Blow up solutions for a Liouville equation with singular data *

Pierpaolo Espositof

Abstract

We consider the asymptotic analysis and some existence result on blowing up solutions for a
semilinear elliptic equation in dimension 2 with nonlinear exponential term, singular sources and
Dirichlet boundary condition.

1 Introduction

We are concerned with the study of a class of two-dimensional semilinear elliptic problems with ex-
ponential nonlinearity and possibly singular data given by Dirac masses.

The regular problem, when no singular data is present, is of interest in conformal geometry [Au], sta-
tistical mechanics [CLMP1]-[CLMP2] and several other areas of applied mathematics, and has been
widely investigated in the past years.

While, the singular problem has been considered more recently, as it naturally arises in the study of
vortices in various selfdual Gauge field theories, see [BBH], [Ya] and references therein.

In all those contexts, there is a definite interest to construct solutions which “blow up”and “con-
centrate”at a set of given points, whose location carries relevant information about the geometri-
cal/physical properties of the problem under exam.

2 A physical model

To motivate the relevance of singular Liouville problems, we present the abelian Chern-Simons model,
which is a planar theory introduced in the ‘90 to describe interesting phenomena in anyonic par-
ticle physics such as the high critical temperature superconductivity and the quantum Hall effect.
The Higgs-Chern-Simons theory, proposed by Hong-Kim-Pac [HKP] and Jackiw-Weinberger [JW], is
described by the Lagrangean density

k 1
L(A,¢) = =" AaFly + DadD6 — 15101 (16 ~1)°.

where the (dimensionless) coupling constant k is known as the Chern-Simons parameter and {7}
is the totally antisymmetric tensor with €%'2 = 1. The variables A, ¢ are defined over the Minkowski
space (R'*2 g) and the metric tensor g = diag (1, —1,—1) is used to lower and raise indices.

The potential field A = —3 Zi:o Andz®, a 1-form, is specified by the components: A, : R'*2 — R,
a =0,1,2, and the Higgs field ¢ is a complex valued function ¢ : R1*2 — C.

The Maxwell gauge field Fy = 7%‘ Zi,ﬁ:o Fopdx™ A dzP, a 2-form, is specified by the components:

Fag = 0aAg — 05 Aq.
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The covariant derivative D4 weakly couples the Higgs field ¢ with the potential field A:

2
Da¢ =Y Da¢dz®, Do =000 —iAad.

a=0

Note that the gauge field F4 can be seen as the curvature associated to the connection A.

In superconductivity, ¢ plays the role of an ordering parameter, and so |¢| measures the number
density of the (superconductive) Cooper pairs. So, where ¢ = 0 we have a normal state, while |¢| > 0
gives a mixed state and |¢| = 1 (in this normalization of constants) gives a perfect superconductive
state.

The Gauge invariance of the theory is given by the tranformation:

)
A— A+ dw,

for any real function w over R!*2. Notice that, although the Lagrangean density is not invariant under
such Gauge transformations, the associated second-order Euler-Lagrange equations do have such an
invariance.

The Euler-Lagrange equations are very difficult to handle analitically, but fortunately the structure
of L allows a selfdual first-order factorization which in the static case takes the following form:

Di¢:= (01 +1i02)¢ — i(A1 +iA2)9p =0 (1)
Fi2 =+ [0 (1 - []) (2)
240|¢? = kF12 (Gauss law).

Equation (1) is a Gauge invariant version of the Cauchy-Riemann equation and implies holomorphic-
type properties for the Higgs field ¢. In particular, we see that ¢ admits a finite number of zeroes
P1,---,pNn with integral multiplicities aq, ..., an, which are known as the vortex points and therefore
represent defects of the superconductive state. Moreover, the Gauge invariant quantity u = log |¢|?
satisfies

N
7A’U, = F12 — 47 Z ajép]. . (3)
j=1
Putting together (3) with (2) we arrive at the following elliptic equation:

N

4 u u

—Au:ﬁe (1—e )—47rZaj5pj. (4)
j=1

Conversely, given u be a solution of (4) we can recast a vortex solution (A, ¢) for the selfdual system

by setting P
w s N

¢ = eg Tt =1 ajArg(z—p;)

Ay +iAs = —idy log ¢

Ao =3 (1- o)
This point of view has been used for the first time by Taubes for the abelian Maxwell-Higgs theory [Ta]
and it reduces the search of selfdual Chern-Simons vortices to solve some semilinear elliptic equation.

