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Abstract. Let (M, g) be a smooth, compact Riemannian manifold of dimension N > 3.
We consider the almost critical problem

N . .
(P) —Aju+ 3 Scal,u = uN/WN=2% in M u>0  in M,

-2

(N-1)
where A, denotes the Laplace-Beltrami operator, Scal, is the scalar curvature of g and
¢ € R is a small parameter. It is known that problem (P,) does not have any blowing-up
solutions when ¢ " 0, at least for N < 24 or in the locally conformally flat case, and this is
not true anymore when ¢ \, 0. Indeed, we prove that, if N > 7 and the manifold is not
locally conformally flat, then problem (P,) does have a family of solutions which blow-up
at a maximum point of the function ¢ — [Weyl,(¢)], as ¢ \, 0. Here Weyl, denotes the
Weyl curvature tensor of g.
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1. Introduction

Let (M, g) be a smooth, compact Riemannian N-manifold, N > 3. We consider
the almost critical problem

_2 * n . .
—Agu—k—h&alguzkuz_l“ inM, u>0 inM, (1)
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250 P. Esposito and A. Pistoia

where A, :=div,V is the Laplace-Beltrami operator, Scal, is the scalar curva-
ture of (M,g), k€ R and ¢ € R is a small parameter. Here 2* := % is the
critical exponent for the embedding of the Riemannian Sobolev space H, ; (M)
into Lebesgue space L} (M).

When ¢ = 0 equation (1) reads as the Yamabe problem. The constant x can be
restricted to the values —1, +1 or 0 depending on whether the Yamabe invariant of

(M, g)

Yy(M) = inf (VOlg(M)Q*N)/NJ

Scal; dv;
geld) I g)

M

has negative sign, positive sign or vanishes, respectively. Here [g] = {¢g: ¢ €
C*(M), ¢ > 0} is the conformal class of g and Vol;(M) is the volume of the man-
ifold (M, §). In particular, if u is a solution of the Yamabe equation (1),—¢, then
the metric § = u*V~?g is conformally equivalent to ¢ and has constant Scalar
curvature k. The Yamabe problem, raised by H. Yamabe [23] in *60, was firstly
solved by Trudinger [22] when Y, (M) < 0. In this case, the solution is unique,
up to a normalization. In general, a solution of the Yamabe problem can be
found by a direct constrained minimization method. As shown by Aubin [2], the
inequality

Yy (M) < Yy, (S7), (2)

where (SV, go) is the round sphere, is the key ingredient to show compactness of
minimizing sequences, which is a non-trivial fact in view of the non-compactness
of the Sobolev embedding H, (M) — L; (M). If (M,g) is not conformally equiv-
alent to (S*,go) (which has already constant Scalar curvature) with Y, (M) > 0,
the Yamabe equation has been solved via (2) by Aubin [2] in the non-locally con-
formally flat case with N > 6, by exploiting the non-vanishing of the Weyl curva-
ture tensor Weyl, of (M,g) in the construction of local test functions, and by
Schoen [17] when either N = 3,4,5 or (M, g) # (S",go) is locally conformally
flat, by exploiting the Positive Mass Theorem by Schoen-Yau [19], [20] in the
construction of global test functions.

In this paper, we study the case when the manifold (M, g) has positive Yamabe
invariant, i.e. Y,(M) > 0, and the problem (1) is almost critical, i.e. ¢ # 0 is small.
In particular, we are interested in the existence of blowing-up solution to (1) as
& — 0. We say that a family of solutions (u,), of equation (1) blows-up at a point
&) e M if there exists a family of points (&), in M such that & — & and
u,(¢,) — +oo0 as ¢ — 0. The question on whether solutions of equations like (1)
with ¢ — 0 blow-up or not has been extensively studied in recent years. Schoen
[18] proved that blow-up cannot occur when the manifold is locally conformally
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Blowing-up solutions for the Yamabe equation 251

flat and not conformally equivalent to (SV,go) provided ¢ /0. More precisely,
Schoen proved that sequences of solutions (u,),.n of (1) with exponents
2* — 1 + & with g <0 and ¢ — 0, are pre-compact in C>*(M), o € (0,1), and
the non-locally conformally flat case was left open. Known as the Compactness
conjecture, it has been finally proved by Khuri-Marques—Schoen [9] when
N < 24. Unexpectedly, compactness of Yamabe metrics (¢ = 0) has revealed to
be false in general in dimensions N > 25 by Brendle [4] and Brendle-Marques
[5]. Previous contributions where the compactness of Yamabe metrics is proved
in lower dimensions are by Li—Zhu [14] (N = 3), Druet [6] (N < 5), Marques [15]
(N <7), and Li-Zhang [11], [12], [13] (N < 11).

In the present paper, we prove that if the exponent in (1) approaches the
critical exponent from above, i.e. ¢ \, 0, then compactness is not true anymore.
More precisely, we prove the following result.

Theorem 1.1. Let (M, g) be a smooth, compact, non-locally conformally flat, Rie-
mannian manifold with N > 7 and Y,(M) > 0. Then for ¢ > 0 small, equation (1)
has a solution u, such that the family (u,), blows-up, up to a sub-sequence, as ¢ — 0
at some point &y so that [Weyl (o), = rgréax[( (Weyl, ()],

Theorem 1.1 is an immediate consequence of the following more general
result:

Theorem 1.2. Assume that there exists a C'-stable critical set 9 of & —
|Weyl, ()], such that inf{{Weyl,(&)|, : ¢ € Z} > 0. Then for & > 0 small, equation
(1) has a solution u, such that the family (u,), blows up, up to a sub-sequence, at
some &y € D as e — 0.

