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Abstract

This thesis will deal with small divisors in dynamics: in the introduction
we talk briefly about classical examples of dynamical systems where small
divisors gives obstructions and the techniques used to avoid these problems.
Then, we study in details the following problems: linearization of Gevrey
circle diffeomorphisms and the topology of Diophantine sets.

We explain at first the problem of the linearization:

The dynamics on the circle is characterized by an invariant, that is the
rotation number. The simplest diffeomorphisms of the circle are the rotations,
whose dynamics is clear.

Moreover, when the rotation number of the diffeomorphism is irrational,
and the logarithm of the derivative of the diffeomorphism is of bounded varia-
tion, by a classical theorem due to Denjoy, the diffeomorphism is conjugate to
a rotation by an homeomorphism. So, the problem is to study the regularity
of the diffeomorphism that conjugate to a rotation. This problem depends on
the arithmetic features of the rotation number, and it is completely studied
in the case in which the diffeomorphism is smooth or analytic.

Our results deals with an ultra-differentiable class of functions, the Gevrey
diffeomorphisms. They satisfy similar estimates of analytic functions, but
they are less rigid with respect to the analytic ones (for example, there exist
Gevrey functions with compact support). So, we show that Gevrey diffeo-
morphisms of the circle with the rotation number that satisfy a Diophantine
condition, are conjugate to a rotation by a Gevrey diffeomorphism. Moreover,
we show that, under an arithmetic condition that is weaker then Diophan-
tine, if a Gevrey diffeomorphism is C'!' conjugate to a rotation, then it is C>°
conjugate to a rotation.

Now we explain the second problem:

Diophantine sets! arise in a natural way in dynamics. From a topological
point of view, they are closed and totally disconnected. So, the only non-
trivial topological question is about isolated points, i.e. if there exist isolated
points in these sets.

Our aim is to show that, for any Diophantine number, there exists an
equivalent number (equivalent in the sense of continued fractions) that is
isolated in another Diophantine set. Moreover, we show that, for large pa-
rameters, almost all these sets are Cantor sets (almost all these sets have not
isolated points).

'Diophantine sets are sets of numbers that are "badly” approximable by rationals.
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1 Introduction

In the first part of the introduction we give briefly some classical example of dy-
namical system in which small divisors gives obstruction.

Then, we concetrate on the topics that we study in the thesis, introducing the
results that we prove.

1.1 Stability and linearization: an overview
1.1.1 A brief historical survey

The simplest dynamical systems are the integrable ones, where we have a complete
description of the qualitative behavior of the motion.

However, in general, arbitrary perturbations of integrable Hamiltonian systems are
no more integrable. The first who studied dynamical systems form this viewpoint
was Poincaré:

In the last decade of the nineteenth century, Poincaré published his ”Les méthodes
nouvelles de la mécanique céleste”, where the concept of phase space was introduced
for the first time, and the interest to find individual solutions of the motion was
replaced by the aim to understand the features of all the possible invariants curves
(qualitative description of the motion).

The main object that contributed to the foundation of dynamical systems is of
course Celestial mechanics and, in particular, the "n-body problem” that started
with the work of Newton.

So, in this Hamiltonian setting, Poincaré proved his triviality’s Theorems, which

show that in general, Hamiltonian systems are not integrable.

The main problem is that, to develop the Hamiltonian in power series with respect
to the perturbative parameter and with the coefficients that depends only on the
action variables, composing step by step by symplectic change of variables, one has
to solve an ”"homological equation” that gives obstruction: in fact, the convergence
of these series is obstructed by the so called ”small divisors”. The first work to
overcome to this problem is due to Siegel in 1942 (see [69]).

1.1.2 Iteration of analytic maps

The problem is the stability around fixed points of holomorphic germs that, up
to the trivial case when the fixed point is attracting, is equivalent to conjugate
an holomorphic map of the disk which has an elliptic fixed point in the origin to
a rotation, that is of course the simplest dynamic. So, to overcome small divisors
problem, Siegel used for the first times Diophantine sets in dynamics.

These sets are defined as follows:



Let v > 0, 7 > 1, and define:
D,, = {aeR:|qa—p|2qlTVp€Z,qEN}.

Then, a is Diophantine if a € | D

v>0,7>1 —7,T"

In particular, a Diophantine number is a number that is not too close to rationals.

We explain briefly the problem of stability and the result of Siegel:

f(z):= Z apz®

k>1
be analytic in Bg(0) for some R > 0 (with Bg(0) the ball of radius R centered in

0). The fixed point 0 is called stable if, there exist 0 < 1y < r; < R such that, for
alln € N:

Let

f"(Bro(0)) € By, (0),

with f™ the composition of f n times.

By Schwarz’s lemma, it is clear that, for |a;| < 1, the fixed point is stable. Moreover,
for |a;| > 1, the fixed point is unstable. So, we can assume that |a;| = 1.

Then, the stability is equivalent to solve the homological equation:

¢(a1C) = f((C))

for ¢ that is an holomorphic germ at 0.

If a; is an n'" root of unity, then: the fixed point is stable if and only if f"~! = id.
So, we can assume that a; = €™, with « irrational. In this case, a formal solution
of the homological equation always exists:

In fact, suppose that ¢ satisfies the equation above and write ¢ as:

B(C) =C+ Y bilh.

k>2

So, we have:

k
S b — e = o (< s w) .
k>2 k>2 i>2
By our assumption (a; = > with « irrational), for every k € N, a¥ # a;. In
particular, for all &k, the equation on b, depends only on the coefficients b, with
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h < k (and the coefficients of f). So, we can define the coefficients of ¢ iteratively
such that ¢ is a formal solution of the homological equation.

In particular, the question is about the regularity of the solution. Siegel proved the
following;:

Theorem (Siegel, [69]) Let f(z) := e*™*2+ O(z?) be an holomorphic germ, and
suppose that « is Diophantine. Then, it is linearizable in 0, i.e. there exists an
holomorphic germ h(z) = z + O(z?) such that:

f(h(2)) = h(e*™z).
As noted above, it is always possible to find a formal solution of the equation for

the linearization, so the arithmetic condition gives the regularity of the solution (in
this case, the convergence of the formal power series).

Note also, that this condition is verified for almost all real numbers. In fact, the
following simple Lemma holds:

Lemma Let o be the Lebesgue measure on R. Then, for all N € N, u(D) N
(—N.N) = 2N.
Proof Let v > 0,7 > 1. If « € D, ;, then there exists p € Z,q € N such that

o€ (§ — q;’H, § + qﬂH). In particular, for all N € N:

poaenmel) U (2o 2t )

10
q€N [p|<Ngq 7 4 g

Then:

2y 1
1 SN+ D2y <o
geN

RIS EYE 35S

q€eN |p|<Ngq

because of 7 > 1. So, if 7 is small, also (D5 . N (=N, N)) is small. Then, taking
the union over all 7,7 we get that the set of non Diophantine points has measure
zero. |

However, the complement of these sets are G5 dense, so they are topologically
non-trivial.

1.1.3 Diffeomorphisms of the circle

Let f be a diffeomorphism of the circle T := R/Z. The problem is to find a
diffeomorphism h that conjugates f to a rotation, i.e.:

hofoh™ =R, with R,(7):=2z+a, (1)
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and to study the regularity of h, according to the regularity of f.
Let 2 Diff", (T) be the set of C" orientation preserving diffeomorphisms of the circle.

The dynamics induced by f on the circle is characterized by the rotation number:

Let g € Diff?r('ll‘), g a lift of g over R; the rotation number of g is defined as®:

-n

plg) =lim?  (mod1). 2)

n

In the same way, if f is an homeomorphism over R such that, for x € R, f(z+1) =
f(z) + 1, we define the rotation number of f as:

n

= lim —. 3
() o= lim - Q
A homeomorphism g € Diff?r(T) has a periodic orbit if and only if the rotation
number is rational and, in this case, it is topologically conjugate to the rotation
R, if and only if g7 = R,,, with p(g) = 75’.
Moreover, suppose that: g € Diff’, (T) with » > 1, p(g) is rational and g is conjugate
to a rotation. Then, the diffeomorphism h that conjugates g to a rotation (unique,
up to composition with a rotation) is of class C"(T) (see [34], p.25). In fact, it is
easy to check that, in this case, the conjugating diffeomorphism is given by:

i () ®

1=0

In particular, in such a case, h € C"(T) and there is no loss of regularity. However,
in general, diffeomorphisms with rational rotation number are not conjugate to a
rotation (see [34], p. 31).

If the rotation number is irrational, g is topologically semi-conjugate to the rotation
R, (i-e. there exists h € C(T) that is non-decreasing and surjective, such that:
goh =Ry oh).

The semi-conjugacy is a conjugacy if and only if the support of the unique invariant
probability measure with respect to ¢ is T. Moreover, if we assume g € Diffi(']l‘) and
Dg of bounded variation, by a theorem by Denjoy (for a simple proof of Denjoy’s
Theorem, see [72]), g is conjugate to a rotation by an homeomorphism h, that is
unique up to composition with rotation.

For more regularity on h, we have to assume also some arithmetical condition on
p(g), to overcome the so-called small divisors problem.

2With r > 1 or r € {0, +o0,w}, Diff*(T) is the set of analytic diffeomorphisms of the circle.
3Let f be an homeomorphism of R. For n > 0, f® = fo...o f denote the composition of f n
times. f0 :=id. For n <0, f*:= (f~1)~".



We recall the definition given above for the Diophantine sets.

Let v > 0,8 > 0, and define:
f)/
D%gzz{aER:|aq—p|2W ‘v’qEN,pEZ}, (5)

Dlg = U D%/g, D = U Dﬁ. (6)

v>0 B>0
We say that « is Diophantine if & € D. Moreover, we define D¥(T) with k > 1,
as the set of orientation preserving C* diffeomorphisms of R that commutes with
T(x) :=xz+ 1.
For a € R, define T,(z) :== z +a (x € R).
The first result related to local conjugacy of analytic circle diffeomorphism was
given by Arnold, who proved, by a KAM scheme, that analytic circle diffeomor-

phisms close enough to a rotation and with Diophantine rotation number are con-
jugate to a rotation by an analytic diffeomorphism.

Then, the first global Theorem (i.e. without assuming that the diffeomorphism is
close enough to a rotation) was proved by Herman:

Theorem (Herman, [34]) Let f € D*(T), k > 3, and suppose that o := p(f) €
N 5-0Dp- Then, [ is conjugate to T,, by a diffeomorphism of class Ck=1=¢ for every
e > 0.

Yoccoz generalized Herman’s Theorem:

Theorem (Yoccoz, [73]) Let f € D¥(T), k > 3, and suppose that « := p(f) € Dg
with k > 28+ 1. Then, f is conjugate to T, by a diffeomorphism of class C*~1=<=F
for all e > 0.

As a corollary of the Herman-Yoccoz Theorem, by reducing to the case in which f
is close to a rotation, and then, using the local Theorem of Arnold, one has:*

Theorem (Herman, Yoccoz, [34], [73]) Let f € D“(T), p(f) € D. Then, the
diffeomorphism that conjugates f to a rotation is analytic.
The assumption k > 3 is not really necessary, but it is needed to use Schwarzian

derivative to avoid technical difficulties. The first results to overcome to this prob-
lem were given by Khanin and Sinai who, in particular, proved the following:

Theorem (Khanin, Sinai, [72]) Let f(z) € D***(T), v > 0, a := p(f) =

la1, ag, ...] the continued fraction expansion of the rotation number.

e Suppose there exists a constant K > 0 such that |a,| < K. Then, f is
conjugate to T, by a diffeomorphism of class C**.

4The arithmetical condition of this Theorem is not the optimal one (for the optimal arithmeti-
cal condition, see (Yoccoz, [74])).



e Suppose there exists a constant § > 0 such that |a,| < n°. Then, f is conju-
gate to T, by a diffeomorphism of class C1**=¢ for all € > 0.
Finally, Katznelson and Ornstein generalized the Theorem of Khanin and Sinai:

Theorem (Katznelson, Ornstein, [40]) Let f € D), k > S + 2, and
suppose that a := p(f) € Dg. Then, f is conjugate to T, by a diffeomorphism
h € D*=1=<=5(T) for all ¢ > 0.

The arithmetical conditions of this Theorem are the optimal ones (compare the
Appendix in [40]).

1.1.4 Vector fields on the Torus

Another example, is that induced by a vector field on T". If the vector field is
constant constant one:

- 0
Nw(9> = E ij,
=1 !

with w := (w1, ...,w,) € R™, the dynamical system is very clear:

it depends only on the arithmetical nature of w. In fact, the flow is:
oL (0) =0 + tw,

with @ the equivalence class of w in T™. If w is non-resonant (i.e. w - q # 0 for all
q € Z" — {0}), then each orbit is minimal on the torus. More in general, if w is
n — d resonant, with 1 <d <mn —1 (so, d is the dimension of the smallest rational
subspace of R" that contains w), each orbit is minimal on a d-dimensional torus
and, in particular, the flow induce a foliation of T™ by d-dimensional tori.

In our perturbative setting, consider a vector field that is a perturbation of N,. So,
let:

X =N, +P,

with w that is non resonant and P small.

In it natural to try to conjugate X to a rotation, i.e. to search a diffeomorphism ¢
such that:

¢*X = Nw + N/\7

with A small. However, in general, it is not possible: in fact, for invariant measure
i for the flow, we can associate an invariant that is:

Xdp.
Tn
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Let Rot(X) be the set of such invariants, and note that Rot(X) is invariant by
conjugacy. In particular, a necessary condition to conjugate X to a rotation is that
Rot(X) contains only a constant while, in general, it is not true.

However, Arnold proved the following;:

Theorem (Arnold, [1]) Assume X is real-analytic and w is diophantine. Then,
if P is sufficiently close to zero, there exists a real-analytic diffeomorphism ¢ close
to the identity and A € R"™ close to zero such that:

¢*(X + Ny) = N,

The arithmetic condition w Diophantine is not the optimal one: in fact, Riissmann

proved the same Theorem under the Bruno-Riissmann condition (that is weaker
than Diophantine).

1.1.5 Twist maps

Let A :=T x R be the annulus.

Let F = F(x,y) be a diffeomorphism of the annulus. Write F(z,y) = (X (z,y), Y (z,y)).
F' is an area preserving monotone twist map of the annulus if the following condi-
tions are satisfied:

1. limy 0 Y(2,y) = 400, lim,, o Y(z,y) = —oo for all x € T (i.e. F pre-
serves the boundary).

2. %—5 > (, that is the positive monotone twist condition.
3. det DF =1, so F'is area preserving.
4. Let f be alift of F over R?, then f(z+1,y) = f(z,y) + 1.

In particular, the fact that F' is area preserving implies that F' preserves the stan-
dard symplectic form, so dY A dX = dy A dx.

The monotone twist condition simply tells us that F' moves points in the upper
part faster than on the lower boundary.

Moreover, the twist condition implies that the map: (z,y) — (x, X) is an embed-
ding of the annulus in R2.

The fact that F' preserves the boundary and the standard symplectic form, implies

that the flux of F' is zero and, in particular, F' has the intersection property, so
the intersection of a topologically non trivial closed curve of the annulus with its
image is non empty.
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Moreover, by these conditions, it is easy to show that F' is also exact symplect, so
there exists a generating function S(z, X) such that:

dS =YdX — ydx.

In particular:

Yy = 95

Monotone twist maps are not an artificial construction. Let us show a simple ex-

ample:

Consider a mechanical system:
i=-V'(x),

where V' is a periodic potential. In particular, the Hamiltonian is:
y?
and the solutions solve the Hamilton’s equations:
:'U = Hy (:Ca y)
. 8
{ y=—Hi(z,y) ®)

Then:

t : t
ax(tax(]?yO) _ / ax(waO’yO)dS _ / ay(57x07y0>d8 > 0’
Yo 0 Yo 0 Yo

if ¢ is small enough. In particular, the time-t map ¢, is a twist map.

On the other way, as proved by Moser (see [54]), every twist map can be viewed
as a time-1 map of the flux of an Hamiltonian system that satisfy the Legendre
condition.

So, it is quite natural to think twist maps as Poincaré sections.

The simplest example of twist map of the annulus is the map whose lift is:

flz,y) = (+y,y), v,y € R

In fact, in this case, the map is integrable: each circle T x {y} is invariant, and the
dynamics on this circle is simply a rotation.

However, as we said at the beginning, the feature to be integrable in general is not
stable under small perturbations.

The simplest and most studied non integrable twist map is the standard family

12



€ . € .
F(z,y)=(x+y— o sin(27x),y — Dy sin(27x)).

