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ABSTRACT. For the Dirichlet problem —Au+AV(z)u = uP in Q C RN, N > 3,
in the regime A — +o00 we aim to give a description of the blow-up mechanism.
For solutions with symmetries an uniform bound on the “invariant” Morse
index provides a localization of the blow-up orbits in terms of c.p.’s of a suitable
modified potential. The main difficulty here is related to the presence of fixed
points for the underlying group action.

1. Introduction. We study the Dirichlet problem

—Au+ANVu=uP in
u >0 in Q (1.1)
u=20 on 0f2

where Q C R is a bounded domain, N > 2, p > 1, V is a positive potential and A
is a large parameter.

Under the transformation u(z) — )\_ﬁu(x), A— e = %, notice that prob-
lem (1.1) reads equivalently as a singularly perturbed Dirichlet equation. Both
with Dirichlet and Neumann boundary condition, singularly perturbed problems
have been widely investigated in literature, as they arise as steady state equation
in several biological and physical models, such as population dynamics, pattern
formation theories and chemical reactor theory.

The main feature of problem (1.1) is the intrinsic non-compactness as A — +oo.
To be more precise, it is well known that

lttn ||oo — 00 as n — +oo,

where u,, is a sequence of solutions of (1.1) with A, — 400 as n — oo (see for
example [16]). An energy or a Morse index bound forces the blow-up set to be finite,
and an accurate description of the asymptotic behavior for ground-state solutions
is available in the Dirichlet [31, 38] and the Neumann [29, 30] case. More generally,
in the Dirichlet case energy and Morse index bounds give an equivalent asymptotic
information [16], and as a by-product a non-degeneracy result can be obtained. The
construction of solutions with pointwise blow-up — the so-called spike-layers— has
been subject of an extensive investigation in the past [5, 6, 8, 9, 11, 13, 19, 21, 34,
36, 37, 38].
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Higher dimensional blow-up (on curves, surfaces,...) had been conjectured by
Wei Ming Ni [28] (in the case of Neumann boundary condition): for every k =
1,..., N — 1 there exist solutions that blow-up at a suitable k—dimensional subset
of Q. For domains with symmetries positive constructive results were available
[1, 2, 3, 4, 10, 12, 26, 27]. The general case has been recently proved [22], while the
case k = N — 1 and k = 1 with N = 3 were treated previously in [24, 25] and [23],
respectively.

For radial solutions (on the annulus and the ball) an interesting result —due to
A. Ambrosetti, A. Malchiodi and W.-M. Ni [1]- identifies the crucial role played by
the modified potential M (r) = rN =1V (r), § = ;% — 3: they construct families of
radial solutions which blow-up on spheres whose radii are non-degenerate c.p.’s of
M. From the asymptotical point of view very few is known. In the Dirichlet case
on an annulus, an asymptotic analysis has been firstly performed by E.N. Dancer
[7] by means of ODE techniques, showing that, for V= 1 and p sub-critical, the
only positive radial solution is the radial ground state with its unique maximum on
a sphere whose radius goes to 1 as A — +o0o. Notice that the radial ground state
solution has both energy and Morse index very large, and the asymptotic techniques
based on a bound for the energy (see for example [14]) do not work. An alternative
asymptotic approach has been developed [15] by the first author in collaboration
with G. Mancini, S. Santra and P.N. Srikanth so to deal with radial solutions of
uniformly bounded radial Morse indices and general V's and to rigorously establish
the correspondence between c.p.’s of M and blow-up radii.

The aim of the paper is to continue the analysis of [15] and exploit partial sym-
metries in describing the asymptotic behavior of solutions to (1.1). To be more
precise, given a k—dimensional subgroup G C O(N), let 2 be a G—invariant set
and V a G—invariant function: for every x € 2 and g € G there holds gz € Q
and V(gz) = V(x). We deal with G—invariant solutions u of problem (1.1) and
look for a localization of the blow-up set. As we will discuss, the presence of a
non-trivial Gp = {z € Q : g = x} —the set of fixed points under the action of G-
is generally responsible for a degeneration of the blow-up G—orbits onto points of
Go. To establish high dimensional blow-up, in [35] the authors explicitly construct
in R* a 1—parameter group action with Gy = ), and then carry over an asymptotic
analysis for ground-state solutions on an annulus with V' = 1 which are invariant
under this action.

The main point here is to allow general groups G (possibly with Gy # @), general
dimensions N and solutions which are not ground states. Since every smooth action
on a sphere of even dimension has fixed points, notice that in odd dimensions N we
always have Gg # 0. We will consider the group G as generated by the rotations
in the planes {1, 2p 41}, ..., {7k, vor }. Letting s = (zopy1,...,2n) € RV 72F (with
the agreement that N > 2k and s is disregarded when N = 2k), we have that Q
and Gy are generated by Qy = {(r,s) € [0,4+0c0)k x RN=2k . (r,0,5) € Q} and
Qo N {r = 0} under the action of G, respectively. The main tool in the asymptotic
approach we propose is given by uniform bounds on the reduced Morse index m¢ ()
for a G—invariant solution u of (1.1). Let us define

HC = {u € H}(Q) : uis G-invariant a.e.},

and let mg(u) be the maximal dimension of subspaces W C HY for which the
quadratic form associated to —A + AV — puP~! is strictly negative in W \ {0}.
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Introduce the Sobolev exponent

+oo HN=2
pS(N){

N+2 N >3
and the Joseph-Lundgren exponent

N +o00 if N <10
pJL( ) = (N—2)2—4N+8y/N—1 it N> 11

(N—2)(N—10)

By an asymptotic approach based on the assumption sup mg(u,) < oo, we have
neN
the following description of the blow-up mechanism along u,, (see Theorem 2.2 for

a more refined statement):

Theorem 1.1. Let 1 < p < py(N) withp & {ps(j) : 7 = 3,...,N}. Let uy,
be a positive G—invariant solution of (1.1) with A = A\, — 400 as n — 400 and

supmeg(u,) < +o0o. Up to a sub-sequence, there exist (rk sL),... (v st) € Qo,

n
h < supmg(uy), so that for alli, j =1,... h,, i # 7,
n

M| Pi— PI? = 400, A\ d(P!,00)? = 400, \V(PH) ~ul ™ (P!) asn — 400
and

un(P8) = (1 +0,(1)) onp 1A (Pi)un
Rorg 2"

for some R, — 400 and 0,(1) — 0 as n — +oo, where Pi = (rf,0,s!) € Q.
Moreover, there holds
h 1 .
Up(r,0,8) < C()\n)ﬁ Ze‘””\"% 0.8 =Pal v (r,5) € Qp, neN
i=1

for some C, v > 0.

