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TWO-DIMENSIONAL EULER FLOWS
WITH CONCENTRATED VORTICITIES

MANUEL DEL PINO, PIERPAOLO ESPOSITO, AND MONICA MUSSO

ABSTRACT. For a planar model of Euler flows proposed by Tur and Yanovsky
(2004), we construct a family of velocity fields we for a fluid in a bounded
region ), with concentrated vorticities we for € > 0 small. More precisely,
given a positive integer o and a sufficiently small complex number a, we find
a family of stream functions . which solve the Liouville equation with Dirac
mass source,

Ay + e%ete = dradp, . iInQ, e =0 ondQ,

for a suitable point p = ps.e € Q. The vorticities we := —At. concentrate in
the sense that
a+1
we + 4madp, . — 8w Z Opa,eta; =0 ase—0,
j=1

where the satellites a1, ...,aq+1 denote the complex (o + 1)-roots of a. The
point pg.e lies close to a zero point of a vector field explicitly built upon
derivatives of order < a + 1 of the regular part of Green’s function of the
domain.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

We are concerned with stationary Euler equations for an incompressible and
homogeneous fluid,

(1)

where w is the velocity field and p is the pressure. The domain €2 is either the
whole R™, n = 2,3, or a smooth, bounded domain €2. In the latter situation the
velocity field w is naturally required to be tangent on 92, that is,

(2) w-v=0 on 02,

(W-V)w+Vp=0 inQ,
divw =0 in Q,

v being a unit normal vector to 0€2. We shall restrict our investigation to the planar
case n = 2 when {2 is bounded and introduce the vorticity w = curl w. By applying
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the curl operator to the first equation in (), we are reduced to the Euler equations
in vorticity form,

(3)

supplemented by ([2]). We refer the reader to the books [25] and [23] for an exhaustive
treatment of fluid mechanics models.

Let us further rewrite Problem (@B]). The second equation in (@) is equivalent to
rewriting the velocity field w as

W = (3121/1, _8r1w)'

In turn, the vorticity w expresses as w = —A1 in terms of 1, the so-called stream
function.

Now the ansatz w = f(1)) guarantees that the first equation in (@) is also au-
tomatically satisfied, and then the Euler equations reduce to solving the elliptic
problem

(4) At + f(1h) =0,

with Dirichlet boundary condition ¥ = 0 on 92 on a bounded domain £ to account
for @).

Many choices of f are physically meaningful and lead to vortex-type configu-
rations. The Stuart vortex pattern in [30] corresponds to f(¢)) = e2e¥. Tur and
Yanovsky have recently proposed in [35] a singular ansatz

flw) = e — drad,, o €N,

w-Vw=0 inQ,
divw=0 in Q,

to describe vortex patterns of necklace type with (a+1)-fold symmetry in rotational
shear flow. Both papers [30, [35] consider Problem (@) in the whole R? and explicit
solutions are easily built according to Liouville’s formula below. On a bounded
domain €, a statistical mechanics approach in [5 [0, [20] has provided a rigorous
derivation of Stuart’s ansatz.

In this paper we consider the Tur-Yanovsky problem on a bounded domain §2, a
much harder issue to pursue. In terms of the stream function 1 we are thus led to
the singular Liouville equation

{ A + g2 = 4mad, in Q,

©) P =0 on Jf).

The parameter € > 0 is small and, as we will see, its smallness will yield to flows
having vorticities w concentrated on small “blobs”.

Liouville-type equations arise also in several superconductivity theories in the
self-dual regime, as for the abelian Maxwell-Higgs and Chern-Simons-Higgs theo-
ries. In the latter model, a mean field form of Problem (@) on the torus arises as
a limiting equation for nontopological condensates as the Chern-Simons parameter
tends to zero as shown in [28] 32]. Problem (@) is a limiting model equation in
this context and explains why it has attracted a lot of attention, as we describe
precisely below.