However, also in this case, many natural questions are open: for example it is known
that, there exists ¢y > 0 such that, for all € > ¢, F. has not invariant curves (see
[45]), but we don’t know what is the last invariant curve and, if it is isolated.

For every invariant curve, there is associated the rotation number, that characterize
the dynamics on this circle.

By KAM theory, one should expect that invariant curves with rotation number
that is more distant to the rationals (in terms of Diophantine condition), persist
with bigger perturbations.

In the case of the standard family, numerical evidences suggest that the last invari-
ant curve is the curve with rotation number that is the golden ratio, that is also
the Diophantine number most distant to the rationals.

In particular, it is quite natural to study the topology of Diophantine numbers,
because it should be related to the topology of the invariant curves: for example,
the golden ratio is the only point in D, ; for v sufficiently large (and smaller than
the best v for the golden ratio), in particular, for these parameters, it is isolated.

The set of topologically nontrivial invariant curves is closed and, it is continuous
with respect the rotation number.

As we will prove later, there are many examples of isolated points in Diophantine
sets.

On the other hand, it seems that, until today, there are not examples of isolated
invariant curves for the standard family, or more in general, for twist maps.

So, the hope is that, a clearer view of the topology of these sets may help also to
understand better the dynamical point of view.

The other natural question is the regularity of the invariant curve. A classical
Theorem due to Birkhoff tell us that invariant curves are at least Lipschitz:

Theorem (Birkhoff, [46]) Let v be a topologically non-trivial invariant curve for
a twist map of the annulus. Then, ~ is the graph of a Lipschitz function.

Moreover, the regularity of the invariant curves and its topology are not two sepa-
rated problems. In fact, sufficiently smooth curves with Diophantine rotation num-
ber are never isolated (note that the only non trivial topological question is if the
invariant curve is isolated). In fact, the following holds:

Herman’s last Geometric Theorem ([26]) Let F' be a smooth diffeomorphism
of the annulus having the intersection property. Then given a smooth curve T’
invariant by F' on which the rotation number of F is Diophantine, it holds that
is accumulated by a positive measure set of smooth invariant curves on which F' is
smoothly conjugated to rotation maps.
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We recall that a map of the annulus has the intersection property if, every topo-
logically non trivial closed curve has non empty intersection with its image. As we
remarked previously, the twist maps have this property.

It is interesting to note that, as proved in [26], Herman’s last Geometric Theorem
implies Siegel’s Theorem. In particular, we have two different proves:

The first one, due to Siegel, is on the regularity of the formal diffeomorphism that
conjugate to a rotation, and the second one, due to Herman, from a topological
point of view.

In [51], Moser proved the same Theorem in the smooth category, providing that w
is Diophantine. There is also a proof of Bounemoura, based on rational approxi-
mations (see [9], [10]).

1.1.6 The KAM theorem

In the perturbative Hamiltonian setting, the first result around the stability of
invariant Tori, was given by Kolmogorov in 1954, in the International Congress
of Mathematicians in Amsterdam, following a Newton like scheme. We fix the
notations:

Let B a ball in R, T" := R"/Z", and consider a real analytic Hamiltonian:
(y,x,e) € BxT"Xx (_EOaGO) — H(y,x, 6) € Ra
with the phase space endowed of the standard symplectic form:

dy N\ dx = Zdyi A dx;.

The flow is generated by the Hamiltonian equations:
i‘ = Hy (yu x; 6)
) , 9
{ Y= —H.(y,z;¢) ©)
where H,, H, are the partial derivatives of H.

If we have a Lagrangian invariant Torus, we can always suppose that, up to sym-
plectic changes of coordinates, the Hamiltonian is of the form:

K(y,z) =E+w-y+O(ly).

In particular, in this form, T x {0} is an invariant Torus. Then, Kolmogorov proved
that, if w is Diophantine, this Torus is stable under small perturbations.

Theorem (Kolmogorov, [41]) Let H(y,x;€) be a real analyitic Hamiltonian as
above, and suppose that there exists £ € R, w € R" such that, for e=0:

H(y,z,0) = E4+w-y+Q(y,x),

14



with Q(y,z) = O(|y|*), and the non-degeneracy condition®

det(< Qyy(0,.) >) # 0.
Suppose also that there exist v, 7 > 0 such that w satisfies the Diophantine condi-
tion:

|w-m[2|i

Vm € Z" with m # 0.
m|™

Then, there exists €, < €y, a ball B, C B with the center in the origin and a real
analytic symplectic transformation:

¢r: B, xT" — B xT"
analytic in € € (—¢,, €,) such that ¢, = id. for e = 0 and, for € < €,
H o ¢.(y,x) = Ei(e) +w -y + O(ly[).

So, Kolmogorov’s Theorem state that, an invariant Lagrangian Torus with Dio-

phantine frequency for an Hamiltonian that satisfy a non degeneracy condition, is
persistent under small perturbations.

However, the first complete proof of the Theorem was due to Arnold (see [1]):

in fact, in the paper of Kolmogorov missed the last part of the estimates for the
convergence. Then, the first Theorem of the persistence of invariant Tori for smooth
Hamiltonians was due to Moser, under the same Diophantine hypothesis.

The usuals KAM proofs are based on two steps:

The first one follows a Newton like scheme, in which we reduce the perturbation
from order € to order €2 solving the homological equation and by fixing the frequence
by a classical implicit funtion Theorem. In this step, the effect of small divisors in
the analytic case, is to reduce the domain of analicity.

In the second step, that is the iterative step, one has to control the growth of the
constants.

In the analytic case, the Diophantine condition is not the optimal one:

For the first part of the standard KAM theorem, one has to solve an homological
equation of the form:

Dwf:g_<g>7

with g a real analytic function on T", w = (wy, ...,w,) € R™ and D,, the operator:

0 0
D,=w—+ ... n=—-
WIafl + tw 827”

°For a function f € C(T" R), < f > denotes its average.
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To see where small divisors appear, let us develop ¢ in Fourier series:

g(ZL‘) — Z gAVGQTrimV'

vez"

If f is a solution of the equation above, writing f in Fourier series:

f(l’) _ Z J('Ay€2ﬂ'i:13-z/7

vEL™

for v # 0, the following equation holds:

: G
Ju w - 2miv

In particular, when w is non-resonant (i.e. w-v # 0 if v # 0), a formal solution
always exists.

However, if w is only non-resonant, then w - v can be arbitrary small. So, in order
to avoid this problem, one has to impose arithmetic conditions on the frequencies.

The optimal arithmetical condition in the analytic setting to solve this equation is

the Riissmann condition, that is weaker than Diophantine.

However, to have the controll for the convergence in the iteration step, one has to

assume a more stringent condition, the Bruno-Riissmann condition, that is anyway
weaker than Diophantine.

The Theorem with this arithmetic conditions was proved by Riissmann in [60].

However, it is not clear what are the best arithmetic conditions, that are known only
for the case of circle diffeomorphisms (so, for an Hamiltonian systems of dimension
n = 2, by Poincare section). For more details about the optimal condition, see [74].

Instead, in the smooth case, the optimal condition to solve the homological equation
is the Diophantine condition. So, in the smooth category, it should be the optimal
one.

Finally, in [11], Bounemoura and Fejoz proved the persistence of invariant Tori for
Hamiltonians in the Gevrey class:

This is a class of ultra-differentiable functions, where we have estimates of the
growth of the derivatives similar to the analytic functions, but with much less
rigidity with respect to the analytic ones: for example, in the Gevrey class there
exists functions with compact support.

The other positive feature in dynamics is that, not only invariant Tori with this
regularity persists under small perturbations (with the same regularity), but also
that the arithmetic condition is weaker than Diophantine (that is the condition in
the smooth class).
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In fact, in [11], Bounemoura and Fejoz proved the Theorem under an a-Riissmann
condition (that is weaker than Diophantine).

For other proof of KAM theorem, see for example [12], [16], [17], [57], [58], [62],
66], (65, 23], [29]

1.1.7 Schrodinger operators and cocycles

Finally, we give a classical example about the reducibility of a one dimensional
Schrodinger operator with quasiperiodic potential to a system with constant coef-
ficients.

Consider the Schrodinger operator:
Ly := —ij + q(wt)y = Ey,

where ¢ is a real-analytic quasi-periodic potential in a neighbourhood of [Imz| < r,
w e T

The problem is to extend to these nonlinear equations the Floquet Theory, i.e. to
search solutions to the form:

y(t) = e (pa(t) + tp2(1)),

with k that is a constant, and p;, p» quasiperiodic with frequency w or 5.

Let X = (y,y)". Then:

Let:

M = {M:nEZd},
2

and let p = p(E) be the rotation number (for more information about the rotation

number, see ([38]). The rotation number p is said to be Diophantine with respect

to M, if there exist K, o > 0 such that, ¥n € Z¢ with n # 0:

‘ n~w’> 1
P = Kl

It is well known that, if E is in the resolvent of L, then the system is reducible
(see [53]). The first result for F that is not in the resolvent is due to Dinaburg and
Sinai, who proved that, there exists £y € R and a set R C (Fy, +00) for which the
system is reducible to a constant one. The set for which they proved the Theorem
is not of full measure and such that p(E) is Diophantine for all £ € R (see [22]).
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Then, Moser and Poschel extended the Theorem to a set such that p(E) is rational
is E is in this set (see [53]).

Then, Eliasson proved the following:

Theorem (Eliasson, [24]) There exists a constant C' = C(,r) such that if:

i - { B 1020 w0

then the following hold for E > Ey(|q|):

e If p(E) is diophantine or rational, then there exists a matrix A = A(E) in
sl(2,R) and an analytic matrix valued function Y : T — GL(2,R), also
depending on E, such that

e If p(E) is neither diophantine nor rational, then:

mmﬂxm—xmﬂ<;X®L

[t| =400

lim
[t|—+o0 t

The idea of the proof is the following: up to a symplectic changes of variable
we can suppose that the equation is:

X = (A + )X,

with A; constant, F; small.

Then, we want to transform A; + F} to Ay + F5 with F5 smaller then F;. So, the
idea is to search a transformation that is not close to the identity, but to sum
exponential B! Finally. with the help of Diophantine condition, one can prove
that, iterating this process, the composition of these transformations converges on
compact subsets of R, and so proving the Theorem (with the Diophantine condition,
we need a transformation that is not close to the identity only for a finite number
of steps).

Now, we reformulate the problem in terms of cocycles in SL(2,R):

Let o € R, A € C"(T,SL(2,R)). Then, a cocycle (a, A) is the skew-linear product:

(a,A): T xR?* - T x R?
(z,w) = (x + a, A(z)w)

18



The cocycle (a, A) is said to be C" reducible, if there exists B € C"(R/2Z, SL(2,R)),
C € SL(2,R such that:

B(z + a)A(x)B(z)™' =C

A special class of cocycles are the Schrodinger cocycles:

Sy p(z) = (v(w)l— E _01> |

where v € C"(T,R) is the potential, £ € R is the energy.
With a similar proof as in the Theorem above, the following holds®:

Theorem (Eliasson, [24]) Let v be a real-analytic potential, « Diophantine.
There exists \g = A\o(v,a) > 0 such that if 0 < A < Ao, then for almost every
E e R S, g is C¥-reducible.

The reducibility of cocycles is very close connected to their Lyapunov exponents,
that we now recall:

Let (a, A) be a SL(2,R) cocycle. Let:
Ap(x) = Az + (n — Da)...A(z).

Then, the Lyapunov exponent is:

L(a, A) = nlirfm/jrlog | Ay ()| |dz.

Define RDC' as follows: « is in RDC' if there exists infinitely many n € N such

that G"(«) is Diophantine, where G(«a) := % is the Gauss’s map.

The following dichotomy holds:

Theorem (Avila, Krikorian [5]) Let « € RDC and let v be a C" potential, with
r = +00,w. Then, for almost all E € R, the cocycle (a, S, g) is either reducible or
non-uniformly hyperbolic.

1.2 Main results of the Thesis

The thesis is divided in two parts: in the first part we prove global conjugacy of
Gevrey circle diffeomorphisms and, in the second part, we study the topology of
Diophantine sets.

The motivation of the thesis to study the diffeomorphisms of the circle and the
topology of Diophantine sets is the following:

6Tt is essentially the analogous of the Theorem above reformulated for cocycles
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For the diffeomorphisms of the circle, they are the simplest example where the
dynamics depends on arithmetic conditions, and at the moment it is the only
one where something was done to the hard problem to find the best arithmetic
conditions.

For the topology of Diophantine sets, in addition to be a natural problem, it should
help to understand better the topology of invariant curves of twist maps of the
annulus.

1.2.1 Linearization of Gevrey circle diffeomorphisms

In the first part, our aim is to extend Herman’s Theorem on the linearization of
circle diffeomorphisms in the Gevrey class. Let us recall the definition of Gevrey
functions:

Let s > 1, we say that a difftomorphism f € D>(T) is s-Gevrey if there exists
A > 0 such that, for £ > 1:

[D¥flo:= sup |D*f(a)] < A*(K!)?, (11)
z€[0,1]
where Df is the derivative of f. So, we prove the global linearization of Gevrey
diffeomorphisms when the rotation number is Diophantine:

Theorem 1 Let s > 1, f € D>®(T) be an s-Gevrey diffeomorphism with o =
p(f) € D. Then, there exists a diffeomorphism h that is s + 1 + e-Gevrey for all
€ > 0, such that:

hofoh™ =T,. (12)

Note that, by [74], for an analytic diffeomorphism” with rotation number satisfying
the Herman-Yoccoz condition (which is weaker than Diophantine), the diffeomor-
phism that conjugates to a rotation is also analytic. So, for s = 1, the term “1+¢”
is not necessary: in particular, it is not clear what is the correct loss of regularity.

In the perturbative Hamiltonian setting, in [11], Bounemoura and Fejoz prove the
persistence of KAM tori with Gevrey regularity with frequencies satisfying a Bruno-
Riissmann condition for small perturbations of integrable Gevrey Hamiltonians.

It seems that the problem of global conjugacy of the circle in the Gevrey class is
more similar to the smooth case than the analytic case.

In particular, it is not clear for Gevrey diffeomorphisms how to pass from a local
to a global Theorem as in the Herman-Yoccoz Theorem.

If we suppose that the Gevrey function is C' conjugate to a rotation, then we can
prove the following:

"Observe that, for s = 1, the 1-Gevrey functions are the real analytic funtions that commute
with T'.
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Theorem 2 Let f be a Gevrey diffeomorphism of the circle, and suppose that
a := p(f) is such that:

log ¢ny1 = O((log gn)*),

with some s < 2. Then, f is C*° conjugate to a rotation.

The proof of Theorem 1,2 are based on the same ingredients involved in Yoccoz,
[73].

However, there are two main differences with respect to [73]:
The first difference is in the use of Hadamard’s inequality:

By the assumption that the diffeomorphism is not only finite differentiable, but
also C'*°, we can use Hadamard’s inequality for the numbers of times we want, by
getting better estimate of the derivatives of the iterates of f in the convergents .
In particular, the assumption that f is smooth allow us to proceed by induction to
prove a ”"good” upper-bound for the derivatives of the iterates in the convergents.

The second difference is in the way we get a priori estimates of the derivatives of

all iterates of f (Lemma 2), that permit also to control the growth of the constants
to prove Gevrey estimates on h (that will be the main difficulty).

The polynomials EF (see our Lemma 1 in §2), that we use to get our estimates, are
defined also in (Yoccoz, [73]). However, Yoccoz does not use these polynomials to
estimate the derivatives of the iterates of f.

Theorem 2 is an improvement of the arithmetic condition: in fact, the Diophantine
condition is equivalent to:

log gn41 = O(log gy).
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1.2.2 Topology of Diophantine sets

In the second part of the Thesis, we study the topology of Diophantine sets. These
sets play an important role in dynamical systems, in particular, in small divisors
problems with applications to KAM theory, Aubry-Mather theory, conjugation of
circle diffeomorphisms, etc. (see, for example, [4], [10], [14], [12], [16], [23], [25]).

The set D., ; is compact and totally disconnected (since D.,, NQ = @), however, it
is not clear whether, for some v and 7, there exist isolated points in D, ;.

In §6, we provide explicit examples of D, - with isolated points, giving, in particular,
a partial answer to a a question raised by Broer in [73] (see remark (iii) below).

In §7 we show that, for 7 large enough and for almost all v, D, ; is a Cantor set.

Our main results are the following.

Proposition Let n € N, n > 2 and define

n>+4—n 1 log(@ + n)
Ti=——"

o= — Y= =

: (13)

logn

Then & is an isolated point of D, ;.

