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© 2011 Elsevier Ltd. All rights reserved.

1. Introduction

Let u € C1¥(£2) be a weak solution of the problem

—Aju=f(u) ing
u>0 in 2 (1.1)
u=2~0 on 452,

where £2 is a bounded smooth domain in RV, N > 2, Apu = div(|DulP~2Du) is the p-Laplace operator, and f is a positive
(f(s) > 0fors > 0) locally Lipschitz continuous nonlinearity. The Holder continuity of Vu is in general optimal [1-3] and
Eq. (1.1) is always meant in a weak sense.

The linearized operator L, associated to (1.1) at a given solution u is defined by duality as L, : v € Hy — L,(v) € Hj, where
L,(v) : ¢ € Hy — Ly(v, ¢) and

Li(v, ¢) = f VulP2(Vo, Vo) + (p — 2) / IVulP~4(Vu, Vo) (Vu, Vo) — / f W (12)
2 2 2

The Hilbert space Hy will be rigorously introduced in Section 2 according to [4] and is roughly composed by functions v
vanishing on the boundary so that fg |Vul|P~2|Vu|? < oo. In this way, the operator L, is well defined, and in [5] it is shown
that the first eigenvalue of L,

Ly(v, v)
veHy, v#0 fg v?

is simple and attained at a nonnegative first eigenfunction v,. The study in [5] can be pushed further to set up a complete
spectral theory for L, as summarized in the following.
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Theorem 1.1. The eigenvalues of L, have finite multiplicity and form a sequence

H1 < M2 =3 = -

( \;\I/ith repetitions according to the multiplicity) so that p; — 400 asj — oo. Moreover, the u;’s can be characterized variation-
ally as

) Ly(v,v) ) . Ly, v)
W= min max IR = min  min T (1.3)
VCHy veV, v v VCH vi, 0 v
dim V= 2 dimVm—1"° 70 Ja

where the orthogonal space V= is meant in the L?(§2)-sense. The corresponding eigenfunctions vj € Hy solve the equation

Ly(vj, ) = Mj/ v Vo €H
2

and form an orthonormal basis in L?(£2). Moreover, vj belongs to C%%(82) for some o € (0, 1) provided p > %

The existence of ;s is based on the Fredholm alternative and makes a crucial use of the compact embedding Hy — [*(2)
as established in [5]. The Holder regularity of v; follows by a weak Harnack inequality and is essentially optimal. Indeed, the
derivatives of u are in the kernel of the linearized operator (but they do not fulfill the zero boundary condition) and are in
general just Hélder continuous.

Once the spectral theory for L, is available, one can classically define the notion of Morse index m(u) and non-degeneracy
for a solution u of (1.1). We believe that an information on m(u) should carry relevant properties on u. From a qualitative
viewpoint, this is well explained by the following.

Theorem 1.2. Let 2 be a bounded radially symmetric domain and u be a solution of (1.1). Assume that either m(u) = Qor uis
a non-degenerate solution. Then, u is radially symmetric.

The assumption m(u) = 0 is simply equivalent to the semi-stability of u: L,(v, v) > O for all v € Hy. The latter condition
has been used (for v in a suitable space of test functions) as a definition of semi-stability in cases where a spectral theory
was not available or not attainable (see [6,7] and references therein). When £2 is a ball, the radial symmetry of u follows by
the moving plane method in [4] and the difficult case concerns the annulus.

Notice that any local minimum point u of the corresponding energy functional actually satisfies m(u) = 0, since the
bilinear form L, represents the second derivative of the energy functional. Noticing that in general Hy # Wg P(£2) and that

the energy functional is not C? even in Wg "P(§2) when p < 2, the computation of such a second derivative is a very delicate
issue which has been established to hold exactly in Hy (see [5]).

When f (u) is replaced by Af (1), the corresponding nonlinear eigenvalue problem admits, in several situations, a branch
u; of minimal solutions - for A in a natural range - with m(u,) = 0 (see [6,5] and references therein). For p = 2 and non-
decreasing convex nonlinearities f (u), it is well known that u;_is the unique zero Morse index solution, which is also radial
when £2 is an annulus. In this respect, Theorem 1.2 is still already known on the annulus when p = 2. However, for p # 2 it
is not known that zero Morse index solutions need to be unique and Theorem 1.2 is no longer obvious. Such an uniqueness
has been shown [8] to hold for radial solutions on the balland 1 < p < 2.