According to Li [10], given a C'-function ® on M, we say that a compact set
9 < M of critical points of ® is a C'-stable critical set of ® if, for any compact
neighborhood U of & in M and for any sequence of C'-functions ®, on M such
that [|®, — ®[c1(y) — 0 as ¢ — 0, there exists ¢, € U critical point of @, if ¢ is
small enough. We remark that a set of strict local maximum/minimum points
or a set of non degenerate critical points are C'-stable.

We prove the existence of blowing-up solutions by the well known Lyapunov-
Schmidt reduction. The main point is to produce a suitable ansatz for the
solutions we are looking for. This is done in Section 2. A similar idea has been
already used by Esposito—Pistoia—Vétois in [7], [8]. In Section 3, we reduce the
problem to a finite dimensional one, we study the critical points of the corre-
sponding finite dimensional functional, i.e. the reduced energy, and we prove
Theorem 1.2. A key step is the asymptotic expansion of the reduced energy, which
is performed in Section 4.
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252 P. Esposito and A. Pistoia
2. Setting of the problem

2.1. Notations. Since Y (M) >0, the conformal laplacian %, :=—A,+
[i’]Y Scalg,. By = %, is coercive and we can provide the Sobolev space H, (M)
with the inner product

{u,vy = J Vu, Vo, dvy + J P Scaly uvdvy,
M M

where dv, is the volume element of the manifold. We let || - || be the norm induced
by <-,->. Moreover, for any function u in L?(M), we denote the L?-norm of u
by [ul, = (fy [ul” dvy) .

We let i*: L2V/WTD (M) — H)!(M) be the adjoint operator of the embed-
ding i : H) (M) — L*N/W=2(M), i.e. for any w in L*/(VF2(M), the function
u=1i*(w)in H gl (M) is the unique solution of the equation Zu =w in M. By
the continuity of the embedding of H, (M) into L*N/N=2)(M), we get

[*WIl < Clwloyyvsa)  orequivalently  [lul| < ClLulyy)viay  (3)

for some positive constant C which only depends on N. In order to study the
supercritical case, it is also useful to recall that by standard elliptic estimates

(see for example [16]) given a real number s > %5, ie. 25 > %5, for any
w e LN/(N+29( M) the function i*(w) € L*(M) and satisfies
[i"(W)ly < Clwlyg/ving  orequivalently  ulg < ClLyulygviag),  (4)

for some positive constant C which only depends on N. Therefore, if € is small
enough, we set s, := 2" + % ¢ and we let H, := qu (M)~ L*(M) be the Banach
space equipped with the norm ||ul|, := [Jul| + |u|,. Taking into account that

N]Xﬁ = 5273 and also that (3) and (4) hold, we can rewrite problem (1) as

u=1i'[fe()], wueH (5)
pte N+2

where we set f(u) := u}"", p:= 575 and uy := max{0,u}.

2.2. The bubbles. The main ingredient in the construction of the solution to
problem (1) are the standard bubbles

—(N— X—Yy
U/hy(x) =H W 2>/2U<T)7 > 07 Y€ RN? (6)
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where

1
Ux) =oay——————— oy = [N(N —2)]¥2/4,
( ) N (1 N |x|2)(N_2)/2 N [ ( )}

As it is well known (see [1], [21]), they are all the positive solutions of the equation
—Au=u” in RV,

Unfortunately, the standard bubble is not a good approximation of the solu-
tion we are looking for, so we have to improve the approximation in the follow-
ing way. It is well known (see [3]) that any solutions of the linear equation
—Av = pU?~'vin RY is a linear combination of the functions

N-2 N-2 1-|x
Z%x) = x - VU(x) + ——U(x) = ay (7)
2 20 (L™
and
. X
Zi(x)=0;U(x) = —-(N - 2)ay ——————, fori=1,...,N. 8
() () ( )N<1+|X|2)N/2 ()
Straightforward computations show that
(i) the function
p 4.3
ooy (1x]” +3)

w(x) = —

2N(N 4 2)(N = 2)(1 + |x]H)N*
solves

1

—Aw —pUP'w=U—-(Z° inRY, C::()i2
120N L2 @)

JRN U(x)Z°(x)dx (10)

(ii) the function

ok (200 (|x]* + 3) — (N + 2)xex(|x]* + 3))

) NN TN = ) (t
solves
—Avy — pU oy = x10,U = Z°  in RY,
Ci = %J X0 U(x)Z°(x) dx (12)
[ FETERL
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254 P. Esposito and A. Pistoia
(iil) the function
Zabif(x) = o (2(0updy — 20aidsy — 2040m) (|x|* + 3)

+ (N + 2)(0aiXpXj + OajXpXi + OpiXaXj + OpjXaXi

+ OupXiXj — 25,~jxax;,)(|x|2 +3)

+2(N +2)(N = 2)xxx:%7) / (12N (N + 2)(N = 2)(1 + [x[H M), (13)

solves
—Azyp —pU"’*lzabij = xaxb(?;U — CahijZO in RV,

1

Cabij ' = ———
120112 )

I N Xuxbﬁisz(x)ZO(x) dx. (14)