In a superconducting sample ) a Dirichlet boundary condition ¢ can be imposed
and the homogeneous case ¢ = 0, discussed in [I8], is especially interesting since it
describes a perfectly superconductive regime on 0f2.
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The regular case « = 0 in Problem (), sometimes referred to as the Gelfand
problem [16],

Ay + e2e¥ =0 in Q,
(6)

Y =0 on 01,

has been broadly considered in the literature. When € > 0 is sufficiently small, the
existence of both a small and a large solution as ¢ — 0 has long been known as
first found in [I1, [19]. In the language of the calculus of variations, applied to the
functional

I =3 [ 1o -e [ et vemy@),

the small solution corresponds to a local minimizer, while the large solution is a
mountain pass critical point. The blowing-up behavior of a large solution was first
described in [36] when € is simply connected. In the general case, the analysis in
the works [4, 22], 26] 27, [31] yields that, if ¢, is a family of blowing-up solutions of
@) with 2 fQ e¥= uniformly bounded, then, up to subsequences, there is an integer
k > 1 such that £2 fQ e¥= — 8rk. Moreover, there are points &5, . .. ,&; in €, which
remain away one from each other and away from 0f2, such that

k
(7) g2V — Z 8mdes =0 ase—0
i=1
in the measure sense. Besides,
(8) Vou(El, -, &) =0 ase—0,

where
H(&1,6) ifk=1,

(g a"'ag ) =

Here G(z,€) denotes the Dirichlet Green’s function in 2, namely

G(e,6) =Tz~ ) + H(5,8), T(:):= 5 log %
where H(z,§), its regular part, satisfies
H(-&) = -T(-—¢&)  ondQ.

Moreover, refined asymptotic estimates hold, as established in a general setting in
[7,21], which lead to the computation of the Leray-Schauder degree of an associated
nonlinear operator in [§]. In particular, ¢, satisfies

k 8 2
(10)  Ye(z) = 87T;G(z,§f) +o(1), e(z) = log (122 + |/:z_ &)

respectively, away from all points £, and around each of them, for some p; > 0.
The family of functions

5 + o(l),

82

W7+ = PP

(11) We . e(2) == log (
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corresponds to all solutions of the equation
Aw + %¥ = 0 in R?,
such that [, e < +o0; see [9]. Besides,

52/ eVert = 8, g2eWeme 8mde ase — 0.
RQ

The reciprocal issue, namely the existence of solutions with the above properties,
has been addressed in [I], near nondegenerate critical points of ¢y, and in [12] [15]
associated to topologically nontrivial critical point situations for ¢j. In particular,
it is found in [I2] that 1. as above exists for any k > 1 provided that the domain
is not simply connected.

Important progress in the understanding of blowing-up solutions of Problem (&)
with a > 0 has been achieved in the local analysis in the works [2 [3] [34] from the
point of view of quantization of blow-up levels and Harnack-type estimates. See
[33] for a complete account on the topic.

Concerning construction of solutions to (&) with a > 0, only a few results are
available. The first important remark is that the functions

8p*(1+a)’

(12) wa,u(z) = —47TO¢F(Z —p) + IOg (“282 + |Z — p|2+2a)2

satisfy precisely

(13)

Aw + %e” = drad,, 52/ ever =8r(l+a), e2e¥sr —8r(l+a)l, ase — 0.
R2

When a € N, an integer, the family above extends to one carrying an extra param-

eter a which plays a similar role as £ in ([[I): in complex notation, all functions

8121+ a)?
G2+ [~ Pl — aP P

satisfy ([3) with the third property replaced by

(14) We p,a(2) = —4mal'(z — p) + log

a+1
(15) g2eWemae 8 Z Opta, ase—0,
j=1

where the a;’s are the complex (a + 1)-roots of a.

The difference between the cases @« € N and a ¢ N is not just cosmetics but
analytically essential. In the latter case, a suitable form of nondegeneracy up to
dilations holds for the solutions ([I2]), which allows in [13] [14] the construction of
solutions to (@) so that away from p,

(16)
Ve (2)=—4maG(z,p)+87(1 + @)G(2,p) + o(1) and £2e¥s — 87(1 + a)d, as € — 0.
On the other hand, solutions with concentration points away from p have been built

in [I2], regardless whether or not « is an integer. Whenever k < 1 + «, there is a
solution 9. of (@) and, up to a subsequence, k points §5 € 2\ {p} such that away
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from them,
(17)
k k
Ye(2) = —4maG(z,p) + SWZG(Z,fj) +0(1) and g%e¥s — 87rZ<5§§_ —0ase—0.
j=1 j=1

A natural, unsettled question for which the methods in [12] [14] fail is whether in
case a € N, solutions 1. with property ([If), or for k¥ = a + 1 with property (1)
exist. Expressions ([4)) and (3] suggest that both scenarios may be possible, using
these functions, suitably corrected, as approximations of a solution of (Hl).

