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I Introduction

In this introductive part of the thesis, we will explain the aims of this work and make a
few general comments.

I.1 Aims of the thesis

The main aim of the thesis is to present, in a detailed, complete, rigorous and compara-
tive way, the construction of Dedekind’s and Cantor’s model of reals numbers, starting
from Peano axioms for the natural numbers, with particular attention to:

1. Use of the theory of limits (especially in Dedekind’s approach)

2. Use of Axiom of Choice (AC), and its weaker denumerable form (Axiom of Count-
able Choice (CC)) and, more in general, the role of these principles in theorems of
elementary Analysis

3. Comparison between these “constructive approaches” and the “direct axiomatic
approach” to R

1.2 Comments and historic reference frame

We apologize with our English readers, but the following section will be in Italian.

Commenti

Negli anni ’70 i testi di Analisi, vedi Zwirner [Zv1] o Scorza-Dragoni [SD1|, seguivano
essenzialmente 1’approccio costruttivo alla Dedekind dei numeri reali. L’esposizione di
tale approccio presentava, perd, dei limiti. Le conoscenze preliminari di base da cui
partire non si delineavano efficacemente o si davano per acquisite nozioni elementari, ma
non banali, quali la conoscenza delle proprita aritmetiche dei naturali.

Come esporremo pitl nel dettaglio successivamente nella parte storica di riferimento, nei
testi universitari ’approccio assiomatico diretto ai reali, piu rigoroso e astratto, si é
graduatamente sostituito a quello costruttivo, vedi Rudin [Rul] o Giusti [Gil].

Questa tesi ha voluto riproporre nel dettaglio ’approccio costruttivo ai reali, ripercor-
rendo formalmente il processo storico di “Aritmetizzazione dell’Analisi”, che illustreremo
piu avanti, giudicando l’assiomatizzazione di Peano per i naturali, il giusto punto di
partenza per un approccio costruttivo, astratto, rigoroso e autocontenuto. Un approccio
che a nostro parere fornisce un contributo importante all’apprendimento “vero” della
natura astratta della retta e della proprieta di continuita dei reali, oltre che un nesso
chiave fra la didattica proposta dai primi corsi di Analisi e le relazioni con le tematiche
dei primi corsi di Algebra e la Geometria.

Una motivazione che ha dato vita a questo lavoro ¢ la mancanza, se non in testi piu
avanzati e dedicati quali il Mendelson [Mel]|, della costruzione dettagliata, “step by step”,
dei reali. Parziali esposizioni si possono, invece in testi di Analisi anii 70, come gia detto



o su testi di Algebra (|[PC1], |[Fol| o [Hnl]).

Proprio la chiara componente algebrica che caratterizza 'approccio costruttivo ai rea-
li, ha suggerito una particolare attenzione, specialmente nella versione di Dedekind, a
quanta teoria dei limiti occorresse.

Giusti nel testo [Gi2| asserisce che: la costruzione dei reali secondo Dedekind presuppone
solamente la conoscenza delle proprieta fondamentali dei numeri razionali. Come ve-
dremo non possiamo che condividere la sua teoria, ma la risposta al nostro quesito non
sara del tutto negativa.

Piu precisamente é la proprieta Archimedea dei razionali il requisito essenziale che entra
in gioco nella cotruzione alla Dedekind. Dimostrando questa proprieta, ci si accorge
che il punto chiave ¢ conferire ai naturali la qualita di sottoinsieme illimitato (dato un
numero razionale positivo esiste sempre un naturale maggiore di esso), che riformulata
in termine di limite: lim,,_,,n = oo.

Come si vedra nella Sezione 1.3, il nostro approccio sara ancora piu attinente all’Analisi,
e verranno usate risultati pitt marcatamente di natura analitica, dell’approccio standard.

Un secondo quesito di indagine ¢ l'occorrenza dell’Assioma di Scelta (AC) e della sua
formulazione numerabile (CC), sia nella costruzione dei reali, sia nei teoremi fondamtali
dell’Analisi elementare.

Formulazioni standard di tali assiomi sono:

AC: Data una qualsiasi collezione V' non vuota di sottoinsiemi non vuoti di un insieme
X, esiste una funzione f:V — X tale che per ogni C elemento di V, f(C) € C

CC: Data una collezione V- numerabile di sottoinsiemi non vuoti di un insieme X, esiste
una funzione f:V — X tale che per ogni C' elemento di V, f(C) € C

Rileggendo CC in formule, si traduce nel seguente modo:
CC: {En}nEN CPX)! {0} = 3{6”}neN | e, € E, VneN

Si noti come, in questa lettura, CC appaia “cosi ovvio” e naturale che a fatica ci si rende
conto di usare un assunzione in pit, di non poterlo provare per Induzione.

Come vedremo AC e CC non intervengono nella costruzione dei modelli di Cantor e
Dedekind per i numeri reali.

Viceversa sono diversi i risultati principali di un corso di Analisi 1, quali il teorema
dell’unione numerabile (Countable Union Theorem (CUT)), il teorema ponte di Heine-
Cantor, il teorema di massimo e minimo di Weierstrass, che necessitano di CC (anche
se tale fatto, di solito, non viene menzionato nei libri di testo).

Dall’altra parte, AC sembra non intervenire mai nel programma didattico di un primo
corso di Analisi. Per trovare una sua applicazione dobbiamo cercare fra le funzioni

LP(X) insieme delle parti di X, ovvero l'insieme di tutti i sottoinsiemi di X



patologiche (quali le “ugly functions”, ovvero funzioni definite globalmente su R, lineari,
identita sui razionali ma non su tutti i reali).

Breve introduzione storica

In questa sezione proporremmo il percorso storico che ha condotto alla ricerca sui fon-
damenti dei reali.

Le conoscenze attuali della natura dei numeri reali, sono uno dei risultati di un processo
intellettuale lungo e complesso che coinvolse I'intera Matematica, che da mero strumento
di modellizzazione della realta, si é evoluta verso I’astratto, con “I'introspezione” delle
sue nozioni piu basilari, le sue fondamenta concettuali, verso 'impostazione rigorosa che
ne caratterizza la logica deduttiva e il suo linguaggio autocontenuto.

It is undeniable that some of the best inspirations in mathematics - in those parts of it
which are as pure mathematics as one can image - have come from the natural
sciences... J.Von Neumann 2

In questo passo J.Von Neumann (1903 — 1957) illustra un lato importante della Mate-
matica, la chiara contraddizione fra due facce della stessa medaglia e cioé il conflitto tra
Matematica intesa come strumento di indagine dell’uomo sulla natura e Matematica in-
tesa come linguaggio astratto. In questo passo Von Neumann riconosce il fondamentale
uso di un processo induttivo che da osservazioni e intuizioni, cerca di risalire ad un con-
cetto generale. (Questo procedimento si inverte inevitabilmente all’interno del linguaggio
matematico. Di fatti quest’ultimo deve seguire necessariamente la logica deduttiva che
lo caratterizza.

La ricerca dei Fondamenti in Matematica ¢ un percorso che si é sviluppato su questo
contrasto, affermando l'autonomia del linguaggio dall’intuizione. Un percorso volto a
stabilire un maggior rigore concettuale delle nozioni basilari, primitive tentando di fon-
darle in un contesto astratto.

In questa prima parte dell’introduzione ripercorreremo le principali tappe di questo per-
COTSO € Cioe:

Il primo prototipo di impostazione assiomatica (Euclide, IV—III sec. a.C.);

“Pera del Rigore” del XVIII secolo che sfocio nella nascita delle Geometrie non Euclidee
e nell’Aritmetizzazione dell’ Analisi;

I’acceso dibattito tra i programmi per i Fondamenti e il “successo” del programma for-
malista hilbertiano;

Infine analizzeremo come questo percorso abbia influenzato la didattica e quanto la di-
dattica riporti di questo percorso sulle basi concettuali della Matematica.

2[VN1]



I principi base della Matematica nella tradizione Euclidea

Gli “Elementi” di Euclide (circa 300 a.C.) sono forse il trattato pin importante della
Matematica greca. L’impostazione assiomatica di Euclide rappresenta il primo grande
passo verso 'astrazione della Geometria; la caratterizzazione deduttiva dell’impostazione
matematica si manifesta in tutta la sua bellezza e funzionalita. Euclide apre il trattato
con una serie di definizioni per gli enti fondamentali della Geometria (punto, retta, pia-
no), cinque postulati come regole governanti questi enti e cinque nozioni comuni che
postulano i principi logici quali uguaglianza e relazione fra il tutto e le parti. Ovviamen-
te il linguaggio € antico ma questo tipo di impostazione rigorosa influenzera per sempre
il modo di fare Matematica. Nel trattato, composto da tredici volumi, sono presenti
anche postulati per I’Aritmetica volti a definire il concetto di numero e quello di pro-
porzionalita. Le ultime definizioni aprono il volume XI dove Euclide definisce i solidi.
La fama degli elementi non fu solo di carattere elogiativo: fra i cinque postulati in-
trodotti nel primo tomo, il V creo da subito diffidenza. A differenza degli altri postulati,
il V, o postulato delle parallele, aveva un carattere diverso in quanto conivolgeva indi-
rettamente il concetto di infinita del piano. Questa inquetante presenza contaminava
I’intuitivita con cui erano stati postulati i restanti, e aveva portato a credere che il V
postulato si potesse dedurre come teorema.

I secolari fallimenti si rivelarono conformi alla scoperta che, in effetti, il V postulato
era indipendente dagli altri quattro. All’alba del XIX secolo la nascita di modelli di
Geometrie non Euclide, portarono la Geometria ad un ulteriore passo verso l'astratto,
dimostrando che il postulato delle parallele vincolava I’edificio creato ad essere una rap-
presentazione della realta nel senso pitu intuitivo di essa. Nelle Geometrie non Euclidee
modelli pit “bizzarri” di punto, retta e piano avrebbero comunque soddisfatto i primi
quattro postulati pur rappresentando uno spazio diverso. Lo spazio euclideo aveva cosi
perso la sua assolutezza divenendo una delle tante realizzazioni di un concetto piu as-
tratto: lo spazio.

Le vicende della branca madre della Matematica avevano mostrato l’esigenza di un
linguaggio matematico piu rigoroso e non necessariamente lontano fondato su nozioni
intuitive.

[’eco delle scoperte di Geometrie non Euclidee influenzo enormemente 'evolversi della
Matematica del XIX secolo e anche il calcolo infinitesimale, cosi intimamente legato alla
fisica e alla meccanica, inizid un processo analogo di astrazione.

L’Aritmetizzazione dell’Analisi

Agli inizi del XVIIT secolo si accese la contesa tra G.Leibniz (1646 — 1716) e I.Newton
(1642 — 1727) su chi per primo avesse introdotto il concetto di derivata. Fu uno dei piu
accesi dibattiti nella storia della Matematica che prese, a volte, toni aspri.

Mentre Leibniz percepiva le grandezze come composizioni di parti infinitesime, il rivale
inglese le percepiva come grandezze fluenti impostando il discorso tramite concetti fisici
quali spazio, tempo e variazione.



Benche questi nuovi metodi permettessero la risoluzione di una quantita di problemi
prima inimmaginabile, agguerriti critici, fra cui il vescovo Berkeley (1685 1753), denun-
ciavano la dubbia correttezza con cui questi problemi venivano formulati: 'impostazione
del problema prevedeva 1'uso di queste quantita infinitesime non nulle che al momento
di accedere al risultato venivanmo poste uguali a zero (“fantasmi di quantita sparite”).
La metafisica che parea avvolgere queste misteriose quantita, era in realta sintomo della
necessita di riformulare il calcolo infinitesimale in maniera piu rigorosa.

Nel preparare le sue lezioni alla scuola politecnica di Parigi A.L.Cauchy (1789 — 1857)
inizio un lavoro di rigorizzazione dell’Analisi e basandosi sull’opera di J.B.D’Alembert
(1717 — 1783) introdusse la nozione di limite.

Lo storico della Matematica G.Israel, nel suo articolo |Is1], sottolinea come questo rigore
non ¢ pura e mera astrazione e neanche una miglioria della convezione stilistica di for-
mulazione, ma piuttosto un riordinamento necessario del linguaggio matematico verso
una sempre maggiore autonomia da procedimenti di analogia o da accostamenti intui-
tivi; intendiamo con cid evidenziare come si cercasse un’astrazione rimanendo sempre
ancorati ad un problema concreto e reale.

Il lavoro di Cauchy fu successivamente completato da K.Weierstrass (1815 — 1897) che
introdusse la definizione odierna di limite e di continuita.

La trattazione rigorosa aveva coinvolto i concetti chiave del calcolo, ma si avvertiva la
necessita di una trattazione altrettanto rigorosa dei numeri reali sia del concetto di nu-
mero irrazionale sia nell’illustrazione della loro fondamentale proprieta strutturale: la
continuita. Come le Geometrie non Euclidee avevano mostrato che la nozione di spazio
non era necessariamente quella piu intuitiva, il movimento del rigore nell’analisi solle-
vava la necessita di rivisitare un concetto fin ad allora scontato: che la linea retta non
avesse buchi.

Questa necessita trovo le definitive risposte verso la fine del XIX secolo con G.Cantor
(1845 — 1918) e R.Dedekind (1831 — 1916).

Cosa sono i numeri reali? Come possiamo giustificare la loro esistenza?

Come gia detto e come illustreremo nel secondo capitolo della tesi, furono Cantor e
Dedekind che, indipendentemente, cominciarono a rispondere, “riducendo” l'insieme
dei reali da quello dei razionali ovvero costruendo un modello dei reali basandosi su
'esistenza dell’insieme dei numeri razionali. Seppur pubblicate nello stesso anno (1872)
le due risposte sono diverse.

Quella di Cantor identifica un numero reale con una classe di equivalenza di successioni
di Cauchy in Q. Questa costruzione non fu originale del tedesco, ma proseguiva le idee
di B.Bolzano e Weirstrass* gia sviluppate alla meta del secolo.

Dall’altra parte Dedekind, uno tra i pitt famosi specialisti di teoria dei numeri dell’epoca®
si accosto al problema in maniera diversa, basando i suoi sforzi sul concetto di insieme

3IMG1] pg.65
*[Bol] pg 642 — 643
°|Frs1] pg 249



continuo ovvero privo di buchi. Dedekind identifica un numero reale con I'unico punto
di sezione di una linea continua focalizzando cosi la vera caratteristica dei reali. La
costruzione vera e propria identifica un numero reale con un particolare sottoinsieme
non vuto di Q, detto taglio, e il suo metodo usa esclusivamente la proprieta archimedea
del campo dei razionali e le sue proprieta algebriche.

A questo punto modelli dei reali erano stati dedotti dai razionali e, come mostreremo
nel primo capitolo della tesi, in ultima analisi dai naturali, terminando questo processo
comunemente chiamato “Aritmetizzazione dell’ Analisi”.

I naturali di Cantor, i postulati dell’Aritmetica e I’assiomatica formale di
Hilbert

Sebbene molti considerassero I’ Aritmetizzazione dell’ Analisi un traguardo soddisfacente,
lo sviluppo della Teoria “naive” degli Insiemi di Cantor ripromosse il dibattito all’interno
della comunita matematica.

Cantor proponeva la deduzione di un modello dei naturali, sulla base della nozione di
insieme. Tramite la nozione di numero cardinale, Cantor aveva stabilito una relazione di
equivalenza (’equinumerosita ovvero l'esistenza di una biezione) tra gli insiemi (definiti
come una generiche collezioni di elementi). Il relativo insieme quoziente, tramite il
principio del Buon Ordinamento (WO), ne risultava, appunto, ben ordinato. Infine si
identifica I'insieme dei naturali, come il minimo tra i cardinali non finiti.

Dalla discussione sulla legittimita matematica della teoria di Cantor, si gener6 un di-
battito profondo tra diverse scuole, dibattito che coinvolse, in realta, la natura della
Matematica stessa.

L’alternativa all’approccio alla Cantor, fu la caratterizzazione assiomatica dei naturali,
fornita indipendentemente da Dedekind nel 1888 e da G.Peano (1858 — 1932) nel 1889.
La caratterizzazione di Dedekind (ben illustrata da Ferreiros nel suo |Frsl]), utilizzando
i concetti di insieme semplicemente infinito, mappe e catene, concentro la sua atten-
zione nel giustificare pit 'uso delle definizioni per recursione sui naturali, piuttosto che
nell’illustrare a fondo le loro proprieta aritmetiche e strutturali.

Seppur simili, la caratterizzazione fornita da Peano risulto pitt convincente, mentre quella
del tedesco, anche a causa di un simbolismo poco rigoroso, si fece apprezzare da pochi
logici piuttosto che dalla comunita matematica, come invece ci si aspettavaS.

Il modello di approccio assiomatico di Peano ai numeri naturali ¢ un classico esempio
di assiomatizzazione formale. Questo nuovo concetto di astrazione, si svilupp6 organi-
camente in un nuovo programma per i Fondamenti (detto programma formalista), dove
,in aggiunta, coinvogliarono i delusi dal programma logicista, reduci dal sostanziale fal-
limento di fondare la teoria di Cantor nella logica.

Il piu grande esponente del programma formalista fu D.Hilbert (1862 1943). Hilbert fu
un personaggio molto carismatico e trascinatore, altamente stimato e conosciuto. Il suo
celebre discorso al II congresso Internazionale dei matematici di Parigi nel 1900, illustro
una lista di ventitré problemi insoluti, che a suo parere meritavano maggiore attenzione

6[Frs1] pg 248



dall’intero mondo matematico. Nel secondo probleme Hilbert illustrava il programma
formalista al problema dei Fondamenti dei reali. Hilbert incitava a dare una prova della
consistenza degli assiomi dell’Aritmetica, basata su un impostazione assiomatica della
Teoria “naive” degli Insiemi di Cantor, analogamente a come aveva fatto, nel 1899, per
la Geometria nei suoi “Grundlagen der Geometrie”.

La svolta concettuale dell’approccio formale é essenzialmente la seguente: la definizione
descrittiva (come quelle scelte da Euclide negli Elementi) degli oggetti presuppone in-
equivocabilmente 1'uso dell’intuizione nella loro formulazione. Viceversa si propone uno
svotamento del contenuto descrittivo mostrando in che cosa consista realmente una teo-
ria assiomatica. Proponiamo una citazione dall’articolo di Israel [Is1] che a nostro parere
illustra questo ultimo concetto:

una teoria assiomatica consiste in un complesso di teoremi, ricavati per la sola via logico-
deduttiva e descriventi le proprieta di un ente matematico astratto definito mediante as-
stomi. Assiomi e teoremi sono i soli elementi significativi della teoria il cui contenuto
“concreto” e irrivelevante rispetto all’armatura logica.

Come Peano non definisce né uno né numero, Hilbert non definisce né punto né pia-
no né retta (Hilbert scrisse che poteva sostituirli con sedia, tavolo e boccale di birra)
dando un nuovo significato alla funzione dell’assioma. I.’approccio assiomatico moderno
quindi si distingue da quello che vediamo in Eudlide nella mancanza di definizioni; i
concetti primitivi sono definiti implicitamente dai rapporti che li legano esplicitati dagli
assiomi; I'assioma non definisce I'oggetto ma ne caratterizza le proprieta, non dice come
é fatto ma dice cio che fa, come si muove. La logica che giace alla base del formalismo
hilbertiano propone quindi I’astrazione dagli oggetti alle formule, esortando I’abbandono
dell’intuitivita legata al comune senso di descrivere gli oggetti.

Nel 1931 K.Géodel (1906 — 1978) formulo il suo teorema di indecidibilita. Godel mostro
che un sistema sufficentemente grande di assiomi S (come quelli dell’Aritmetica) perme-
tte I'insorgere di proposizioni delle quali non si pu6 stabilire 'indipendenza da S, cioé
proposizioni di cui non é provato si possa decidere nel sistema S, indecidibili appunto.
Dunque la consistenza di un sistema di assiomi ¢ improvabile all’interno di se stessa.
Questo risultato inivetabilmente decreto il fallimento del programma hilbertiano e con
questo 'intera ricerca dei Fondamenti ha mostrato i suoi limiti, condannando a inter-
rogarsi sulla legittimita di una sua prosecuzione.

Riflessi sulla didattica

A questo punto, é ancor piu legittimo interrogarsi su quanto la didattica, di un primo
anno universitario, debba riportare dell’intero percorso. Quale I'approccio migliore ai
numeri reali? Assiomatico o costruttivo? Costruttivo da che punto? E giusto illustrare
ad uno studente un percorso che ha mostrato i limiti della Matematica? Quanto lo pu6
interessare o essergli di aiuto? Qual’e il giusto approccio all’Analisi?

Ad un livello universitario, come avviene per I’Algebra e per la Geometria, anche I’ Analisi
puo essere illustrata ad uno studente in modo rigoroso e tale qualita di approccio € pos-
sibile solo mediante la presentazione assiomatica diretta di R. Tra i motivi a sostegno



di questa tesi, se ne possono riscontrare principalmente due.

La prima ¢ che, proprio al livello di interesse ad uno studente, si pué comprendere che
presentare 1’Analisi ad uno studente illustrando 1’Aritmetizzazione dell’Analisi possa
risultare noioso. Tutt’altro nell’approccio assiomatico: marcare che da poche proprieta
date per assiomi si possono derivare tutte le altre, esalta il carattere logico deduttivo
della Matematica come in un gioco di strategia.

La seconda, e credo il nostro lavoro in questa tesi lo abbia mostrato, ¢ che solo dopo
un’acquisita maturita matematica, si puo apprezzare la costruzione dettagliata dei reali
da un numero minimale di proprieta.

10



II Contents of the thesis

Contents

A brief survey of Set Theory and Logic

The thesis begins with this brief survey of set theory and logic notions, we need in this
work. Further we give the main standard definitions on set theory that we use (relation,
function, operation ... ).

The thesis real body is divided in three parts.

Part 1: Chapter 1 and 2
This is the “constructive” part of this work. We prove the following result:

given a Peano System (the triple (N, 1, o) with Peano axioms) there exists a model
of a Complete Ordered Field (COF), namely the quadruple (R, +r, *r, <g ) con 15
algebraic properties and the least upper bound property

Chapter 1

In this Chapter we prove the following result:

Given a Peano Systems (N, 1, o), there exists a model of an Ordered Field (OF), namely
the quadruple (Q, +0, *0, <@ ) with 15 algebraic properties, which contains a copy of
a Peano System.

As wished, we divided this Chapter into 3 sections.
Section 1.1

The Section starts with: definition of a Peano System; definition of a Peano Ring (the
quadruple (N, +r, ok, <y ) with 10 algebraic properties); aim: Given a Peano System
we could define two binary inner operations 4y, *y on N, an order relation <y on N
such that

(N, +n, *N, <N ) is a model of a Peano Ring.

First results of this Section (the most significative and meaningful one of the first part)
Induction Theorem, to prove by induction, and Recursion Theorem, to justify definition
by recursion. The latter one is the Section’s hardest and the most fundamental result. In
Final two subsections: Isomorphism between Peano Systems and Induction’s extension
(Strong induction and Minimum principle) of a Peano Ring.

Section 1.2

The Section starts with: definition of an Ordered Integrity Domain (OID), namely the
quadruple (Z, +7, *7, <z ) with 14 algebraic properties; aim: Given a Peano Ring there
exists a model of an OID which contains a copy of a Peano Ring.

Section 1.3

The Section’s start is definition of an OF and its aim: given an OID there exists a
model of an OF which contains a copy of on OID. Further, after immersion of OID, we
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prove Archimedean property of the rational. In final definitions and main properties of
rational powers (to prepare Dedekind’s construction of the reals).

Chapter 2

Chapter 2 completes the final construction of the real numbers. This Chapter is divided
in two independent sections, in each of them we prove the same result: given an OF
There exists a model of a COF which contains a copy of an OF

Section 2.1 Construction via Dedekind cuts

Section 2.1 Construction via rational Cauchy sequences

Part 2: Chapter 3
This part represent the “first part’s other way round”.
Section 3.1

We approach directly to a COF (R, +Rr, *r, <R ), with its 16 properties. Given a COF,
the following sections explore its special subsets and some of its important properties.

Section 3.2

The Section starts showing existence of a proper subset Nz such that, defining a function
oas o(z) = (z+1), , (Ng, 1, 0)is a copy of a Peano System. Later on we show as
Nz is a copy of a Peano Ring, restricting to Nz the binary inner operations (+, *)
and the order relation (<). Successively we show discreteness of Nz and its closure for
subtraction n —m for n > m.

Furthermore special proper subsets Zz and Qg is showed be copies of, respectively, OID
and OF, restricting to them the binary inner operations (+, %) and the order relation

(<).

The Section ends showing Archimedean property of R and density of Qg in R
Section 3.3

Finite and infinite subsets of a COF R. Sequences in R and definition of bounded,
monotone, convergent and Cauchy sequence.

Section 3.4
Convergence of Cauchy sequences in R
Section 3.5

Theorem of Isomorphism between two models of a COF

Part 3: Chapter 4
Axiom of Choice and elementary Analysis

In this Chapter we show basic Set Theory results and some of elementary Analysis
main theorems, in which necessity of infinite arbitrary choices compares, when it is
indispensable and when it could be avoided.

