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Pointwise Blow-Up Phenomena
for a Dirichlet Problem

PIERPAOLO ESPOSITO AND MARISTELLA PETRALLA

Dipartimento di Matematica, Universita degli Studi “Roma Tre”,
Rome, Italy

For the Dirichlet problem

—Au+ 2V(x)u =u? in Q
u=0 on 09,

with Q CRRY, N=>2, a bounded domain and p > 1, blow-up phenomena
necessarily arise as A — +oo. In the present paper, we address the asymptotic
description for pointwise blow-up, as it occurs when either the “energy” or the
Morse index is uniformly bounded. A posteriori, we obtain an equivalence between
the two quantities in the form of a double-side bound with essentially optimal
constants, a sort of improved Rozenblyum-Lieb-Cwikel inequality for the equation
under exam. Moreover, we prove the nondegeneracy of any “low energy” or Morse
index 1 solution under a suitable condition on the potential.

Keywords Blow-up; Classification results; Morse index; Non-degeneracy;
Rozenblyum-Lieb-Cwikel inequality.

Mathematics Subject Classification 35J60; 35B33; 35J25; 35J20; 35B40.

1. Introduction

We are concerned with the study of:

—Au+ AV(x)u = u? in Q
u>0 in Q (1.1)
u=>0 on 0Q),

where 4 > 0 is a large parameter, p > 1, Q C R" is a bounded domain, N > 2 and
V is a positive potential.
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Under the transformation u(x) — e u(x), A — & = —=, problem (1.1) reads

€L
NG

equivalently as a singularly perturbed Dirichlet problem:
—&?Au+Vu=u? in Q
u>0 in Q (1.2)

u=20 on 0Q.

Problem (1.2) and related ones have been widely considered in literature, as they
arise as steady state equation in several biological and physical models, such as
population dynamics, pattern formation theories and chemical reactor theory.

The asymptotic analysis for (1.2) in the sub-critical case (p > 1 if N =2 and
l<p< x—fg if N > 3) and V =1 has been considered for least energy solutions both
with Dirichlet and Neumann boundary condition. By an asymptotic expansion of
the corresponding critical value, in the Dirichlet case the sequence exhibits a single
spike-layer with its unique peak situated near the most centered part of ), where
the distance function d(-, Q) is maximal (see [37] and also [47]). More generally,
when the corresponding “energy” is of order €”, for the Dirichlet problem the energy
density e VuP*! is expected to concentrate into a finite sum of Dirac masses as € —
0%, in the sense of measures. The centers of the Dirac masses (the blow-up points)
are in ) and their location depends on the distances from the boundary as well as
on the mutual distances.

For domains with topology, it suggests the presence of multiple solutions of
(1.1) for A large, as firstly shown [3] in terms of cat Q) (see also [4]). More recently,
single-peak solutions have been obtained [16, 31, 34, 40, 44, 45, 47] for “good” c.p.s
of d(-, 0Q)). The existence of k-peaks solutions has been addressed in [5, 6, 13-15, 17,
40], the main difficulty being related to the non-smoothness of distance functions.

Since solutions of (1.1) necessarily blow-up as 4 — +4oc0, we aim to obtain an
accurate description of the asymptotic behavior as A — +oo through an energy or
a Morse index information. To be more precise, let u, be a solutions sequence of

—Au, + 2,V(x)u, = u? in O
u, >0 in Q (1.3)
u,=0 on 0Q,

where A, — +oo0 as n — +oo. First, observe that

lluyllo = 0 as n— +oo. (1.4)

Indeed, if |u,|l, < C were valid along a sub-sequence, the integration of (1.3)
against u, would provide

/ |Vu,,|2+/1n/ Vui :/ uﬁ“ < crtq).
Q Q Q

Up to a further sub-sequence, the boundedness of u, in H}(Q) and the Sobolev
embedding Theorem would imply that u, — u weakly in H}(Q) and strongly in
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L*(Q). Since

p+1
y T A, infgV

as n — +oo, necessarily u, — 0 in L*(Q) and

/ |Vue, | 5/ ubt < C”’I/ ut — 0
Q o 15

as n — +4o0. By the Holder inequality and the Sobolev embedding Theorem we
would have:

_N_
|V |2 < r+l CP“*%S_% |V |2 N-2
u,|” = un — N u,
Q Q Q

N+2 and

for p > 35

N L;,z 1 - _p¥l ptl
/|Vu|2</ ”+1<C(/u,§j)2(p+)§c "2(/|Vu|)2

for 1 < p < X%, in contradiction with u, — 0 in H}(Q).

Once (1.4) is established, we can use the standard blow-up procedure to describe
the asymptotic behaV10r Let P, € Q) be a maximum point of u,: u,(P,) = ||u,

and set g, =/, t V(P, )" = ||u,1||oo 7. Let us define

2

Un(y) = s’lll ]I/t (8)1y+Pn)’ ye€ Qn = S;I(Q - Pn)

Up to a sub-sequence, by the boundedness of (4,£2)7! the limiting profile U =

n n

lim,_, .. U, is a bounded solution of
—AU+U=U" mH
0<U=<UO0) inH (1.5)
U=0 on 0H

with H = lim,_,, , Q, an half-space or R". Towards a classification for (1.5) we

require on u, one of the two following assumptions: either

N_ptl
sup i " [ W < 4o (1.6)
nelN Q
or
sup m(u,) < oo, (1.7)
neN

where m(u,) is the Morse index of u,. Inspired by recent results [18, 23] (see also [11,
19, 22]), we have the following classification result:

Theorem 1.1. Let U be a nonnegative solution of —AU + U = U? in H, where H is
an half-space or RY.
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o If H is a half-space and U € L*(H) with U = 0 on 0H, then U = 0.

e If H=RY, assume p sub-critical (p > 1if N=2and 1 < p < %—3 if N>3)
and either [, UP*' < 400 or m(U) < 4oo. If U #0, then U coincides with
the unique radial ground-state solution U, (see [33]). In particular, U has
Morse index one in H'(RY): the first negative eigenvalue p, <0 is simple
with eigenfunction ¢,, and the second eigenvalue p, = 0 has multiplicity N with

eigenspace given by
span{0, U, ..., 0, U}.