3 A “model” problem

Motivated by equations in the form of (4), we are interested to analyze the elliptic equation:

N
—Au=V(z)e" — 4772 @;dp, in Q,

j=1



where € is a smooth domain in R?, pq,...,py are assigned distinct points in €, a; > 0 and 0 < a <
V(z) < b. In terms of the regular part v of u, we are lead equivalently to study:

N
—Av = H |z —p;[** | V(2)e’ in Q.
j=1

Equations of the form:
—Av = [z]**V(2)e” in Q, a>0, 09,
supplemented by some finite energy condition, are “almost”invariant under the scale transformation:
z
0(z) = vu() = o(2) 20+ Dlog e, >0,
I
which is responsible for a compactness failure and it relates to solutions for the limit problem:
—Av = |z]?**¢" in R?
Jgz |27 < +o0.

By the results in [CLi], [CW], [Lio] and [PT], a complete classification is available and gives that

8u?(a+1)2
G+ T = o)

v(z) = log 5, >0, ceC,

with ¢ = 0 if o ¢ N. Note that
|2|?¥e" = 8m(a + 1).
R2

There are a lot of deep results on this topic, from a Concentration/Compactness Principle to a com-
plete description of the blow up profile, from sup + inf-inequalities of Harnack type to a general degree
formula for the associated Fredholm map. We refer to [Ta3] for an account on the subject which show
that, while the situation is completely understood for o = 0, it presents still intriguing aspects in case
a > 0.

We address now the question of constructing blow up solutions for the “model” problem since, for
instance, in vortex theory the interest in “blowing up”solutions is related to the presence of vortices
with strongly localized electromagnetic field.

For this purpose, we need to impose appropriate boundary conditions, and we consider Dirichlet boun-
dary conditions even though for the physical applications other choices could be relevant, such as the
periodic one.

Let us consider a sequence v, satisfying:

—Av, = p2K(z)e’» inQ (5)
v, =0 on 01,

with K(2) = (vazl |2 —pj‘Qaj) V(2), pn = p=0and A\, = p3, [, K(2)e" — A

Denote by G(z, z’) the Green’s function of —A with Dirichlet boundary condition on  and H(z, ) its
regular part defined as H(z,2') = G(z,2') + 5= log |z — 2/|. Set I = {p1,..,pn} and Q' = QN{K > 0},
and for given m € N and s € {1,.., N} define

m

F(z1y.02m) = ZH(zZ,zl) + ZG(zi,zj) + 4i Zan(zi)
i=1

77
i=1 i#j i



which is well defined in (Q')™ for z; # z; for i # j, and let

1 m S
G(21,5 ey Zmy W1, ooy W) = y ZZSW(l + )G (2, w;)

i=1j=1

well defined for z; # wj, with z; € Q, w; € C, i =1,..,m, j = 1,..,5. An extension to the singular case
of the blow up analysis in [BM] is due to [BT2] (see also [BT1]) and permits to perform an asymptotic
analysis in the spirit of [MW] and [Su] for the regular case:

Theorem 1. [Es2] Let V be a smooth positive function in .
a) If either p >0 or A < 8, then (up to a subsequence) v, — vo in C*P(Q), and vy satisfies:

—Avgy = p? (Hfil |z —pi|2°‘i) Ve inQ
v9 =0 on 012,

with § = %min{al, ...,an . In particular, for X = 0 v, — 0 in C%5(Q) and, for n large, v, coincides
with the unique minimal solution of (5) (see [CR]).

b) If p, — 0 and A\, — X > 8, then (up to a subsequence) there exists a non empty finite set
S={q,.,qx} CQ (blow up set) such that

K
2K (2)e’ — Zbiéqi in the sense of measures (6)
i=1

and v, — Zf; b;G(z,q;) in Cl2£ (Q\S), with b; =87 if ¢; ¢ T, or b; = 87(1 + ;) if ¢; = p; for
some j =1,..,N. Moreover:

if SNT =0, then (qu,..,qx) is a critical point for the function F;

if SNT ={pj,,..,p;,} and S\T = {q,,.., ¢, }, then (g, ..,q,,) is a critical point for the function

j} + g('vpju 7qu)

In the sequel, according to whether SN T = () or not, we will denote by F the function F or F + G,
and we will speak of concentration whenever condition (6) holds.