Just to comment the assumption on p in Theorem 1.1, let us recall that [17] finite
Morse index solutions of —AU = UP do not exist nor in R’ neither in the half-space
as long as 1 < p < psr(4), p # ps(j). Even though the G-invariant problem (1.1)
might be studied as an equation in €}y with the operator A re-written in cylindrical
coordinates, we will not pursue this approach so to better exploit the information
on mg(u) which, in our opinion, seems more readable in €.

A careful expansion of Pohozaev-type identities now provides a localization of
the blow-up set.

Main Theorem. Let u, be a positive G—invariant solution of (1.1) with X =
An = +00 as n — +oo and supmeg(u,) < +oo. Assume that x - v(x) # 0 for
n

all x € 09. Letting Pl i = 1,...,h, be the points given by Theorem 1.1, set
Pl = lirf P! (up to a sub-sequence). Letting v = (v,,0,vs) be the unit outward
n—-—+0o0o
normal at (r,0,5) € OQ and V (r,s) := V(r,0,s), we have that
o if PL € Q, then V,V(P") =0 and
k .
> 10, V46,V | (P =0,

j=1

where ©; = O(P?) is given by (5.3);
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o if PP € 02, then there exists p; > 0 so that V,V(P?) = —pvs(P?) and

k
ZTJ-@TJV v+ O,V | (P =0
j=1
where ' )
[ (P £0
Hi >0 if vy (P =0.

The paper rises from partial results contained, among other things, in [32]. Sec-
tion 2 will be devoted to give a global asymptotic description for a blowing-up
sequence u, provided supmg(u,) < +o0o does hold. In Section 3 an expansion

n
of some Pohozev identities will follow from all the previous analysis, providing the
localization of the blow-up set S = {P*:i=1,...,h} as given in Theorem 1.

2. Asymptotic analysis and blow-up profile. Let u,, be a positive G—invariant
solution of
—Auy + A Vu, =ul in Q (2.1)
Uy =0 on 09}, '
where A\, — +00. Assuming that supmeg(u,) < 400, we aim to obtain a global
n

description of the asymptotic behavior of u,, as n — +00. By a blow-up procedure,
the first step is to study the local asymptotic profile of u,, around local maximum
points @, usually described in terms of an entire solution (in the whole space or the
half-space) of a limiting equation. Depending on the distance of @, from Gg w.r.t.
the blow-up rate, the asymptotic profile keeps k — k¢ of the original symmetries and
becomes constant in kg directions. The main difficulty is to describe correctly the
different situations.
Recalling the definiton of the Sobolev exponent

ps(N):{ % i%;g
and the Joseph-Lundgren exponent
psL(N) = { J(FNOS2)274N+8m ?f V=10
(N=2)(N—10) it N > 11,

let us notice that ps(N) < pyr(N) for N > 3 and ps(N), psr(N) are strictly
decreasing in NV for N > 3, N > 11, respectively. The result we have is:

Theorem 2.1. Let p > 1 and u, be a positive G—invariant solution of (2.1) with
supmeg(ug) < +o0. Let Qn = (7r,0,8,) € Q, (P, 8n) € Qo, be so that for some

n

R, — +o00

U = max Up —> +00
n(Qn) QN B, (@) n

as n — +oo, where p, = un(Qn)*prl. Letting
J:{j:l,...,k: mH+oo asn%Jroo}, J={1,...,k}\ J,
[in
we define ko = card J, G ; = Span {rotation in xj,x54+; : j € J} and r, as

R fn,j Zf] cJ
™I 0 otherwise.
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Assume that 1 < p < pj,(N — ko) and p # ps(N — ko). Setting P, = (11,0, s,)
2

_1
and €, = A\, 2V(Pn)_%, we introduce Up(y) = €& ' up(eny + Py) in Qy = %.
Up to a sub-sequence, then we have that 1 < p < ps(N — ko) and

o \,d?*(P,,09Q) — +00 as n — +00;

o \u|Py—Qnl? = 0 as n — +oo;

o u,(P,) =(1 —i—on(l))Q max )un for some R, — 400 and 0,(1) — 0 as
n

Ry en (Pn
n — +00o;
¢ MV (Py)un(P)~ =1 = X € (0, +00) as n — +oo;
o U, — Uy in Clloc(RN), where Uy is constant in yrp4j, 7 € J, and in the
remaining variables coincides with the unique radial solution of

— AUy + Uy =Uf  inRNko, (2.2)

Moreover, there ezists a G—invariant function ¢, € C&(Q) with supp ¢, C Age, (Py),
where for R >0

k
2
Age, (Pn) = {»’U eRY: Z(\/ |$j|2+|xk+j|2—7“n7j) H(@2kt1,- -, on)sal” < R2€i},
j=1

so that
[ 90+ 0y = pu ek <0 (23)
for all n large.

Proof. By a blow-up procedure, we aim to describe the asymptotic profile of u,
around @, (at distance p, from @) in terms of non-trivial entire solutions for a
limiting equation. When the point Q),, is sufficiently close to the fixed points set of
G 5, we expect that, up to a translation, the limiting profile is a G j-invariant entire
solution. In order to re-absorb this translation, we replace @,, with P,,, and for the
blow-up argument it is crucial to have a-priori p, ~ €, := un(Pn)’p%l. Since as
we will see €, ~ €,, it is more convenient to replace é, with ¢, in order to get a
unified form for the limiting equation (2.2). For simplicity in the notations, assume
that J = {1,...,k —ko}.

Let d,, denote d(Qr,00). Up to a sub-sequence, suppose that g—: — L €10, +]
Q;ﬂ — H, with H an half-space so that 0 € H and

n b1
d(0,0H) = % The function W, (y) = pn? un(pny + Qn) satisfies

as n — 4o0o. Then Qn =

—~ AW, + M2V (piny + Qn)W,, = WP in Q,
0< W, <W,(0)=1 in Q, N Bg, (0)
W, =0 on 0€),.

Since @, is a point of local maximum of w,,, we have
0< —AW,(0) =1~ Xy iy, V(Qn),
and then, up to a sub-sequence,
b2 V(Qn) = A € [0,1]

as n — +oo. Since WP — A\, 2 V(pny + Qn) W,, is uniformly bounded in Q, N
Bg, (0), up to a further sub-sequence, by elliptic regularity theory [18] we get that

n
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W, — W in CL _(H) as n — +o0, where W solves

—AW + AW =W? in H
0<W<W(0) =1 inH
W =0 on OH.

Since W(0) =1 and W =0 on 0H, we deduce that 0 € H and L < +o0.