Theorem 1.1 states that each sequence of blow-up points P, carries locally at
least an energy [y Uy * and one direction of negativity for the linearized operator.
In this way, we can control the number of blow-up sequences thanks to (1.6) or
(1.7), and the exponential decay of U, yields to strong pointwise estimates on u,,.
A refined asymptotic analysis allows now the investigation of the link between the
Morse index and the energy in case of pointwise blow-up:

Theorem 1.2. Let u, be a solution of (1.3) and assume p sub-critical. The assumptions
(1.6) and (1.7) are equivalent, and there holds

=

p+l N _ ptl

1 . ptl_N A urt! . J [ ubt!
1 (inf V)»=~2 < liminf _—Q';H < lim sup %
N + Q n>too i (u,) f]RN Ut n>too m(u,) f]RN U

N

< (sup V#1°%,
Q

where in(u,) denotes the large Morse index (i.e. the number of non-positive eigenvalues
Of —A + /’LnV - pugil)'

The constants in Theorem 1.2 are essentially optimal since U, has exactly
energy [pn Ué’*' and N + 1 non-positive eigenvalues for the linearized operator
(counted with multiplicities). For general nonlinearities, one of the two implications
(uniformly bounded Morse indices = uniformly bounded energy) has been
established for N = 2 [12] and N = 3 [10] for the problem in the form (1.2).

The double-side bound in Theorem 1.2 represents a sort of improved
Rozenblyum-Lieb-Cwikel estimate [8, 35, 42]. Let us recall that this inequality is an
estimate of the number of negative eigenvalues of a Schrodinger operator —A + V
in terms of a suitable Lebesgue norm of the negative part V_ of V - a one side
bound, where the universal constants are not explicit. Notice that the Morse index
of u, coincides with the number of negative eigenvalues of —A + V, in H}(Q,,), with

v, = —V(e‘;()l’jf") — pUr~!, and

+1

[y aEt <t [ ot = pEAT vt [
Q Q, Q

n

Letting now

S = {P € O limsup [|u, 5 p) = o0 Vr > 0} (18)

n—-+oo
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be the set of blow-up points, we have the following localization of S in terms of V:
Theorem 1.3.

VW(P)=0 VPeSNQ, 0J,V(P)<0 VPeSNIQ,
where v(Q) denotes the unit outward normal of 0Q) at Q.

Theorem 1.3 is reminiscent of what was already known for the Schrodinger
equation in R” in the semi-classical limit, see [43]. Thanks to the characterization of
S, for suitable potentials V's we can strengthen the previous analysis for either “low
energy” or Morse index 1 solutions. To be more precise, assume that the potential
V is increasing at the boundary and is a Morse function:

0,V>0 ondQ, VV(P)=0= det D*V(P) #0. (1.9)

Inspired by the techniques in [30], we have the following:

Theorem 1.4. Assume (1.9). Let u, be a solutions sequence of (1.3) so that either

N ptl

. Tt p+1 : ey pt1
llrfr:ilolopin /Q ub™ < 2(11(12fV)1 172 /}RN U, (1.10)
or
limsupm(u,) <1, (1.11)
n—-+oo

where U, is given in Theorem 1.1. Then there exists o, > 0 so that
o(—A+ 4,V = pul™") C (=00, —3,) U (8, +0) (1.12)

for n large, where o denotes the spectrum. In particular u, is a non degenerate solution.
Moreover, if V has just one critical point we get that

27 p1 p+1

n u . ptl_ N
lim 22— J2  _ (inf V)nf?—?/ Ut (1.13)
Q RN

s m(u,)

In view of Theorem 3.1, the blow-up point P is simple in the sense that u,
admits just one blow-up sequence P, converging to P, given by maximum points of
u, (u,(P,) = maxg u,). By the exponential decay of u, away from the blow-up set,
a localization argument should be in order to extend the result in case of multiple
simple blow-up points, while the situation of non-simple blow-up points seems to
be more delicate and still out of reach.

Finally, let us stress that the case of the critical nonlinearity p = x—ﬁ, N >3,
is quite different. Solutions of (1.1) with uniformly bounded energy do not exist
[7]. In a forthcoming paper [39], the second named author extends the argument to
solutions with uniformly bounded Morse indices. In the supercritical case a similar
phenomenon is in order. We refer to [38] for a unified presentation of all these
results.
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The paper is organized as follows. In Section 2 we prove the classification
result contained in Theorem 1.1. Section 3 will be devoted to give a global
asymptotic description for a blowing-up sequence u, provided either (1.6) or (1.7)
does hold. Theorem 1.2 is proved in Section 4 through an asymptotic analysis
for the eigenfunctions of the corresponding linearized operator L,. In Section 5
the characterization of S given in Theorem 1.3 will follow from all the previous
analysis, and an asymptotic analysis for the eigenvalues of L, will allow us to prove
Theorem 1.4.

2. Classification Results

In order to state the results, let us introduce the notion of stability, stability outside
a compact set, and Morse index k.

Definition 2.1. Let Q be a domain in R". We say that a solution U of
—AU4+U=|U""'U inQ 2.1
e is stable if

0u(e) = [ Vel + ¢ —p|UI" ¢* 20 Ve e Ci(Q):

e is stable outside a compact set K if Q,(¢) > 0 for any ¢ € Cj(Q\K);
e has Morse index m(U) equal to k if k is the maximal dimension of a subspace
W C C}(Q) so that Q,(¢) < 0 for any ¢ € W\{0}.

Remark 2.2. Any finite Morse index solution U is stable outside a compact set
K C Q. Indeed, there exists a maximal subspace W, := span{g,, ..., ¢,} C Cj(Q) of
dimension k = m(U) so that Q,(¢) < 0 for any ¢ € W,\{0}. So Q,(¢) > 0 for every
¢ € CL(Q\K), where K := U*_ supp ¢;.

We have the following result:

Theorem 2.3. Let U be a solution of (2.1) on RY for p > 1 when N=2and 1 < p <
N4+2 ywhen N > 3. Assume that U is stable outside a compact set K. Then

N2
U(x) > 0 as |x| »> +oo.
Proof. First we show that

U? +/ |UPH! < oo, (2.2)
RN RN

To this aim, given R, > 0 so that K C By (0) and R > R, + 2, introduce a radial
function € Cy(R") so that

0<n<1, n=0 inBg(0)UB5(0), n=1 in B(0)\ Bg,,,(0),
RVl =2 in B, (0) \ Bg(0). (2.3)
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Multiply (2.1) by #*"U, m > f}%l and integrate by parts to get

19
f 172m|U|1)+1 — / |V(1’]mU)|2 +/ (nmU)Z _ / |Vi]m|2U2.
RV RN RN RN
Since n"U € Cj(RN\K), the stability condition gives
f V(") +/ (" U)* = p/ U
RN RN RN
and (2.3) with Holder inequality yield to

Im—2— 4m Am_
/ V" PU? = mz/ T | VP U
RN RN

2
. =i
SCm/ U2+R"’p+12(/ nzmlUlp“)H .
Bgy+2(0)\Bg,+1(0) RN

The sub-critical growth guarantees n‘;—;} — 2 < 0, and then

2
pH
/ n2m|U|p+1 > p/ n2m|U|p+1 _ Cm(/ 1,’2m|U|p+1> _ Cm/ UZ
RN RN RN BR0+2(0)\BR0+|(0)

yields to [ |[U|P™! < 4o0. By the estimate

2

p+1
[ oo < [ opmort 4 [ Cjerepe s [ IUI”“+CM</ IUI”*‘>
RV RV RV RN RN

+C, U?
Bry42(0)\Bgy+1(0)

we also get [y U? < +oo, and (2.2) is established.
Standard regularity theory now implies uniform continuity of U in R" and even
global C?(IR¥)-estimate. Together with the LP+!(RV)-estimate, it implies that

U(x) > 0 as |x|] > +oo
as claimed.

