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We study the Dirichlet boundary value problem —Awu = on a bounded domain

of spectral informations. As a by-product, we give an uniqueness result for A close to 0
and A\* in the class of all solutions with finite Morse index, A* being the extremal value
associated to the nonlinear eigenvalue problem.
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1. Introduction

Let us consider the following problem:

CAu= M@ g
(1 —u)?
O<u<l in Q. (1.1)

u=20 on 092,

where A > 0, Q € RY is a bounded smooth domain and f € C(f) is a nonnegative
function. We will say that u is a solution of (1.1) if u € C1(Q2) N W?22(Q) satisfies
the equation a.e. in  with u =0 on 92 and 0 < u < 1 in .

The equation models the stationary regime of a simple electrostatic Micro-
Electromechanical System (MEMS device), consisting of a thin dielectric elastic
membrane with boundary supported at 0 below a rigid plate located at +1 immersed
in an external electric field, where u is the (normalized) deflection of the elastic
membrane (see [7, 15] for a detailed discussion on MEMS devices). More generally,
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the model is described by a nonlinear parabolic problem which has been considered
by Ghoussoub and Guo in [9].

Problems as in (1.1) with smooth nonlinearities (for example of the form e*
or (1 +u)? for p > 1) have been largely studied in the last thirty years and
fine properties of the branch of minimal solutions have been established. We
refer to the seminal works [4, 11, 12] and to [3] for a complete account on the
topic.

In [8], Ghoussoub and Guo extended this analysis to problem (1.1) (see [10, 14]
for some interesting numerical results). Given \* € (0, 4+00) the so-called extremal
value:

A" =sup{A > 0: Ju solution of (1.1)},
for any A € (0, \*), they proved the existence of the minimal solution uy, namely:
uy <wu for any solution u of (1.1).

The map A — wuy is continuous and pointwise increasing for A € (0, A*). Moreover,
the minimal solution u) is characterized as the unique semi-stable solution of (1.1)
(in the sense that the linearized operator is a positive operator, see also [13]).
Finally, they raised out the special role of dimension N = 7 for problem (1.1) by
means of some energy estimates: the minimal branch satisfies

sup  JJualloo < 1
AE(0,A*)
for 1 < N < 7 and in general, this is not true anymore for N > 8. For 1 < N < 7,
as A — \*, the minimal branch u) converges to u*, the so-called extremal solution,
the unique solution of (1.1) with A = A\*. By [4], A* is a turning point and a second
branch Uy of solutions for (1.1) comes out from u* for A close to \* (U, is a
nondegenerate solution with Morse index 1).

Unless semi-stable solutions are concerned, it is in general very difficult to show
a priori bounds on the solutions energy and, for example, we were not able to
establish energy estimates along Uy. In [5], we exploited that the Morse index is 1
along the second branch, by developing a different approach to face noncompactness
phenomena based on this spectral information. Since, in general, it is relatively
much easier to construct solutions satisfying good spectral information (for example,
by variational methods), assumption (1.3) below seems to be more natural than
energy bounds in the study of (1.1).

The approach in [5], based on some fine asymptotic analysis, provided compact-
ness along the second branch Uy in the same low dimensions (compactness of the
minimal branch was also recovered).

The paper is a continuation and a strong improvement of the results in [5]. In
[5], the Morse index 1 of a solutions sequence u, was used to ensure that blow up
at 1 can occur “essentially” only along the maximum points x,, of u,. Boundedness
on the Morse index allows the presence of multiple blow up points. By a careful
asymptotic analysis, we are able to overcome the related technical difficulties and,
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Compactness of a Nonlinear Eigenvalue Problem with a Singular Nonlinearity 19

by a non existence result for singular solutions of (1.1), to show:

Theorem 1.1. Assume 2 < N < 7. Let f € C(Q) be such that:

k
flx) = <H |z — pi “) 9(x), g(x) =C>01inQ, (1.2)

i=1
for some points p; € Q@ and exponents a; > 0. Let {\, }nen be a sequence such that
An — A € [0, \*] and let u, be an associated solution such that:

sup m(tn, Ap) < +00. (1.3)
neN
Then,
sup ||un)leo < 1. (1.4)
neN

Moreover, if in addition 1 n = p1 2, (un) <0, then necessarily A > 0.

Here and in the sequel, pix x(u) denotes the kth eigenvalue of Ly, » = —A—%
with the convention that eigenvalues are repeated according to their multiplicities,
and the Morse index m(u, \) is the number of negative eigenvalues of Ly, .

Estimate (1.4) will be sometimes referred to as a “compactness property” of the
solutions set of (1.1). Indeed, by elliptic regularity theory, for any k& € N the set
{u: wis a solution of (1.1), m(u,\) < k} is a compact set in C™(Q2)-norm, where
m > 1 depends on the regularity of f(z).

Let us do some comments. For 2 < N <7 and f(x) = 1, Joseph and Lundgren
in [11] showed that the bifurcation diagram of (1.1) on the ball has exactly the
following form:

f(x)=tand2<N<7

[lull,,

A Az A

Fig. 1. Plots of ||u||lcc versus X in the case f(z) = 1 on the unit ball and 2 < N < 7, where
N, — 2BN-1)
* = g -
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Namely, there are infinitely many turning points oscillating around the value
Ay = w, the solutions number of (1.1) going to +o00 as A approaches \.. For
2 < N <7and f(z) = |z|¥ a > 0, numerically the diagram above still holds on
the ball for A\, = w (see the thorough discussion in [8]).

Problem (1.1) presents in general a rich structure of the solutions set. The
main goal now should be an existence theory for branches different from the first
two, with Morse index higher than 1. Compactness properties are in general useful
to establish existence results and Theorem 1.1 is a first step in the direction of an
existence theory. An hopeful approach could be based on the analysis directly along
the bifurcation diagram: any branch is characterized by a fixed Morse index and,
when an eigenvalue of the linearized operator along the branch crosses zero, we
have a “turning point” and the diagram turns into a new branch of higher Morse
index (by [4], this is the case for example of the first turning point A\*).

In view of Theorem 1.1, we can show a posteriori the equivalence among energy
bounds and Morse index bounds. Indeed, we provide the following characterization
of blow up sequences wu,, (in the sense of blow up of (1 — u,)~!), to be compared
with [1, 2] in the context of polinomial subcritical nonlinearities:

Theorem 1.2. Assume 2 < N < 7. Let f € C(Q) be as in (1.2). Let {\n}nen be
a sequence such that A\, — X € [0, \*] and let u,, be an associated solution. Then,

(1) mMax Uy, — 1 asn — 400,

N
(2) fQ ((1i(52)3) F o +00 as n — 400,

3) m(up, A\p) — +00 as n — +0o0,
are equivalent.

As a direct consequence of Theorem 1.1, Theorems 1.3-1.4 below show that
some features of the bifurcation diagram on the ball hold for general domains. The
following uniqueness result was strongly expected to be true:

Theorem 1.3. Assume 2 < N < 7. Let f € C(Q) be as in (1.2). For any fized
k € N there exists § > 0 small so that

(1) for A € (0,6) the minimal solution wy is the unique solution w of (1.1) with
m(u, \) < k;

(2) for A € (N = §,X) ux and Uy are the unique solutions u of (1.1) with
m(u,\) < k.

As far as point (1) in Theorem 1.3 is concerned, in [6], the authors show that
problem (1.1) on a two-dimensional annulus with f(z) = 1 has exactly two radial
solutions for any A € (0, A*). The second solution — the non minimal one — has
Morse index unbounded in a neighborhood of A = 0.