Given J = {k—ko+1,...,k}, we want to show now that H contains all the lines
Yrtj =1, j € J, passing through points in H : ys = (Y1, - ., Yktjet, b, Yk, - - - UN)
€ Hforally e H,t € Rand j € J. For n large, we have that y € Q,,, and then
Uny + @Qn € Q. Since Q is invariant under rotation in the {z;,zxy; }—plane, we
have that

pny+Qn+(0,...,0, R, cos 0—(pnyj+7n;),0,...,0, Rysin® — ppyr4;,0,...,0) € Q

for all # € R and n large, where R, = \/(,Unyj +7nj)? + 12Ys, ;- Going back to

Q,,, we have that
Rn Rn_ ~n j Rn . A
Py := y+<0, .50, M—(cos Gfl)fijr#, 0,...,0, —sin0—y,;,0,... ,0) €y,

n n n

for all # € R and n large. For j € J we have that 7"" I — 400 and then "TF"’ — Yj
as n — +o0o. Choosing 0 = 0,, := “"t for a given t € R, we get that

lim Py, =y € H
n—oo

in view of #,, — 0 as n — +oo. Since H is an half-space, a straight line in H lies
either in H or 0H. Since y € H, then y; € H for all ¢t € R, as claimed. Since Py
and y are connected through a rotation in the original variables {x;, xx;}, we have
that W, (Py,) = Wy (y) for n large, and then as n — +oo

W(y) = W(y)

for all £ € R. Since W does not depend on y;4; for all j € J, W is a solution of

—AW + AW = WP in H’'

0<W<W(O0) =1 inH

W =0 on OH',
where H' = H N {yx+; = 0:V j € J} is either an half-space or RV =*0. Since W is
non-trivial, in case H is an half-space by Theorem 12-[17] we have A > 0 as long as
1<p<psr(N —ky—1), and this is a contradiction in view of Theorem 1.1-[16].
Since we assume 1 < p < pyr(N — ko), we necessarily have that H' = RY %0 and
H=R" (ie. L=0).

Since

|Pn - Qn' = Z(f’n)? = O(kn),
jeJ
up to a sub-sequence we get that PazQn _y 7 and then
Bn

n Pn Pn — ¥n
tn(Fn) :Wn(iQ) S W(Z)>0
as n — 400, in view of W,, — W in C},_(R"). In particular, we have shown that
Bn > 5y > 0. (2.4)

€n
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Since d(Qn, Q) >> p, as n — +00 in view of L = 0, by (2.4) we get that

d(P,,,00) d(Qn,00) — | P, — Qnl
= > do
€n Hn

— 400 (2.5)

as n — +00.
We are now in position to replace @, u, with P,, &,. Since (up to a sub-
sequence) \,é2V(P,) — X € [0,+00) in view of (2.4), by (2.5) we have that

0, = L 5 RY, and U, (y) = én? Un(Eny + Pp) converges in CL_(RY) to a
G y—invariant solution U of
~AU+ M\ =0? inRY
[+ =UF iR (2.6)
0<U<UZ) in RY,

where Z = —ZWPT_l(Z). Arguing as before, the function U does not depend on
yr+j for all j € J and does solve (2.6) in RVN=%. As we will see in the next
Proposition, we have that mq,(U) < +oo. The argument in [17] for the case
m(U) < +oo still works in our context: notice that the test functions nU? with n
a radial cut-off function, used in [17] to get estimates, are G j—invariant as long as
U is (see [32] for the details). In this way we see that A > 0 whenever 1 < p <
i (N —ko), p # ps(N — ko), i.e. én ~ €, := A, 2V 2 (P,). In particular, by (2.5)
we deduce that
A\nd?(P,,00) — 400 as n — +oo.

-1

pP—-
Finally, let us replace €, with €,. The function U, (y) = €n? un(€ny + Pn),
yeQ, =P converges in CF _(RN) to a G j—invariant solution U of

n loc

—AU +U =UP inRN-ko
{ 0<U<U(Zy) inRN—ho (2.7)
where Zy = —Z W'z (Z) (U is constant in y,4; for all j € J). As already
explained for [17], the argument in [16, 33] for the case m(U) < 400 works as well
when mq,(U) < oo (see also [32]). Since mq,(U) < +oo as we will see in the next
Proposition, by [33] we get that 1 < p < ps(N — ko), and by [16] we conclude that
U coincides with the unique radial solution Uy of (2.7), according to [20]. Since Uy
achieves its maximum at 0, we get that Zy = 0, i.e.

Pn - n 2
lim AP, — Q> = lim [Po = Qnl® _ Z =0.
n—-+oo n—+oo €

Since

. un(P)

1 = =1

oo un (Q) W) =1,

we get that

Un(Pn) = (]- + On(l))un(Qn) = (1 + On(l)) QﬂB&r;laic (Pn)un

where 0,,(1) = 0 as n = +o0, in view of Bsg, ¢, (Pn) C Br,, u, (Qn) for some § >0
small. O

The last part of Theorem 2.1 follows now by
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Proposition 1. Under the assumptions of Theorem 2.1, there exists a G—invariant
function ¢, € CE(Q) so that supp ¢, C Age, (Pn), for some R > 0 large, and

/ V2 + (A V — pul—1)¢2dz < 0
Q

for n large.

Proof. Assume for simplicity that J = {1,...,k — ko}. We have established that

U, — U in C} (RN=k0) where U is a G j—invariant solution of (2.7) in RY ko,
Let ® be a G yj—invariant function in RV =% so that supp ® C Br(0) and
/ Vo2 +/ P2 —p/ Urle? <0 (2.8)
RN —ko RN —ko RN —ko
does hold. Setting r; = /2% + 7, ;, define ¢,, as
Pn ()

e VD rE—T x -5 TN—S8
:(n )E(D 1 n,17.“’ k n,k’07...’07 2k+1 n,17...7 N n,N—2k )

HjeJ T'n,j €n €n €n €n

Since supp ® C Br(0), we get that ¢,, is G—invariant function such that supp ¢,, C
ARe, (Pn), where Age, (P,) C Q for n large in view of d(P,,0Q) >> ¢,. Let us
stress that ¢, is a smooth function: for j € J the quantity r; — r, ; reduces to

T =4/ 2—&—96%_” and ®(. ..,:—’,...,0,...):<I>(...,Z—’,..., £2,...) is smooth in

Zj, Ty by the G j—invariance of ®; for j € J the set Ag., (P,) does not touch
{r; = 0} (where ¢, might be smgular) in view of 4 — 400 as n — 400, and

then ¢, is smooth also in z;, xx4;. Since ® is G j—invariant, for j € Jand h # j
let us remark that

@(...,yj,...,yk+j,...):<I>(...,,/yj2.+y,2€+j,...,0,...)

O @3 Yjs s Yhtgn -+ ) = Oy @i\ U5 + YR -5 0,00) (2.9)

(0, @)% + Dy, ©)°1( U Ukt ) = (D, @) (oA JY2 F 0, 0,0).