Remark 2.4.

i) The proof of (2.2) works as well for solutions U — stable outside a compact
set- of (2.1) on an half-space H with U = 0 on 0H.
i1) Following the techniques used by Farina et al. [11, 23] and Esposito et al. [18, 19],

we can get better estimates and cover all the exponents p, see [21], and get strong

integrability properties: for any g € (0,2p 4+ 2/p(p — 1)] and o € R we have
LU Py < oo,

where H is either an half-space or R".
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Once a decay property has been established in Theorem 2.3, one can use [26, 27]
to show that positive solutions of (2.1) on H = R" which are stable outside a
compact set are necessarily radially symmetric and decreasing. The uniqueness of
the positive, radially symmetric solution U, to (2.1) on H = IR¥ [33] leads to

Proof (of Theorem 1.1).

e Let H be an half-space. Unless U = 0, by the strong minimum principle we
have that U > 0 in H Since U € L*(H), the moving plane method implies [9]
that Y LU s a positive solution of the linearized equation,
it is rather classwal to see that U is a stable solution of (2.1), see for
example [1, 24, 36]. Then we can apply Remark 2.4 to have

Urtl, U* e L'(H). (2.4)

It is standard to show that (2.4) implies VU € L*(H). By the non-existence
result in [22] we have the desired conclusion U = 0.

e As already discussed, if U 0 then U coincides with U,. Since U, can
be obtained as a mountain-pass solution in H'(IR") for the corresponding
energy functional and U is unstable in view of

[Vl + [ G—p [ 0 G==p-D[ v <0,
RN RN RN RN

we have that U, has exactly Morse index one in H'(IRY) (see [25]). As far as
the zero eigenvalue, it is known (see for example [31]) that

kernel (A + 1 — pU/™") = span{0, Uy, ..., 0, Uy}
in H'(RRY).

3. Asymptotic Analysis and Blow-up Profile

We focus now on the asymptotic behavior as 4 — +oo of solutions to (1.1). First
we have a local description:

Theorem 3.1. Let u, be a solutions sequence of (1.3), with p > 1 when N =2 and

l<p< N—+2 when N > 3. Assume either

sup m(u,) < 4o0

or

N _ ptl

AT T
sup s’ / ub™ < 4o0.
Q

n

Let P, €Q so that u,(P,) =maxgp, _ () Un for some R, — +oco, where &, =
Q

—'n

un(Pn)JT — 0 as n— +oo. Setting U,(y) =&} 'u,(e,y+P,) for ye Q, =

’

87(

with &, = ! V(P,)"*, then for a sub-sequence we have:

. .
d(P,, ) 0as n— +oo;

o u,(P,)= maxXong,  (p,) Uy, Jor some R, — +oo;
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o U, — U in CL.(RY) as n — +o0;
e there exists ¢, € C5°(2) with supp ¢, C By, (P,), R > 0, so that for n large

[ V0, + 4,V = pul ) ghdx < 0; (3.1)
Q

o for all R > 0 there holds

N _ ptl P+1 N

lim 2 " ut! =( lim V(Pn)) / vt (3.2)
Bre,(Py) n—>+oo z(0)

where U, is given in Theorem 1.1.

~ 2 ~
Proof. Let us first introduce U,(y) = &, " u,(8,y + P,) for y e Q, = QS;P and let

d, denote d(P,, 0Q)). Suppose that d—" — L € [0, +oc], up to a sub-sequence. Then
Q, — H, with H an half-space so that 0 € H and d(0, 9H) = L. The function U,

satisfies

—AU, + 4,EV(E,y+ P)U, =T, in Q,
0<U, <U,0) =1, in Q, N By (0)
U,=0 on 6(~2n.

Since P, is a point of local maximum of u,, we have
0<—AU,0)=1-2,8WP,) = 2,EV(P,) <1.
Setting w(V) := [supq V][infy V]!, it follows that
A EV(x) < V),
and, up to a sub-sequence,
I EV(P,) — Jasn — oo,

for some 7. € [0, 1]. By elliptic regularity theory [29], up to a further sub-sequence
U, — U in C. (H) as n — +oo, where U is a solution of

—AU+.U=0" inH
0<U<U(0)_1 in H
U=0 on 0H.

Q

Since U is not trivial, by [28] we have necessarily 4 > 0 in case H is an half-space.
If H = RY, observe that we have

~ - , N _ptl
m(U) < supm(u,) , / Urt! < (i%f V)%’%i supl, " / ultt, (3.3)
n RN n Q
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Indeed, if ¢, ..., ¢, € C(RY) are orthogonal in L*>(R") and satisfy

[ 1960+ G pTr gt <0 Vi1, .k
RN

_N22
we have that ¢, ,(x) := &, & d)i()‘j”) are orthogonal in L?>(Q) with

[ 1¥0u 0+ GV = pu ot dx = [ V0P + (GEVE + P~ pTr)didx
Q
= [ V¢ + (= p U pidx <0
RN

as n — +oo for all i =1, ..., k. Hence, m(U) < sup, m(u,). Moreover, in view of

22t — N> 0 and

8 <i'V(P,)” 1<(me) s

we let R — 400 in

p+l

U = lim Ut = lim &,"" ubt!
Bg(0) n=>~+00 J B (0) n—>teo Bz, (y)
i 1
o P pt+
< (inf V) lsup/l /Q u’ (3.4)

to get the second estimate too. Our assumptions on u, then guarantee that either
m(U) < 400 or [px Ut < +oo. If m(U) < 400 and U is non trivial, by [2] we get
2> 0.If [pu Ut < 400, we deduce also U € L*(R") and then VU € L*(R"). By
the Pohozaev identity [41]

N _N-2 / e
p+1 2 RV RY

for a non trivial solution U we still get 4 > 0. Once we know that

~ 2
(Z-) = J,B2V(P,) — 1€ (0,1] asn — +oo, (3.5)

n

it is equivalent but more convenient to work with U,. Since U, solves

Vi P
—AU, + MU,, =U" inQ,
V(Pﬂ) 5
P, T
0<U, <U,(0) = (Z_> in 0, N B, 5 (0)
U,=0 on 01},

in view of (3.5) and by elliptic regularity theory [29], up to a sub-sequence, we have
that U, — U in C} (H) as n — +oo, where U is a non-trivial bounded solution of
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(1.5). By Theorem 1.1 we have that H = R": 22 — 0 as n — +oo. Arguing as for
(3.3), observe that we have

%7# N _ ptl

. pP— A2 T p—

m(U) < supm(u,), / Urtt < (mf V) supi, " / ubtl,
n RN Q n Q

By Theorem 1.1 U coincides with U, and is unstable: there exists ¢ € C;°(R") such
that supp ¢ C Bx(0), R > 0, and

[ V6P + (1= pug e <o.

