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Abstract  The behavior of the “minimal branch” is investigated for quasilinear eigenvalue
problems involving the p-Laplace operator, considered in a smooth bounded domain of RY,
and compactness holds below a critical dimension N*. The nonlinearity f () lies in a very
general class and the results we present are new even for p = 2. Due to the degeneracy of
p-Laplace operator, for p # 2 it is crucial to define a suitable notion of semi-stability: the
functional space we introduce in the paper seems to be the natural one and yields to a spectral
theory for the linearized operator. For the case p = 2, compactness is also established along
unstable branches satisfying suitable spectral information. The analysis is based on a blow-up
argument and stronger assumptions on the nonlinearity f (u) are required.

Mathematics subject classification 35B35 - 35B45 - 35J70 - 3560

1 Introduction and statement of main results

We deal with the analysis of solutions to the boundary value problem:

—Apu = —div (|VulP72Vu) = Ah(x) f(u) inQ
O<u<l in Q (1.1)
u=0 on 9%2,

Authors are partially supported by MIUR, project “Variational methods and nonlinear differential equations”.

D. Castorina - P. Esposito ()

Dipartimento di Matematica, Universita degli Studi “Roma Tre”,
Largo S. Leonardo Murialdo, 1-00146 Rome, Italy

e-mail: esposito@mat.uniroma3.it

D. Castorina
e-mail: castorin@mat.uniroma3.it

B. Sciunzi

Dipartimento di Matematica, Universita della Calabria, Via Pietro Bucci,
1-87036 Arcavacata di Rende (CS), Italy

e-mail: sciunzi @mat.unical.it

@ Springer



D. Castorina et al.

where p > 1, Q C RY is a smooth bounded domain, A > 0 is a parameter and
h(x) : @ — (0, 400) is an Holder continuous function. Throughout the paper, the non-
linearity f(u) will be always assumed to be a non-decreasing, positive function defined on
[0, 1) with a singularity at u = 1:

lim f(u) = 4o0. (1.2)
u—1-
Nonlinear eigenvalue problems as (1.1) with p = 2 and f(u) a smooth nonlinearity

unbounded at +o0: liIJIrl f(u) = +o0, have been largely studied in last thirty years.
u—+00

Since the pioneering work of Crandall and Rabinowitz [8] for f (1) = e“, there has been an
intensive investigation to recover general smooth f (). Let us set up the problem in order to
explain the contributions already available in literature. Let f : [0, +00) — (0, +-00) be a

u
smooth non-decreasing function so that lim }_nf Q) > 0. By Implicit Function Theorem,
U—> 100

u
there is a unique curve of positive solutions u; of (1.1) branching off u = 0, for A small. It
is possible to define the extremal parameter in the following way:

A* =sup{i > 0: (1.1) has a positive classical solution}, (1.3)

and show that A* < +o0. Since f(0) > 0, u = 0 is a subsolution of (1.1). By the method
of sub/super solutions, the set of A for which (1.1) is solvable coincides exactly with [0, 1*),
and the associated iterative scheme provides a minimal solution u;, (i.e. the smallest positive
solution of (1.1) in a pointwise sense), for any A € [0, A*). Moreover, the family {u;} is
non-decreasing in X, and u;, is a semi-stable solution of (1.1) in the sense:

1 (uy) = inf /|V¢I2—M(X)f(ux)¢2: ¢ € Hj (), /¢2=1 >0. (14
Q Q

The main issues in such a topic are the following:
(1) compactness of the minimal branch u;

sup Juylleo < +00 (1.5)
A€[0,1%)

to guarantee that u™ = liTm* u;, -the so-called extremal solution- is a classical solution of (1.1)
A

with A = A*;
(2) study of u™ when compactness (1.5) along the minimal branch fails.
In general, u™ is a weak and still semi-stable solution: w1 (#*) > 0 (defined as in (1.4)). In
the non compact situation, u* can be also computed explicitly in some special cases (see
[3,4]). When compactness holds, let us stress that j¢ (u*) = 0 to prevent the continuation of
the branch u, for A > A*. In such a case (see [8]), by Implicit Function Theorem there is a
second curve U,, different from u; , branching off u = u* for A in a small left neighborhood
of A*. The solutions U;, turn out to be unstable, with Morse index one.

The validity of (1.5) depends on the dimension N and the nonlinearity f(u): there is
a critical “dimension” N* € R so that compactness holds when N < N* and fails when
N > N* (for some i (x) and €2). In [8,21], the critical dimension for the most typical examples
f(u) = " and f(u) = (1 4+ u)™ are computed explicitly: N* = 10 when f(u) = e" and
N* > 11 when f@) = (1 4+ u)™ (the expression of N* in this case is rather involved). In
[19], a thorough ODE analysis of solutions is achieved when 2 is a ball, 2(x) = 1 and f ()
as above.
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u
For convex nonlinearities f () so that lim fw = 400, it is a long standing conjecture
u—

oo u
that the critical dimension should satisfy N* > 9 no matter f(u) is. The first contribution is
due to Crandall and Rabinowitz in [8] who prove, under the additional assumption:

F@OF@ oy TS

0 <y =liminf < -
PTER T RW T s P
that (1.5) holds for any N < 4 + 2y +4,/y, provided y; < 2 + ,/y + y. Recently, Ye
and Zhou in [28] have improved Crandall-Rabinowitz statement: compactness holds for any
N < 6+4,/y, where

< 00,

y = liminf M > 0. (1.6)
u=too f2(u)

Let us remark that the critical dimension found by Ye and Zhou is 10 when f(u) = e“.
While, for f(u) = (1 + u)™ the dimension is not optimal but the optimal one can be easily
recasted by a bootstrap argument. Without additional assumption, Nedev in [22] shows the
validity of (1.5) for N = 2, 3 and Cabré in [5] has announced the result for N = 4. When
restricting the problem to radial solutions on the ball (with #(x) = 1 for example), in [6]
Cabré and Capella show compactness for any N < 10 and possibly non-convex f (u).

Problem (1.1) for a singular nonlinearity f(u) = (1 — u)™™, m > 0, has been firstly
considered by Joseph and Lundgreen in [19] in a radial setting. The analysis of the minimal
branch u; has been pursued in [17,21] and the associated critical dimension has been com-
puted. In [12,14] compactness of any unstable branch of solutions to (1.1) with uniformly
bounded Morse indices is shown. The study in [12,14,17] is motivated by the theory of
so-called MEMS devices and is focussed on f (1) = (1 — u)~2.

A MEMS device (Micro-Electro Mechanical System) is composed by a thin dielectric
elastic membrane held fixed on d€2 (at level 0) placed below an upper plate (at level 1). An
external voltage is applied, whose strength is measured by A. The membrane deflects toward
the upper plate, measured by u(x) at any point x € €2, and the deflection increases as A
increases. For an extremal 1*, the membrane could touch the upper plate: mélx u =1, and

the MEMS device would break down. The function & (x) -referred to as permittivity profile-
is directly related to the dielectricity of the membrane at the point x € €2. Problem (1.1) with
p=2and f(u) = (1 —u)~2 arises as a model equation to describe MEMS devices theory.
We investigate here problem (1.1) for general p > 1 and nonlinearities f (), singular at
u = 1, with growth comparable to (1 — )™, m > 0. We refer the interested reader to [23]
for a complete account on this theory.

The difficulty is twofold. On one side, we allow more general functions f(u) and the

right assumption (in the spirit of [8,28]) has to be understood. On the other side, the
p-Laplace operator is a nonlinear degenerate operator. Problem (1.1) for general p > 1
has been considered in [15,16] for f () = ¢" and in [7] for f (u) of polinomial-type growth.
We will borrow some ideas and techniques from [7] to deal with singular nonlinearities, and
some of their arguments will be refined here.
According to [11,20,26], Holder continuity of first derivatives holds for any weak solution
of (1.1) with || f(u)|lcc < +00. Hence, we will say that u is a classical solution of (1.1) if u
has Holder continuous first derivatives, 0 < u < 11in 2, u = 0 on 92 and u solves (1.1) in
a weak sense:

/|W|P—2wv¢ = A/h(x)f(u)d), Ve Wg”’(sz). (1.7
Q

Q
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Let u be a classical solution of (1.1). The linearization of (1.7) is not possible along every
direction in Wé’p(Q), when 1 < p < 2, while it is possible not only along directions in
WOl "7(2), when p > 2. Then, the choice of a functional space A,, composed by admissible
directions for which the linearization makes sense, is crucial. The stability of a minimal
solution will be easier to establish as smaller the space A, is. However, the class .4, should
allow the choice of suitable test functions in order to prove a-priori energy estimates for
semi-stable solutions.