Since ® has compact support, through cylindrical coordinates and the change of
variables (r, s) — (r, + €,7, $p, + €,8) we have that
—(N ko)

/ Vo2 + (nV — put g2 = (2m)F S
Q

Hje]rn,j
N

s (0,,@)2 (0,2

h=1 h=2k+1

+ <Vér(’£;;) — peiufjl(r,o, 5)) @2( ann ,0,2—"1 - } drds

></’
{|(r—=rn,s—sn)|<Rey, r€[0,+00 k}] 1

N

O+ > )0y, ®)%(r,0,5)

h=1 h=2k+1

:(27T)k/ o HT]‘H( tn ’I“j—|-1)
{l(r,8) <R,r; >— ::J Vi=1,..., k} jeJ JeJ Tn,j

+ (V(en(f"}(()gl))jt P,) _pU;;—l(no,s)) @2(r7o78)} drds
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converges to

k N
(27r)k/ ri | ( )(8y, ®)%(r,0, 5)
(l(rs) <R, rj>oweJ}j1}, ’ ,;1 :Z "

+ (1 — pUP~ (7,0, 5)) <I>2(r,(), s)} drds

as n — +o00 in view of === — 0 for all j € J. We use the notation 0, 0 to denote
n,j

the origin in R¥, RF—ko, fespectively. Since U is G j—invariant and is constant in
y; for j =2k — ko +1,...,2k, by (2.9) we deduce that

117

N
2 /
{l(r,8)|<R,7;>0V jeJ} jer

k
Do+ D )3,,2)%(r0,5)

h=1 h=2k+1

+ (1 — pUP~Y(r,0, s)) 2 (r, 0, s)] drds

k N
SO+ D0 )05, ®)°(r,0,9)

h=1 h=2k+1

=(2m /
{1(,0,5)|<R, (r,0,s)ERN ko, r; >0V jE€J} je
+ (1= pUP~1(r,0,s)) @*(r,0, s)] drds
—(2m)o / Ve[ + (1 pUr %] <0
RN —kg

in view of supp ® C Bg(0). If ®;, &3 are G j—invariant functions with compact
support so that (2.8) does hold and [;x_, ®1®P2 = 0, then the corresponding ¢1 ,,
@2, satisfy

1n P2n N / D Dy
1 I T
Q (fQ %,n)2 (fQ ¢%,n)2 RN —ko fRN ko (1)2 f]RN ko P 2
as n — 4oo. In this way, we show, as already claimed in the previous proof, that

ma,;(U) < supmg(uy,). Since the same does hold for the solution U, the arguments
neN
here fill the missing points in the previous proof.

Then, we have that 1 < p < ps(N — ko) and U, — Up in CL (RYN), where Uy is
the radial solution of (2.7) in RN=F0. Since Uy decays exponentially fast at infinity,
we have that U, satisfies

/ |VU0|2+/ Ué—p/ U(?*l:—(p—l)/ vpt <
]RN—kO RN—kO ]RN_kO RN—kO

Through a radial cut-off function x so that y = 1 in B%(O) and x = 0 outside
Br(0), we have that ® = xUj is radial and satisfies

/ |v<1>|2+/ @2—1)/ Urte? <o
]RN—kO RN*k}O RN*}VO

for R large. From ® we can construct a function ¢,, which satisfies (2.3), as desired.
O

Once the limiting problem has been identified and the local behavior has been
described, we can control the global behavior.

Theorem 2.2. Let 1 < p < py(N) withp ¢ {ps(j) : 5 =3,...,N} and u, be
a positive G—invariant solution of (2.1) with supmg(u,) < +oo. Up to a sub-
n

sequence, there exist P} = (rl,0,sL),..., PP = (v1,0,5"), h < supmg(u,), with
n



10 PIERPAOLO ESPOSITO AND MARISTELLA PETRALLA

(ri st) € Qo fori=1,...,h, so that for alli, j =1,...,h with i # j as n — +oo:

AV (P

i pil2 i 2
MlP =PI = 400, And(P,00) = 400, —Smnpiy

— A >0, (2.10)

(P = (14 0,(1 n 2.11

WP = (Lo, (1) max (2.11)
RpAp 2

for some R, — 400 and 0,(1) — 0 as n — +oo, and there exists J; C {1,...,k}

so that
Ui(y) i= a7 V7T (P (A 2V 3 (BE)y+Po) = Uoi(y) in CLo(RY) (2.12)

where Uy ; 1s constant in yryj, j € J;, and in the remaining variables coincides with
the unique radial solution of (2.2) in RN=%i k; = card J;. Moreover, there holds

Un (r,0,8) )P- 126_7’\ |(r0.5)=P| V(r,s) €, neN (2.13)

for some C, v > 0.

Proof. The proof is by now rather standard (see for example [15, 16]) and proceeds
in two steps. In the sequel, the notation (r,0, s) implicitly means that (r,s) € Q.

15t Step There exist sequences P! = (rl 0,sl),...,P" = (#h,0,s"), h <
sup mg(uy,), satisfying (2.10)-(2.12) so that

_ 1
lim <limsup [)\n Pt max un(r,O,s)]) =0 (2.14)
fimpee dnme {dn(r,)>RA0* }
where d, ( s) = min{|(r,s) — (r,s!)| : i =1,...,h} is the distance function in Qq
from {(r), sy,), ~~~7(7”2782)}

Let QL = (71,0,s%) be a point of global maximum of u,: u,(QL) = MAX U
By Theorem 2.1 the second and third in (2.10), (2.11) and (2.12) do hold for the
corresponding P! = (rl 0,s!). In particular, we also have that

AV (P, )(mgxu )~ 5 >0 as n — +o0. (2.15)
If (2.14) does hold too, then we take h = 1 and the Claim is proved. In order to

apply Theorem 2.1, notice that 1 < p< pJL(N) < ps(N—ky)and p # ps(N —kq).
If (2.14) does not hold, set €. = X\, 5 V(P}~2 and suppose by contradiction that

lim sup (hm sup[(s}l)% max U (1,0, s)]) =46 > 0.

R—+o0 n—-4o00 {‘(T7O7S)_Pr]l:|2RE’}L}

By (2.12) we have that Up; is constant in yxy;, j € Ji1, and in the remaining
variables 3/ coincides with the unique radial solution of (2.2) in RV =% k) = card J;.
Since Up1(y') — 0 as |y'| = oo we can find R large so that

Uoi(y) <6 Vy: |yl >R, (2.16)
and, up to a sub-sequence, we can assume that

2
(elyr=T {l(r)ms)rilja)fleRE}L}un(r,O,s) > 20. (2.17)
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Since u,, = 0 on 9, then we have that there exists Q2 = (72,0, s2) € {|(r,0,5) —
Pl > Rel} NQ so that
un(Qr) = Un(r,0,5).