Let us provide a last example. For a subcritical exponentq(p—1 < q < N(PN%))H’ whenp < Nandp—1 < g < cowhen

p > N), the compact embedding Wol’p(.Q) < [9*1(£2) yields to a minimizer u > 0 of

VulP
my = inf 7&2 |Vl —.
uew, P (2), u#0 (fg |u|q+1)m

The function u can be normalized to give a solution of (1.1) with f (u) = mqu? corresponding to a Mountain Pass solution
and m(u) = 1. Indeed, since u € Hy and fQ [ul97! = 1 we can easily compute L, (u, u) = mg(p — 1 —q) < 05so as to have
11 < 0.0n the other hand, we can fix v € Hy and compute

d? IV (u+tv)? 2
de? Jo —— = pLy(v,v) + pmy(@—p+ 1) <[ u"v) .
t (fg |u+tv|‘“’1)q“ Q

Since u is a minimizer, we get that L, (v, v) > Oforeveryv € V = {v € Hy : f_Q ulv = O} and by Theorem 1.1 we deduce
42 > 050 as to establish m(u) = 1.
Starting from [9-11], there has been an intensive study of the nonlinear eigenvalues A;’s of — A, but still very little is known.
They have been used to obtain, by non-standard variational methods, solutions of —Apu — AulP~2u = f(u). There is a large
literature on this topic. We refer the reader in particular to [12] and to [13,14](see also the references therein).

The linear eigenvalues y;’s play the same role here as the eigenvalues of —A — f’(u) but the picture is more complicate
due to the degenerate and nonlinear nature of — A,. First, one might wonder if the non-degeneracy of a solution u allows for
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a local analysis in the spirit of the Implicit Function Theorem. Recall that here the energy functional is not C? and the space
Hy depends on the solution itself. Secondly, regularity and compactness results for finite Morse index solutions should be
in order in low dimensions (depending on the nonlinearity), as it has been already established for p = 2 [15-18]. Finally,
it would be really of interest, the study of symmetry properties for finite Morse index solutions as in the case p = 2[19], a
flavor of it having been given in Theorem 1.2.

2. Spectral theory for L,

Given a solution u of (1.1), for p > 2 we define the Hilbert space H = H)*(£2), p = |Vu[P~?, where (as in [4]) H}*(£2)
is the completion of C*°(§2) w.r.t. the norm

||v||,2,=/ v2+/ VP Vol (2.4)
2 2

Since £2 is smooth, H is equivalently composed by the functions v which have distributional derivative and satisfy ||v||y <
0o. The space Hj is defined as the completion of C5°(£2) w.r.t. the norm || - ||4. Letting [[v||7, = [, [Vu[?~?|Vv|? for every
v € Hy, the following Sobolev inequality does hold [4]:

lvlliee) < Sqllvlle, Y v € Ho, (2.5)

where1 < q < 1\/2(15?1_)1—)2 and S; > 0is a positive constant. In particular, for ¢ = 2 (2.5) provides a Poincaré inequality which

implies the equivalence in Hy of the two norms || - ||z and || - [|,. Moreover, the embedding Hy < L9(£2) is compact for any
1<qg< Nza(—pf)l—)z (see [5]). Since C§°(§2) C Ho, we also have that Hy is dense in 12(£2).
For 1 < p < 2, we define Hy simply as

Ho = {v € Hy(£2) : ||vlly, < 00}.

2-p
Since [|v]ly; < IVullod [vllp. it follows that Ho is compactly embedded in L7(£2), forany 1 < q < 2. Since Z, =
{x € £ : Vu(x) = 0} C £ has zero Lebesgue measure [4], we can always approximate a function v € L*(£2) by a sequence
vp € Co(2\Z,) NH'(£2) C Hy so as to provide the density of Hy in L2(£2). In conclusion, Hy is dense and embeds compactly
in [%(£2) foreveryp > 1.
To develop the linear theory for L, as contained in Theorem 1.1, we exploit a standard procedure which may be found for
example in [20].