N2
As before, the function ¢,(x) := ¢, K (b(’“;ﬁ) is what we are looking for in (3.1).
Arguing as for (3.4), we have that

1 . . _;:i . N _ptl
/ Ul = lim urt! :( lim V(P )) < lim A, ”’]/ u”“),
0 n n n
Bg(0) n—+o0 Bg(0) n—-+oo n——+oo B

and (3.2) is also proved. d

iz

Once the limiting problem has been identified and the local behavior around
a blow up sequence P, has been described, we can prove global estimates. We
will show in such a way that the sequence u, decays exponentially away from the
blow-up points.

Theorem 3.2. Let p>1 when N=2 and 1 <p < }[\V]—fg when N = 3. Let u, be a
solutions sequence to (1.3) so that either

k= lim m(u,) < 4oo

n—+oo

or
- 50 A7 N_ptl
E=(inrv) T (Lou) tim 2 [ <
Q RN n——+oo Q
Up to a sub-sequence, there exist P,:, e, P,’:, k< k , so that for all i,j=1,...,k,
i#j:
Jn|PL— PI? — +o0, J,d(P.,0Q)* — +oo asn— +oo (3.6)
and
u,(P.y=max u,, 3.7)
QnB - _ 1 (P)
Ruin
for some R, — 400 as n — +oo. Moreover, there holds
1k 1 .
u,(x) < Ciy' Ze_’%” Al vxeQ, neN, (3.8)

i=1

for some C,y > 0.
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Proof. The proof is divided in two steps (see also [20]).
1%t step There exist k < k sequences Pl, ..., Pt satisfying (3.6)~(3.7) so that

L
lim <lim sup |:/1,, ' max  u, (x)}) =0, (3.9)
R— +o0 n—-+oo -1
{a,0=r0 7 }
where dn(x) =min{|x — P!|:i=1,...,k} is the distance function from

{Pl,..., P}

Let P! be a point of global maximum of u,: u,(P!) = max u,. Since (3.7) holds,
if (3.9) holds for P then we take k = 1 and by Theorem 3.1 the claim is proved.

Otherwise, set &' = 7, : V(P * and suppose by contradiction that

n’

lim sup (lim sup [(8}1):’21 max uni|> =46>0.

R—s+oo \ n—>+oo {lx—P}=Re}}
By Theorem 3.1, up to a sub-sequence we have
(€))7 Tu,(ely + P) = U'(») > Uy(y) in CL.(R) (3.10)
as n — +oo. Since U, — 0 as |x| - +o0, we can find R large so that
Up(y) =0 Y[yl =R (3.11)
Up to take R larger and up to a sub-sequence, we can assume that

()77 max u, >26. (3.12)

{lx=P}|=Re;}
Since u, = 0 on 0Q), we have that

AP, € O\ Bz (P)) sothat u,(P;) = max u,.
DBy (P

By (3.10)—(3.11) we have that 1Pabil +o00. Indeed, if bl g > R were true,
we would get

1\ 21 2 1 Pf_ ;1 /
(&,)7u,(P,) =U, — Up(R) <9,

in contradiction with (3.12). Therefore, the first in (3.6) does hold for {P}, P?}. Set
now & = u,(P?)~'= and R? = ! ‘P” _Zil By (3.12) we get &2 < (20)~= !, and then

=1

g e O R P
— 400 as n — +oo.
2 el
This implies
u,(P>) = max u,.
QNB,5.

REER(PD)
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Indeed, since &, << |P; — P,| for all x € By (Py) we have
1 2 1 2 1 2 1 1
|'x_Pn| Z |Pn_Pn|_|‘x_Pn| Z §|P71_Pn| ZRSn,

and then QN By (P)) C Q\Bg,i(P,). Since R; — 400 as n — +oo, by Theorem
3.1 we also get that the second in (3.6) and (3.7) hold true for {P!, P?}. If (3.9) holds
for {P!, P?}, we are done. Otherwise, we iterate the above argument: let P!, ..., P
s sequences so that (3.6)—(3.7) hold true, but (3.9) is not satisfied. As before, we can

find R > 0 large and a sub-sequence so that

()77 max  u,(x) > 20,

{dy(x)=Re}}
where d,(x) = min{|x — P!| :i=1,...,s}. Up to a further sub-sequence, we can
assume that
1
-2 —0,€(0,4+00) asn— +oo, Vi=1,...,5,
8[

n

. L
where & := 2, ?V(P!)~7, and by Theorem 3.1 then deduce

1y 2 . . eN\TT (gl 2
PGty P = (2) u(2) o uon e

n n

in CL(R") as n — +o0. Since Uy — 0 as |x| - +oo we can find R large so that
2

Hi”j Uy(0;,y) <dfor |yl >Rand alli=1,...,s. We repeat the argument above, by
replacing |x — P!| with d,(x). Let P5™! be so that

w,(PYy = max u, >25(e\) . (3.14)
{dy(x)=R )}

2 5 i
By (3.13) and 07" U,(0,y) < d for |y| > R, we deduce as before that 'P"H—fp"' — +oo

as n — +oo, forall i =1,...,s, and the first in (3.6) does hold for {P,ll”, o, PSTIL
p—1

Setting &+ = u,(P**1)~" and R = 128 we still have by (3.14)

o+l
2 &

=5+l —ezl g
er <(20) 7 e,

and then R*™' — +oc0 as n — +oo. Since as before

s+H1y
un(Pn ) - max o1 n
QOB o gyt (P)

by Theorem 3.1 we get that the second in (3.6) and (3.7) do hold for {P], ..., Ps*1}.
For the sequence P, i=1,...,s+ 1, Theorem 3.1 also provides ¢! € CF(Q) with

supp ¢}, C By (P}), R > 0, which satisfy (3.1). By (3.6) ¢,, ..., $;"" have disjoint
compact supports for n large yielding to s+ 1 <lim

ntoo M(ut,), and then the
iterative procedure must stop after k steps, k£ < lim m(u,), providing sequences

n——+oo
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P!, ..., P* so that (3.6)-(3.7) and (3.9) do hold. Alternatively, by (3.2) on each
Pl ..., PS*l and (3.6) we get
N _ ptl s+l N pt1
lim 2, "' / W > lim Y0 " !
n—-+oo Q n—-+oo i1 BRs}, (p:')

p+l_N

> (s+1) (infv)”’1 2/ Ut
Q BR(0)

for all R > 0, and then

%_@ . -1 N _ ptl

: P . 2T

s+1§<1an) </ Ué”) lim A; "1/ ubtt,
QO RN n—+oo Q

The conclusion follows also in this second case.