Indeed, we can show that, for all Diophantine numbers, there exists an ‘equivalent
number’ that is isolated in some Diophantine set:

Theorem A Let vy € (0,3), 7 > 1. Define the map:

nz+1

D, ,(2) = m (14)
with o7g
n = [7] (15)

Then ®(D, ;) C D; :=J, - Dy, Moreover, for alla« € ®(D., ;) there exists 7, > T
and 7, > 0 such that « is isolated in D, ...

The isolated points constructed in Theorem A depend only on the first coefficients
of their continued fraction (that we can change up to an equivalent number).

Then, we show that a Diophantine number may be an isolated point “for infinitely
many 7”:

Theorem B Fix 7 > 1 and a strictly decreasing sequence {7, }nen with 7, \ T.
Then, there exist v > 0, a € D, , and sequences {7, }nen, {Vn}nen with, 7, €
(T, Tat1), Yo \¢ 7Y Such that « is an isolated point of D, - for all n.

In the second part we provide conditions such that D, ; is a Cantor set.

Theorem C Let 7 > %ﬁ Then, for almost all v > 0 D, . is a Cantor set.
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Remarks (i) The existence of isolated points of Diophantine sets may be related
to isolated tori and KAM stability in two degrees of freedom.

(ii) Our analysis is based on continued fractions and relations with dynamics in
higher dimensions are, therefore, not clear.

(iii) The paper [13] is entitled: “Do Diophantine vectors form a Cantor bouquet?”,
namely, is the set AY_NSY~! where

o
[n|”

and SV~! denotes the unit sphere in R, a Cantor set?

N N . N
AV, ={weR" i |w-n| > Vn e ZY,n#0},

In dimension N = 2 it is clearly equivalent to consider the intersection of A2 with
the line ws = 1, which, upon restricting to the unit interval, coincides with the set
D, ;.

Our results, therefore, show that, in general, the answer to such a question is
negative, at least, in dimension N = 2.

(iv) Following the same proof of Theorem C, we can show that for 7 > %ﬁ, for

almost all v > 0 the following property holds: If o € D, ., for all € > 0:

w(DyrN(a—€,a+€)) > 0.

(v) The constant 3++ﬁ is not optimal. Probably a better constant should be ob-
tained putting a better inequality in Lemma 5. For 7 = 1 and % <y < %, D, ;isa
finite set. So Theorem C does not hold for 7 = 1. It should be reasonable that the
optimal lower bound 7 such that Theorem C holds satisfies the following property:
For every 1 < 7 < T there exists v > 0 such that D, ; is a non empty finite set.

(vi) In all our examples of isolated points the following holds: if « is an isolated
point of D, ;, then 7 is the best constant such that the Diophantine conditions with
exponent 7 holds. By an amazing Theorem of Roth, for any algebraic numbers «,
given 7 > 1 there exists v > 0 such that a € D, , (see, for example, [14]). We believe
that, for algebraic numbers of degree greater then 2, the statement of Theorem B
holds. So, information about isolated points may be in connection with continued
fraction properties of algebraic numbers.
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2 Linearizarion of Gevrey circle diffeomorphisms

In this section we prove global linearization for Gevrey circle diffeomorphisms. We

prove at first some techincal lemmas that will be useful for the main Theorem.

2.1 Technical lemmas

From now on, if not specified, we suppose that f € D>(T).

To prove Therem 1, it is easier to show that log Dh is (s + 1 + €)-Gevrey (with
h the diffeomorphism that linearize f to a rotation), insteed of proving that h is
(s + 1+ €)-Gevrey. So, the aim of the first two lemmas is to show the equivalence
of such two problems.

Lemma 1 (see Yoccoz, [73]) Forl>0:*
D" f = A(Dlog Df,...,D'log Df)D, (16)

with Ay(Xy, ..., X;), homogeneous of degree | if the variable X; has weight i, that
are defined as follows:

-1

A
Ay:=1, A = X144 + Z %XM for i > 1. (17)

i=1 i

Forl>1: l
D?f DHLf
! _

Dlong—Bl(Df,..., Df)’ (18)

with By(Xy, ..., X)), homogeneous of degree 1 if the variable X; has weight i, that
are defined as follows:

L OB, L OB,

B, = X1, By = X1 — —
i=1 0X; i=1 0X;

Lemma 2 Let f € D*(T), s > 1. Then, the following are equivalent:

1. There exists A > 1 such that, for k > 1:

]Dkf|0 ‘= sup |Dkf(x)\ < AR(EDS.

z€[0,1]

2. There exists B > 1 such that, for k > 0:

D log Dffy < B* (k)"
8We recall that Df is the derivative of f.
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Proof We prove the first implication, the other one can be proved in a similar way:.
Let:

1
Df(z)

For h > 0, define Y}, := B"(h!)*. We want to show by induction that, for k > 1:

B := A max
z€[0,1]

The case k = 1 is trivial. So, suppose that, for 1 < h < k:
Ah(}/lu “'7Yh) < 2th+1' (21>

We want to prove (21) for & — k + 1. Write:

Ap(Xy, o X)) = > XX

i1+....+kik=k

A1 (X1, o, X)) = Z bil,...,z‘Hleil.--X;i}ff + X1 Ay,

i1t (k+1)ip 1 =k+1

By (17):

bi,..ipsr = (ir + D)ai,+140-1, iy + oo+ (i + Dagy 11,

with the notation that, a;, _; = 0if: 7; < 0 for some 1 < j < kor i +...+ ki > k.
Let:

5, = 4;+1 if: i >1, 1<j<k—-1,
5, = 0 if: i =0, 1<j<k—-1
1 = 1 ift: =0 for 1<j<k,

7% = 0 otherwise.

It is easy to check by induction that:
2T+ o ATk +1)° < (k+1)°.
Then:

b lei1 ce Yljﬁ-ﬁl - 2S<i1 + 1)ai1+1,i2—17m,ikleil+1§/2hil""Ykik T
(i + D)k + 1), 4y 1, i1 Yy Y |
(@2 + oo+ Tk + 1)) (@1, 41,001,0, YT Y527V
(lil’._’ik_,_lylll....YklkJrl)

s 11+1yi2—1 7 1 ip+1
(K +1)%(@i 11,01, Y7 Y YR an i YY),

U1 yeeeyiht1

IN + IN +
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So, summing over all iy, ..., 7, and, by the inductive hypothesis:
Apr (Y1, Vi) <20k + 1)° Ap(Y1, .., Yior) < 29 B2 ((k + 2)1)° = 271Y .

In particular, we get (21): for k — k+1. 1

The basic technical result, which we will use in proving Theorem 1, is the following

”Main Lemma”:

Main Lemma Let C > 1, and suppose that f € D*(T) is such that:®

[DPlog Dflo < C*(ph)* Vp €N, (22)
sup |Df"|o =: D < +00. (23)
neN

Let k,t €e N with k > 2t, « € R —Q, A > CD, and suppose that, for 1 < m < k,
n € N:

D™ log Df"ly < A™(m!)|lnall, |nall == minlna —pl.  (21)

Then, there exists B = B(t,€) such that, for 1 < h <t,n>0:

|DF*log D f™|g < BAM (KN n" (log k). (25)

Before proving the main Lemma, we give some useful estimates on the polynomials
EF, that are introduced in the following Lemma:

Lemma 3 For k.n > 1:

Ea
—
—

D¥log Df" = D" og Df o f{(DfY*EF(Dlog Df*,...D'log Df%), (26)
l

I
=)
I
<)

i

where the polynomials EF = EF(Xy, ..., X)) are defined in the following way:
E}:=1. Fork>1: Ef:=0, E*, :=0.
Fork e N,1<1<k+1, Bt = EFFY(X,, ..., X)) are defined iteratively as follows:

-1

B = Bl 4 (k= DEF X1+ X (27)
h=1

0Xp

Moreover, giving weight i to X;, each monomial of E¥ has degree | (if 1 <1 < k).

9We recall that | f|o is the sup-norm of f, Df is the derivative of f.
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Proof We prove Lemma 156 by induction. For k£ = 1:
n—1 n—1
DlogDf" =D (Zlongo fi> => DlogDfo f'Df".
i=0 i=0

So, for k=1, Ej = 1.
Now, suppose that the Lemma holds for some fixed k > 1 and for all n € N.

We want to prove (26),(27) for k + 1.
By inductive hypothesis, for all n > 1:

k—1 n—1
DFlog Df* = ZZD’““ “og Df o fi(DfH'EF( Dlog Df, ..., D' log D f%)

-1
+ ZZ Dk+1 (I+1) lOg Df f (Df )k+1 l+1)D10g Df'LEk

1=0

n—1
OEF
k+1—(1+1) z k+1 (1+1)
- XS Dt oyt S O
=0 =0

with:

Ef = Ef(Dlog Df’, ..., D'log Df").

So, we have:

L OEF

Bt = Ef + (k- 1) B 1X1+Z al F X1

In particular, by inductive hypothesis, Elk+1 is homogeneus of degree [ if the variable
X, has weight 7. |1

Let P(Xy,..., X)) => ail,,,,ilel...Xfl be a polynomial with real coefficients.

We define:
|P|] :== max @iy, - (28)
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Lemma 4 For ke N, 1 <[ <k:

157 < k!

Proof We prove Lemma 4 by induction.

For k = 1 we have: E] = 0. So, in this case, the Lemma is trivial.

Now assume that: ||E|| < (h!) for all h such that 1 < h <k, and for 1 <[ < h.

We want to prove Lemma 4 for k - k+ 1,1 <[l < k+1.

By Lemma 1, for 1 <1 <k + 1:

Ef* = Ef + (k= DB X0+ )
h=1

it is easy to check that:

In particular:

12

IN

IA A

,,,,,

-1

O,
0Xy,

Z1++(l—1)ll,1 :l—l,

-1 (9Elk_1

12_ 5

h=1

B+ (k = DIEL Xl + ]

k' + (k= DE 4 1(k)!

(k+1)!

Lemma 5 Let A > 1,e > 0. For h € N define:

Yh — Ah(h!)s+1+6.

Then, fork € N and 1 <1 < k:

Ef(%h, ...

Y)) < ANk
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Remark 1 If we estimate at first the growth of the coefficients of EI and then we
use the Gevrey estimates, we get:

EE(Vi, . Yi) < AD(R)15 (1)

The improvement that we get in Lemma 5 will be fundamental in the proof of the

estimates in the Main Lemma.

Proof We prove (31) by induction. If £ = 1, the Lemma is trivial because of
E{ =0,E}=1.

Now, suppose that the Lemma is true for some k& > 1, so we assume that (31) holds
for 1 <1 < k. We want to prove (31) for 1 <1 <k + 1.

For k € N,1 <[ < k we denote:
EF = Ef(Y1,...,Y)),

EMt = BN, V),

Elk—l = Elk—l(Ylv ""Yzfl)’

oE", OB,
= Yi,...Y_ forl<h<[|-1.
X, 3Xh( 1y -0y L1 1) ortsnx

We claim that:
-1 3Elk_1

Cr=2_ 5%

h=1

Xy < APFTHEES (32)
h

Write the polynomials EF | (X1, ..., X;), GF(X1, ..., X;) (with the obvious definition
of GF(Xy, ..., X})) as:

Ef = > Wiy XX (33)

i1+...+(l71)il,1 =[-1

with a;,, ;. , =0ifi; <Oforsome 1 <j<l—lorig+..+({—1)41>1—1.
Gf= > by XX (34)
’i1+...+lil:l

Note that, by the condition:

i, =01ifi; <0 for some 1 < j <.

.....
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Wt +U=1)=1-1,
ifh>%,then: i, =0or i, =1.

We remark also, that for 1 < h <[ —1:

Yh+1 — A(h“— 1)S+1+e‘ (35)
Y

Then, by (33), (34), (61):

i1 i i1 —1 (ys+1+e/
biy,.a Y1 Y = ALY (2 (i1 + D)@y 1ip -1, iy T -
s+1+e/ -
l (i1 + 1)@iy,.iyy 1)

AV Y@ L )

-2
X E @iy, i+ iy —1eip—1 T @iy +1 |

h=1

IN +

with:

o= ;1 if: iy >1, 2<j<1-2,
0 if: iy, >0, 2<j<1-2
1 o= 1 if: ij=0 for 1<j<Il—1,

-1 = 0 otherwise.

An easy proof by induction shows that:

o3Iy oy ey < et (36)

So, summing over all iy, ..., 7 and using (36) , the claim follows.

If |l =k + 1, then: E{“Jrl = 0. In particular, the Lemma is trivial if [ = k£ 4 1. So,
we may assume that [ < k + 1.

In this case:

EfY = B+ (k=B X0+ X
< AN TR+ (B — DARN — )15 4 AP AL (1 — 1) 15T g
= A'END)*Fe (1 + +l) < AR 1)

ls+e
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Lemma 6 Write EI as:

Ef = Y a.a XX (37)
i1+l =l

Suppose that, for some j > %, i; #0 (so, i; =1). Then:
L <3 (k= )N (38)

-----

Proof We prove (38) by induction over k.
For k =1, (38) is trivial. So, suppose that (38) holds for 1 < h < k.
Write EF, EF B! as

-----

Civorig = biy iy + (k=D iy F 010G 41001y g T oo U1y iy 41

Let ¢;, . ; such that i; # 0 with j > % If 7 = [, then (38) follows directly by

(27). So, suppose that % < j <, then:

Citysii = Cit,eij,0,...,0 :bi1 ..... i;,0,...,0

+(k = Dai,—1,..;,0,..0 + 1@y 115i5—1...15,0,0 T -
+iyii;1,0,1,0,.,0 < biy,iz0,0 + (K= 1Dai—1,.0,...0
+(i + 2 + oo + D3I (K — 5

28 ((k — )N (k= 1) + (k= j + 1)((k — )
ST (k41— j)y=d. I

IA A

We state also the following simple lemma:

Lemma 7 Leta € R—Q, [ € N. Then:

—Zumw <o (39)
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Proof It follows by [|ai|l' < 5. 1

We are now ready to prove the Main Lemmma.
Proof (Main Lemma) We prove at first (25) for h = 1:

By Lemma 3 and by (62) it follows that, for I, m,n € Nsuch that: 1 <1 <m < k+1,
[ <k+1:

|E["(Dlog Df",...,D'log Df™)|o < AY11)***m!||nal|’ (40)
So, for n < k:
k n—1
|Dk+1 lOg Dfn|0 < Z Z ’Dk+1fl log Df|0|(Df'L)k+lfl‘O|Elk+1|0
1=0 i=0
k n—1
B+ D) (k+ 1= DA 1)+ fial |,
1=0 i=0

So, if By = Bj(€) > 0 is such that, forall k € N, 0 <1 < k:

1 1
(EN((k+1 =D+ (1 + E) < (31 ] E) (k1)stite,
then:
k n-—1
k) + 1 ZZ k+1-— ) )sAk—&-l(l!)s—i-eHZaHl < BlAk+1(/€!)5+1+en
=0 =0

< By AT T 0 (log k),

so, we have proved the Lemma for h = 1.

Now, assume that the Lemma holds for some h with 1 < h < t, i.e. we are assuming
that there exists Bj > 0 such that, for m,n € N with 1 < m < h:

|D¥*™ log Df™|g < B ARt n™ (k)T (log k). (41)

Then, we prove (25) for h + 1.

By Lemma 3:
k+h n—1
|Dk+h+1 log Dfn’() < Z Z |Dk+h+1fl IOg Df|0’(Dfl>k+h+1fl‘0|Elk+h+1|0.
=0 =0

Moreover we remark that, for 1 < m < h, the term D**™log D f* appears at most
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once (and with exponent at most 1) in each monomial X{*...X;" of EF"™ (because
of 2t <k,iv+...+liy=1<k+h).

Write Ef TP as:

k+h+1 _ § : i1 lk+h
El (Xla AE) Xl) - ai17"'7ik+}LX1 "'Xk+h ’
i1+..‘.+(k‘+h)’ik+h:l
and define:
k+h+1 . § i1 i
‘Pl (Xl, ,Xk) = ail,.,,,ik,oonl Xk 5
i14....+kip=l

k+h+1 R k+h+1 k+h+1
FHREL(X | Xpgn) i= EFHRTT — phehl

Observe that, for | < k, Qf%“ = 0. Moreover, for [ > k, each monomial of Qf“‘“
has only one variable X; that satisfy j > k (and with exponent i; = 1).