{1(r,0, s) P1|>Re }

By (2.12) and (2.16) we have that 12572l 5 400 Indeed, it @57+ — 7, |Z] > R,
were true along a sub-sequence, we would get

5 2 1
€7 un(@) = U (B T) S vz <5

1
n
in contradiction with (2.17). Setting now u2 = un(Q?L)_p%1 and R2 =

by (2.17) we get

2 < (20)7"F €l
and then B
s (20)" |2~ PY
T= 2 ek

For x € QN Bpz 2 (Q7) we have that u, () = un(re,0, s;), where

(re,0,8.) := (\/x%Jr:z:i_H,...,\/x% er%k,o,...,O,z2k+1,...,zN>
belongs to the set {|(r,0,s) — Q%] < R2u2}, and then

R

— 400 as n — 4o0.

un(Q2) max U, < max Uy,
QNBpz 2 (Q2) {I(r,0,5)—Q2|<RZp2}

Since €}, << |Q% — P1|, for all (r,0,s) € {|(r,0,s) — Q%] < RZu2} we have
(r,0,5) — P > Q3 — P = 1(r,0,5) ~ Q3] > 1Q% — P}l > R},

The inclusion {|(r,0,s) — Q2| < RZ2u2}  {|(r,0,s) — P}| > Rel} leads to

un(Q2) max U, < U, < max Uy = un(Qi),

QNBrz ,2 (QF) {0, S)—Qi\SRnun} {(r,0,8)-P1|>Rep, }
implying that
2 max Up.-
Q) = e

Let associate the set Jo to Q2 according to Theorem 2.1 and set ks = card Jo.
Since R2 — 400 asn — +oo and 1 < p < pyr(N — kg) with p # ps(N — ko), by
Theorem 2.1 we can replace Q2 with P? = (r2,0,s2) so that the second and third

n (2.10), (2.11) and (2.12) do hold for Pﬁ Moreover, the first in (2.10) does hold
too for { P, P2} as it follows by

A|PL — P2 > AR(P! — Q2|+ A3|Q2 — P2 — +o0
Q7 — Pal

as n — 400, in view of — +o00 and A\, |P2 — Q2> — 0 as n — +oo. If

(2.14) does hold for { P}, P2} we are done.

Otherwise, we iterate the above argument: let P} = (r1,0,sL),..., PS = (15,0, s2)
sequences so that (2.10)-(2.12) do hold true, but (2 14) is not satisfied. As before,
we can find R > 0 large and a sub-sequence so that

_2
(en) 77 (e (B, Un(r 0,8) 226,
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where d,(r, s) = min{|(r,s)—(r?,s%)| : i =1,...,s }. Up to a further sub-sequence,
foralli=1,...,s we can assume that
1 1% P’L 1
% = (VEPE;> P 5 6,€(0,400)  asn — 400, (2.18)

so that by (2.12) we find that

2 i A= . 2
(07 Tun(hy + P) = (22) 7 UL(Z2y) = 07 Uoi(6iy)

in CZIOC(RN) as n — +oo. The function Up; is constant in yrij, j € J;, and
in the remaining variables y’ coincides with the unique radial solution of (2.2) in
RN=ki |, = card J;. Since Up,;(y') — 0 as |y/| — +oo, we can find R large so

2
that 67 'Up;(0;y) < 6 for |[y| > R and all i = 1,...,s. As before, let Q5T =
(71,0, 551) be so that

2

s+1y\ __ 1\——2-
Un(Qn ) B {dn(rr,g)aZXRE}z}un = 26(8n) T (2'19)

2 . i
By (2.18) and "' Uy ;(6;y) < ¢ for |y| > R, we deduce as before that |Qn+;7;Pn|
+o00 as n — +oo for all i = 1,...,s. Setting pt! = u,(Q3t1) "2 and RSt =
1dn (55

g T ) we still have by (2.19)

%

ptt < (20)77% €

no
and then RS™ — 400 as n — +oo. Since as before

s+1\
un(Q27) = max . up
QnBRfl+1 “fLJrl(Qn )

with RST1 — +o00 as n — +o00o, by Theorem 2.1 we replace Q5! with Pt =
(rst10, 571 so that (2.10)-(2.12) do hold for {P},... PsT1}.

For Pi, i = 1,...,5 + 1, Theorem 2.1 also provides a G—invariant function
¢t € C°(Q) with supp ¢?, C AR)\,%(PJ;), R > 0, which satisfies (2.3). By (2.10)
the functions ¢!, i = 1,..., s+1, have disjoint compact supports for n large yielding
to s +1 < supmg(u,). Then the iterative procedure must stop after h steps,

h < supmg(u,), providing sequences P}, ..., P" so that (2.10)-(2.12) and (2.14)
do hold.

ond Step There exists v, C' > 0 so that

a2l 3 i

Un(r,0,8) <CAE™! Ze_v A 1(r0,8)= Py Y (r,s) € Qy, n € N.
i=1
By (2.14) for R > 0 large and n > n(R), there holds
1 =1
(Ap) P 7 max Un(r,0,8) < (— inf V) "
1 2p @
{dn(r,s)2RX\, % }

Hence in {d,(r,s) > R/\;% } for n > n(R) we have

1o M
AV —pul 127"1?;\/.
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Recalling the notation

— 24 .2 2 2
(re,0,8;,) := (\/:cl +xk+1,...,\/:ck +x2k,0,...,O,z2k+1,...,zN)

o h 3 ;
for every z € Q, we would like to use A\ ! Ze*”’)"% (rz,0,52)=Pul a5 a barrier
i=1
function in Q. However, the function is singular on the set {r; = 0} whenever
j €Ul J; (ie. when (r); # 0 for some i = 1,...,h). To explain how to overcome

the problem, we can think (2.1) as a dlfferentlal problem in Q¢ with A replaced by
k

A +Z %am. On 0§y we have a mixed Neumann-Dirichlet boundary condition:
j=1"7
Or,u=00n0Q N{r; =0} forall j=1,...,k,andu=00n 9 N{r; >0: Vj=
1,...,k}. Inspired by [14], in order to deal with the Neumann b.c. we use a very
simple idea. When (r,,s,) is a blow-up sequence of u,,, the Neumann boundary
condition on {r; = 0!} creates a sort of additional mirror blow-up sequence given
by the reflection of (ry,s,) w.r.t. to {r; = 0}. For an asymptotic control of u,, we
have to consider both 7, and its reflection (simply obtained by reversing the sign
of ry, ;), and then pull back this idea onto the original problem in Q.
To this aim, for j =1,...,k let

Y={o:{1,...,k} - {+1,-1}}, X;={ce€Xst. o(j)=+1},
and, for r = (rq,...,71) € [0,+00)* and o € %, define 77 = (o(1)ry,...,0(k)rg). If
Pi = (r},0,s},), define 9}, = > %7, where

ceY
1 . .
L0 () AR |(ra— (1) 50 —s1,)|
¥ (x) =€
- .