First, for A € R we let

a,(v,w) = Ly(v, w) + A/ vw Vv, w € Hp.
2
Through the Holder and the (weighted) Poincaré inequalities, it is easy to see that a, is continuous: |a, (v, w)| <
Cllvllg lw |1, Furthermore, if we set C; = min{p — 1, 1} and ¢, = max{p — 1, 1}, since
CiIVulP2|Vo]? < [VulP?|Vol* 4 (p — 2)|VulP~*(Vu, Vv)* < G|VulP?|Vul?,
we can achieve the coercivity of a,: a, (v, v) > C0||v||f,0 for Co > 0, whenever A > ||f'(u)||s. By the Lax-Milgram theorem,
we can then define the resolvent operator G : f € [?(£2) — Gr € Hy, where Gy is the unique solution of

aA(Gf,w):/fw Y w € Hp.
o)

Now G : [?(£2) — [*(£2) is clearly a self-adjoint operator by the symmetry of a,, whereas its compactness follows by the
estimate

GlIGHE, < ar(Gr. G) = / 167 < S 121Gl
2

and the compact embedding Hy < L?(£2).
By the Riesz-Fredholm theory, the eigenvalues g;'s of G have finite multiplicity and form a sequence of positive numbers
which converges to zero. It is clear that (8, v) is an eigenpair of G if and only if a, (v, ¢) = B! fg ve does hold for every

@ € Hy. Hence, the linearized operator L, has a sequence of eigenvalues p; = /3{1 — A — 400 of finite multiplicity:

M1 < M2 S U3 < -

(with repetitions according to the multiplicity). The corresponding eigenfunction v; € Hy satisfies L, (v, ¢) = u; fg vjo for
all ¢ € Hy. By the self-adjointness of G the v;’s can be normalized so as to form an orthonormal basis in [?(£2). The operator
G can be also seen as acting from Hy into itself, and is still a compact self-adjoint operator whenever Hy is endowed with
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the equivalent norm |v|?> = a, (v, v). Since vj € Hy, also in this case G has the ;’s as eigenvalues and the renormalization
1

v = ,Bjj vj form an orthonormal basis in Hy in view of

1
as(@, 0) = B By * [ vjok = Sk
2
Recall that p4 is simple and satisfies (1.3) in view of
_ Lu(vv 'U)
H= veHg, v£0 [ v2

and the associated eigenspace is one-dimensional, generated by a first nonnegative eigenfunction v. Setting
Ly(v, v)

Jovr '

we can compute

R(v) =

J
> ok
k=1
R(v) = ‘]7 < W
> o
k=1
for every v = Z’,;l agvg € Spanfvy, ..., v}, v # 0. Since the equality holds wheno; = --- = oj_1 = 0and oj = 1, we
get that
i = max R(v). 2.6
Hi vespan{vy,....yj\ {0} @) (2.6)
Givenv L vy, ..., vj_; in [?(£2), we have that

o0
v = E AV, OlkZ/ LAY
k=j 2

in [?(£2), so as to get

_1
as (g, v) = B, * / vy, VkeEN,
2
similarly we have that
> _1
v = Z&kﬁk, &k = ,Bk zak
k=j
in (Hy, | - |), and then
as(,v) =) Blag = ) e+ ey
k=j k=i

Hence, we deduce that

= 2
Z ,LLkOlk
k=j
R(v) = —— = M
> o
k=j
and in turn
nj= min  R(). (2.7)
ULU]wA,Ujfl

Given V withdimV = j, we can always find v € V, v # 0, such thatv L v; ..., vj_y,and by (2.7) we get that

max R) > Wi,
veV, v#0 () Hi
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and in turn

@j= min max R(v)
VCHy veV, v#0
dim V=j

does hold since by (2.6) the minimum is achieved exactly at V. = Span{vy, ..., v;}. The first relation in (1.3) has been
established. As far as the second one, similarly, we can deduce by (2.6) that

min  R(v) < uj,
veVl, v#£0

for every V such that dimV = j — 1. Hence, there holds

Mj = max min  R(v)
VCHy  veV<L, v#£0
dimV=j—1

since by (2.7) the maximum is achieved exactly at V = Span{v, ..., vj_1}. The first part of Theorem 1.1 has been completely
established.

3. C%*-regularity of the eigenfunctions

We prove here that any eigenfunction of the linearized operator L, is Hélder continuous. To this aim, we prove a Harnack
inequality for an operator slightly more general than L,, i.e.

£(U,(p)=/ |Vu|P*2(W,V¢)+(p—2)/ |[VulP~4(Vu, Vv)(Vu, Vgo)—/ cvgo—/ g0 (3.8)
2 2 2 2

for v, ¢ € Hy, wherec, g € L*(£2).
We can prove the following weak Harnack inequality for .£:

Theorem 3.1. Let v € H N L*(£2) be a nonnegative weak supersolution of (3.8). For p > 2, consider s so that 0 < s <

N(p-1) :
N Do-D120-2) and xy € 2 so that B(xg, 5R) C $2. Then we find a constant C > 0 such that

R s ”U”LS(B(X().ZR)) 5 C ( lrlf v + Rp”g”LOO) . (39)
B(xo,R)
If 252 < p < 2 the same result holds for 0 < s < i—:,with 2=1-1lands < %.