M step Let P,ll, e, Pf be as in the 1** step. Then there are y, C > 0 so that

1k 1
— )2 | y—pi
u,(x) <Ca 'Y e hl vxe Q, neN.
i=1

By (3.9) for R > 0 large and n > n(R) there holds

1
L 1 =

Jn’t max  ou,(x) < (— inf V>1 ,

1 4p o

{dn ()=Riy 2 }

_1
where d,(x) = min{|x — P!| : i =1, ..., k}. Hence, in {d,(x) > R2,*} for n > n(R)
we have

) )
a,(x) = ZV) = pul ! (x) = L inf V. (3.15)

[ 1
Compute the linear operator —A + &, (x) on ¢ (x) = e =Pl in {d,(x) > R 1, }:

(-A+3a,)(¢}) = znqb;[ —P (N =)+ lfln(ﬂ} =0
Ailx = Pi]

for n large, provided 0 <y < (4 inf, V)%. Observe that for R large

(eyR(bi, (x) = 2" “n(x)) los NG N 1—s/"Uy(s;R) > 0
Rin 2

n

as n — +oo, where s; = lim”_,Tm V(Pi)?,

Then, if we define ¢, := ¢’RA, " S5 ¢!, for L, = —A+ 1,V — u?~" we have

Ln(d)n - un) = 0 in {dn(x) > R)“’;%}
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_1
and ¢, —u, >0 on {d,(x) = R1,*} U dQ. Note that by (3.6)—(3.7)
{4, = Rz;%} —U 0B (P CQ
Riy?
for n > n(R). Then, by the minimum principle

u

n

k 1
<¢,=¢ R/l,é v e*ﬂé |x—Pj
i=1
1
in {d,(x) > R7,}, if R is large and n > n(R). Since by (3.5)

2 ok o
u,(x) < max u,, = EHTFT <Ay ¢ v Pl
i=1
. _1 . .
for some C > 0 if d,(x) < R 4, *, we have that (3.8) holds true in () with a constant
Ce'® and n > n(R). Up to take a larger constant C, we have the validity of (3.8) in
Q) for every n € N. O

4. Morse Index Information and Energy Information

We address now the equivalence between Morse index and energy. The analysis of
the previous Section provides us with the upper bound in Theorem 1.2.

Theorem 4.1. Let u, be a solutions sequence of (1.3) so that sup, m(u,) < +oc. Then

N

+1
et Pt PR
Jou

lim sup = < (supV)pi1 2/ urt. 4.1
Q RN

n—+o0 m(un)

Proof. By Theorem 3.2, up to a sub-sequence we can assume that m(u,) — k and
there exist {P!,..., P‘}, k <k, so that (3.6)~(3.8) do hold. Notice that k > 1 since
by Theorem 3.1 k = 0 would imply sup, ||u,|., < 4oo, in contradiction with (1.4).
By (3.6) and (3.8) we can then write VR > 0

N_ptl K o ptl N . k
/l,,z p=T / ubtl = (V(Pz))pj—j / (Ut)p+1 + 0( / e—“/(p-*-l)l.vldy)’
a " ; " Bp(0) ; R¥\E | (0)
R &
and then get

p+l N
. N el 1 k . ; P12

limsupi; "' [ wu't! = urty” <11m sup V(P;))

n——+oo Q Br(0) i=1 n——+oo

4 0( / ey(p+1>,v|dy>
RM\B; g (0)
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for some 6 > 0. As R — +oo we get

ptl _ N
N_ptl =172
limsup 4, "' / ub™! —/ ult! Z <llm sup V(P’)>
n—+o00 Q i=1 n——+oo
<k / Ué’“ (supV)p_
RN Q
PN
p+l1 p—1" 2 .
< / U, (sup V) lim m(u,).
RN Q n——+o00
Since this is true for any sub-sequence so that m(u,) converges, we deduce the
validity of (4.1). |
Remark 4.2. If k = 1, we have just one blow-up sequence P, := P! and we can get
that
N _p+l
FERE R
limsup 22— o7 — 5t (P)/ ult',
n— oo m(u )
where P =lim,_, P,

To complete the proof of Theorem 1.2, now we show the lower bound.

N_pil
Theorem 4.3. Let u, be a solutions sequence of (1.3) so that sup, 1, "~ [,ul*! <
~+o0. Then
-5 |

T ub*

lim inf Jo > / ult! (me)ﬂ -3 4.2)

n— oo m(u ) N +1

p+l

Proof. Up to a sub-sequence, we can assume that /12 7T [, ub*! converges as n —

+00. As before, Theorem 3.2 provides us with {P!, ..., P}, k <k, so that (3.6)~(3.8)
do hold, and by Theorem 3.1 we have that k > 0. Let ¢ be the mth eigenfunction
of —A+ 1,V —pu?~' in H}(Q) corresponding to the eigenvalue u”, with ¢
normalized to have maxg, |¢”| = maxq ¢! = 1 (considered with multiplicities):

=A@y + 2, V) —pul~ e = u ) in Q
lg)| < maxg, @, =1 (4.3)
ol =0 on 0Q).

Fix now m such that y <1 (or bounded) for n large. We have

First claim. There exists My > 0 so that p' > —My4, and QF € Uf:] BMM; ) (P)),
where Q" is so that ¢'(Q") = 1.