Finally, based on a degree argument, we get the existence of a solutions sequence
u, whose Morse index blows up (equivalently, by Theorem 1.2 the sequence blows
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Compactness of a Nonlinear Eigenvalue Problem with a Singular Nonlinearity 21

up pointwise: maxg u, — 1 as n — +00):

Theorem 1.4. Assume 2 < N < 7. Let f € C(Q) be as in (1.2). There exist a
sequence { A }nen and associated solution u, of (1.1) so that

m(Un, An) — +00  as n — +oo.
Let us point out that the equivalence among points (1) and (2) in Theorem
1.2 was already proven in [8] (even if it is not stated). Moreover, a weaker form of
Theorem 1.3, point (1), was already shown in [8] as uniqueness, for A small, in the

N
class of solutions of bounded energy: [, ( 1f£2))3)2 < k for some k > 0.

The paper is organized as follows. In [8], a regularity result for finite energy
solutions of (1.1) was proven. In Sec. 2, we extend it to discuss a nonhomoge-
neous Dirichlet version of (1.1), and to show a nonexistence result for solutions of
(1.1) with finite Morse index and finite singular set (where the solutions touch the
value 1). Improving the approach of [5] for the second branch, in Sec. 3, we describe
the asymptotic behavior of a general blowing up sequence u,, (i.e. maxq u, — 1 as
n — +00) to get a strong pointwise estimate on the right-hand side of (1.1). This
provides the uniform convergence of u,, in Q to a limit singular solution ug of (1.1)
having finite Morse index and finite singular set, which does not exist according to
the regularity statements of Sec. 2. In Sec. 4, we give proofs of Theorems 1.2-1.4.
For reader’s convenience, in Appendix A we briefly sketch the proof of some results
already proven in [5].

2. Regularity Properties

In this section, we establish some basic regularity results for the following boundary
value problem:

@
—Au = d-u? Q, 2.1)

u=1u on 0F),

where f € C(Q) satisfies (1.2) and @ € C1() is such that 0 < 4 < ||t < 1.
Solutions u of (2.1) are to be considered in the following H!(Q)-weak sense: u— €
HY(Q), 25 € H1(Q) and —Au = {2, in H=1(Q), where H~1(€2) is the dual
space of H}(Q).

The first regularity result we give is already contained in [8] for @ = 0. We
extend it to cover nonhomogeneous boundary values and we slightly improve the

original statement (for N = 2). The following holds:

Proposition 2.1. Let N > 2. Let u be a H*(Q)-weak solution of (2.1) so that

ﬁ € L7(Q). (2.2)

Then, u € C1(Q) and 0 < u < [Juljo < 1.

Proof. First of all, by (2.2) the right-hand side of (2.1) is in L*" (). Standard reg-
ularity theory implies that v € C*3 (). If u(zo) = 1 at some xg € Q\{p1,...,px},
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the Holder continuity of u implies |1 — u(z)| = |u(o) — u(z)| < Cla — x9|3. Then,

inf /
< Bs(zo0) f> By (z0)

>/ 1 - 1 1 L
> —_— > = —— = +00,
Bs(xo) |1 _u|% C Bs(x0) |{E _xO|N

in contradiction with (2.2). By continuity of u, [|ul|cc < 1 and {z € Q:u(z) =1} C

{p1,... 0K}
We want to show now that (2.2) implies:

for ¢ small

oz

f
(1—u)?

(1—u)y"teLP(Q) Vp>1. (2.3)

Fix p > 1. Introduce Tiu = min{u, 1 — k}, the truncated function of u at level 1 —k,
0<k<l

Let us first discuss the case N = 2. For k small, take (1 —Tjpu)" ! — (1 —u)~! €
HL(Q) as a test function for (2.1):

VTu> [ VuVa F(z) ) .
/Qm _/Q (1—u)? +/Q (1_u)2((1—Tku) —(1—-a)™)

VuVa f(x)
<fasat i < 24)

because of (1 — Tpu)™! < (1 —u)~! for u < 1 and (2.2). Classical consequence of
the Moser—Trudinger inequality is the following: there exists C' > 0 so that

2
v p
/er < Cexp <ﬁ|v”i’é(9)> Yo e Hy(Q), p>1. (2.5)

Since log (25%-) € Hg () for k small, by (2.4) and (2.5) we get that for any p > 1:

17Tku
1—a \|?
1 <
v Og(l—Tku) ) <G

1—1u p p2
1 Thu) P < < L
/Q( k)" < C/Q (1—Tku> - CeXp(lG?T/Q

where C' denotes various positive constants depending only on p. Taking the limit
as k — 0, by u < 1 we get the validity of (2.3).

The case N > 3 is more involved. Since {u(x) = 1} is a finite set and u is
continuous, we get that [{1 —u <e}| — 0 as ¢ — 0T, and by (2.2):

N N
f(z) ) : (p +1 ) N
< S , 2.6
~/{1u<5} <(1 - U’)B 2p2 N ( )
for some € > 0 small, where | - | stands for the Lebesgue measure and Sy is the

Sobolev constant for the embedding of Hg () into L% ().
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For k small, take (1 — Tpu) ™ P~t — (1 —u)"P~1 € H}(Q) as a test function for
(2.1), and by (2.2) we get:
VTiul? VuViu
(p—l—l)/ (|7k|:(p+1)/ (7_

o (1 — Tpu)rt2 o (1 —u)rt?

f({E) —-p—1 —a —p—1
) e HCRE R (B

f(x) -
< 1-1T, Py C. 2.7
< [ Es0-1a)7 (27)
In view of (a + b)? = a® + b> + 2ab < (1 + d)a® + %bQ for a,b € R and 6§ > 0, we
deduce the following estimate:

(1—Thuw) ™ < (1+8)((1 — Tru) % — (1 —a) %)
1—(’5——5(1 - ﬂ)ipa 6>0. (28)

Inserting (2.8) with 6 = 1 into (2.7), we get:

oin) [ gops <2 [ e n o a-w iR ee @)

By (2.9) we get that:

/|v 1—Thu) % —(1—1)" )|2

2 2
_p.2 P |VTkU|
< — 2 - _r=rm
,2/QW((1 Twu)~2)|"+C 5 A(l_Tku)p+2+c

(NS}

P’ f(@) -z \—E\2
| s =Tt - -0 ER o

T+l )
_p]fu/{1 - }%((1—@0—% - ic

where C' denotes various positive constants depending only on € and p. By Hélder
inequality, (2.6) and the Sobolev embedding on (1 —Tjpu)~% — (1 —a)~% € H}(Q),
finally we get that

/ V(1 —Tou) % — (1 —a)°%)|
Q

= ppjl </{1u<s} ((1f—(x@2)3) 2) W
: (/Q (1= Thu)™% = (1 1)
1

2

NS
2[\3
| 2

M
N——
2

+

Q
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Hence, by Sobolev embedding:

N-—-2
N
</ (1= Thu) ™% — (1 — -)5|13”2)

<53t [ [9-Taf—a-0 Hf <c

and in turn

/(1 — Thu) "% < C,
Q

where C' > 0 does not depend on k. Taking the limit as £ — 0, as before we get the
validity of (2.3).