We address now the existence of blowing up solutions of (5) for a fixed sequence p, — 0. Physi-
cal considerations suggest that concentration is more likely to occur at the vortex points p1,...,pNn
as the following result shows in a rigorous way:

Theorem 2. [Esl] Fiz {pj,,...,p;.} € QN{V > 0} and assume o, ¢ N. For n large, there exists a
solution sequence v, of (5) concentrating in {p;,,...,pj,} asn — +oo.

According to Theorem 1, we know that concentration outside the vortex points is possible only for
particular configurations of blow up points. We have:

Theorem 3. [Esl] Fiz {p;,,...,p;,} and let {q1,...,qx} be a non degenerate critical point of F
such that AlogV(q;) = 0. For n large, there exists a solution sequence vy, of (5) concentrating in
{Pjrs--sPj @1, -+, qr} as n — 400, provided oy, ¢ N.

Both Theorem 2 and Theorem 3 have been inspired by an approach developed by Baraket and Pacard
for the regular problem, i.e. {p1,...,pn} = 0, in [BP]. In fact, if no singular sources are present,
Theorem 3 gives a direct extension of Baraket-Pacard’s result to a non constant weight function V'(z).

In addition, for the regular problem, in collaboration with M. Grossi and A. Pistoia, we have in-
troduced in [EGP] a different approach in order to remove the assumption on AlogV and to replace



the non degeneracy condition for the critical point (¢1,...,qx) of F with a milder stability notion,
which holds in particular for strict local minima or maxima and for isolated critical points with non
zero topological index. The approach can be used also for the singular problem in the “not-integer”
case and gives the general result:

Theorem 4. Fiz {p;,,...,p;,} andlet {q1,...,qx} be a “stable” critical point of F. Forn large, there
exists a solution sequence v, of (5) concentrating in {p;,,...,pj,,q1,-..,qx} as n — 400, provided
Qi ¢ N.

For the proof of Theorem 4 in case {p;,,...,p;.} = 0 we refer to [EGP]. We point out that this
method could be very promising in order to handle the singular problem when the Dirac measures
appear with integral multiplicities, as needed in the physical applications.

4 Proof of Theorem 1

The first ingredient is an asymptotic result due to Brezis-Merle [BM] for the regular case and extended
by Bartolucci-Tarantello [BT2] to the singular case (see also [BCLT], [BT1], [Tal]-[Ta2] for some
insight on the singular case):

Theorem 5. [BT2] Let v,, be a solution sequence of

—Av, = 2|2V, (2)e"n (7)
fQ |22V, (2)e < C.

Assume o, — a > 0, 0 < a <V, <band |[VV,| < A in Q. There exists a subsequence {vy, }
satisfying one of the following alternatives:

either
i) {vn, } is bounded in L35 ()
or

i1) vy, — —o0 uniformly on compact subsets of Q
or

iii) the blow up set S = U;{q;} relative to {v,, } is finite and non empty, v,, — —oo uniformly on
compact subsets of Q\ S and |z[**" V,, €'k — 3", b;8,, weakly in the sense of measures on (2, where
bi Z 8.

The second ingredient is contained in following Pohozaev-type identities:

Lemma 6. [Po] For any solution v € C?(Q) N C*(Q) of —Av = Kev in Q we have:

/(2K+<VK,z—zo>)e” :/ <z—z0,1/>Ke“+/ <z—zo,Vv>@
Q a0 a0 ov
1
—7/ <z —z,v > |Vu)?, (8)
2 Jaa
0K ov O 1
/ el = Ke”l/1;—|—/ Ul—f/ |Vl ?y; (9)
o 0z o0 o0 0z: 0V 2 Jaq

fori=1,2 and zy € R?, where v(z) is the unit outer normal vector of ) at z € Of).

The third ingredient is an L°°-bound near the boundary for solutions with homogeneous Dirichlet
boundary condition, which is a special feature of dimension two. We have the following result:



Lemma 7. [MW] Let K be a function in Q such that K > 0 and |Vlog K| < A in a closed neighbour-
hood U of 2. There exists d > 0, depending only on A and ), such that if v satisfies: —Av = Ke"
inQ, v=0 on 0N, then

max v < max v. (10)
{zeQ:dist (z,6Q)<d} {zeQ:dist (z,0Q)=d}

Proof Let 2y € 99, and r > 0 sufficiently small such that B(zq + rvq(20),7)NQ = {20}, where vo(z)
denotes the unit outer normal vector of 92 at z € 0f.