So, combining the estimates of Lemma 5 and the estimates in (41), for k <1 < k+h
we claim that:

QF" 1 (Dlog DY, ..., D'log D)o < hBy(K!)* "+ Aln" 3" (h)"++27<(log k).
(42)
We prove (42):

Observe that, Q¥ has at most h(h!) terms, and each term of Q™' has the
form:

i1 ik
Qi i 0,1, 0K 1 X X,

withk+1<j<k+h-+1.
For 1 <m < k+h, let Xm:Dmlongi.
Then:

|Clil,...,ik,0,...,1,...,0)({1 ---X;ika |0 |ai1,...,ik,O,...,l,...,OXil X;Zf |0|Xj |0

|ail,...,ik,O,...,l,...,OXlil X]ik |0BhAjnj(k:!)s+1+€(log k?)

IA A

Moreover:

it kig=1—7<h,
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so, by Lemma 6:
| @iy g 0,1, o X1 X““|0 < 3M(A)M XD X”“|0 ()P AT (R1)sHiTe,
In particular:

Q¥ (Dlog DfY, ..., D'log D f)|o < h3"(h) By (k)11 Aln® (R (A< (log k),

so, we have proved (42).

Now, we claim that there exists C'= C(h,€) > 0 such that:
| P (Dlog DfY, ..., D' log D f')|o < CAY(K!)*™(log k). (43)
We prove (43):

The proof is by induction over k. So, the base step (k = 2h + 1) is trivial (it is
sufficient to choose a large enough C' = C(h)). Then, suppose that (43) holds for
k. Similarly, as in Lemma 3:

aPk-‘rh-‘rl

Pl(k+1)+1+h = Py (k4 h— ) PEIX +Z X, —— X1

7
+ E ail,...,ik,LO...,OXll-'-Xk X1
3 A
+ (k‘ +h— l)X1 E bil,.,.,ik,l,o...,OXll"'kaXk+17
with:

k+h+1 i1 Thth+1
El — E Qi ..., Zk+h+1X Xk+h+1’

k+h+1 o 1 7:IchfH»l
El—l - Z bll ----- lk+h+1X Xk+h+1'

By Lemma 5, Lemma 6 and the Gevrey estimates:

’ZCI/ilvNyikylyO"'po:’lil“'X]ikaJrl ) < 3h(h!)h+s+2+eAl<k + 1)!s+1+e’

7 ik
]E it 0.0 X X K|

< 3h(h!)h+s+2+eAl—1<k+ 1)!s+1+e'

Moreover, similarly as in Lemma 5:

k
ort

an S A((k’ + 1)s+1+e + hs+1+e) |Plk_+1h+1 0

J=1
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Then:

k+1)+1+h
| PO

and, because of:

IN

IN

IN

IN

|PF o + (k+ b — D P X |
k o Pk+h+l

“ox, T

11 ik
+ ‘ E @iy 1,005 - X X .

j=1 0
R+ =D Y b 00X X X

CAl(k,!)s—i-l—i-e + C«Al(k, +h— l)(/{?!)s+1+e

+CA (k4 1)N)sHHe - CAN((k)l)sHitepstite

+3h<h!)h+s+2+eAl((k + 1)!)s+1+6((log k)

—f—(k‘ + h + 1— Z)Sh(h!)h+s+2+€Al((k‘ + 1>!)s+1+e

CAI((k 4 1>!)s+1+e
k+h_l+1+hs+1+e

(e
Crmr AN((k 4+ 1)) log(k + 1)

0

1
+ (2h3" (PP Jog (1 + E))

k>2h+1

T (Zh + 1 4 hetite

(k + 1)s+1+e

1
+ (2R3" (W)Y og(1 + E)) < +00

we have proved (43) for all k£ > 2h + 1, for some C' = C,.
If | <k, by Lemma 5 and (62):

| PE g < A1) (k + b+ 1) |adl| (44)
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Finally:

k+h n—1

|Dkz+h+1 log Dfn|0 < Z Z |Dk:+h+1—l log Df|0|(Dfi)k+h+1—l|0|Elk+h+1|0

=0 =0
k+h n—1

Z Z ’Dk+h+1fl log Df|0‘(Dfi)k+h+lfl|0(|Plk+h+1|0 + ‘Qf+h+l|o)

=0 =0
k+h n—1

_ Z Z |Dk+h+l—l log Df|0|(Dfi)k+h+1_l’0‘Plk+h+l|o

I=k+1 =0
k n—1
+ Z Z |Dk+h+1fl log Df|0’(Dfi)k+h+1fl‘0’PlkJrh+l|0
=0 =0
k+h n—1
+ Z Z |Dk+h+1—l log Df|0|(Dfi>k+h+1—l|O|Q§c+h+1|0
=0 =0
k+h n—1
SO ARk bt 1 — 1)1 (log k) C(R)
I=k+1 =0
k n—1
+ S AR (e bk 1= DE (K + b+ DY) ad] ' (log k)
=0 =0
k+h n—1
+ 3N ARk h+ 1= DEBy(k + h 4+ DI 0" (log k)
I=k+1 i=0
< Bh+1Ak+h+1(1Og k;)nh+1(k!)s+1+€,

IN

IA

for some By, 4, > By, that depends only on h + 1,e. 1

Remark 2 In the proof of the main Lemma it is crucial to put the term "1 + €”
in the estimates. In fact, the term 1 + € gives more weight on the terms of the

polynomials EF.

Lemma 8 Let k,l € N, 0 < < k, and define the polynomials G¥(X1,..., X)) as

follows:

GE=Gr =0,

Gt =G+ (k—1)X1G) | + — Xht1
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for1 <I<k.
Fix k,Q e NJA>1,t > 1 with Q > k and define for h < k:

h
Yh = %(h')t

Then, there exists C' > 0 that does not depend on k such that, for | < m < k:

< C(logk)

Gl'(Y1,...,Y3) < Al(nl). (45)

Proof The case m = 1 is trivial (because of G = Y}). So, suppose that, for some
m € N, with m < k, [ < m holds:

Al
Gr(Yh,... V) < cma(u)t. (46)

Then, for m — m + 1, if | = m the inequality of the Lemma is trivial. So, suppose
[ <m:

A — G

PV Y) =GP (m= DS + Y L
G (Y1, Vi) [+ (m Z)QG1—1+h:1 ax,

1 AC,

< —CR AN+ (m— D) —=A" (1= 1))
0 ()" + (m —1) % (=1
1
+Cm@Al(l')t,
where, the estimate

1
Vi1 < C,— A1)
29X, w1 < O )

can be proved in the same way of the estimates in Lemma. In particular, it suffices

to define:
m+1—1
Cmg1 1= Cp, (1 + T) )

and C] := 1. In particular, for m = k:

1 (5 j4+1—1 1
GHY1, ., Yq) < — ( (1 + —)) AR < C(log k)= AF(IN)F
l 1 k—1 Q g Q Q

for some C' > 0 that does not depend on k, Q.
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Lemma 9 Let k,l € N, 0 <[ <k, and let GF(Xy, ..., X;) the polynomials defined
in Lemma 13. Fix k,Q,hg e NJA > 1,t > 1 with QQ > k, 4hy < k. Define:

Ah
Y, = aﬂmtﬁhgh

Y, = AMQ(h)' if h >k,

(48)

Then, there exists C' = C(hg) such that, for h < hg, 1 <1<k + h:

Géchh(Yh "'7Yk+h) < C(ho)(lzgg k)(k)hAk+h(k')t (49)

Proof We consider at first the case h = 1. For | = k, Gl,zﬂ = Xj. In particular
(49) is trivial for [ = k,h = 1. For [ < k:

k+1—1
Q

because of ) > k. In particular, we have proved (49) for h = 1. Now, it is easy
to prove iteratively (49) for h < hg, starting by the case h = 1 (that we have just
proved). In fact, because of 2hy < k, in each monomial of Gé”h , the term Y,,, with
m > k appears at most once and the Gf+h satisfy estimates similar to that of
Lemma 6.

Next, we list some results that will be used to prove our Theorem:

GE7 < Qog Ry goa) (14 ) < 2Ctiogh) ')

Theorem 3 ([34], p. 52, Theorem 6.3.4) Let r > 1 and define:

H,(f) o= sup | D "] cros (50)
neZl

with: .
l9ler—1 ==Y [D'glo (51)

1=0

if r € N, while, if r ¢ N:10
DIr=U(g(x) —

\ghy_l:::\ghﬂpﬂ]+-supm¢y| (9(=) — 9| (52)

|z —y|t

Then, the following are equivalent:

107y] is the integral part of r, {r} is the fractional part of r.
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o f is C" conjugate to T,
o H.(f) <+o0
e sup,.y |log Df"|cr—1 < 400

Theorem 4 ([34], p. 127) Suppose that f € D>®(T), a := p(f) € D. Then, f is
C* conjugate to T,.

The proof of Theorem 4 is divided in two parts: in the first part the C! conjugacy is
proved and, in the second one, it is proved that C'! conjugacy implies C*° conjugacy.

In the Appendix we give a simple prove of the second part (C* conjugacy implies
C* conjugacy). This proof follows the same scheme of the proof in the Gevrey
class.

Let a be the rotation number of f € D>(T). We denote with ¢ the denominator of
some convergent of the continued fraction of a and with ) the denominator of the
subsequent convergent. Moreover, we denote with A € C°°(T) the diffeomorphism
(unique up to composition by a translation) that conjugate f to T, i.e.:

hofoh =T, (53)
Lemma 10 For all k > 0, there exists C = C'(k) > 0 such that, for all n € Z:
[DE(f" = id = na)lo < C(k)[[nall,  [[nal| := min jna = bl (54)
In particular, for all k > 0 there exists C'(k) > 0 such that:
C(k)

|D¥log Df?)y < —=. (55)
Q
Proof Let k£ > 0,
|D¥(h o The — b — na)lo < |D¥h|o|nal. (56)
By the identity:
f"—id—na=(hoT, —h—na)oh™ (57)

and, using Faa di Bruno formula, we get (28).

To prove (15), it suffices to note that there exist polynomials A (X1, ..., Xj) homo-
geneous of degree k if the variable X; has weight ¢ such that:
D% Dk+1 g)

D¥log Dg = A, (—, ey
Dg Dg

(58)

Moreover, by Theorem 3, |D f"|y are bounded uniformly in n. 1l

In particular, as a corollary of (15) we have:
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Corollary 1 There exists C' > 0 such that, for q a convergent to o = p(f), Q the
subsequent convergent, k € N with k < Q:

(D7) < (1 n %) (59)

Finally, we state Hadamard’s inequality, that will be crucial in the subsequent
section.

Theorem 5 (Hadamard’s inequality) (/36], Appendiz A) Let g € C*([0,1]).
For h,l,s,k € N with: 0 < h <1< s <k,s#h, there exists C = C(k) > 0 such
that:

I—h

o (60)

sl
|D'glo < C|D"glg™"[D%g

2.2 Proof of Theorem 1
For n € N, define:

1 n—1
Jn = EZ(]CZ - ia)'

By Theorem 2 and Ascoli-Arzela Theorem, for all £ € N:
|D*f,, — D*h|o — 0, (61)

with A the diffeomorphism that conjugates f to a rotation (we recall that A is

unique up to a rotation). In particular, if we prove that for € > 0 there exists
C = C, > 0 such that, for £ € N,7 € Ny:

|Dkfz‘0 S Cvk:(k!)s-i-l—i-e7 (62)

then, for k,n € N:

n—1

1 .
‘Dkfn|0 < E Z |Dkfz|0 < Ck(/{}!)s+1+e.
=0

In particular, by (61), the diffeomorphism h is s + 1 + € Gevrey with constant C..
So, it suffice to prove (62).

By Lemma 2, it is also equivalent to prove that, there exists B = B, > 0 such that,
for k,7 € N: '
[DFlog D fily < CH(kt)*1e. (63)

So, we will prove (63).
The proof of (63) is based on the following six steps:
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1. Fix € > 0. By Lemma 7, for every k € N, there exists A = A(k) > 0 such
that, for [ < k, n > 0:

|D'log Do < AY1N)* T Ina], (64)

This follows from (15), providing that A(k) is large enough (at this point the
factor (I!)*T17€ is irrelevant, in fact it suffices to take A(k) = C(k), with C(k)
as in (28)).

2. We fix ky € N with ko > 8(5 + 2) (with o := p(f) € Dg) and take A = A(ko)
big enough, such that equation (64) holds for 0 < I < ky.

By the Main Lemma , if hg € N with 2k < k¢ , there exists B = B(hg,€) > 0
such that, for h < hg, n € N:

| Dot log D f7|g < BART (k¥ (log ko) (n)". (65)

3. In the third step, using (65), we prove the following estimates:
| DMt log D f*9)o < Cy BAR T (ko) 14 (ko )" tag(log ko), (66)
with'' b < ho := [%], C' = C(hg, @), a < <.
4. Using Hadamard’s inequality, we show that, for h =1, 2:

Akothg
015

|D¥ " log D f*|y < CoB (Ko!)*"*<(ko)" (log ko), (67)

with Cy = Cy(ko, €, ) > C that depend also on the constant of Hadamard’s
inequality, a < %, % > 27 4+ 1.

5. By good estimates on the convergents we obtain estimates for all the iter-
ates of f. This is the only step where we use that the rotation number is
Diophantine.

In particular, we prove the following:
| Dot log D f"|g < C3BAR (ko)< (ko) (log ko), (68)
for h =1,2.

6. With the help of equations (57), (68) and, up to chose A > C' we get estimates
of step 1 for h = ko + 1 (using that k*logk < C(e)(k + 1)*717¢, because of
s > 1). Then we proceed by induction.

HFor t € R, [t] is the integral part of t.
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In fact, we have proved that, if (64) holds for | = k > ko, A > C = C(e, a),
then:

|D¥ 1 log Do < CA*((k 4 1))¥He < AML(E + DD Inal|.  (69)

So, by induction, we prove (64), for all [ € N (for | < ko the estimate are
trivial for a sufficently large A). In particular, Theorem 1 follows.

Remark 3 The loss of regularity of 1+ € appear in the last step, in which we have
to use also estimates on the k + 1 derivative, but, actually the loss of regularity is
hidden in the Main Lemma.

Remark 4 The choice of hy depends only on e.

Step 1: It is a consequence of Theorem 3, Theorem 4, Lemma 7. |1
Step 2: Step 2 follows directly by the Main Lemma. 1

Step 3: We will use the following identity:
For a,b,k € N:

Dk IOg Df(a+b) — Dk log Dfa o fb =+ Dk log be
k—1
+3 Do Df* o f(D ") 'GH(Dlog D, .., D'log D),

=1

with Gf(Xl, ..., X;) homogeneous of degree [ if the variable X; has weight i. More-
over, we recall that the polynomials G¥ satisfy the following relation:

G =Gf+ (k= 1DXiGF + ) 2 X,

with:
GF =G :=0VkeN.

The proof of this identity is the same of the proof of Lemma 3, so it is omitted.

By (65), for h < hg, n < kq:
| DRt log D f™ |y < BARTR (k¥4 (log ko) (ko) 0.

We show at first that, there exists C' > 0 such that, if ¢ € N is a convergent of «,
then:
|DFtog D f)g < C AR (ko) * ™ (log ko) g. (70)
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Let {gn}nen, be the convergents to o = [ag,as,...] := ag + a1+1 —, so that
ag+...

Uni1 = Uni1Gn + @uo1- If ¢ = g, < kg, then (70) follows by (65).

Now, suppose that for i < n:

| Do log D %] < BAR (ko!)™ 1 (log ko )i,

and ¢, > k.