12



Section 4.1 General remarks on AC
Section 4.1

Countable Union Theorem (Cantor 1872). Historically it is one of the foremost example
of necessity of Axiom of Countable Choice (CC).

Section 4.2

Equivalence between classic definition for infinite subsets and Dedekind definition for
infinite subsets, needs CC

Section 4.3

This Section is one of the most significative part of Chapter 4.

We consider R with its natural topology given by | - |z. After we show how, equivalence
between “static” and “dynamic” definition of limit point (and hence definitions of closed
sets), needs CC.

We present two proofs of the Bolzano-Weierstrass theorem.The first one, classic, uses
CC; the second one, quite similar to the first, avoids it.

Section 4.4

Continuous functions. We propose an example of a use of CC, in elementary Analysis,
which does not concern equivalence of definitions: Weierstrass maximum and minimum
theorem.

Section 4.5

Some of the most known equivalent principles of AC: Cantor Well-Ordering principle,
Zorn Lemma, Hausdorff Maximality Principle

Section 4.6

A powerful pathological application of AC: Existence of an “ugly function” on the reals,
namely a linear function on the reals, but non continuous on them.

Characteristic contents

We conclude this introduction underlying some particular choices we have made in our
exposition:

e In Chapter 1, conclusion, in both of Sections 1.2 and 1.3, is a remark on arbitrary
choices in definitions of operations and order relation in Z and Q. In each of
these sections, models more complex structure E is identified with a quotient set
on the cartesian product by given structure e with itself. Order relation <gp and
operations +g, *g is defined on equivalence class, as consequence of “well posed”
relations on e X e.

In each of these two remarks, we show a method to choose a determinate represen-
tant in e X e for any element of E., preluding how one could define order relation
and operations without selecting arbitrary representant

e Section 2.1, construction via Dedekind cuts. As we told before in section 1.1,
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Archimedean property of Q has a fundamental role in this method. Its occurrence
appears proving that, a cut &,, previously defined in function of a given positive
cut «, is the inverse of «, namely a~!

In this thesis we handle mentioned passage through properties of small positive ra-
tional powers. It is specified how this method, do not avoid Archimedean property
of the rational numbers, since the latter is required in mentioned rational powers
properties owns proofs.

e In Section 3.1, the subset Nz, Peano System copy’s framework in un COF R,
is deduced by subsets having a particular property, named “property C”. This
property characterizes finite subset trough least upper bound property (named
Ded) of R. Appendix A explains, how use of Ded is not necessary.

Appendix A
Structures containing Peano Systems

Minimal characteristics for a structure to contained a copy of a Peano System as a
proper subset. We generalize standard characterization of a Peano System as intersec-
tion of all inductive subsets. In an another point of view, this Appendix represents a
Peano axioms’s analysis, giving a method to find, in a structure, a subset which satisfies
Induction property.
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III Notations

e V. d mean respectively “for all” and “exists”
e | means “such that”

e ! means “unique”

e —> means “then” or “hence”

e < means “if and only if”

e In each Chapter the following environments:

Propositions, Corollaries, Theorems, Definitions, Lemmas, Immersion Theorems,
Remarks, Notational remarks

follow an independent numerations from each other

Thus Definition z.y indicates the y** definition of Chapter

e Some Theorems have two Formulation :thus by Formulation x.y.1 (x.y.2) we denote
the first(second) formulation of Theorem z.y

o A% B means “by Theorem z.y A — B”
o A"ZY B means “by Theorem z.y A = B”

o A B means “by Theorem z.y A <— B”

We use these notations as well as theorems also for definition, proposition, corollary
which will be denoted respectively with D., P., C.

e More complex proofs need to be divided in steps or in points. So some steps or
points will begins with a statement followed by “”. In these cases the rest of that
point or step will be the proof of the initial statement
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IV A brief survey of elements of Set Theory
and Logic

In this thesis we use some elements of naive Set Theory and some elements of Logic,
but we do not approach them rigorously. Readers who want to go into more depth
in, naive or axiomatic, Set Theory and in Logic, they can see any text of Set Theory
like, for example, text of G.Lolli [Lol| and any text of Logic like, for example, text of
J.R.Shoenfield [Sh1]

Sets

A set is a couple (5, €g) where: S is a collection of elements and €g is the membership
relation on S

Sets (S, €g) will be denoted as S and the membership relation €g only with €
There follows definitions of:

Subset Let S be a set

A subset of S is a sub-collection of some elements of the set .S, and this collection
could be all the set S

A C S means that “A is a subset of S”

Proper Subset Let Sbeaset,ACS
a ¢ A means that “a is not an element of A”
A C S means that “A C S and exists a ¢ A”

Equality

For every Set S, an equality relation =g between its elements is given.
=g has the following properties:
(Reflexivity) z=gx Vxe S

(Substitutivity) Let z,y € S
r=gy=—= F(z,2) =5 F(y,z) Vz €S where F is any formula in S

(Substitutivity) guarantees us that, if two terms x,y are equal, we can replace x in any
occurrence of y and viceversa

In any set S its equality relation =g will be denoted simply as =
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There follow immediately the following results:
(Symmetry) z=y=y=x Vz,y €S
(Transitivity) z=vy, y=z2=—2c=2 Vz,y,2 €5

Elements of Set Theory

There follows elements of Set Theory we use in this work

Empty Set Let S be a set.
S | 0 hasno elements

Extensionality Let S, Z two sets
S=7 <= (re€fS & e’

Comprehension Let S be a setand P be a predicate” on S
IpCS | z€lp < z €S and P(z) holds

Power Set Let S be a set
P(S) is the set of all the subset of S
ACS < AeP(S)

Union Let S a be set, A C P(S5)
Useaa@ €S | Ugena:={zr €S |JacAl| z€a}

Intersection Let S a be set, A C P(S)
Nacaa TS | Nueaa:={z €S |z€aVac A}
A, B C S are disjoint if and only if AN B =10

Difference Let S beaset, A, B CS
A—-—B:={reS |re€cAand x ¢ B}
Cartesian Product Let S, S, be sets

Sy x Sy is the of all the ordered couples (s, s2) where s; € Sy, 59 € Ss.

For ordered couple we mean that if s; # so then the couple (s, s2)and the couple
(s2,51) are two different elements of S x Sy

Relation Let S a set
RisaRelationon S < RC S x S

"By predicate we mean a statement which could be either true or false
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Reflexive Relation R is reflexive on S <= (z,2) € R, Vz €S
Symmetric Relation R is symmetric on S if and only if :
(x,y) € R = (y,x) € R, Vzx,y €5
Antisymmetric Relation R is antisymmetric on S if and only if:
(r,y) € R
(y,x) € R
Transitive Relation R is transitive on S if and only if :
(x,y) € R, (y,2) € R = (x,2) € R Vax,y,z €S
Total Relation R is total on S if and only if :
Vae,y €S (x,y) € R or (y,x)€R

}:>x—y, Vae,y €S

Henceforth We use denote s R z to denote (s,2) € R

Partially Ordered Set Let S be a set and R be a relation on .S
R is reflexive on S
(S, R) is a Partially Ordered Set <= R is antisymmetric on S

R is transitive on S

Ordered Set Let S be a set and R be a relation on S
(S, R) is a Partially Ordered set

S, R) is a Partially Ordered Set
(5, R) is a Partially Ordered Set <= {RisTotalonS

Well-Ordered Set Let S be a set and R be a relation on S
(S, R) is a partially ordered set

S, R) is a Well-Ordered Set
(S, R) is a Well-Ordered Set, < {VAQS,A#@iHQGA | aRx VzeA

Equivalence Relation Let S be a set and R be a relation on S
R is reflexive on S
R is an Equivalence Relation on S <= R is symmetric on S

R is transitive on S

Equivalence Class Let S a set, R be an equivalence relation on S and s € §
the Equivalence Class generated by s:
sJrCS | [slg:i={x €S | sRx}

Quotient Set Let S be a set and R be an equivalence relation on S
S is the set of all the equivalence classes [s]p:

2 :={[s]p | s€ S}
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Function Let A, B be sets, A, B # 0.
A function from A to B is a subset f C A x B verifying :
V(a,b) e f if3IbeB | (a,b) € f = b=1b
We use notation f: A — B to denote a function f from A to B
We use notation b = f(a) to denote (a,b) € f

Injective Function f: A — Bis injective if and only if:
a; # ay = f(ay1) # f(az) VYaj,ay € A

Surjective Function f: A — Bis surjective if and only if:
VbeB Ja€A |b= f(a)

Bijective Function f: A — Bis bijective if and only if:

f is injective and surjective

Image of a function Let A,B #0 and f: A — B.
f(A):={be B | Jac Awithb= f(a)}

Composition of functions TLet A, B,C #(and f:A — B, g: B — C.
fog:={(a,g(b) e AxC | ac A, b= f(a)}
It is not difficult to prove that f: A — C
We denote fog (x)as f(g(x)) VeeA

Restriction of a function Let A,B # () be sets and f: A — B.
f(A):={beB | Jac Awithb= f(a)}

Collection indexed by a set Let S, I sets, [ #0
A collection V' of subsets of S (V C P(S)) is indexed by I if and only if exist
f: I — V bijective
We denote such as V' as { Vi }Z.GI

° Uie[VEI:{LEES | E|Z'€[|x€‘/;}
o Nie/Vi={zeS | Viel|xeV;}
Binary Inner Operation Let S be a set

A binary inner operation x on S is a function from S x S to .S

We use notation z =z xy to denote z = x(z,y)
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Chapter 1

From Peano’s Naturals to the
Rationals

In this Chapter we start from an axiomatic definition of N:

Exist a non-empty set N, an injective and non surjective function o from N to N. Further
no proper subsets of N satisfy a particular property. From these Axioms we will show
the existence of a model of Rational numbers as we know them.

1.1 Peano Axioms and the Natural Numbers N

Definition 1.1 (Peano Axioms)

(a set N, 1, 0) is a Peano Sytem if and only if it satisfies the following properties:
(i) 1eN

(ii) o is a function from N to N

(iii) o is injective

(iv) 1#0(n) VYn €N

(v) VACN which satisfies

elcA
elfnc A= o(n)e A

— A=N

Definition 1.2

(a set N, 4, *y, <y ) is a Peano Ring if and only if it satisfies the following properties:
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s1) n+nk=k+nn Vn,s €N

) (n+nk)+nm=n+n (k+nym) Vn,k,m € N
) nxnk =kxyn Vn,k €N
po) nky (kxym)=(n*xk)*xym  Vn,k,m €N

)

p3) 31N |nxyl=n VneN

(
(
(
(
(
(sp) n*y (k+nym) = (n*y k) +n (n*xym) Vn,k,m €N
( <y is a reflexive relation on N

(02) <y is an antisymmetric relation on N

( <y is a transitive relation on N

( <y is a total relation on N

(

so) Let n,k € N
n<yk <= n+yxm<gn+xm Vm €N

Aim of Section 1.1

In this section we will prove the following result:
Given a Peano System (N, 1, 0) we could define:
two binary inner operations +y, *y on N, a relation <y on N such that

(N, +n, kN, <y ) is a model of a Peano Ring

Proposition 1.1

o is surjective on N — {1}

Proof
By contradiction 3k € N — {1} such that k#o(n) VneN

Let A:={neN|n#k}
e 14k = 1€ A

o If n#k = o(n) # k for hypothesis on k i.e.
IfneA=o(n)eA

Then by axiom (v) A = N which is in contradiction since k ¢ A
|
It is immediate consequence of proposition 1.1 the following:
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Corollary 1.1

N ={1}U{o(n) | neN}
And they are disjoints sets

Method of Proving by Induction
Now we want to prove that a property P(k) holds for all k € N

Axiom (v) allow us to enunciate the following result:

Lemma 1.1 (Induction Theorem)

Let (N, 1, o) a Peano System
P(1) holds

Let P be a predicate or a statement on N | { P(k) holds — P(o(k)) hold
olds o olds

Then P(k) holds VkeN

Proof
Let A:={k e N | P(k) holds }

e P(1) holds = 1€ A
o If k€ A= P(k) holds. Then by hypothesis P(c(k)) holds = (k) € A

By axiom (v) = A =N
[ ]

Notational Remark 1.1
Henceforth when we will use Induction we denote the induction hypothesis
“P(k) holds” with I.S.

Definition by Recursion

Suppose that we want to define a function R : N —— N which associate to all the
elements k of N an other element R(k) of N

Suppose that we want R satisfies :
e R(1)=u where u € N
e R(o(k)) =g(R(k)) VkeN whereg:N — N

The proof of this theorem could appears obvious to someone, since for all Natural number
k there exists a finite procedure to value R(k):
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oIfk=1 R(k)=u

C.1.1 |

e Ifk#£1 = dleN oll)=k
R(1)=u = R(2) =g(R(1)) ... = R(k) :=g(R(]))
Even if for £ = 4512 this procedure could be “quite long”, none could says it does not
exists.

No. The meaning of this theorem is much deeper and to understand it completely we
have to think about The definition of function. A function is a subset of the Cartesian
Product given by {(n, R(n)) | n € N}.It is here the difference.

This theorem want to prove the existence of R as a set,as an object in its totality. The
fact that for all k there exists a method to value R(k) is admissible only if it was
proved, before, such as R exists.

To prove the existence of such as R an acute reader could hazard this proof:
Let B:={keN | IR(k)}

e 1 € Bsince R(1) =u

e Suppose k € B = 3 R(k) and putting R(o(k)) := g(R(k))
We have proved R(o(k))exists = o(k) € B

The by axiom v = B = Ni.e. R is defined for all the elements of N

Where does the acute reader wrong using the induction axiom in this way? The error
appears at the beginning of the proof

Supposing that 3k € B implies that R is yet defined on N and this is a wrong method
since one is proving a result using the result itself

Here is a correct method to proceed!

Lemma 1.2 (Recursion Theorem)

Let (N, 1, o) a Peano System
Let VCN, V#D, weV g:V —V

Ryu(1)=u

Then 3! R,,:N — V
. o | {Rg,uw(k):g(Rg,u(k)) VkeN

Proof

!The proof of the following result is inspired by Mendelson [Mel] pg 56
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(R1) Let n € N and define a subset A, of N as follows:
l1e A,

ne A,

o(n) ¢ A,

olk)e A, = ke A,

A, =

h:N — V an—piece of Ry, if satisfies following properties:
1. h(1)=u
2. Vo(k) € A, = h(o(k)) = g(h(k))
Rp:={h:N — V | h n —piece of Ry}
(R2) Ry #0 VneN:
Let B:={neN | 3heR,}

e 1c B

A = {1}

Take h(k) =u Yk eN
e Supposen € B = dJheR,

}:>he721

hk) ifke A,

o(n) {o(n)}, and define h(k) { g(h(n)) Otherwise

It’s not difficult to prove that h € Rom) = o(n) € B
By axiomv =— B=N

(R3) hGRg(n) = heR, VneN:
We omit this part of the proof

(Ry) VneN If hy,hy € R, = hi(k) = ho(k) Vke A,:
By Induction one proves that calling
B:={keN | IfhfeRx h(l)=1f(1) Vli€Ay} = B=N

(R5) Now fix n € N and let
RO = Aper, {(k, h(R)) | k€ Ao}
By (Ry) R™ #0 VneN
Ry = Upey R™
We have to prove that:

1. Ry is a function from N to V':
By induction on n we show that
(n,b), (n, bl) S Rg# = b=b VneN
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2. Ryu(l)=u
3. Rg,u(a(k)) = g(Rg,u(k)) VkeN

(Rs) Ry, is the only function which satisfies the conditions requested by (Rs) :
To prove this ,given Fy, Fy satisfying (Rj),
It suffices show that called U :={n € N | Fi(n) = Fo(n)} = U =N

And it is immediate proving it by induction

Iterative Construction of subsets

The following Lemma is a useful generalization of Recursion Theorem (Lemma 1.2). It
will be useful to build up families of subsets. We will omit the proof since it would be
the same as Recursion Theorem’s proof

Lemma 1.3 (Iterative Construction Theorem)
Let UCP(N)—{0}, AeY, G: T — T

Raa(l)=A

Then 3! Rg a4 : N Py
en a,A — | {RGA(k—l-l):G(RG,A(k)) VkeN

Remark 1.1 (Recursion in a generic set)

One can says that we prove Recursion Theorem only for g : V. — V' where V' C N. We
could be extend Recursion Theorem for any V' C X where X is any set. Look at the
proof of Lemma 1.2 to get sure of it

In the same way we could extend Iterative Construction for any U C P(X) — {0} where
X is any set

Definition 1.3

Fix n e N.
By Recursion Theorem
Rg,g(n)(l) = a(n

IR, .00 :N — N
o N — N | { Ry om)(0(k)) = 0(Rogm (k) VkeN

Fixed n € N we will denote Ry, (n)(k) as o®(n)

Then o*(n) satisfies:
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e 0°®(n):=0o(c*(n)) VkeN
Remark 1.2

Henceforth we will omit this passage on definition new function on N
We will simply give the couple of equations which characterize the recursive definition

Proposition 1.2
of(1)=o(k) VkeN

Proof

Let us proceed by induction on k

e Supposed for k£ we show it for o(k)
o"(1) P2 o (0" (1)) £ o(o(h))
|

Proposition 1.3
Let n,m € N
of(n)=cf(m)= n=m VkeN

Proof
We proceed by Induction on k

o k=1
ol(n) = ol(m) 218 o(n) =o(m) W =m
e Supposed for k we show it for o(k)
57 ®)(n) = 6°®) (m) 222 5(c*(n)) = o(o*(m)) L2 o*(n) = 0¥ (m) £ n = m

|
Proposition 1.4
cf(a(n)) =oc"®(n) Vk,neN

Proof

Fixed n let us proceed by Induction on k
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D.1.3
n)) P22 o(o(n)) "2’ o(o
e Supposed for k we show it for o

0" ® o (n)] > !

Y(n
(k
L3 ook (o ()] E oo ® (n)] "L g0 ®) (n)
[ |

Proposition 1.5
of(n) =o0"(k) Vn,k €N

Proof
Fix n € N let us proceed by Induction on k

o k=1

o' (n) "= o(n) "= 0m(1)
e Supposed for k we show it for o(k)
M (n) P2 0(o"(n)) 2 00" (k) P2 07 (k)
u

Definition 1.4

Let +yx C (NxN)x N defined as:

+n = {((n,k),c%(n)) | n,k € N}

It is easy to prove that +y is a binary inner operation? on N
+y: NXxN — N

Namely (n, k‘) . Uk(n)

In view of proposition 1.5 the following theorem holds

Theorem 1.1

n+nk=k+4+nn Vn,k € N

Notational Remark 1.2
Henceforth we will denote 4y simply as +

2See this definition in: A brief survey of elements of Set theory and Logic
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Corollary 1.2

Let n,m € N
n=m<=n+l=m+I{ VIEN

Proof
n=mLoln)=cl(k) VieNZE n+l=k+1VIieN
|
Theorem 1.2
(k+n)+m=k+ (n+m) Vn,m,k €N
Proof

o (k+n)+m 2 okn) +m "Lt om0 (k)

e k+(n+m) PLdp 4 o™(n) D14 ") (k)

Hence we have to show that
o™ (o™(k)) ="M (k) VYn,m,k €N

Fixed k,m let us proceed by induction on n

o™ (ol (k) PE? o™ (o (k) T 6o (k) PL? 6o (D (k)

e Supposed for n we show it for o(n)
™o (k)] P22 6™ (o (0™ (k)] T2 67 (6 (k)
15 Gloo™ M) ()] PL3 golo™ ] () P:

o

II=

Definition 1.5

Fix n € N and let ¢ C N x N defined as g := {(k,n+ k) | n € N}
It easy to prove that g : N — N

Then by Recursion Theorem we define:
(n,1), :=n
(n,o(k))s :=n+ (n, k), VkeN
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Proposition 1.6

(1,k).=k VkeN

Proof
e k=1
(1,1), D.L5

e Supposed for k& we show it for o(k)
(Lo(k)x P27 (1K) + 12 &+ 172 o (k)
|

Proposition 1.7

Let n e N
n+1,k).=(nk)s+k VkeN

Proof
We show it by Induction on k

o k=1
D.L5 D15(

(n+1,1), n+1 n,1)s+1

e Supposed for k we show it for o(k)
(n+1L,0(k) 2% (n 4+ 1,k + (n+1) 22 (0, k) + k) + (n+ 1)
T.1.2

L2 (0 k), + (k+ (n+ 1)) (n, k) + ((k+n) +1)
T2 (k) (k) + 1) TE (k) 4 (0 + (B + 1)
P22 (k) + ) + (k+1) P27 (n,0 (k) + o (k)

Proposition 1.8
(k,n)s = (n,k), Vn,k €N
Proof

Fix n let us proceed by Induction on k

e k=1

(17 n)* Pé.6 n Dé.S (

n, 1)
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e Supposed for k£ we show it for o(k)

(o(k),n)e "= (kyn)s + 1 (0, k)e + 0 P2 (0, 0 ().

Notational Remark 1.3

As in definition 1.4 let

sy = {((n, k), (n,k),) | n,k e N}

It is easy to prove that *y is a binary inner operation® on N
Namely xy: NXN — N

(nk) — (n, k).

In view of proposition 1.8 the following theorem holds

Theorem 1.3
niyk=~kxyn Vn,k €N

Notational Remark 1.4
Henceforth we will denote *y simply as

Theorem 1.4
n*x(l+m)=nxl+n*xm Vn,k,l €N

Proof
I show that fixed n,l then

nx(l+m)=nxl+nxm VYm €N

e m=1

n*(l—{—l)Déﬁn*l—l—nDéﬁn*l—i—n*l

e Supposed for m we show it for o(m)

nx (Il +o(m)) Dé'4n*(l~l—m+1) DéAn*(a(l—l—m))
Déﬁn*(l—km)—knléq'n*l+n*m+n

Té'Qn*l—l—(n*m—i—m)Déf)n*l—l—n*a(m)

3See this definition in: A brief survey of elements of Set theory and Logic
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Theorem 1.5
(nxk)*m=mnx(k*xm) Vn,k,meN

Proof
we show that fixed n, k

(nxk)xm=nx*(kxm) ¥YmeN

e m=1

(n % l) " 1) Dé.f) D.1.5

nxl ="nx(lx1)

e Supposed for m we show it for o(m)

(n*1)*o(m) Déf)(n*l)*m—i—(n ) I':S'n*(l*m)—i—n*l

T.1.4 ) DL5 & (I % o(m))

= nx(lxm+l1
[ |

Definition 1.6

Let n,k € N
n<yk<=3leN | n+il=k

Notational Remark 1.5
Henceforth we denote <y as < We use notation n £ k to denote “n < k does not hold”

Proposition 1.9

k<¢k VYkeN

Proof
We proceed by Induction on k
o k=1
By contradiction : 1 <1 = 3l such that 1+1=1
= o(l)=1

But this is in contradiction with axiom (iv) .

e Supposed for k we prove it for o(k)
By contradiction o(k) < (k) = 31 such that o(k) +1 = o(k)

Then by definition 1.4

b+ 1) +l=k+1 = k+(1+)=k+1E21+1=1281<1

But this is in contradiction with the first step of this proof .
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Corollary 1.3

Let n,k € N
n<k=n#k

Proof
By contradiction : n =k B, £ k.

But this is in contradiction with the hypothesis. B

Remark 1.3

Proposition 1.9 and corollary 1.3 may appear not so important, but they begin to illus-
trate the structure of N.

Furthermore they guarantee that the following definition is not redundant

Definition 1.7

Let n,k € N
n<gk<n<k or n=k

Notational Remark 1.6
Henceforth we denote <y as <

An immediate corollary of definition 1.7 is the following

Theorem 1.6
n<n Vn éeN
Theorem 1.7
n <
—n==k
k<
Proof
ngkgn<k‘ or n=k
D.1.7

k<n<<k<n or n=k

If we suppose n<k%}’n;&k.Andsin(}ekSnamdnSk
Then k<nandn <k ie

31 such that n+1 =k and 3]y such that k+11 =n
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Andthen n+l=k= (k+l)+l=k = k+(+l)=k=k<k

But this is a contradiction by proposition 1.9.
D.1,7

And then n <k, but n£€k = n=%k
[ ]
Theorem 1.8
n<mn
= n < no
ny < ng
Proof

e If n =n; or n; = n9 nothing to prove

e If n#ny and n1 # no = n < n1 and N1 < no
n<ng <=3l suchthat n+l=n

ny < ng <= Idm such that n;+m =nsy
Thenn+(l+m)Té'2(n+l)~|—m:n1—|—m:n2
L.e. by definition 1.6n<n2]£>7n§n2.