Here the notation J,; stands for the Kronecker symbols. Defining the function
V as

1 *
V= _gRiabj(f)Zabij - alrsks(f)vkl — By Scaly (&)w + 72y,

where

1 1
= —ZJ (— Riatj (€)zanis + OTE (v + By Scalg(f)w> Zy dx,
1Zo]l; Jav \3

then ¥ is a solution to (see (10), (12) and (14))

1
—AV —pUP'V = — §R,-abj(é)xax1,6§-U — 0Tk (&) X0, U — By Scal (&)U
+9Z°  inRY,

where

1
7 =3 Rabip(E)any + ATy (&) + Py Scaly(£)C. (15)

Remark 2.1. In [8] a similar construction is performed. Thanks to some symme-
tries properties, it is shown there that y = 0 and the function V" can be reduced to a
simpler expression. The computations here are more direct and might be useful
in other contexts where such symmetry properties might not be available. In par-
ticular, we aim to emphasize the fact that the condition y = 0 is helpful but not
really necessary in the construction.
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Finally, we point out that the function

Viy(x) o= ,ﬂN—ZWV(X;y), with 1> 0 and y € RV (16)

solves

[E[=AV,y = pUL V)

1
= - ngb_/(é)(x = )X = 9)305Uuy — AT E(E) (X = 1),0k Uy
— By Scal, (&)U, + yZﬁyy in RV, (17)

where Z0 | (x) := pu~ (V21270 (%)

2.3. The ansatz. We let ry be a positive real number less than the injectivity
radius of M, and y be a smooth cutoff function such that 0 < y <1 in R, y =1
in [—ry/2,ry/2], and y =0 out of [—rg,r9]. For any point ¢ in M and for any
positive real number z, we define the functions %, ¢ and ¥, ¢ on M by

Uy (2) = 1 (dy(2, ) Unlexp '(2)),  Vue(z) = x(dy(2.€)) Va(exps ' (), (18)

where d, is the geodesic distance on M with respect to the metric g and the func-
tions U, := U, and V), := V¢ are defined in (6) and (16), respectively.
We look for solutions of equation (1) or equivalently of (5) of the form

U(2) = Wie(2) ¥ 4,(2),  Wine = U + 187 (19)
Here the concentration point ¢ belongs to M and the concentration parameter u
satisfies
u=dye withd>O0. (20)
The remainder term ¢, is an higher order term which belongs to the following
space.

For any point ¢ in M and for any positive real number yx, we introduce the
functions

Efﬂ’g(z) = x(dy(z, f))Zl’;(expgl(z)) fori=0,...,N,

where Z!(x) := u~W"2/2Z!(x/u) are defined in (7) and (8). We then define the
projections I, and Hi ¢ of the Sobolev space H;(M) onto the respective
subspaces

K, := Span{i*(,@’;gf), e z*(Z/]tvc)}
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256 P. Esposito and A. Pistoia

and
K. .={peH)(M):{$,i"(Z,.)>=0,i=0,...,N}.
Therefore, equation (5) turns out to be equivalent to the system
A o
I e{us — [ fo(us)]} = 0,

where u, is given in (19).

3. The finite dimensional reduction

3.1. The error estimate. Let

Epe =T AWe =i (W0} (22)

Lemma 3.1. Let N > 7. If u is as in (20), then for any real numbers a and b
satisfying 0 < a < b, there exists a positive constant C, j, such that for ¢ small, for
any point & in M, and any real number d in [a, b), there holds

1Eucll, < Cape™*.
forn > 2.

Proof. First of all, by (3) and (4), taking into account that Hié[i (y Q’;t )] =0, we
have

1Eucll, < c(1We = T Ua(We) +2Z M + [ We = Ui (We) + 92, Al,,)
< c|Ly(Wpe) = fo(Wpe) — Vg(?5|21v/(1v+z)
+ | Ly (W e) — fs(%,é) — 92, N1 2s)
<c(|%Wue) - — fe(Uye) — zﬂ(%ﬂ,é)%dzz\//wu)
+ [ oWy + #Z“V;}.c) — [ W) = 121 (W )V i elowjov2)
+c(1L(We) =2 — LoUe) — if] ( 1.8V € s,y (V4 2s,)
F e + 12V 0) = [ ) = 121 (U )V iy yovs2s,))-

We have used here that |TT .ul, < |ul; + [T, cul, < |ul, + C|[T,cul < |ul, +
Cllull, C >0, forall u e Hl(M) since | - ]S and || - || are equivalent norms on the
finite-dimensional subspace K, e. Moreover, it is possible to show that the con-
stant C > 0 can be choosen uniformly in ¢, £ and J.
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Blowing-up solutions for the Yamabe equation 257

It is useful to point out that

1

x| U]+ 320U )] + X0 U(x)] < e ayae YeRY (23
(1+|x*)!
and, by (9), (11) and (13), also that
1
V()] + x| 10V ()] + ][0V ()] < C Y€ RY. (24)
’ (14 |xH N0/

for some constant c.
Now, by standard properties of the exponential map, in geodesic normal coor-
dinates, there hold

—Agu = —Au— (g7 — 67)o;u+ g'T o, (25)
g7 (x) =07 (x) — %Rmﬂj(é)x"‘xﬂ +0(|x]), (26)
and
g7 ()T} (x) = 4T {(&)x" + O(|x?) (27)
as x — ¢.