Then, fori <n, ¢ .1 >k, 1 <a< q"q—fli

DFot1 1o Df|, = DFot+1 14 Df(afl)qi o f% + Dkotl]g D fé
g g g

ko
+ Z Drot+1-l log Df(a_l)Qi o fqi(qui)k+1—lG§eo+1|O

=1
< |Dko+1 log Df(a_l)% 0+ |Dko+1 log D %,
ko
—1 Clk+1-1
—i—Z a Ak0+171(<k0 + 1 — l)!)s+1+e (1 + ( + )) ’Géco—&—lyo

— di+1 Qi+1

where, in the last sums, we have used that for 1 <1 < kq:
|Dk:0+1—l log Df(a—l)qilo S a— 1Ak0+1_l((k‘0 +1— Z)!)8+1+67
qi+1
- Qi1

The first inequality follows by (64), the second by Corollary 1 and by ¢; > k. Then,
by Lemma 9:

G < (log k)~ A1) 1+

i1
So:
ko
=L AR (k£ 1= DY) (1 AR ) l)) G o
= i+l di+1
M1
< C(logko) Y —5—ARH (kg + 1 — 1))
= din1
% (1 + O(k +1-— l)) (l!)s+1+e
qi+1
—1
< O(CLZJAko—&-l((kO)!)s—&-H-e(lOg k})
i1
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So, iterating, we have:

Ck
|DM*og D", < a|D**'log D f%|, <1+ )

qi+1

—1
+Cw1‘lk°+l((ko) )*H1*¢(log ko)
1+1

< Caink0+1((ko) )S+1+e(10g k’o) ( Cak)

qi+1

Moreover:

() <TI0 0) =TT ).

i>n Gi+1 i>n
that is a constant that does not depend on k.
Then, write q, as: ¢ = ¢, = @pGn_1 + qn_2:
Drotl log D fir = Drotl log Df(anqn_1+qn_2) — Dko+l log D fonin=1 o fqn_g(qun_z)ko-i-l
+D** og D fin-2

ko
+ Z Dkot1-l log Dfananl o fqn72 (qun—Q)kJrl*lGéﬂoJrl’
I=1
with
Gyttt = G (Dlog D fin=2, ..., D'log D fin=2).
By Lemma 8:

|Dko+1 log qun |0 < |Dko+1 log Dfananl o fqn72 |0(|DfQ7’L72 |0)k0+1
+| Dkt log D f1=2|,

ko
+| Z Dlot+1-1 log D fnin=1 o fin-2 (Dan—2)k+1_lG§€O+1 |0

=1
ko+1 st+14e Ck
Clangn-1)A™" ((ko)!) (log ko)ko ( 1+ -~
+C(gn—2) A" ((ko)!)* T (log ko) ko

i (qC'k: > C(anqnfl)AkOJrl((kO) )s+1+6(10g ko)k
n—1

IN

S O(qn)Ako—H((kO) )s+1+e<logk ) ( Ck ) )

n—1

In particular, we have proved (70). Finally, we want to show that, for h < hy,
q>k:

| D¥log D f|g < BART (ko) (log ko) (ko) !
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So, we suppose that for 1 < h < hg, ¢ >k, a < % holds:
| DFothlog D f)y < BAR T (ko)< (log ko) (ko) *aq. (71)

Note that we have just proved the case h = 1. We prove (71) for h+ 1. So, suppose
that (71) is true for all ¢; < g, with ¢,4+1 > ko. Then:

|Dko+h+1 log D fin |0 _ |Dko+h+1 log Df(anqn—1+qn_2) |0
< |Dk‘o+h+1 log Df(In72 o fanqnq (Dfananl)k0+h+1|0
_HDkoJthrl 10g Dfanqn—l |0
ko+h
+| Z DFotht+1-1 log D f"=2 o fandn-1 (Dfanqnﬂ)ko+h+1—lG§€0+h+1|0
=1
C(k h
< (1 + %) BARHH (o) (log ko) (o) g2
+BAko+h+1(kO!)s+1+e (log kfo)(ko)han—1Qn—1
ko+h
+| Z Droth+1-1 log D f%2 o fan(Infl(DfanCInfl)k0+h+1*lG;€O+h+l|0.
=1

We estimate the last term: note that, by Lemma 8, for kg < [ < h:

|GFt N (Dlog D fangn-1, ..., D' log D fr4n=1)|o(log(k)o) (ko) @ngn_1 AFTH (1)1,

while, for [ < kq:

1 k+l1
E— | + (l!)s-i—l—i-e.
AnQn—1

|GFt (D log D fangn-1, ..., D' log D for4n=1)|y < C'(ko)"

Moreover, for [ > h + 1:

‘Dk0+h+17l log DfCIn—2|0 S 1 AkoJthrlfl((kO + h + 1 — l>!)s+1+57

n—1

and, for [ < h + 1:
|Dk0+h+1_l log qun,zlo < an_QAk0+h+1_lkg+1_l((kf0 +h+1— l)!)s+1+e(log ko)

In paricular:

ko+h
| Z DFoth+1-l log D fi2 o fa'rLQ'nfl(Dfananl)k0+h+1_le0+h+1|0 <
=1
k
2ha, C AR (kol)* T (log ko ) (ko) + ——5—C AP (ko)™ (log ko) (ko )"

anln—1
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In particular:

|Dko+h+1 log qun|0 < C(log(k:)o)(k:o)lanqn_lAkH(k!)SHJ“.

Step 4: Let n € N. Following Herman, we can write:

n=3 b (72
=0

with ¢; the denominators of the convergents of o, n < q4y1, bs < qsq#.

Using (72) we get, for i = 1,2:

. . . b, . . ;
’Dk+l 10g Dfn‘() < CAk+z<k,!)s+l+ekz Z . < CAk+1(k!)s+1+ekz Z sy .
>0 Ts+1 >0 ds
Because « is Diophantine, we have:

r
qs+1 S q_s
¥

for some v > 0,7 > 1. In particular, for € small enough we get the convergence of
the series (in fact it converges for € small enough if and only if « is Diophantine).
So, there exists C' > 0 such that, for i = 1, 2:

|DF*Ylog Df"g < CAFF(E)sHept 1

Step 5: We use the following identity (the proof follows easily by induction):
DFt1 lOg qu — Dkl lOg Dh! — (Dk+1 lOg Dh~to fq) (qu)k-l-l
k
—> DM log Dh! o fU(D f9) T EFT (Dlog f7, ..., D' log DY),
=1

with Gf“(Xl, ..., X;) polynomials homogeneous of degree [ if X; has weight i. By
this identity we get:

D log Df1, < |DF'log DA™ — D*log Dh™' o f9,
+|D* ' log Dh™" o f9 (1 — (Df)*1) |
k
+> DM og DRt o fUD ) B (Dlog f9, ..., D' log D f7)o.
=1
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We recall that:
1 i
Jai= = 1 (73)

Observe that:
fr—id

foo fof it =id+ o fit. (74)

So, by our assumption on f we know that f, converges to h in norm C" for all
r € Nand f,! converges to h~! in norm C” for all r € N,

In particular, for some C' > 0 we get the estimates:

|ID¥og DRty < CAFTHED Tk log k,
|ID*2log Dh7Yy < CAM2(RD)™ k2 log k.

In particular:

|D¥*log DR~ — D*'log Dh™ o f4|,

IN

|D*21og Dh~"Jo| Df* — 1],

C

< C|D***1log Dh™*||log D f4|o éA’““(k!)s*”ka log k

IN

gAkJrl((k + 1)!)s+1+e.

<
T Q
|D**'log Dh™' o f9(1— (D)) |y < C(k+ 1)AM (k)™ klog k| log D f)o
S %AkJrl(k!)erlJrekZ logk S %Ak((/{ + 1)!)s+1+e'

It remains to estimate the third term. Observe that:

KDﬂf“4msg%+¢»

Moreover, similarly as in Lemma 5 we have:
|G¥(Dlog f4, ..., D' log D7)y < CkIA' (1),

Putting together all these estimates:

k
Z |Dk+1—l 10g Dh—l o fq(qu>k+1_lG§€+1|0 < gAk((k + 1)!)8—‘1—1—‘1—67

=1

so, also:
C
|D¥*og DfY| < éAk(k 4 1)1

Choosing A > C' we have proved the estimate for k+ 1. Then, the proof of Theorem
1 follows by induction. N
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2.3 Sketch of the proof of Theorem 2

Here we give a sketch of the proof of Theorem 2. We proceed by induction as in
Theorem 1. So, suppose that we have that f is a s-Gevrey function that is C*
conjugate to a rotation: we want to prove that f is C¥*! conjugate to a rotation.
In particular, we want to prove by induction that for £ > 1:

sup |D*tlog Df"[o < Cpallan]|, (75)

neN
for some C' > 0 and with oo = p(f). So, the proof can be divided in four steps:

Step 1 Suppose that (75) holds for some k£ € N. Then, in a similar way of the
Main Lemma, there exist A > 0, £ > 0 such that, for h € N:

|Dkz+h log Dfn|0 < Ak+h((k‘ + h)!)t+hnh.

Step 2 In Step 2 we improve in the estimate of Step 1, the growth of the part that
depends on the iterates of f. In particular, if ¢ is a convergent of «, then there
exist C' > 0,v > t such that, for h > 1:

|Dk+h log D fy < Ak+h((/€ 4 h)!)ll+hq%.

To prove this, note that for A small this is true: in fact, we have proved above
h . . .

that, for h < g, the term ¢+ can be replaced by the term ¢ in the inequality. The

inequality is true also for ¢ < k? (it suffices to choose v big enough).

Then, we prove that, if the inequality is true for [ < h, and if it is true for [ = h,
¢ < gy, for some n € N, then it is true also for g,.

It follows by:

Dk+h log qun — Dk+h log Dfananl"FfIan
DFthlog D fantn-1 o fan=2(D fin-2)kth 4 pkth o [ pan-2
k+h—1
+ Z Dk+h—l log _Dfanqn71 o anfz (qun72)k+h_le+h,

=1
and by the usual estimates for the polynomials Gf™" and for D*"log D fe=-1.

Step 3 Let s < 1, and define 9,, := sl(’lig—zzl. Using Hadamard’s inequality, we prove
that, for h =1, 2:

1 1,2
|Dk+h log D f |y < Ak+h(<k + h)!)y+hT5nQ(log W) (76)
qn-‘rl
In fact, let ¢, € N such that 2» = [6%] + 1. Then, by Hadamard’s inequality and
Step 2:

2

4
’Dk+2t” log D f4 o < 4tAk+2tn(<k 4 Qtn)!)wztn q? 7

2
qn+1
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otn—1

4
|Dk+2“f1 log Df% |y < ptnt(tn—1) gh+2'n ((k + 2tn)!)u+2tn In

l+l ?
q;+14
and so, iterating we prove (76).
Step 4 By the assumption
10g gn41 = O((log ¢n)*)
with s < 2, we have:
1
sup T%Q(logiy < +00, (77)
neN qn+1
¢
Z 2 < foo. (78)
nso In

Let n € N, and write n as:

0<i<y
with b; < q"q—fl, n < ¢j+1. Then, similarly as in Theorem 1, for h = 1,2, by (77) and
(78):

|D* ™ log Df"lg < CY " q;| D" log D f*

1>0

0 < 00

In particular, f is C**2 conjugate to a rotation.

Step 5 As in Theorem 1, the fact that f is C**2 conjugate to a rotation, implies
that:

sug |D¥tlog Df"[o < Craallanl].
ne

Then, we proceed by induction.
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2.4 Questions

We prove the theorem using a Diophantine arithmetical condition. Moreover, using
the existence of Gevrey functions of compact support, proceeding as in [39], it is
easy to find arithmetical conditions such that in general the C' conjugacy does
not hold (for example imposing lim sup bg(j—”“ = 00). However, a natural question
regard the best arithmetical condition. !

In the proof we have a loss of regularity of type 1+ €. However, we don’t know if it
is the optimal one. For example, in the analytic case the term 1+ € is not necessary
(the diffeomorphism A is also analytic).

3 Topology of Diophantine sets

In this second part, we study the topolgy of Diophantine sets, constructing many
examples of isolated points in these sets, and showing that, for large parameters,
Diophantine sets are Cantor sets.

3.1 Basic definitions and remarks

3.1.1 Definitions
e N:={1,2,3,..}, Ny :={0,1,2,3,...}

e Given a,b € Z — {0}, we indicate with (a,b) the maximum common divisor
of a and b.

e Let a be a real number. We indicate with [a] the integral part of o, with {a}
the fractional part of « .

e Given EC R, we indicate with Z(E) the set of isolated points of E.

e Given EC R, we indicate with A(E) the set of accumulation points of E.
e We say that EC R is perfect if A(E)=E.

e Given a Borel set EC R we denote with u(E) the Lebesgue measure of E.

e A topological space X is a totally disconnected space if the points are the
only connected subsets of X.

e X C Ris a Cantor set if it is closed, totally disconnected and perfect.

e For £ C R", dimy FE is the Hausdorff dimension of E.
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Given o € R we define:

lol] = minja ]

e Given v > 0,7 > 1, we define the (v, 7) Diophantine points in (0;1) as the
numbers in the set:

g

D, i={a € (0;1): [|qal| = i Vg € N}
[ ]
DF = {a€R:|gal > ql Vg € N},
D.:=|JD,., D:=|JD-
>0 7>1

We call D the set of Diophantine numbers.

Given 7 > 1, € R, we define:

Y(o, 7) == inf ¢"||qa||
qeN

Given o € R we define:

7(a) :=inf{r > 1:v(a,7) > 0}

e Given an irrational number a = [ag; ay,...] :== agp + ﬁ, we denote with
ag+...
{£2 }nen, the convergents of o, ay, = [an; ang1, -]
o We indicate with [a1, as, a3, ...] == - - L
Matagis

Let o be an irrational number. We define:

(o, 7) = q;|lgnal| = qplgne — pn|

o Let 72>1,
& = inf n\Q&, ’
( ’ T> n1€2N0 g ( T>
Y+ & = inf In\Q, T ),
+< ) 7—) nE;No-i-l ( ) )

D, ={ae€D,:1(a) =71},
I :={a€D;:In#m (mod2),ym(a,7) = ym(a,7) = ~(a,7)}.
1= UTle'T

2for information about continued fractions see [4],[8],[15]
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o Let peZ,qe N, v>0,7> 1. We define: 1, -(p,q) := (’—’ — qll;g + qﬁrl).

q

o Let 7> 1,
D, ={ae€D,:7(a) =1},

T ={a€Dy:InEm (mod2),y(a,7) = Ymla,7) = y(a,7)},
I3, ={a € Dy, : In € No, yu(a, 7) = (e, 1)} N (T )",
3 1 2 \c¢
Z,,=I(D,,)N(L,, UL,

n -z,

v>0
2
r=z,
v>0
3 . 3
=z
>0

3.1.2 Remarks

(a) a€eD,,;, <= l—ae€D,,.

(b)

(¢) Fixed 7 > 1, v(.,7) : D — (0, 3).
(d) D

Y(a, 7) < min{a, 1 — a}.

= Unez (D~ +n), thus we can restrict to study the Diophantine
pomts in (0,1).

(e)

TlenT) =3 +1qq;+q 1
n n n—
1 — 4nt1 1 (79)
n(@,T) a5 Qntaqn

(f) V(Cyv T) = inanNo ’Yn(Oé, T)-
(g) If 7 < 7(«), then y(a,7) = 0; if 7 > 7(av) then (o, 7) > 0. Moreover,
for 7 > 7(«) the inf is a minimum.

(h) a € D, <= 7(a) =7 and y(a,7) > 0.
(i) If a € Z,, then «a is an isolated point of D, ..

(k) u(D;) =0 for all 7 > 1.

)
)
(j) The cardinality of Z. is at most countable.
)
(1) yo(e, 7) = {a}, in particular vo(cr, 7) does not depend on 7.
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(m) Let £ a rational number.

a€D, — {a+§}€DT, (80)
a €D, — {a+§}eDf. (81)

(n) If 7> 7(a), 7- (o, 7) = 74 (0, 7), then o € Z,.
(0) OAS DT <~ Qnt1 = O(Q:z—)

(p) Let a be an irrational number. We define:

%1(0‘7 T) = q;”‘]nO‘H = qg’Qﬂa _pn’

Proof (a), (d) are clear, (b) follows by definition of y(«a, 7) and by remark (a). (c)
follows by (b) (« is in (0;1)).

(e): the first formula follows by properties of continued fractions, moreover:

1 _ Oni1dn + Gn-1 . (a"Jrlq" + q”71> + a?:.z _ Gnt1 + 1 (82)
Yn(@t, T) 0, a G Omarqt
(f): follows by:
lgnar|| = min ||gaf| (83)

1<q¢<qn
and by definition of v(a, 7).

(g): The first part is clear. To prove that for 7 > 7(«) the inf is a minimum, take
T(a) < 7' < 7, then y(a, 7") > 0 and

lim_gillg.ofl = lim g7 q; llgaol] > lim v(a,7)g " = +o0.  (84)

n—-+oo
By (84) there exists N € N such that for all n > N,
Yo, T) > vy(a, 7). (85)
Therefore the inf is reached and it is a minimum.
(h): It is obvious.
(i): If « is in Z, there exist n even and m odd such that:
Y, 7) = (e, 7) = Y (e, 7). (86)

So « is separated by the two intervals I, - (p,,¢,) and L, ; (Pm, ¢n). Then, noting
that I, (p,q) C DS, for all p € Z,q € N, we get (i).
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(G): If yu(e, 7) = Ym(a, 7) = y(a, 7), with n even, m odd, then:

Pm __ Pn

Prn qm qn
o= _am @ 87
w " TH ) =
Pm _ Pn
7 — i]m dn ’ (88)

1
B S .
qn + q:n+

so Z. is at most countable.