Corollary 1.4

l<n VneN-{1}

Proof
Let n #1 then by corollary 1.1 Jl €N n=1+12¢1<n
|

Corollary 1.5

k<o(k) VkeN

Proof
o) P2 k41 =31eN | k+l=0c(k) W

Theorem 1.9

Formulation 1.9.1

Vn,k € N one and only one of the following holds : n =k,
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Proof
It ig(()zlear they are three disjoint options. The heart of the proof is showing that at least one
holds for any couple n, k € N. To show this fix n ,and let us proceed by induction on k
e k=1
By corollary 1.1 we have two possibilities for n
Ifn=1= n=k
Itn£1221<n

e Supposed for k we show for o (k).
By inductive step one and only one of the following holds;
n=k n<k k<n
- Ifn=%k
Applying corollary 1.5 we get n < o(k)
—ifn<k
Lok < o(k) 20 < o(k)
—ifk<n= Jlwithk+Il=n
« fl=1=o0(k)=n

* ifl;é1C':>Mn:k+(l+m)Té'2(k+1)+m<:>a(k:)<n

[ |
Formulation 1.9.2

Vn,k e N=—=n<kor k<n

Proof

It comes immediately by above formulation W

Theorem 1.10

Formulation 1.10.1

Let n,k € N
n<k<=n+l<k+1 VieN
Proof
é)
e [=1

Sincen<kzg’n7§k(é>2n+17§k+l

Hence by theorem 1.9 (n+1) < (k+1) or (k+1)<(n+1).
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) D.1

By contradiction (k+1) < (n+1 218 34 € N such that (k+1)4+g=(n+1).

U

1.6

On the other hand since n <k =" n+m = k. Hence

((n+m)+1)+g:(n+1)T:>(n+(m+1))+g:(n+1)
L+ (14+m)+g=(n+1)
= (n+1)+m)+g=(n+1)
e+ 1)+(m+g)=n+1
D.1.6

= n+l<n+1

But this a contradiction by proposition 1.9
e Supposed for | we show it for o({)

Since n < kg’n#kgn—i-a(l) #k+o(l)

Hence by theorem 1.9 (n+o(l)) < (k+o(l)) or (k+o()) < (n+o(l)).

By contradiction (k+0o(l)) < (n+o(l)) 210 dg € N such that (k+o(l))+g = (n+o(1)).

On the other hand since n < k 2% n +m = k. Hence

(n+m)+o(l)+9=n+0l) = (n+m+ao(l)+g=(n+0()
n+(c(l)+m))+g=(n+o())

(

= (

= ((n+0(l) +m)+g=(n+0o(l))
= (nt o)+ (m+g)=n+o)
D.1.6

= n+o(l)<n+o(l).
But this a contradiction by proposition 1.9
)
By theorem 1.9 = mn=%k or n<k or n>k

o Ifn=%k

2 olin) = ol(k) = n+1=k+1

o If n>k
By formulation above n +1 > k + 1

And then the only one possible isn < k B

Formulation 1.10.2
Let n,k € N
n<k<n+Il<k+1[l VIieN

Proof

It comes immediately by above formulation and corollary 1.2 B
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Proposition 1.10

Let n,k € N
n<k<n*xl<kxl VIEN

Proof
:})

Proceed by induction on [
e [ =1 nothing to prove .
e Supposed for | we show it for o(l)
n*o(l) Débn*l—i—nlg'k*l—l—nTéwk*l—i—kDé'Sk*o(l)
)
By theorem 1.9 = n=%k or n<k or n>k
e lfn=k=nxl=Fkxl

o If n>k

By formulation above n [ > k x|

Then the only one possible is n < k
|

1.1.1 Isomorphism between Peano Systems

Let (M, u, w), (N, 1, O’) , two Peano Systems given by definition 1.1.

Then there exists R: N — M such that:
1. R(1)=u

2. R(o(n)) = w(R(n)) VneN
3. R is injective

4. R is surjective

Proof

According to remark 1.1 by Recursion Theorem let
R,w:N — M.
To get easier notations we denote R, , as R

R is the function required

1. Obvious by definition Recursion Theorem (Lemma 1.2)
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2. As step 1.
3. We divide this step into two points

e Rn)=u=n=1 VneN:

By contradiction n # 1 Sl 3eN |

By step 2. R(n) = w(R(l))
By hyphothesis R(n) =u

o(l)=n
}:>EImEM | u=w(m)

Contradiction with axiom (iv)
e R(n)=R(k) — n=k ¥Yn,meN:
Let n € N and we proceed by Induction on k
— k=1 then n =1 by the first point of step 3.
— Supposed for k we showed for o(k)
R(n) = R(c(k)) = R(n) = w(R(k)) and hence n # 1, otherwise R(n) = u
Therefore by corollary 1.1 35 € N
By step 2. R(n) = w(R(j))
By hyphothesis R(n) = R(o(k))

o(j)=n

} —> W(R() = w(R(K))
2 R(k) = R()

L% —
= o(k)=n
4. By contradiction 3mg € M | mg ¢ R(N)
Let A:c={meM | m#myg and me R(N)}
e ucA:
u € R(N), since u = R(1) and u # my, otherwise R(1) = my
e If me A= w(m) € A:
meA= m=R(l) = w(m)=R(c(l)) = w(m) € R(N)
= mw(m) # my = w(m) € A

Then by the axiom v A = M which is in contradiction since mg ¢ A

1.1.2 Remarks and Complements

Strong Induction and Well-Ordering of N

On a Peano Ring (N, 4y, *y, <y) we are able to give another two principles equivalents
to Axiom (v). In particular we are able to introduce Minimum principle on N which
prove that <y is a well-order on N.
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Induction and and Minimum principle will be used to prove different kind of results on
N. The first, as we know by Induction Theorem(Lemma 1.1), gives us a method to prove
statements universally on N.

The second one establish the existence of a privileged element which satisfies a deter-
minate property on N. The existence of the minimum will avoid arbitrary choices on
proofs on N, assuring us a constructive method to build a proof on the Natural.

Lemma 1.4 (Strong Induction and Minimum principle)

The following principle of N are equivalents:

1e A
VACN — A=N
™) - | {neA:>a(n)€A
Strong(v) vACN | { 1€ — A=N
rongty = ke AVi<k<n=— o(n)cA -

(Min) VACN 3! meA | m<n VneA

(Such as n will be called the minimum of A and it will be denoted by n = min A )

Proof

Strong(v)== (v) It is trivial since If A C N satisfies the hypotheses of Strong(v), A satisfies
the hypotheses of (v)

(v)=(Min) Suppose exists A C N, A # () such that:
Ifm<n VneA = m¢A

Now let B:={m e N|m <nVn e A} gB:NAndsinceianB:ngéA then
A=10

(Min)==Strong(v) Let A C N satisfying the hypotheses of Strong(v)

By contradiction: ACN = N—A #( Mg Im = min(N — A)

Now Vn, 1 <n<m, n € Asince m is the minimum of N — A,

Then By hypotheses on A m € A. Contradiction

1.2 Construction of the Integers 7Z

Definition 1.8
(a set Z, +z, xz, <z ) is an Ordered Integrity Domain (OID)
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if and only if satisfies the following properties:

) z+s=s+z Vz,s €L

) (z4+s)+t=z4+(s+1) Vz,s,t €
s3) 30€Z | z2+0=2 Vz€eZ

YVz2€Z F—2€Z |2+(—2)=0
Z¥S=S5%2 Vz,5s €7

)
Po) zx(skxt)=(z%s)xt V2,5t €l
)

sp) zx(s+t)=zxs+ zxt Vz,st €Z

IN

is a reflexive relation on Z

IN

is an antisymmetric relation on Z

IN

(

(

(

(

(

(

(p3) 31E€EZ | zx1 =2 VzeZ
(

(

(

( is a transitive relation on Z
( < is a total relation on Z

(

s0) let z,5 € Z
2<s<= z+t<s+t VteZ

(po) 2>20,s>0 = 2zxs>0

Aim of Section 1.2

In this section we show the following results:

Given a Peano Ring (N, +n, *ky, <y ) there exists a model of an Ordered Integrity
Domain (Z, +7, *7, <z ) which contains a copy of (N, +N, *N, <y )

Notational Remark 1.7

In this Section we will denote
n+ymsimply asn+m Vn,m €N
n *y m simply as nm Vn,m € N

n <ymsimply asn <m Vn,m €N
n <y m simply asn<m Vn,m €N
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Definition 1.9

Let (n,m), (n1,m;) € NxN

(n,m) =z (n1,my) <= n+my =ny +n.
Proposition 1.11

=y is a equivalence relationship on N x N

Definition 1.10

7, = NXxN
: =,

Proposition 1.12

Let (n,m), (n1,m1), (k, 1), (k1,0;) € NxN

(n,m) =z (ny,my)

= (n+km+1l) = + k1, + 1
(k,l) =, (kl,ll) } (n m ) =z (m 1, M 1)

Proof

On one hand

(n,m) =z (n1,m1) 222 (n+my) = (m +n1).

On the other hand

(k1) =2 (k1,l) 2L (k+1)=({+k).

If we sum the two equations we get

(n4+mi)+ (k+1L)=m+n)+ 1+ k).
Let us apply theorems 1.1 and 1.2 on the two members and hence

(n+k)+(mi+04)=Mm+k)+(m+1) Pég(n—l—k,m—l—l) =z (n1+ki,m1 +11)
(]

In view of proposition 1.12 the following definition is well posed

Definition 1.11

Let z,s € Z
24z s:=[(n+k,m+1)] where (n,m) € z and (k,l) € s

Proposition 1.13

Let (n,m), (n1,my), (k,1), (k1,l;) € NxN
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If (n,m) =z (n1,my) and (k,1) =4 (k1,01)
Then [((nk) + (ml), (nl) + (mk))] = [((n1k1) + (maly), (nily) + (maky))]

Proof

On one hand
(n,m) =z (n1,mq) 2L (n+m1) =(m+ny)

Then (n+m1)k1 = (m+n1)ki and (ng +m)ly = (m1 +n)ly.

On the other hand
D.1.9
(k,1) =z (k1,l) <= (k+11) = (I + k1)
Then (k+11)n1 = ({+ ki)n1 and (k1 + D)my = (I1 + k)my.
If we apply theorem 1.4 on all the four equation; we sum them and apply theorems
1.1 and 1.2 on the two members we get

((nk) + (ml)) + ((n1ly) + (mik1)) + T = ((n1k1) + (maly)) + ((nl) + (mk)) + T
where T'= (n+m) (k1 + 1)

Then by corollary 1.2
((nk) + (ml)) + ((mlh) + (mak1)) = ((nak1) + (malh)) + ((nl) + (mk))
Then by definition 1.9

((nk) + (ml), ((nl) + (mk)) =z ((n1k1) + (maly), (n1ly) + (makr))
[ ]

In view of proposition 1.13 the following definition is well posed

Definition 1.12

Let z,s € Z
z %7 8 := [(nk + ml,nl +mk)] where (n,m) € z and (k1) € s

Notational Remark 1.8
Henceforth we will denote:

Zz4zssimplyas z+s Vz,s €7
z %y ssimply as 2xs Vz,5s € Z

Theorem 1.11

z+s8s=854+z Vz,s €7
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Proof
Let z = [(n,m)], s=][(k,])]

2+ s=[(m,m)]+ [k D] "= [(n + k,m + )]
T (k4,0 +m)] PEY (kD] + [(nym)] = s + 2

Theorem 1.12

t+(z+s)=({t+s)+=2 Vit z,s€Z

Proof
Let t = [(a,0)], z=[(n,m)], s=[(k1)]
t+ (z+5) = [(a, )] + ([(n,m)] + [(k, D)]) "L [0, 8] + [(n + k,m +1)]
PEM g+ 4 k), b+ (m+0)] " ((a+n) + k, (b+m) +1)]
DL (a4 n, b+ m)] + [(k, D] PZ ([0, )] + [(n, m)]) + [(k, )] = (£ +5) + 2

|

Proposition 1.14

(n,n) =7 (m,m) ¥n,m €N
Definition 1.13

0z :=[(1,1)] "£" [(n,n)] VYneN

Notational Remark 1.9
Henceforth we will avoid this heavy notation and we will denote 07 simply with 0

Proposition 1.15

Let n,k € N
n+c,k+c¢)=z (n,k) VYeceN

Proof
Let ce N
D.1.9
) (

(n—l—c)—kkTéQn—{—(c—{—k:)Téln—i—(k—i—c = (n+c¢,k+c) =z (a,b) A

Theorem 1.13
z+0=2 VzeZ

42



Proof
24 0=[(@b)] + (1D "= [(a+ 1,0+ 1)] "E [(a,0)] =2 W

An immediate corollary is the following

Corollary 1.6

Let z,s € Z
z=8s<=z+t=s+t Vtel

Proof
:)

By contradiction 3ty € Z | z 4+ tg # s + to
By Extensionality we have two options:
d(n,m)€z+ty| (n,m)¢s+ty or I(n,m)es+ty| (n,m)¢z+ty

Suppose the first one holds. Then

(nym) € z+to 22 J(a,b) € 2, 3(e,d) € Lo | [(a+c,b+d)] = [(n,m)]

But since z = s = (a,b) € s = [(a+ ¢, b+ d)] =s+ 1t

Contradiction. Supposing the second one we will get a contradiction too

)
o T.1.13
By contradiction z s = 24+ 0#s+0
Contradiction
n

Theorem 1.14
VzeZ 3'se€Z | z+s=0

Proof
Let z = [(a, b)]

= s, :=[(b,a)]

D.1.11 3

2+ s, = [(a,b)] + [(0,a)] "= [(a+b,b+ )] PE" [(a+ba+b)] V=P 0
Let s €7, z4s =0 then
s1 TLI3 s1+0 = s14+ (24 s2) T.L12 (s1+2)+s,=0+s, TL13 s, 1

Definition 1.14

Let z € Z
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We call “the opposite of 2” the unique element s, given by theorem 1.14, such that
z+ s =0 and we denote it with —z

Corollary 1.7

—(—2)=2z VzeZ

Proposition 1.16
—(z4+8)=(=2)+(—s) Vz,s€Z

Proof
Let z = [(a,b)] s = [(c, d)]

Proposition 1.17
—z=[1,2)]x2z Vz€eZ

Proof
Let z = [(n, k)]

24 ([(1,2)] % 2) = [(, )] + ([(L,2)] * [(n,K)]) D= [(n,E)] + [((n1) + (2K), (2n) + (k1))]

. P [((20) + (2K)), ((20) + (26))] D=2 0

Theorem 1.15
Z*kS=S85%z2 V2,8 €7

Proof
Let z = [(a,b)], s=/{(c,d)]

D.élQ [(

z*s=[(a,b)] x[(c,d)] ac + bd, ad + be)]
3 T.1.1

= [(ca + db,da + cb)] =" [(db+ ca,cb + da)] Pzt [(c, d)] * [(a,0)] = s * 2

Theorem 1.16

tx(zxs)=(t*xz)*s Vit z,s €L
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Proof
Let t = [(a,b)], z=[(c.d)], s=(e,f)]
tww@ WMHQ@ﬁhwijEWmMH@+%q4@H

" [(a(ce + df) + blcf + de), alcf + de) + b(ce + df))]
[(ace + adf + bef + bde, acf + ade + bee + bdf)]
" [(ace + bde + adf + bef, acf + bdf + ade + bee))
[((ac + bd)e + (ad + be) f, (ac + bd) f + (ad + be)e)]

2 [(ac + bd, ad + be)] * [(e, £)] =" ([(a.0)] * [(c;d)]) * [(e, f)] = (t2) s

||~ HH IIH II'— ||

Theorem 1.17
2k (s+t)=z*xs+zxt Vz,81 €

Proof

Let z =[(a,0)], s=[(c,d)], t=](e f)]

[(a,0)] * ([(c.d)] + [(e, ) "= [(@.b)] * [(c + e, d + f)]
L2 ((c+e) + b(d+ f),ald+ f) + blc + €)]

[(ac + ae 4+ bd + bf,ad + af + be + b))
|
[

z%(s+1t)

UII

(ac + bd,ad + bc)] + [(ae + bf,af + be)]
(@, 0)]* (¢, d)] + [(a,0)] + [(e, )] = 2% s + z %1

T.14

T.1.11

D.1.12
[ |

Proposition 1.18
zx0=0 VzeZ

Proof
Let z = [(a, b)]

By definition 1.13 0
0= [(@5)] * [(1. )] "2 [(a + ba + )

[(1,1)] . And hence

PE ] PER 0 m

Proposition 1.19

—(zxs)=zx(—s)=(—2)xs Vz,s€Z
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Proof
z%x S+ zx (=) PLIT st 2 ([(1,2)] * 5)

T.1.16 2% S+ (z * [(1, 2)]) * S LIS Z* 8+ (KLQ)} * z) s

TR s 1 [(1L,2)](2xs) T2 0

Then by theorem 1.14 calling ¢ := 2z * s

then —t = z % (—s) ,and we get the thesis
|

Corollary 1.8
(—2)*%(—s)=z%s Vz,s€Z

Proof

.18

—(z%s)+ (—2) *(—s) PLI9 (—2)* s+ (—z) % (—s) LT (—z) % (s 4+ (—9)) Y =)

And then calling s1 := (—2) % (—s) = —s1 =2+ s

Hence by corollary 1.7 s1=—(z+s) R

Proposition 1.20

(n+1,n)=z (m+1,m) Vn,m €N

Definition 1.15
Iz :=[2, )] =[(n+1,n)] VneN
Remark 1.4

17 # 0y

Notational Remark 1.10
Henceforth we will avoid this heavy notation and we will denote 1y
avoiding to confuse the element 1 € N with 15

Theorem 1.18

zx1 =z VzelZ
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Proof

Let z = [(k,m)]
2x1=[(k,m)] *[(2,1)] V= [(2k + m, k + 2m))]
T2 (k4 (k+m), (k +m) + m)]
DB
[ |

Proposition 1.21

(G,b) =7 (Cb1,b1)
(c,d) =z (c1,dr) — a1 +d <b+c
a+d<b+c

Proof

(a,b) =y (al,bl) —a1+b=a+b

(C,d) =7 (Cl,dl) = c+di=c+d

Then by corollary 1.2 (a1 +b)+ (¢ +di) = (a+b1) + (1 + d)

Now suppose a1 +dy > b1 + ¢ T':1'1>0a1+d1+(b+c) >bi+c+(b+c)
On the other side by theorems 1.1 and 1.2

ai+di+(b+c)=(a1+b)+ (c+di) =(a+b1)+ (c1 +d)

And so we have (a +b1) + (c1 +d) > by +¢1 + (b+¢) Lot d>bre

but this is contradiction since a +d <b+c N

In view of proposition 1.21 the following definition is well posed

Definition 1.16

Let z,s € Z
2 <z s<= (a+d) < (b+c) where (a,b) € z and (c,d) € s

Definition 1.17

Let z,s € Z
2<zps<=z2<s and z#s
Notational Remark 1.11
Henceforth we will denote:

2 <z ssimplyas z<s Vz,s €Z
2 <z ssimplyas 2 <s Vz,s €Z
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Proposition 1.22

Let 2,5 € Z
z2<s <= (a+d) < (b+c) where (a,b) € z and (¢,d) € s

Theorem 1.19

2<z VzelZ

Theorem 1.20
Let z,s € Z

<z .
z2=3:
z2<s

Proof

Let z =[(a,b)], s=cd]
s<z<=c+b<d+a
z2<s<=a+d<b+c

And then calling n=(a+d) and k= (b+c¢)

gn:kﬁ at+d=b+c+= z=5 1

Theorem 1.21
Let 2, 21,20 € Z

Proof
Let z = [(a,b)], 21 =[(c,d)], 22 =][(e,f)]
Z§2:1<:> a—i—dSb—i—c

n<znn<=ct+f<d+e
a+d<b+c X @+d)+f<b+c)+f

On one side
(a+d)+f=(a+f)+d
And on the other side
T.1.2 T.1.10
(bte)+f ="b+(ctf) < b+(d+e)=(b+e)+d
Then (a+ f)+d < (b+e)+d

T.1.10a+f§ (b+€) D.1.16 2 < 2 m

Theorem 1.22
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Formulation 1.22.1

Vz,5 € Z one and only one of the following holds : z=3s, 2z<s, 2z>s

Proof
Let z = [(a,b)], s=/{(c,d)]

Definen:=a+d, k:=b+c
By Theorem 1.9 one and only one of the following relations holds:
n=k n<k k<n

Hence one and only one of the following holds
z=8, z<s, s<z

Formulation 1.22.2
Vz,s €2 — z<s or s<z

Proof
We omit the proof because the method is the same as the proof just here above,but using the
other formulation of theorem 1.9 W

Proposition 1.23

Let z € Z
z2>0<= a>b VY(a,b) € 2

Proof
Let z = [(a,b)]

By definition 1.13 0 =[(1,1)]. And hence

23>0 < [(6,0)]>[(1,1)] 2 a+1>0+1 2P a>0 W

Corollary 1.9
1, > 0y

Proof
By definition 1.15 1z = [(2,1)] and hence by proposition above it holds W

Theorem 1.23
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Formulation 1.23.1
Let z,s € Z
< sE= 2+t <s+t VteZ

Proof
:})

Let z = [(a,0)], s=[(c;d)], t=](e,f)]

z<s]3é>7a+d<b+c

WL b dt (et f)<btct(etf)

= (a+e)+(d+f)<(ct+e)+(b+f)
B [+ e b+ )] <llc+ed+ B st <ot

Formulation 1.23.2
Let 2,5 € Z
2<s<=z+t<s+t VtelZ

Proof
It comes immediately by the first formulation and by corollary 1.6 B

Corollary 1.10
Let z € Z

z2>0—= —2<0
2<00=—= —2>0

Proof
0 2>0 =2 4 (—2) >0+ (—2) =2 0> 04 (—2) = 0> 2
° z<0T':1'%3z+(—z)<0+(—z)T':1'%40<0+(—z)T':1'§30<—z

Proposition 1.24

n+1)+(m+1)<n+1)(m+1)+1 Vnm eN

Proof

20



e m=1
C.1l4
(n+1)+141 < ntl+m+1)+1 2 (n4 1) x14(n+1)s1+1 "= (n 1) (14+1)+1

e Supposed for m we show it for m + 1

)+ (mAD+1) 22 (D d m+ 1) +1 S (1) m+1) +1) +1

L+ D)m+ 1)+ + 1))+ 12 et (4 1) +1) +1

Proposition 1.25

Let z € Z
2>0<= 3! ceN | z=][(c1)]

Proof
i)
e If2=0
= ¢ =1 by definition 1.13

e If2>0

By proposition 1.23 z = [(a,b)] witha >b

a>b]<3'é>(E JleNwithb+1l=a

i l=1= z=[(b+1,b)]

c:=2 (¢>1) and in fact

G+1)+1 220+ (1+1)=b+c 2 (b+1,b) =4 (c,1)

i 1> 1 S =k + 1= 2 =[(b+ (k+1),b)]

ci=(k+1)+1 (¢>1) and in fact
b+ (k+1))+1 224+ (k+1)+1) =b+c 22 b+ (k+1),b) = (c, 1)
The uniqueness of ¢ is trivial and we omit to prove it

P —
z:=[(c,1)] with ceN

~—

o ifc=1
— 2 =[(1,1)] "£% 0

o ifc>1"2 50
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Corollary 1.11

Let z € Z
z2>0 <= z>1

Proof
:})

By proposition above z >0 = z=[(m,1)] with m>1

L=kt l= z=[(k+1,1)]

oifk=1= 2=[(2,1)] 2 2 =1

o ifk>1

k>1 2842514282 k) +1> 24128 [(k+1,1)] > [(2,1)]

Hence z > 1

)

By corollary 1.9 1 > 0.

) T.1.21
Furthermore if 2 >1 = 2>0 N

Theorem 1.24

Formulation 1.24.1

2>0, s>0= 2xs5>0 Vz,8 €7

Proof
By proposition 1.25

Let z =[(a,1)], s=[(b,1)] with a, b >1
Zxs >0y [(ab+ 1,a+ b)] >0 ot b<abt1
But this is true by proposition 1.24 R

Formulation 1.24.2
220, s>0= zxs5>0 Vz,8 €7

Proof

o if 2, >0 2z%s>0 by the first formulation

e ifz=0 or s=0
by proposition 1.18 zxs=0= z%5 >0
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Proposition 1.26

2>z §>0=z%xs>2z%xs Vz,21,8 €7

ProofT T 104

z> 2 iL%3z+(_Zl)>0 = sx(z+(-21)) >0
T':M;s*z—l—s*(—Zl)>0P':L1>98*Z+—(3*21)>0
T.1.23

— Z*S8S > 21 %8
|

Corollary 1.12

Let z € Z
2#0=2%x2>0

Proof

H

1.24
e 2>0 z2%x2>0

o Z<OC':1'1>O—Z>OT':1'%4(—Z)*(—2 >0
But by corollary 1.8 (—z) % (—2) = 2% 2

Immersion Theorem 1.1 (N — Z)

We have just built (Z, +7, *7, <Z) from (N, 4N, kN, <N )

Now we will show that in (Z, +7, *7, <z ) there exists a copy of (N, +N, *N, <N )
To be more precise we will show that exist J : N — Z such that:

1. J is injective

2. J(n +y m) = J(n) +z J(m) Vn,m €N
3. J(n xy m) = J(n) xz J(m) Vn,m € N
4. n <y m <= J(n) <z J(m) Vn,m €N

5. z€ J(N) <= 2>0
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In this way (‘](N)a ‘l'Z‘J(N), *Z) 1y <Z|J(N) ) “is a copy” of N in Z.