Proof. The function v solves .L(v, ¢) > 0 for any 0 < ¢ € Hy. Remark that we may always assume v > t > 0. Otherwise,

we can consider v + 7, replace g by g + tc and let T — 0. Rescaling (3.8) withy = X_RXO we get

/ [IVU'P72(VV', Vo) + (0 = )|V P~4(VU/, V') (VI V) — Ev'p — §¢] > 0, (3.10)
.(2/

where 2’ = 9;"0, w’(y) = w(xo + Ry) for every function w in £2,¢ = RPc¢’ and g = RPg’. Inequality (3.10) does hold for
every ¢ € Hy, where H is defined as Hy with £2, u replaced by £2’, u’. Consider the function v defined by ¥ = v' + [|g]|o.
Taking into account (3.10) it follows that v fulfills

(VU |P~2(VD, Vo) + (p — 2)|VU [PV, VI)(VU, Vo) — EDp] > 0 (3.11)
9/

forall ¢ € H), with ¢ = (Cv' + &)v~". Since the zero order coefficient is bounded:
cV'(Y) ’ g

V') + lIglleo V') + lIglleo

we can develop an iterative Moser-type scheme [21] to prove a weak Harnack inequality for v. For all the details of the proof,

we refer the readers to the Appendix of [22], where the iterative Moser-type technique was developed in a similar setting

in the spirit of [23]. Here we only start the procedure taking care of the fact that the operator we are considering is more

general than the one in [22].
We define

¢En21~)ﬁ, B <0,

lc| <

’S [€lloc + 1 < 00,
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with 0 < 5 € CJ(B(0, 5)). Since V¢p = 2nvPVn + Bn?0P~1 V1, we have that ¢ € Hj and then can be used as a test function
in(3.11) so as to get

/ [Bo'IVOP0* P! + B(p — 2)| Vi P~ (V' V)2 i* 5P 1]
Ql

+ [ [209P p'(VD, Vi) + 2n(p — 2)0P| VU [P~*(Vu/, Vi) (VU V)]
.Q/

> | e,
Q/

where p’ = |Vu'|[P~2. Note that the weight that appears in [4] is p = |Vu[P~2, and the properties of this weight are crucial.
Our rescaled weight has the same summability properties and everything works.
Since B < 0, for p > 2 the term B(p — 2)|Vu'[P~*(Vu', V1)?n*9#~" is negative and we have

Bo'IVOPn* 0P~ + B(p — )|V P4 (Vi V)2 P oP T < B’ |VO P P
For 1 < p < 2 we can use the fact that 8(p — 2) > 0 to show

B IVOIPn* 0P~ + B(p — 2)| VU P4V, V) n? P! < (p — DBP/ VD 0?0 .
In conclusion, for every p > 1 we get that

min{1,p—1}|/3|/ PIVOP? P < 2(p - 1)/ p’nﬁﬂ|va|wn|+/ Pt

Q' ' Q'
By the Young’s inequality 2(p — 1)ab < min{1, p — 1}|8]a®> \ 2 + 2(p — 1)?b* \ |8| min{1, p — 1} we obtain
C
min(1.p = )50 [ pvopet < 22 [ g [,
2 Jor 1Bl Jar 2

and by ||Cle < 00

C 1
f o' IVOPP P T < — (1 + 7)/ VP + oIV (3.12)
o 1B 1Bl) Jor
Let us now define
~ B
w=107_ 1f./3;é—1
log(v) ifB=-1
and setr = B + 1. With these definitions we can write (3.12) as follows
1)? 2r. 2 / 2
1+ wl[n? + 0|Vl B # 1
/ PPVl < A Ja (3.13)
g G [ 1+ p= 1.
Q/

We have now that (3.13) is exactly (A.9) in [22]. We can therefore use the proof in [22] (from (A.9) to the end of the proof of
Theorem 3.1) and get that there exists C > 0 such that

v < C inf v.
101l B0,2)) < pinf

Finally, scaling back to the coordinates x = xg + Ry and recalling that = v’ + ||g]loc = V' + RP||gllcc We get exactly
Eq.(3.9). O

Theorem 3.2. Let u be a solution of (1.1) and v; € Hy be any eigenfunction of the linearized operator L,. Assume that

2N+42 : 0,
N—:Z < p < oo. There exists o € (0, 1) such that v; € e (£2).