In [7], the authors find a good candidate for .A,,, which however does not allow a spectral
theory for the “linearized operator”. We present here a different and more natural way to
overcome the problem, by taking a space .4, larger than in [7].

Letting p = |Vu|P~2, we introduce a weighted L2-norm of the gradient:

1
lp] = (Jo pIV@I|?)2. For 1 < p <2, A, is the following subspace of Hy ():
Au=1{p € Hy(Q) : 1¢] < +oo}.

Since 5, IVI® < V357112, (Au, | - I) is an Hilbert space.
For p > 2, the weight p is in L°°(2) and satisfies p~ ! e LY(), as shown in [9].
According to [27], the space
H)(Q) = {¢ € L*(Q) weakly differentiable : |¢| < +00}

is an Hilbert space and is the completion of C°°(2) with respect to the | - |-norm. For p > 2,
the Hilbert space A, is the closure of C§°(£2) in H; ().

. . . 1
For convenience, we replace the | - |-norm with the equivalent norm ||¢| =< ¢, ¢ >2,
where

<é W >= / \VulP2VVY + (p — 2)|Vu|P~> (& v¢) ( Vu w).
Q

Vul Vul

For any p > 1, the Hilbert space A, is non-empty: u € A,, and is compactly embedded in
L*(R), as we will derive in Appendix from the weighted Sobolev estimates of [10]. A first
eigenfunction for the “linearized operator” then exists in .4,:

Theorem 1.1 Let u be a classical solution of (1.1). The infimum

o lel? = o h(x) f (w)¢?
= f
ma =, o Jo#?

is attained at some positive function ¢1, and any other minimizer is proportional to ¢;.

For our purposes, Theorem 1.1 is sufficient even if we guess a full spectral theory for the
“linearized operator” to be in order. Once a right stability notion has been introduced, we
show that the known results about the minimal branch are still available:

Theorem 1.2 Let p > 1. Let f(u) be a non-decreasing, positive function on [0, 1) so that
(1.2) holds. There exists A* € (0, 4+00) so that, for any . € (0, A*), (1.1) has a unique
minimal (classical) solution u)_and, for any A > A* no classical solution of (1.1) exists. The
following upper bound holds:

A< f((»“(igfh)—‘xl, (1.8)

where L > 0 is the first eigenvalue of — A ,. Moreover, the family {u, } is non-decreasing in
A and composed by semi-stable solutions: p1(uy) > 0.
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We are now concerned with compactness issues and, in the spirit of (1.6), we assume on

AR

. ) |
fiming LUSW _ P2 g nf(lu) —m>0. (1.9)
u—1- f2(u) p—1 u—17 In =

Set

s (r+:5+ 22Ty D+ —1-14) ) ift<p=2
(v + A+ VI P (- D) itp>2,
(1.10)
where u_ |"| “ is the negative part of u. The result we have is:

Theorem 1.3 Let p > 1 and f(u) be a non-decreasing, positive function on [0, 1) so that
(1.9) holds. When 1 < p < 2 assume the convexity of f(u) near u = 1. Then

sup  flualleo < 1, (1.11)

provided N < N*.

Remark 1.4 (1) Assumption y > % is necessary to obtain that (¢g—, g+) N (—min{y, 1},
~+00) # @ in the basic 1ntegral estimate (3.30). In analogy with [22] it could be interesting
to consider the case y = = ? when p > 2 (as in [25] for regular nonlinearities f (u)).
However, when p = 2 Nedev result [22] applies for N = 2, 3 and can not be seen as
the limiting case of Ye-Zhou result [28] because lim0(6 +4,/y) = 6. We are interested

Y

here in obtaining the maximal regularity we can (depending on ) and we will consider
P

only the case y > Tj'

(2) Let us stress that the critical dimension N* given in (1.10) has a jump discontinuity at

=2fory <1+ %: the method we will use (inspired by [28]) leads to stronger

estimates when 1 < p < 2 and is based on the convexity of f(u) near u = 1. The
case | < p < 2 and p—j < ¥ < 0 could also be considered (as in [24] for regular
nonlinearities f (u)) but this improved approach could not be used.

(3) Let us discuss assumption (1.9). Observe that, for singular polinomial nonlinearities
fm) = (1 —u)™™, there is a relation among m and y: y = 1 + % In general, m and y
are not related, as the following convex nonlinearity shows:

- 1
Fa) =1 =™ pu) =72 2’"‘ sin [eln [1 +ln (1 +in )]]erl;mz,
—Uu

where € > 0 small and 0 < m; < my < oo. Observe that h(u) oscillates taking
all the values in [m, mz] Since |h(u)In | < €727 for ¢ small there holds

T—u 2 1-u
fw) = f(u)(h(u)ln T + 1) > Oforany u € [0, 1) (note that f(u) = ¢"*™" ),
Since |k () In = |+ 2|h(“)| < 3¢ m2 "1 for € small we get:

—w?’
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. ;2 . A
fu) = J}((u")) + fw)(h(u)In 1114 + 2% + %) > 0 for any u € [0, 1), and

) f I £ 25+
rEim TR T Y
(A + 1)
=1+ liminf L=1—i—i.
u—1- h(u) my

1
Since lim inf 1 f(lu) = liminf h(u) = m1, the values of m and y in (1.9) are indepen-
u—1- 1n S u—1-

dent.
Moreover, this example features a general property (based on the validity of (1.2)):

-1 . —1

u—>1- lnm u—1- 17—
> lim inf M —1 (1.12)
u=1= f2(u)
In strong analogy, let us remark that (1.6) on [0, +00) implies:
| 1 ..
) A LEAC)Y
u—+oo Inu u——+00 fl(u)
. . . o f) fw)
Unfortunately, to establish energy estimates we need an assumption on lim inf ————,
u—1- fz(u)

. . . In f(u)
which does not imply any control on lim inf i
u—1- In
1—u

to strengthen assumption (1.6) on [0, co) when considering nonlinearities on [0, 1).

It explains somehow why we need

When (1.11) holds, the extremal function u* = ngrl{l* u; is so that: mgazlx u™ < 1. Since

I f (u*)|lso < 00, by regularity theory u* is a classical solution of (1.1) with A = A*. Since
u* is the minimal solution, py(#*) > 0. When p = 2, the Implicit Function Theorem
provides w1 (u*) = 0 and, following the classical argument of [8], there is § > 0 so that, for
any A € (A* — 8, 1), a second solution U, of (1.1) exists so that thI/le* U, =u*in CL(Q).

For the analysis of the second branch U,, we will use a blowup approach developed in
[12,14]. In order to identify a limiting equation on R" and to have some useful information
on such a limit problem, for p = 2 we will require:

fa) f)
- w V7 1 (1.13)
1
O<u<10=r=u (1 — y) 71 f(u)
1
im sp | 9TOTO o G )
U= 1T =M —wyst=u | (1 — w) 7T f(u)
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nf@ 1
wo_

By (1.12), the inequality ¥ > 1 in (1.13) always holds and m = lim T
Y —
1—u

u—1- In

Hence, N* in (1.10) reduces to:

N — 2y +2+2/y)
14
(in case p = 2). The result we have is:

Theorem 1.5 Let p = 2 and f(u) be a convex, non-decreasing, positive function on [0, 1)
so that (1.13)-(1.15) hold. Let 1, € (0, A*) be a sequence and u, be associated solutions
of (1.1). Assume that u, has Morse index at most 1: pu2, > 0 for any n € N, where
Mo = M2 (—A — Anh(x)f(un)) is the 2nd eigenvalue of the linearized operator. Then

sup luplloo < 1,
neN

provided N < w

In [12], compactness of a solutions sequence u,, with uniformly bounded Morse indices
is shown to hold for f(u) = (1 — u)~2, where h(x) is allowed to vanish at pi as |x — p;i|%,
ai > 0,fori =1, ..., k. This is still true in such a more general context but, for the sake of
shortness and simplicity, we will consider in Theorem 1.5 only the case of Morse index one
and & > 0in . Let us remark that assumptions (1.13)—(1.15) require that f(u) blehaves at

e
1—u’

main order like (1 — u)_ﬁ asu — 17 :anexampleis givenby f(u) = (1—u) *Tln
y > 1.