(k): p(D1) = 0 (Dy is the set of numbers with bounded coefficients of the continued
fraction). Moreover u(D,) = 1 for all 7 > 1 (because of u(D,) = O(y)). For
1 < 7" <7 we have D, C D¢,. So, for 7 > 1: u(D,) = 0.

(1), (m): They are obvious.

(n): Because of 7 > 7(a), as in the proof of (g) we get that v_(«, 7) and 74 («,
are reached, so there exist n even and m odd with v_(«a, 7) = v, (a, 7), v (v, T)
Ym(a, 7). Now (n) follows by definition of Z. and by v_(«, 7) = 74 (o, 7) = v(v, 7).

(0): It follows by (e) and (f).

7)

3.2 Basic properties of Diophantine sets

Let us recall some simple facts about Diophantine sets. The case 7 = 1 is quite
different to the others.

Remark 5 If 0 < ' < v, 7 > 7 > 1, then D, C D, . Moreover, D, is
compact and totally disconnected (because of D, . N Q = 0).

Remark 6 D; is the set of irrational numbers with bounded coefficients of their
continued fractions.

Proof It follows by (79). 1}

Theorem 6 (Hurwitz) (see [39]) Let « be an irrational number. There exist in-
fitely many q € N such that

1
qllgal] < —= (89)

V5q
Theorem 7 (Borel) (see [34]) Given a function ¢ : N — N, define

A) = {[ao; a1, ..., apn, ...] : 0 < a, < P(n)}.

Then: .
meo;» 1(A) > 0, (90)
neN
Z%:ooé u(A) =0 (91)
neN



Remark 7 By Hurwitz’s theorem, if ~ > 7 , then D, ; = 0.

Remark 8 For all v € (0, 3) we have u(D.,1) = 0. In particular p(D;) = 0.

Proof It follows by (79) and Borel’s theorem. |

Unless D, has zero measure, it has positive Hasdorff dimension. In fact, the follow-
ing holds:

Theorem 8 (Jarnik) (see [71]) dimpy (D) = 1.
Theorem 9 (see [36]) Let v > 5. Then the set:

fa € (0,1) : liminf gllgal > 7} (92)
is at most countable. In particular, for v > % D, 1 is at most countable.

The case 7 > 1 is quite different.

Remark 9 Let 7 > 1. Then, for v > 0 we have

u(D5 ) = O(7). (93)

In particular, u(D,) =1 for all 7 > 1.

Proof For 7 > 1:

DY Y ZhenY - =00) (64)

qeN 0<p<q-— 1 qu

Corollary 2

1 (ﬂ DT) =1 (95)

T>1
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3.3 Isolated points of Diophantine sets

In this section we give the proof of the results. We start by proving the Proposition
we state in the introduction.

Proof Fix a := a + n. It is easy to verify that « is such that:

( 1
a=—+n, n =a,
a
1
\ a=[mn,nmn,..]=n+ —
n+n+
(po=n, =1 p=n’+1, qg=n ap=a Vk>1, g1 =pr (Vk>0).

(96)

For k£ = 0:

—=7. (97)

’ mM@ (96) 1
a——| =a—n =
4o o

For k > 1, from (96) and the fact that py/qx < p1/q1 and g, > ¢1, we obtain:

Q1 1 pr 1 1
T + —1 1 o1
4 k424, dk qy, aqy,
< I 1 r n?+1 1
S aq e’ W wa
n+1 n 1 n
M)
a a a
1 1
= —(an+1l)=n+—=a
a
1
/y 7
that, togheter with (97), it shows that o € D, + n.
From (96),
241 1
‘ B [ + —a=—+n—u«
01 q1 n n
11 1 111
T n a na?2  aqnt ag Tt
_
gt
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that shows, togheter with (97),
L, (p1,q1), with I, . (p, q) := <§ 7 .p qT’ZLl)' So a € D, ; +n implies that o

T gthg

that o divides the two intervals I, -(po, qo) and

is an isolated point of D, ; 4+ n, i.e. & is an isolated point of D, .. i

Before proving Theorem A we need some simple lemma. So we prove at first the
continuity of the functions y(a, 7), v_(«, 7), v+ (a, 7) as functions of 7.

Lemma 11 Leta € R, f, > 0 be continuous and increasing functions in [a, +00)
such that:

Vo > a, nginoo fo(z) = +o00. (98)
Define
f(x) = inf fu(). (99)

If f is bounded, then f € C([a,+00)).

Proof Observe that f is increasing because f, are increasing. Let C' > 0 be such
that f(z) < Cforall z € [a,+00). Take x € R such that a < z. By (29) there exists
N € N such that for alln > N, f,(z) > C > 0. For y > z, f(y) = ming<p<n fn(y),
so f is continuous and increasing in (z,+o0) and f € C((a,+0o0)). It remains to
show that f is continuous in a, i.e. f(a) = lim,_,, f(z). In fact, for all € > 0 there
exists n € N such that

0 < fula) = fla) <e€ (100)
and by continuity of f,, there exists 6 > 0 such that for 0 < z — a < § we have:
0 < fulz) = fula) <e. (101)

So, for0 <z —a < é:

0 S f(l‘) - f(a) S fn(x) - fn(a) + fn(a) - f(a) < 267 (102)
that proves the continuity in a.

Corollary 3 Fized o € D, the functions y(a, 7),v— (o, T), v+ (o, T) are continuous
and increasing for T > 1(«).

Proof We prove the corollary for v(c, 7) (the proof for v_(a, 7), v+ (e, 7) are sim-
ilar). Observe that 7,(a,7) < 3. Consider the y,(a,7) as functions of 7. For
T > 7(v) we have

lim ~,(a,7) = +o0 (103)

n—-+oo

Moreover the v, («a, 7) are increasing with respect to 7, so the hypothesis of Lemma
12 are satisfied. |

Now we give a simple sufficient condition such that a Diophantine number belongs
to Z, for some 7 > 7(«).
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Lemma 12 Let v € DN (0;3) be such that there exists T > 7(c) with:

Y- (Oéa T/) > P)/Jr(aa T/) (104>
Then there exists T > 7' such that o € I~

Proof If:

v-(a, 7') =74 (e, ') (105)
then o € Z» by remark (g) and because of 7/ > 7(a)). Now consider the case:

Y- <057 T/) > fy+(a7 T/) (106>
Observe that:

Y- (a, 7) < Yo(a, 7) < max{a, 1 — a}. (107)

Moreover

im (@, 7) = Ho0 (108)

because it is an increasing function and because of a € (0, %) So, by continuity
of v_(a, 7),7v4+ (e, 7) and by (107), (108) there exists 7 > 7’ such that y_(a,7) =
v (a, ), so a € Z, by remark (g). 1

Remark 10 Note that the condition (104) is satisfied for & defined in the Propo-
sition. Moreover, for this & there exists a unique 7 such that v_(a, 7) = v (@, 7).

Proof (Theorem A) Fixed 7 > 1,7 € (0;3), consider the map @, . defined in
the statement of Teorem A. Let a € D, .. Observe that, if a = [ay, as, ...] then:

d(a) = [2, [QT%} , a1, g, ...] =: [by, by, bs, ...]. (109)

We denote with ¢, the denominator of the n-th convergent to ®(«), with 3, the
n-th residue of ®(a) and with ¢/, the denominator of the n-th convergent to . We
recall that:

1 qn+1 ]_
_ : 110
@@ @ Beneg? (110)
and 1 b 1
gn+1 qn—1 n+1
X _ 4 + . 111
a Bae@y™ @ @ Baegp™ (1)
So, by (111):
' == <[]
Yo(®(a),7) Ly
1 3
> ||
N(®(),7) = Ly (112)
1 < f > 2
— or n =~ 4.
Y (P(), 7)




In fact:

PR S <3<[3] (113)
—= q —_— = - I
Yo(P(a), 7) ' 32 B2 Y
T3
1 P 2[2 5] 1 3
W O] o
N (®(a),7) g 2 ot
while, for n > 2:
1 Gn—1 QAp—1 1
= + + < 115
W@ @ Tt e )
— 1 3
<1+%<1+—<[—], (116)
Qn—Q v v

by ¢, > ¢},_5. By (112), for all & € D, ,, ®(«) satisfies the hypothesis of Lemma
15. In fact the first coefficient of ®(«) is greater then 1, moreover:

(@), 7) > 3] > (@), 7). (117)

So, given a € D, ,, ®(«) is a Diophantine number equivalent to « that is in Z,s for

some 7' > 7. From the arbitrariness of v, 7, Theorem A follows. 1

Corollary 4 For all 7 > 1 we have:

u( U IT/> > 0. (118)

T'>T

Proof It suffices to note that for all v € (0, %), 7> 1, the map: ®,,: D, — D is
Lipschitz and that u(D.,,) > 0 for small v.  §

Remark 11 Suppose that a € D such that v_(«, 7) = v4(a, 7) for some 7 > 7(«).
Then « is an isolated point of D(q ) -

)

Proof In fact, for 7 > 7(«a) v_(a, 7) and 74 (e, 7) are achieved for some n even

and m odd. 1

Remark 12 If v (o, 7) = 74 (e, 7) with @ € D and 7 = 7(«), in general « is not
an isolated point of D7) -
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Proof For example, take 7 = 2,y = }l. We define o = [aq, as, ...] iteratively. a; := 2,
and for n > 1:

q’T—l
Upig = 22— —3 (119)
Y

with ¢_1 =0,90 =1, ¢, = @pn_1Gn_1 + gn_o for n > 1. Then it is easy to check that
the a, are strictly increasing, moreover 7(a) = 7 = 2, y(a, 7(a)) = v = ;. For
n > 2 define:

Op = lar, a9, ...,an_1,a, +1,1,1,1,...]. (120)

We show that 0, € D, . and 6, — «. For n < k — 1 we have:

1 n n— L1 g 2 1
<a+1 q L :_+C] 1 < (121)

V(™) @™t @ Gt oy @ty

For n > k — 1 it is clear that

— < 2. 122
7n(6k7 T) ( )
Forn=Fk —1:
1 (p41 + 1 n—1 1 1 n—1 1 1
< + + =—+ - < = (123)
Vo (O, T) ! A A

So we have proved that 0, € D, . for all £ > 2. Moreover d;, — «, so « is not an
isolated point of D, ,. |

The number constructed in the proof of Remark (12) is not an isolated point
because the sequence m converges too slowly to % Moreover, observe that
v(a, 7) is not achieved (v, (a, 7) < v for all n).

Proof (Theorem B) We construct o = [ay, ag, ...] with a,, defined iteratively. We

fix:
=3, a=[3m"],
(124)
=1 q=a, @=aa+l
Define:
Cyi=max L B 3 (125)
k=0,1 gy, q,
For n > 3 let:
b = [(C 2 qn_1)™ . (126)
As long as n is even or
by
>0, (127)
qn—l
define
a, = 1. (128)



Because of ¢,_; > 2" ! and 71 > 7, there exists n; such that:

b
<O 1 (129)
qnlfl
For such nq, define
Ap, = bnl- (130)
Define: a a
k ni 2
= -1 131
CempT T oa o o
For n > ny, define:
b2 = |(Cylqn_1)™ 1. (132)
As long as n is odd or
by
— >0 —1 (133)
qn—l
or
b
T2 Gy —1, (134)
n—1
define a,, := 1. define a,, = 1. Because of ¢, > 2" and 73 < 75 < 71, there exists

ny > ny such that all these condition are not satisfied For this ny define

Ap, = bng- (135)
So, iterating this costruction, we define o := [ay, as, ...]. By definition of a,, we get
that, for n even:
= (O./, Tn) < 7+(a> Tn)a (136)
and for n odd:
= (Oé, Tn) > 74-(057 Tn)' (137>
In fact, for n even we have:
7(0577_71) = 7—(047 Tn) 2 Cp > 'V—l—(aa Tn) (138)
and, for n odd:
Y, ) = Y4 (, ) 2 Cr > v (0, 7) (139)

Moreover, it is easy to verify that 7(a) = 7 (using remark (o)), so a € D- for
all 7 > 7. By Lemma 15, there is a sequence {7, }nen with 7,41 < 7, < 7, with

As an immediate consequence of Theorem B we have the following:
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Corollary 5 The set
T = {rzyzﬁé@} (140)

is dense in [1,+00).

Remark 13 Z. = () for all 7 € Q.
Proof It follows by (87). 1}

Remark 14 7 is strictly contained in D.

Proof Define a:=[3,1,1,1,...], so« € Dy. For 7 > 1,n > 1:

1 1
= > 3, 141
Yola,7)  yola, 1) (141)
1 1 qn—1 1 3
= + < 142
o) @t g ompagTt gt )
because of ¢, < ¢,_1. So, for 7 > 1 we have:
1
7—(0577—) < g S ’Y+(0477') (143)
Then, for all 7 > 1 we have a ¢ Z.. |
Remark 15 Given a € D, the set:
Ela)={r>1:a€e} (144)

is discrete.

Proof Suppose 7 € (). Let n := min{h € Ny : y(c, 7) = v(a, 7)} Because of
Yoo, =), v—(a, =) € C([r(a),+00)), it is easy to verify that there exists 6 > 0
such that

e, 7') = mla, 7) < (e, 7) (145)
for all 7" € (1,7 4+ 9), k # n. If 7 = 7(«), then it is clear that o & Z., for all 7/ < 7.
If 7> 7(«), it is well defined also:

m:=max{h € Ny : y(a,7) =7y(a,7)}. (146)
Then, it is easy to check that there exists ¢’ > 0 such that:
¥(a, T/) = Ym(a, T/) < (e, T/) (147)

for all 7" € (r—0',7), k # m. So, by definition of Z, we have o & Z, for all
re(r-0nu(r,7+0). 1

Remark 16 If « € D, 7 = 7(«) and there exists a strictly decreasing sequence
{Tn}nen with 7, \( 7 and with e € Z,,, for all n € N, then o € Z...

Proof It follows directly by Remark (15). §
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3.4 Diophantine sets in general are Cantor sets

In the first part of this section, we suppose without loss of generality that n is
always even. In fact, for n odd it suffices to consider 1 — o We want to prove
Theorem C, i.e. for 7 > 3++E:

u<{0<7< % : Z(D, ;) #@}) = 0.

By Remark (j) it is enough to prove it for Z2 _and Z?_ . Observe that the isolated
points of type 2,3 are obtained by infinitely many intersections of intervals centered
in rational numbers § with length qfll. Thus, the first step is to show that, given

a € D, ., it is enough (up to a set of measure zero and for 7 big enough) to control
the intersection of intervals centred in the convergents. The second step will be to
show that, if intervals centred in the convergents intersects, then the coefficients
of the continued fractions cannot grow too. In the final step we prove that, when
intervals centred in the convergents do not intersect and for big convergents, the
interval between two subsequent convergentes (with the same parity) contains a
diophantine subset with positive mesure.