In normal coordinates using (25), (26) and (27) and by the choice of y in (15),
we get

Ly Uye + 12V 302) = [y e) — 101 (U ) Ve — 72,
= 2(=Ag Uy + Py Scal, U, — 1*A Vu"‘ﬂN Scal 12V,
— [o(Ua) = 121 (U) Vie = 7Z,)) + 11 (x) + 12(x)
=2 (=AU~ /o(U))

=0

1
Riatj ()x“x" 05Uy + 0T 4, (E)x 0 Uy + By Sealy () U,

AR A A AR

=0 because of (17)
= 1(f:(U) = fo(UW) = 122 £, (V) = £ (U Vi
+ 1O 107 Uyl + 5?10 Uyl + |x| Uy)
+ 122 O(X 105Vl + X |0k Vil + Vi) + 11(x) + (), (28)
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where (setting y(x) = x(|x|))
ri(x) = =UuAgx = 2AVU, Vi, — (7 = 0) fe(Uy) (29)
ra(x) == —12(Vilgy + 2V V0, Vo] — 12 ("™ = 0. (U ) Ve (30)

We only estimate the |- |,y /(v -norm, since the estimate of the |- |y, (vi2s)
norm follows in the same way. First, by (20) we deduce

’X(fs(Uu) - fO(U#)) |2N/(N+2)
< ¢|(d~((N=2/2eo=((N=2)/Belne gre _ 1)U”|sz/<N+z>(RN) = O(ellng]) (31)
and
}X(f.g/(Uu) - fol(Uu)) Vl"2N/(N+2)
<A (U = 15Uyl Vilowjv—2)

< o ((p + &)d~(V-D/Dee=(N-D/Seme e _ ) Upil’LN/Z(IRN) = O(ellneg))  (32)

Moreover, by (23) we deduce

3 : o(w’?) if N=1,
|O(X 105 Ul + X110k Ul + (¥ U baneji2) = § O3 |ingd™®) it N =8, (33)
o(?) if N>9

and by (24) we deduce

O(uN=9/2) if 7<N <9,
|OUXIP105Vul + X 13 Vil + Vi lawjvezy = O(2lIng?®) if N =10,  (34)
o(x?) if N >11.

We also remark that r;(x) = 0 if |x| < ry for each i = 1,2,3. Therefore, by (23)-
(24) we get

Irtllon vy + 172 llon vy = O(uN=272), (35)

Inserting (31)—(35) into (28), by the choice of x in (20) we deduce that

| Ly (U + 177 3.8) = Lol WUe) = 101, U ) Ve = 72,0 clanjv o)
= 0("%|Ine|”®). (36)
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Since p + & < 1 for ¢ small and N > 7, we have the validity of
(a+b)7" —a™ —(p+e)a’** b = O(|b|"™) (37)
for all a > 0 and b € R, yielding to
el + 182V ) = Jol &) — 121, (W) Vi elon jov )
< iVl

+é&
2N/(N+2))(p+e)
— 0(ﬂ2p—8((N—6)/2))_ (38)

By choosing 2 < 7 < min{3,2p}, the claim follows by collecting all the previous
estimates in view of (20). O

3.2. The remainder term ¢. For ¢ small, for any g > 0 and any point ¢ in M, we

introduce the linear map L, ¢ : K- — K defined by

Le(8) =T, ¢ — i [f) (W) 9]} (39)

Lemma 3.2. If u is as in (20), then for any real numbers a and b satisfying
0 < a < b, there exists a positive constant C, j, such that for & small, for any point
& in M, any real number d in [a,b], and any function ¢ in Ki &> there holds

1Ly e (@)ll; = Capll .-

Proof. We argue exactly as in Lemma 3.1 of [16]. O

Proposition 3.1. Let N > 7. If u is as in (20), then for any real numbers a and b
satisfying 0 < a < b, there exists a positive constant C, , such that for ¢ small, for
any point & in M, and for any real number d in [a, b], the first equation in the system
(21) admits a unique solution ¢, ,, - in K, L & which is continuously differentiable with
respect to & and d, such that

165,61l < Cape™* (40)

for some n > 2.

Proof. We use a standard contraction mapping argument. For ¢ small, for any

e Mandany u>0let 7, ¢ : Kﬂlq — Kﬂﬂ be defined by

Tye(g) = L;,é(Nu,é((ﬁ) - Eﬂﬁi)’

where L, ¢ is defined in (39), E, ¢ is defined in (22) and

Nue(p) =T AW e + 6) = fi(We) = £ (W )91}
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260 P. Esposito and A. Pistoia

By (37) we deduce that
N (D), < cllpll?™

in view of 7% (p +¢) < s,. Similarly, since

(a+ b)) = (a+ b)) = (p+e)a”* (b1 — by)
= O(|by — ba|"** + |bo|"** " by — ba])

for all a > 0 and by, b, € R, we get that

1N, e(d2) = Nye(di)ll, < cligy = hillZ + 102127 16y = )

Notice that #,, ¢ > 0 by taking Jy sufficiently small. Using Lemmas 3.1 and 3.2, it
is easy to show that, if ¢ is small enough, T, ¢ is a contraction mapping from the
ball {¢ € K; el < Ce"/*} into itself, provided C is large enough. The proof is
concluded. O]

3.3. The reduced problem. Let J,: H, — R be defined by

pte+l dv
g-

1 1
Je(u) == EJM |Vg”|2d"g +§JMﬁN Scal, uw’ dvy — pretl JM +

Its critical points are the solutions of equation (1). We also define the reduced
energy J; : (0,+00) x M — R by

je(dyé) = Ja(%,u,é +,u2n//1.,§ + ¢s,,u,c_’)7

where %, : and ¥, ¢ are given in (18) and where ¢, , . is given by Proposition 3.1.