Now property (2.3) implies ||ullcs < 1. Indeed, if u(zg) = 1 for some zy € ,
then |1 — u(z)| = |u(zo) — u(z)| < C|z — 0|3, as already remarked. This is in con-
tradiction with (2.3) for p large. Since ||u|lc < 1 implies that the right-hand side
of (2.1) is in LP(Q) for any p > 1, by elliptic regularity theory u € C'(Q) and then,
we can conclude by maximum principle (in a weak form) that 0 < u < [Ju||s < 1.

O

To cover nonhomogeneous boundary values, we adapt now the argument in [8]
to show energy estimates for semi-stable solutions of (2.1). Proposition 2.1 applies
to provide:

Proposition 2.2. Let 2 < N < 7. Let u be a H'(Q)-weak solution of (2.1) so that
lulloo < 1 and

2 2f(x) 1
/Q (|V¢| T > >0, Voe H(Q). (2.10)

Then, u € CH(Q) and 0 < u < |Juljo < 1.

Proof. We will show that (2.10) gives energy estimates sufficiently good for 2 <
N < 7. First of all, let us remark that (2.1) on u — @ € H} () gives:

/ 1—u C/ 1—u (-9
_c(/vw /f(_xl)
<0 (lullmglu =l + [ 10+ 4 [ 1)

for any € > 0, because of the inequality ab < ea® + %ﬁbz. Hence, for e =

f(@) 1 f(@) '
R A

1 .
3¢ we get:
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for some C" > 0, and then, [, 3 (T)z < +o00. Now, (2.10) on u — @ € H}(Q)
gives that

| s <ae [ (1f_<w3)3(1 ay
o(fmeon [ [ fte-a)
el [

Fix0<p<4+ 2\/(_3 in order to have 2 — 4(1’;;;) > 0. Introduce, as in the previous
proof, Tyu = min{u,1 — k}, 0 < k < 1. For k small, taking (1 — Tjpu) P~ 1—
(1 —a)"P~t € H}(Q) as a test function in (2.1) we get:

|V Tjul? VuVia
(p + 1)1) ((1 — T:u)l)'i'Q B (1 _ u)p+2)
- /Q (1f_($12)2 (1= Thu)™~" = (1 —a@)™"7h). (2.11)

x . . 148
Moreover, by (2.10) and the simple inequality (a + b)* < (1 + §)a® 4+ 1202
we get:

2 2
P |VTku|

< —(1 SR E L —

< 4( +5)/Q(1_Tku)p+2+c

2 2 =
D |VTul VuVau
<—(1+49 — C 2.12
<fu+o [ (gomup - gogpm) 6 @
for some C' > 0 depending on p and § > 0. Inserting (2.11) into (2.12) and using
(1 —Tru) ! < (1 —u)~?t for u < 1, we get that

Y R O (R

o (1—u)?
< Z(S:f)) /Q (1f_(”2)2 (1= Tew) P ' = (1 — @) P+ C
P+e) [ f@) L
b e g R U LA

p*(1+0)? F(z) . L
Ap+1) /Q(l S(1-Twu) F —(1-a) %2+ C
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S . p>(1+6)*
in view of (2.8), where C' > 0 does not depend on k. Since p < 4+2v/6, 2— ot >
0 for ¢ small and then,

f(@) . f(x) p gt
gt < [ G- nwt -a-wtreosc

for some C' > 0 not depending on k. Taking the limit as £ — 0, we get that

f(z)
e =c

and then, L € L5 (Q) for any 0 < p < 44 2v/6. Since & < 1 (3+ (44 2V/6))
for 2 < N <7, we get the validity of (2.2) and hence, applying Proposition 2.1 the
proof is complete. |

We conclude the section providing a non existence result for solutions of (2.1)
with finite Morse index and finite singular set. We have that:

Theorem 2.3. Let 2 < N < 7. Let u € C(2) be a HY(Q)-weak solution of (2.1)
so that ||ul|lee <1 and the singular set S = {x € Q: u(z) = 1} is a nonempty set.
Assume that u has finite Morse index: there exists a finite dimensional subspace
T C Hj(Q) so that

[ (1w - 225 5,

foranweTL:{gseHg(Q): /vww:ovweT}. (2.13)
Q

Then, the singular set S has no isolated points.

Proof. Assume by contradiction that xy € S is an isolated point of S. Let §y be
such that Bas, (z0) NS = {zo}. We want to show that:

/135 <|V¢|2 - (12{(2))3 ¢2) >0, forany ¢ € Hi(Bs), (2.14)

for some 0 < § < &g small, where Bs := Bs(xp).
By contradiction, assume that (2.14) is false for any 0 < § < dp. Then, there
exists ¢g € C§°(Bs,) such that

J

We can assume that ¢y = 0 in By for some 0 < § < Jy small. Indeed, let us replace
¢o with a truncated function ¢s, § > 0 small, so that (2.15) is still true while ¢5 = 0

(|V¢0|2 - (12 /! (Z))gqs%) <0. (2.15)

%0
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in Bs. Set ¢5 = x5¢0, where x4 is a cut-off function defined as:

0 | —xo| <0,

Xs(x) = 2(1—M) § < |x — x| < V0,

log d
1 |z — x| > V6.
By Fatou’s Lemma, we have:
2 2
/ @) g2 it [ 2T (2.16)
Bs, (1 —w) 6-0 Jp;, (1—w)

For the gradient term, we have the expansion:
[ vt = [ @vaP+ [ Vel +2 [ xsenviTen.
B B,;O 5 5

o Bs, Bs,
The following estimates hold:

1 C
0< [ vl <l [ < <
Bs, §<|z—zo|<v3 | — x0|?log”d ~ log 3

and

<

2/ X590V xsVdo
B

50

4 ¢ollso I Vol| / 1
log % B0y |2l
and provide by Lebesgue’s Theorem:
[ o= [ 1Wan ass—o (2.17)
Bs,, Bs,

Combining (2.16) and (2.17), we get that:

/ <|V¢>5|2 - mqﬁ?) <0

(1—wu)?
for § > 0 sufficiently small.
In this way, we find 0 < d; < & small and ¢g € Co(Bs,\Bs,) N Ha () such
that (2.15) holds. Since by contradiction we are assuming that (2.14) is false for

50

any 0 > 0, we can iterate now the argument to find a strictly decreasing sequence
6, and ¢y, € Co(Bs, \Bs,,,) N H(2) such that:

/Bsn <|v¢”'|2 - %&) <0.

Since {¢n, }nen are mutually ortogonal having disjoint supports, we have found an
infinite dimensional set M = Span{¢,, : n € N} C H(Q) so that

/Q<|v¢>|2—%¢2> <0 V¢eM.
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Since M is an infinite dimensional subspace of H}(f2), we have that M NT+ # 0,
in contradiction with (2.13). Hence, (2.14) holds for some § = (o) < do.

By elliptic regularity theory, we get that u € CL _(Bas,\{xo}). Since u €
C1(0Bs) and maxpp; u < 1 in view of 0 < § < &, we extend it on Bj as a
function @ € C*(B;) satisfying 0 < @ < ||i]|oo, B, < 1. Since (2.14) holds on Bj, we
can apply Proposition 2.2 to get that ||ul|«, 5, < 1, contradicting u(x¢) = 1. Hence,
S has no isolated points. |

3. Compactness Issues

In this section, we turn to the compactness result stated in Theorem 1.1. We follow
the approach developed in [5] to prove compactness of the second branch of solu-
tions. To deal with higher branches, we improve the argument to discuss multiple
blow up (for the second branch the blow up occurs only at the maximum point).