Set z1 = zo+71v0(%0), and define the Kelvin tranform of v as given by o(y) = v (zl + 72 ‘;’__Zzllz) fory €

Q={y=z+r el z € Q). We have: —Ad = Ke? in Q, with K (y )—ﬁK(Zl—l—r y—2z1 )

ly—21]2

We easily compute,

dlog K (y—21); OlogK
9y ) ly—zl> 0z

(241227 < r’ 5 _2T2(y_zl)i(y_zl)j)’

|y—z1|2 ly — =12 ly— 2]

and observe that v (20) = —va(20). Since K > 0, we derive < VK (y), va(z0) >< 0 fory € ) close to
zo and r > 0 sufficiently small (depending on zy, A and Q). At this point, to analyze ¢ we can use the
moving plane technique as developed in [GNN]. In fact, Q is strictly convex in zg and K decreases
near zo along the direction v (20). Moving along a plane orthogonal to vg(20), we can prove that in

a neighbourhood of z; in Q (depending only on zp, A and ) the function ¢ has no critical points.
This reflects on v ensuring that there exists a neighbourhood U, of 2y in €2 such that v has no critical
points in U,,. Moving 2, in the compact set 92, we can find d > 0, depending only on A and {2, such
that v has no critical points in {z €  : dist (z,09) < d} and then (10) holds. L]

We are now ready for:
Proof (of Theorem 1) a) First of all notice that, in view of Lemma 7 there exists 2 CC Q relatively
compact in €2 such that the set of blow up points of any subsequence of v,, is contained in 2 and

SUp vy, = SUP Uy, (11)
Q' Q

We apply Theorem 5 to &, = v, + 2log p,,. If A < 87, then we can exclude alternative (iii) along any
subsequence, and obtain that &, is locally uniformly bounded from above in Q. If p > 0, the positivity
of v, implies that &, is uniformly bounded from below in Q and again, we can exclude alternatives
(ii) and (iii) along any subsequence, and conclude that &, is locally uniformly bounded in .

Hence, thanks to (11), in any case we conclude that &, is uniformly bounded from above in 2, and
by the relation p2 Ke’» = Ke®», we deduce that p?Ke®" is uniformly bounded in Q. By elliptic
regularity theory (see [GT]) we get that v,, is bounded in C1'* (Q2) for any « € (0,1), and we can take
a subsequence with the desired convergence property.

b) Apply Theorem 5 to &, and note that alternatives (i) and (ii) cannot hold. Otherwise, as in the
previous part a), (up to a subsequence) &, would be uniformly bounded from above in Q, and since
—Av, = p2Ke' = Ke " v, = 0 on 0N, we would also get that v, is uniformly bounded in €.
Consequently, A, = p? fQ Ke'» — 0, as n — +00, in contradiction with the fact that A, — A > 0.
So, alternative (iii) must hold and there exists a finite set S = U;{s;} (blow up set) such that (up to
a subsequence) &, — —oo uniformly on compact sets in Q\ S and Ket» = p2 Ke’» — Y b;d,, weakly
in the sense of measures with b; > 87. In particular, by Lemma 7 p2 Ke'» = Ke®» — 0 uniformly on
compact sets in Q\ S.



Let € > 0 small. By Green’s representation formula, we get that
0n(2) = 3B Gs) =16k [ Gl K ey - 3 b s)
G(z,y)K(y)e'Wdy = biG(z, )| + 0n(1)

<2y / (G(z1) — Gz 5:)) K(n)e D dy| + 0, (1)

i B(si E)
< C’Z‘ su;|)< |G(z,y) — G(z,8;)| + 0,(1) — 0
i 1Y—silxE

as n — 400 and € — 0, uniformly on the set Q5 := {z € Q: dist (z,S5) > 0} for fixed small § > 0. We
have used the property that ), SUD|y s, |<e |G(z,y) — G(z,8;)| — 0 as € — 0 uniformly on s. Simi-
larly, we can handle the derivatives of v,, and prove that v,, — >, b;G(z, ;) uniformly in Clloc(Q \S).
Since —A (v, — >, b:G(2,8;)) = p2Ke’ in Qg, with p2Ke’ — 0 in C%%(Qs) and max |v, —

> biG(z,8;)] — 0, we can use elliptic regularity to conclude that, in fact,
Up — ZbiG(z,si) in C’f(’)i((_l \ S).