The paper is organized as follows. In Sect. 2 we illustrate how to adapt standard techniques
to p-Laplace operator. In Sect. 3, we prove energy estimates and see how assumption (1.9)
will allow us to prove Theorem 1.3. Let us stress that, by regularity theory, energy estimates
on u; can provide useless L°°-bounds on u; (in our context ||uy ||co < 1). In particular, the
second assumption in (1.9) will be crucial in our argument. In Sect. 4, we describe the blow up
approach and, by an instability property of the limiting equation, we will derive Theorem 1.5.
Existence of first eigenfunctions as in Theorem 1.1 and some technical Lemmata of Sect. 4
will be proved in the Appendix.

2 Minimal branch

In this section, we will establish Theorem 1.2 ( we refer to [7] for related results). Since the
Implicit Function Theorem does not produce solutions of (1.1) for A > 0 small and p # 2,
due to the degeneracy of p-Laplacian, we will use directly the sub/super solutions method.

Since f(0) > 0, u = 0 is a sub-solution of (1.1). In order to produce a positive super-
solution for A small, let v be the solution of

l —A,v=h(x)f0) inQ

v=0 on 0L2. (2.16)

Problem (2.16) has a unique positive solution v € C'(). Let us fix # > 0 small so that
u = P satisfies ||#]|oo < 1. By the monotonicity of f(u), there holds:

—Apii = P h(x) £(0) = Mh(x) f (max ) > wh(x) f @)

BP~L£(0)

forany 0 < A < Fmaxa " Namely, for A small u is a positive super-solution of (1.1).
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Fix A > 0 so that (1.1) has a super-solution #: 0 < u < 1 in Q. Let u; € cl(Q)
be the unique, positive solution of: —A,u; = Ah(x) f(0) in €, u; = 0 on d€2. Since
—Apuy < Mi(x)f(m) < —Apu, by the weak comparison principle 0 = u < u; < u.
Introduce now the following iteration scheme: let u,,, n > 2, be the unique, positive solution
of

_Apun =)‘-h(x)f(un—l) in
u, =0 on 0L2. 2.17)
We want to show that 0 = u < u,, < u for any n > 1. If such a property holds for some u,,
by the weak comparison principle applied to: —A yu,11 = Ah(x) f(u,) < Ah(x) f(u) <
—Apu, we get u, 1 < u. Since u; < u, by induction 0 = u < u, < u forany n > 1.
In the same way, u, is a non-decreasing sequence: u,4+; > u, for any n > 1. Set
u; (x) :=1imy s oo Uy ().
Since ||u||oc < 1, for any n > 1 there holds:

/IVunl” ZA/h(X)f(unq)un = ?»/h(x)f(ﬂ)ﬁ< +00.
Q Q

Q

Up to a subsequence, we can assume that u, — u; weakly in Wol’p (£2) and by Lebesgue
Theorem f(u,) — f(uy) in LY(), as n — +o0. Since Vu, — Vu, in LI(RQ), q < p,
as n — 400 (see [1]), Eq. (2.17) passes to the limit yielding to a classical solution
0 =u < u), < uof (1.1) (classical in the sense specified in the Introduction). Since
the scheme we defined is independent on u, we get that u; < u for any super-solution of
(1.1). In particular, u; defines the unique, positive minimal solution of (1.1).

Resuming what we did, for & > 0 small a minimal solution u;, exists. Then, A* € (0, +00],
given as in (1.3), is a well defined number. To establish an upper bound on A*, let us compare
(1.1) and

(2.18)

—Apu = BuP~' inQ
u=>0 on 92.

Since h(x) f(u) > h(x) f(0) > SuP~! for any0 <u < 1,6 = f(0) igfh, a solution u of

(1.1) is a super-solution of (2.18) for 8 = §A. Let 1| be the first eigenvalue of —A , (1 is the
least value 8 > 0 so that (2.18) has a non trivial solution) and let ¢; be an associated positive
eigenfunction. For any 8 > A1, ¢; is a sub-solution of (2.18). By Hopf Lemma and weak
Harnack inequality, d,u < 0 on 92 and # > 0 in 2, where v(x) is the unit outer normal of
02 at x. Hence, for € > 0 small, the function €¢j is still a first eigenfunction so that e < u
in Q.

If A* > ):3—‘, the sub/super solutions method explained above works as well yielding to a
positive eigenfunction gg (¢ > €¢1) with associated eigenvalue g, for any 61* > B > A1.
Since it is well known that the only positive eigenfunction of —A , is the first one, we reach
a contradiction. Hence (1.8) holds.

Since any classical solution u of (1.1), for some A = X isa super-solution of (1.1) for any
0 < A < 1, a super-solution exists for any A € [0, *). The iterative scheme provides the
existence of a (unique) classical, minimal solution u, for any A € [0, A*) so that u; < u;
forany 0 < A < A’ < A*. Next Lemma shows the semi-stability of u; and complete the
proof of Theorem 1.2:
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Lemma 2.1 Let A € [0, A*) and u;, be the minimal solution of (1.1). Then, u,_is semi-stable:

2
/ (Wm"‘zww +(p —2)|Vu; |P72 (;—Zi' : V¢) - Ah(x)f(mwz)
Q

>0 Vo eAy,. (2.19)

Proof Let M = {u € Wy"(Q) : 0 < u < u,ae}and F(u) = [V f(s)ds. Since
lualloo < 1, F(u) is uniformly bounded for any u € M: 0 < F(u) < F(uy) < C < +00
a.e. in Q. Introduce the energy functional:

E(u) = %/IVulp—k/h(x)F(u), u e M.
Q

Q

The functional E is well defined, bounded from below and weakly lower semi-continuous in
M. Then, it attains the minimum at some u € M: E(u) = in/\f/t E(v).
ve

The key idea is to prove: u; = u. We need only to show that u is a classical positive
solution of (1.1). Indeed, since u < u, and u; is the minimal solution, necessarily u = u;.
Since u minimizes E'(v) on the convex set M, the following inequality holds:

/ \VulP2Vuv(y — u) — k/h(x)f(u)(w —u)>0 VYyeM. (2.20)
Q

Q

Let us introduce the notation

E (v)g = / [Vu|P~2VuVg — A / h(x) f (V)@
Q

Q

forany v e M and ¢ € W(;’p(Q).
Letnow ¢ € CgO(Q).Weuse Ve=u+ep—(ut+ep—u) +wu+ep)_ € M, e >0,
as a test function in (2.20):

0<E (e —u)=€eE ¢ — E )+ ep — )" + E )+ €p)_,

and then 1 !
E Wy > EE/(u)(u +ep —up)t — EE/(u)(u +€p)_ (2.21)

holds. Since u; solves (1.1) and f () is non-decreasing, by Lebesgue Theorem we have:

1 4 + ] ’ ’
“E @t ep—u)t = — (E'w — Ew) e+ ep — )
€ €

%

/ (IVu|P=2Vu — |Vu; |P7*Vuy) Vo
{u. <u+ep}
- / (IVulP"2Vu — |Vu |P72Vu,) Vo (2.22)
{ur=u}

as e — 0T, in view of u < u; and

(x/P2x —pIP2y) - (x —y) >0 Vux, yeRY, x #y. (2.23)
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Recall now that, given u, u’ € WOl "7 (), by Stampacchia’s Theorem it follows that
Vu = Vu' ae. in the set {u = u’}. Therefore Vu = Vu; ae. in {u = u,}, and letting
e — 07 in (2.22) we get:

1
liminf —E (u)(u 4+ €p —uy)™ > / (|Vu|p_2Vu — |Vu,\|P_2Vu,\) Vo =0
e—>0t €

{up=u}

forany ¢ € C;°(£2). Since 0is a sub-solution of (1.1), comparing E ' (u) with E ' (0), similarly
we have:

1
limsup —F (u)(u +€p)— < — / [Vu|P2VuVe = 0.
e—0t+ € (u=0)

u=

Then, by (2.21) we get: E/(u)go > 0, for any ¢ € C§°(R2). By density we get that u is a non-
negative weak bounded solution of (1.1). By regularity theory and weak Harnack inequality,
u is then a positive classical solution for 0 < A < A*.