Let 2 < N < 7. Assume that f € C(Q) is in the form (1.2), and let (uy)n
be a solutions sequence of (1.1) associated to A\, — X € [0, \*]. Since we want to
show that sup,,cy |unlloec < 1, by contradiction and up to a subsequence, we will
assume all along the section that u,(z,) = maxqu, — 1~ as n — +o0, x,, being
a maximum point of wu,,.

3.1. A blow-up approach

Let y,, € Q be a sequence of points so that w,(y,) — 1~ as n — +oo. Set u, =
1 —wupn(yn). As we will see later, for our purposes it is not restrictive to assume that
piAt — 0 and y, — p € Q as n — +oo. Depending on the location of p and the
rate of |y, — p|, the length scale to see around y,, some nontrivial limit profile is the
following:

[N

itpg Z

if p=pi, py Aalyn — pi

7]

|yn _pi|_T

Sl Sl
(NI

*t2 _, Looasn — 400

12 An
Tn: /4’4 >\T_L
3

1
2+a; \ 2+a;
n )\n

if limsup g, 3 A yn — pi| T2 < o0,

n—-+o0o

(3.1)

where Z = {p1,...,pr} is the zero set of the potential f(z) and aq,...,ay are the
related multiplicities given by (1.2). Let us remark that 3 \,;! — 0 implies r,, — 0
as n — +00.

Only to give an idea, let us establish the following rough correspondence: the
first situation in the definition of r,, corresponds to a blow up at some point outside
Z, the second one to a “slow” blow up at some p; € Z, while the third one is a
“fast” blow at some p; € Z. Let us now introduce the following rescaled function
around yy:

1- n\''n n Q—
Unly) = L tnlny m) -y g 2,
Hn ™
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Since U, (0) = 1 by construction, in order to get a limit profile equation we
should add a condition avoiding vanishing on compact sets of €2,,. Let us remark
that, for x,, the maximum point of w,, and €, = 1 — u,,(z,), the associated rescaled
function U, satisfies: U,, > U,,(0) = 1 in ,,.

Proposition 3.1. Assume that

p3 A (dist(yn, 092)) 72 — 0 as n — +oo (3.2)

n

and
U,>C>0 1inQ,NBg,(0), (3.3)

for some R,, — +00 as n — +00. Then, up to a subsequence, U,, — U in CL (RY),
where U is a solution of the equation:

v
AU = sw in RV,
U (3.4)
Uly)>C >0 in RY,

for some s >0, v € {0,a1,...,a} and yo € RN (depending on the type of blow
up). Moreover, there exists a function ¢, € C5°(§2) such that:

/ (|v¢n|2 - %M <0 (35)

and Supp ¢, C Burr, (yn) for some M > 0.

To establish property (3.5), it will be crucial the knowledge of the linear insta-
bility for solutions of (3.4) in low dimensions:

. 3N—14-4V6
Theorem 3.2 ([5]). Assume either 1 < N <7 or N>8, v> S LetU
be a solution of

.
AU=M in RV,

U2 (3.6)
Uly)>C>0 inRY,

Then,
p(U) = inf{/RN (|v¢;|2 - 2%%2) . € C(RY) and /]RN P = 1} <0. (3.7

Moreover, if N > 8 and 0 <y < W, then there exists at least a solution
U of (3.6) such that ui1(U) > 0.

For the sake of completeness, we will sketch the proof of Theorem 3.2 in
Appendix A.



Commun. Contemp. Math. 2008.10:17-45. Downloaded from www.worldscientific.com
by ROMA TRE UNIVERSITY BIBLIOTECA DI AREA SCIENTIFICO-TECNOLOGICA on 10/17/12. For personal use only.

30 P. Esposito

Proof of Proposition 3.1. First of all, let us remark that (3.2) implies y3 A\, 1 —
31
piAn 2 and, by (3.2)

im
0, and then r,, — 0 as n — +oo. If p € 09, we have that r,, = pu2 \,

Bt D) _ (377 @ist e, 00) %) F oo

-

dist(0,00Q,) =

n
as n — +oo. Arguing in a simpler way if p € Q, we get that Q,, — RY as n — +oc.

Introduce the following notation

k

fiey=|{ T le—pil* | 9(@) (3.8)

J=1,j#i
The function U, satisfies AU,, = / ’g](Qy) in Q,,, where f,(y) is given by:
Jf(rny +yn) iftp¢ Z
Qg
’ - y+ Yn _Pi Jilrny +yn) if p = py, Mﬁg)\nwn —pi|ai+2 — +00
o= [yn —pil " yn —
n as n — +oo
[e7)
’y + TPy + yn) if Tmsup i, ° An lyn — pi| “ 12 < 400,
Tn n—-4oo
(3.9)
and p = lim, 400 ¥n. Only in the latter situation limsup, w3 A |yn —
pi
Yn 7P, Yo asn — +oo. (3.10)
Tn

Let R > 0. For n large, decompose U,, = U, 1 + U, 2, where U, 5 satisfies:

AU, 2 = AU, in Bg(0),
Un72 =0 on 8BR(O)

Since (3.3) implies 0 < AU,, < Cr on Br(0), by elliptic regularity theory we get
that U, 5 is uniformly bounded in C1#(Bg(0)), 3 € (0,1). Since U,,; = U,, > C on
0BRr(0), by harmonicity U, 1 > C in Br(0). Since U, (0) = 1, by Harnack inequality
we get:

sup U,1 <Cgr inf U,1 < CgrU,1(0)
Bp/2(0) Br/2(0)

=Cpg (1 — Un’Q(O)) < Cgr <1 + SuI}\)]|Un’2(0)|> < 0.
ne
Hence, U1 is uniformly bounded in C*#(Bg/4(0)), 8 € (0,1). Since U,, = Up1 +
Unp,2 is uniformly bounded in C*#(Bp/4(0)) for any R > 0, by a diagonal process
and up to a subsequence, we get that U, — U in CL_(RY). According to the
three situations described in the definition (3.9) of f,,, the function U > C > 0
is a solution of (3.4) with: s = f(p), v = 0 in the first case; s = f;(p), v = 0
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in the second case; s = f;(p), v = a; and yo as in (3.10) in the third case. Set

foo(y) = limy, oo fn(y) = S|y + y0|7~
Since 2 < N < 7 and s > 0, by Theorem 3.2 we get that 1 (U) < 0 and then,
we find ¢ € C5°(RY) so that:

[ (iver - 2x20) <o

Define now ¢, () = * ¢(*2*). We have that:
20, f(x)
/Q (|v¢n|2 - (1 — Un)3 ¢?L>

as n — 400, since ¢ has compact support and U, — U in CL _(R). O
Remark 3.1. In case of fast blow up at p;: limsup,, | ,u;3)\n|yn— < +00,
Proposition 3.1 is still true if, instead of condition (3.3), we assume:
Yn — Di e .
UnZC‘y—Fi in ,, N By, (0), (3.11)
Tn

for some R — +o00 as n — 400 and C' > 0. Recall that in this situation r, =
2”’ An e . By (3.11), we get easily that on 2, N Bg, (0):

a;

— . 3
0<AUn<C‘y+u

T'n

Given R > 0, then 0 < AU,, < Cg on Br(0) for n large. Arguing as in the proof
of Proposition 3.1, up to a subsequence, we get that U, — U in CL_ (RY), where
U e CHRY) N C*RN\{~yo}) is a solution of the equation

o, Ji(pi)
U2

in R\ {-yo},

Uly) > Cly+yl|5 iRV,

By Hopf Lemma, we have that U(—yp) > 0. Indeed, let B some ball so that
—yo € OB and assume by contradiction that U(—yo) = 0. Since