Lemma 13 Letyv>0,7>1,a€ D, ;, f]ﬁ the convergents to «,

I, = (&, pn+2) )
qn  4n+2

Suppose that AN € N such that, for alln > N even:

Pry TPz T (148)

dn n qn+-2 Qn+2
Forn > N define

Ap = (&_‘_ ZH’anrz - Zrl) :
an n qn+2 Q42
Moreover, suppose that for every n (even):
Pn v
o — q_ > 1 (149)

Then, there exists Ny € N such that, for all n > Ny:

b p Y D Y
S, — S+ L 2 g A,.
q q qT+1 q q7'+1

Proof Note that it is enough to verify the inequality when § < a. In fact the

inequality is trivial if 150 > a (because of @ € D, ; implies g— qﬂ_H >a > zn—ii + qll
n n-+2

by (12)). By (148) it follows that A, N A,, = 0 for n # m, with n,m > N even. By

ol T

63



for n even, we get
Pon Y

T4+1
2n<N q2n q2n

from which it follows that there exists N; € N such that for n even, n > Ni:

=C<aq,

If ’;1’ = ’;—m ¢ I, is an even convergent to a with n > Ny := max{N, N;} then, for

m < N even:
Pm _ P
m dn
Moreover, by definition of N; it follows that:

q_m + sl n 71

from which it follows that the Lemma holds if § = 7;—: is an even convergent to «a
with m < N.If m > N and n > m is even:
DPm 4 Y < Pm+2 Y < Pn i g

1 T = 1
qm o qm+-2 A2 Qn ot

while, for n < m even:

Pm i Pm—2 g Pn+2 i
o > t—T 2 T =5

1
dm ;;r qm—2 9rm—2 qn+2 qn+2

So Lemma 13 is true if £ is an even convergent to «. Thus, Lemma 13 remains
to be verified when £ is not a convergent to «. It is no restrictive to suppose that
there exists m # n even for which § € I,,, otherwise Lemma 13 is trivial. Now we
show that, for m big enough:

P, 7P ve(p_m_wpmn 7)

P 1, 1 1 T+1
qg ¢ g g7 Im Gt Gme2 Qs

from which Lemma 13 follows immediately by (12). By the properties of Farey
sequence, for the rationals § € [, we have ¢ > ¢, so the inequality:

p g >pm v

q qT+1 Gm ;'n+1

holds. It remains to show that:

b i Pm+2 Y
o T+1 < T+1 °
q q Imi2  qoth

This inequality holds for ¢ > %2 and m big enough. In fact, in that case:

m 1
Pmi2 P >711_TZ-1’
qm+2 q qdm+2 q qm+2
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that is true for m big enough (because of 7 > 1). So, we can assume that ¢, < ¢ <
Imi2 Because we have assumed that § is not a convergent, by Legendre’s Theorem
(see [39]), we have:
P 1
a—=>
q 2¢°

while, because 2—’” is a convergent, we have:
m

m 1
a_P +2<

5 .
dm+-2 Q2

So, putting together the two inequalities, if ¢ < 2%%:

o o 1 1
M_E:p+2_a+a_2>_2_2 >_73/H Zrl<:)
Im+2 4 Gme2 q 2  Gmyo vy 4
1 Y 1 Y

2 o+l 2 T Tl
2¢°  q Um+2 G2

that is true for m big enough (it follows by ¢, < ¢ < #%2). So Lemma 13 is proved.

We know by Farey’s sequence that for § € I,, ¢ > gn+1. So, there are a finite
numbers of § € I, with ¢ < ¢uio. In the next Lemma we want to control the
distance between these numbers and 222 — 2.

qn+2 qpi2

Lemma 14 Let v > 0, 7 > 3,a € D%T’Z_: the convergents to a. There exists
Ni € N such that, for n > Ny:

. 2
gefmq<qn+2 — §+ R i S -

1 T+1 7—1
T G2 Gl G

Proof Let n > N, § € I,, so by definition of convergents and the fact that

Pe <t < Z”—ij we get that 2 is not a convergent. If ¢ > &2 we get:

. 1 1 27+1 2 2
P2 - E > > 2 > 77+1 711 Ti}/l = 711 ll Tiyl
Gnt2 4 QGn+2 Qo Gnia Goie  Goe 4 T2 s

for n big enough (because of 7 > 3). So, for n big enough, the inequality remain to
be proved for ¢ < 22 In that case:

Pz _B_Poi2 il — ZH+ T =
Int2 G Qnt2 ¢ 2¢° Qoo 4 Ttz Int2
1 0 1 0 2y

2 +1 2 T+1 T—1"°
2¢° ¢ Dnt2  Gniz Qoo
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From the fact that )
G(r) = — — "

T op2 gl
is a decreasing function for x big enough, it is enough to show the inequality for
q = [*52]. In this case we get:
L 1.2 1 1 v 7 2

- — — +
2 2 = g2 2 2 +1 T+1 T—1
2¢°  Guio T Gnyr Gnpz Unge 7 Thia  Qnio

for n big enough (for 7 > 3), so IN; € N such that, when n > N; is even the
inequality is verified. }

Lemma 15 Let 7 > 3 ,a = [aj,a9,...] € D%T,% the convergents to «, then
dN € N such that for alln > N even:
p_ 7 P, " 2y
2 - ’ + ) < —
U (q gt g gt VA

Leln,q=qnt2

Proof

p Y D Y
H U (5 B q7+1’§+ qT“)

%eln 4> qn+2

<Y Y FHhen(kmon) v o

q4Z>qn+2 q% <p<q 5"1;
n

n n 1 2
< 270 (p +2 - p_) —1 Y ( Tﬁyl)
Ant+2  qn/) Qpio dp 1o

for some constant C' > 0. |

Lemma 16 Let 7 > 1,7 > 0, a = [a,a9,...] € D, , 5—" be the convergents to «.

Then: » N » N
e B T (150)

an n qn+2 Qn+2

Gn 1 n

Apio > — 151
" Yqn+1 (% — qz#) — —q}q—ﬁl Gn+1 (151)

n n+2
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Proof (150) is true if and only if:

pn+2___£2 ::pn+2 __pn+1_+_pn+1 __QE _
n+2  9n 4Gnt+2 Gn+1 Gn+1 On
1 1 g g
o T+1 T+1 —
Anqn+1 Gn+19n+2 qn+2 n
1 1 gl gl
< PR R N N
n+29n+1  Gnldn+1 n Qn+2
1 __» 1 Gtty
n+2Gn+1 Qo1 Y 4y 0ls
1 Yl gl
< —(—— nT)—Qn+1T—H<:>
n+2 n 7Y dy n+2
l . an+1 dnqn+1
Y@ andy
(152)
Gn 1
Int2 > 7(1 — Getl) _ ndap
T4 ise
The first inequality is always true because of:
1 Qn+1 1 Andn+1
o~ T > T—1 T+1
fy qn an+2qn qn+2

So Lemma 16 follows from the fact that g¢,12 = ani2Gni1 + ¢n-

Lemma 17 Let T > 1, for almost all v € (0,%) (fory>1 D, . =10), given ¢ > 0

there exists C = C(e,v) > 0 such that:

1 »p C
N g T e
for all § € Q.
Proof Define B¢, 1= {oz Ha—L| = q% Ve Q}, soa € Bg,, <= there exists

b b _
. such that a € (q &

NN <> >

1 (B, N

>0 —Nq™<p<NgqT
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ANC
qk’—T

20
—k<Z

q q>0



and for k£ > 7+ 1, C that tends to zero, also

goes to zero. From the arbitrariness of N we obtain:

H <m Bg’,k) =0
>0

for k > 7 + 1, from which follows Lemma 17. 1

Lemma 18 Let 7 > 1, a = [a1,a9,...] € D, f}’—: the convergents to «. The
inequality:
Pn Y _Pny2 Y 2y
—+ T+1 < IV S R (153)
dn n qn+2 Qn+2 Api2
15 definitively verified if and only if definitively:
Gn 1 Qn
Unt2 > 1 dnt1 Ingn+1 2qnqnt1 (154>
Yln+1 (; — ) — o T gl An+1

Remark 17 Observe that (154) is definitively true if:

. n+1 1
limsup — < —,
ap Y
because in that case:
. q 1 q
hmsup - 1 n+1 gngn+1 2qngn+1 - <L
n n
Vn+1 (5 — &2 — Lo edg n+1
R dn Ap42 n42

Thus, if for infinitely many n even (154) is not verified, for this n, with n big
enough:
Qn+1 1

~y —

n v

Y

.
SO gn+1 ™~ q;"-

Proof

In a similar way of Lemma 16, (153) is verified if and only if:

l ot Gndn+1 2GnGn+1

T+1 T—1
v qg qn+2 qn+2
(155)
S In 1
In+2 v (l _ qn+1> _ @ndn+1 _ 2qnGn+1
T T+ T—1
Y qn D2 92
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Because of o € D, ;, the first of the two conditions is definitively verified, in fact,
for n big enough:

qndn+1 2QnQn+1 < 1 < 1 qn+1

T+1 T—1 -1 o
D)) Gni2 O[nJr?qg Y q;

So, from the fact that gn42 = Gpi2gni1 + g we are done. 1

Lemma 19 Let 7 > :”#m For almost all v € (0,3), if a = |ag, a1, ...] € D, for
n even big enough: (150) is true if and only if (153) is true.

Proof If (153) is true, then trivially (150) is true. So we have to show that for
almost all v € (0,3) and for all a € D, (with 7 > %#ﬁ) holds the converse.
So, suppose by contradiction that exists A C (C1,Cy), with 0 < €} < Cy < %,
p(A) > 0 such that, for all v € A there exists o € D, ; that satisfies (150) but not
(153) for infinitely many n even. By Lemma 16 and Lemma 18 it follows that for

all v in A there exists o € D, ; such that for infinitely many n even:

Gn 1 Gn Gn 1 dn
Vi1 (1 Got1) _ Gndniy 2qngn11 _q I Z Qnta > VGt (1 Gntl) _ Gndnp) _q o
~ - - — 1
YT g s Gy YT iy

and by Remark 17 it follows that, for this n:

T

Gn+1 ™ .
Y

So, for n big enough such that (150) holds but (153) doesn’t hold we get:

T T
dp an
= < Gn+1 < -
Cy Ch
Moreover: 1
Gn Qn
an+2 > 1 dn+1 dndn+1 -
fyqn-‘rl (_ - T ) - T+1 qTL+1
v qn qn+2
An+2Gn+1 Gn+2 1
+ 1 - > 1 _ Y9n+1 _ Y9nQGn+1
qn Qn qr T+1
n Ant2
Ydn+1 VAndn+-1 dn
1-— — > <
T 7'+1
qn qn+2 Qn+2
dn
dn+-2
/y < dn+1 ndn+1
T +
n qn+2
In a similar way:
dn 1 In
— >a <=
2 = Un42
Yqn+1 (l _ Qnil) _ qugiJrl _ Qan_nlJrl Qni1
v In An42 Apt2
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qn
qn+2

> )
’7 — Q4n+1 + dndn+1 + 2QnQn+1
T+1
In Ap+2 qn+2
Thus:

_4n__ 1 __ _4n

qn+2 < qn+2
dn+1 _|_ gndn+1 _|_ 2¢ngn+1 — ’Y qn+1 + QnQnJrl

FI —1
an qn+2 q;+2 qn qn+2

for infinitely many n even, so for all v € A there exist infinitely many ¢ € N such
that:

1-— 1-—
Np+q Np+q
s S V<3 T — @ —

T (Np+q)T+1 - (Np+q)”1 T (Np+q)T+1

for some N € N and some £- - <D < & . Soforall M € N:

1~ Worg 1~ Worg
ACU U U ( qp 2qp P __a |

©>M @ cpe gl N>0 No+a T T N1 @ T Wprg®

moreover:
1- Np+q _ 1- Np+q
P __gqp e 2gp
q + (Np+q)™+1 qr + (Np+q)f+1 - (Np+q)™—1!

2
2qp 1 - 2qC?
(Np+a)™" \ &7 + g N7=tpr=2

ZZZN7‘172

q>Mq <p<q N>0

627227 /827'2371

‘1>M q>M

so we obtain:

for some constant § > 0. From the hypothesis (7 > 3+‘ﬁ) we have that the series
converge, so for M that goes to infinity we get that u(A) = 0, that contradicts the
hypothesis 11(A) > 0. Thus, for almost all v € (Cy, C3) we have that: if (150) holds,
then (153) holds, and from the arbitrariness of C, Cy Lemma 19 follows. |

Proposition 1 Let 7 > ?’J“#m For almost every 0 < v < % ifao € D,y o, Z—: are
the convergents to o, a — E* > 2+ and definitively:
an dn

Dn 1 Y < Pni2 Zr .
qn+2 qn+2

1
In o+
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then o is an accumulation point of D, and in particular, for n even big enough:

" (D%T N (&7Pn+2>) <0
dn  Qn+2

Proof By Lemma 13 it follows that 3N; € N such that for n > N; even:

p p 7D Y
Per, =24 L2 1 g4,
q q q7'+1 q q7'+1

and by Lemma 19 for almost all v € (0, 3):

2
]ﬁ 3_/,'_1 < Pn+42 . 711 — & + Z/H < Pn+2 . ;)—/H . T’_Yl’
4n n Gn+2 qn+2 an dn Gn+2 D)) D))

therefore, up to a set of measure zero we can suppose that  satisfies this property.
Moreover, by Lemma 14, for n even big enough, if § € I, ¢ < @2 then:

n 2
P Y P2 T gl
q

qT+1 T+l

7—1
qN+2 Qn+2 Qn+2

So, if we define:

Cp i — max
- = —_
P [Pn Pn+2 T+1
qE[qn,qn+2),Q<qn+2 q q

we obtain:

Pnt2 27 Y
< - - =7

Cn 7—1
Gn+2 qn+2 Qn+2

By Lemma 13, if n > Nj is even and § ¢ I,, then

p TP 7¢An,

¢ Vg gt

so, if

P D P Y P,
— <= = -+ <=4 —— <y,
q G ¢ T g !

while for 2 > Z"—iz we get ¢ > ¢ni2, SO:

p Y Pn+2 Y

- 1 - e
g T Gue gl

but from:

c p ) p 7P gl
peb;, <~ 356(0,1).56 (E_qT+1’§+qf+1)
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we get that for n > N; even, holds:

c p Y P Y
w (D5, N1) < p U (——TH;+7ﬂ)mh
Po[Pn Pnt2 q q q g
q [ﬁ7 Tnt2 ):a<dn+2
p Y p Y Pn+2 i Pn+2
+M U (__ T+17_+ T+1> +/’L< - 1 )
Eeln,q>qni2 7 4 ¢ 4 In+2 Qnt2 Gn+2
So by Lemma 15:
Pn 27 Y _ Pn+2 _ &

. 1+ 51 < wlln)
” I 4y ahih Gtz Gn

n 2
<p+2_ T4

T+1 T—17
An+2 qn+2 qn+2

that follows from the definition of ¢,,.

Cn

So, given 7 > 3, for almost all v > 0: if a € D, ; is not an isolated point of the
first type and definitively the intervals centered in the convergents have an empty
intersection, then «a is an accumulation point in D, ;. The second step is to show
that: if 7 > 3, v > 0, a € D, ; but « is not an isolated point of the first type and
7 > 7(a), then « is an accumulation point in D, ..

Lemma 20 Let 7 > 3. For almost all v € (0, %) gwen o € D, ., if for infinitely

many n even:
DPn i > Pn+2 7

1 o T
Qn Z’L An+2 q;+2

then there exists C' > 0 such that for this n:

2+€
n

QAn+2 < Cq
with € > 0 arbitrarily small.

Proof By Lemma 16 it follows that, given a € D, . that satisfies the hypothesis
of Lemma 20, for n even big enough:

wrr < _n 1 In
n+2 = 1 qn+1 nqn+1 )
'YQn—&-l (_ - nT ) - nril qTL“-l
Y an 9ni2

so, up to a set of measure zero, by Lemma 17 we can suppose that there exist
€ > 0,C > 0 such that % € Borqiqe With 74+ 1+€ < 72 — 1, from which it follows
that:

n 1 In_ _ _4n 1 In
1 _ Gnpl ndnt1 = ] ndntl )
Yan+1 (_ - n'r ) - nril dn+1 Yan+1 =515 — n-ril Gn+1
Y qn LY qn Ant2
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moreover, by Remark 17 it follows that ¢,.1 ~ %, from which we obtain:

T

dndn+1 Qn ~ Y
T+1 T 217
Gio U1 O

so, if n is big enough, by 7 4+ 1 + ¢ < 72 — 1 we have:

C o c
T+t qgié 2qrt1+e )
So we obtain:
Gn 2q7§+1+6 2y 2te 4y 24e I 2+e
Apya < ~— < — =C

definitively, from which we get Lemma 20. §

Lemma 21 Let 7 > %ﬁ,v > 0, a € D, ;. If for infinitely many m even, for

n < m even holds:

n m 2
R O R B

1 1 1’
@ g dm T qn
,

& for alln even, then a is in A(D, ).

(156)

and o — B~ >
n

ProofLethﬁ<§<%withnevenandn<m—2, for 2 < ¢

1_9+ 11<Pn+2+ ZH
q q qn+2 Qn+2

is definitively true, while for ¢ < 2.

n n 1 1
Dz P2 pa-Bs — j+1_ 1 —
Inv2 4 Qna2 ¢ 2¢° Qoo 4 Un+2

1 v 1 v
2¢> ¢t @, Y

that is true for ¢ big enough, so 37" € N such that the inequality is verified for ¢ > T
(from the fact that G(z) := 557 — =% is definitively decreasing and 7 > 3 > 1).

222
From the hypothesis that o — 2= > -2 for all n even:
qn qn+

) p Y
v:= max - + p—
Lcag<T q ¢

<,
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so there exists 77 € N such that for n > Ti:

DPn Y
q_n + ;4*1

> .