Once we have characterized u; as the minimum point of E(u) in M, we are in a good
position to show semi-stability of u; . We should differentiate two times E (u) at u = u; but
a lot of care is needed because E () is not a C2-functional. Let 0 < p e CPEQNA,,.
Since u, is a positive continuous function, #; > § > 0 on Supp ¢ and u, —t¢p € M for
t > 0 small. Compute the first derivative of F(t) = E(u; — t¢), for t > 0 small:

F(ty=—E (u) — t9)¢ =—/ (IVur — tV|P"(Vuy, — tV9) Vo — Ah(x) f (uy. — 19)9) .
Q

Since F(t) > F(0), fort > 0 small, and F(0) = —E'(u;)¢ = 0, we have that F(0) > 0, if
F(0) exists. Let Q; = {x € Q: 2t|Vyp|(x) < |[Vu,|(x)}. Observe that:

Vi — tVo|P2(Vuy, — tVe) — |Vuy|P~2Vu,,
L= . Vo
ot
Vu, |P~1

sc| [ FEEwer+ [ o

A2, O
<c /|WA|P—2|V¢|2+ / Vol | .

QQ, joiioh

because |Vuz| < 1|Ve| and tP2|Ve|? = (t|V])P2|Vel> < 227P|Vu, |P2| Vgl +
[V|P in Q\;. Also {|Vu, | = 0} is a zero measure set (see [9]). Since Q\Q2; — {|Vu,| = 0}
in measure, as t — 07, then we have:

Q\Q > 0, Q4 — Q in measure, as r — 0T, (2.24)

Since |Vuy|P72|Vo|>+|Ve|? € L1 (Q) forany ¢ € C°(Q)N Ay, then — Oast — 0t.
Compute now:
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; / Vur = tV@lP (Vi = 1Vg) — Vi [PV
1=

t
Q

1
= —/dx/ds (IVus, — stVe|P2|Vel|?
Q 0
+(p = D)|Vuy, = 51Vl (Vi Vo — 51|Vgl*)?) .

Since C > |Vu;, — stVo| > |Vu| —t|Ve| > 40 on @, observe that

|Vus, — stVo|P2Vol> + (p — 2)|Vu; — stVe|P = (Vu, Vo — st|Ve|?)?
<22 P|Vuy [P |Ve* + (p — DCP Ve € L(Q)

for any ¢ € C§°(R2) N A, . By Lebesgue Theorem and (2.24) we get that

Vu 2
11—>—/ IVMAIP_2|V<P|2+(17—2)|Vuxlp_2( x -Vw)
J [Vu, |

ast — 0F.

We are now ready to conclude. Since the term A fQ h(x) f(u)—te)pin F(t) isclearlya cl-
function at + = 0, the only difficulty to compute £(0) is given by the term
Jo |Vuy, — tV|P~2(Vu, — tVe)Ve. The limit of I, I, as t — 0% provides the existence
of F (0) and:

VMA

ﬁ(O)z/ |wx|"*2|w|2+(p—2>|wx|f’*2(
J [V |

2
: w) - Ah(x)f'(uk)qoz) >0,
(2.25)
forany 0 < ¢ € C§°(2) N Ay, . For p > 2, by definition of A,, , C§°(£2) is a dense subspace
of A,, in the || - [|-norm. Then, inequality (2.25) holds forany 0 < ¢ € A,, .
Thisisstill true for 1 < p < 2butmore care is needed in the density argument. For 1 < p < 2,
let us observe that (2.25) still holds for any 0 < ¢ € L*(Q2) N A,, with supp ¢ C Q. The
argument to derive (2.25) works as well because A, C HO1 (RQ) C Wol’p(Q) forl < p <2.
Finally, let us show that any function 0 < ¢ € A,, can be approximated in || - [|-norm by
non-negative, essentially bounded functions ¢, with support in €. Indeed, let v, € C;°(£2)
be so that ¢, — ¢ in HO1 (€2). By Hopf Lemma, there holds: |Vu;,| > 0 in S_Z\Qza for some
6 > 0 small, where Q5 = {x € Q : dist (x, d2) > §}. Let x be a cut-off function so that
x = 1in Q5 and x = 0 in Q\ Q. Define now ¢, = min{x¢ + (1 — x)¥,, n} € L*=(Q).
We have that

/|VuA|P*2|V<<pn —9)?
Q

= / |Vup P2 Vol|* + / IVur P2V (L= ) (Y — @)

{xo+(1—x)¥n>n} {xo+(1—x)¥yn=<n}
< / Vi P2Vl + C / W —9)? +C / (Vi — V)2 = 0
{xe+(=x)¥n>n} Q25 Qs
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asn — +00, because ¥, — ¢ in H} () and L?(R2), and

Hxe + A =)¥n > n}l = — sup/(x<p+ (1= 0¥)* =0

asn — +o00. Hence, 0 < ¢, € L*°(2) N A,, with supp @n C supp ¥, N Qs C Q.
Once (2.25) is established for any 0 < ¢ € A,,, since F (0) is a quadratic form in ¢ and
ot e Ay, when ¢ € A,,, we get that(2.25) holds for any ¢ € A,, . The proof is done. O

3 Compactness of minimal branch

In this section, we will prove Theorem 1.3. Let us assume
f(u)f'(u) =y fPw) Yisu<l, (3.26)

forsome t =1, € (0, 1), where y > "= 1fp >2andy > 0if 1 < p < 2. Observe that in
particular y > p—j.

For suitable test functions, semi-stability of u; and assumption (3.26) will provide integral
bounds on the R.H.S. of (1.1).

Let ¢ > — min{y, 1}. Introduce the following function:
if0<u<t

[“Vaf= ) f2s) + fa(s) fl)ds ifr <u < 1.

By (3.26), observe that ¢ f 77" (s) f2(s) + f9(s) f(s) = (g + y) f77(s) f3(s) = O for any
t <s < 1. Then, g(u) is well defined and, forany t <u < 1:

glu) = [

VR N
g) > VT T V/le(s)f(s)ds = ﬁ (r5w-r%w). 62
t

Let us now test (1.1) against (fq(u;\)f'(u;h) — fq(t)f(t)) X{u, >t} € Wol’p(Q):

A / h(x) £ uy) f (u3)

{up>t}

> / IVup | ? (g f 9 ) f2w) + £9Gu3) £ (uy))
{up >t}

1

Vu, 2
== (iwup Vel + (p = 2)[Vup |~ 2(|V N Vg(uk)) ) (3.28)
Q

Since u;, € CHQ) and |u; |l < 1, g(uy) € Ay, forany A € [0, A*). The semi-stability
(2.19) of u,, inserted into (3.28), and estimate (3.27) yield to:

\%

. 1 .
/ RO FI ) f (un) > -1 / h(x) f ()8 () (3.29)
{u >t} Q
4(q +y)

; q q 2
Z T haL1r [ heofan (£ @ - 1 o)

{u >t}
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Setting g+ = % —-1&+ % 2 — p+ y(p — 1), note that assumption y > ﬁ—:? ensures

g+ € R, (g—,q9+) # ¥ and g+ > —min{y, 1}. For any ¢ € (¢g—, q+), there holds:

4(g+ :
% > 1, and then:

4g+y)d—e)
(p—Dig+1)7?