~AU +c¢(y)U=0 inB, UecC*B)NnC(B), Uly)>U(-y) inB,

and c¢(y) = ﬂ(pz)% > 0 is a bounded function, by Hopf Lemma we get
that 0,U(—yo) < 0, where v is the unit outward normal of B. Hence, along the
outward normal direction of B at —yo U becomes negative in contradiction with
the positivity of U. Hence, U(—yo) > 0 and U(y) > C := infzy U(y) > 0 in RV,
The argument now goes as in the proof of Proposition 3.1.
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3.2. A pointwise estimate

Let us assume now the validity of (1.3), namely m(u,, \,) < k for any n € N and
some k € N. This information, combined with Proposition 3.1, will permit us to
control the blow up behavior of u,,. Indeed, the following pointwise estimate on u,,
is available:

Theorem 3.3. Assume 2 < N < 7. Let f € C(Q) be as in (1.2). Let u, be a
solution of (1.1) associated to X\, € [0, \*]. Assume that A, — X and up,(z,) =
maxq U, — 1 as n — +o0o. Then, up to a subsequence, there exist constants C' > 0,

No € N and m-sequences xl,...,a™ m <k, such that
1
1 —un(z) > CAZ (d(2)®)3 dn(2)3, Yz eQ, Yn> N, (3.12)
where d(z)® := min{|x — p;|* : i =1,...,k} is a “distance function” from Z and
dy(z) =min{|z — 2% |: i =1,...,m} is the distance function from {xl,... a™}.

More precisely, letting v, be associated to x%, by means of (3.1), for any i,j =
1,...,m, i # j, there holds:
, , 1— i i ,
At =0, Ully) = L) gy i o @), LT
Y Y gl |:L.’L _ {EJ |
n n n

(3.13)

iy

as n — +00, where £ =1 —u,(x!) and U' satisfies an equation of type (3.4). In

addition, there exist m-sequences of test functions ¢L, ... o™ € CS°(R) so that

, An , , , .
[ (19 = 2200 6102) <0, supp 64, € Bu 0t Vi=Loom
(3.14)

for some M > 0 large.

Proof. Let e, = 1—u,(x,), where z,, is a maximum point of u,,. By the inequality

An f(2) A

0< — 5 < 2| flloos
<l <2
we get that:
A1 =0 asn — 4oo. (3.15)

O

By contradiction, if e2A\-1 > 6 > 0 along a subsequence, the right-hand side
of (1.1) would converge uniformly to zero as n — 400 and, by elliptic regularity
theory, u, — u in C1(Q) (up to a further subsequence), where u is an harmonic
function so that u = 0 on 02, maxqu = 1. A contradiction. Hence, (3.15) must
hold.

As needed in Proposition 3.1, (3.15) now implies:

e3 N (dist(z,,00)) "2 — 0 asn — +oo. (3.16)
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In order to prove it, we will use the following lemma and we refer to Appendix A
for the proof:

Lemma 3.4. Let A, be a bounded domain in RN so that A, — T as n — +o0,
where T is an hyperspace so that 0 € T and dist(0,0T) = 1. Let h,, be a function
on A, and W, be a solution of:

hn(y)
AW, = W2 n A,
Wa(y) >C >0 in Ay, (3.17)
W,(0) = 1,

for some C' > 0. Assume that sup,,cy ||hn|oc < +00 and 0A, N B3(0) is smooth.
Then, either

min W, <C (3.18)
9A,1Bs(0)
or
min 9, W, <0, (3.19)
aAnﬁBz(O)

where v is the unit outward normal of A,.

Assume by contradiction that (3.16) is false, namely, up to a subsequence,
eAtd-? — § > 0 as n — +oo, where d,, = dist(z,,09). In view of (3.15),
we get d,, — 0 as n — +o00. Introduce a rescaled function W,,:

1 — Un (dny + xn) Q — T

Wn(y): lE , YyEA, = d

Since d,, — 0 and

dist(z,, 00
dist(0,02,) = % 1,
we get that A,, — T as n — +o00, where T is an hyperspace so that 0 € T" and
2
dist(0,9T) = 1. The function W,, solves problem (3.17) with h,(y) = Ag;i" fldpy +
Zn) and C' = W,,(0) = 1. We have that for n large:
And? 2
th”oo < 3 ||f||oo < _”f”oo
Since W,, = é — 400 on 0A,, by Lemma 3.4 we get that (3.19) must hold. A
contradiction to Hopf Lemma applied to u,. Hence, the validity of (3.16).
Let 7, be associated to z,, according to (3.1). Up to a subsequence, Proposition
3.1 gives:

1- un(rny + mn)
En

—U(y) in CL.(RY) as n — +oo,

where U satisfies an equation of type (3.4), and provides the existence of ¢, €
C§°(9) such that (3.5) holds with Supp ¢, C By, (), M > 0.
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Let now z} = 2, el = e, rl =r,, Ut = U and ¢! = ¢,,. If (3.12) is true for
some subsequence of u,, with x., we take m = 1 and the proof is done. Otherwise,

we proceed by an inductive method. Indeed, assume that, up to a subsequence, we

have already found [-sequences x}, ..., ! associated 7}, ... 7! (defined by (3.1))
and test functions ¢, ..., ¢l € C5°(Q) so that (3.13) and (3.14) hold at Ith step.
If (3.12) holds for some subsequence of u, with x},... 2! we take m = [ and

the proof is done. Otherwise, up to a subsequence, we will show the existence of
ol ri+ and ¢l so that (3.13) and (3.14) are still true at (I + 1)th step. Since
(3.13) and (3.14) at [th step imply that ¢, ..., ¢!, have mutually disjoint compact
supports, we get that m(u,, A,) > I. Then, by (1.3) the inductive process must
stop after a finite number of steps, say m steps, with m < k, and (3.12) holds with
Lo am

In order to complete the proof, we need to show how the induction process
works. Assume that (3.13) and (3.14) hold at Ith step and (3.12) is not true for any

subsequence of u,, with z},...,2}. Let 241 € Q be such that

X

A () Bl (1 - al)

n n

= 2 min((d(@)") (@) (1~ wa(@))) 0 (3.20)
as n — 400, where d, () is the distance function from {z,..., 2} }. Let eit! :=

1 — up, (2hh).
Formula (3.20) gives a lot of informations about the blow up around z}1. First
of all, it can be rewritten in the more convenient form:

(elr)¥a, ?