Since Q7 is a maximum point of ¢, by (4.3) we have

P My,

i 2 2 VO = p Q) = 2 1V = T = — Mo,
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in view of (3.5), for some M, > 0 large. Further, observe that by (3.8) we have

k 1
12 [y pl . _
uﬁ_l(x) S C)»n Ze—(P—l)Mn [x Pz/z‘ S Ck}Lne Y My(p—1)
j=1

in Q\ Uj;l BM 1 (P}), and then
04n
Wz 2, Q) = pul (@) = 4, inf V= pChe 0] >

whenever Q7 € Q\ U';:IB _1(P}), for some M, >0 large. A contradiction to
My

wr < 1. Hence, for some M(;) =0 large

k
QrelJB _1(P).
j=1

My I

Set ®™i(y) = ¢"(&/ y + PJ). The function ®™/ solves

Vel y+ Py . S _ -
—AD™ 4 M@;ﬂv — p(UI ™I = (el)2 e I in 2P
V(Py) o
A Q" — P . :
] < <I>::“-’<—Q" : ) =1 in -
S-n &n )
_ Q-—p
o =0 on 6( - ").
&

4.4
By the first claim we get
i;l(i%f V)T > () > My, (e)) = =M V(P > — M, (inf v
Up to a sub-sequence, we can assume that
(U — u™i <0 as n— +oo.
Multiply (4.4) by ®™/ and integrate on Q;—ﬂ to get

‘ V(ely + P)) A A o
m,j|2 n n 2 m m,j\2 p—1
o oo [ FEREED el @ < [,

J
&n &n

k 1 .
= p(el)™ [ ut = Ce)™Va, Y [ e
Q PRAo)

N
2

. 1-N k
=C(el)y* ™M * Z/l e~ ibl < C(sup V)
Q

1
‘ k/ e P 4o
im1 Y i (Q—PY) RW
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in view of (3.8). In particular, ||®}"/|| 15,y < C for all R >0 and, up to a sub-
sequence and a diagonal process, ®"™/ —~ ®™J in H| (RY) and a.e. as n — +oo.
Moreover ®"/ € H'(R"Y) solves

—AD™I 4 D™ — p UOP_1 @I =y ™ in RN

. 4.5
|7 < 1. (42
We have that ™/ # 0 for some j € {1, ..., k}, as it follows by
Second claim. Let j € {1,..., k} so that (up to a sub-sequence) Q"' € B - (P9), for
M

0%n

some My > 0 large. Then ®™J # (.

Decompose ®™/ as h, + t,, where h, satisfies

Ah,=0 in By ,(0)

h, = @/ on 0By, ,(0).
If &™/ =0, then ®™/ — 0 in H I(BM0 +1(0)), and by the trace Sobolev embedding
Theorem @™/ — 0 in Ll(aBM0 +1(0)). By the mean value Theorem, then A, — 0
uniformly in B, (0). Since

—At, = —A® = 0(1) in By, (0)
t,=0 on 0By, ,1(0),
by elliptic regularity theory [29] , is uniformly bounded in C%*(B,, ,,(0)). In
particular, by Ascoli-Arzeld Theorem 7, — ¢ uniformly in By, ,,(0). Hence, ®;"/ =
h, + t, — 0 uniformly in B, (0), and we reach the contradiction

) m _ pi
(I)nmJ(Q”—J") =1—->0 asn— +o0
En

, (P]). Therefore, ®™/ 2 0.

My AI% (infq V)~2

By Theorem 1.1 recall that —A+ 1 —pU?™" has in H'(R") a first negative
eigenvalue p;, < 0 (with corresponding eigenfunction ¢,), u, = 0 vanishes (with
corresponding eigenfunctions ¢, =0, U,...,galaN +1=0,,U), and all the other

in view of Q7 € B

eigenvalues are positive. By (4.5) and & = A, 2V(P!)" we necessarily have that
either ™/ < 0 for all j (with u™/ = yu, for all the j's so that ®™/ £ 0) or u™/ = 0 for
all j. Assume that y™/ <Oform=1,...,Mand y™/ =0form=M+1,...,M +
S. We want to estimate M and S thanks to

Third claim. There exist C,y > 0 so that

k 1 .
lgr| < C e Pl in Q. Vn. (4.6)

j=1

Let L, = —A+b,(x), where b, = 4,V — pu?~' — u". Notice that b, > a, for n
large, where @, is given by (3.15). By the proof of 2™ step in Theorem 3.2, we have
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that

k 1
~ w2 | x—pP/
Ln( E €_M” [x Pn|> > O

j=1

_1 ,
in {d,(x) >R’} =0\U_ B | (P)), provided 0 <y < (§inf, V)2. Since for
Ry

C >R

k 1 . k
erl<1<Cy e on JB _y(P)) (4.7)
Rn

j=1 j=1

k 1 )
|¢nrn| =0< CZe’“’Z k=Pil on 0Q,

j=1
by the maximum principle

L e pl , ;

lr| < Cy e Pl in Q\|JB _1(P)).

j=1 j=1r "

Hence, up to take C larger, by (4.7) we get that
£ S pi
ler| < C Y e =Rl in O, V.
Jj=1

For m,le{l,..., M}, m # 1, we want to take the limit of the orthogonality
condition:

k
1 1 1
0=/¢Z‘%=Z/ j¢§7¢n+/ ) X
o 217 B e (P QUL B,y (Ph)

k
=YY | oy Dy + o @)
j=1 Bg(0)

OUfy B, (1)

By the 3™ claim we have that

NUjo1 By P OBy i (P,,)
< C”ki;7/ e 2y
RN\B;g(0)

for some 6 > 0 small. Since ®™/ —~ ®™/ and @/ —~ ®"/ in H'(B,(0)), we have that
®mJ — @™ and O — @ in L*(Bk(0)) for all R. Up to a subsequence, assume

that (gg,)y — ¢;>0asn— +oo, forall j=1,..., k. Finally, by

ko rgi\" R
— n P cD],/ 10} —27|Y|d 4.8
(SI)N/ #en = Z<81) /BR<0> R </1RN\BR<0>6 g (“5)

1
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we get as n — +oo

k
0=Yc[| @+ 0( / e_z"l"ldy> VR.
Br(0) RN\Bg(0)

j=1

As R — +o0o we get
k
2 m,j anl.J
0=Yc [ @miah
=t R

For m=1,..., M, either ®"/ =0 or ®"/ #£ 0 is an eigenfunction of —A + 1 —
p UL with eigenvalue u™/ = y; < 0. In both cases, we can write

p)

‘m,j
= — 5%
Cj(f]RN ek

m, j

for some 4, ;, getting in this way

k

0 == Z)»m!j )"l,j'

j=1

Set A, = (Ayts- s Apy) Ym=1,..., M. By the 2™ claim we have that 1, # 0
Vm=1,....M and < 4,, 4, >=0Vm#I, ml=1,...,M. Hence M < k. Next
we want to show that § < N k. Indeed, by (4.8) we always have that

k
cj./ D =0 Ym£l mil=M+1,...,M+S.
1 /RY

Jj=

Since @/ and ®"/ are eigenfunctions of —A + 1 — p U!™" with eigenvalue p"/ =
u =0, we can write

N+1 i N+1 i
CI)m’jz Z ﬁm,j@z CI)[’j: ﬁ[,] gol
o\ 17 2\ L
i=2 Cj(fmzv ®;)? i=2 Cj(f]RN ®;)?