for some € > 0 small. Since lim f‘f“(u) = 400, there exists 7. € (¢, 1) so that

u—1-

)

. g+l g+l .
fF(FZw—fz@)?>U—-efwfiw Vie<u<l.
Combined with (3.29), finally we get that:

/ h@) f17 W) fu) < C ¥ q € (g-.q4) N (= min{y, 1}, +00).  (3.30)

{up>r}

By integration, (3.26) gives that: f(u) > ffy(ét)) fY() for any + < u < 1. Write
f@) = f7u) 7" (u) for0 < n < 1 and

VA 0)
Fra=m()

for any t < u < 1, we get the following result:

7wy > FrAD @)

Theorem 3.1 Assume (3.26) for y > Z—j ifp>2andy > 0ifl < p < 2. Given
0<n<1,then
sup /h(x)f"(ux)f'”(ux) < 400 (3.31)

re[0,1*
[ )Q

foranyl<q <gy=y(d=m+ 32+ 5v2=p+y(p-D.
For n = 0, Theorem 3.1 gives:

2 2
sup /h(x)fq(ux)<+oo, Vl§q<qo=y+pf+—\/2—p+y(p—l)-

A€[0,A%) 1 p—-1
Q
(3.32)
When 1 < p < 2, estimate (3.32) can be improved with the following argument. Let us
replace f(u) with f(u) = f(u) + u + Cu?, C > 0 large in order to have f convex and
strictly increasing on [0, 1) (we use here the property of convexity of f(u) near u = 1).
Given s > 1, by (1.1) let us compute (in a weak sense):

{ —A, (}FS(M)L) _ fS(O)) < ksp—lh(x)f(p—l)(s—l)+l (u)h)pr—l (u;) inQ (333)

Fu) — f50) =0 on 9.

Since 0 < u; < 1, by (3.31) the R.H.S. in (3.33) is uniformly bounded in L# (R2), for any

qn 2—p qn 2 . . qn 2—p
J— < < < = __ = £ 21 R 2 Z_ £
p—1 n land forany 1 <s < 1 (note that > I implies T > 1

for any 0 < n < 1). Since it is possible to find i, € Wol’p(Q) so that

—Aphy, = AP () FOVCDH ) FPN (), (3.34)
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by weak comparison principle 0 < f (uy) — f (0) < h;. Elliptic regularity theory for

p-Laplace operator (see [18]) applies to (3.34): Lr- = (£2)-bounds on the R.H.S. of (3.34)

gives estimates on £, and in turn, on f*(u;) forany 1 <s < %” — %.

Letl < p <2 IfN < ﬁ, then % > % for n = 1 and elliptic regularity theory
provides:

sup || f(up)lloo < 00.
2el0,2)

In particular, compactness (1.11) holds for N < % When N = %, by elliptic regularity
theory we get:

sup || fu)llra@) < oo,
Ae[0,0%)

forany ¢ > 1. When N > %,feranyp—l <n < 1wehavethat% < %and

L™ = M= _ ¢ well defined. Fix now p — 1 < n < 1. Elliptic regularity theory

N(p—D)—np
gives that:
. 2 _ 17 Kk
sup [ f )o@ < o0, V1<g<g,= (@ - —") (—) . (339
AE[0,0%) n p—1 p—1

We need now to maximize g, for p — 1 < n < I in order to achieve the better integrability.
It is a tedious but straightforward computation to see that:

1 2— N(p—1
qn—Ni(er p)+ (p—1
p -1 N(p—1)—np

1 2—p 2 2
N \E - +— +y+—+——V2-p+yvip-DJ).
P p—1 p-

1 1
Then, the function g, is monotone in 1. Define

p 24+y(p—-D+22—p+y(p—-1

Ne =" 2— 1
P p+y(p—1

Observe that N, > L If < N < N, the function g, is non-decreasing and achieves
the maximum at n = 1 It N > N , gy decreases and achieves the maximum at n = p — 1.
We can compute now:

qg:= sup ¢

p—l=n=l !
[ 5ot (P22 p Ey (- D) if 2 <N <N,
" (e-po D+ +5VI=pTYp D) N> N,

When 1 < p < 2, observe that ¢ > qq if and only if N < N,,. Let us define

+00 ifN_p1,1<p<2

qp = ﬁ(p+2«/2—p+y(p—l)) 1f 1<N<N,1<p<2
)/—i—%—i—%«/Z—p—i—y(p—l) 1fe1therN>Np,1<p§20rp>2.

Resuming (3.32), (3.35), the following result has been established:
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Theorem 3.2 Assume (3.26) for y > ﬁ—:? ifp>2andy > 0if1 < p < 2. When

1 <N < 5 and1 < p <2, there holds:
P

sup [luylloo < 1.
2e[0,1%)

When either N > p% 1 < p <2orp > 2, we have that:

1)
sup || f(u)llLa) < +oo (3.36)
A€[0,1%)

forany 1l <q < qp.
Letp > 1,and assume N > %1 if 1 < p < 2. We want to understand when compactness

(1.11) of u holds. We will use now the following assumption:

fu) = (lcio)m YO<u<1, (3.37)
—Uu

for some m > 0 and Cp > 0. By (1.1) we have that (in a weak sense):

(=up)r=! 3.38
In—— =0 on d%2. ( )

1—u; —

{ —Ap(n o) < a0 L4 ing

By (3.37) we get that

£ ) el
0 < )\h(X)W < )\.CO f(l/l)h) m m Q,
and then by (3.36)
S(w) mqp
sup |[Ah(x) —————|lre) <+o00 VI<g< ——mmm:.
Ae[0,4%) (1 —uyyp— 1M m+p—1

If mﬁ?’{ T > % arguing as before, by elliptic regularity theory [18] on (3.38) we get that

sup ||In oo < 400,
1€[0,3%) — Ui
or equivalently (1.11) on u) holds.
We need to discuss the validity of
mpq, > N(p —1+m). (3.39)

Assumeﬁr§t 1 <‘p§2. Ifﬁ < N < Np,theng, = ﬁ (p+2v2=p+y(p—1D)
and (3.39) is satisfied when

N<N11,: P (1+

m
—(P+2 2—p+7/(p—1))).

p—1 m+p
Compute:
242 — —1 1
Ny~ NL—_— " P+2V2—-p+y@p )(y_l_i).
r m+p—-1 2—-p+yp-1 m

Ify <1+, then N} < N, and (3.39) holds when
mp  p+2y2—-p+y(p-1 (V_l_i)_

N<Np= 1 2= 1
p ptyvp—1 m
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Observing that

N, = —L TR Y/ ST )
P m4p—1 v p—1 p-—1 pryip
mp ( p+24/2—p+y(p—1))( 1)
m+p—1 2—p+y(p—-1 m
we get that, for y <1+ %, (3.39) holds when

4 mp 2 2 1
N <N"= Y+ + V2=-p+typ—-D+\r—-1-=)—).
P p—1 m

p+m—1 -1

where N* is defined in (1.10). When y > 1 + %, for N < N, (3.39) is automatically
satisfied holds forany N < N,,. If y > 1+ nil and N > N, we have that g, = y + % +

22— p T y(p — D) and (3.39) holds when

N, < N < N* mp b2 42
< < =
P p+m—1 v p—1 p-—1

v2—p+y(p—1)).

Hence (3.39) holds for any N < N* also when y > 1+ % and the case 1 < p <2 has been
completely discussed.

Assume now p > 2. Then, g, =y + pzl + %«/2 — p+ y(p —1)and (3.39) holds when
V2—-p+y(p- 1)).

Finally, we can conclude. Let N* be defined by (1.10), where y and m are given in (1.9),

and let N < N*. For any € > 0, assumption (1.9) implies that (3.26) and (3.37) are valid for
y —€ > z—_% and m — € > 0, respectively. When 1 < p < 2 the convexity of f(u) near

u = 1 ensures that we can also assume y —e > 0. For e > 0 small, N is less than the critical
dimension N* associated through (1.10) to y — €, m — €. Hence, (1.11) holds and Theorem
1.3 is established. O

# mp 2 2
p+m—1 p—1 p-1

4 Compactness of the unstable branch

In this section we will give the proof of Theorem 1.5, namely the compactness of the
first unstable branch (with Morse index one) for the problem (1.1) under the assumptions
(1.13)—(1.15). The proof, adapted from the arguments in [12,14], will make use of two
Lemmata which will be proved in the Appendix for the sake of simplicity.