—0 asn—+oo, Vi=1,....0,5=1,..., k. (3.21)

I+1 AEmES! 25
|lzn" — 2| lan" — ps| 2
. . . . riprd ..
The inductive assumption gives 2t () as n — oo for any ¢,7 =1,...,1
|zi —ad | ) ) y Uy
‘n Y

i # j. Then, by definition of rJ we get for |y| < R and n > ng:

A3 (d(rdy + al)®) S da(rly + 23) 3 (1w (rdy + 23))

(d(ry +3)*) 5|y~ UL (y) ifa), =p¢Z
J I — i _% _2 . . :
Y S E e ] I L O B B T2
(&) 7 Anlw), — pil “+? — 400
. _ . _OL_,L _2 . . . _ . .
ly + (rd) "M@ — p) " T Y3 UA(y) 3 (eh) P Aalad, — po| @2 < C
for any j = 1,...,l. By inductive assumption, we have that Uj(y) =

1*un(7’j/y+w'j/) j
% — UJ
En

(y) in CL (RY) as n — oo for any j = 1,...,l. Associating
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(eventually) to #7, the limit point yo as in (3.10), we get that:

. . _ 1 . . . .
A ¥ (AT y + 22)™) S d(rdy + 29) 31 — un(rdy + 27)
(d(p)*)*y|3UI(y)  ifal —pdZ
— <y "5 U (y) if 2, — p; € Z, ()73 A\n| 2, — pi

|y+yo|_%|y|—§Uj(y) if (e9) 3|l — ps|@t2 < C

;42

— 400

uniformly for |y| < R as n — +o0. Since U’ is bounded away from zero, then (3.20)
gives also that 2! cannot asymptotically lie in balls centered at z?, of radius ~ r?,,
i=1,...,1, namely:

i

n
+1

——— =0 asn—+4oo, Vi=1,...,L (3.22)
|lzn™ — @i

Finally, the choice of z/t! as a minimum point in (3.20) gives that:

L un(Boy +23,71) (d(ﬁny +a, e ) ; (dn(ﬁny ) ) ‘ (3.23)

gfnJrl d(xijrl)a dn(mijrl)

for any sequence (3. Indeed, by the following chain of estimates:

(1 = un(2)))

W

e < (d(al 1)) dy (21) 5 min((d(2)®) ™5 d (@)~

< (d(@5N) 3 dy (25 3 (d(By + 2™ 8
X dn(By + 25 TEQ = un(Bay + ),

the validity of (3.23) follows. Here and in the sequel of the proof, the crucial point
to establish the validity of (3.3) (or (3.11)) for suitable rescaled functions around
2+ is exactly given by the validity of (3.23). By (3.21), we get that in particular
(eB1)3N1 — 0 as n — +00. We need now to discuss all the possible types of blow
up at zltt.

1st Case. Assume that zl/! — ¢ ¢ Z. Then, |24t — p;| > C > 0 for any j =
1,..., k which reduces (3.21) to:

(elr1)in, ?

I+1

—————— —0 asn—+4oo, Vi=1,... L (3.24)
Py

In order to apply Proposition 3.1 to zL!, first of all we need to show that (3.2)
holds for z!t1:

(eFFNY3N(dist (2571, 00)) 72 - 0 as n — 4o0.

n

We proceed exactly as in the proof of (3.16). By contradiction, up to a subsequence,
assume that (e4t1)3\ 1d;;2 — § > 0 as n — 400, where d,, = dist(z;"!,00) (do
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not confuse d,, with d,(x)), and then by (3.24):

dn B dn (l+1) )\ 2
jontt —ahl (hyEagE lent - ]
9 (ghtl é)\—i
<_5(|l+1)72|—>0 asn — +oo, Vi=1,...,L
_1'7/

[N

1+1
Let M,, = (%) — 400 as n — +o0o. We introduce the rescaling W,, of u,, in

n

the form:

1— ndn +1 0 +1
Waly) = Tl T ) oy g, = 2T

l+1
Since d,, = dist(24t1,0Q) — 0 and M, — +oo, we get that A, — T as
n — +oo, where T is an hyperspace so that 0 € T and dist(0,07) = 1. Since
{dyy + 2Lt y € A,} is uniformly far away from Z = {py,...,px}, by (3.23) we
get for W, (here, 3, is exactly d,,):

N B, (0)

d. M, ) e
dn(x#l) B

2
for any n large and y € A,,. We have used here the following estimate:

W) = o (1-

dn(Bny + 23,7) _min{ oy "z‘—l l}
do (i) da@f) DT
On
>1 - ——F—yl. 3.25
T da(ah™) i (3:25)

Hence, the function W, solves problem (3.17) with h,(y) = And, fldpy+atth)

(el )3
and C' = % Since

ady
1o < s [flloo < 5||f||oo
and W,, = el% — +00 on A, N By(0), Lemma 3.4 provides that (3.19) must hold,
contradicting Hopf Lemma for u,. Hence, (3.2) holds for x4+
1

Associated to z11, let rbl = (113X, 2 be defined according to (3.1). By

(3.24) we get that
Fl
|$l+1n o —0 asn— +4oo, Vi=1,...,1, (3.26)
1

and then, R, = (L)) — 400 as n — +oo. Since {ritly + 2t jy| < R,} is
uniformly far away from Z, by (3.23) and (3.25) we get that:

1 — wp (rbtly + 2t FHR Co
1+1 n n n
U, (y) lfrl >Co(1—- m Z >
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for n large and y el l+1 OBR (0). Up to a subsequence, Proposition 3.1 provides

Ut — Ul in 01 (RN) as n — +oo, U™ being a solution of an equation
of type (3 4) and some @it € C5°(Q) such that (3.5) holds with Supp ¢4 C
BM7L+1( D), M > 0. By (3.26), combined with (3.22), we get that (3.13) and
(3.14) are still true at (I + 1)th step, as needed.

2nd Case. Assume that 2" — p; with the following rate:
(eb ) P An |zt — py|*t? — 400 as n — +o0.

Let rlfl = (e l+1)%)\_%|ml+1 pJ|’% according to (3 1). By (3.21) we get that
(3.26) still holds and then, R, = (min{ E 7pf dn )}) — 400 as n — +oo.

Since {rltly + 2l |y| < R,} is umformly close to pj € Z, estimates (3.23) and
(3.25) imply:

s Ly et | (ke — g\ T ety o)
U, (y) = L = T p| (250
J n\Ln

PR + rHR, 3
Z | 1= I+1 - (1_ 1+1 )
B dn(zn)

for n large and |y| < R,. Up to a subsequence, Proposition 3.1 provides U\t! —
UL in CL (RY) as n — +o0, where U™t solves an equation of type (3.4), and
the existence of ¢LFt € C§°(£2) such that (3.5) holds, Supp ¢L! C BMrﬁl(xﬁl“)
for some M > 0. Finally, (3.22) with (3.26) gives that (3.13) and (3.14) are still
true at (I + 1)th step, also in this second case.

Y

1
2

3rd Case. Assume that z;"! — p; and
() P Al pl2 < C

By (3.21) 24! # p; and for any i = 1,...,[ there holds:

g _l
a2 BN G L2
7 ; =5
|],‘ +1 Z‘%| |£L’l+1 | |(El+1 —pJ|TJ
x (LN =3N, |2kt —pj|a'f+2)% — 0 asn— +oo. (3.27)

3  —t
Let rit1 = (ebr1)7%e5 )\, ™ according to (3.1). By (3.21) and (3.27) we get that
foranyi=1,...,1[:

2
Pt ()3 an? aj
l . ()L.‘
|{E +1 mm |xl+1 | |.13l+1 _ pj|77

]
|$l+1 p4| 2Fa;
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providing the validity of (3.26). Let R, = ( : = ))2 — 400 as n — +o00. Since
{riFty + 2+l |y| < R,} is uniformly close to p; € Z, by (3.23) and (3.25) we get:

a

- 2
ULJFl(y) — 1 —un(r l+1y + ;L'lJrl) - <|rl+1y + lerl —pj|> (1 B drfiran >3

i1 = 11 I+1
n+ |Z‘+ _pj| n(xnji_ )
] &4
I+1 -+ as =
> E(M) ’ ‘y+¥ '
= 1 i1
2 rht rat
gl
i
>C‘y NAS
n

for n large and |y| < R,, where C > 0 is a constant. We have used that

1+1
x —Pj . . . . . oy
“L,,iﬂm < C, which is true for assumption in this case. We use now Proposition
T

n

3.1 in combination with Remark 3.1 to get that, up to a subsequence, Ut — U!+1
in CL_(RY) as n — +oo and U is a solution of an equation of type (3.4).
Moreover we find ¢Lt! € C§°(2) such that (3.5) holds and Supp ¢LF! C
BJWTH»I( 1), M > 0. Since (3.22) together with (3.28) gives the validity of (3.13)
and (3 14) at (I + 1)th step, the induction scheme also works in this last case and
the proof of Theorem 3.3 is complete. |

3.3. Compactness of unstable branches

We are now in position to give the proof of Theorem 1.1. The essential ingredient
will be the pointwise estimate of Theorem 3.3. The contradiction will come out
from the non existence result of Theorem 2.3.

