) and
(158). In particular the assumptions of proposition 7.1 hold.
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Proof of proposition 7.2. As mentioned in the above remark, proposition 7.1 holds. Let
us estimate the two terms in (159) separately. Recalling the definition of ©J in (141) (and that
|k|1 < K1 < K2/3), we find:

9 esTS eIkl (14D o515 o~ lkl1s92n+10, 20 L 1
S2n+1 K§V72n73

S2n+1 K§V72n73% 2

L 1 1~
s2ntl Kzz”’3”’3 5 2

— oS HSp2nt11,n L Ik[7 1 ’Y_‘Sk

< es+52n+11n2n

(38) ~§
< Lo, (168)
2
To control second term in (159), one may use the following elementary calculus estimate
(whose simple proof is left to the reader):
a>2log2, 0<A<e®? t>4logh' = e "<\, (169)
Then, by (169) (with a, t and X replaced, respectively, by n, s|k|; and s"vd/2%), and by (34)
and (165), one sees that

2’ 0k
28 o 2lkhs — (glk|, Yt e Kis = TPk TPk 170
e Glkyre e 2 T < (170)
The claim, now, follows from (168) and (170). O

The quantity ¢, defined in (167) is a ‘Fourier-measure’ for the non-degeneracy of ana-
lytic potentials f holomorphic on T%: indeed, such potentials will have, in general, Fourier
coefficients f; ~ e *kli,

We still need a lemma.

Lemma 71. Let s>0, 0<d<1 and fix any 0 <~y < 1. Let the assumptions of
theorem 6.1 hold; assume (38), (34) and that the positional potential f € H. (0) with the
tail function 7, defined in (165). Then, for 7,(6;7) < |k|; < K; < K, /3, one has

|GH0.) = i Ol _

sup < (171)
VEDU‘/2 |fk|
yeb,,
and
1 210nn3n ks
m|ff*|D1»k,rk/2,s(l71/K2)/2 < g e Fa/8, (172)

Proof. Since proposition 7.2 holds, by (166) and since f € H,, (6) we get (171). By (150)
we get

1, k|t el 2nKo\" ks
W|f**|D1>k,rk/2,s(171/1(2)/2<Tz — )¢ 2

2n+lnn - (139) pn
—(Kp—2K))s/2 2n ,—Kjs/6
< S5 KiKSe < Gskare e,
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Then, observing that for & > 0 we have max,~ox“e ™ = (a//e)* and

bl

Sﬂ

se

2n 10n ,2n
48n 2'%n
K%n eiKZX/M < ( > <

(172) follows. ]
Finally, we may conclude the

Proof of theorem 2.1. Recalling the definition of Ty given in (65), we have that
TIFY0) = fie + fe ™ = 2| fi cos(6 + 6%
for a suitable constant §). Recalling (148), (152) and setting
) == h(y) + £g5(v).
G*(y,0) — cos(d + 6%

G@y,0) = ,
2| fil
k 9)
fk ,X) — f**(y’ ,
= Tl
we get (42). Finally theorem 2.1 follows from lemma 7.1, in particular (43) and (44) follow
from (153), (142), (171) and (172), respectively. ]

8. General (y-dependent) potentials

In this section we discuss briefly the generalization of the above analysis to the case of
potentials which depend also on the action variables y.
For k € Z"\{0} let by > 0 such that

Zbk < 00.
0
For Z C Z"\{0} we set
bzi=> by
keZ

For definiteness we will fix
b= k|2,

but every other possible choice is fine. As usual, we denote by §"~! the real unit ball in R":
s={ye Ryl =1}.

Proposition 8.1. Let r,iu > 0 and Z C Z"\{0}. For any k € Z let ©i(y) be holomorphic
Sfunctions on the complex ball {y € C": |y| < r} with

sup [ox)| < 1, and  |@r(0)] = & > 0.

[yl<r

Then, for everyy € R" with |y| < r/2e, up, at most, to a set of measure

! meas ,_(S" )b ( d )n
2 n—1 zZ 26 Hy
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we have

. /Lbk log 1/3k
loe )| = 5k<3oe3> , Vke Z. (173)

The proof relies on the following classical result in function theory (see, e.g., [32]):

Lemma 8.1 (Cartan’s estimate). Assume that £ : C — C is holomorphic and bounded by
M > 0 on the complex ball |z| < 2eR. If |£(0)| = 1 then, for 0 < n < 1

log M
€@ > (o) (174)

foranyz € C,

z| < Rup to a set of balls of radii r; satisfying
Z r; < nR.
J

Remark 8.1. Note that (174) holds in the complex ball |z] < R up to a set of measure smaller
than 77?R?. Moreover it holds on the real interval (—R, R) up to a set of (real) measure 2nR.