In other words in the system Z, N exists , no more like a construction on a system
of Axioms, but like a subset of a builded set Z .We could say that N “really exists” in Z.
This mechanism of proving the existence of system Sy in a more complex system S is
the most important step in the reduction program we spoke in the Introduction. In the
foundational context(talking about rigorization, correctness,systematic clarification) this
mechanism is the key.

Let n € N, J(n) = [(n+1,1)]

1 J(n)=J(m) < [(n+1,1)] = [(m+1,1)]

2 4 ) +1=(m+1)+1
T.1.2

E2 1+ )=m+(1+1)

C.1.2
—n=m

2. Jn 4y m) =[((n+m)+1,D)] "L [(n+m)+1+1,1+1)]

=[(n+ 1)+ (m+1),1+1] ="
= J(n) +z J(m)

3. J(nxym) =[((nxm)+1,1)]

E(rm) + 14+ (n+m41),1+ (n+m+ 1)

[(((n+1) % (m+1)) + 1, (n+ 1) + (m + 1))]
L1:12 (n+ 1, 1))« [(m+1,1)] = J(n) xz J(m)

[n+1,1] + [m + 1,1]

-

o

4 n<m & n+2<m+2E n+ ) +1<(m+1)+1

L (41, D] < [(m+1,1)] < J(n) < J(m)

5. z€ J(N) <= 2>0:
=)
z=J(n) = z=[(n+1,1)]
Then calling c:=n+1= z=|(c,1)] withe>1
and hence looking at proposition 1.25 we get the thesis
)
P.1.25 C.11

z>0="3JceN, suchthat z={(c,1)], with ¢e>1=c=k+1
Hence z = [(k+ 1,1)] = J(k)
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1.2.1 Remarks and Complements

Remark 1.5 About arbitrary choices on building Z

At the begin of this section , we defined +7, *7, <7 and we proved the results holding for
them , choosing an arbitrary element in each equivalence class z € Z.

As opposite of this method we could select, using only the Minimum principle of N, a
privileged representant as follows:

(n,m) =z (n,k) = m=k VYn,mk €N

1. Show that
ow tha {(n,m)zz(k‘,m):>n:k‘ Vn,m,k €N

PP(z):={neN | 3m e Ns.t. (n,m) € z}
2. Let z € Z We defi
e ¢ ene{NP(Z)::{m€N|EInENS.t.(n,m)Gz}
3. Define n, := min PP(z) and m, := min NP(z)
4. Vze€Z (n,,k)ez= k=m,

5. We define CHy : Z — N x N as follows
CHyzf(z) :== (n,,m,)

In this way we could define +7, 7, <z and prove all the their results without choosing
any arbitrary element as representant of the equivalence classes involved in definitions
or in proofs.

Thus no arbitrary choices occur to build Z

1.3 Construction of the Rational Numbers Q

Definition 1.18

(a set Q, +q, *q )is a Field

if and only if satisfies these properties :

(s1) ¢+top=p+eq Vgp €Q

(s2) (¢+op)+et=q+o(p+et) Vgpt eQ
(s3) 30€Q | g+o0=q V[feQ

(54) Vg€ Q I -q€Q |qg+o(—q)=0

(p1) ¢*xop=p*q Vgp €Q
(p2)

p2) q*q (P*ot) = (¢*qp) ¥t  Yg,p,t €Q
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(p3) 31€Q |g*gl=q VqgeQ

(pa)) VgeQ,q#0 3¢7'€Q ¢ #0 |gxgq ' =1
(sp) g*q(p+ot) =q*xp +q a*qt  Vg,p,t €Q
Definition 1.19

(a set Q, +g, *g, <g )is an Ordered Field (OF)

if and only if satisfies these properties:

(Q, +0, *@)is a Field

01) <p is a reflexive relation on Q

02) <p is an antisymmetric relation on Q

<g is a total relation on Q

(01)
(02)
(03) <g is a transitive relation on Q
(04)
(s0)

Let ¢,p € Q
§<gp <> qtot <gp+ot Vi€Q

SO

(po) ¢ >0 0,p>00 = gxgp >¢0
Aim of Section 1.3

In this section we will show the following results:

Given an Ordered Integrity Domain (Z, 4z, *z, <z )
there exists an OF (Q, +0, *@, <o ) which contains a copy of (Z, 47, *x7, <z )

Notational Remark 1.12
In this Section we will denote

Z+7 ssimplyas z+s Vz,s €Z
zxy s simply as zs Vz,s € Z

2 <z ssimplyas 2 <s Vz,s €Z
2 <z ssimplyas 2 <s Vz,5s €Z

Definition 1.20

Zy =JN)={2€Z|z>0}*

4See Immersion Theorem 1.1
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Definition 1.21

Let (2,$), (21,51) € Z X Zy
(2,8) =¢ (21, 51) <= 251 = 218

Proposition 1.27

=@ is an equivalence relationship on Z x Z,
Definition 1.22

. IXZy
Q=2

Proposition 1.28

Let (Z7S)7 (21751)7 (tvw)7 (thwl) € Z X Z—i—

(z,58) =q (21,51)

— (2w + st, sw) =g (21w + S1t1, s1w1)°
o)y = ) =al )

Proof
(z,8) =g (21, 51) D13l zs1 =821 = (zs1)(wwy) = (sz1)(wwy)

On the other han% Lot
(t,w) =g (t1,w1) < twy =wt; = (tw)(ss1) = (wtr)(ss1)

If we sum the two equations we get
(zs1)(wwy) + (twy)(ss1) = (sz1)(wwy) + (witr)(ss1)

Let us apply theorem 1.17 on the two members

(zw+ts)(wy s1) = (21 w1 +t151)(sw) Py (zw + st, sw) =g (z1w1 + s1t1, s1wp) A

In view of proposition 1.28 the following definition is well posed

Definition 1.23

Let p,g € Q
p+o q = [(zw + st, sw)] where (z,s) € p and (t,w) € g

Remark 1.6

Let (z,5), (t,w) € Z x Z4

: T.1.24
Since s,w >0 ==2' sw > 0. Hence (zt,sw) € Z X Ly

5Since s,w > 0 =" sw > 0 = (2w + st,sw) € Z X Zy
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Proposition 1.29

Let <Z>S)> (zlasl)a (t,’LU), (tlawl) €L x Z-I—

(Zv S) =0 (Zlv 51)

(t,w) =q (t1,wn) } = (2t sw) =q (#1t1, s101)

Proof b1t
(2,8) =g (21,51) & 251 =52

On the other han% Lot
(t,w) =Q (tl,wl)  tw =wt] = (twl)(z 81) = (wtl)(s 21)

Let us apply theorems 1.16 and 1.15 on the two members
D.1.21
(zt)(wr s1) = (21 t1)(ws) &= (2t,sw) =g (21t1,51w1) W

In view of proposition 1.29 the following definition is well posed

Definition 1.24

Let p,q € Q
p*q = [(2t, sw)] where (z,s) € pand (t,w) € ¢

Notational Remark 1.13
Henceforth we will denote:

p+ogsimplyasp+q Vp,qg €Q
pxgqsimply asp*xq Vp,q €Q

Corollary 1.13

Let (t,w), (t1,w1) € Z X Z

<t7 w) =Q (tlv wl)

—t; >0
t>0

Proof
(t,w) =Q (tl,wl) — tw = thiw
By theorem 1.24 tw; > 0. Hence t;w > 0

By contradiction t; < 0 C':M>0 —t1 >0 T':L%l —tw >0

Contradiction by corollary 1.10 W

Theorem 1.25

p+q=q+p VpqgeQ
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Proof
Let p = [(t,w)], ¢ = [(z, 5)]

p+q=[t,w)]+[(z8)] "= [(ts +wz,ws)] = [(st + 2w, sw)]
T2 [z + st sw)] PER (2, 8)] + [(Gw)] = g +p

Theorem 1.26

p+@+t)=p@+q+t VpgtecQ

Proof
Let p=[(t,w)], w=[(z5)], t=](a,b)]
p+(g+t) = [(tw)] + ([(z + )] + [(a, b))
DL 1y w)] + [(2b + as, sb)]

DL 1(4(sb) + w(zb + as), w(sb))]
FET[(t(sb) + w(zb) + qlas), w(sb))]
PET ()b + (w2)b + (ws)a, (ws)b)]
FET[((ts + wa2)b + (ws)a, (ws)b)]
DL [(ts+wz ws)] + [(a,b)]
PEE ()] + [(2+ 9)) + [(a,0)] = (p+q) +1

[ |

Proposition 1.30

(0,2) =¢ (0,1) VzeZ,

Proof

By proposition 1.18 zx0=0 Vz €Z

Hence 0%z = 0+ 1 222! (0,2) =0 (0,1) VzeZ N

Definition 1.25
0 :=1[(0,1)] "="[(0,2)] VzeZ,

Notational Remark 1.14
Henceforth we will avoid this heavy notation and we will denote Og simply with 0O
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Proposition 1.31

Let (z,5) € Z X Z
(st 5t) =g (2,8) Vi€,

Theorem 1.27

qg+0=gq VqgeQ

Proof
Let ¢ =[(z,9)]

g +0=1[(z8)]+[(0,1)] "= [((21) + (s0), (s1))] "= [(21,51)] "= [(2,8)] = ¢
[ |

An immediate corollary is the following

Corollary 1.14

Let p,q € Q
p=q<p+t=q+t VteQ

Proof
:})

By contradiction 3tg € Q | p+to # q+ to
By Extensionality we have two options:
(zs)eptito|(z8)Ep+to or I(z8)€ptio|(z8) ¢q+to

Suppose the first one holds. Then

(2,5) € p+to 22 I(a,b) € p, I(c,d) € to | [(ad + be,bd)] = [(, )]

But since p = ¢ = (a,b) € ¢,= [(ad + be,bd)] = q + 1o

Contradiction. Supposing the second one we will get a contradiction too

)
_p T.1.27
By contradiction p# ¢ = p+0#q+0
Contradiction
[ |

Theorem 1.28

VgeQ 3J!'peQ—{0} suchthat ¢+p=0
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Proof
Let ¢ = [(z,5)] Then if we define p := [(—z, s)]
g+p=1[(28)]+[(—28)] "= [((25) + (s(=2)), 55)] "= [((25) — (s2), 52)]
P2 [((28) — (28),89)] = [0, 58)]

Furthermore let w € Q with g+w =20

T.1.13 T.1.13
w = =

wH0=w+(g+p) = (w+q) +p=0+p p A

Definition 1.26
Let g € Q

We call “the opposite of ¢’ the unique element p such that ¢ +p =20
given by this theorem and we denote it by —¢q

Proposition 1.32

—(p+q)=(-p)+(-q) Vp,qeQ

Proof )
Let p = [(a,b)], ¢ =[(c.d)] =" —pz[( a,b)], —q=[(—c,d)]

(—p) + (—¢) = [((—a)d) + (b(—<)),bd)] "= [((~(ad)) — (be), bd)]
P“6[< ((ad) + (bc)), bd)]
(

~[((ad) + (be),bd)] "= ~(p + q)

Notational Remark 1.15
We use notation p — ¢ instead of p + (—q)

Thus we could extend notation —p — ¢ instead of (—p) + (—q)

Theorem 1.29

qxp=p*q Vg,peQ

Theorem 1.30
px(gxh)=(pxq)xh VpqghecQ
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Proposition 1.33

—(pxq)=px(—q)=(-p)*xq Yp,geQ

Proof
Let p = [(a,b)], q=][(c,d)]
pxq+p*(—q) =[(a,b)] x[(c,d)] + [(a,b)] * [(=c, d)]
DL (e, bd)] + [(a(—c), bd)]
"L [(ae, bd)] + [(—(ac), bd)]
P22 [((ac)(bd) + —(ac)(bd), (bd) (bd))]
n 21 [((ac)(bd) — ((ac)(bd)), babd)] "L [(0, bdbd] PE 0
Proposition 1.34
gx0=0 VqeQ
Proof
Let ¢ = [(a,b)]
By definition 1.25 0 = [(0,1)]
D.1.24

g% 0= [(a,b)] % [(0,1)] P=* [(a0,01)] =" [(0,5)] "= [(0,1)] "= 0 m

Corollary 1.15

(=p)*x(—q) =p*xq Yp,qeQ

Proof

~(p )+ (=p)  (=0) "= (=p) x a+ (-p)* (—a) "= (=p) * (4 + (—0))
Thus calling ¢t := (—p) * (—q) then —t =px*gq

and by uniqueness of the opposite t =p*xq R

Proposition 1.35
(5,2)] =g [(5,5)] Vs >0
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After this proposition,and reminding that 1 > 07, we are allowed to define

Definition 1.27

1.35

lg == [(1,1)] " [(2,2)] Vz >0

Remark 1.7

lg # Og
Henceforth we will denote 1 simply with 1

Theorem 1.31

gxl=gq Vg eQ

Proof
Let ¢ = [(z,5)]
gx1=[(z,9)] *[(1,1)] "= [(21,51)] T=P [(2,8)] =¢ W

Theorem 1.32

VgeQ—-{0} 3IlpeQ—-{0} suchthat g*xp=1
Proof
Let ¢ = [(a, b)] (a # 0 otherwise ¢ = 0 for proposition 1.30)
Hence by theorem 1.22 we have to casesfora: a >0 or a <0
e a>0
= p:=[(b,a)] (since b >0 = p # 0)
D.1.24

q*p=[(a,b)] % [(b,a)] "=""[(ab, ba)]

On the other hand

b >0 hence by theorem 1.24 ab >0

Hence [(ab, ba)] PL2T

e a<0
= p:=[(—b,—a)] (since (=b) >0 = p #0)

D.1.24 P.1.19
qxp = [(a,0)] * [(=b, —a)] "=""[(a(=b),b(=a))] =" [(—ab, —ba)]
On the other hand
b > 0 hence by theorem 1.24  (—a)b >0

Hence [((—a)b, (—a)b)] "= [(—ab, —ba)] V=" 1
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Furthermore let w € Q — {0} with ¢*xw =1

wT'gﬂw*l:w*(q*p)Té?’o(w*q)*p:1*pT'£31p [ |

Definition 1.28

Let g€ Q— {0}
We call “the inverse of ¢” the unique element p such that ¢ xp =1

given by theorem 1.14 and we denote it ¢~*

Proposition 1.36

Let (a,b), (a1,b1), (¢,d), (c1,d1) €Z X Z
((l, b) E@ (al, bl)

(c,d) =g (c1,d1) p = ard; < by

ad < be

Proof
(a,b) =g (a1,b1) = aby = a1b
(C, d) =Q (Cl,dl) — Cd1 = 01d

Looking now this elements of Z
z = ((a1d1) — (b1c1))(aa)(bb)(cc)(dd)
A few of considerations :

bby > 0 By theorem 1.24

(aa), (ce1), (dd) >0 By corollaries 1.13 and 1.12 § 121 .

ad < be =3 (ad) — (be) <0

Using theorems 1.15 , 1.16 and 1.17 it follows that

z = ((ad) — (be))(aa)(bb1)(cc1)(dd)

But since corollary 1.12 (aa), (bb), (cc), (dd) > 0

by theorem 1.24 we obtain ((a1di) — (bic1)) <0
]

In view of proposition 1.36 the following definition is well posed

Definition 1.29

Let p,q € Q
p <g q <= ad < bc where (a,b) € p and (¢,d) € q

Definition 1.30

Let p,q € Q
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p<gq<=p<gqand p#q

Notational Remark 1.16
Henceforth we will denote:

p<ggqsimplyasp<q Vp,qgeQ
p<ggqsimplyasp<gq Vp,qeQ

Theorem 1.33

Theorem 1.34

P=q
}:>p:q
q=p
Proof
Let p = [(a?b)]v q= [C,d]
p<qg<= ad <bc
q<p<= bc<ad
And then calling z = ad and s = bc
0, s — ad=bc <= p=q N
Theorem 1.35
< q
}:>QSQ2
G < ¢

Proof
Let q= [((l, b)]? q1 = [67 d]a q2 = [(eaf)]
q < q < ad < bc

@ <q= cf <de

ad < be 230 (ad)f < (be)f. (because f > 0)

By theorems 1.15 and 1.16 (ad)f = (af)d and furtheremore

P.1.26
(be) "2 bef) < blde) T (beyd
T.1.23 T1.17

Hence (af)d < (be)d < ((af)d) — ((be)d) < 0 <= (af — be)

And since d > 0 then by theorem 1.24
T1.23

(af —be) <0 == af <be <= [(a,b)] <[(¢,f)] &= ¢ < ¢ W

Theorem 1.36
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Formulation 1.36.1

Vq,p € Q one and only one of the following holds: p=g¢q, p<gq, q<p

Proof

Let ¢ = [(a,0)], p=[(c,d)]

We define z :=ad, s:=bc

By Theorem 1.22 one and only one of the following relations holds:
z=s, z<s8, §<Zz

Hence one and only one of the following holds

pPr=q¢ pP<qg q<p
|

Formulation 1.36.2
Vg,p €Q = ¢q<p or p<gq

Proof
We omit the proof because the method is the same as the proof just here above,but using the
other formulation of theorem 1.22 W

Proposition 1.37

qg>0 N - z>0

qg=0 epedively L =0 V(z,$) € q
qg<0 z <0

Proof

By theorem 1.36 we know that
q>0, g=0, g <0 are three options disjoints for q.

Furthermore reminding that 0 = [(0,1)] let ¢ = [(2,s)] :

0 >0 [(2,5)] >0 21> 50 = 2>0

using that z1 = z by theorem 1.18 and s0 = 0 by proposition 1.18

o q:O@[(z,s)]:OﬁlzI:SO@»z:O

o q<0<:>[(z,s)]<02§>0z1<50<:>z>0

Corollary 1.16

1Q>OQ
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Theorem 1.37

gx(p+t)=qxp+qgxt Vg,pt e€Q

Proof
Let ¢ = [(a,b)], p = [(c,d)], t = [(e, f)]
ax (p+1) = [(a,0)] = ([ ) + (e, 1) "= (0, B)] # [((e) + (de), (d)]

= [(a(cf+de) < >>1 = [((acf) (ade),(bdf))]
"2 ((ach) + (ade) (bdf), (bdf) (b))
"= [((acf) (6df) + (ade) (bdf). (bl (b))
" (@), o) ) + (ae)d, (0] E ((ae bd)] + [(ae,b)]
D1:2

q*xp+qgxt
[ |

Theorem 1.38

Formulation 1.38.1

Let p,qg € Q
g<pE=q+t<p+t VteQ

Proof
Let ¢ = [(a,b)], p=|(c,d)]
T.1.24

g < p = ad < be =2 (ad)(ff) < (be)(f)
L2 (ad)(ff) + bdef < (be)(ff) + bdef

T (af + be)(df) < (cf + de)(bf)
DL [(af + be,bf)] < [(cf +de,df)] 2222 2+t < s+t
[ |
Formulation 1.38.2
Let p,q € Q
(<pe=q+t<p+t VteQ
Proof

By first formulation we know that

g<p<=q+t<p+t Vp,q,t €Q

Furthermore by corollary 1.14 we know that
g=p&=q+t=p+t Vp,q,t €Q

and hence putting together both the results we get the thesis B
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Corollary 1.17

Let ¢ € Q
q>0=— —q<0
¢g<0=—= —q¢>0

Proof
. q>0TA1.38q_’_(_q) >0+ (—q) T‘:1'2>80>0+(—Q)
T.1.38 T.1.28

e (<0 =g+ (—9) <0+ (—q) = 0<0+(—¢q)

Theorem 1.39

Formulation 1.39.1

p>0,g>0= pxg>0

Proof

Let ¢ = [(a,b)], p=[(c,d)]

Then by proposition 1.37 a,c >0 e s o0
D.1.24 P.1.37

Hence pxq >0 < [(ac,bd)] >0 < ac>0 W

Formulation 1.39.2

Vp,qg €Q

p>0,¢>20= pxq>0 Vp,qeQ

Proof

e Ifp=0 or ¢g=0
By proposition 1.34 gxp=0=—q*xp >0

e If p,g >0 then by first formulation pxq>0=—p*xqg>0

Proposition 1.38

g>p, t>0= gxt>pxt Vp,qt eQ
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Proof%l T.1 T.1
q>p <'——'3>8q—p>0 <':'3>9(q—p)>kt>0 <':'3>7q>|<t+(—p)*t>0

F(’é))>3q>x<t—p>x<t>OT(£>8q>kt>p>kt
|

Proposition 1.39

Let pe Q
p>0=p >0
p<0=p1<0

Proof
Let p = [(a,b)

p> 0P 4 0 o [, 0]

Proposition 1.40

Let p,q € Q
p>q¢g>0 = 0<pl<qg!

Proof
By proposition just above p~! ¢! >0

P.1.38 _1 —1 T.1.31 —1 P.1.38 -1 —1 —1
p>q = p *p>qxp = 1>qxp = 1xq >qxp  xq

T.1.31 _ 1 T.131 _q

=g > g lagap Tt =g >t
m

Proposition 1.41

Let pe Q

(—9)"'=-(¢"") VqeQ-{0}
Proof

Let ¢ = [(a, )]

e ¢>0 (a>0 by proposition 1.37)
On one hand
¢>0 = ¢ = [(b,a)
On the other hand
0> 0= —g=[(~a,h)] <0 = (=q)"" = [(~ba)
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Hence

()" + (—0) " = (b, a)] + [(=b, )] "E* [(ba + (~b)a, aa)]

P.1.19 [(ba — ba, aa)] = [(0, aa)] D.1.25 0
e g<0 (a<0)

On one hand

q<0 =22 g1 = [(=b,—a)]

On the other hand

¢ <022 g=[(~ab)]>0=LE (g =[(b,—a)]

Hence

(@) + (—a) 7t = (b, —a)] + [(b,—a)] "= [((—b)(—a) + b(—a), (—a)(—a))]
CL8 [(ba + b(—a), aa)] P.L.19 [(ba — ba,aa)] = [(0,aa)] D.1.25

Hence (—¢)~! is the opposite of g~!

we get the thesis W

and by uniqueness of the opposite given by theorem 1.28

Remark 1.8

29:=1p+1g and we have the following properties®:
e 2>1
e 0<27t <1
e lfhk>0= 0<kx2"'<k
elfp<qg=p<(p+q)*x27' <q
e px2 1 4+px27t=p VpeQ

Definition 1.31 (Powers)’

Let ¢ >0
°q'i=¢g
o ("t =¢"xq VneN

Proposition 1.42

(qxp)"=q"*p" Vq,p>0 VneN

6From this point forward we denote 2¢ simply as 2
"See Remark 1.1
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Proof
Let g,p > 0. Let us proceed by induction on n

en=1

(qxp)! "L gup =gl s p!

e Supposed for n we show it for n + 1

o1 D.L31 (q*p)" * (g %) LS. (g™ *p™) * (g *p)

D.1.31
=((¢") xq)* (p"xp) =" g"Ttxptt

(g*p

Corollary 1.18

qg* >0 Vg>0 VneN

Proof
Let ¢ > 0. Let us proceed by induction on n

en=1
ql D.1.3

L51 g = q¢" >0
e Supposed for n we show it for n + 1

D.1.31
"t =T g g

n i 1
g >0 by inductive step } T.1.39 g > 0

q>0 by hypothesis
|

Remark 1.9
1"=1 VneN
Corollary 1.19
(¢ =(")" V¢>0 VneN

Proof

Let g >0, neN

L=1"=(gxq )" "= g (g 1)

1)n

Hence calling ¢t := ¢" ¢! = (¢~ and by uniqueness of the inverse given by theorem 1.32

we get the thesis
[
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Proposition 1.43

g*>1 VYVqg>1 VneN

Proof
Let ¢ > 1. Let us proceed by induction on n

en=1

qt D251 g = q¢' >1

e Supposed for n we show it for n + 1

D.1.31
qn+1 i qn *

q" >1 by inductive step
RPN

qg>1 by hypothesis
|

Immersion Theorem 1.2 (Z — Q)

We have just built (Q, +q, *Q, <@> from (Z, +7, *7, <Z) .