Proof of Theorem 1.1. By contradiction, up to a subsequence, let us assume

that maxqu, — 1 as n — 4o0. Up to a further subsequence, Theorem 3.3 gives

the existence of m-sequences xl,... 2™ so that 2!, — 2* € Q as n — +oo0 and the

following pointwise estimate holds:
1= un(z) > CAF (d(2)®)7 dp(2)3 (3.29)
for any x € Q and n > Ny, for some C > 0 and No € N large, where d(z)* =
min{|z —p;|* :i=1,...,k} and d,,(z) = min{|z —z}| : i = 1,...,m}. Therefore,
we get the following bounds in Q:
3
b M) o S
(1 —un) (d(x)*)% dn(z)3
for some C' > 0. Since by (1.2)
’ f(x)
2
(d(x)>)3

for |z — p;| < 0 and f; as in (3.8), we get that ( /(@) 7 is a bounded function on

(z)*)3

, (3.30)

<l|z—pi|7 || fille <C

Q. Hence, by (3.30) (i"”;( ))2 is uniformly bounded in L*(), for any 1 < s < 323X
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By elliptic regularity theory and Sobolev embeddings, up to a subsequence, we
get that u, converges weakly in H}(Q) and strongly in C(2) to a limit function
ug € C(Q) N HY(Q) as n — +oo. In particular, it holds that supg, ug = 1, by means
of the uniform convergence of u,, to ug. Since ug = 0 on 912, the maximum value 1
of ug is achieved in 2 and then, S = {x € Q : up(z) = 1} is a non empty set.

If A= limnHJroo An, = 0, by (3.30) ()1"1’;(7'3)2 — 0 in L5(Q) as n — +oo, for any

1 <s< 3N So,up € H} () is a weak harmonic function and then, it should vanish

1dentlcally7 in contradiction to maxg ug = 1.
Hence, we have that A = lim, 4.\, > 0, and by (3.29) we get that
up < 1in Q\{a',...,2™,p1,...,pr}. In particular, the set S is finite because

Sci{zt,. .., a™ p1,... Pk}

An f(x)

Since EE=TmER uniformly bounded in L*(Q) for any 1 < s < 4 and >‘ Anfl@) _,

)2

(f‘fx))z uniformly on compact sets in Q\{x',..., 2™, p1,...,pr}, We get that
An f(2) A () o 3N
1w, — 01— u)? weakly in L*(2), 1<s< T (3.31)

Taking now the limit of the equation satisfied by u,, by (3.31) we get that
up € C(Q) is a H(Q2)-weak solution of:
A (x) .
—Aug = ———— Q
T gz M (3.32)
ug =0 on 0f).

[ (wor = =255 = [ (1wor - o)

for any ¢ € C§°(£2) in view of (3.31), by (1.3) we get that uo has a finite Morse
index according to definition (2.13). Since the set S = {z € Q : wp(z) =1} is a
nonempty finite set, by Theorem 2.3 such a solution ug cannot exist and we reach
a contradiction. Hence, (1.4) holds.

Since

If we also assume that j1 , < 0, then A > 0. Indeed, if A, — 0, then by compactness
and elliptic regularity theory, we would get u, — ug in C1(Q), where ug is an
harmonic function so that ug = 0 on 9§. Then, ug = 0 and u,, — 0 in C}(Q).
Hence, p1,n, = p1,x, (Un) — p1,0(0) > 0 as n — +oo. A contradiction. O

4. Some Consequences

In the last section, we derive some consequences of Theorem 1.1. First, let us prove
the characterization of blow up stated in Theorem 1.2.

Proof of Theorem 1.2. (1) = (2). Assume that maxgu,, — 1 as n — +oo. If

N
fQ ((1&2)3) 2 < (C < oo along a subsequence, the right-hand side of (1.1) would be

uniformly bounded in L. By elliptic regularity theory and Sobolev embeddings,
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u, — ug weakly in H(Q) and strongly in C(£2), where ug is a H'(Q)-weak solution
N
of (1.1) with A = lim, 100 Ay so that fQ( [(z) )2 < ooand 0 < ug < 1.

1— uo
By Proposition 2.1, we get ||upllcc < 1 and, by uniform convergence, ||uy,||cc —

N
uolloo < 1 asn — 4o0o. A contradiction. Hence, necesssarily |, ((15(53)3) 2 — 400
as n — +oo.

(2) = (1). The vice versa is trivial as it follows by the following inequality:

k ((1{(3)3>% S Tl

where | - | stands for the Lebesgue measure.

(1) = (3). Assume that maxq u, — 1 asn — 4o00. By Theorem 1.1 m(u,, A,) —
+00 as n — +0o0.

(3) = (1). Since as before = fz ))3 < (17““’;&"“"&)3, by the variational characteriza-

tion of the eigenvalues we get that

22| fll
(1 = Jlunlloc)®’

where ux(Ly,) stands for the kth eigenvalue of the operator L,,. Indeed, for operator
L in the form L = —A — ¢(z), c¢(z) € L*(Q) for some s > &, let us recall that:

- (Lo, ¢)
SeHL(Q), 0 [o P

e, (un) > p(Ly), Lpi=—A—

(L) =

wf (L9:9)
seMt, ¢20 [ &?

(L) = sup{ : M C H}(Q) linear, dim(M) =k — 1} Vk>2,
where (-, -) is the standard inner product in HE(€2) and M+ is the ortogonal space
of M in H}(Q) with respect to this inner product.

Therefore, point (3) implies that the Morse index of L,,, the number of negative

Dol

eigenvalues of L,,, blows up as n — 400. Hence, the constant function Ty

+00 as n — +oo and then, the validity of point (1) is established.
Now, we establish the uniqueness result contained in Theorem 1.3.

Proof of Theorem 1.3. (1) Let A\, — 0 as n — 400 and associated solutions
uy, of (1.1) so that m(u,, A\y,) < k, k € N. Theorem 1.1 implies that pq, > 0
for n large. By the characterization of the minimal solution u) as the only
semi-stable solution, we get that u,, = uy, for n large. Hence, necessarily there
exists 6 = J; > 0 so that uy is the unique solution w of (1.1) with m(u,A) <k
for any A € (0, 9).

(2) Let A\, — A* as n — +oo and associated solutions u,, with m(u,,\,) < k,
for some k € N. By Theorem 1.1 we get that sup,cy||un]l < 1. By elliptic
regularity theory, u, is uniformly bounded in C*#(Q) for any 3 € (0,1). Up to



Commun. Contemp. Math. 2008.10:17-45. Downloaded from www.worldscientific.com
by ROMA TRE UNIVERSITY BIBLIOTECA DI AREA SCIENTIFICO-TECNOLOGICA on 10/17/12. For personal use only.