Proof of proposition 8.1. Fixk € Z.Fix{ = (&,..., &) € R" with || = 1and &; > 0.
We apply Cartan’s estimates simultaneously for every k € Z with £(z), R, M and 7 replaced,
respectively, by

1
Pz L — and %bk.

er(0) 27§
Recall remark 8.1 and observe that, by (174), for fixed k, estimate (173) holds on the segment
{¥¢:y € (—r/2e,r/2¢)}, up to a set of measure at most ubyr/(2¢). Integrating on the half-
sphere [¢] =1, £, > 0, we get that (173) for the fixed k holds on the ball |y| < r/2e up, at
most, to a set of measure

1 r\”"

5 meas, 18" () b

5 meas 18" 2e) Mo

Summing on all k € Z we get that (173) holds forall k € Z. 0
Fix 0 < p,y < 1. Define the following tail function

T(05y, ) := (175)

2() 2 2() 2 3 4 3 3 1 210

Tn max < log® Tn’ log & log® | = log & , log & log —, log — 7,
S s o S o 1 1) oy

where
5:= min{s, 1}.
Fix yg € D and assume that
FOo,) € Hyr (0).
Set

o) = fryele. (176)
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We have that

(137)
sup ok < 1, k()| = 0x:=0/[k[],  Vk € GY, k|1 > T.(0).
YEC! |y—yol<r

(177)

Let ¢+ > 0. Then by proposition 8.1 (with @i(y) ~» @i (y + yo)) there exists real sets

b n
D C Byp(yo)  satisfying meas (B,2.(00)\D) < 5 meas, (8" (5. ) .

2e
(178)
with
—n/2 —n/2
b= >0 KPR
K[} >7s(y.p0) k#0
such that
log 1/8;
5 ; 1
AN = o] > d=d L)
Aol o “\ 3063k
Vye D, kegl, [kl > 1.(0). (179)
O

Theorem 8.1. Let the assumption of theorem 6.1 hold. Fix 0 < ;1,0 < 1/e® and 0 < v < 1.
Assume that for some yo € D we have f(yo,-) € H,r.(9). Set

L
~ 3 - . ~2n+10, 2
a:=p/30e’, n:=2v-2n-3, K:=2" nnm (180)
Assume that
4
. 9. 1 5.\7 05 14,4
K, > max KIZTZIOgKl, Kl3 logﬁlf‘, e%k’g%log%, pacdbiil , 2—logz L, 2 .
oy s o’ 52
(181)

Ifk € G g, with |kl1 > 7.(0; 7, ) then

sup |h* — h| < e, (182)
1k
/2
Gy, ) — T\ F*(y, -
sup |G*(v, ) = TWF*(y )|z< ’ (183)
YEDI4ND), | /x|
k . 3s/2,n
El s(1— 4 _
sup L0 lsa-1/x2)2 e nn o Fasls, (154)
YED4ND), | feO)] s
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where D was defined in (178) and

1
;’kiz Emin{rk, 61((,“)} (185)

Proof. First, note that by (155) 7, < r/2. Observe, also, that, by (179), (177), (185) and
Cauchy estimates

1
lor )| = 551((#), Vy € Dy, k € G, |k|1 > 7.(9). (186)
By (159), (176) and (186) we have that for every y € D, k € g;’,Kl

|G*(y, ) — T1FX(y, )| L2 4+ e Ikhs

< (187)
/)] 01
Then, in order to prove (182), it is enough to show that
451399 210 —|k|ys
e 7 (188)

s S o

Let us consider the first inequality in (188). Since by (180) and recalling (141) we have
Y = k /K3, then, recalling (177) and (179), for |k|; < K,

ns—1
4e159 4 tSRK] <K;’/2>1°gK15 4ety
it

< = = —€,
) 0K3 d

where
n 1 1 -
A= ElogKlJrlogf nlogK1+logg +n log K| — n log K;.
i
Since
A< ﬁ1 K
<—=lo
2 g K2

by (181), we obtain that

(181)
<7,

4es+519 . 4es+5,‘<&
) h J

proving the first estimate in (188).
Regarding the second inequality in (188) we have

e’§ log Ky

210 ef\khs 210 s

= —e",
Or(pe) d

with
n 1 1
B:= 3 log k|| + log 7 n log k| + log 5 + n log k| — |k|1s.
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We note that
B < — Z‘, |k| 15
by (175), indeed

g;12< [kl in l10 1—l—lo l—i—l < k]2
ST S ok s \2 Bs % S Jog k1

where we have used the elementary estimates: x/log x > « if x > « log2 o and o > 5, and
x/log? x > aif x > alog® aand o > 2°. Then