As in Immersion Theorem 1.1 we will show that exist J; : Z — Q such that:
1. Jj is injective
2. Ji(z +z s) = Ji(2) +qg Ji(s) V2,8 €Z
3. Ji(z %z s) = Ji(2) *q Ji(s) Vz,s €Z

4. 2z <z s <= Ji(2) <@ Ji(s) Vz,s €Z

5. g€ WZ) <= Fz2€Z | q=][(2,1)]
6. g€ J1(J(N)) <= Jz€Z, 2>0 | qg=][(z1)]
Proof

Let z € Z, J1(2) == [(z,1)]

1. Ji(2) = Ji(s) <= [(z,1)] = [(5,1)] 22" 21 =51 L 2 =5

TE 1021 4 51, 11)]

()] + [(5,D)] = N1(2) +g Dils)

o

b

Ji(z %7 8) = (28, 1)] "2 [(2,1)] % (s, 1)] = Ji(2) g Ji(s)

1z < s 2221 < 51 2L [(2,1)) < [(5,1)] = Li(z) <g Li(s)
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5. It is immediate by definition of J;
6. It is immediate by definition of J in Immersion Theorem 1.1

Notational Remark 1.17

With a strong abuse of notations, henceforth we will denote J;(Z) C Q as Z C Q and
JI(JN) cQasNcCQ

So in the following Lemmas with n € N we denote a rational ¢ | ¢ = Ji(J(n))

Lemma 1.5 (Bernoulli)
g>1=VneN ¢ >1+(nx*x(¢g—1))
Proof
Let ri=¢q—1 = qg=1+r
We proceed by induction on n
e n=1
1+ =1+r=14+(rx1)
e Supposed for n we show it for n + 1
147" =0 +r)"*(147)
q" > 1+ nx*xr by inductive step
Then by theorem 1.39 (1 +7)"* > (1+ (nx*7))* (1+7) T3y 4 (n4+1)*r+nx*r
And since n * 72 >0 by theorem 1.38 (14+7)"t' > 14+ (n4+1) %7

|
Lemma 1.6 (Archimedean Property of Q)

Vp,g €Q, ¢>0= dneN | nxqg>p

Proof
Proofing this result we will proceed by steps

1. Vge@Q, ¢g>0 dneN such that n>gq:

e g>1

By proposition 1.37 ¢ = [(a,b)] with a >0
And hence both a,b >0

Then by corollary 1.11 = a > 1 and b > 1.

On the other hand

P.1.2
b>1 :>6 ab > a
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By corollary 1.12 (bb) > 0 And hence bb+ ab> bb+a > a.

Furthermore

bb+ab =T b(a+1) TEY (a+ Db = (a+1)b > al 2 [(a+1,1)] > [(a,b)]

And hence calling ng := [(a + 1, 1)]

=> ng >¢q and by Immersion Theorem 1.2 n, € N
e 0<g<1

Let p>1 then p>12> ¢ and from the point above :

T.1.
dn, such that n, >p L1395 ny > q

2. Vp,q €Q, g>0,p>0 = dn €N suchthat nxqg>p:

Let p,qg > 0.

By proposition 1.39 g ' >o0.

We define t := ¢! *png t>0

By the first step let n; € N such that ny >t

Then by proposition 1.38 ng*xqg>txq = ngxq>p
3. Vp,g €Q, ¢>0 = dneN suchthat n*xqg>p:

e p > 0 It follows by step 2.

e p<0
Let t := 1g. Then ¢ > 0 > p, and by step 2.
dn € N such that n*q>tTé§5n*q>p

Proposition 1.44

0<g<1l=Vr>0 dneN | ¢"<r

Proof
Let 0 <g<1

On one hand by lemma 1.6

In such that r>n"tx (g7t —1)7!

On the other hand by proposition 1.40 since ¢ < 1 = ¢~ ! > 1
Then by lemma 1.5 (¢ )" > 1+ (n*x (g1 —1)) > (n* (g = 1))

Furthermore by corollary 1.19
(@)= (¢!

Hence
(@)">mx(g ' =1) = (") >0 1)
140 <ntx(gt-1)"t<r
[ |
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1.3.1 Remarks and Complements

Remark 1.10 About arbitrary choices on Building Q

In the same way as the precedent section, we could avoid to define +q, *g, <g and all the
results holding for them, choosing an arbitrary couple (z, s) € Z x Z, of each equivalence

class .
Thus, for any g € Q we could select a privileged representant as follow:

1. Let g € Q
If (2,8) €q, (21,8) €q = 2=2 VseZ;=J(N)

2. Recalling definition of J as in Immersion Theorem 1.1,
we define CHg : Q — Z x Z as follows
CHg(q) := (24, J(ng)) where n, =min{n e N| 3z € Z s.t.(z,J(n)) € q}
and (zg, J(ng)) € ¢ (2, is unique by step 1)
Defining +q, *g, <@ on these representant we could prove all the results without arbitrary
choices

Thus arbitrary choices do not occur in building Q
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Chapter 2

Constructions of the Reals Numbers

Definition 2.1

Let F an Ordered Set!, AC F and v € F
v is an upper bound of A <= Va e A a <~

A is bounded above <= 3~ upper bound for A

Definition 2.2

Let F an Ordered Set, AC F, ~vye&F

. S1) 7 is upper bound for A
v is the Least Upper Bound of A <= . .
Sy) if 7; is upper bound for A = v <

We call v the L.U.B. of A and we denote it v = sup A

Remark 2.1
The L.U.B. (whenever it exists) is unique

Proof
Suppose 71,7 = sup A

Since F is an Ordered Set we have three options : vy <~ or <y or v=m

if 71 <y it’s a contradiction since
v = sup A and then if 71 is upper bound for A = vy <7

The same if we placed v <v; B

Definition 2.3

Let F an Ordered Set, A C F and v € F

1See definition of Ordered Set in Preliminary Set Theory notions
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~vis a lower bound of A <— Vae A y<a

A is bounded below <= 3+ lower bound for A

Definition 2.4

Let F an Ordered Set, AC F, ~y&€F

I;) # is lower bound for A

is the Great L Bound of A <=
715 Bhe ateat LOWEr BOuna o { Iy) if 7y is lower bound for A —= ~ >y

We call v the G.L.B. of A and we denote it v = inf A

Remark 2.2

The G.L.B. (whenever it exists) is unique

Proof
Look at remark 2.1 W

Definition 2.5

Let ACR
A is bounded above

A is bounded <=
5 botndae { A is bounded below

Definition 2.6

(a set R, +g, *g, <g ) is a Complete Ordered Field (COF)

if and only if satisfies the following properties:

(] (R, +R, *R, S]R) is an OF2

ACR,A#D

e (Ded) A bounded above = JveR | =sup A (y = inf A)
(A bounded below)

Aim of Chapter 2.
In this Chapter we show the following results:

Given an OF (Q, +0, *g, <@ ) there exists a model of COF (R, +r, *r, <p ) which
contains a copy of (Q, +q, *g, <g )

28ee definition 1.19
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Remark 2.3

We will arrive at this result in two different ways. Thus the two sections which divide
this Chapter are uncorrelated. We suggest the reader to do not read them sequentially,
but to read them in parallel noting as these different methods conduce to the same
results

2.1 Construction of R via Dedekind cuts

Notational Remark 2.1
In this Section we will denote

p+ogsimplyasp+q Vp,qg €Q
p *g q simply as pg Vp,q € Q

p<ggsimplyasp<q Vp,qg€Q
p<gpqsimplyasp<gq Vp,qeQ

Definition 2.7

Let TCQ,TH#0

T is a cut of Q <= T satisfy this two conditions
ec¢)) peT,q<p=q€eT
e ) peTlT = Jr>p and reT

Corollary 2.1

Let T cut of Q, g € Q
g¢T = q>p VpeT

Proof
If Apg € T with ¢ < py => q € T.
Butg¢ T W

Corollary 2.2

Let T cut of Q, ¢,p € Q
p¢T,q>p=q¢T

Proof
IquT%q<p, butg>p N
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Definition 2.8

Let ¢ € Q

¢ ={teQ|t<q}
Proposition 2.1
¢-isacutof Q Vge@Q

Proof

q—1<gq

0 }Zﬁq*C@mf#Q

° Lettéq*andh<tT':1'?$5h<q:>heq*

o Letteq”
Then ¢t < ¢ and using remark 1.8
Let h:=(q+t)2! = t<h<q= h>tand h € ¢

Remark 2.4

From Proposition 2.1 there follows that 0*, 1* are cuts of Q
Definition 2.9

R:={aCQ,a#0 | aisacut of Q}

Definition 2.10

Let a,0 € R
(a,8)y ={p+aq | p€a,qep}

Proposition 2.2
(O{7 B)-I— €R
Proof

e a,f#0=3p€a,qef
Hence p+q € (o, ) = (o, B) 4 # 0
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J a,ﬂ#Q:>3po§éa,qO¢ﬁc’=>2'lVpeapo>p7 Vge B q>q

=2 pota>ptg Vpea,qep

= po+q ¢ (,8)+ = (a,8)+ CQ

o Lletpe(a,B)y (p=a+bwitha€a,bef)andlet ¢<p
(g—a)<b=%5(¢g—a)€f

:>q€(04,5)+
1: ( *G)+GT.£26 +0T127 }

q<p=
+(g—a)

o Letpe (a,0)y = p=a+bwithac€a,bep
:2>Ela1€a, by € f with a<ay, b<b

= a1 +by>a+b=p and a1 + b € (o, f)+
|

Proposition 2.3

(Oé,ﬂ)_;_ - (67 Oé)+ ‘v’a,ﬁ S R

Proof
It comes immediately by the commutativity of sum in Q
|

Notational Remark 2.2

Let +r :={((, §), (@, B)4) | o, 0 €R}

It is easy to prove that +p is a binary inner operation® on R
+r: RxR — R

N 1
ey (@,8) — (a,B);

In view of proposition 2.3 the following theorem holds
Theorem 2.1
Oé—i-RB:ﬁ—i-ROé VO&,ﬁE R

Notational Remark 2.3
Henceforth we will denote o +x 3 simply as a+ 3 Va,3 € R

Theorem 2.2

a+(B+vy)=(a+p)+y Va,p,v €R

3See this definition in: A brief survey of elements of Set theory and Logic
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Proof

By Extensionality we have to show that
peat+(f+y)=pe (a+f)+y
é)
D.2.10
pea+(f+y) < p=attacate(f+7)

p=a+(b+c), aca,bef, cey
?1:>'26p:(a+b)+c
= pe(a+p)+y

)

We omit the proof since its method is the same as above W

Theorem 2.3

a+0 =a VaeR

Proof

By Extensionality we have to show that
pE a+0<=pe «

=)

Let pea+0"=p=a—+twitha€ a, cel*
Sincet<OT£9p:a+t<aé>p€a
=)

Let pe a
pEa==3rca|r>p=p—r €0*

p=r+({p-r)
u

}:>p€a+0*

Remark 2.5

Recalling Notational remark 1.17 with n € N and z € Z we refer to a rational g such
that ¢ € J1(J(N)) or ¢q=Ji(Z) respectively

Proposition 2.4

I. d3neN | nw ¢ «

2. dmeN | —nmw € a

3. dz€Z, —(m+1)<z<n-1 |
2w €, (z+ 1w ¢ o

aeR, weQ w>0=
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Proof

l.a#Q = Jy ¢a.
By Archimedean property of Q (Lemma 1.6)

dneN | nw>yc':>2'1 nw ¢ a.
2. dp € a.
Like above using lemma 1.6
dm e N such that mw > (—p)
— —mw<p== —mw € a
3. z:=(n— 1w
If zw € a we have done since (z + H)w = nw ¢ «
ifzwéd¢a=— z:=(n-2)
If zw € awe have done since (z+ 1w = (n— 1w ¢ «
fzw¢da= z:=(n-3)...
If we continued in this way for all =(m+1) <z<mn-—1
it will be a contradiction because surely

forz=—-(m+1) = (z+1)w=—mw € a.

Definition 2.11
Let a € R
a={peQ | IA>0]| —p—Ada}
Proposition 2.5

aeR
aeR = a+a=0"

IfyeR a+vy=0=y=a

—oz;é@:>§|q§éa(ﬁ>2q+l ¢«

Henceif p:=—(q+2) = —p—1¢da =pea= a#l
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— By contradiction a =Q = VqeQ FJA>0]| —¢—A ¢«
a#0) = Jaca

Let b:= —a
By hypothesis 3B >0 | —b—B¢aC':>2'1—b—B>a:>B<O
Contradiction

—Letpea, qg<p
pea=— 3JA>0]| —p—A¢a
Furthermorep—qZOT':L§8A+(p—q)2A>0T':1'?§5A+(p_q)>0
We define A; := A+ (p — q) and then
—q—A=—q-(A+(p—q)=-pr-A¢a
= 34, >0 —g-A¢aZgeca
—Letpea= JA>0]| —p—A¢a
Let A; := (2)7!'A and according to remark 1.8 we get
A <A and A1 >0
Defining ¢ :=p + A1 T£:)$8q>p and
—q—A1=-p-Ada
= J4; >0 with—q—AlgéaD%lqe&
e a+a=0":
By Extensionality p € a4+ a <= p € 0*
=)
Letpea, qepf

)

Let v e 0" = v < 02—y >0

Hence calling w := (2)~!(—v) by remark 1.8 we know that w > 0
Now by proposition 2.4

Let be z € Z with zw € a, (2 + 1)w ¢ .
z+lw=Ez+2w—-—w=—(—(2+2w) —w

Hence calling ¢ := —(z + 2)w

—q—w ¢a=— qEa

v = —2w T.L27 —2w+0 T

T3 —w(2+2)+ 2w =q+ 2w

With zw €, gea=zw+q=v €a+p0

1. T.1.26

® 0w+ (—2w + 2w) = (—2w — 2w) + 2w

e et yeR and a+vy=0*:
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T.2.

v="2 40" =y +(a+a) Z(y+a)+a=0"+a Z’a

An immediate corollary of proposition 2.5 is the following

Theorem 2.4

VaeR 3JlaeR such that a4+ a=0"

Definition 2.12

Let a € R we call “the opposite of a” the unique element & such that a 4+ (a) = 0*
given by theorem 2.4 and we denote a as —«

Proposition 2.6

Let o, € R

a=f<+=a+y=0+7 V7€ER
Proof

=)

By contradiction 3y € R | a+ 0 # 5+ 0
By Extensionality we have two options:

dpeat+y|pgf+tr or IpeB+rlpEato
Suppose the first one holds. Then

pEa—kvOgO Jda€a,dJceyw | p=a+c

Butsincca== a€f =pef+

Contradiction. Supposing the second one we will get a contradiction too
)

By contradiction o # 3 = # 6+ 0*

Contradiction
[ |

Definition 2.13

Let a, B € R
a<gf<= aCp

Corollary 2.3
1* >p 0*

84



Definition 2.14

Let a, B €R

a<gf<= a<fora=0p<+<= aCp
Notational Remark 2.4

Henceforth we will denote:

a<g fBsimplyasa<f Va,f €R
a<gfsimplyasa<pg Va,0 R

We will omit proofs of the following three theorems since they descend directly by
definitions 2.13 and 2.14

Theorem 2.5
a<a VaelR
Theorem 2.6
Let a, 0 € R
<«
a<p
Theorem 2.7
Let a,aq, 0 € R
a< o }
— a < o
ap < o

Theorem 2.8

Formulation 2.8.1

Va,8 € R one and only one of the following holds : a=3, a<pg, a>p

Proof

It is clear that at most one of the three relations holds for a couple «, 3

We will show that at least one of them holds.
Let o, 8 € R

Suppose that « # 8 <= a L for B L a
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o If a¢p
Then dp€a, p¢

Ifg>p ¢22 q ¢ 3 Contradiction since ¢ € 3

Let g € 0 = }:>q€a

fg<p=gqgeca

D.2.13
Hence 8 Ca =" <«

o If fZa

Repeating the same reasoning as above we get the opposite inequality

Then Vo, € R = a < [ or 8 <a and these are two disjoint options W

Formulation 2.8.2
Va, eR=a < or a<f

Proof

We omit the proof it is an immediate consequence of the first formulation of this theorem M

Theorem 2.9

Formulation 2.9.1
Let a, 0 € R
a<f<<=a+y<pf+7y VyeR

Proof

:})

letpca+y= p=a+c withaca, cey
aCfl=acef= p=a+c withaef, cey

= peEf+y

)

Using what we said above we call o := (a + 7), B1:=(B+7)

a1+ (=) <+ (=) = (a+7)+ (=) < (B+7)+ (=)

Eat (1 (1) <6+ G+ ()

124 +0" < B+0" £23 < 3

[ |
Formulation 2.9.2

Let a, 0 € R
a<lf<=a+y<pB+y VyeR
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Proof

It comes immediately by formulation above and using proposition 2.6 H

Corollary 2.4

Let « € R
a>0—= —a<0*
a< 0 = —a>0"

Proof

. a>0*g>9a+(—oz)>0*+(—a)g>40*>0*+(—o¢)¥>30*>—a

. oz<0*1é>goz+(—oz)<0*+(—a)1é>40*<0*+(—a)¥>30*<—oz

Proposition 2.7

—(a+f)=(-a)+(=F) Va0 eR

Proof

(a+8) + (—a) + (=0) "2 (a+8) + (=B) + (—a)
2 ad (B4 (=B)+(—a) "2 a4 0"+ (—a)
T.2.3 T.2.4

=a+(—a) =0

Hence (—a) + (—f3) is the opposite of a +  and for uniqueness given by theorem 2.4 we get
the thesis
|

Proposition 2.8

Let « € R
a>0"<«<—0ca

Proof

=)

lea=>2ifg<0= gca+= VYqe0* = qca

=)

Bycontradiction0¢ac':>2'1p<0 Vpea<=Vpea, pecol*

Contradiction since o« D 0*
[ |
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Proposition 2.9

Let « € R

a>0"<«= dJAcaand A>0
Proof

=)

a>0" 22 0ca=23JAcaand A>0
=)

3A€aandA>Oé>O€aP%§a>0*
[ ]

Proposition 2.9 guarantees that the following definition is well posed

Definition 2.15

Let a, 6 > 0*
(,3)s ={peQ | JA€ca,A>0, Befp,B>0|p<AB}

Proposition 2.10

Let a,f > 0" = (o, ). €R

Proof

e Trivially 0 € (o, 3). and furthermore since o, 5 € R
Jya ¢, w €8 = Ya,yp >0 since0€a and 0€f
q:=yayp = q ¢ (o, 8)x = (., 8)» CQ

o Letpe (a,f)« and let t < p
p€(a,f)y=—= JAca,A>0, Befp,B>0|p<AB

T':L?$5t<AB:>t€(a,ﬁ)*

o Letpc(a,8)y=— I3Aca,A>0, BefB,B>0|p<AB
A€o, Bef hence applying co we find
A1 >A, Ai€a and By >B, Bieg
Then p < AB < A1B; = (AB) > p and (AB) € (¢, §)«
[

Proposition 2.11
(o, 8)s = (B,a) Va,B > 0x
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Proof

It comes immediately by commutativity of product in Q H

Proposition 2.12

(Oé, (ﬁaV)*)* = ((Oé,ﬁ)*,”)/)* Va,ﬁ,’y > 0%

Proof

It is trivial
[ |

Definition 2.16

Let a, B €R
0* if « =0%or B =0*
(o, B)« if > 0% 0> 0"
axg 3:=4¢ (—a,—0). if a <00 <0

—((=a,8).) fa<07,0>0
—((o,=p).) fa>0%8<0

Notational Remark 2.5
Henceforth we will denote:

ax*xg B simply asax( Va,0 €R

Theorem 2.10

Formulation 2.10.1

Let a, 0 € R
a>0"0>0 = ax3>0"
Proof
We show in the first point of proposition 2.10 that 0 € («, ) 228 (a, B)s > 0*
]

Formulation 2.10.2
Let a, 8 €R
a>0", >0 = axf>0"

Proof
a>0"% >0 = axp>0"

a=0" or p[=0¢ :>a*5D216

0" |
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Theorem 2.11
axf=0Fxa Va,feER
Proof
e o =0"or f=0% ok

e o> 0" 3> 0* follows by proposition 2.11

e o < 0% 3 < 0" follows by proposition 2.11

a<0*8>0*
8P —((—a,8).) TE ~((8,-a),) "E Ba

a > 0%, 8 < 0* like above

Proposition 2.13

ax(=f) = (—a)xf=—(a*f) Va,3 cR

Proof

o (¥ = 0*
Nothing to prove
e a>0*
— [ =0* nothing to prove
- B>0"
o x (—B) D.2.16 -
On the other hand (—a) *
- B <0*
(a*3) D216 —(ax(=P)) = —(axp)=ax(—=P)
On the other hand
(—a)* BVEC (—(~a) * (-B) = ax(-H)

o o< 0*

) = ~(axf)
P2 (—(~) * B) = ~(axB)

The proof is equal as the case o > 0*
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Theorem 2.12

*(Bx7)=(axP)xy Va,f,7 €R

Proof

e a=0" or B=0"or v=0*
nothing to prove

o o> 0*

— 3> 0%, v > 0*
look at proposition 2.12

— 6> 07, v < 0*
D.2.16

By PEC (8% (—))

Defining § := (3% (—7)) = ax(Bx7) = ax(—(8*(—7))) = ax(=4) P.2:13 —(ax0)
On the other hand

(ax B) kv " —((axB) % (=) "EZ ~(ax (8% (=) = —(a*0)

— B < 0¥, v > 0*
The proof is the same ,just use theorem 2.1 with (5 * )
— B < 0%, v < 0*
Bey "2 (=8) x (=)
Then ax (B 7y) = ax((=0) * (=) =" (a*(=0)) * (=)
On the other hand
(ax8) "E" —(ax (-p)

D.2.16

= (axB)xy "E (—(ax (=0)) * (—7))
Defining —§ := (a * (—f3)) we get
(axB) %y = (—0)* (=) " Z° —((—8) *7)
= —((ax (=0) x7) "E? (ax (=B)) * (—7)
o o< 0*

The proof is the same as o > 0*

Theorem 2.13

ax*xl* =« YVa € R
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Proof

e a=0*
Nothing to prove

e o> 0"
By Extensionality we will show that p € a*x1* <= p € «

=)

Let pe ax1*

peEaxl*=— JAca,A>0, Be1*", B>0|p< AB o
B<1P’:1’:§8AB<AT':1'§5p<A }:>p€a
)

Let pe o

Applying two times co let ri >r>p ri,r € «

Sincea>0*12§5|q>0, gea=2 3¢ >q q€a

q1 it g1 >m
m = )

1 if g <nr
Thenm >0, m>r, m>q
Now a few of considerations:

T.1.31 r T‘£32 r(mm_l) T.;SO (T

On one hand » =" rl m~Ym

On the other hand 7 < m =2 rm—1 <1 — (rm~1) € 1*

And hence calling A :=m, B := (rm~!) then
JA€a, A>0, Bel*B>0andp< AB=—pcaxl*

o o< 0*
2.16
_(_

ax1*PZ a,1*) = —(—a) =«
|

Definition 2.17

Let o > 0*
§a={p€eQ | IR¢a | pR<1}

Proposition 2.14
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(e €R

e >0
a>0 =
axé, =17
ifyeR, v>0" axy=1"=v=4§
Proof
o (L ER:

~a#£Q = JA¢
0=04 <1=0€& =& #0
—a#Q = FA ¢ aand A > 0(since 0 € )
Then by theorem 1.28 JAland AA™! =1 = A1 ¢¢,
~ Letpeé, (GR¢ a|pR<1)andlet ¢ <p
SinceR>0P':1'?$8qR<pR<1:> q €&
Let peéy (AR¢a | pR<1)
Since R>0, pR<1 = p< R7!
Then if we define 7 := (p + R71)27 !, by remark 1.8 p<r < R}

Then rR<1 = r €&,

o &, > 0%

VR>0,R¢a RO=0<1=> 0€f e8¢, >0
o axé,=1%:

By Extensionality p € ax§, <= p € 1*

:})

Letpeaxé, —= JA€ca,A>0, Be,B>0|p<AB

Beé, 2 3R¢a| BR <1

Ré¢a 2 A<R=— AB<RB=—=p<AB<RB <1 2L p<c1= pe1*

)

Let pe 1*

Iftp <O

o > 0%, a> 0" %’a*ga >O*}i§0€a*faé>p€a*§a
Hence suppose 0 <p <1

This part of the proof is quite long and we proceed by steps*:

“There is another way to prove this result which uses directly Archimedean property of Q(Lemma
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1. 3C ¢ o such that (pC) € a:

On one hand

aCQ = 3q¢a

. P.1.39
¢g>0 since 0ca =" ¢ 1>0

On the other hand
a > 0* Pg? dreaandr >0

Hence r¢~! >0 and by proposition 1.44 since p < 1
IJmeN | p"<rg! = pPg<r=pqca
Now let k1 := pg = p'q
If k1 € o we have done since g ¢ «
if ki ¢ a = kg := pky = pq

If k2 € awe have done since k; ¢ «

If kg ¢ « = k3 := pka = p3q. ..