For the first derivatives we have that

; 1 ; (re — (r)7); Z;
Op P! = —y A2 Yo T .
¥ K Zw" [(re = (r2)7, 8 — 81)| 2 .2
oceED n n L5 + 1’k+j
for j =1,...,k, and a similar formula does hold for the derivative in x;; with the

numerator x; replaced by x;;. Since for all o € 3; there exists a unique ¢ so that
6(l) = o(l) for I # j and 6(j) = —1, when r; = 0 we have that %% = 4%, and
then

lim 8ijfl
_7}]1§0 ; az] dj w ]
gC 2
=- ’Y>\n% Z wgf i lim xj[(rw — (r%)o)j + (12 — (T;)U)j]
oEY; (e = ()7, 50 = 83| Iry =0 m5=50 xF + gy
__2’7/\22 Ui lim xz; = 0.
|(re — (1), 55 — 80)| Ir,=0 =07
oES;

Hence, the first derivatives of 4/, are continuous in Q\ {P:} with 8,,¢%

axk+j w’iL

=0 for all j = 1,...,k. Compute now the second derivatives for
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i io (ra = (m))3
amjz]-'(/}n + 8(11k+.7'513k+_7”(/} ’7 )‘ Z w { 5

(TZ )a Sy — st )|2

oey
1 1 I P GO
ok e =07 s = sl 10 = ()50 — s0)P
(re = (1)), 1

+

|(re — (r)7, 52 — 55)] o2+ ad, ’

and then

. 1 _
Ayt = An Ho] — , ,
= AU [ T = ()75 — )

oED

: (s — (r2)7);
_ )\2 1,0 z n J _ .
v Zzw TZ)J75$75%)| 2+ 2

j=10€x L5 T Tty

Arguing as before, we can show that A is a continuous function in Q\ {P?}, and
then by elliptic regularity theory [18] we have that 1! € Wlo’f(Q \{P}HNCL.(Q\
{Pi}) for all ¢ > 1. Let us stress that in general 1¢ is not a C?—function.

We aim to show now uniform (in n) bounds for A¢?. Since (rf);, (r5); > 0 for

all j =1,...,k, notice that
(re = (1), 80 = s 2 |(re =778 — 5)] - Vo eX. (2.20)

For j € J;, we have that (rf); = 0, and then by (2.20)

(Tac - (r;)a)]' 1 < 1 _ O()\n%)

|(rfb - (T%)Ua‘sx*sfm)‘ x3+xi+j |(T.I*T1imsz 78%,)|

_1
in {d,(r,s) > RA\,2 }. Given j € J; and o € ¥;, let us focus now on estimating
the term

1 { io (rz — (r3)7); + z/fii& (rz — (rn)%);

" (re = (r)7, 50 — 57,)) |(re = (r},)7 52 — 53,

[ + 7] = O(AZ) (W5 + vi?)

L2
= (rh);

asn—>+oomv1ew0f)\2( ¢); = +0o. When (ry); < 2(r%);, we can use

—_

|(re — (r;)6751 - S;)| > [(ry — (T:z)g75x - 311)‘ > |(rz); — (1 ) | > S (r, )

\V]
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to obtain the two estimates:
1 1
((re — (rh)7, 50 — sb)| - (e — (rh)7, 52 — s)|
(re—=(r0)7 s 80 =8> = |(ra— (1), 82 — 53 [?

|(re = (r2) 75 8o =s0) | (re = (r2) s se = s0)|[[(r2 = (17) 7 82 = s7) [+ (re = (71) 7, 52 =53]

_ (12);
and
0,6 1 o . . .
yl_Qﬁ? =1 —exp [=y AL (I(rs = ()7, 50 = s0)| = | = (12)7 50 = b))
<'V)\7%z |(re — (r;)&7sm - 5%)|2 —|(rz — (T;)aa Sz — 5;)‘2
ST = ()7 e — S (e — (70752 — s3]
<4~ )\’?L (Tr)j'

When (r;); < $(rf); the two estimates above then yield to

1 o

"o ] i T :L 7). - — 111 AW
a0 Gy e ) e = ()
1 % 7,0
#0(y, *
= 2 Vi + [o(1) + 0(7)])\7%”%,0 _ O()\é)z/}ff

|(re = (r3)7, 82 — 53

_1 S
in{dn(r,s) > RAn? },inview of (2.20) and A3 (r},); — 400 as n — +oo. Resuming
the two cases above, we have shown that

k .
H 0,0 (re = (rn)7); 1 i
Ad g E n , : — O()A, i
8 ¥ |(re — (11)7, 5, — s1)] x? n xi-‘,—j (7) Z P

j=loex ocEX

_1
in {d,(r,s) > R\, ? }. Since A\, V —pub~t > % igf V', the linear operator L,, :=

A+ (N V —pugfl) on 77/1; gives in {d,(r,s) > R)\;% )

. ) 1
7 1,0 2 -
Loty = A 3 7[00 +7) + 5 inf V] 2 0
ceX
h
for n large, provided v > 0 is small. By (2.12) the function v, = 7% Z ! satisfies
i=1
for R large
=1
(¥0(@) = A" un(@) )oa
R

Pi
A;%( 5)

1 ) ; —_1_
> (67R77A3 [(r=rpss=so)l _ \"P=T4 (p (). g ) -3
> n n(7,0,5) |{\(r,s)7(r;,s;)|:1{xn2}

2
S 1—s7 U, (r,0, ’ >0
s Uoalr 08} o oy imren)
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as n — 400, where s; = lim V(P,i)%. Since by (2.10)

n—-+4oo

dn(r,) = RN T} = UL, 04 (P1)U0Q

n

1 1
and Ly, (Vn — An ? ') = Lptp, > 0 in {d,(r,s) > R A, 2}, by the weak maximum
principle (recall that 1), is C1 N W22 in this set) we get that

k 1
1 1 5 i
Up < AD b, < cardX € B(A,) 7T E e~ VAR (r0,5)— P, |
i=1

in {dn(r,s) > R /\;%}, if R is large, v small and n > n(R), in view of (2.20). Since
by (2.15)

h 1
1 1 = .
— — _ 2 () ) PP
Uy < max uy, <CMTT<CeV BT E e~ An [(r0.5) =Py
i—1

_1
for some C' > 0 if d,(r,s) < RA, 2, we have that (2.13) holds true in Q for a
suitable constant Cr and n > n(R). Up to take a larger constant C, we have the
validity of (2.13) in Q for every n € N. O