Proposition 3.2. (i) If (d,,¢,) € [a,b] x M is a critical point of the function J,,
then Uy, ¢, + 127 ¢, + By, ¢, is a solution of (1).

(1) If wis as in (20), then for any real numbers a and b satisfying 0 < a < b, there
holds

Ji(d, &) = ey +dye + eyelne + e[—ay|Weyl (&) |2d* + by Ind] + o(z), (41)

0(d,<)

Cl-uniformly with respect to & in M and to d in [a,b]. Here ay, ..., ey are
constants which only depend on N, with ay,by > 0.
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Proof. (i) follows arguing exactly as in Proposition 2.2 of [16]. The C’-estimate in
(i) is proved in Section 4. The C'!-estimate follows using similar arguments as in
Section 4 of [16]. O

3.4. Proof of Theorem 1.2. Let & be the C!-stable critical set of the function
& — [Weyl, (&), such that [Weyl (¢)], # 0 for any & € &. Then, for any & e 9
there exists a unique d(¢) € [a,b], for some uniform 0 < a < b, such that
049(d,¢) = 0. It is not difficult to check that the set & := {(d(¢),&) | e 2} is
a Cl-stable critical set of the function ®. Therefore, by (ii) of Proposition 3.2,
if ¢ is small enough there exists &, € & such that dist(¢,,Z) — 0 as ¢ — 0 and
(d(&,),&,) is a critical point of J,. Hence, by (i) of Proposition 3.2, we deduce
that u, = Uy ¢, + 127 e, + 4, u¢, is a solution of (1) which blows-up, up to a
sub-sequence, at some &) € & as ¢ — 0. Finally, since . is coercive, the positivity
of u, follows by the maximum principle.

4. The expansion of the reduced energy
The proof of (41) follows immediately by putting together estimates (45)—(47) and

(58)—(60).
It is useful to introduce some notations. Set

4
Ky =,|————.
VNV —2)0iY

For any positive real numbers p and ¢ such that p — g > 1, we let

o [T [T, 42
IP_L A+’ JO 1+ (42)

In particular, there hold

p—q—1 1 g+1
i, = ) Iy and  IT = P IANE (43)
As it is easily checked, we get
N 2KGN
IN/Z B WN N (44)

NoTN-I(N = 2)oon - a% (N — 2)2(01\/71 .
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Step1 We prove that
(U + 127 32) + O(e"). (45)

JS(%Mé + :uzyl‘lyf + ¢ﬂ,é) =

Proof. 1t holds

Je(Uy ¢ +/‘2%15 + ¢u,5)
= Ty e + 177.2)

EJ Vo e dvy + J B Scal, ¢2 . dv,
*]
P
g

[y (e + 1827 308) = [o(WUe) = 101 (U &)V 3 ey Vg
JolWe) = 121, (U )V el by e dvy

ey + 12 ) —
(Fo Uy + 17V e + ) — Fo(Uye + 12V )

— JelUye + 1 7//4,5)%,5] dvg,

= F/(u). By (40) we get

&

where F,(u) := Hllﬂ P and fy(u) =

1 1
J \2 ﬂc| dv, + J By Scal, ¢ﬂfdvg_0(g'7/2)

2
0»¢ﬂ"5 =0 we get

If y is defined as in (15), by (36), (40) and |,,
| (e 050 = 10,0 = 12,9510, v,
<|Ly(U: + #Z"Vu ) = felUye) — ﬂzfg/(%u,é)"/ %?g\zzv/(zwz)

x | ,c“|2N/(N—2) = 0(8’7/2)-

By (38) and (40) we get
| Ut = 1000 = 2 0,51y
< el fillye + 12V 50) — fol Uy ) — #zfe/(%u.é)%t,ﬂzw(zvﬂ)|¢y,§|2N/(N—2)
= 0(e"?).

Finally, by a Taylor expansion of F, we get

(p. 262)
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Blowing-up solutions for the Yamabe equation 263

jM[Fx%:w Vit 000) = Fall e+ 12508) — fill e+ 1277568, dvy

-1
ch<|%¢ Y el e 17Nl

—1 2 1
< o[y, +ﬂ2Vu,é|ﬁf e |¢ﬂ,g’|,1¢1:) =0("?)

in view of [1)’ PtD) 41+ ¢ < s, for & small and (40). Collecting all the previous
estimates we get (45) O

Step 2 We prove that
W+ 1) = oty ) — jM[Fg(%@) — Fo(t, )] dv,
[ {M{%%cs — fo,0)
1 .
+ 5/14[39"//@5 — Jo (&) 1¢] }%té dvy
+0O(7). (46)
Proof. 1t holds
JS(%u,f ‘5‘/‘2"//;,5) = Js(%uyf)
+u j (Ll — foUy o)V + 1 j o) — f ) Ve

b3nt |9l = K7 2 vy 5

! I JM By Scal, 7, dv,
5 J (J%i)]"f,ff dvy
- [F Uy + 12776 = F,.2)

O~ L, |

— Jo(H,.¢) jM[Fg%f) — By, dv,

1
s {1 - .0+ - 75 s

+ 0(87/5)
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because by (31) we get

w|| e~ f e,
< Cﬂ2|f0(%ﬂ,5) —ﬁe(%u,cf)bzv/(zwz)|"V/uf|2zv/(1v72) = 0(53/2|1n8|)

and by (32) we get

W || 180ne) ~ i e

< | (fs (Ue) = 1 (W) Ve yy sy Vielonjv—a) = O Inel).