If we continued in this way until defining k1 := p™ g

it will be a contradiction since surely k,, = p™q € «
Hence 3n | p*¢¢a and p"tlg=ppqca
Hence calling C' := p™q we get the thesis
2. 3JA€a, A>0 | pAl<Ct:
pCea=3JAca | A>pC
Since pC >0 = A > 0 And hence we get the thesis
3. AB€&,, B>0 suchthat p< AB:
Recalling remark 1.8 let B | pA™' < B< (™!
;4:00 = A0 }T':l‘?ﬁgpA1>0:> B>0

On one hand
B<C'= BCO<1"2"Bec¢, sinceC¢a

On the other hand

pA~-l < B 2, - AB

Hence by definition 2.15 p € ax&,

e YER, 7> 0% axy=1"=v=4,:

T.2.13 . T.2.12 . T.2.13
S yx 1 =gx(axy) =" (yxa)xa=1"%&, =" &,

1.6) and does not use Powers. Although we use Powers of rational numbers, it is essentially the same
since in the following proof we will proposition 1.44 proved by Bernoulli’s Lemma(Lemma 1.5) that we
have proved through Archimedean Property of Q. To understand this alternative way we recommend
to see [Lal] and [SD1]
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Definition 2.18

Let a #£ 0%

- ::{ £ if o > 0*
—(¢.,) ifa<0F

Proposition 2.15

a>0"= a!>0"
a< 0= a <0

2. P.2.14
a>0" ="l =¢, =76, > 0"

24 P.2.14 24
a<0f S g >0 2 g,a>0*cz>—(§,a)<0* [ |

Theorem 2.14

VaeR, a#0", 3Ila'eR suchthat axa'=1*

Proof
e a>0F
axa—1PE8, £ P2.14 1,
o a<0F
aral = —ax(—(=€a)) = —a* g P214
|

Proposition 2.16
ax(B+y)=axf+axy Ya>0*"3>0"~y>0"

Proof
We will show that p € ax (f+7) <= pEaxf+ax*xy

é)
Letpe ax(f+7) < FA€ca,A>0, Ke(f+v),K>0and p<AK.
Ke(f+vy)«< K=b+c¢, bef, cey

Since 8> 0* 22) 3B ¢ fand B > 0
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b ifb>B
B ifB>b
Then Bl>0, B >b

We define By := {

Repeating the same reasoning for v we defined ¢ and then
ABy € ax[3, ACT € ax7, p < ABy + AC}

Letq::p—AClTé'%qSABl% qEaxf
HencepT';wp—{—OTégsp%—(—AC’1+A01)TéQGq—{—AC’l = peaxf+axy

ad,

Let pe axf+a*xy < p=H+ K with H € axj, Keaxy
Since He€ axf — dAca, A>0, Bef,B>0and H<AB
Repeating the same reasoning for K we get:

p=H+ K< AB+ AC

T A(B+C) with A€ a,A>0, (B+C)e(B+7),(B+C)>0

2 p e ax(8+7)

Theorem 2.15

ax(B+y)=axf+axy Ya,f,7y €R

Proof

e a=0" or =0 or ~=0"
Nothing to prove

e o> 0*

—(B+7)=0" = ax(f+7)=0

By proposition 2.6 8= —vy

axB=ax(=y) " E ~(axy)

And then we got the result
- (B+7) >0 ~<O0* (B> 0*since if B<0*= (B+7) <0%
Let B1:=(B+7), m:=—v
51>0*,’Yl>0*Pé1>604*(/31+’)’1):04*51-1-04*71

On the other hand

ax(fi+y)=axf and axy =ax*(—7)
And then
a*(ﬁ—}—y)—(a*y):a*ﬁlg;a*(ﬂ—l-’y):a*ﬁ—i—a*'y

P.2.13
=" —(axy)
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(B+7)>0% <0

The proof is the same as the point just above

(B+7) <0 ~>0* (B < 0* because if > 0" = (B+~) > 0*)

Let 81 :=—(B+7)

61>O*,7>O*Pé1>6a*(61+7):a*ﬂ1+a*fy

On one hand

ax(Bi+m)=ax(=8) " E ~(axp)

On the other hand

axBr=ax(=(B+7) " E —(ax(B+7))
Hence

—(ax (B+7)) + (x7) = —(axf)

P.2.6 ) P27

= —(a*(B+7)) =—(axp)— (axy
(B+v) <0, B>0"

The proof is the same as the point just above

o o< 0*

The proof is the same as the case a > 0*

Theorem 2.16 (Least Upper Bound Property)

Proof

ACR, A#0
A bounded above

Yi=Useaa={peQ | JacAd | pca}

e YyER:

A#+) = Jae A
a€R = dpea

A bounded above 22 38 upper bound of A

((axB) + (7))

}:>EI v =sup A

}:>3p67:>77é(2)

Hence by definition 2.1 Vae A = a < j 2L, cp

On the other hand

BCQ= Fy¢pf=yda VaceAdA= y¢y= 7#Q

Letpery, q<p

pey = JacA suchthat pca=>qgeca = gev

— Let pevy= da € A such that pea%3r>p, rea = r>p,
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e S1) ~ isan upper bound for A:
It ’s clear that
Vae A, ifpeca=pey=VacAd = a<y
e S3) If vy is upper bound for A = v <;:
Suppose 1 <7 <= N Cy < 3Ipey, pEm
Now pey = da€ A suchthat pe«

D.2.13
dpea, p¢ym —= NCa ="a<m

But this is a contradiction since 1 is an upper bound for A

2.2 Construction of R via Rational Cauchy sequences

This section will be as rigorous as the precedent one,but we will omit the proofs of many
propositions, corollary and theorems. Anyway this sections will builds, step by step, the
Real Numbers system as precisely as the precedent ones.

It would be a good exercise proving all the results
Notational Remark 2.6
In this Section we will denote

p+ogsimplyasp+q Vp,qg €Q
p*q g simply as pg Vp,q €Q

p<ggsimplyasp<q Vp,qg€Q
p<gpqsimplyasp<gq Vp,qeQ

Definition 2.19

Let p e Q

Iplo = p Ifp>0
Plo = —p Ifp<O

Proposition 2.17

The following properties holds

‘p‘QZO VpeQ

|plg=0+=p=0

lp+alg <Iplp+laly Vp,q €Q

Ipgly = Iplglaly VP, €Q
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Definition 2.20

A sequence in Qis a function f: N — Q
And we denote it as { fn }neN

Remark 2.6

We recommend the reader not confusing { fn }neN which is a set in N x Q
with {f, | n € N} which is a set Q

Definition 2.21

Let {an }neN sequence in Q
{an }neN is a Cauchy sequence in Q <= Vr >0dn € N such that

lar, — am o <7 Vkm>n

Definition 2.22

Let g € Q
Let f, :=={(n,q) | n € N}.

Then f, is a sequence in Q and we denote it as C(q)

Definition 2.23

Qcs = {{ ay, }neN | {an }neN is a Cauchy sequence in Q }
Qcs #0  since C(q) € Qes Vg eQ

We define an equivalence relation on Q¢ in this way:

Let {an }neN’{b" }neN € Qcs
{a"}nENE{bn}neN <—VreQr>0 dneN such that
la, —brlg<r Vk>n

It easy to verify that = is an equivalence relation on Q¢s.
Definition 2.24

R — Qcs

Definition 2.25

Let {an }neN sequence in Q
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{an}neN is Bounded in Q <= IK € Q, K >0 | |an|[p <K VneN
Proposition 2.18

Let {an }neN € Qcs = {an }neN is Bounded in Q

Proposition 2.19

Let { n }n6N7 { b” }neN’ { A" }nEN’ { B" }nEN < QCS

( {an +bu}, o {An + B}, € Qos
{an + bn}neN = {An + Bn}nEN

{ an }nEN = { An }neN } — {a" b”}neN’ {A” B”}neN € ch

{ bn }neN = { By }nGN {a" b”}neN = {A" Bn}neN

{ —ap, }nGN’ { _An }nEN S QCS
\ { —0n }neN = { _An }nEN

In virtue of proposition 2.19 the following definitions are well posed

Definition 2.26

Let o, € R
o atp = [{an + bn}neN] where {an }neN € « and {bn }neN ep
o axgf:=[{a, + bn}neN] where { a, }nGN € aand {b, }neN €p

Notational Remark 2.7
Henceforth we will denote

a+r(asa+ 5
axg 3 as ax

Theorem 2.17

a+pB=pF+a Va,feR

Theorem 2.18

a+B+y)=(@+0)+v Va,6,7y €R

Definition 2.27
0 := [C(0)]
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Theorem 2.19

Theorem 2.20

a+0=a VaeclR

VaoeR J!'feR suchthat a+5=0

Theorem 2.21

axf=p0xa Va,fe€R

Theorem 2.22

ax (Bxy) = (axpB)*y

Theorem 2.23

Va,B8,7v € R

ax(B+y)=axf+axy Ya,f,7v €R

Definition 2.28
1:=[C(1)]

Theorem 2.24

Proposition 2.20

axl =«

Let {an }nEN € @Csa {an }neN ¢ 0

Then exists {En }neN such that

Theorem 2.25

VaeR, a+#0,

n

({an},c
(@)

a, #0

\ {an ’ (an

JlateR
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such that axa'=1



Definition 2.29

Let {an }neN € Qcs
° {an }neN is Definetely negative (Dn) <=3¢€ Q,¢<0, dneN |

o {an} _\ is Definetely positive (Dp) <= { —a, },_ isDn

Proposition 2.21

Let {an }neN € Qcs
One and only one of the following statements holds:

o {an, }neN €0
¢ {n} e 18 Dp
e {an}, . isDn
Proposition 2.22
Let c € R, a# 0
e If3{a,} € {an},  Dp = V{b.} €a {bu},  isDp

° Ifﬂ{an}neNea, {an}neN Dn — V{bn}neNea {bn}neN is Dn

In virtue of proposition 2.22 the following definition is well posed

Definition 2.30
Let a, 0 € R
a<p [ << El{an}neNE a—0 | {an}neN is Dn

Definition 2.31

Let a, 0 € R

a<pf <<= a<gfor a=0
Notational Remark 2.8
Henceforth we will denote

a<gfasa<f
a<gfasa<f

102



Theorem 2.26

Theorem 2.27

Theorem 2.28

Theorem 2.29

Formulation 2.29.1

a<a Va el

<«

a<pj

a <o
— a < o

a1 < Qo

Va,8 € R one and only one of the following holds : o« = 3,

Formulation 2.29.2

Theorem 2.30

Formulation 2.30.1

Formulation 2.30.2

Theorem 2.31

Formulation 2.31.1
Let a, 0 € R

Formulation 2.31.2
Let o, € R

Va,f eR=a < or a<pf

a>0,0>0 = axf>0

a>0,>20 = axp>0

a<f<<=a+y<pf+7 VyeR

a<f<=a+y7y<pB+7 VyeR
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Theorem 2.32 (Least Upper Bound Property)

ACR, A#0

— 3 y=supd
A bounded above

Proof
We divide this proof in eight steps

1. A0 = JacA

P.2.18 |

Let {an} y€a = IKeQK >0 lanlg <K VneN

On the other hand according to definition 2.23 used with e =1
If{bn}neNE{an}neN:ElNeN ] \bn—an|Q§1 Vn>N
= INeN [ —|by —anlg>-1 Vn=>=N
Hence by, > —|bnlg > —[bn —anlp—lanlg>2—-(1+K) VR>N
Hence b, >—-(14K) Vn>N= b, +(K+2)>1 Vn>N
= b, +(K+2)> (27" Vn>N

D239 {bn + (K + 2)}n€N is Dp

2280 Calling L= —(K +2) a> [C(L)]

2. 3U €Q | [C(U)]is upper bound for A:

A is bounded above = 33 upper bound for A

As we did in the first step of this proof

we can find U | [C(U)] > = [C(U)]is upper bound for A
3. Recalling Remark 1.8 we define m(a,b) := (a +b)-27! Va,b € Q

According to Remark 1.1 let us apply Recursion Theorem (Lemma 1.2) with:

Vi=(Q@xQ) wu:=(LU)and

((a.5)) (a,m(a,b)) If C(m(a,b)) is an upper bound for A
a,b)) = )

g (m(a,b),b) Otherwise
Ryu(1)=u
Ryu(k+1) = g(Rgu(k)) VkeN

Let pl(aab) =6 pQ(CL, b) =b \V/((l, b) € Q X Q

Then 3! Ryu:N — V| {

4. Define {ln }nEN’ { U }nEN sequences in QQ as follows:
I, =pi(Rg,a(n)) VneN, wu, :=p(Rga(n)) VneN
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{ ln }HEN, { un }nEN 6 QCS

Let v := (3 up
{ w, }neN _ { ln }nEN } - Y [{ }nEN]

S1) v is an upper bound for A

6. v satisfies )
Sy) If ; is upper bound for A = v >~

Immersion Theorem 2.1

We have just built a COF (R, +Rr, *r, <R ) from an OF <Q, +0, *@, <0 ) in two
different ways.

As in Immersion Theorem 1.2 there exists Jo : @ — R such that

1. Jy is injective

2. Jo(q +q p) = Jao(q) +r J(p) Vg,p €Q

3. Ja(q *xg p) = Jao(q) #r J(p) Vgp €Q

4.9 <gp = hlg) <g L) V¢peQ
Proof

According to which construction of R we use Jy can be defined as 2 =1
Ja(q) = [C(g)]
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Chapter 3

Complete Ordered Fields (COF) and
the Real Numbers

3.1 Axioms of a COF

In this chapter we change point of view. A COF R is given in an axiomatic way. Sixteen
theorems we proved in previous chapter for a COF, now they hold as axioms. This kind
of approach, to the real numbers, is the standard didactic one. In this chapter, one of
the main scopes is finding copies of a Peano System N, OID Z, OF Q, as proper subsets
of R. Further we will explore other structural properties of a COF and of their subset.
In final we prove isomorphism between two COF.

Remark 3.1

Recalling definition 2.6 a COF (R, +, *, < ) satisfies the following algebraic proprieties:
s1 rx4+y=y+x Vr,yeR

s rz+(y+z2)=@+y)+z Va,y,z €R

s3 J0€eR | z4+0=2 VzeR

s VereR JyeR | z+y=0

P rxy=y*xr Ve,yeR

pe xx(yxz)=(rxy)*xz Vr,y,2z €ER

p3 Jd1ER,1#0 xxl==x VreR

pe Ve eR,z#£0, JyeR,y#0 | zxy=1

sp xx(y+z)=zxy+axxz Vryz €R
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00 <z VzeR

If x<y B
= Ify<zx vy
If x<y
03 — <z
Ify<z

o Ve,yeR x<yor y<z

so Letx,yeR
r<y<=—=zr+z<y+z VzeR

po x>0,y>0 = zxy>0

Remark 3.2

Suppose property p3 of a COF R changed in:
J1eR xzxl==x VreR

Then let R a set with one element
r+x:=x VreR

rxxr:=x VreR
r<y<<=xr=y Vzr,y €R

= (R, +, *, <) is a COF

Hence condition 1 # 0 is necessary to obtain non banal COF

Notational Remark 3.1
In this Chapter with R we denote a COF

Proposition 3.1

eletreR=—= I —zeR | z+(—2)=0

eletzeR, 2#0 = FlzteR | zxazt=1

Proof

e Let y, z which satisfy s4 for x
222402 24 (@+y) 2 (z42)+y=0+y 2y

e Let y,z # 0 which satisfy ps for x

222*1@2*(1‘*@2(Z*x)*y:l*yléy
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Notational Remark 3.2
Let z € R
We denote the only y | z+y=0 as —z (“The opposite of z”)

Let t e R, x #0
We denote theonlyy | z*xy=1 asz™' (“The inverse of z”)

An immediate consequence of the algebraic properties of R is the following

Corollary 3.1

Definition 3.1
Let z,y € R
r<y<= <y and x#y

Properties which involve < are reformulated with < in the following proposition

Proposition 3.2

o0, xz<£x VYreR
0o x<y or y<r==x#y

T <
03 — T < T2
1 < Ty

o4 Vz,y € R one and only one of the following holds :
r<y, y<z, r=1y

so Letx,y €R
r<y<=ar+z<y+z VzeR

po >0y>0 = zxy>0
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Remark 3.3

Recalling definitions 2.1, 2.2, 2.3, 2.4, 2.5 and recalling remarks 2.1, 2.2

e let ACRand z€R
z is an upper bound of A <—= Vxr € A <z

e Let ACR
A is bounded above <= 3z upper bound for A

e Let ACR, A bounded above, ~v€R

. S1 7y is upper bound for A
v is the least upper bound of A <= . .
Sy if ; is upper bound for A = v <y,

We call v the L.U.B. of A and we denote it v = sup A
e The L.U.B. (whenever it exists) is unique

e et ACRand z€eR
zisalower bound of A < Vx e A z<z

e et ACR
A is bounded below <= 3z lower bound for A

e let ACR, 7€R

] I) ~ is lower bound for A
v is the Great Lower Bound of A <= . .
I,) if v is lower bound for A = ~v >

We call v the G.L.B. of A and we denote it v = inf A
e The G.L.B. (whenever it exists) is unique

e let ACR
A is bounded above

A
is bounded <— { A is bounded below

Remark 3.4

Recalling definition 2.6 the following property is the last one which holds in COF R
ACR,A#0D

Ded A bounded above — dy€R | y=sup A (y=inf A)
(A bounded below)

An immediate corollary of Ded is the following

109



Corollary 3.2

ACR,A#0D
A bounded above ) = Jy€ A | supA—z<y
x>0

Proof
Let y=sup A
By contradiction suppose that
~ — x is an upper bound for A

VpeA v—z>p = = y—x =sup A
Y-z <7y

Contradiction M

Proposition 3.3
Let re R = xx0=0%xz=0

Proof
2502 2% (0+0)Z2%x0+z%0

Then by s3 x0=0 N
Proposition 3.4
Letz € R = —x=(—1)xx

Proof

et (D) *2) Blaz+((—1)*2) Zasx(1-1)Zzx0"2

0
Then by proposition 3.1 (—=1)*xzx=—x R

Proposition 3.5
Let x,y € R = —(vxy) = (—x)xy=1xx(—y)

Proof
(@xy)+((—2)xy) "2 (@xy) + (~1)*2) %) B (2xy) + (~1)* (xxy)) 2! (xxy) — (@xy)
Then by proposition 3.1 we get the thesis B

Proposition 3.6

Let 2,y € R = z*xy=(—x)*(—y)

110



Proof

(=) * (=) — (@ y) "2 ((=2) * (=) + ((—2) % y) Z (—2) * (~y +3) 2 (~x)

Then by proposition 3.1 we get the thesis B

Corollary 3.3
Let 2 #0 = 2?2 =% >0

Proof

By 04 we have to cases for x

e >0 zxz>0
3.1 P.3.
o x<OCZ3>—a:>O£>O<(—x)*(—x) 20 v
|

Corollary 3.4
1>0

Proof
Since 12 = 1. By corollary 3.3 we get the thesis W

Corollary 3.5
VreR r+1 >z

Proof
By corollary 3.4 1>0 =2>z4+1>24+0Z2z H

Proposition 3.7
—r—y=—(r+y) Vr,y €R

Proof

@ty +(—z—yZ2z+@+(—z-y)Z2a+((y—2)—y) 2+ ((-z+y) —y)

Frt(crt(y-y) et (-r+0)Re—r20

Then by proposition 3.1 we get the thesis B
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3.2 Naturals, Integers and Rational Numbers of a COF

Remark 3.5

In this section we are going to show that in a COF there exist models of N, Z, Q as
proper subsets.

In this section we define our copy of N using the structural axiom Ded of R but it would
not be a necessary property. To understand necessary properties to have a model of the
Natural Numbers as a proper subset and for a simpler way to define copies of Naturals
Numbers see Appendix A.

Definition 3.2

N C R has the “property C.” if and only if satisfies
n 1leN

ngo VeeN zx>1

ns N is bounded above (Then by Ded 3 sup V)

ng t €N, t <supN —= z+1 € N

M:={N CR | N has the “property C.” }

Proposition 3.8

supN € N
Let N e 1 = Calling N N U {(sup V) + 1} N eNn
= —
amme wHp sup Ny = (supN) + 1
Proof
Let n:=sup N

According to na we have two cases

e ne N

—Ifn=1= ne N

—Ifn>1

By contradiction n ¢ N
By corollary 3.2 JzeN | n—-1<zxz<n

Then x <n but x +1¢ N Contradiction since N € 0
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e NieM

It is obvious

|
Definition 3.3
Ng:={zeR | INeN | z=supN}

Theorem 3.1
Let f(xr):=x+1 Vx€R. Let 0 := f|NR

Recalling Peano System (definition 1.1) we have the following result

(Ng, 1, 0) is a Peano System

Proof
We have to prove the following five properties
(1) 1 € Ng:
Let A:={1} = AeM, =supA = 1€ Ng

(ii) n € Ng = o(n) € Ng:

It comes immediately by second result of proposition 3.8.

(iii) 1 ¢ o(Ng):
r+l=1<=2=0butVNeN, 0¢ N= n+1#1 VYneNy

(iv) o is injective: It is obvious

(v) Induction property:
By contradiction 3A CNg, withle A, re A= z+1 €A
Thus INeN | supN ¢ A
Now let n :=sup N B:=ANN

e B satisfies ni, no, ng
e B is bounded above and since BC N = supB=:b<n
r<b= r<n=—=gz+1€N

letzeB, r<b— — xz+1€B
reEA=—=zx+1€A

Then B € M =28 b € B and since n¢ A= b<n Then

b<n=%b+1€eN
— b+1€B
beB=—bcA=—5b+1cA

Contradiction since b = sup B
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Remark 3.6

To build a Peano Ring!, in Section 1.1, through Recursion Theorem (Lemma 1.2), we
constructed suitable inner operations for N.

Now defining them as subsets of R, theorems proofed in Chapter 1. are given as Axioms
of R.

Now, the only thing we should prove is that operations +, *, restricted at Nz, are inner
operations. We will omit these results since they are immediate by Induction
An immediate corollary is the following:

Theorem 3.2

(Ng, +, *, <) is a Peano Ring

Now we are going to see some structural properties of Nz as a subset of a COF R

Proposition 3.9

k#1 = 3leNg | n=1+1 VkeNg

Proof
By contradiction 3k € Ng — {1} | k#n+1 VneNg

Let A:={n€Ngr | n#k}
e 14k = 1€ A

e m#k=—>m+ 1%k by hypothesis on k i.e.
meA=m+1cA

Then by Induction property A = Ngp

Contradiction since k ¢ A
[ ]

An immediate of proposition 3.9 is the following:

Corollary 3.6

k>1= k—1>1 VkeNy

ISee definition 1.2
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Proposition 3.10

n>m = n—m €Ng Vn,m € Np

Proof
Fixn € Ng andlet A:={m € Ng | n>m = n—m € Ng}

e Let neNg,n>1

neNg 228 3N em | n=supN

o — {zeN |1>z>n—-1}#0
n>12n 1>1

Let Ny:={zeN |1>z>n—-1}

. . Nl 6 ‘ﬁ D.3.3
It is not difficult to prove that = n—-1eNg=1€4
supNi=n-—1

e Suppose m € Aandn>m+1

A
1) n>m+1-2n>m2n—m eNg

D.33 ’

= dNeMNn n—m=sup N

2) n>m+1=n—-—m>1

Hence putting together 1) and 2) by corollary 3.6 n—m—1 >1
Then {zeN | 1>x>n—m—1} £

and repeat the same reasoning as the first point we get the thesis

Then by Induction A = Ng
|

An immediate consequence of proposition 3.10 is the following
Proposition 3.11

r € Ngp

—r=n+1 VneN
n<x§n+1} R

Proof

It is immediate by Induction on n W
Proposition 3.12 (Archimedean property of R)
Ve,y € R, x>0 = dneNg | nxzx>y

Proof
Let x >0
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X :={nxx|neNg}

By contradiction 3y upper bound for X Led 54 = sup X

By corollary 3.2 Idmxz e X | a—z<m=xz
Then by so o <m*z+m=(m+1)xzx

Contradiction since « is an upper bound for X W

Remark 3.7

In Chapter 1. we constructed Z and QQ with suitable inner operations and order relations

for them.

Now defining them as subsets of R, theorems proofed in Chapter 1. are given as Axioms
of R.

Moreover we decided for two special elements ,as in Z as in QQ, and we proved they were

neutral elements for the operations defined.

Now 0, 1 are given like neutral elements for R.

Thus in this section we have to show that the operations +, *, restricted at Z, QQ, are
inner operations for them and also that 0,1 € Z and since Z C Q = 0,1 € Q

Definition 3.4

Zr :={x€R | In,m € Ng such that == (n—m)}

Definition 3.5

Zh ={zx€Zr | x>0}

Proposition 3.13

Zy, satisfies these properties

Proof

Yy €Elr = v+yY €~Lg
0€Zr

rTE€ELr — —x €Lr
r,y €Ly — xxy € Ly

Ngr C Zg. In particular Ng = Z}
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e Letz,y €Zr = z=(n—-m), y=(k—-1) n,mkl €Ng

z+y=m-m+E&-0DZn+(-m+k-0)Zn+((-m+k) -1

Zn+((k-=m)—1)Zn+(k+(-m—1)
2 (ntk)+(—m—1) "2 (n k) — (m+1)

And since (n + k), (m +1) € N we get the thesis
o Just take n =m

e Letx €Zr = x=(n—m)
Then by proposition 3.7 —z=—(n—m)=-n+m2Zm-—n = —x €Zg

e letz,y €Zr = z=(n—-m), y=(k—-1) n,mkl €Ng

sty =m-m)x(k-0)Zm-—m)xk+n—m)x(=0)"Z (n—m)xk — ((n—m)=xl)
L (nxk+(—m)*k) —(n*l—i—(—m)*l)Péﬁn*k—(m*k) —(nxl —(m=x1))

+(m=xl) — ((m*k) + (nxl))
+ (m 1)), (m*k) + (nxl)) € Ng we got the thesis

T.3.1{ k+1 € Ng

o Let ke Np = = k=(k+1)-1cZgr

Furthermoreif ke Ngp —= k>1 —= k>0

Let z € Zj, => 3n,m €Ng | z=(n—m)

P.3.10
z>0=n-m>0 = n—m €Ny

|
An immediate corollary of proposition 3.13 is the following:

Theorem 3.3

(Zg, +, *, <) is an Ordered Integrity Domain?