Now we use (8) on B; = B.(s;) with zp = s; and ¢ sufficiently small and we obtain

6 n
P’zl/ 2K+ <VK,z—s; >)€v":5972t/ Ke”"+€/ (5 )Q_E/ Vo, [%.
B, 8B, o, OV 2 JoB,

7

For & small, for the left hand side we have:

LHS. =2b+o0,(1)+ pi/

i

N
H |z —p;|* | <VV,2—s; >e'n
Jj=1

N
2 . Z—Pj el Vn 2b1 1f82¢r
+p”/ <22a]|z—pj|2’z si > Ke —>{ 2(1+ a;)b; if s; =p; €T

B; j=1

While, for the right hand side we have:

oG 5
RHS. — 5/683 ija(%sj) - §/an |ijVG(Z=Sj)|2
i j B J

28£Z8'2_1 ? z,8:)|? :bi €
:E[ op, o ) /aBiWG( ,53)] +0(1)} +0(e).

2 4
Passing to the limit as ¢ — 0 we find that b; =8m if s; ¢ I and b; = 8n(a; + 1) if s, = p; € T
Now, let S\T = {qi1,...,qx}, and use (9) on B; = B.(g;) with zg = ¢; and ¢ sufficiently small to

obtain:
ov, Ov,, 1

0K

2 v, 2 v, 2

D —e " = On Ke "Vk + 77—*/ V’Un Vi, k= 1,2.
~/Bi 6216 0B; 0B; 6Zk ov 2 9B; | |

For the left hand side we get:

LHS. = pi/ 9 (log K) Ke"* — 8ﬁi(log K)(qi), asn— +oo.



Setting Fi(z) = 87H (z,q:) + >_,,;bjG(z,q;) for z # q;, j # i, for the right hand side we have:

) % 4 i 1 —q; —q;
0B; 9B; |

|z —qi|> Oz € v 2 z — q;|? |z — gl
4 OF;
=— + O(e).
3 oB; 0zk

Passing to the limit as ¢ — 0 we find that
81V (log K + F;) (¢;) =0

as claimed. n

5 Existence of blowing up solutions

In order to describe the idea beyond Theorems 2-4, we will restrict to the simple case where the
concentration set S reduces to a single point. Our construction relies in an essential way:

- on the choice of a suitable family of approximating solutions V,;

- on the invertibility, in some sense, of the linearized operator at such approximating solution.

Since we are describing a “single” peak blow up, we denote it by

- p if it belongs to {p1,...,pn} and « is the corresponding multiplicity (cfr. Theorem 2/4);

- q if it does not belong to {p1,...,pn} and is a critical point of F(z) (cfr. Theorem 3/4).
Moreover, let us represent the weight function K (z) in (5) in the form K(z) = |z — p|**V ().

Let us concentrate first in Theorems 2-3. Following Baraket and Pacard, the aim is to construct
a “local profile” around p (or ¢) which is “glued” with the Green’s profile L(z) = 8n(1 + a)G(z,p)
(or L(z) = 87G(z,q)) away from it. Inspired by the classification result for the limit problem, we can
define

872
T+ [P

vr(2) = log (

which is a solution for
—Av, = p2|z[*¥e’" in R

We work in some weighted Holder-type spaces (introduced for the first time in [CHS]), appropriate in
order to have a good control for the invertibility of the linearized operator, and we need to take an
approximating function sufficiently accurate with respect to these norms. Since p, — 0, the function
v, peaks in the origin and it is reasonable to construct an approximating function V,, which looks like
vr-(z —p) —log V(p) in p, for a suitable choice of 7. The construction is accurate in p. As far as ¢,
first we consider a local peak v, ,(z — ¢), v € C, where

872[1 + 37272
(7207 + [2[P[1 +722[?)?