Moreover, since

1
JM [Fe(%f + W e) = Foly ) — o Uy )1V e — Eﬂ(%é)ﬂ“"ﬁg}

1
- JM jo s+ 02Y52) — Fie) — U Y 2 e

by (37) we deduce

. 1
JM Fe(%@é + ﬂzy,é) - FC(%Mf) - fc(%ﬂ,é)ﬂzw,é - Efé,(%ﬂ:é)#étﬁff dvg
- CJM 12T P dvy = O N-D-(V-6)/2)ey — (NN,
Collecting all the previous estimates we get (46). O

Step 3 We prove that

To(Upe) = 1+ (—e2|Weyl (€)| + e3|Eg ()] — ca Scaly (&))ut + O(1%)  (47)

where
Ky KN
€= —7 € 1=
N 24N(N — 4)(N —6)
K7N(2N — KiV(N -2 -
.. PN —7) . DWW -T)

TISN(N —2)(N —4)(N —6)’ TTNIN-D)(N-4)(N-6)

Here Weyl, is the Weyl curvature of g and E; = Ric, — Scal, g is the traceless part
of the Ricci curvature of g.
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Proof. There hold

L — 1 2 4

oy V1 LBN) Scal, do, = Scal, (&) N Ay(E)r~+0(r"), (49)
and

| ey =1 g sea @ a0t 00, (50)

oy gy 6N g ’

as r — 0, uniformly with respect to &, where dg, is the volume element of 0Bs(r),
@, is the volume of the unit (N — 1)-sphere, and where

Ay() = Ay Scal, (¢) + 5 Seal, (&) (51)

and

5 = 18A, Scaly (&) + 8|Ricy (¢)|> — 3|Rm,(&)|7 + 5 Scal,y(¢)°

2
g 360N (N +2) (52)
The orthogonal decomposition of Riemann curvature is given by
R, (&) = [Weyl, ()2 + —— [E,(&)? + ——— Scal, ()% (53
Ry (&)} = [Weyl, (©)} + 575 B @) + gy =y Seala (@ (59
Moreover, we get
. 2 2 1 2
[Ricy ()l = [Ey(&)ly + 5 Sealy(<)™. (54)

By (43) and (50), we compute

J |VUﬂ,cf|5d”g
M

2(N 2)2J~r0/2/l 2 J do, dr 1+ O v 2)
= - — gy ar + B
N o 1+ op ! :
ro/2u  LN+1

= o} (N —2)*wy_ J B

v )y N o (1 +r2)N

1
X <1 ~eN Scal, (E)u*r? + A, (E)utr* + O(,usrs)) dr+0(uN=?)
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a (N — 2)2 (/20 N2
=———F——mN-1] ~
(I+7r)

g (1 - % Sealy (O)ur + Ay ()u'r + 0(ﬂ5r5/2)> dr + 02

1
s (I — WI}VNHW Scal, (&)u® + IV 4, (E)u* + O(ﬂS))

= afZV(]Vz_z)sz 1[N/
. (1 N 6N]¥1\;L—2 1) Scaly (&) + %%(é)ﬂ“ + 0(u5)> (55)

where A4,(&) is as in (52) and I}(}V/z is as in (44). By (43) and (49), we compute

ro/2u 1
Scal U dv = o2 2J 7J Scal, do, dr + O(u™ 2
.[M ! R A+ 2oy 0 W™

ro/2u erl

2 2
= ONyOWN-1 T N
N : Jo 1+ )N

X (sCalg(é) - %Ag(g)uzﬂ + O(,u4r4)> dr+0O(u™2)

o2 R J<ro/2u>2 F(N=2)/2

= — _—
2 N 0 (14r)N2

X (Scalg(é) - %Ag(é)uzr + O(,u4r2)> dr +O(u"=?)

1
= oy (105 sl (€) — S 1B+ 00

N
 204(N = 1)(N = 2oy’
B N(N —4)

< <sCalg(5) —ﬁ/\g(ﬁ)ﬂz n o(ﬂ5)> (56)

By (43) and (50), we compute
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J 5 d 5 Jro/z,“ 1 J d d O( N)
Uz .dv, = a P EE—— gydr+O(u
v P o )Y o

ro/2u erl
L IJ
= _ JE—
N YN N

0o (1+r)

« <1 _% Scalg(é),uzrz+Ag(f)u4r4—|—0(ﬂ5”5)> dr+O(,uN)

a2 J(m /2p)* F(N=2)/2

N
= — WN-—
2 N 0 (1+r)N

X (1 — % Scalg(éf),uzr + Ag(é),u“r2 + O(,u5r5/2)> dr + O(yN)

2%

o _ 1 np2
:70)1\1_1 <In(N 2)/2 —WIN/ Scalg(f),uz

+ IR 4yt + O )) dr

062 o szf N/2
_ay(N 2)2 Iy <1 B 6(N1_ - Scal, (&)
S gy A€l + O ) i (57

as u — 0, uniformly with respect to &, where A4,(¢) is as in (52) and Iji,v 2 is as
in (44). Finally, estimate (47) follows from (55), (56), (57) by means of (53), (54).
O