Proof. The eigenfunction v = v; solves
/ [(IVulP72(Vui, Vo) + (p — 2)[VulP~*(Vu, Vo) (Vu, V) — (f' () + i) vig] = 0
2

for all ¢ € Ho. Define My = supp, ix) v and my, = infp, kr) v. Considering the functions My — v and v — my, we see that
they are nonnegative supersolutions of (3.8) with c(x) = —f'(u) — u; (resp. c(x) = f'(u) + u;) and g(x) = M4(f' () + ;)
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(resp. g(x) = my(f’'(u) + w;)), which are both bounded. Hence by Theorem 3.1 they satisfy (3.9) forany 0 < s < y, with
x > 1.Now, applying Eq. (3.9) with s = 1 and adding up we can estimate

My —my = CnR_n/ (M4 — U) + (U — m4) dx
B(x0,2R)

IA

C{lMs — My) + (my — mg)] + My + mg) (If' @) lloo + [1£iDR?}.
Thus, if we set w(kR) = M;, — my and k(R) = 2M4(J|If' (1) ||oo + |1i|)RP, we finally get the existence of y > 0 such that
o(R) < yw(4R) + k(R). (3.14)

Since k(R) is non-decreasing for any R > 0, by (3.14) we can apply Lemma 8.23 page 201 of [24] to obtain that there exists
a € (0, 1) such that

w(R) < CR*.

This yields to the desired Holder regularity and concludes the proof. O

4. An application
We are now in position to follow the literature for the non-degenerate case and give the following

Definition 4.1. Let u be any solution of (1.1). We define the Morse index m(u) of u as the number of negative eigenvalues
of L, in Hy, i.e. m(u) = jiff u;j(Ly) < O0and pjtq(Ly) > 0. We say that u is non-degenerate if 0 is not an eigenvalue of L,
i.e. uj(Ly) # 0 foranyj.

According to Theorem 1.1 the Morse index m(u) of u defined as above is exactly the maximal dimension of a subspace of
Hp where L, is defined to be negative, the latter being a definition also used in a setting where a complete spectral theory is
not available (see for example [18]).

We can then prove the following

Proposition 4.2. Let u be a solution of (1.1) and 2 C RN be an annulus, N > 2. Assume that either m(u) = 0 or u is non-
degenerate. Then, u is radially symmetric.

Proof. For simplicity, let us start considering the case N = 2. Taking into account the radial symmetry of £2, it is convenient
to write u = u(r, ) in polar coordinates, where r = |x| and 6 is the angular variable. Notice that, if u is not radial, uy
necessarily changes sign in £2. An explicit computation shows that there exists C = C(§2, N) > 0 such that

/ |VulP~?|Vug |? EC/ |VulP~?|D?ul?, (4.15)
2 2

where uy is considered as a function of the variables (x1, x,) € R?. By [4] we know that uy, € Hforanyi=1,...,N,soas
to provide the finiteness of the quantities in (4.15). Moreover, by the boundary conditions we see that ug = 0 on 952.

This means that uy € Hp, so that we can plug it into the linearized equation (1.2). Moreover, integrating by parts in polar
coordinates as in [4] (see Lemma 2.1), we have that

Ly(ug, ) =0 V¢ € Ho. (4.16)

That is, ug is an eigenfunction of the linearized operator with eigenvalue 0. In this way, either uy = 0in £2 or uy is the first
eigenfunction of L, and has constant sign in £2. This necessarily implies that u is radially symmetric.

For N > 2, we can still write the solution u = u(r, 8) in polar coordinates, where r = |x| and 8 = (04, ..., 0,_1) are
the n — 1 angular variables. Notice that, also in this case, if u is not radial, then us # 0 and u,, changes sign, for some
i € {1,...,n— 1}. We can repeat the argument above for ug, so as to show that necessarily u is radial. This concludes the
proof. O

Acknowledgements

The DC and PE research is supported by MIUR Metodi variazionali ed equazioni differenziali nonlineari. The BS research is
supported by MIUR Metodi Variazionali e Topologici nello Studio di Fenomeni non Lineari.

References

[1] E. Di Benedetto, C'** local regularity of weak solutions of degenerate elliptic equations, Nonlinear Anal. 7 (1983) 827-850.
[2] G.M. Lieberman, Boundary regularity for solutions of degenerate elliptic equations, Nonlinear Anal. 12 (1988) 1203-1219.