Let p = 2. Let A, € (0, 1*) be a sequence and let u, be associated solutions of (1..1) of
Morse index at most one, i.e. 2 , > Oforanyn € N, where o , = pa(—A =X, h(x) f(uy))
is the second eigenvalue of the linearized operator at u,,. We want to prove that any such
sequence is compact in the sense that sup ||u, || < 1 for N < N* = w

neN
Let us argue by contradiction and assume that this sequence is not compact, i.e. there
exists x, €  such that u,(x,) = mgx uy(x) —> 1. Suppose x, — p € Q and set
n—o0
en =1—u,(x,) — O.
3 n—oQ
Notice that a )
—¢
An fad=e) o (4.40)

&n n—00
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LU=, o0 by (1.2). Then,
g n—o0o

1

Indeed, if it were bounded we would have A, — 0 since
being f nondecreasing, we would have

0 < Ah(x) f(un(x)) < Agllhlloo f(1 —ep) < Csy

From elliptic regularity, up to a subsequence, we would have u,, — u in C'(Q), where u is
a weak harmonic function such that ¥ = 0 on 02 and InélX u = 1, which is a contradiction.

Let us introduce the following rescaled function:

1
. 2
1 — Up (x”+(xnf(£1—sn)) y) Q—xn

U,(y) = B . YEQ =
n

D=

En
)Ln f(l_gn))
The following Lemma holds:

Lemma 4.1 We have that 2, — RY and there exists a subsequence U, — U in C 1 (RN,

loc
where U is a solution of the problem

AU = 1) in RN
uvr-T
U(y)>U@0) =1 inRV.

Moreover; there exists ¢, € C{°(2) such that supp ¢, C B %(x,,) for some

n
M(Anfu—s:n))

/vaﬁ—4mmnfmw¢5<o (4.41)
Q

M > 0 and

From this lemma (whose proof is in the Appendix) we get the existence of ¢, € C{°(2)
which is identically zero outside a small ball B,, (x,), with r, — 0 as n — 400, and the
linearized operator is negative at ¢,. To conclude the proof we need the following estimate
for Morse index one solutions, which says that the blow-up can essentially occur only along
the maximum sequence xj,:

Lemmad4.2 Given0 < § < y — 1, there exist C > 0 and ng € N such that

L
Fun(0) < Chy 7 x = x| 77 (4.42)
forall x € Q and n > ny.

From this lemma, thanks to estimate (4.42), we deduce that

y—6—1 2

0 < Aph(x) f(n(x)) < Chn” ™" [Ihlloolx — X, 777

forany 0 < § < y — 1. Hence, A, h(x) f (u,(x)) is uniformly bounded in L*(£2) for any
l<s<y % From standard elliptic regularity theory we have that u,, is uniformly bounded

in W25(Q) forany 1 < s < y%. By the Sobolev embedding Theorem u,, is uniformly
bounded also in C%#(Q) for any 8 € (0,2 — %). Then, up to a subsequence, we have that
u, — ug weakly in HOl (2) and u,, — ug strongly in CY-B(Q) for any g € (0,2 — %).

Incase ., = 0, upisa HO1 (£2)-weak harmonic function and, by the Maximum Principle,
has to vanish in 2. By uniform convergence, it holds that
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up(p) = maxug = lim maxu, =1, p= lim x, (4.43)
Q n—-oo Q n—00

and a contradiction arises.
Hence, A, — A > 0 and (4.43) implies p € €, since ug = 0 on 9<2. By (4.42), it

follows that f(up) < C|x — p|_% in Q\{p}and f(u,) — f(up)in Cloc(Q\{p})- Since

HE(@\(p)) = HL() and f(ug) € L% (), then g is an Holderian H{! ($2)-weak solution
of:

—Aug = Mh(x) f(ug) inQ

O0<up=<1 in Q

ug=0 on 0L2.

Now, consider the first eigenvalue of the linearized operator at u(, namely
piat) = (=8 = b faon = ot ([ 190F < 1k funtone?
PeCS(Q): [ p2=1 J

For convex nonlinearities f (), uniqueness holds in the class of semi-stable HOl (R2)-weak
solutions of (1.1) (see [14]). If w1, (up) > 0, we deduce from Theorem 1.2 that ug = uy,
for some A € [0, A*]. But from Theorem 1.3 we know that msazlx u; < 1 forany A € [0, A*],

and this contradicts InélX up = 1.

So, we are left with the case 1,5 (o) < 0, which means that there exists ¢p € C3°(£2)
such that

/ Vo> = 1h(x) f (o) < O
Q

But from (4.41) we already had the existence of ¢, € CSO(Q) such that supp ¢, C B, (x)

with r, —> 0 and
n—oo

/ IV |* — Anh(x) f (un)p? < 0.
Q

We want to replace ¢ with a truncated function ¢s with § > 0 small enough so that

[ 196 = 2o faurg} < 0
Q

and ¢s = 0 in Bs2(p) N Q2. So, for n large by Fatou’s Lemma it holds

/ IV@sI> = dnh (x) f (un)p5 < 0.
Q
Since ¢, and ¢5 have disjoint compact supports, from the variational characterization of the

second eigenvalue we would have a contradiction: u2 , < 0. This ends the proof.
Take § > 0 and set ¢ps = xs¢0 With

0 if |x — p| < 8?
o) = {2 - REESPLif 82 < x — p| <8
1 if|x = p[ =34
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By Fatou’s Lemma we have

li(rsni(r}lf/)\h(x)f(uo)(f’g = /)Lh(x)f.(uo)(]bg),
Q Q

whereas for the gradient term we have

/|V¢a|2 =/¢§IVX5I2+/X§|V¢0|2+2/X5¢0VX5V¢0-
Q Q Q Q

We have the following estimates:

1 C
05/¢3|Vx,s|25||¢o||§o / P -
Q

21002 8§ — 1
plrlog=d — logy

82<lx—p|<s
and
2llgollool Vol 1
2/X3¢0VX5V¢0 </ / —
log 5 |x]
Q B, (0)
which give

/IV¢5|2 _ /IV¢0|2~
§—0
Q Q

In conclusion,

m;l sup / Vs |* — Ah(x) f (o) < / |Vol* — rh(x) f (o) < 0.
Q Q

For § > 0 small enough, ¢; is what we were searching for and this concludes the proof. O

5 Appendix
5.1 Embedding of the space A,

For p > 2, we will show below that the space A, is compactly embedded in L?(£2), as it will
follow by the weighted Sobolev estimates proved in [9]. The proof follows closely Theorem
9.16 in [2]. For the reader’s convenience we give the details:

2N (p—1)

Lemma 5.1 Let p > 2 and u be a solution of (1.1). Forany 1 < g < V=D r=DT2=2)

there exists C > 0 so that

IpZa0) < C/ IVulP2|Vo[*, V¢ e A (5.44)
Q

2N(p—1)

Moreover, the embedding A, C L9(R2) is compact forany 1 < g < T Do-D120=D"

Proof Since g = (N—2)2(1:—(+1%(p—2) > 2, for 2 < g < g (5.44) follows by Theorem 2.2 in

[10]. Then, by Holder inequality (5.44) follows also for 1 < g < 2.
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Since ¢ < ¢, fix § > 0 so that ¢ + & < ¢, and set

1 1-
7=a+( @) for0 <o < 1.

q q+8°
Now, let w CC 2 and consider /4 such that

|h| < dist(w, Q°).
By interpolation we have for ¢ € L2(2)

lo(x +h) = p)llLaw) = T (@) — llLaw) < ITh(@) — @171, ITn (@) — ¢||Lq+s(w)

Now we have that (see [9]) W e LY(Q) and consequently

A, c whl
with
1
’ 1
V| < Vul?2\Vo|? . / -
/I of /I ul" 7 |Vel Vulp2
Q Q Q
Recall that the | - [-norm and the || - ||-norm, as defined in the Introduction, are equivalent.