Step 4 We prove that
J (Fo(Uy, ) — Fo(Uy ) dvg = cse — coelne — deseInd + o(e[lng]) (58)
M

where

1 1
. + InU

. cgi=—— KN,
(p+1)? p+1 N

C5 1= Up+1
RN

Proof. By the mean value theorem we deduce
| 0 - R as,

- [ o :

p+1+8(%ﬂ’é) _p+1]dv9
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1 1
— J Up+1 |: es(f(N72)/21n/1+ln U) _ :| + O(ﬂN)
{Ivl=<n/2) ptlte p+l
1 1 -2
:gJ urtt|— 5+ (—N 1nu+1nU>
RY (p+1)° r+1 2

+ 0(?[Ine|*) + O(u™),

and so we can get (58) in view of [y UP*! = Ky, as it follows by (43)-(44).

]
Step 5 We prove that
1
| {1, = fi o+ 312005 - R,
1
:§ﬂ4 JRN(AV+pU”’1V)V+0(,u5). (59)

Proof. Since U, : ~ u'N=2/? and p?v; ¢ ~ uN=2/2 away from ¢ (along with a
similar control on the derivatives), by (25)—(27) we get

1
| {itme - fi 4 3105~ R,
_ J { 12[~A Uy + By Scal, Uy, — U?]
3(0,1‘0/2)

1 ~ ~
+§y4[—AgV,, + By Scaly V, — pU? ‘V,,]} Vilgl'? + 0(u™?)

1
= i L(O R {5 Riaj ()x“x" 05U, + 0T (€)' 0 Uy, + By Scaly (€) Uﬂ} v,
510
+u2J [Vl O(|x* 105 U] + X160k Uyl + x| U,)
7o

)

+—u4J —AV, - pUI W1V, lg
B(O,Vo/Z)

+u4j NI ARNICARRTA)
510

i

7 JB(O7 r()/2)

4
_ %JR AV + pUP ' V)V + O(4|In )

in view of (23)—(24) since ¥, does solve (17). O

AV, + PU,5771 Vi Viu+ O(1|In ]
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Step 6 We prove that
JRN[—AV —pUP™' VIV = ¢1]E4(&)]] — cs Scaly (€)°, (60)

where (see (48))

— (2N — K" _ s
TTONN-—)(N-4(N-6)

(N = 2)(N — K"

cg 1= 36N2(N— 1)(N_4)(N— 6) = 2c¢4.
Proof. We have
J (—=AV —pUP ')V
RV
1 62 6 k a N -2 1
= 3 Rianj(E)xaxp05U + A5 ()x kU+msCag(§)U

1 , N -2
X <§ Rivaprjr (E)zamrinys + 0o (E)ori + IN=T) Scalg(é)W)-

4(N

Therefore, it follows that

J (—AV —pUP 'YV
RN

1

= 5 Riai (E)Riarwrj (&) J

9 . xaxbaizj Uza’h’i’j’

R
1
+ gazrﬁ(é)Ri/a/bﬁi'(é) J

L N=2
2N —1)

1 ! i
+ —R,'abj(é)a]/rf,s,(é) J xaxbafj Uvprp + all"ﬁ,(é)al/l"@,(é) J X0, Uvgrpr
RN b RN

. X10k Uzgrprivjr
R

Scalg(f)Ri/a’b’_/'(i)J v Uzyipiinyr
R

3
N-2 ,
4N —1) 1 /Fk"’ 11
Ty Scaly (&)dr Ty () JRN Uvgrr
+N—_2
12(N - 1)
Nifz
4N —1)

Seal, (ORuty(€) | x5 U

+ Uw.
N

R’

_7)?
Scalg(é)all"f;(é) JRN X0, Uw + 1(6](\2\7—1)2 S(:a]g(f)2 J
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Since alfk(é) 2R3k51(f) for all k,/,s=1,...,n and Ru(&) = —Rip (&) =

—Rupj(&) for all a, b,i, j=1,...,n, we get

1

9 Rianj (E)Rirarprjr (€) J . xaxba,i' Uzgpriryr

R
1
+3 AT E (&R (&) J X0k Uzgrprinyt
Rl\/

N-2
=-3 OCNRmib(f)Ri'a'b(j’(f)J

xaxbza’b’i’j’
RY (14 x|V

p+1

e O TR (EVR o (E) — AR (EVR
B 108N(N_|_2) [(thazb(é)Rzaaz (é) 4Rlﬂbj(f)Raabb (é)

4
— 4Ruip (E)Ritarivar () J Xaxp(]x]” +3)

(1 |x)"
xaxpxp X (|x]2 4 3)
(N 4 2)R i ()R (E J J
( JRiaiv ()R araryjr (€) e (1)
xax;,x;,/x,-,(|x|2 +3)
+ (N + Z)Rmib(f)Ri'a'b'a’(f)j , N
rY (14 [x]%)
(V4 DRaan Ry (D) | xop iy ([ + 3)
iaib i'a'i’j’
e )Y

XaXpXit Xg/ |x| +3)
+ XY

XaXpXir Xjr (Ix]* +3)
(14 |xH)"

+ (N + 2)Riazb Rl’a’b b’ J N
R’