D. Castorina et al. / Nonlinear Analysis 74 (2011) 3606-3613 3613

[3] P.Tolksdorf, Regularity for a more general class of quasilinear elliptic equations, J. Differential Equations 51 (1984) 126-150.
[4] L. Damascelli, B. Sciunzi, Regularity, monotonicity and symmetry of positive solutions of m-Laplace equations, ]. Differential Equations 206 (2004)
483-515.
[5] D. Castorina, P. Esposito, B. Sciunzi, Degenerate elliptic equations with singular nonlinearities, Calc. Var. Partial Differential Equations 34 (2009)
279-306.
[6] X. Cabré, M. Sanchén, Semi-stable and extremal solutions of reactions equations involving the p-Laplacian, Commun. Pure Appl. Anal. 6 (2007) 43-67.
[7] L. Damascelli, A. Farina, B. Sciunzi, E. Valdinoci, Liouville results for m-Laplace equations of Lane-Emden-Fowler type, Ann. Inst. H. Poincaré Anal. Non
Linéaire 26 (2009) 1099-1119.
[8] D. Castorina, P. Esposito, B. Sciunzi, p-MEMS equation on a ball, Methods Appl. Anal. 15 (2008) 277-283.
[9] A. Anane, Simplicité et isolation de la premiére valeur propre du p-laplacien avec poids, C. R. Acad. Sci., Paris I 305 (1987) 725-728.
[10] J.P. Garcia Azorero, I. Peral, Existence and nonuniqueness for the p-Laplacian: nonlinear eigenvalues, Comm. Partial Differential Equations 12 (1987)
1389-1430.
[11] P.Lindqvist, On the equation div(|Vu [P~ Vu) + A|u |P~2 u = 0, Proc. Amer. Math. Soc. 109 (1990) 157-164.
[12] S. Cingolani, G. Vannella, Multiple positive solutions for a critical quasilinear equation via Morse theory, Ann. Inst. H. Poincaré Anal. Non Linéaire 26
(2)(2009) 397-413.
[13] M. Degiovanni, S. Lancelotti, Linking over cones and nontrivial solutions for p-Laplace equations with p-superlinear nonlinearity, Ann. Inst. H. Poincaré
Anal. Non Linéaire 24 (2007) 907-919.
[14] M. Degiovanni, S. Lancelotti, Linking solutions for p-Laplace equations with nonlinearity at critical growth, J. Funct. Anal. 256 (11) (2009) 3643-3659.
[15] E.N. Dancer, A. Farina, On the classification of solutions of —Au = e" on RV stability outside a compact set and applications, Proc. Amer. Math. Soc.
137 (2009) 1333-1338.
[16] P. Esposito, Compactness of a nonlinear eigenvalue problem with a singular nonlinearity, Commun. Contemp. Math. 10 (2008) 17-45.
[17] P. Esposito, N. Ghoussoub, Y. Guo, Compactness along the branch of semi-stable and unstable solutions for an elliptic problem with a singular
nonlinearity, Comm. Pure Appl. Math. 60 (2007) 1731-1768.
[18] A. Farina, On the classification of solutions of the Lane-Emden equation on unbounded domains of R", J. Math. Pures Appl. (9) 87 (2007) 537-561.
[19] F. Pacella, T. Weth, Symmetry of solutions to semilinear elliptic equations via Morse index, Proc. Amer. Math. Soc. 135 (2007) 1753-1762.
[20] P.-A.Raviart, ].-M. Thomas, Introduction i L'analyse Numérique des Equations aux Dérivées Partielles, in: Collection Mathématiques Appliquées pour
la Maitrise, Masson, Paris, 1983.
[21] J. Moser, On Harnack’s theorem for elliptic differential equations, Comm. Pure Appl. Math. 14 (1961) 577-591.
[22] L. Damascelli, B. Sciunzi, Harnack inequalities, maximum and comparison principles, and regularity of positive solutions of m-Laplace equations, Calc.
Var. Partial Differential Equations 25 (2006) 139-159.
[23] N.S.Trudinger, Linear elliptic operators with measurable coefficients, Ann. Sc. Norm. Super. Pisa Cl. Sci.(3) 27 (1973) 265-308.
[24] D.Gilbarg, N.S. Trudinger, Elliptic Partial Differential Equations of Second Order, Reprint of the 1998 ed., in: Classics in Mathematics, Springer-Verlag,
Berlin, 2001.



	Spectral theory for linearized  p -Laplace equations
	Introduction
	Spectral theory for  Lu 
	 C0, α -regularity of the eigenfunctions
	An application
	Acknowledgements
	References