Therefore, for every ¢ € A, with ||¢|| < 1 we have

12n (@) — Dl 11wy < 111Vl 110y < Colhl
so that, exploiting (5.44) we get

||Th(¢) ¢||L'i(w) Co |h|a (2||¢||Lq+5(g)) < C|h|a-

Since
1

1
PllLe@w) < ||¢||Lq+5(sz\w)|9\w|‘7 s <C|Q\w|" EALIENES

for Q\w sufficiently small, by Corollary 4.27 in [2] we deduce that the unit ball of A, is a

compact set in L7(£2). Then, the embedding A, C L7(£2) is compact for any 1 < ¢ < q.

O

For 1 < p < 2, as already remarked in the Introduction, A, C H& (€2). Since HOl (RQ) C
L9(€2) compactly forany 1 < g < ﬁ, by Lemma 5.1 we deduce

Lemma 5.2 Let u be a solution of (1.1). The embedding A, C L3(Q) is compact.

5.2 Proof of Theorem 1.1

o Step 1. Existence of a first eigenfunction
Let us first note that f(u) € L°°(£2), so that

M¢W—A/huﬁww2
Q
is bounded from below, for any ¢ € A, with fQ ¢? = 1. Therefore, p1(u) is well defined:

2 foh 2
wi(u) = Hif\{O}R (@) > —00, R,($) = Ll ﬁqugx)f(uw
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Degenerate elliptic equations with singular nonlinearities

Consider now a minimizing sequence ¢, € Ay, [, ¢7 = 1, with
Ry(¢pn) = pn1(u) asn — +oo.
Since f(u) € L*°(Q), we have that

sup [lgn || < +o0.

neN

Therefore, up to a subsequence, we get that
¢n — ¢1  weakly in A,
and by Lemma 5.2
bn — @1 strongly in L2(Q).

Now, the term X fQ h(x) f (u)¢? is continuous in L>(€2) and || - || is weakly lower semi-
continuous in A,. Therefore, ¢; € A, is so that fQ 4)12 = land R, (¢1) < n1(u). Hence,
w1 (u) is attained at ;.

e Step 2. Every minimizer is positive (or negative) almost everywhere
We show that ¢; > 0 (or ¢; < 0) in Q\ Z,,, where Z, = {Vu = 0} is a zero measure set
(see [9)).
Assume
g1l = o h(x) f gl
- 2
Ja ¢

w1 (u)
so that for ¢ € A, it follows

<Y > A / B fOS1Y = pa () / 1. (5.45)
Q

Q

Taking (j)?E as a test function in (5.45), we get that

N> — 2 / h(x) f () (@F)* = 1 (u) / @),
Q

Q

showing that ¢1i also minimizes R, (¢). Then, there holds

<¢r. v > —A/h(x)f'(u)ﬁw = m(u)/d)]iw, VU ed,.  (546)
Q Q

The differential operator in (5.46) is nondegenerate in 2\ Z,. Moreover, by [9] Q\Z, is
connected and |Z, | = 0, as already recalled. Therefore, the Strong Maximum Principle
holds in 2\ Z,, and d)f‘L is smooth in 2\ Z, by standard regularity results.

We have thateitherd)?E > 0inQ\Z, orqﬁi|E = 0in Q\Z,.Indeed,C = {x € Q\Z, : ¢1i > 0}
is clearly an open set. By the classic Strong Maximum Principle exploited in Q\Z,, we
have

aC C Z, U 0%,

and then, C = C N (R\Z,) is a closed set in the relative toplogy of 2\ Z,.. Since Q\ Z,
is connected, the set C either is empty or coincides with Q\ Z,,.
Since ¢; # 0 a.e. in €2, then either ¢1 > 0 or ¢1 < 01in 2\ Z,,.
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e Step 3. The first eigenspace is one-dimensional
Let ¢ be a first eigenfunction which can be assumed positive a.e. in Q: ¢1 > 0in Q\Z,,
by means of Step 2. Let now ¢ any other first eigenfunction. Since by Step 2 ¢ has constant
sign, let us consider for example the case ¢ > 0 in Q\ Z,,. Set

B=sup{f>0: ¢— B¢ >0aec. inQ} < +oo.
Since by linearity ¢ — B¢ is still a minimizer for R, by Step 2 we have that
either ¢ — By >0 or ¢ — By =0 ae.in Q.

If $ — B > 0, we have that ¢ — (B + €)1 is still positive on a subset of positive
measure, for small € > 0. As a minimizer, ¢ — (8 +_e)¢1 has constant_sign and then,
— (B + €)¢1 > 0 a.e. in 2, against the definition of 8. Therefore, ¢ = B¢; a.e. in Q.

5.3 Proof of Lemma 4.1

The proof follows the arguments in [12, 14], where similar results are proved for the nonlin-
earity f(u) = = u)2 Suppose that x, — p € Q and consider the rescaled function around
Xn:

1— Q—
U,,(y)EM, yeQ, = x",

&n Bn

where 3, = (m) LN 0 by means of (4.40). The function U, verifies

n—o0

f(—en)

AU, = MotBod) (1 — g, U, (y))  inQ, 547)
Uy)>=U@0) =1 inQ,. :

First of all, we need to prove that 2, —> RV It will be sufficient to prove that
n—oo

Bn dn_ L 0,
n—oQ
where d,, = dist (x,, 02). Indeed, arguing by contradiction and up to a subsequence, assume
that ﬂ 2 — 8§ > 0. Obviously this implies that d, — 0 for n — oc.
Introduce the following rescaling
I —up (xy +dny) Q—x,

Wn()’)Es—v y€E A, = d
n n

Since d, — 0 we have that A, — T, where T is a hyperspace containing 0 so that
d(0,9T) = 1. The function W, satisfies the following equation

And?
AW, (y) = e h(xy +dpy) f(1 — e, Wi (y))

n

! _
(Anf(lg 8”)d”)h(xn+d,,y)f(l enWa(y))

f(l - 8}1)
L
. ()\nf(1 - Sn)dy%) fa- San(y))gn ny h(xp, +dypy)
= T I
o FU=eel W)
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From the hypothesis and condition (1.14), for any sufficiently large n we get

1 1
RPN _ 7Ty 7T
0< ()»nf(l Sn)d,,) fa ‘*9an(y))~‘>‘n1 Wa

2
h(xy +dny) < <collhlloo < 0.
&n )

f—enel

This means that the function W,, satisfies

AW, = —ln in A,
w7

W,()=C>0 inA,

with sup ||, |l < 00 and C = W, (0) = 1.

neN
Recall Lemma 4.1 in [14] (written there for the case y = %):

Lemma 5.3 Let hy, be a function on a smooth bounded domain A, in RN. Let W, be a
solution of:

h
AW, =14
w, "
Wa(y) = C >0 in A,
W, (0) =1,

for some C > 0. Assume that sup || hy ||co< +00 and A, — T, as n — +00 for some
neN
€ (0, +00), where T, is an hyperspace so that 0 € T, and dist (0, 0T,,) = . Then, either

W, <C or inf oy W, <0, where v is the unit outward normal of A,,.

inf
3A,NB2,,(0) 3A4,NB2,,(0)

Since Wy, |54, = si —> oo and Hopf Lemma provides 9, W,, > O on dA,, a contradiction
n p—00

arises by means of Lemma 5.3. Hence, we have shown that ﬂ,,dn_l —> 0,ie Q, > RV.
n—0o0

We now want to prove that there exists a subsequence {U,},en such that U, — U in
C 110 C(RN ), where U is a solution of the problem

AU = 1) in RN
Uyt (5.48)
Uy)=>U®@O) =1 inRM,
Fix R > 0 and, for n large, decompose U, = U, + U2, where U? satisfies

[AU,% = AU, in Bg(0)

U?=0 in 8B (0).
By the Eq. (5.47) and the condition (1.14) we get that on Bg(0):
fa—e&,U,)

0 < AU(y) = 1l = collfloo < 00,

f(l _5}1)

and then, standard elliptic regularity theory gives that U,% is uniformly bounded in
C#Bg(0)), B € (0, 1). Up to a subsequence, we have that U? — U? in C'(Bg(0)).