3. Classification of blow-up points. Let u,, be a positive G—invariant solution
of (2.1) with supmeg(u,) < +00. According to the notations of Theorem 2.2 and
n

up to a sub-sequence, let us define the blow-up set S as S = { lirJrrl Pfl}, and for
n—r+00

a given Py = (r9,0,s0) € Slet usset L={i=1,...,h : P. — Pyasn — +oc}.
Introduce the notation

As(Po) ={z € RN : |(ry — 1o, 8, — 80)| <6},

and fix 6 > 0 small so that I5 := As(Py) N Q satisfies Ips NS = {Py}.
We have the following integral expansion:

Lemma 3.1. Let Py € S and g be a continuous G—invariant function in Q. Assume
that 1 < p < pyr(N) withp & {ps(j):5=3,...,N}. For every q > 1 there holds

[ o= Py Y (0 ou(r) fme) R T e, [ v

i€l jeJ;

4 IR
where 0,(1) = 0 as n — +00, €, = Ay 2V~ 2(P}) and Uy,; are given by (2.12).

n
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Proof. Given ¢ € L, through cylindrical coordinates and the change of variables
(r,s) — (ri + € r, st + €l s) we have that

/ gul = (27r)k/ H’I“J g(r, s)ul (r,0, s)drds
Agei (P) {(r—rl,s—s})|<Re},

 re[0, 4004}
=(2m) (el )N TR
k

<[ T+ )0 €, s +-6,) (U9, 0, 8)drds
(1) | < Ryry >=20 =1, k) =

= (27)"g(Po) (1 + 00 (1)) (€}, )N Fi 7577 x

></ e HT]H’I" —|—er OZ(TOS)deS
(O LR LR N S A ry)
=(2m)*g(Po)(1+ on<1>><e;>N*’“*ff“l [T (%
j€J;
></ i rj Ug ;(r, 0, s)drds
{I(r$)|ISR, r;>0Vjet; } jel,

in view of (2.12), (r}); = 0 for j € J; and (r ”)J — 400 as n — +oo for all j € J;.

Recall that Uy ; is constant in yr1;, j € J;, and in the remaining variables coincides
with the unique radial solution of (2.2) in RN=*: k; = card J;. Since in particular
Uy, is invariant by the rotations in the planes {yj7 Yi+;} for all j € J;, we get that

/A oy T = @0 R+ (W)Y L),

Jj€J;
x / Ug,i(y)dy
{yeRN ~Fi: |y|<R}
2q

= (2n) g (R)(1 + 0 n(D)(e) 7 [Tt [ Ui

J€J:

where 0, r(1) is small when R is large and n > n(R) is large. In view of (2.10) we
have that Ag.: (P!), i € L, are disjoint sets included in €. Since by Theorem 2.2

UZ(T,QS) C p 1Z€—¢M>\2|(ros) Pl

=1

for all (r,s) € Qo, by the previous expansions on Ag.i (P), i € L, we can then
write

/guq—Z/ gul + / gul
Ages, (Pf) I(;\UiELARE;:L(P:i)

i€l

—o(R) 3 | 1+ o0nn(1) | 2P (@)Y [T, [ v

i€L JjeJ;

10 (/\n)ﬁ/ efqvké\(no,SFPll +0 ((/\n)pqle“/)\%> ]
A2 (PINAR.i (Ph)
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1
Since A2 (r%); — +oo as n — +oo for all j € J;, we deduce that

1 .
)7 e "M = o, [ Y ()N R T (),

€L J€J;
as n — +o00. Moreover, arguing as before, for 6 > 0 small we get that

1 .
e~ AR (70,5~ Pi|

/AMP:;)\ARE% (P)
_ O((eil)kai72ﬁ H (,,,:'Jj) / e*‘]’Yk‘l‘
RN=Fi\B;sr(0)

Jj€Ji
i \N—k;—2-2; iy
= on( ()27 [T (h);)
J€Ji
as R — +oo. In conclusion, taking first R large and then n large (depending on

R), we show that 0,(1), or(1) and o, r are small quantities for n large, and the
validity of the Lemma follows. O

Far away from the the G—orbits emanating from the blow-up set S we have a
very strong decay:

Lemma 3.2. For every K > 0 there exists Cx > 0 so that
Up 4 |Vu,| = OV F)
on 0I5 N L.

Proof. In Ios\ I 5 we decompose u,, as Un, = Up,1 + Up,2, Where u, o is an harmonic
function in Iss \ I% so that u, 2 = u, on 9(Ias \ Ig). By (2.13) we have that
U2 = OA,E~1) uniformly on 9(Izs \ I%), and by the mean value theorem we
deduce that uy, 2 + [Vu, 2| = O\, K1) in I\ Iss.

As far as u, 1, by (2.13) we have that —Au, 1 = u2 — A\, Vu, = O\, %) in
Ios\ Is. By elliptic regularity theory, we then have that u,,1 + [V, 1| = O\, K)
inIps\ Ig. The result then follows. O

The asymptotic analysis we have developed so far can be used to study the
behavior of a G—invariant ground-state solution u) as A — 4o0. Given 1 < p <
ps(N), uy is found as the positive minimizer of the corresponding Rayleigh quotient
I in HS \ {0}, where I, (u) is given by

1) = Ja Vel A fp Ve
(Jo lulp 1) 75

Since uy, solves (1.1) (up to a scaling factor to re-absorb the Lagrange multiplier),
we have that

, uwe HE.

Lvuy) = ([ &5 = inf  I(u).
M) = ([ g =t 1)

Since it is easy to see that mg(uy) = 1, by Theorem 2.2 we see that uy has just one
blow-up sequence Q) = (7,0, s)) given by the maximum point of uy: ux(Qx) =
—1
supuy. In order to make I (ux) = ([ u’)’\"'l)ﬁ as small as possible, by Lemma 3.1
Q

+1
we see that 5 prefers to converge very fast to G because (ex )Y #7251 [Lies(ra);
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is asymptotically bigger than (ex)" —254 (here k = card J). The argument can be
made rigorous so to show that Adist (Qx, Go) — 0 as A — +o00 or, equivalently, the
corresponding Py € Gy. A better localization in G of the limiting point of Py as
A — 400 follows as a by-product of the next Theorem, where a classification is also
provided for the blow-up points outside G (which do not arise for the G—invariant
ground-state solution uy but might possibly arise for other solutions).

We have the following localization for Fp.