The case o € N in Problem (fl) is more difficult, and at the same time the
most relevant to physical applications. Our main result states that both of the
above situations do take place; however, the location of the vortex p does not seem
possible to be prescribed in an arbitrary way as in [I3],[14] in case o ¢ N but rather,
as in the situation of standard type II superconductivity, it is determined by the
geometry of the region and boundary conditions in an e-dependent way.

Let us assume that €2 is simply connected and consider a holomorphic extension

hp(2) = H(z,p) — H(p,p) +iH(z,p) inQ

of the harmonic function H(z,p) — H(p, p) so that h,(p) = 0. This means H(p,p) =
0 and

Hzl (va) = sz(zap)a HZQ (Zap) = _Hzl (Zap) for all z € .
Then we let

da+1 2 (a+2)h,(z
U(p) = g (27D ().

Our main result for problem (&) is stated as follows.

Theorem 1.1. Assume that o € N and that Q is simply connected. Then there
exists 6 > 0 such that for each a with |a| < §, there is a point p, . € Q away from
0N and a flow described by ., the solution of

Atp. + 2e¥= = 4mad,,, in €,
e =0 on 09,

for which the associated vorticity w. := £2e¥s —Amad,, _ is concentrated in the sense
that
a+1
(18) we + 4Ty, =87 Y Oy, 4o, =0 ase 0,
j=1
where the a;’s are the complex (o + 1)-roots of a. Besides we have
U(pge) =0 asla|+e— 0.

For a > 1, we observe that a+ 1 vertices of any sufficiently tiny regular polygon
can be allocated with a suitable center to yield these vertices as an asymptotic
concentration set. The solution predicted satisfies

a+1
Ve(2) = —4naG (2, pae) + 87 Z G(%,pae+aj)+0(l) ase—0
j=1
away from the concentration points. Let us observe that this result recovers the
one known for a = 0, where p, . = £ —a and where £°, the point of concentration,
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approaches a critical point of the Robin’s function. Let us notice that indeed, for
a=0,
U(p) =0 <= V.H(p,p) =0.

In general, the condition ¥(p) = 0 involves derivatives of orders up to a+ 1 of the
function H(z,p) at z = p. Notice also that the function ¥(p) is well-defined even if
Q is not simply connected. We suspect that this requirement may be lifted but our
proof uses this fact. Theorem [[.T] will be a consequence of a more general result,
which states that, associated to any region A C Q for which deg(¥,A,0) # 0, a
solution as in Theorem [[T] exists with concentration points inside A. The proof
applies with just slight changes to the case of nonzero boundary data ¢.

2. A MORE GENERAL RESULT

In what follows we assume that 2 is a simply connected bounded domain. The-
orem [Tl will be a consequence of a more general result concerning the Dirichlet
problem

Au + g2e" = 47 NG, in Q,
(19)
u = on O£,
where ¢ is a smooth function and N > 1 is an integer. Let ® be the harmonic
extension of ¢ to all of 2. The substitution

v(z) = u(z) + 4nNG(z,p) — ®(z)
transforms Problem (I9) into the (regular) boundary value problem
{ Av + 2|z — pPNe2KR)er = 0 in €,

20
(20) v =20 on 0,

where
2K(z) = ®(z) —4nNH(z,p).
The homogeneous case ¢ = 0 corresponds to simply having K(z) = —2rNH(z, p).
In what follows, we identify (21,22) € R? and 2z = z; +iz; € C. We can associate

to (20) a limiting problem of Liouville type, which will play a crucial role in the
construction of solutions blowing up at p as ¢ — 07:

{ AV + &2z — p|*NeV =0 in R,

(21) Jg 12 = p|*NeV < oo

Let us recall Liouville’s formula [24]. Given a holomorphic function f on C, the
function

N O
(1 +1f(2)1?)?
solves the equation AV + e2e¥ = 0 in the set {z € C | f'(2) # 0}. We can allow

f(z) to have simple poles since the Liouville formula (22)) still makes sense.
If now f’ vanishes only at the point p with multiplicity N, the function

8|f'(2)]?
A~ 2he -l

(22) —2Ine

(23) In P2
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solves the equation in (ZI)) but possibly does not have energy [q. [z —p|*e" finite.
The finite energy condition in the entire space forces the choice

_ )N+
f(z):(Zp)—a7 uw>0, aecC,
e
which leads exactly to the following three-parameter family of solutions to ([2I)):
8(N +1)%p?