Since U,% = U, > 1 on dBg(0), by harmonicity U! > 1in Bg(0). Through Harnack
inequality, we have:

sup Ul < Cg inf U! < CrUN0) = Cr(1 — U?(0)) < Ck (1 + sup|U3(0)|) < oo0.
Bg(0) Br© n
2
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Hence, U,} is uniformly bounded in Cl’ﬂ(3§ (0)), B € (0, 1). Up to a subsequence, we get
that U,} — Ulin Cl’ﬂ(Bg (0)) for any R > 0. Up to a diagonal process and a further

subsequence, we can assume that U, — U := Uj 4+ U in Clloc(RN)'
Notice that, by the condition (1.15) we have:

f( = e,Up)) F(—e,UnU " 1 h(p)
h n nyY) = h n n 1 1
(xXn + Bny) =g (n + Bny) Fd—e) T oo =

in Cg)c (RM). This means that U is a solution of (5.48).
The following unstability property, a special case of a more general result in [13], will be
crucial:

Theorem 5.4 Let U be a solution of (5.48). Then, U is linearly unstable:

m(U)zinf[/wmz—#/ h(’i) ¢eC§°(RN>,/¢2=1] <0,
y—1J) pyi=

2(y+2+42/7)
EEE—

Theorem 5.4 provides the existence of ¢ € COO(RN ) such that
1 h
/|v¢|2 — (”)q) <0.

y-1

provided2 < N < N* =

Define
X —

Bn

_N=2 Xn
$n(x) =Py * ¢( ) € C5o(Q).

Condition (1.13) rewrites as:

f@yfw o (nfyw)
im ———— = lim
u—1- (f(u))2 u—1- (ln f) (Lt)
which implies by (1.2) and L"Hopital rule:
Inf(u)
- )

)

Hence, since y > 1 we have that

f(u) T y—1l4o(l) _
u—>nil_ f(u) - u1—1>nil_ f(u) - +OO’

where o(1) — 0 as u — 17. This means that by L’Hopital rule:

1—u)f 1-— 1 1
fim L2000 I ; - : (5.49)
u—1= f(u) u—l1- L0 fwfw oy —1
S ) (fw)?

Observe that by (1.15) and (5.49) it follows that

enf (1 —e,Uy) _ enUn f(1 —e,Uy) f(1 _gnU )8n Uy o = | 1
S —en) f—eg,Uy) EFf(l_gn) Un% V—IU%
(5.50)

in Cjoe (RN) as n — o0, in view of U, — U locally uniformly.
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Let us now evaluate the linearized operator at u,, on ¢,:

W f(1—&,U,
/'W’n — hnh(x) f (un) by /|v¢| —h(xn-thWMd,z
S —en)
_>/|V¢|2 ;/ h(py)¢ <0 asn — +oo
Uv-1

by means of ¢ € C{° (R™) and (5.50). Hence, for any sufficiently large n we have:

/ IVoul* — Anh(x) f (un)p? < 0
Q

with supp ¢, C By, (x,), for some M > 0. This concludes the proof. ]

5.4 Proof of Lemma 4.2

Fix 0 < 8 < y — 1. Let us prove estimate (4.42): there exist C > 0 and ng € N such that

__1 )
Fun() = Chy 7 x = x| 777
for any x € Q and for any n > ng.
Let us argue by contradiction and assume that (4.42) does not hold. Up to a subsequence,
we get the existence of a minimizing sequence y, € 2 such that:

L 2 =L -2
R L A R | i e e ey

n—o0
(5.51)
This means that f(u, (y,)) — +00asn — 400, so that we have blow-up along the sequence
Vn, 1.€.

un =1—=up(y,) — 0.
n—00

By (5.49) and L’Hopital rule we get that

. In f(u) 1
lim T = )
u—1-In S y —1

and then, we have:
C
77wy = ——  in[0,1)
1—u

for some C = Cs > 0. Hence, this yields to:

pnf (1= )’ ~'7% < C. (5.52)
From (5.51)—(5.52), we have that
5 f(l - /'Ln) %5 - 1
Bni= Ay —————= = A (= up))? — 00 asn — +o00.
fn " fn f (1= )7 =179

Assume that y, — ¢ € © as n — +oo. Consider the following rescaled function

. 1 — 3 . Q—
Un(y)EM, yed, = 2o

Hn /3”
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We want to prove the following crucial convergence:

N

1
2
P _ i 1 M —0. (5.53)

1
e B =yl TG e T — vl

From (5.51) and (5.52), we have that
B [
|xn_Yn|2 I J (1= ) 1 X0 = yn
C
= = 2 5
A f (1= )V =% |xp — ynl= n—>00
Namely, (5 53) holds. We enumerate now several properties of the crucial choice
Ry, = ,Bn 2 |xn — yn|2
(a) R, —> oo from (5.53);
n—o0

1
An f(L=pn)? 700 — yul?

7= (tn f (=) ~170)

1 1 L 1
(®) RuBn = By lxn — yul2 < By (diam Q)2 —> 0;
n—oo
1

1 o \—3
© pehy = Bl lx, — yul 7 = (R2g2l) 7 — 0.

[xn—=Ynl n n—00

Let us now focus our attention on the function I.A/n Ifye fln N Bg,(0) we have that:

either i, (v + fny) < ttn (y), which implies =208 > 15 or uy () < un (o + )

and assumption (1.15) implies

S}

(1= ttn G + Bad)) 7 f n o + ) _
(1 = tn ) 7T fttn(y)) e

or equivalently

L—tnOn +Buy) _ 1 ( I (n(n) )”
I —uy(yn) CO fup(yn + ﬂny))

In the latter situation, from the definition of y,, we have:

2 A A 2
Fnu)xn = yul 7% = fUnn + By Yn + Buy — x,[773
and, since (b) and (c) imply that for any n > ng:

ot By —xal _ Byl PR

> > _— >
|Yn — Xnl [Xn — Yl |xn — Yl

, Iy < Ry

m~

we get that

—1

<<
oq

1—un(yn+/§ny>> ! ( f () )V‘1> U (ot By —nul)”
L= ttn () fana+Bay/ T b=l
2=l

2 ()V

co

We finally get that for any n > ng and any y € fz” N Bg, (0):

. 1— 3 11 r2t
Un(y)zun(yn-l_ﬂny)ZDozmin[L _1(2)256}

I —up(yn)
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Setting c?n = dist (y,, 0R2), consider the rescaled function

I —u, (yn “l‘ﬂ?ny)
Mn

Wn()’) = , Y E An = Bnczn_l (Qn N Bg, (0)) .
Since Wn(y) > Dy in A,, we can apply again Lemma 5.3 to get: ,BA,,dAn’l — 0, i.e.
n—o0

Q,NB R, (0) — RY as n — oo. Now, proceeding as in the proof of Lemma 4.1, we get that
0,, — Uin CZIOC(RN), where U solves

AU = 19 i rN
A UrT
U(y) = Dy inRY.

Moreover, there exists ¥, € Cgo (RVM) such that

/ VYl = hh () f ()2 < O
Q

with suppy, C BMﬁn (yn) for some M > 0. But from Lemma 4.1 we already had

¢n € Cgo (RM) with the same property and such that supp ¢, C By, (x,) for some M "> 0.
Since the nonlinearity f(#) in non-decreasing and 1 — &, = u, (x;) > u, (yp) = 1 — Wy,
by (5.53) we get that:

1

1
2
n

1 1
£ _(in)z(f(l—un))z M
5 1 B 1- 3 1
WA —e) g —yal S NS = S e i =
1
2
< Hn —> 0.
n—oo

1 1
)”r%f(l — )2 Xy — Yl

This means that ¢, and v, have disjoint compact support for n large, which contradicts the
Morse index-one property of the solutions u,, and concludes ths proof. O
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