Theorem 3.3. Assume that x - v(z) # 0 for all x € Q. The blow-up point
Py = (ro,0,50) € S satisfies
o if Py € Q, then V,V(Py) =0 and
k
Z 0,V + 6oV | (Py) =0,

j=1
where Oq is given by (3.3);
o if Py € 00, then there exists > 0 so that VV(Py) = —uvs(Py) and

k
erGTjV +u'rv,+ 6oV | (Py) =0

j=1
where
r_) M if vs(Po) # 0
H >0 ifvy(Py)=0.
Proof. Multiplying (2.1) by 0s, u, and integrating by parts in I5 we get that

An An 1
0s,,V UEL = / [ Vv UEL - U;Z—H} Vs, (3.1)
2 Ji, arsna L 2 p+1

1
+/ [7|Vun|21/5m - ayunﬁsmun],
ars L2

Sm

where vg  is the (2k +m)—th component of the unit outward normal vector v. By

Lemma 3.2 and (3.1) we then deduce that
An 1
- 85mvu?27, = O()‘;K) - */ (auun)zl/sm
2 Is IsNoQ

for all K > 0. When Py € Q we have that I N 9Q = @) for § > 0 small. Since 9,V
is a G—invariant function, by Lemma 3.1 we deduce that
N—k

0., V(Po) 31 0,(1) | (2 (VR P ) B T 6t [ 03,

i€l J€J;

=0\, ")

1
for all K > 0. Since A3 (r},); — +oo as n — +oo for all j € J;, we divide by
ptl  N—k; )

max {()\n)ﬁ%l* 2 H (r;)j}, and letting n — 400 we get that V,V(Fy) =0
ieL, jed; e
(for K sufficiently large).

When Py € 09, if v, (P)) # 0 we just obtain an inequality in the form
0s,, V(Py)vs,, (Po) < 0. Let us stress that it clearly holds also when v,  (P) = 0.

Sm
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Given @ = (0,0, §), multiplying (2.1) by (z — Q) - Vu,, and integrating by parts
in Is we get that
An N -2 N
— (x—Q)~VVu%+(7—7)/ uPt 4N, [ Vi
2 Is 2 p+ 1 Is I

An p+1 N -2
= / (1' — Q) : V{fv Ui - n :| - / unauun
aI;NQ 2 p+1 2 Jor;na

+/al L@@ vV~ (2 Q) Vundyu|.

2
By Lemma 3.2 we then deduce that
A N -2 N
An x—Q-VVu%—I—(i—i /u,’;+1+)\n/ Vau? (3.2
2 15( ) 2 p+ 1) I Is (3:2)

=00 - 5 / = Q) (o)

As before, when Py € Q let su fix § > 0 small so that Is N 9Q = (. Since V is a
G—invariant function, let us notice that
N—2k

k
(2—Q) VV(x) =D 1o, V+ Y (s;—8)0,V
j=1 j=1

is a G—invariant function too. We can then use Lemma 3.1 to deduce by (3.2) that

S (1 +o0u(1) @B )T (VR T [ ), / R x
i€l jer RN —Fi
Py—Q)-VV(P N-2 N Nk U
2V (Fo) 2 1) [ U2

Since Up; solves (2.2) in RN=*i and decays exponentially fast at infinity, we can
multiply by vy - VU ; and get by integration by parts that

(ke Nokozy g [
p+1 2 RN —k; 0.6 RN —k; 0.

Up to a sub-sequence, we can let

pt+l  N—k;

o= i (An) 7 e, (rn);
i 7L—1>131[-1(>O ptl_ Nk h
maxheL, jeJ, ()‘n>p71 2 Hje]h (Tn)j

and Lo ={i € L: A\; > 0} # 0, and get by (3.2) that
S NEnR(V(R)? / vz, [(Po ~Q) - VV(Py)

ieLO RN—ki 2V(PO)
N -2 N N—Fk N-—Fk —2\"1

(3 ) - e ]
2 p+1 p+1 2

as n — 400, in view of )\é (rt); — +oo as n — +oo for all j € J;. Setting
0o = O(F) (3.3)

Siero MRS (VP T fos, U, [(N—2-220)(Mh - N=him2)=1 4
kg
ziELo Ai(QF)ki(V(PO))T fRN_ki Ug,i
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we deduce that

k
(Po—Q)-VV(Py) + OV (Ry) = [ > 710,V + 6V | (Py) =0

j=1

in view of V,V(Py) = 0. Notice that ©g > 0 unless k; = 0 for all ¢ € L.

If Py € 09, we have to distinguish whether ¢ - v,.(P)) = 0 or not. When
ro - vp(Py) # 0, we can take § = so — t7, where 7 is orthogonal to v4(Fy). For |t|
large, we can find 6 > 0 sufficiently small so that (z — Q) - v has the same sign of
ro - vp(Po) in I5 N 0. By (3.2) we then get that

k k
D 10, VA(s0—5) - VaVAOV | (Po) = | Y100, VAir - V V46,V | (Py)

j=1 J=1

has a given sign (the opposite one of rg - v,-(Fp)). Since this this is true for all
t large, we get that 7 - Vi,V (Py) = 0 for all 7 so that 7 - v5(P), i.e. V,V(F)
and vs(Pp) are proportional. Since 9, V(Py)vs,, (Po) < 0 for all m, we have that
VsV (po) = —pvs(Py) for some p > 0.

If vy (Py) # 0, for 8 = sg — tvs(Pp) as t — t, to := _Tg?éf))f’é‘)’ by (3.2) we get
that

k k
> 10,V A tovs - ViV + 00V | (Po) = | Y100,V + pr vy + 00V | (Py)

j=1 =1

has to be non-positive and non-negative, respectively, yielding to

k
erarjv + @OV (PO) = —uro - VT(R)). (34)
j=1

When vs(FPy) = 0, we have that V,V(Py) = 0, and then the L.H.S. in (3.4) has the
opposite sign w.r.t ro - v.(Py), yielding to (3.4) with p replaced by p' > 0. We are
left with the case ¢ - v.(FPy) = 0. Since we assume x - v(x) # 0 for all x € 9Q, we
have that

PO . I/(PQ) = (’)"0,0,80) . (Vr(Po),O,l/s(Po)) = S0 - I/S(Po) # 0

implies v4(Py) # 0. Given 7 so that 7 - vs(FPy) > 0, the choice § = so — t7 for
t — +oo gives that 7 - V,V(FPy) < 0. Letting T approach the orthogonal space of
vs(Py), we deduce that 7 VsV(Py) < 0 for all 7 with 7 - v4(Py) = 0. Applying
it for 7 and —7, we still get that 7- V,V(Py) = 0 for all 7 so that 7 - v4(FP), i.e.
V.V (po) = —pvs(Py) for some p > 0. With always the same choice of 7, as t — 0F
the inequalities < and >, respectively, have to hold for

k
> 10, V460V | (R,

j=1

yielding to the validity of (3.4) also in this case. O
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