(24) Va(z) =In

, 2eG
(2 + |Gz )M —aP? " °

see [10, 29]. Let us note that V,(2) is the regular part of w. ,, o as defined in (I).
For a = |a|e’® € C, we consider the (N + 1)-roots of a,

1.0 omi (i .
aj:|a‘N+le7fN+l+N+1(.7 1)’ j=1,...,N+1,

where 7 is the imaginary unit in C.

The function V,(z) solves the PDE in (20) with & = 0 but does not have the right
boundary condition. By the Liouville formula, we will choose more carefully the
function f(z) to achieve the Dirichlet boundary condition and include the potential
e?K(2) in the equation. Our approach is related to that by Weston in [36] for N = 0.
Nonetheless, the assumptions in [36] on the Riemann conformal map of © onto the
unit disc are shown here to be unnecessary, and our improved approach is also
essential to deal with a nonzero N € N.

We explain below how to choose f(z), and the simply connectedness of © will
be crucial. The details of our construction will be presented in Section 3.

Let Q € C(£,C) be a holomorphic function in €2 so that

Z—=p

_ _ / .
Q(p) =1, Q(2) N+1Q(z)7é0 in Q.
Since, as already observed, f can have simple poles, let us take

z—p)NH1Q-1(2) —a
f = E=MRTE)
ue

in Liouville’s formula (23] in order to get a solution

8(N +1)%121Q(2) — x5 Q' ()
(1?e?|Q(2) P + |(z = PN+ = aQ(2)?)?

Va(z) =1In

of the equation

—Av =%z —p|*Ne? in Q.
Given the projection operator P : H1(Q2) — H}(Q), we will search for Q and
(depending on a and £ > 0 small) such that PV, =V, — 2K. The function PV,
will then be a solution of (20).

Since @ — 75Q" # 0 in Q, the harmonic function

1 z—
Ruqa(z)=3 [PVa—Va +1In (8(N +1)%u?) +In |Q(2)— N—ﬂQ’(z)P —87HQ.a(2)
satisfies by the Maximum Principle R, ¢ , = O(g?) uniformly in €, where Hg o(2)
is the solution of
AH =0 in Q,
H(z) = 3=In|(z —p) ' —aQ(z)| on 9.
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Observe that
Hqo(z) = (N +1)H(z,p),

where H(z,p) is the regular part of the Green’s function at p. Since {2 is a simply

connected domain, let hg q(2), ru,0,a(2) and k(z) be the holomorphic extensions in

Q2 of the harmonic functions Hg (%) — Hg,a(P), Ru,q,a(2) — Ru,0,a(p) and K(z) —
K(p), respectively, so that hg o(p) = 7r,.0,6(p) = k(p) = 0. Set

1 qN+1

wQa = (N 1 1)l doN+1

For a and € > 0 small, in Section 3 we will find a solution @, , of the equation:
~[Q(2) = ;7 Q )+ 4mHo(2) + Rpgalz) + K(2)

=47Hq.o(p) + Ru0.a(p) + K(p) + Re (cpqg.al(z—p)V 1)
in 2, where Re stands for the real part of a complex number. Next, we will solve
6477HQ‘(1(p)‘i’Ru,Q,a(ZD)‘f’K(p)

VB(N +1) Q=Qpu,a
for some pq, where a and € > 0 are small parameters. Setting Q, = Q,.q, the

(emq.a(z)mg,a<z>+k<z>) (»).