Ury(2) = log

is a solution for
—Avry = pre’™ in {1+ 372% # 0},

and, for a suitable choice of v, we are able to reduce the invertibility of the linearized operator to the
invertibility of the Hessian of F at ¢q. Secondly, we need to be more accurate in ¢, in view of the more
degeneracy due to the translations, by taking a local peak of the form v, ,(z —¢) — P>(2), where Ps(2)
is the second-order Taylor polinome of log K (z) in ¢g. By construction, near p we have that

AVi + 2z — PV (2)e™ = O (p2]z — pPo )



and near ¢ we have that
AV, + p2K(z)e" = O (p2|z — q|*e"™)

provided AlogV(q) = 0. Now we have to control what it happens in the intermediate zone. The
following expansion holds as n — +oo:

Va(2) = L(2) ~In (8(1 + @)*7%) = F1(p) + O(|z = pl) = O(z = p|) as 2 ~ p

0371

V8(1+a)’

if we choose 7 = where Fi(z) = 8n(1 + a)H(z,p) + InV(2);

Vi(2) = L(2) ~ In(87%) = F2(q) = Re [(0::F2(q) = 2)(2 = )’ + O(]z — ¢*) = O(lz — ¢*) as 2 ~ ¢
3 2(q

62;{ > and v = 10..F2(q), where Fy(z) = 8mH(z,q) + In K(2). Let us remark that
the criticality assumption for ¢ reads in this context as 9,F2(q) = 0.

The accuracy now is satisfactory and, in view of the invertibility (in some sense) of the linearized
operator, it is possible to conclude with the aid of a fixed point argument.

if we choose T =

We describe now an alternative approach to the existence of “concentrating”solutions, in the spirit
of some perturbation method available in higher dimension (cfr. [Bal, [Re]). We introduce a pertur-
bation setting in the space H}(Q2) and try to replace the non-degeneracy assumption for the critical
point of F (often very difficult to check in the applications) with a weaker “stable” condition.
We define

872
T2+ |z — 0P

with 3 = aif S = {p} and B = 0 if S = {q}. We look for solutions close in H}(Q2) to Pv,, for a
suitable 7 > 0 in case S = {p}. While, we look for solutions of the form Puv., ¢, + ¢,, for suitable
Tn > 0, &, close to ¢ and ¢,, a small function in a suitable space, in case S = {¢q}. Here, Pv. ¢ denotes
the projection of v, g into H}(€2), in other words, Pv, g is uniquely defined as satisfying:

vr9(2) = v (2 — 0) =log (

—APv, g =—Av, 9 =pilz — 0*Peve  in Q
Pv.g=0 on 0f.

Since
Pv,g(z) —vrg—8m(B+1)H(-,0)+ 10g(87’2)|69 = O(pi),

by harmonicity we have
PUT,G(Z) =Urg + 87T(ﬁ + 1)H<7 0) - 10g(87’2) + O(pi>
in C°(Q2) uniformly for § away from 9Q. Hence, the function Pv,y “almost” satisfies:

—APuv, g = pi|z - 9|2ﬁe”’19 ~ 872pi|z — 9|2ﬁe*8”(5+1)H(z’9)eP”“9.

In case S = {p}, we choose 7(p) = \/%64”(5“‘1”{(”4’), and in case S = {q}, we choose 7(§) =
@e“”mg@ for any £ € Q" = QN {K > 0}. Thanks to this choice, we obtain that Pv,, , and
Pv(¢) ¢ are approximating solutions. Define the operator L in the form:

L=Atple—pPer it S={p) o  L=A+pe"<ifS={q), cc,

and set
0 87}7, 6 o 67}7, 6

= 'j =
i = 20;

j=12.



In a suitable functional space, we have that
ker L = Span {¢? )} if S = {p} or ker L = Span {¢? . , j = 1,2} if S = {q}.
As for Pv, g, we derive the expansions
Pl/fgﬁ = 2,9 - % +0(p2)

0H

Pyl =7, +8m(B+ 1)89 (,

)+O(pn)7 j:1a2-

Since HP1/’2,9|| ~ const., we have that the projection Pwﬂ@, up to renormalization, “almost” satisfies:

Py?, Py? 2
— Ao~ Pl — B i pulz —0Pete,
T IR R T R VNN

and, in an “heuristic” way, we do not expect asymptotically the presence of ngﬁ in the kernel of the
linearized operator L on . While, in case S = {q} we have that

Py’ Py’
CAURE | preme VR L o(tenne, jo 1,2,
[Py |l [Py |l

since ||P1/1159H ~ m for j = 1,2, and so we expect that the projection Pi/)i’£ is asymptotically in
the kernel of L in

This is the key point of our construction, which displays a different feature of Liouville-type equations
in dimension 2 with respect to analogous “critical problems” in higher dimensions.