In this way, the orthogonality conditions rewrite as

kN1 A
Z Z ﬁin, ﬁ;/ =0
j=1 i=2

in view of [ov@,¢; =0 for i#j. We consider f, = (B2 . fr s Bosr--

m,k°

Bt ..., Boi'). We have that B, #0Vm=M+1,....,M+Sand < B,, >=0

Vm#ILml=M+1,...,M+S. Hence S < Nk. In conclusion, by Theorem 3.2 we
have that

limsupm(u,) <M+ S < (N+ 1)k
n——+o0

P+l _ptl

-1 N
. E,FT p+1 : 27 -1 p+l1
S(N+1)(lgfv)z 1([WU0 ) lim 4, /Qun .

n—+oo
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N_pHl
Since this is true for any sub-sequence so that 4, "~ [, u?*' converges, we deduce
the validity of (4.2). O

5. Non-Degeneracy Issues

As far as the characterization of S, let u, be a solutions sequence of (1.3) so that
either (1.6) or (1.7) does hold. By Theorem 3.2 we find a sub-sequence and k points
P}, ..., Pt so that (3.6)—(3.8) do hold. Up to a further sub-sequence, assume that
P! — P' € O as n — +oo. Notice that by (3.8) the set S of blow-up points given in
(1.8) is so that

S={P', ..., P".

Letting

J={j=1,....,k: PP > P}, I,:=B;(P)NQ,
where ¢ > 0 is small so that I; N {P', ..., P*} = {P'}, we have the following.
Proof (of Theorem 1.3). We need the following integral expansion.

Claim: Let g be a some smooth function in Q. For ¢ > 1 and i € {1, ..., k},

then

PR / gul — g(PYV(P)FE / U¢ card(J;) (5.1)

I RV

as n — +oo, where card(J;) is the number of elements in J,.
Let d,(x) :=min{|x — Pi|:i=1,...,k}. Given R > 0, for n > n(R)

{d,() <Rel} CQ and ;N {d,(x) <Rel) = Uy, {lx - Pi| < Re)
in view of (3.6). Since by (3.8)
o K 3 j
i < CAT Y e bl (5.2)
j=1
we have
/gu3=/ guZJr/ 8u,
I Iin{d,(x)<R &)} Iin{d,(x)>Re}}

g Kk

1
4 p— a2 lx—pl
=§/ o gui+0 A,Q'E/ ekl
(lx-Pil<Re}) (lx—PilzRel)

JjeJi j=1
k
— Z(sj)f%“’/ g(el y+ P (U + 0<Nil—’§ Z/ 1 ewb‘l)
n Reh n n n n 7 .
jel; {MST} j=1 {IVI=RAi &)}

Notice that

(VPN (VP
= <V(P}L)> — 0.,- = (V(Pl)) as n — +oo.

SHICH
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Since U/ — U, in C\.(R") as n — +oo for any j = 1,..., k, we find that

. %,L . . q N
lim 4; 7 /_gug :g(P’)V(Pl)m—7/
i

Ug card(J;) + 0( ‘”"LV')

n—>teo {lyl=R Z /\)\>R0

for some 6 > 0 and all R > 0. Letting R — +o0, we then get the validity of (5.1).
For P € Q, we combine (5.1) with the following Pohozaev identity [41].

Multiply the equation —Au, = u? — 1,V u, by d,u, on I = Bs(P") and integrate by

parts to get

/ln 2 Mp+1
5 / éhVu _/11< |Vu, |? v, — 0, na,,u,,)—k/;[é (7Vun p—l—l)

By (3.8) and elliptic estimates [29] we get that 1,u
OI} as n — o0 s0 to provide

2 uP*|Vu,| — 0 uniformly on

Vul—0 asn— +oo
11
for all A, i. By (5.1) we get that

N2 2

At 7T (zn / a,y@) — 0, V(PYV(P)7 1% / U2 card(J))
I RV
for all h, i. Since %52 — -2 < 0, we get that
P
O,V(P) =0 Vh,i.
In conclusion, for all P’ € Q we have VV(P') = 0. For P' € dQ, we use a different

Pohozaev identity. Multiply the equation —Au, = u? — 1,V u, by (x — P' 4+ v(P")) -
Vu, on I} and integrate by parts to get

A . )
= /1 (x — P+ v(P)) - Wi
Lo o N-2
= ) Elvun| (x - P + V(Pl)) CV = a\'un('x — P + V(Pl)) ' Vl'tn - Tavunun
28

+/1,< :rl)(x—Pl+v(P)) .

N N-2
NEIE |y
p+1 2 i I

Notice that the boundary contribution simply reduces to

1

2 Jaypinca

(0yu,)*(x = P'+v(P) - v+ 0,(1)

where 0,(1) — 0 as n — +oo. For ¢ > 0 small we also have that

(x — P +v(P))-v(x) >0
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for all x € B;(P") N 0Q. The Pohozaev identity reduces to

N N-2
( — P+ v(PY)) - VVun_on(l)+(———>/ w — | v,
1 I/

2 p+1 2

N— 2
2 7[/71

Multiplying by 4, — 0 and using (5.1) in the limit we get

1 . 2 N
~o,V(PYV(P)FY / U2 card(J;)
2 v

ol N N N-2
<v(P)r1 2 card(J)| [ — — —— ultt— || v
vy F Y e (S5 - 250 ) Lo - )

By the exponential decay of U, and |VU,| at infinity, the same Pohozaev identity
does hold for U, on the whole R" (no boundary terms):

G2 ) fou - fou=o

In conclusion, for all P' € 0Q we have 9,V(P') < 0. O

As an application of the characterization of the blow-up set S, we address now
non degeneracy issues as stated in Theorem 1.4. Assumption (1.10) or (1.11) on u,
ensures that k < 2 in Theorem 3.2 (along any subsequence so that k exists). Lettlng
P, be a maximum point of u,: u,(P,) = maxg, u,, by (1.4) we have that Theorem 3.2
does hold with k = 1 and P! = P,. Thanks to Theorem 1.4, assumption (1.9) on the
potential V guarantees that S = {P}, where P = lim P, € Qis ac.p. of V with
det D*V(P) # 0.