(25)

(26) p=

function
8(N +1)212|Qa(2) — 755 Qu(2)?
Va(z) =In 2.2 2 N+l 2)2
(12e?|Qa(2)|* + |(z = p)N T = aQa(2)?)
satisfies:
(27) PV, =V, —2K(2) +2Re (co(z—p)"™')  inQ,

where ¢, = ¢y, Q4 .a-
As a conclusion, by means of (21), Problem (20) reduces to solving the equation

o) = . AN rhy (2T () () —0
@O = e ¢ | () =0.
This implies that every “stable” isolated zero point pg € €2 for the map
AV (R k
T(p) := e (e m(N+1)hy(2)+ (z)) (),

in the sense that ¥ has a nonzero local index at pg, will provide us with points p, ¢,
for a and € > 0 small, so that ¢, = 0. More generally, we have the validity of the
following result:

Theorem 2.1. Let A € Q be a region such that deg(V, A,0) # 0. Then there exists
0 > 0 such that for each a with |a| < §, there is a point p,. € A so that Problem
@Q) for p = pae has a solution v, with

N+1
(28) €2z = pac| N 2K P eve — grr Z Opgeta; =0 ase—0,

j=1

where the a;’s are the complex (N + 1)-roots of a. Besides we have
U(pge) =0 asla|+e— 0.

Let us stress that if pg is a stable isolated zero of ¥, then we can obtain solutions
as above with p, . — po as |a| +& — 0.

In what remains of this paper we will prove Theorem 2] with the scheme de-
scribed above and deduce Theorem [[T] as a corollary.
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3. THE REDUCTION TO ¢, =0

Let Q € C(,C) be a holomorphic function in  so that Q(p) = 1 and

Q(z) — ;1271 Q'(z) #0 forall z € Q.
Let
2,2 Q'(2)2
(29) Vo(2) =1In 8(V +1)°p7|Q(=) — N+1 Q'(2)]

(12e21Q(2)? +[(z = p)N ! — aQ(2)*)?’
and denote by PV, the projection of V, onto the space H} (). Namely PV, is the
unique solution of

~APV, = AV, = %]z — p|*Ne¥s  in Q,

PV, =0 on 0f).

For a small, let Hg (%) be the solution of
{ AH =0 in Q,

H(z) = 5=In|(z = p)N " —aQ(z)| on 9.

(30)

Since we assume Q — x75Q" # 01in ©, the function In |Q(2) — 375 Q' (2)| is harmonic

in Q. Since the harmonic function

Ru@alz) =3 [PVa(2) — Val2) + (S(N + 1)%%) +In|Q(2)

N+1

2P 2

satisfies R, g0 = O(¢?) uniformly on 9Q as ¢ — 0 (together with any boundary
derivatives), by elliptic estimates (see [17]) we get that

(31)
PV, = Vo=n (§(N +1)%%) ~In[Q(=) ~ 77 Q' () +87Hou () +2Ry 0.0 (2),
Ruqa=O0(?)

in C1(Q). Let hg.a(2), 74.0.a(2) and k(z) be the holomorphic extensions in  of
the harmonic functions Hg o(2) — HQ,o(p), Ru,0.a(2) — Ru.0,.(p) and K(2) — K(p)
so that hg o(p) = 74,0.a(p) = k(p) = 0. Set

1 dN+1
Qe = (N D) deNH

It suffices for equation (25]) to hold true that Q(z) satisfies the equation

Q(z) = =—L.Q'(2) = exp (47hq.a(2) + rpg.al2) + k(2) = cugalz — D)),

(emq.a(z)mg,a<z>+k<z>) (»).

N+1
or equivalently
(32)
dz
Q) =~ + )= [ = exp (il () +710a)

+h(2) = euqalz —p)" )

)
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where the symbol [ designates a primitive in Q of the argument function. The
choice of the complex constant ¢ = ¢, g,, guarantees that the right hand side in
expression ([B2) is a well-defined single-valued function. Indeed, let us set

W(z) = exp (47hqq(2) +14.0.qa(2) + k(2))
and
Y(2) := exp (47ThQ’a(Z) +ru.0.a(2) +E(2) —c(z — p)N+1)
= W(2) exp(—c(z — p)M*).