Compactness of a Nonlinear Eigenvalue Problem with a Singular Nonlinearity 41

a subsequence, u, — ug in C1(Q) as n — +oo, where ug is a C'(Q)-solution
of (1.1) with A = A* so that maxqug < 1. In [8] it is proven that Eq. (1.1)
admits for A = A* an unique solution, the extremal solution v*. Then, u,, — u*
in C1(Q) as n — +o0. By [4], in a C'-small neighborhood of u* problem (1.1)
has only the two solutions uy, Uy for A close to A*. Hence, either u,, = uy, or
u, = Uy, and the uniqueness result follows. O

Finally, we conclude this section by showing the existence of a solutions sequence
whose Morse index blows up.

Proof of Theorem 1.4. Let us define the solution set V as
V={(\u) €[0,+00) x E: u is a solution of (1.1)},

where E = {u € C(Q) : u =0 on 99} is endowed with the standard norm. By
contradiction and in view of the equivalence of Theorem 1.2, let us assume that

sup maxu < 1 — 24, (4.1)
(A\u)evy

for some 6 € (0,1). Hence, V is a compact set in [0, +00) x E. By Theorem 1.3 we

can fix A1, Ay € (0, %), A1 < Ag, so that (1.1) possesses:

e for \; only the (non degenerate) minimal solution wy, with m(uy,, A1) = 0;
e for )\ has only the two (non degenerate) solutions uy,, Ux, with m(uy,, A2) = 0,
m(Uy,,\2) = 1.

Let us define the projection of V onto E:
U={ueE: I\sothat (\,u) € U},
and let us consider a d-neighborhood of U in E:
Us ={u e E: distg(u,U) < 6}
Let us remark that by (4.1) we get:

sup maxu < 1 — 9.
uEUs

Let us regularize the nonlinearity (1 —u)~2 in the following way:

Q- w)? ifu<1-4§
95(u) = {5—2 ifu>1-0,

in such a way that, for any fixed A, problem (1.1) in U; is equivalent to find a zero of
the map Ty = Id — K, : E — E, where K)(u) = —A~Y(\f(x)gs(u)) is a compact
operator and A~ is the laplacian resolvent with homogeneous Dirichlet boundary
condition. We can define the Leray—Schauder degree dy of T on Us with respect
to zero, since by definition of U (the set of all solutions) OUs does not contain any
solution of (1.1) for any value of A. Since d is well defined for any A € [0, A*], by
omotopy dx, = dx,.
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To get a contradiction, let us now compute dy,, dy,. Since the only zero of T},
in Us is uy, with Morse index zero, we have that dy, = 1. While, T, has in Us
exactly two zeroes uy,, Uy, with Morse index zero, one respectively, and hence,
dy, =1 —1=0. This contradicts dy, = dy,. The proof is complete. O

Appendix A

First of all, we give a sketch of proof of Theorem 3.2 and we refer to [5] for the
details.

Proof of Theorem 3.2. By contradiction, we assume 1 (U) > 0 and then,

.
[vor =z [ voepe@n). (A1)
In particular, by (A.1) we get that
ly” 1
< _ .
| s <0 e < 2
for any § > 0.

Step 1. We want to show that (A.1) allows us to perform the following Moser-type
iteration scheme: for any 0 < ¢ < 4 + 2v/6 and 3 there holds

/ (1+|y|2>ﬂl—1—%m+3 : CQ(”/ W) (4.3)

(provided the second integral is finite).
Indeed, let R > 0 and consider a smooth radial cut-off function 7 so t}%at: 0<
q > 0, integrating by parts and using (A.2) we get:

/ ly|"n? > 8(Q+1)/ ly|"n?
(L+[yP)p-tuets = ¢ (1+ |y|?)p-tUats
2 1
2 / Lilg(—n
¢ Ut (1+1[y[*) =

+2(Q+2)/L n A n .
¢ Ut(1+y)= \(1+]y»)=

Since 8¢ + 8 — ¢? > 0 for any 0 < q < ¢4, assuming that R|Vn| + R?|An| < C
we get that:

2

Y2
/ ly["n <, / .
(1+ |y[?)p-tUats (1+|y[*)PUe
where Cj; does not depend on R > 0. Taking the limit as R — +o0, we get the
validity of (A.3).
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Step 2. Letnow 1 < N<T7or N >8, v > %. We want to show that

1
| aE < A

for some 0 < ¢ < ¢4 = 4+ 2V6.
Given § > 0, set 3; = By —i(1 + %) and ¢; = qo + 37, i € N. By (A.2) and
iterating Step 1 two times in view of gy < ¢1 < ¢4 = 4 + 26 < ¢o, we get that:

1
/—(1 SR < 400 (A.5)

where 3, = 8537 1§, g, = 9. Fix now ¢: 0 < ¢ < ¢4 = 4+ 26 < 9. By (A.5)
E?ii?ijiniﬁ;quahty we get that [ W < 400 provided —92qu Ba + 91—_8{1 >N
9N — 18
6 — 25+ 3y
To have (A.6) for some ¢ > 0 small and g<g; at the same time, we need to require

Bé\i_vﬁ < g+ or equivalently 1 < N <7or N > 8, v > W. Our assumptions

then provide the existence of some 0 < ¢ < g = 4 + 2v/6 such that (A.4) holds.

q> (A.6)

Step 3. To obtain a contradiction, fix 0 < ¢ < 4 + 2v/6 such that (A.4) holds.
Letting 7 as before, using equation (3.6) we compute:

/v U 2_/2|y|7 n\_ Sa+8—¢ [lylw* [ |VnP
U3 U3 \U? 4(q+1) Uats U«
_a+2 [Ap?
4(g+1) ) U

Since 8¢ + 8 — ¢ > 0, by (A.4) we get that:

IV @GR - [ (o)

8q+8—q2/ ly|” / 1
< - + O — ] <0
dg+1) Jp o U3 wizr (1+[y[?)U?

for R large, contradicting (A.1). To complete the proof, in [5] it is proven that
A = w and u*(z) =1 — |x|2+T7 are the extremal value and solution,

respectively, of (1.1) on the unit ball with f(z) = || and N > 8, 0 < ~ <
3N—14-4V6

. The second part of Theorem 3.2 follows by considering the limit profile

4426
function around zero as A — A\* for the minimal solution wuy for (1.1) on the unit
ball with f(x) = |z|". |

Finally, we prove Lemma 3.4:

Proof of Lemma 3.4. Assume that 9,W,, > 0 on 90A, N By(0). Let G(y) be
the Green function at 0 of the operator —A in B3(0) with homogeneous Dirichlet
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boundary condition. Since 0,G < 0 on 9T N B3(0) and 0A,, — 0T, we get that
89, G < 0 on 0A,NBy(0) for n large and faAntz(o) 0,Gdo — fOTﬁBz(O) 0,Gdo < 0.
Since G > 0 in Bs(0), 9,G < 0 on 0B2(0) and the assumptions on W,,, by the
representation formula we get:

1=Wn(0)2—/ My)a-(

2
A.nBs(0) Wi

min Wn> / 0,Gdo.
A, NBs(0) 9A,NB2(0)

But |fA AB»(0) h;V—(zy)G| < (C, and then, 1 > —C + C’_l(minaAntz(o) W,,) for some
C > 0 large enough. Hence, ming 4, p,(0) Wx is uniformly bounded providing the
validity of (3.18). The proof is complete. O
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