For simplicity, we will omit in the sequel the apices and pedices. We consider the subspace of H}(Q):

K ={0}if S = {p} or K = Span {Py7,)=1,2}if S = {q},

and we denote by K its orthogonal space and II, II* the corresponding orthogonal projections.
We introduce the linear operator L,, defined as follows:

e [p2]z — p[**V(2)e!¢]  in case S = {p}
Ln(9) = { HL{¢ —* [prK(z)erqﬂ} in case S = {¢},

where i* is the adjoint operator of the immersion HZ () < L7°7 ().
We have an invertibility property, similar in spirit to a result established in R? by Chae-Imanuvilov
in [CI]:

Proposition 8. There exists N large and a constant ¢ > 0 such that, for any n > N and £ in a
compact subset of ' = QN {K > 0}, we have

HL()H_|1 il Voe K.

In particular, the operator L, is invertible and ||(L,) | < %.
The proof is by means of a contradiction argument, see for details [EGP]. Suppose there exist sequences

1
|10gpn|

bn =€, dp € K+ [fnll = 1 and [|Ln(én)]l = of )-
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Via a rescaling argument, we can pass weakly to the limit by finding a non trivial solution ¢ for the
linearized operator on R? (whose kernel has dimension 1 in case S = {p} and dimension 3 in case
S = {q}). In the limit, the property ¢, € K= gives that ¢q is orthogonal to wio, j =1,2, in case
S = {q}. Once we are able to show that ¢y gains automatically the orthogonality with respect to
1/)?,0, we reach the contradiction ¢g = 0.

In order to do this, we construct a test function ug such that

—Aug — p2|z — 01*Pe’ug ~ p2|z — 0*Pe’y° | |lug|| ~ const.|log p,|. (12)

The first relation indicates that P°, which corresponds in the duality with the R.H.S., is “essentially”
in the range of L,,. The second relation implies that the inverse operator of L,,, if it exists, has norm
which explodes exactely as |log py|.

Multiplying the equation satisfied by ¢,, for Puy and passing to the limit, we obtain the third ortho-
gonality relation.

In order to define the test function ug, let us consider

4 207, — |z — 20+

- 2,2 _ 9|2(+h)
Ur,o = 37 1Og(T P+ |Z 9| )7_2/)% + |Z — 9|2(1+5)

32 0,
_Eﬂ(ﬁ +1)H(0,0) 202 4|z — PR

o
P+ [z - OP0T)

: (13)

Now, define ug in the following form:
ug = Purp,p if S = {p} or ug = Pur,) e, if S={q}.

The first two terms in (13) are obtained simply by solving the equation in (12) in the radial case.
However, to adjust their boundary values by projecting in HZ(£2), one creates an additional term
which we control by adding the third term in (13).

In case S = {p}, by Proposition 8 and a fixed point argument, we find that for n large there exists
¢n € K+ = Hg () such that ||¢n| —n—toeo 0 and Pv+ ¢y, —i* (p2|z — p|**V (2)e""T9") = 0. Hence,

we obtain a solution sequence for (5) in the form Puv.(,, + ¢, concentrating in p.

In case S = {¢}, in a similar way as above, we find that, for n large and for any £ in a compact
subset of ' = QN {K > 0}, there exists ¢, = ¢,,(£) € K such that |¢y|| —n—+oo 0 uniformly in &
and

II* [Pv + ¢, —i* (p*K(2)e"" )] = 0.
At this point, it is possible to reduce the problem to a finite dimensional. Let us define the energy
functional

1
Bau) =5 [ IVl = g2 [ K()e', we Hy®),
2 Jo Q
whose critical points correspond to solutions of (5). We have the following property:
VE,(Pv+ ¢,(£) = 0iff {is a c.p. of £ — E,(Pv+ ¢,()),

which reduces the search of solutions to find critical points for some finite dimensional functional.
We can perform an asymptotic expansion for the reduced functional and get

E, (Pv + ¢,(€)) = (=167 log p,, + 24mlog2 — 167) — 322 F(£) + o(1)

as n — +oo C'-uniformly on compact sets of €2'. This guarantees that a “stable” critical point ¢ of
F generates a solution sequence for (5) concentrating there.

In particular, we get the following result:

Theorem 9. [CL3] For any domain Q there exists a solution sequence of (5) concentrating at a
minimum point of H(E, &) + ﬁ log K (£).

11
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