210 L 175)
= e alkhs < 7.

This proves (188) and, therefore, completes the proof of (182).
Let us now show (184). By (150) and (186) we get

sup [FEG. lsa-1/x22 - 2elkis (ZnKz ) ! o~ (K2=3)5/2
ye(DHND). | x| Am) s

Tk

S1in n/2 log(|k|7 /) n
(179 2ek1s]Kl; 303 (k[ : S (20K2\" ey nin
) I s

log(K% /3"6)
139 3s/2,n 3 pn/2 2
(<) 47/ (306 K, K%" o—Kas/6

= Osh 3n/2 1
3s/2 n

_ 4e / n eiKZ‘Y/S eiQ
os"

where

1 K 1 K 1
Q:=-Kps — nlog—2+log— Elog—2—|—log——i-log30—i—3 —2n log K;.
8 3 0 2 3 I

Then (184) follows if we prove that Q > 0. Recalling (139) and observing that log” x < /x
forx > 213, we get

1 1
Q> —Kys — 8n*log’ K, + 2log> — >0
8 o

by (181). O
‘We rewrite theorem 8.1 in the fashion of theorem 2.1.
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Theorem 8.2. Letn>2 0<s< 1 Fix 0<pu,d<1/e® and 0 <~ < 1. Consider a
Hamiltonian H.(y,x) = h(y) + € f(y,x) as in (1) with h KAM non-degenerate (definition 2.1)
and f with norm one: || f||p,s = 1. Assume that for some yo € D we have f(yo,") € Hsr, (9),
with T+ = 7+(8;7, ) defined in (175). Let K, > 3K, > 6 with K, satisfying (181) and (143).
Let 7. as in (185) and D as in (178). Finally assume that € satisfies (40).

Then, for any k € ngl with 7..(8;7, ) < |k|1 < K, there exists a symplectic change of
variables Uy as in (41) such that the following holds.

For every y € (D"*N'D);, there exist a phase 0®(y) and functions G(y,-) € BY and

t5(y,") € BZ(I—I/KZ)Z satisfying

H. 0 W = hiy) + 22 |fiu(y)|(coslh - @+ 0V () + &y k- 2) + £y ) | (189

with

sup |G, ) <y (190)
yG(D”‘ﬂD);k

and

3s/2,n
de n eiK}y/S
os" ’

sup |51 1/ky)2 < (191)

yG(D“‘ﬂD);k

Proof. The claim follows directly from theorem 8.1. We only note that #%)(y) is defined so
that

| fe)| cos(k - x + 0P (y)) = T1F*(y, x),
while
G (y,-) — TiF (y, )
d ’ = ’
0.%) |

_ f50.)
G

f 4y, x)

Note that 8% (y), G¥(y, x) and £¥(y, x) are not analytic in y (due to the presence of | f1(y)|), but,
obviously, H. o W is real-analytic in x and y. 0
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Appendix A. An elementary result in linear algebra

First, let us recall the classical Bezout’s lemma (whose proof can be found in any elementary
book on number theory):
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Bezout’s lemma. Given two integers a and b not both zero, there exist two integers x and
y such that ax + by = d := ged(a, b), and such that max{|x|, |y|} < max{|a|/d, |b|/d}.

Then, the following simple result holds.

Lemma A.1. Givenk € Z", k # O there exists a matrix A = (A;})1<i j<n With integer entries
suchthat A,; = k;V1 < j < n, detA = d :=ged(ky, . ... k), and |A|oo = |k].

Notice that the estimates on x and y are easily deduced from the well known fact that given
a solution xy and y, of the equation ax + by = d, all other solutions have the form x = xy +
k(b/d) and y = yo — k(a/d) with k € Z and by choosing k so as to minimize |x|.

Proof. The argument is by induction over n. For n = 1 the lemma is obviously true. For
n = 2, it follows at once from Bezout’s lemma: indeed, if x and y are as in Bezout’s lemma

with a = k; and b = k, one can take A = ( ky —x). Now, assume, by induction for n > 3
1 2

that the claim holds true for (n — 1) anﬁd let us prove it for n. Let k=(ki,..., k,_1) and d =

ged(ky, .. ., knil) and notice that ged(d, k,) = d. By the inductive assumption, there exists a

matrix A = <12> € Matg,—1yxn—1)(Z) with A€ Mat,—2)x(n—1y(Z), such that det A =d and

|A|s = |k|o. Now, let x and y be as in Bezout’s lemma with a = d, and b = k,,. We claim that
A can be defined as follows:

k X
0 i
_ _ . e (—1Y v Yo (_1\yrt!
A= i : , k=(-1) yd, x:=(-—D"x. (192)
0
kn

First, observe that since d divides k jfor j<(n—1), kezr. Then, expanding the determi-
nant of A from last column, we get

det A = (—1)""'x det A + k, det (f‘)

= (=1)""'%d + k,(—1)""2 det (2)
_ (—1)”“2514—kn(—l)”*z(—l)’% det A
=xd + k,y = d.

Finally, by Bezout’s lemma, we have that max{|x|, [y|} < max{d/d, |k,|/d}, so that

- k| |kl . |k
kloo = e < — < koo = < < K.,
B = i < B oy <
which, together with |A|,, = |k|.., shows that |A|,, = K. O
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