+ (N + 2)Riazb Rl’a a/ J
RN

XaXpXarXpr (|X]7 + 3)
RV (L+[x)Y

— 2(N + 2)Ruin (&) Ryrarprir (€) J

XaXpXar Xp' Xjt Xjr

+2(N+2)(N — 2)Riaib(é)Ri/“/b/j/(é) JRN (1+ |X|2)N

p+1 4
ok XaXp(|x]" + 3)
= —Riai Ri’a’i’a’ N A
SN (N +2) Riat(S) ©) JR 1+ )Y
p+1 2
_IN Rpo o XaXpXa'Xp' (X" 4 3)
36NRzazb(f)Rz’alb (é) JRN (1 N |x|2)N
A R R O bl 1 )
18N2(N+2) lala ra't'a RN (1+|x‘2)N
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p+l1

- W (2 ; Riaip (&) Rirainp (&) + a; Rivia(E) Rirarirar (€)
+ 3R DR ®)) | W
_ %}CH) (2[Ric, (&)[2 + Seal, (&)) JRN W
B 36NZ§;+ 2) Sealy (¢)? JRN (Y - 2)|x(|14; |3x(|]z\;z_vF Dl + 6N)
- WNIH) B %
Similarly, we get
Rin(® | | Vs
T 12N(N fg;(N -2) [(QR"““"(C) ~ 4Raap(€) ~ 4Riaia(0)) JRN %

(N + 2) Ry (&) J “3) (N 4 DR u(O) J

RY (14 |x|%)M!
x,-x,,(|x|2 +3)
RY (14 |x]7)N!

RN (1 + |X|2)
2
o T Y 2R

(e 2

LN 2>R,»a,~,-<f>j

xaxp(|x]2 4 3)

+ (N + Z)Rma_/(f)J Y (14 PN

+2(N +2)(N = 2)Ry(&) J e }

w1+ 33"

O({Jerl |X|4 +3
= - Rigia —
e T Mt

oy < (IxI* +3)

+m iaia(¢) J\RN (1+ |x|2)N71

_ o (N = 2)|x]* = 3(NV + 2)|x]> + 6N
=TIVt (v —2) () JRN 01 P :
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We also compute

Tk () JRN Uty
TNV jgl(N gl J RY %
s L
~ 6NN ﬁ; =2y >l J &Y o 2)|x|(“1—+3|i1|\;);21)|x|2 -
and
SR | xuxid o
FArEATE) | xvw o
= 2 Run(OR a0 JRN %
_ w‘(“]%:z)Rm[b(g)Rsksk(f) JRN W
" lg_N Rin(ORua(¢) | | x"xlg"fﬁ'jli')z sl
_ %};Lz) RasaRaa©) | | %
!
RN (2 ;} Riain (€) Ryas (&) + ;Rmm(f)Rsksk(f)
b2
R R (©) [ LD
— _% Scal,y (&)’ JR %
; WNlm (IRic, (O + Seal, ) | | %
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p+l

o o[ XV =2)|x]* = 3(N +2)|x]” + 6N)
SR TE R (I )"

oy [l +3)
o B Ok

Moreover, we get

lRm;,j(f) J xax;,(?izj Uw + 51F£‘s(§) J x;0,. Uw
3 RN RN
N —

2 x| w(x)
== anRigia(€ J N
3N Y © RY (14 |x|%)N/?
e x| (|x]* + 3
-S| BEGL Y
ON2(N +2) Y (14 |x])
and
J Un O(X;Ll J |X|4+3
W= — .
RN 2N(N +2)(N =2) Jgv (1 + |x[H)V!

It follows from the above estimates that

J (—=AV —pUP 'YV
[RN

R T J x*(1” + 3)
I8N2(N +2) 77 Jgn (1 + [xH)Y
p+1 6
Oy 2 |x|
+——N _Scal,(¢)*|(N -2 N—4J —
288N3(N — 1)° o) [( ) ) rY (14 |x])Y
2 |X|4
+3(N?-8N+8)| — o
rY (14 [x[7)
—3N(7N—10)J L+9N2J ;}
r (14 [x)Y r (1+[x})Y
p+1
Uy WON-1 2/ 7 (N+4)/2 (N+2)/2
+ M Scal, (€)2[(N — 2)(N — 4) 1N/
S76N3(N —1)2 ¢ N

+3(N? =8N + &) IV _3N(TIN — 10)1)? + oN2 N2
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_ OcprN,
~ T Aty B
(N = 2)*(N = N)oiy" oy
CT2N3(N - 1)(N —4)(N —6)
_ (2N = T)KyN
T ON(N —2)(N — 4)(N - 6) Ey()]7
(N —2)(N - T)Ky"
36NN~ 1)(N = 4)(N - 6)

1)/ Scal, (¢)*

Scal, (&) 2,

which proves (60).
We have used the following important fact:

1
J <§ Riaj (€)Xaxs03 U + 0T 5(E)x,0 U + By Scaly (&) U) Zo
RN

2
= - % Oﬁgzvaib(f) J

XaXp(1 — |x|2)
Y (14 ]x|%)"
(N -2)? 1—|x?

2
+78(N 1 oy Scaly (&) J[RN ‘(1 n |x|2)N71

2 4 5

=2 g ) J (V= )lxl* = 4V — Dl + 37

24N(N - 1) o T+

(N-2)?%

= e Avon-i Seal

BNV -1y “ven-1 Sealy (<)

X (V=412 =4y = P+ 3n )
—0. .
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