We adopt the same notations of Section 4. Let {1} be the eigenvalues (counted
with multiplicities) of L, = —A + 4,V — pu?~' which are <1, and let ¢ be the
corresponding normalized eigenfunction. Up to a subsequence, from the analysis
in Section 4 we know that A;'V(P,)~'u"™ — u™, where u" =p, <0 or p" =0
according to Theorem 1.1. Assume that y” =y, form=1,..., M and u" = 0 for
m=M+1,...,.M+S,andletJ C {M+1,..., M+ S} be maximal so that i — 0
as n — +oo for all m € J. The aim is now to show that J = @ so to provide that the
eigenvalues p can never approach zero, and in particular u, is a non-degenerate
solution of (1.3).

We are left with proving J = @. We will use an integral representation (5.3)
for w’, which has revealed powerful [30] in dealing with non-degeneracy issues for
problems with critical growth. The property J = ¢ will follow from the following
claim and the assumption det D*V(P) # 0 in (1.9):

n—+oo

Claim: Let p, be an eigenvalue of L, so that A, 'y, — 0 as n — +oo. Then the
following expansion does hold:

_ NDZV(P) a,al  [an Us
! 2V(P)|al*  [gw |VU0|2

+ o(w,) + o(1),

for some a € R, a # 0.
If V has just one critical point P, by (1.9) we get that P is necessarily the
global minimum point of V in Q and D*V(P) > 0. Letting S’ < S be maximal so
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that W <O0form=M+1,..., M+ 5, by the claim we get that S’ = 0 and, by the
proof of Theorem 4.3, M < k = 1. Then by Theorem 3.2

o ! y_ptl
lim sup m(u,) = M < (inf V)* N( / UP“) lim A, " / utt,
(9]

n— o0 n— o0

N _p+l

Since this is true for any sub-sequence so that A, "~ [, u?*' converges, and by the
use of Remark 4.2, we deduce the validity of (1.13), yielding to a complete proof of
Theorem 1.4.

(Proof of the claim). Let ¢, be the corresponding eigenfunction. By differentiating
(1.3) notice that the partial derivative 0,u, solves

L (al n) - _/lnaivun’

Multiply it by ¢, and integrate on Q) to get

o [ utity = —2y [ 0V, — [ 20,0, (5.3)

By elliptic regularity theory, the boundedness of 4!y, and the estimates (3.8), (4.6),
we get that u,,, ¢, and their derlvatlves up to order two tend uniformly to zero faster

than any power of g, := 4, : V(P,)"? in a small neighborhood of Q. In particular,
we get that

as n — +oo. Moreover, arguing as in the proof of (3.8) by the two following
estimates

l
|L,(C;u,)| = |4,0,Vu,| < C”’ T e Bl i ()
R
|O;u,| < CAy e7*  on 0Q)

one can easily deduce that

1 l

1
|0, < CATT e M bl (5.4)

in|x—P,| >Ry 5, where C, C’ are posmve constants, y” > 0 is small and R large.
Setting U, (y) = &/ " u,(e,y + P,) and Q, ", we have that (5.4) gives that

|0.U,| < C'e"Pl in |y| > R, (5.5)

and a similar estimate does hold also for the second derivative of U,. Re-write (5.3)
in Q, to get:

_ o;V(e,y+P,)
®,0.U,=—¢,' | &,1—2—"U 1 5.6
o, POV = e [ @, SIS, + o) (56)

n
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where ®,(y) := ¢,(¢,y + P,). Since we assume that &>y, — 0 as n — +oo, by
Section 4 recall that &, — YV  a,0,U, in H. (R") and ae. as n — +oo, for
some a, ..., ay. Assuming that B,;(P) C €, let y be a smooth cut-off function
sothat 0 <y <1, y =1 in Bs(P) and y =0 in RM\B,;(P). Introduce A, = ®, —
72(&,) Zszl alo,U,, where the coefficients a] are uniquely determined to have
Jo A0,U, =0 for every I =1,..., N. Indeed, we can re-write these orthogonality
conditions as

N
0= /ﬂ AU, = /Q ®,0,U, — gak /Q 1(8,5)8,U,0,U,.
By Lebesgue Theorem and (5.5) we get that
1
/ﬂn 1(£,3)0.U,0,U, — /]RN 0, Uy0,U,y = N /]RN |VUO|2 O
and
a 2
/ ®,0,U, — Zak/ 0UyoiUy =3 [ IVU|

as n — +oo, where J,, are the Kronecker’s symbols. The coefficients a} have then
to satisfy

a 2 /
oo Sia) = [ @

which is a small perturbation of an uniquely solvable system. Then, the coefficients
a} are uniquely determined and satisfy aj — a, as n — +o0. The function A, solves
the equation

znAn = fn ann
A, =0 on (),

where L, = —A + V(';(Z:r)P 2 — pUr~! and f, is defined as

N
f (y) =& :unq') +82A/((8ny)za a U +28 V/{(Sny)zazv(akUn)

k=1 k=1

N 9. V(e,y+P,)
+8nX(8ny)Z kaT e

Due to the orthogonality conditions fﬂ A, 0U,=0 for all /I=1,...,N, it is
classical to show (see for example Proposmon 6.1 in [45] and also [32, 46]) that

1Aullz20,) < Clfull2a,
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for a suitable constant C > 0. By J,V(e,y+ P, =7, V(P,)+ O(e,|y|]) and
0 V(P,) — 0,V(P) =0 as n — +oo we compute now

”fn”Lz(Qn) = O(Mnefl) + O(SH)

in view of (3.8), (4.6) and (5.5). Then we get that

”An”Hz(!)n) = O(Mnei) + O(Sn). (57)

We use now (5.7) to get an expansion of (5.6). First, by Lebesgue Theorem and
(3.8), (5.7) we have that

/ o aiv(‘(:ny + Pn)
o, V(P,) "

U,

aiv(sny_'_])n) / A aiv(sny+Pn)
a n V(Pn) n

1 N
=3 2d [, MemaUD ==

k=

Q, n

aik V(sn y + Pn)

vyt OUen +ole)

> a / 2(e,)U;

k=1 Q,

t\)|§°

3y L Al VP) [ U+ Olue) +o(e,)

Secondly, by Lebesgue Theorem and (4.6), (5.5) we get that

N a ,
/Q” 2,00, =Y /w 0,Uné,Uy + o(1) = N/]RN VU, > + o(1).

Therefore, (5.6) re-writes as

oy oo 17T 2V(P) ZakalkV(P)/ U + o(g,) + o(1).

We multiply it by a; and sum over i =1, ..., N to get

|af?

1
N o VO = sy DV al [ GG + otu,) + oD,

where a = (a,, ..., a,) # 0. The Claim is established. O

’ n
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