Proposition 3.14

xxy #£0
1, -1

Let v,y #0 = . B
(zxy)" =27 xy

Proof

28ee definition 1.8
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o rxy#0
Sincez #0=32<0 or >0

Thus it’s the same for y and then there are four cases
- x,y >0£>x*y>0
-,y <0C':>3'1—3:, —y >0 (=) % (—y) >0
And since by proposition 3.6 (—z)* (—y) =z *y
Then we got the result
- :c>0,y<0(é>lx, —y >0 2% (—y) >0

And since by proposition 3.5 x* (—y) = —(z xy)
Then by corollary 3.1 x*xy <0

— <0,y >0 Like above

o (wxy) t=atxy !

—1 P2 p2

(@ry)x (@ xy D) Z2ax(yx@ sy ) Bax((yra )y h)

Bos(@ sy ry ) Bax@ s (yxy™)

gx*(xfl*l)séx*xflpé

Then by proposition 3.1 we got the thesis

|

Definition 3.6

Qr:={rxeR | J2€Zr, neNg | z=2z2xn"'}
Proposition 3.15

Qnr satisfies these properties
e 1,y e€Qr= x+y €Qr
o Zr CQg
e 1cQr = —x €Qp
e 1,y c€Qr = xzxy € Qg

e 1€Qpr, 240 = 27! €Qp

Proof
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1 1

o Letz,y €Qr = x=2xn"", y=2z1*%xn
On one hand applying in order ps, ps and Prop.3.14
r=(z*xn1)*(n*ny)"tand y = (21 xn) * (ng *n)~*

Thus

r4+y=((z*n1)+ (21%n)) x (n*ng)"?

o Vt e Zg just take z=t, n=1,

o letz €Qr = z=2zxn"!

Then by proposition 3.5 —z = (—z)*n"! = —2 € Qr

e We omit to prove that Qg is closed under multiplication since its proof is very similar
at the first step of this proposition.

o Let 1€Qr,v#0 = xw=2zxn"! with 2 #0

P.3.13
—2>0 = z2€eNp

Let y:=n*2! = ycQrand rxy=1

Then by the uniqueness of the opposite we got the thesis

P.3.13 .
— 2<0 =" —z€&Ngsince —z >0

Let y:=(—n)x(—2)"' = yeQrand zxy =1
Then by the uniqueness of the opposite we got the thesis

An immediate corollary of proposition 3.15 is the following:

Theorem 3.4

(Qr, +, *, <) is an Ordered Field®

Proposition 3.16 (Qx is dense in R)

Ve,y e R,e <y 3JqeQr | z<qg<y

sp+ so

Proof
R34 | nx(y—2x)>1 = 1+n*xzx<nxy

Since (y —z) >0 =" dn e Ny
. . . mi>n*xx
Applying again this result we find mi, ms. € Ng | {
mo > —n*x
Then we get —mo <n*xx < my

Repeating reasoning as in proposition 2.4

38ee definition 1.19
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There exists z € Zg, —(m2—1)<z<m; | (z—1)<nxzx<z

Hence nxx < z < 14+ n*x < n*y and multiplying all the terms for n=!, calling q := z x n~

Then ¢ € Qr and x < g <y
|

Corollary 3.7

Let z,y € R
r<y+e Ve>0= <y

Proof
It is immediate by contradiction
|

3.3 Finite and infinite subsets of a COF

Notational Remark 3.3
From this point forward, in this chapter we indicate N as N

Definition 3.7

Let ACR
Let n € N and let 1™ :={1,... n}
An n—map in A is a function f: 1™ — A bijective

We denote it as {fk }kgn

Definition 3.8

Let ACR
A is Finite <= A =0 or

dneN, f n-mapin A
Otherwise we say that A is Infinite

Corollary 3.8

Let ACR
A is Infinite = Vn e N 3 f: 1™ — A injective

Proof
Let B:={neN | Vf:IM™ — X fisno injective}
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By contradiction B # ()

By Minimum principle 3N := min B
Since surely N >1 = N -1 € A = 3f: IV — A injective
Since A is Infinite f is no surjective* = Iy € A, y ¢ f(IN-1)
f(k) kerI®™-1

— ¢ is injective — N ¢ B
y k=N g is inj ¢

Then defining g : IN) — A as g(k) := {

Contradiction
[ ]

Definition 3.9

Let ACR, A#0
Ais Countable <= df:N — A bijective

3.3.1 Sequences in a COF
Definition 3.10
Let ACR, A#0

A sequence in A, is a function f: N — A
We denote the set {(n, f(n)) | n € N} as { f, }

neN

Remark 3.8

We recommend the reader not confusing { fn }neN

with {f, | n € N} which is non-empty subset of R

Definition 3.11

Let z € R

2], = T Ifz >0
TR g Ifx <0

Proposition 3.17

The following properties holds

o |z]|,>0 VzeR:

Trivial

4Otherwise f would be an N — 1—-map
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e etz eR

|2]p =0+<= 2z =0:
Trivial
e etz eR
r,—x < ||y

Trivial
e etz eR

(2] =] — 2|
Trivial
o Let x,y € R
‘5’5+3/|R§’35’R+|y|72:
VIR =\ —@+y) Fz+y<0

—Ifze+y>0
|I+y|R=$—|—y

{IZ0F Soryslaltlyl
ry<|zlp+ly
yS]y’R r ®

- Ifz4+y<0
24 yle=—(e+y) 2 —x—y

—x< — X SO
{ o & — —r—y<|—zlp+|—ylg =zl +1ylr
-y<|-ylg

o laxf|y=|alz*|f|x Ya,B €R:
This proof is very simple but we omit it since it is tiresome

o Lete >0
||, <es= —e < a<e

Trivial
Definition 3.12

Let {an }neN sequence in R
{an }neN is a Cauchy sequence in R <=Ve >0 dn &N such that

o —am | <€ Vk,m>n
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Definition 3.13

Let {an }neN sequence in R
{an }neN is a Up-Bounded sequence in R <= {a, | n € N} is bounded above

{an }neN is a Down-Bounded sequence in R <= {a, | n € N} is bounded below

Definition 3.14

Let {an }neN sequence in R

{a, }neN is a Bounded sequence in R <= {a, | n € N} is bounded

Definition 3.15

Let { p }neN sequence in R

{an }neN is a Up-Monotone sequence in R <= a, < a1 VneN

{an }neN is a Down-Monotone sequence in R <= a, > a,y1 Vn €N

Definition 3.16

Let {an }neN sequence in R
{a, }neN is a Convergent sequence in R <= 3Jz €R | Ve >0 dneN |
log — x|z <e YVk>n

An immediate corollary of definition 3.16 is the following

Corollary 3.9

{an, }neN is a Convergent sequence in R =3l z € R | Ve >0 dneN |
log, —z|p <e Vk>n
Proof
By contradiction there exist z,y € R, z # y satisfying definition 3.16 in place of x
It comes immediately that |z —y|p <e Ve >0
According to proposition 3.17

SN
lz—ylp<e= z2<y+e=2<y %y:z

IN

z—ylg<e= y<zte=Hy
Contradiction W

z
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Notational Remark 3.4
According to corollary 3.9 the unique x satisfying definition 3.16 will be denoted as
r = lim a,

3.4 Convergence of Cauchy sequences in a COF

Proposition 3.18
{an }HGN a Cauchy sequence in R — {an }neN Bounded sequence in R

Proof
{ o, }nGN Cauchy sequence in R 222y 50 IneN such that

o —am|p <e Vkm>n
= dneN | |ap—anlg <1l VEk>n
Define K := a1 —op|g + a2 —an|g + ...+ |01 —an g+ | on |5

If k<n |oplg<|lar—onl|g+]on|p <K

= |lan|g < K+1 VneN
If k>n |aplg <|lag—an|g+|on|g <1l+|an|g

= {a, | n € N} is bounded
|

Proposition 3.19

Let {¢n }neN be a sequence in R

{gbn }neN Up-Monotone in R { { On }nGN Convergent sequence in R
{ én },.y Up-Bounded in R lim ¢, =sup{¢, | n € N}

Proof
According to definition 3.13  {¢, | n € N} is bounded above

Then by Ded there exists ¢ € R | ¢ =sup{¢, | n € N}
Let e >0

By corollary 3.2 3neN | ¢—¢, <e¢

Now let m > n

(0= mlr <0 —dnlg+[dn— Imlr

Gn < dm = | In — dmlp <0

J— m S _ "
¢Z¢n:>‘¢¢n‘nz¢¢n}:>|¢ Pmlg <P —¢n<e
n
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Definition 3.17

Let {an }neN be a sequence in R
Let {gn }neN sequence in N | ¢, <gps1 VnéeN

{ay, }nEN is a subsequence of { a, }neN

The following Theorem is one of the most important and useful in Analysis. We will
divide its proof in three steps and the third one will be showed in two different ways
that we will denote as 3a and 3b: 3a is the usual method to achieve the result and
there is an evident use of denumerable dependent arbitrary choices. 3b avoids infinite
arbitrary choices

Theorem 3.5

{an }neN Bounded sequence in R = 3 Convergent subsequence of {an }neN

Proof

1. Let ne N
Let Ay, :={ax | k> n}
By definition 3.14 A; is a bounded set of R
A, C A VneN — A,is bounded VneN Ded 5 in = inf(Ay)

Hence 1 iy, is a sequence in R and
neN

{ in }nEN Up-Monotone sequence in R } P3.19 { { in }nEN Convergent sequence in R

{iin }nEN Up-Bounded sequence in R lim ¢,, =sup {i, | n € N}

2. Let ¢ >0 and let L :=sup{i, | n € N}.
Defined N, :={n € N | |a, — L|z <e} = N. is an Infinite subset of N°:
By Contradiction 36 >0 | Ny is Finite
Ns is Finite <= Ns =10 or
dn eN, f n-map in Ns

e If Ny = () then we have two possibilities:
an<L—-—96 VneN or a,>L+d VneN

58ee definition 3.8
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Suppose a, < L—0 VneN= i, <L—-9§ VneN

L-6<L
e .
L —§ is an upper bound for {i, | n € N}

= L #sup{i, | n € N}
— Contradiction
Suppose a, > L+6 VneN
By definition of i, 3m>n | am <in+d= Im | apm < L+6
—> Contradiction
e If3neN, f nmapin Ny = f:I™ — Nj bijective
Let M :=max {f(k) | k € I™}
Then n > M = a, ¢ Ns then we have two possibilities:
an <L—-6 VYn>M or a,>L+6 Vn>M

But whatever we suppose it follows a contradiction, ever according to the reasoning
used in first point of this step

3a. By step 2. N1 is an Infinite subset of N ¥Vm € N
Then VkEe N1 JK e N i | K>k

mF1
|

Hence Vk € N let gkeN% gr+1 > g VkeN

{agn}neN is a subsequence of { ap }neN
L =lim ag,
3b. e Recalling definition 3.7 let n € N and define a subset of n—map in N ag follows:
A b1 = min N1
{bk}kﬁne n <= Ifn>1 by =min{ne N In>br} Yk<n
1

1
=

A, #0 VneN
It is immediate by Induction
3 {bp},., €A VneN:

It is immediate by induction

Define a sequence { In }n cn 38 follows:

VneN g,:=b, where { by, }k<n is the only element of A,

{agn}neN is a subsequence of { an, }neN
L =lim ag,
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The following proposition is trivial and it is a direct consequence of the definitions of
Cauchy and Convergent sequence

Proposition 3.20

{a, }neN Convergent sequence in R = { o, }neN Cauchy sequence in R

Viceversa the following theorem characterizes Complete Ordered Fields
Theorem 3.6 (Convergence of Cauchy sequences in R)

{Oén }nEN Cauchy sequence in R = {ozn }neN Convergent sequence in R

Proof

Let e >0

{ o, }neN Cauchy sequence in R 9%2 dn € N such that

ok —am g <e YVkm>n

{ an }n ey Cauchy sequence in R R348 { an, }n ¢y Bounded sequence in R

T.3.5

= 4 {agn}neN Convergent subsequence of { a, }nGN

2 3L eR | Ve>0 INeN such that

lag, —L|y <e VkE>N
Now let m >n+ N

lam — Ll < | am — ag,, | + | ag,, — Ll <26 23 L =1lim ay,

3.5 Theorem of Isomorphism between COF

This theorem is the core of all these three chapter.we could say that this result “close
our circle” and it gives the wished result on our review on Reals Numbers.

Suppose ones proceeds with the construction of the COF Ry from the OF Qg as in
Chapter 2.

Then Rz, R are two Complete Ordered Fields (COF). And we have the following result:
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Theorem 3.7
Let <IC, +, -, < ), <.7-", T, %, < ) Complete Ordered Fields
Exists a function W : K — F such that

1. W)= W(y) <= 2<y Vrz,yek

2. W is injective

3. W is surjective

4. W(x+y)=W(x)tW(y) Vz,y ek

5. W(x-y)=W(x)«W(y) Vz,y €K

First we have to show the following

Proposition 3.21

Let (/C, +,, < ), (]:, T, %, < ) Complete Ordered Fields

Let <Q;¢, +,, < ), (Q}‘, T, %, = > copies of an OF respectively of K and F given by
theorem 3.4 in Section 3.1

Then there exists f : Q¢ — Qg such that:
e fis injective
o [ is surjective
e fp+a)=fp)tfla) VpqgeQg
e flp-g)=rfp)*fle) VpqeQ

o fle) 2 flp) = q<p VpqeQk

Proof
We give a sketch of proof

Let (N;c, u, O'), (N]:, v, w) copies of Peano Systems respectively of IC and F given by theorem
3.1 in Section 3.1

e Recalling Subsection 1.1.1 let R : Nx — Nz such that:
- R(1)=u
— R(o(n)) = w(R(n)) VneN

— R is injective
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— R is surjective
It is easy to prove that R satisfies:

— R(n+m)=R(n)tR( Vn,m € N
— R(n-m) = R(n) * R(

—~ R(n) X R(m) <= n<m Vn,m € N

m)
m) Vn,m € N
e Let J: Ny — Zg, E Nr — ZF as in Immersion theorem 1.1
JoRoJ (2) If 2> 0
Let T : Zix — Zg defined as T'(z) := ¢ Of If 2 =0k
—(JoRoJ Y=2)) Ifz<0
Then T satisfies:
— T is injective
— T is surjective
—T(z+s)=T(2)TT(s) Vz,s € L
—T(z-5)=T(z) = T(s) Vz,8 € Zx
—T(2) XT(s) <= z<s Vz,s €Zk

o Let T2 : Zx x J(Ng) — Zx x J(N) defined as
T%(z,s) = (T(2), T(s))

e According to remark 1.10 in Subsection 1.3.1 (About arbitrary choices on Building Q)
we recall definitions of CHg, : Qx — Zx x J(Ng), CHg, : Qr — Zr x J(Nf)
Let f: Qx — Qg defined as f(q) := CH@; 0T? 0 CHg,(q)

f is the function required

Now let us return proving theorem 3.7

Proof
Let f: Qx — Qg as in proposition 3.21

Now fixed y € K
Let Ay :={q€Qk | ¢ <y}
Let By := f(Ay)

By proposition 3.12 dn e Ng |n >y
Then if p e Ay = f(p) < f(n)

Thus f(n) is an upper bound for B, L 5 sup By

Let W(y) := sup B,°

6The reader should remind that if ¢ € A, = f(q) € B, = f(q) X W(z)
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1. 2 <y<= W) X W(y):
=)
If x = y there is nothing to prove
Then suppose x < y.
By proposition 3.16 Jqe€eQx z<qg<y
Applying again this result we find ¢<q¢ <y
On one hand
Ifped, = p<qg= f(p) < f(g) = f(q) is an upper bound for B,
Then W(z) < f(q)
On the other hand
@ €Ay = f(q) 2 W(y)
Then  W(x) < f(a) < fla) 2 W(y) = W(x) < W(y)
)
By Contradiction suppose = £ y == y < z.
Then, by what we have just proved, W(y) < W(z)

Contradiction

2. W is injective: It comes immediately by step 1.

3. Wis surjective (VT € F Jzek | T=W()):
Let T € F
Let Rp:={q€Qr | ¢q<T} = T =supRy

Then defining Dy :={p € Qx | f(p) € Rr}

Since D is bounded above g dsupDp =:z
We claim that W(z) =T
= Lette B,=— t= f(p) withpe A, = p€ Dy
= te Rp = W(x)=<T
> By contradiction W(z) < T
Now by proposition 3.16 let W(x) <k <T with k€ Qr
Since k € Ry = f (k)€ Dr = f1(k) € A,
= ke B, = k<XW(x)
Then W (z) < k < W(z) == W(z) < W(z) Contradiction
4 W(z+y)=W()tW(y):

= LetpeAyyy = p<az+ty=p—-ax<y
By proposition 3.16 let p—x <r;y <y and define ro =p -1
Thenr; <y, ro<z, p=ri+7ry and
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f) = fri+r2) = f(r1) T fr2) 2 W(y) 1 W(2)
Then W(z +y) 2 W(z)TW(y)

= Letne€Ng t:=(2xn)"!
By corollary 3.2 Jq1 € A, | W(x) < f(q1) Tt
Let g2 the same for A, then

W) TW(y) < fa)Tf(a2) 12t = flq1 +q2) 126 2 W(x +y) 2t
Then by corollary 3.7 W(z) Tt W(y) < W(zx +y)

5. W(x-y)=W(x)*W(y):

e z=0o0r y=0

There is nothing to prove.

o z,y >0

=

1Y

Letpce Apy,p>0 = 0<p<zx-y
Sincex >0 = 0<p-z7' <y

By proposition 3.16 let p-2~! <7y <y and define 1o =p- (r;)~!
Then r <y, 1o <x,p= r1-r9 and

f(p) = f(ri-ra) = flri) = f(ra) 2 W(2)« W(y) = W(z-y) 2 W(x)«W(y)

Since z,y >0 = W(z),W(y) =0 = W(z) L, W(y)™' =0
Let n € Nr, and let ¢ := 2% n.

Let m € Nz | m = max{t, W (z)tW(y)}

By corollary 3.2 3q1 € A, | W(z) < f(q1) tm™!

Let g2 the same for A, then

W(z)* W(y) < (fla)tm™) = (fla2) Tm™ ) < W(z-y)fn!
Then by corollary 3.7  W(x)« W(y) < W(z -y)

e £ <0,y<0

W (x

) "EOW () - (—y) = W)« W(—y) = (=W (2)) * (=W (y))

P34 (—1)2 « Wix)«W(y) =W(x)*W(y)

e z>0,y<0
Wa-y) 2OW((~2) - (~y) = W(~(2) - (~y)) = ~W(z - (~y))

P.3.4

e z<0,y>0

It’s the same at the point above
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Chapter 4

The Axiom of Choice (AC) and
elementary Analysis

4.1 General remarks on the AC

The azxiom of choice is problably the most interesting and, in spite of its late
appearance, the most discussed axiom of mathematics, second only to Fuclid’s aziom of
parallel which was introduced more than two thousand years ago

Fraenkel and Bar-Hillel !

Una dimostrazione pu6 essere criticata per la sua estetica; pu6 essere pitt o meno fun-
zionale al suo scopo; giusta o totalmente sbagliata

Ma la prova di E.Zermelo (1871 —1953) del 1904 in cui introdusse I’Assioma della Scelta
(AC), genero una reazione ben piu profonda e intricata nella coscienza del mondo matem-
atico.

Zermelo fi uno dei piu significativi esponenti del programma formalista di Hilbert, la
formulazione di AC lo condusse proprio verso la teoria assiomatica degli insiemi in una
pubblicazione del 1908. Se osservato pit intuitivamente, cioé non solo in un contesto pu-
ramente assiomatico, AC sembra giustificare I'intervento dell’'uomo nel mondo platonico
degli insiemi, come una legge che permette I'infinito intervento umano di inferenza.

Any argument where one supposes an arbitrary choice to be made an infinite number of
times . .. [is] outside the domain of mathematics

Borel 2

Dal 1905 al 1908 eminenti matematici di tutta europa e degli stati uniti dibatterono
sulla validita della dimostrazione di Zermelo. In questa prima sezione di questo capitolo,
ripercorreremo alcuni tratti della disputa. Per una completa e accurata storia di questo

1 A Fraenkel and Y.Bar-Hillel: Foundations of Set Theory (1958 Amsterdam:North Holland)
2E.Borel: Quelques remarques sur les principes de la theorie des ensembles (1905 Matematische
Annalen)
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dibattito vi consigliamo il libro di Moore [Mol]. Diamo comunque, per in nostri lettori,
un breve flash delle critiche piu significative alla validita di AC e delle ragioni storiche
che ne portarono alla formulazione.

Nel 1883 Cantor propone il famoso Well Ordering Principle (WO): “Every set can be well
ordered”. Questo risultato fu sviluppato dal medesimo in contemporanea ad un altro
risultato potente di teoria “naive” degli insiemi: La Tricotomia dei numeri Cardinali.
Cantor non diede dimostrazione di nessuno dei due risultati, credendo comunque che il
WO si potesse facilmente dedurre dalla Tricotomia. Questa affermazione non convinse
il mondo matematico che bramava una dimostrazione. Nel 1904 Zermelo pubblicd una
dimostrazione del WO. Compare per la prima volta la seguente assunzione

Data una qualsiasi collezione V' non vuota di sottoinsiemi non vuoti di un insieme X,
esiste una funzione f 'V — X tale che per ogni C elemento di 'V, f(C) € C

Personalmente a prima vista questa asserzione mi sembro una tautologia in quanto:
f:v— X
Cr— =z

se C' é non vuoto = dx, € C quindi soddisfa le ipotesi

No non ¢ cosi banale e come spiegheremo in seguito la sua non banalita nasce proprio
nella definizione di funzione. L’esistenza di tale funzione serve a giustificare, non la
possibilta di sciegliere un elemento da ogni sottoinsieme non vuoto, ma piuttosto a gius-
tificare 'esistenza della “lista delle scelte nella sua totalita”.

Vorremmo ancora insistere su questo passaggio. Una funzione é un sottinsieme del
prodotto cartesiano, quindi ¢ un insieme. In una visione di platonico esistere di un
insieme, del suo esistere nella sua totalita, é un assunzione che precede la possiblita
di stabilire la procedura che associa ad ogni sottoinsieme non vuoto un suo elemento.
Per ogni C parlare della coppia (C, z.) come elemento dell’insieme f presuppone la pre-
esistenza dello stesso insieme.

Le critiche provenivano in gran parte dagli esponenti di una corrente chiamata: Con-
struttivismo. La logica costruttivista proponeva ’abbandono del “principio del terzo
escluso”: A ¢ B o non B, negando l'esistenza di enti tramite dimostrazioni per contrad-
dizione. La contestazione costruttivista coinvolgeva la chiara non costruttivita di AC.
Inoltre Zermelo aveva, a questo punto, dimostrato un implicazione di un equivalenza in
quanto I'implicazione WO = AC ¢é immediata: Zermelo aveva solamente riformulato il
problema con un suo equivalente.

Nonostante le critiche ad AC va riconosciuto il merito di aver sollevato un velo su un
“Assunzione” che soggiaceva nelle prove di molti tra i pitt importanti risultati. Dal 1904
AC impose sempre pitl il suo peso sulla coscienza del mondo matematico e rivel che la
logica aveva bisogno di un altro assioma per inferire nell’'universo degli insiemi, costrin-
gendo alla rivisitazione di una enorme quantita di risultati dimostrati, specialmente nella
teoria degli insiemi di Cantor.

Storicamente le prime dimostrazioni inequivocabilmente legate all’'uso di infinte scelte
arbitrarie sono quelle relative al concetto di insieme infinito e al suo legame con la nu-
merabilita.
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Ed é proprio su questo concetto che si riscontrano i riflessi filosofici di AC piu interes-
santi. Come illustreremo nella seconda Sezione di questo capitolo, affinche un insieme
infinito contenga un insieme numerabile, occorre I’assunzione di CC.

In quest ottica, in modelli di Teoria degli Insiemi che rifiutano formulazioni di AC, pos-
siamo dimostrare ’esistenza di insiemi infiniti che non contengono alcun sottoinsieme
numerabile, chiamati Cardinali di Dedekind. E chiaro come il concetto di numerabile
sia intuitivamente legato al concetto di tempo; la possibilita di contare ¢ la prova del
controllo che 'uomo ha sull’infinito. T Cardinali di Dedekind escono dalle potenzialita di
controllo dell'nomo sull’infinito, rappresentando la linea di confine tra l'infinito poten-
ziale Aristotelico e il concetto di infinito platonico, cioé tra un infinito comprensibile
dalla razionalita e I'infinito come idea.

Many mathematicians still stand opposed to the Axiom of Choice.
With the increasing recognition that there are questions in mathematics which cannot
be decided without this axiom, the resistance to it must increasingly diseappear.