By Lemma 14, for m big enough, § € I,, with n <m — 2 even:

Q3

n m— m 2
+j+1§ma><{p+2+ ll,v}sp 2+%1<‘p——i— "
q n+2 Qn+2 qm—2 Grm—2 dm m 'm

while by Lemma 14, for m big enough:

P P Y Pm Y 2
g SmpdSne = e < T T g

so if we define:

— p v p v
Cp, '= mMax max -+ 7], max -+ T ,
Belm-2q<qm \q q"T') p<im=2\q q7"

for m even big enough:

B
Moreover, by Lemma 15, from 7 > 3 > 2, for m even big enough:
I | 2y
K U (5 o q7+1’a+ qr+1) < gt

SEIm72 4> qm

Finally, if g > 2’—’”, by the properties of continued fractions we obtain ¢ > ¢,,, so

§ — qﬂﬂ > z—: — q;ZH' Thus:
c Pm—2 DPm vy Pm—2 , 27
I DTQ( ,— — )><cm— +
( " dm—2 4m 777—1—’_1 dm—2 qun_l
DPm Pm—2 Y Pm—-2 Pm v
<— == = y T )
G Qm-2 ¢t (QW—Q Im ,Tn“)
then

Pm—2 Pm Y
D%m( — - TH)#@,

qm—2 ’ qm m
and from the fact that this holds for infinitely many m even, then « is an accumu-
lation point of D, .. 1
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Remark 18 Let 7> Y12 v > 0, a € D, ifa € Z2_or I, then 7(a) = 7. In

fact if this doesn’t hold, from o ¢ Z% we get that for all n even or for all n odd:

g

> q7'+1 '
n

’ P
a__
Gn

Suppose for example that this property holds for all n even. If on the contrary
7(a) < 7, by Remark 17, the hypothesis of Proposition 1 are satisfied, so a €
A(D., ), contradiction.

Corollary 6 If T > %ﬁ
p({y>0:22_#0}) =0.

Proof Observe that, if « € Z? _, then there exists n € N such that

VT
m|_ 1
! pl s
Suppose for example that n is even, thus:
_ Pn g
o = q—n + ;Jrl .

Moreover, for almost all v € (0, %)

poov N (7
T<5+q7+1>_7(qf+1>_1
1

Taking the union on all the £ we obtain that for almost all v € (0, 3) and for all

» 2
EEQa
p i o
7—<5+q’r+1>_1'

So Corollary 6 follows by Remark 18. |1

It remains the last one step, in which we get the Theorem.

Lemma 22 Let 7 > 3. For almost all v > 0, if « € Z(D, ), there exists N € N
such that, for all m > N even there is some n < m even with:

2
Pn TS Pm v v
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Proof By Corollary 6 and Remark (j) it follow that, up to a set of measure zero,
we can suppose that Z - =72 = (), so observe that if the Lemma were not true,
it would exist a € I::’J with the even convergents that satisfy the hypothesis of
Lemma 21, that implies o € A(D, ,), contradiction. |

Theorem C Let 7 > %ﬁ Then, for almost all v > 0 D, ; is a Cantor set.

Proof By Corollary 6 and Remark (j) it follows that, up to a set of measure zero,
we can suppose that I;T = I?W = (). Suppose by contradiction that the statement
doesn’t hold, and take 0 < C; < (5 such that:

p({C <y <G I(Dys) # 0}) >0,

and define A :={C} <y < Cy:Z(D,,) # 0}. By Lemma 22, for almost all v > 0
there exists a € Z(D., ;) and there exists N € N such that for all m > N even,
there is some n < m even, with:

Pn O Pm_ 0 2y

1 — 1 —1°
n (s Im o g

Now we want to show that, for almost all chosen of v € A we have:

1
q2k+2 <

Grr1 Y

lim sup

In fact if it doesn’t hold, by Remark 17 we get that for infinitely many m even:

-
q'm—l
qm ™~ )

g

and for m > N exists n < m even, with:

Pn Y S Pm_ T 2y

1 — 1
In T Im T g

By Lemma 19, up to a set of measure zero in A:

Pn O o Pm_ 02 Pn 0 S Pm O
qn ;—i—l - Gm 777—1+1 q;—n—l Gn 77;—&-1 - Gm ;L—&-l
By the properties of convergents:
m 1
b L
Qm (‘Zm
from which we get:
L R



Moreover:

Pn 1
dn Qn(Qn—H + %)’
So:
1 1 7"
G GG +522) @t gt
For m big enough:
E— ’y E—
2 T+1 Q2
SO:
2 > 1 7 <
qgn dn (Qn—i-l + a;:g) ;—L+1
T 2 T+1
fy > qn Q42 - qT; )
Int1+ == Im
moreover: N
dy
< TR
nt1 + q:2
So we obtain:
q 2q; qr
n - /y Qn
Gn+1 + q:Q qzn Gn+1 + q:—Q
From
L R R B
In = T q%—l’
we get:

Dn + 7 > Pn+2 Y

1 = T+17
Qn mr n+2 Qn+2

moreover, from o — Z—” > qT% for all n even, when m increase, also n increase, and
n n

by the last inequality and Remark 17 we get that ¢,.1 ~ %. So

NQ;'L—12Q77;+INQLEQL

Im =
¥ y v O3

So we obtain:

qa, C < arn

Qn42 2_+_ — Apn4-2
Gni1 + 274 —1—1 Gni1 + ™

qn q”

with a constant C' > 0. By Lemma 20, up to a set of measure zero, we can suppose
that there exists € > 0 arbitrarily small such that, for n big enough:

2+
Qp42 < qn E'

7



So, up to a set of measure zero, We can suppose that for all v € A, there exists
infinitely many ¢ > 0, 55 < p < &= qT, N < ¢**¢ such that:

So, for all M € N:

C qr
A g 2_+_ 10 N )
LJQ <p_|_ q27‘ T7—1 q_i_E)

Thus:

A<D D D aEe

q>M q < <2q N<q2+e

<BZ T227‘36

q>M

with some constant 5 > 0. Because of 7 > ?’J’#E, for € small enough the series

converge, so for M that tends to infinity we obtain u(A) = 0, contradiction. So we
have proved that:

1
lim sup D2h+2 <
G Y
But, by Remark 17 and Proposition 1 (used with n odd) we have that o € A(D, ),

contradiction. So pu(A) =0. |

The estimate 7 > %ﬁ can be improved putting a better inequality in Lemma 5.
Probably the Proposition holds also with 7 > 3.

3.5 Final observations and questions

We have seen that, up to an equivalent number, every Diophantine point is isolated
in some Diophantine set. However, there exist Diophantine points that are always
accumulation points (for example, the point defined in Remark 8). Moreover, a
Diophantine number may be an isolated point for infinitely many 7. Indeed, by
Corollary 3 it is reasonable to expect that the statement of Theorem B holds for
almost every Diophantine number. We list here some natural questions.

e We have seen that T is dense in [1,400) and that 7 N Q = (. What are
the 7 > 1 such that Z. # (7 In particular, is it true that 7 is the set of
Diophantine points in [1, +00)?

e Let N > 3 and define AY = {w e RV : jw-n| > mr Vn€ ZN n # 0}.
What can we say about isolated points of AY_ N SY=17
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e Isolated points of type 3 exist for 7 = 1, in fact, for % << % D, . is a finite
set and, when it is not empty in general all its points are in Ii’ﬁ. We ask if
the following holds: if Z2 _ is not empty then D, , is a finite set.

We have shown that in general Diophantine sets are not Cantor sets, however we
believe that the following hold:

e For all 7 > 1 there exists v, € (0, 3) such that D, , is a Cantor set for almost

2
all v € (0,7-).

We belive also that, for any algebraic number o with degree greater then 2, there
exist sequences 7, N\, 1, 7, ~\, 0 such that « is an isolated point of D, . for all n
(note that, if such sequences exist, by Roth Theorem 7, \ 1).

4 Appendix

4.1 C' conjugacy implies C* conjugacy (Diophantine case)

In this section we show a simple proof that, for smooth diffeomorphisms of the
circle with Diophantine rotation number, C*! conjugacy implies C* conjugacy.

We use the following notation as in [73]: ¢ is a denominator of some convergent to
a = p(f) and @ is the denominator of the subsequent convergent.

So, we want to prove the following:

Proposition 2 Let f € D¥(T) with o = p(f) € D. Suppose that the homeomor-
phism h that conjugate f to a rotation is of class C*. Then, h is smooth.

To prove the proposition we need some lemma:

Lemma 23 There exists C > 0 such that, for alln € Z:

|f* —id — naly < Cl|nal].

Proof By Lagrange’s Theorem:
|(h o Ry — h — na)lo < [Dhlo]|nal|.
So, by the identity:
f"—id—na=(hoR,y —h—na)oh™!
and the preceding inequality, Lemma 7 follows. 1

We restate also the Denjoy’s inequality.
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Lemma 24 (Denjoy’s inequality) Let C' := Var(log Df). Then:
|log Df?y < C. (157)
Lemma 25 ([73], lemma 5) For k > 2 there exists C, > 0 such that:
[D*log Df1]y < C1Q*

The following Lemma is the main point to prove in an easy way the smoothness of
h.

Lemma 26 For k > 0,e > 0 there ezists C(k,e) > 0 such that:

C(k,e)

|D*log D f?]o < o< -

Proof The proof of this Lemma is analogous of the Step 3 in Theorem 1.

Proof (Proposition 2) For n € N, write n as:

n = sz'% n < (gsr1, b < qi;l
i=0 v

Using the Diophantine condition over o, we have for € small enough:
|D*log D f"]o < C(k,e)zﬁ < C = C(k,e, ).
i>0 1

In particular, the derivatives of the iterates of f are bounded in norm C* for all
k > 1. So, we have h € C*° (Theorem 2). 1}

4.2 Continued fractions

We recall some basic Theorem:

Theorem 10 (Cantor, [74]) Every subset E of R can be written as union of
a countable set and a perfect set, moreover this decomposition is unique. So the
1solated points of E are at most countable.

Theorem 11 (Dirichlet box principle) Let n > m € N, if n elements are

contained tn m sets, then there are two distinct elements contained in the same
set.
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Theorem 12 (Dirichlet, [67]) Let « € R,Q € N with Q > 1, then there exist
g €N,peZ, with q<@Q, such that:
1
g —p| < .-

Q

Remark 19 If « is an irrational number, by Theorem 3 there are infinitely many
solutions of:

1
0 <|ga—p| < -
q
with ¢ > 1.

Definition 1 We define the finite continued fractions:

1

lag; ay, ..., an) == ag + ———,
a -+ ag+...-—
=
(a1, ...a,] = p— !

as functions respectively of the variables ag,...ay and aq,...ay. We call aq, .., an
the partial quotients of the continued fraction.

Remark 20 [ag; ay, ...,an] = [ag; a1, ..., an_1 + %]

Definition 2 Given a = [ag;aq,...,ay], 0 < n < N we call [ag; ..., a,] the n-th
convergent to «.

Theorem 13 (see [32]) Define:
Po=ag, qo:=1,
p1i=aar +1, ¢ = a, (158)
Pntl = Qn1Dn + Pn—1s  Gntl = Ong1Gn + @1 V1 <n < N,
then z—: = |ag; ay, ..., a,) for all0 <n < N.
Remark 21 Observe that for n > 2:
Prt1Gn = Prdnr1 = (@n41Pn + Pa=1)dn — Pr(@nr1qn + Gn-1)

= _(annfl - annfl%

so by induction we get:
Pnt1Gn — Pndnt1 = (_1)n (159)
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Now we recall some property of continued fractions. For more details see [32],
where all Theorems cited below are treated.

Notations 1 In the rest of the text we always suppose that ag € Z, a,, € N for
n>1.

Definition 3 If « := [ag; a4, ...,an] = z—z we say that the rational number « is
represented as continued fraction.

Remark 22 Observe that the representation of a rational number « as continued
fraction is not unique. In fact, if ay > 1, then:

a = [ag; ..., an] = [ag; ...,ay — 1, 1],
while for ay =1, N > 1:
[ao; ai,...aN—1, 1] = [ao; ar,y...,AN_1 + 1]

Remark 23 Observe that ¢; > qo and ¢,+1 > ¢, for all n > 1. Moreover, by (159),
for all n < N we have (p,,¢,) = 1. So, if n < N is even:
Pn
dn

while for n < N odd: »

an
Observe also that by Remark 22 we can choose the parity of V.

Theorem 14 For all n > 2 we get:

Pn+29n — Qny2Pn = (_1>nan+2 (160)

Corollary 7 The even convergents %‘; increase strictly with n, while the odd con-

vergents Z;”ﬁ decrease strictly with n.
n

Definition 4 Given o = [ag;ay,...,ay], n < uN, we define the n-th complete
quotient of [ag; ay, ..., ay] as:

Qp 1= [a'n;a'n-‘rla '-'aaN]-
Remark 24 Given «a := [ag; ay, ..., ay], for all n < N:

_ Qnq1Pp + Pt

Qn+1qn + qn—1

(161)
Remark 25 Given a = [ag; ay, ..., an], then a, = [a,] for all n < N.
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Infinite simple continued fractions

Definition 5 Given ay € Z, a,, € N for all n > 1, we define:

lag; a1, as, ...] := lim [ag; ...a,)].
n—oo

Remark 26 Observe that the limit exists, in fact:

: : Pnt1 Pn| (159) 1
|[a0,a1,...an+1] — [a07a1,...,an+1]] = - = —.
An+1 dn dndn+1
Thus, because of g, > n, we get that the limit exists.
Definition 6 Given « = [ag;aq, as, ...|, we say that [ag;aq, ..., a,] is the n-th con-
vergent to a, a, = [a,; apy1, ...] is the n-th complete quotient of a.
In the rest of the text o will always denote a number [ag;aq, as, ...] and f]ﬁ =
lag; ay, ..., a,] (with (pn,gn) = 1) the convergents to .
Remark 27 Given a = [ag; a1, ...], then for all n > 0: a,, = [ay,).

Corollary 8 By Remark 27 it follows that the representation of an irrational num-
ber as continued fraction is unique. Moreover, given an irrational number, it can
be represented as continued fraction. In fact, given an irrational number «, if we

define:

(162)

ap = o],  apyq = Vn > 1,

1
{an}
then it is easy to verify that o = [ag; ay, ...].

Remark 28 By definition of n-th complete quotient and of convergent we have:

Qpi1Pn + Pn-1
Qpi1qn + Qn-1

a = [ag;ay, ..., Qp, i) =

Theorem 15 Given a = [ag; ay,...], then:

n 1
‘oz D) (163)
dn Qn(an—‘rIQn + Qn—l)
Corollary 9
1

lana|| < —,
qn+1

moreover for n > 1:
lgn10l| < lgner]]-
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Definition 7 Let a, 8 € R. We say that « is equivalent to 3 if there exist a, b, ¢, d €
N with |ad — be| = 1 such that:

ac + b
6_ca+d'

It is easy to check that this is an equivalent relation on the real numbers and that
any two rational numbers are equivalent.

Theorem 16 Two irrational numbers «, B are equivalent if and only if:

o= [ao;ala -++y Qm, Co, C1, ]7 ﬁ = [bO;bla '-'7bmac()7cla ]

Farey sequence

Definition 8 Let n be a natural number, then the Farey sequence of order n F,
is the ordered sequence of all the rational numbers § >0withg<n.

Despite of the name, the proof of the following properties of this sequence are not
due to the geologist John Farey. In fact he simply conjectured this property and
then Chauchy proved it. Moreover before Farey’s conjecture, another mathemati-
cian, Charles Haros, had published similar result.

Thus the name “Farey sequence” is unjustified, but nevertheless for convention we

follow the tradition.

Theorem 17 Let n be a natural number, if % < Z—z with 0 < q1,q2 < n are two
subsequent terms of F,,, then:

P2gi — P12 = 1

Moreover, all the fractions £ € (£, Z—z) are of the form:

p_ ap1+bp

q aq; + bgs

for some a,b € N. In particular ¢ > g, + qni1-

Remark 29 If % < Z—; are two subsequent terms of F},, then ¢; < n or ¢ < n. In

fact, if g1 = qo = n, then:

+1
ZA< b1 <p1 <ZQ

n n-—1 n n’

and we get a contradiction. So, no two subsequent terms of the Farey sequence
have the same denominator.
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Theorem 18 For alln > 1, given q < g,4+1 we have:
llgal] > [lgnal].

Theorem 19 (Legendre) Given a real number «, if§ satisfies:

then § 18 a convergent to a.

Theorem 20 (Borel) (see [36]) Given A(Y) := {[ag;a : 1,...;a,, ...

¥(n)},
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