Steinitz 3

Ripercorrendo il ruolo della scelta nelle dimostrazioni possiamo individuare tre stadi di
scelte che ci guidano su questo sentiero.

Il primo é selezionare un elemento da un insieme non vuoto in maniera non determinata,
per estendere il risultato a tutti gli elementi del medesimo insieme. Sebbene AC non
intervenga in questa procedura, ¢ qui la prima forma di scelta in una prova.

Il secondo stadio raggruppa quelle prove di esistenza di un particolare oggetto, che con-
seguono il loro scopo mediante ['uso di infinite scelte seguendo un critero logico. Come
vedremo in questo stadio sono presenti molte prove dell’analisi elementare e I’Assunzione
si presentera nella versione numerabile (CC) principalmente nell’estrazione di una suc-
cessione convergente all’oggetto suddetto.

Nel terzo stadio ci infiliamo le prove che estendono il primo stadio a un numero infinito
di insiemi. Si scelgono casualmente i rappresentanti da infiniti insiemi, soprattutto classi
di equivalenza, e si prova un risultato sull’insieme delle scelte estendendolo poi univer-
salmente su ogni classe per arbitrarieta delle selezioni.

E straordinario anche solo avere un idea della quantita dei risultati, sviluppati principal-
mente dai grandi matematici del XIX secolo, che hanno fatto uso di questa Assunzione,
magari incosciamente, prima che Zermelo la formulasse come assioma. L’Assioma della
Scelta.

Nel resto del Capitolo noi esploreremo una parte dei risultati pitt noti nella teoria ele-
mentare degli insiemi e, soprattutto, nell’analisi elementare che necessitano 1'uso di AC
o di CC, sottolineando il passaggio della dimostrazione in cui occorre questa assunzione,
e dove possibile forniremo delle prove che sviano ’'uso di infinite scelte.

Per una rivisitazione pit formale dei risultati legati ad AC vi consigliamo il testo di Jech

3E.Steinitz: Algebraische Theorie der Korper(1910 Journal fiir die reine und angewandte Mathe-
matik)
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[Jel]. Molto simile ma meno tecnico e piu scorrevole illustrazione ai risultati connessi
vi rimandiamo al testo di Herrlich [Hel].

4.1 Countable Union Theorem

Countable Union Theorem(Cantor 1872) is one of the most meaningful and historically
important use of CC?. The following theorem show as, proof involved countability, needs
infinite arbitrary choices.

Theorem 4.1 (Countable Union Theorem)

Let X a set

A, Countable Vn e N

A = U,enA4,, is Countabl
A, Ay =0 Tfn £k == enA, is Countable

{A”}neN sequence in P(X) | {

Proof
A, is Countable 239 Vi e NLet f(") N — A,

F) bijective
Cpis Finite Vn eN
: Cr = {fM(1)}
Defining o SRR ik ) = { A=UpenCh
e = FP0) [ itk =n+2) CoNCr=0 Tfn#k
z € Ch,
Let t € A = Jln, | o) o
z = f( w)(zx) with i; + kz = ng
1 Ifn, =1
(ng - (ng —1)-27Y 4, Ifng >1
Such as ¢ : A — N is bijective
[ |

Hence let us define ¢(x) := {

4.2 Dedekind-Finiteness

Our account does not rob the mathematicians of their science, by disproving the actual
existence of the infinite.... In point of fact they do not need the infinite and do not use
it. They only postulate that the finite straight line may be produced as far as they wish

Aristotle °

There are two different definitions for finite set. The classic one (X is finite if and
only if there exists a bijective function on {1,2,... n}) and Dedekind definitions, called

4 Axioms of Countable Choices
®R.McKeon: The Basic Works of Aristotle(1941 New York: Random House)
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D-finiteness. In this section we show how equivalence between these two formulations
require Axiom of Countable Choice CC.

Definition 4.1

Let X aset, X #0
X is D-infinite <= 3B C X, B # Pand

f X — B bijective
Otherwise we say that X is D-Finite

Proposition 4.1

Let X aset, X # ()
X is D-infinite <= 3B C X, B Countable

Proof
_
Xis D-infinite =3B C X, B # (and
f: X — B bijective
Letye X - B
By Recursion Theorem (Lemma 1.2) exists
Rpy:N — X such that { gf’yil) =1y:
ry(n+1) = f(Ryy(n))

Such as Ry, is injective
To prove this statement fix £ € N and prove by induction on n the following:
Vn,k €N Ry,(n)=Rpy(l) = n=1 VI<k
Let £ € N and let [ < k and proceed by induction on n

en=1

Rsy(1) =Rsy(l) = Rsy(l)=y= l=1sinceif I > 1, Rs,(l) e B
e Supposed for n we show it for n + 1

Riy(n+1)=Rysy(l) = 1> 1since Rfy(n+1) € B YneN
— l=m+1and Rry(n+1) = Rsy(m+1)

— [(Ryy(n)) = f(Rpy(m))

—> Ryy(n) = Ry,(m) since f is injective
1.S.

= n=m=—=n+1=1

Thus h(N) := {h(n) | n € N} is a Countable subset of X

R —
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3B C X, B Countable = 3¢9 : N — B Bijective

Let g1 : N — B —{g(1)} defined as g1(n) := g(n + 1)
Such as g; is bijective

Let h: B — B — {g(1)} defined as h(x) := g1(g(z))
Such as h is bijective
h Ifxe B
Now let f(x) := (@) v
x Ifr ¢ B
Clearly such as f: X — X — {g(1)} is bijection of X with one its proper subset W

Remark 4.1

This is the touchy step, which will needs arbitrary choices in results involving Count-
ability.
If X is Countable there are many function f : N — X bijective.
f(2) Ifn=1
Given one f defining g(n) := ¢ f(1) Ifn =2
f(n)  Otherwise
Then g : N — X bijective.

Corollary 4.1

Let X aset , X #10
X Countable = X is Infinite
X Countable = X is D-Infinite

Proof
Trivial W

Theorem 4.2
Let X aset , X #0
X is Finite <= X is D-Finite

Proof
==

Trivial

P —
By contradiction X is Infinite 228 Vi e N let 1) X injective

Lot ] F= FA(1)
“\ bt = mindi <n+ 1] 06 ¢ FOIM)} Vi e N
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VneN define F(n) := £ (k,)
F:N — X is injective = f(N) is a Countable subset of X

P%“ Xis D-Infinite

Contradiction M

Corollary 4.2

Every Infinite set X has a Countable subset

Proof
X Infinite =22 X D-infinite == 3B ¢ X Countable
m

4.3 Point Topology of R and AC

Modulo | - | induces a natural topology on the real numbers. According to this topol-
ogy, there are two kind of definitions for its basic notions as closed sets and limit point.
the first one (¢ — §)—definition, we could say it is “static” definition. The second one,

“dynamic” definition, uses convergent sequences.

In this Section we will show how equivalence between these two definition, needs the

countable formulation CC of AC.

Moreover we will go deep in analyzing Bolzano-Weierstrass theorem, one of the most
important theorems in first course of Analysis. We will propose two proofs of this the-
orem. The first one is standard and there is clearly use of CC. Second one will avoid

it.
Definition 4.2

Let ACR
Ais Open <=Vz e A Je>0 |
IfyeR, |[z—ylg<e = yecd

Definition 4.3

Let ACR
A is Closed <= R — A is Open

Definition 4.4

Let X CR, z R

x is a limit point for X <=Ve >0 dJy € X —{z} such that

|z —ylp <e
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Proposition 4.2
Ais Closed <= If z limit point for A = z € A

Proof

We omit this proof sice it is very simple® B

Definition 4.5

Let ACR

. . {a,} CA
A is a Sequentially Closed < el = zreA
z = lima,

Definition 4.6

Let XCR, zeR
x is a sequential limit point for X <=3 { a, }neN C X —{x} such that

r = lima,
Proposition 4.3
A is Sequentally Closed <= If z squential limit point for A = z € A

Proof
Trivial by definitions 4.5 and 4.6 W

Theorem 4.3
Let X CR, z€R

x is a limit point for X <= =z is a sequential limit point for X

Proof
P —

Trivial

—
x is a limit point for X <=Ve >0 3FJye X —{z} such that

lz—ylp<e
Let n € N We define By(z) :={y€ X —{z} | |z —y|p <1}
Since x is limit point for X = B, (x) # 0

6See |Gil| pg 25
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Vn € Nlet y, € By(x)
{yn }neN is a sequence in X — {z}

] 249 s sequential limit point forX W
x = lim y,

Theorem 4.4 (Bolzano-Weierstrass Theorem)

Every Infinite Bounded set X has a limit point

Proof
Since X is bounded there exist a,b € R | X C [a,b]”

[a,b] = [a, ] U [“EL, b] and since X is infinite at least one of the following holds;

X Nla, “TH’] is Infinite, X N [‘ITH’, b| is Infinite

a If X Na, “TH’] is Infinte
ap =
! QTH’ Otherwise
Define
. atb If X N [a, 2] is Infinte
T b Otherwise
an If X N [an, 2$2] is Infinte
Apt1 i=
i antbn If X () [2fbe b, ] s Infinte
Vn € N we define
% If X Nlap, %] is Infinte
b"+1 = an+b :
by, If X N[*5>=,by] is Infinte
a<ap < apt1 VneN
b> b, > by VneN
These t .1 tisty:
ese two sequences { an |, o, { bn |, satisfy {an,bu] 1 X is Infinte ¥n € N
by — ap = S VneN

By proposition 3.19 we have :

A :=sup{a, | n € N} =lim a,, and B :=inf{b, | n € N} =lim b,

On one hand

given k,m € Nandn > k,m = ap < ap < b, < by

Then by definition of sup A <b,, Hence Applying the same reasoning we get B > A
On the other hand

0<B-A<b, —a, =% VneN= A=2B

A is a limit point for X H

Proof
We divide this proof into steps

1. Suppose X C [1,¢] with ¢ > 1

Tla,b) :={z €R | a <z <b}
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INeN | [LdCuUl,[jj+1]
Let k:=min{n € N | [n,n+ 1] N X is Infinite }
p1:=min{i € {0,1} | [k + £,k + 2] N X is Infinite }
2. Recalling definition 3.7 let n € N and define a subset of n—map in R as follows:
by =k+ 5%
{br},., € An <= ¢ [be,be+ 55 N X is Infinite VEk<n
Ifn>1 bepy=bp or bp1 =bp + 5ir Yk <n

3. Ay #£0 VYneN:
One proves by induction that called I = {n e N |3{ar}, . €A} = I =N

4. Let n € N and define f(n) :=inf{b, | {bx}, € An}

{(k,f(k)) | ke N} isasequence in R and we denote it as { f, }nEN

It easy prove by induction that { fn }n o Satisfies:

fngfn—&-l VneN
[fus o + 5] N X is Infinte  Vn € N

5. Let k €N, fryn € [frs fo + 5] VneN:

It is immediate by induction on n

Then 3 sup{f,|n €N} P39 i I

6. Defining F' := {f, | n € N}, then F is a limit point for X:
On one hand, by step 5., WehaveFe[fk,fk—i-Qik] VkeN
Let € >0
F=limf, = 3neN | F-ec<f,<F+4e Vk>n
On the other hand let m €N | h <e = f,+ 5% <F+e¢
Hence if N > max {n,m}
[fn, [N + 3] N X is Infinte

1
F-e<NSFL< N+ <F+e=
2N [fNafN—*—QLN]C[F_‘E‘uF_Fg]

= F' is a limit point for X

4.4 Continuity and AC

Ever according to the natural topology, given by | - |, there are two definitions of con-
tinuity for a function f: R — R.
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The first is the standard (¢ — §)-definition. The second one is the dynamic definitions
by sequences. They are equivalents if one supposes CC holds.

Choosing, as proper definitions for closed set and continuity, the dynamic ones, all the
elementary program Analysis could be proved.

However, as we see in the following section, CC do not intervenes only in results concert-
ing equivalence by definitions. In the matter of this, we propose a “dynamic” formulation
of Weierstrass maximum and minimum theorem.

Definition 4.7

Let ACR,A#0, f:A— Randletz e A
f is sequentially continuous in x <=V { ZTp }nEN CA| limz, =2z
— lim f(z,) = f(2)

Definition 4.8

Let ACR,A#0, f:A—R
f is sequentially continuous in A <= Vzx € R

xr € A = f is sequentially continuous in x

Theorem 4.5 (Weierstrass theorem)

A CR, A sequentially closed and bounded

— dyec A x) < Vre A
f A — R sequentially continuous in A } Y | flz) = f(y)

Proof

1. f(A) is bounded above:
By contradiction, called A, :={x € A | f(x) >n}, A, #0 VneN
VneN let z, € 4, — {xn }nEN C A bounded

T.3,
L3 5 {wgn}n oy Convergent subsequence of {xn }n N

242 called 2 := lim Zg, = TEA
By definition of f = lim f(z,,) = f(x)
But this is a contradiction since 4, € Ay,
2. Let Fl:=sup f(A) = Jyec A | fly)=F:
By definition of L.U.B. (definition 2.2)
called B, :={z € A||f(z) - Flg <1}, Bp#0 VneN
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VnéeN let x, € B, — {xn }neNQA bounded

T.3.5

=3 {ay, }nEN Convergent subsequence of { z, }neN

248 called y:=limz, = ycA

Since f is sequentially continuous on A = lim f(z,,) = f(y) = f(y) =F

4.5 Equivalent formulations of AC

Although first intrust and perplexity, today AC is commonly accepted in mathematical
community in large and uses of AC became to appear in many mathematical branches.
Increasing comprehension of AC brought to equivalent formulations, more complex for-
mulations which conclusions are very powerful and meaningful. Today more than 100
principles are recognized how equivalent principles of AC. For more equivalent formula-
tion see H.Rubin and J.Rubin [RR1].

Remark 4.2

Let us recall some preliminary Set Theory notions:

Let S be a set and R be a relation on S
R is reflexive on S

(S, R) is a Partially Ordered Set <= R is antisymmetric on S
R is transitive on S

(S, R) is a partially ordered set

S, R) is a Totally Ordered Set <=
(S, R) is a Totally Ordered Se {RisTotalonS

(S, R) is a partially ordered set

S, R) is a Well-Ordered Set <—
(S, R) is a Well-Ordered Se {vAgS,A#®:>3a€A | aRx VzeA

Definition 4.9

Let (X, <) a partially ordered set
C C X is a <-chain <= (C, <) is totally ordered

Definition 4.10

Let (X, <) a partially ordered set
M e X is <-maximal for X <= Ilfae X, M <a = a=M
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Notational Remark 4.1
Let X be a set and let C' C P(X)

From this point forward, in this section we use to denote (U.ec ¢) as UC

And we adopt the same notation also for N

(Axioms of Choice)(AC)
Let X a set

FTCPX)—{0}) = 3f:T — X | YAeT f(A)eA

(Well ordering Principle)(WO)
Let X aset, X # ()
Then exists a relation R on X such that (X, R) is a well-ordered set

(Zorn’s Lemma)(Zorn)

Let (X, <) a partially ordered set

Let V:={C C X | C <-chain}

IfvCeV 3N e X upper bound for C = 3 M <-maximal element for X

(Hausdorff’s Maximal Principle) (HMP)
Let (X, <) a partially ordered set
Let V:={C C X | C < -chain}
Then 3M €V C —maximal element for V

Theorem 4.6
Let X a set
(WO) < (AC) <= (Zorn) <= (HMP)

Proof
(WO)= (AC):

Trivial

(AC)= (HMP)?:
Let (X, <) a partially ordered set
Let V:={C C X | C < -chain}
We divide this proof into two steps
A=g(4)

1. Let g: V. — V | VAEV or
dre X | Au{z} =g(A)

8This proof is inspired by [Ru2| pg 430
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Then 3B €V | g(B) = B:
We divide step 1. in three points

o LetbeV
(t1) beW
W CVisabtower<= < (t2) CCW, C C-chain = UC € W
(tz3) AeW = g(A)eW
Tp:={W CV | Wis b-tower}
T #0D since {AeV |bCA}eT,
Defining T := N3y, it is easy to prove that T € T,
Let Op :={AeT |VBeT ACB or BCA}
Or # 0 since UT € Or
o T'=0Or:
It suffices to prove that Oy € T
(t1)  Immediate
(t2)  Immediate
(t3)  Let C € Or, we define Oycy :={A €T | AC g(C) or g(C) C A}
It is straightforward to prove that Oy is a b—tower
Then Oycy = T and it follows immediately that C € Or = ¢(C) € Or
e JAy eV | g(Ap) = Ap:
uT eT 8L guT)eT
= g(UT) CUT <= UT =g(UT)
2. dM €V  C-maximal element for V:
Let AcV Wedefine A*:={xeX |x¢ A AU{z} €V}
Ve={A*| AV}
Vifi={A* e V* | A* £ 0}
By (AC) let f:V}* — X | VA* € V)" f(A¥) e A*
AU{f(A")} it A* e V[
A if A* ¢ Vyf
By step lexists M € V | g(M) =M — M* =
Let AcV | MCA
By contradiction M C A = M* # (). Contradiction

We defineg: V. — V |g(A)::{

(HMP)=(Zorn):

Let (X, <) a partially ordered set
Let V:={C CX | C <-chain}
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By (HMP) exists K € V' C —maximal element for V'
By (Zorn) hypothesis 3 N € X | N upper bound for K

Let x € X | N <z and, by contradiction, suppose N <x — k<ax Vke K
Defining K := KU {2z} = K' €V (sinceK € V), K C K’

Contradiction by C-maximality of K

(Zorn)=—(WO)?:
Let X aset, X # ()
We define a subset P of P(X) x P(X x X) as follows!?:

A#D
Ar)eP —
(4,7) { r is a well-order of A
Since X # () = Jz € X = ({z},{(z,2)}) € P
We define a relation <p on P as follows:

(A,r) <p (B,t) <= { ACB

1, =7 (tis an extension of )

(P, <p) is a partial ordered set and if C' C P is a <p-chain :

{ (Uamec A), (Uanecr)) € P

(Zorn) .
2or) 3(M,R) <,- I for P
((Uamec 4), (Uamyec)) is upper bound for ¢ ( ) Sp-maximal for

Suppose exists z € X — M
We define My := M U{z} and R;:=RU{(z,2) | x € M}
(M, Ry) € P } D.4.10

(M, R) <, (My, 1) = (M1,R1) = (M,R) = R is a well-order of X W
4.6 An “ugly” application of AC
Definition 4.11
Let (K, *, -) a Field '*
(V,+) is a K— Space Vector if and only if satisfies

svl + is a associative commutative binary inner operation of V' and exists a neutral
element 0 for it

sv2 Vk € K exists a function ¢, :V — V

An inspiration for this proof is [RR1] pg 16
10Gee definition of P(X) in: A brief survey of Set theory and logic
Hsee definition 1.18
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sv3 gr(u+v) = gi(u) + gr(v) Vu,v €V, Vke K

V4 Grart(u) = ge(u) + g1(u) VYo eV, Vkt € K

svh gri(u) = gp(ge(u)) VueV,Vkte K

sv6b u+g 1(u)=0 YueV

sv7 gi(u) =u VYueV

Henceforth we will denote kv := gx(v) Vu€V,Vke K

Remark 4.3

R is a Q—Space Vector

Definition 4.12

Let (V,+) a K—Space Vector

Let ACV
A is linearly independent <—=Vn > 1, Vuvy,...,v, €V

if Y kuy=0= k=0 Vi<i<n
=1

Definition 4.13

Let (V,+) a K—Space Vector

Let B C V linearly independent
B is an Hamel Basis (HB) for V <= Vv eV dneN,

vi,...,0, €8 and ky,....k, € K
(all depending on v) such that

n
v = E k?z (4
i=1

and this rapresentation is unique

Theorem 4.7

f)=1
(Zorn) = 3If:R — R | flx+y)=f(z)+ fly) Vz,y €R
f is not continuous on R
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Proof
We divide the proof in steps

1. Zorn= 3 HBfor R
f)=1
2. fle+y)=fx)+fly) Vz,y eR } = f(zr)=2 VzeR
f continuous on R
fy=1
3. 3 HB for R = 3f such that flz+y) =flx)+ fly) Yz,y eR

f is not continuous on R

1. Let By :={1,v/2}. Surely By is linearly independent
Let V:={ACR | B; CA, Aislinearly independent}
(V, Q) is a partially ordered family of subsets of R
Let C' a C-chain in V
Defining N :=U C = N is upper bound for C' and NV
Then by Zorn there exists a C-maximal element B € V
B is an HB for R:
Let z e R

e ifreB = n=1,v; =z, k; =1 is a representation for x
Suppose exists another representation for x — = =>_ ¢ v;
Hence > qivi —x =10
Since B is linear independent, all the rational coefficients must be 0
Since z has coefficient —1 we surely claim that, calling A :={i € N | v; = z}
A#D, Yeati=1, ¢=0ifj¢ A
Hence x =) , 4 qiVi =Y ;caGiT =2
And this prove the uniqueness of the representation for any x € B
e ifz¢B
By maximality of B = B U {«} is linearly dependent

Hence 3 neN, wv,...,v, €B, kki,....k, €Q,k#0,k #0 |
kx—i—zyzl kiv,=0

Then ="  p;iv; (where p; :=k; - (—k)~!) is a representation for x
Suppose there exists another representation for z = =73 /", ¢ w;

Let A:={i e N|v; = w;}

Then ZieA(ki _Q’L) ’Ui+2i¢A kivi +21¢A q; W; = 0

ki—qi:O ifie A

By linear independence of B —>
Y P {k:i,quo it ¢ A
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And this prove the uniqueness of the representation for any x ¢ B

2. We omit this proof because it is very simple '?

3. Let é(x fz=1
¢ ifzeB x4l

Let f(x

it zeB
Zrz ¢(v;) if ©¢ B (Hence =73 r;v;)

e Let z= Zi:l TiVi, Y= Dot Giw;
By uniqueness of the representation
x+y=> r;vi+ > qw;is the only representation for z +y

Defining rp4j := qj, Unyj i =w; Vj<m

n+m n+m
r+y= Z TV, —> f(.f—{—@/) = Z riqﬁ(vi)
=1 =1

= Z ri ¢(vi) + Z Tnti O(Wnti)
i=1 i=1

= rid(vi)+ Y ad(wi) = f(x) + f(y)
i=1 i=1

e f is not continuous on R:

Forz =2 sincex € B—{1} = 0= f(z) #=z
By step 2. we get the thesis

12Moore attributes this proof to Cauchy [Mol] pg 112
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Appendix A

Structures containing Peano Systems

In Chapters 1. and 2. we showed the following result:

Given a Peano System! exists a model of a Complete Ordered Field? which contains a
copy of a Peano System as a proper subset

In this Appendix we try to do the other way round, reasoning according minimal condi-
tions on a “structure” suffice to contain a model of a Peano System as a proper subset.
We do not want neither to explain accurately what we mean for “structure” nor to try to
give a hierarchy of conditions on a structure trying to establish the weakest ones, since
it would be to long and we prefer a more cautious approach.

Definition A.1

A Primitive System (P, f) is a nonempty set P and a function f: P — P

Definition A.2

A D-Primitive System (P, f) is Primitive System (P, f) such that

f injective and non surjective

Aim of Appendix A
In this Appendix we will show the following results:
Np C P, Np #£ 10
Given a D-Primitive System (P, f) =3 a€P \
c:Np — Np

(Np, a, o) is a Peano system

ISee definition 1.1
28ee definition 2.6
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Definition A.3

Let (P, f) a D-Primitive System, then by definition A.2 f(P) C P
Letae (P — f(P)), ICP
acl

I is a-Inductive <—
1S a-1nductive {pE[:>f(p)€[ VpEP

For example P is a-Inductive

Definition A.4

Let J:={I C P | I a-Inductive}
Let Np = Nrey 1

The following theorem guaranties us result’s achievement

Theorem A.1
Let (P, f) a D-Primitive System, let Np as in definition A.4, let o := f},

(Np, a, o) is a Peano System

Proof
We have to prove that:

1. Np is a-Inductive:
. D.A4
a€l VI a-Inductive = a € Np

p e Np DA p €1 VI a-Inductive

D-A3 f(p) € I VI a-Inductive DAd f(p) e Np
ai f(P)
2. FNp) C £(P) } = a & f(Np)

3. Obvious since f is injective
4. Immediate by definition A.4

Theorem A.2

Ina COF (R, +, %, <) INCR, N#£) | (N, +, % <) is a Peano Ring®
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Proof
Let (R, +, %, <) a Complete Ordered Field*

e Let P:={xreR | z>1}and f(z):=x+1 VzeR.
e It is immediate to see that (P, f) is a D-Primitive System?®.
e Hence using results of this Appendix let (Np, 1, f|,) a Peano System1.1.

e Using results of Section 1.1 we could define two binary inner operations +Np, *Np OI
Np, a relation <y, on Np such that (NP, +Nps *Nps» <Np ) is a Peano Ring

e By Induction it is simple to show that

— operations + and * of R restricted on Np coincide with 4y, and *y,

—-n<k <= n<y,k Vnk €Np

e Namely (Np, +, %, <) is a Peano Ring

4See definition 2.6
58ee definition A.2
6See Aim of section 1.1
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