We expand near z = p, using W(p) = 1,

, 1 aVt'w N+1
()= (1+Wp)(z —p)+ -+ (N 1)1 doie (P)(z—p)" "+
2
X <1—c(z—p)NJr1 + %(z—p)2N+2+~-~> ,
so that our choice of ¢ = ¢y, = m%(p) guarantees that the Taylor

expansion of ¥(z) does not contain a term of order (z — p)V+1

2) = bi(z—p)
=0

with by1 = 0. Thus we make sense of the whole R.H.S. in expression ([32) as

—(N‘i'l)(Z—p)Nﬂ/%

N 1
(V- Zb/iNm

) 8ay

N+1 dz = j
W= [ )= 3 b=
NN+ ;
ijJN-‘rl—j Z=p)

z dw ! -
~-N+1)z-pV | ——55 | ) = > bj(w —p)’
p /p (w — p)N+2 jgo p

The latter integral is well-defined since its argument function is holomorphic and
Q is simply connected. Let us note that for by # 0, an additional term would
arise of the form —(N + 1)by41(z — p)V ! In(z — p) making the R.H.S. in (32) a
multi-valued function.

Since by = 1, let us stress that any solution @ of (32) automatically satisfies
Q(p) =1l and @ — ;75Q" # 0 in €, as required. For a = 0 and € = 0, the constant
€u,Q,a Teduces to

1 dNJrl
(N + 1)l dzN+1

co = (647T(N+1)hp(z)+k:(z)) ),
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where h,(z) is the holomorphic extension of H(z,p) — H(p,p) so that h,(p) = 0.
Correspondingly, ([23]) has the solution Qg given by:

Qolz) = —(N+1)(z—p)** / dz

G_pre

By the Implicit Function Theorem, we have the following existence result.

exp (4m(N -+ 1)hy(2) + k(z) = oz = p) ).

Lemma 3.1. For a and € > 0 small, in a small neighborhood of Qo there exists
a unique holomorphic function Q. € C(Q2,C) (depending smoothly on p and a)

satisfying [B2):
Q) = =N+ 1)z =)™ [ T e (tmhn() + ()

+k(z) — cugalz —p)V ).
Proof. Let H = {Q € C(Q,C): Q is holomorphic in Q}. For given u > 0, define
the map
P: R"xHxC — H
(£.Q.a) = QR +(N+1)(z—p)N [ e,

where X(z) = exp (47hqa(2) + ru0.a(2) + k(2) — cug.a(z —p)V ). We have
that

P(0,Q,0) = Q + (N + 1)(z — p)N*+1 / W exp (4m(N + 1)hy(2)

+Ek(z) —co(z —p)N+1) )
Since dgP(0,Qo,0) = Id and P(0,Qo,0) = 0, by the Implicit Function Theorem
we find €9 > 0 small and a smooth map (g,a) € (0,&9) x By (0) = Q- pa € H
so that Qo .0 = Qo and P(e,Qc ,q,a) = 0. The required smallness of ¢ is easily
shown to be independent of u, and Q. .. depends smoothly also on p, provided
1 remains bounded and bounded away from zero. To keep light notation, we will
omit the explicit dependence of Q. , o on € and simply write @ q. O

Next, for a = 0 and € = 0, equation (26) has a unique solution
eAm(N+1)H (p,p)+K(p)

VB(N +1)

Ho =
By perturbation, we get

Lemma 3.2. For a and € > 0 small, in a small neighborhood of o there exists a
unique solution u, (depending smoothly on a) to (20]).

Proof. Set
T: R"xRxC — R
_ €4WHQ“)Q,CL(:D)+R“,Q/‘M,a(p)+K(P)
(e?p“’a) - p“ \/§(N+1)

Since @4, depends smoothly on p and a, the same regularity holds for 7. We have
that

eAm(N+1)H (p,p)+K(p)

T 0) Hs 0) = H—=
( ) VB(N 4 1)
Since T'(0, io,0) = 0 and 9,T(0, 1o, 0) = 1, we find g9 > 0 small and a smooth map

(Eva) € (0750) X Bao(o) = Ue,a
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so that po o = po and T'(e, fie,q, a) = 0, by means of the Implicit Function Theorem.
As before, we simply write y, instead of ji. 4, and the proof is complete. O

4. PROOFS OF THE MAIN RESULTS

Proof of Theorem 21l Let A @ Q be a region as in the statement of the theorem

and set
dN +1

Y(p):= TNTI

(647T(N+1)hp(z)+k:(z)) (p).
Finding a solution of Problem (20)) as desired reduces then to finding p € A such

that
dN+1

lIja,s(p) = dZN+1

(e4whqa,a(z>+ma,Qa,a<z)+k<z>> (p) =0,

where Q, = Q.0 With @, , and g, given by Lemmas 3] and B2 respectively.
Since U, .(p) depends continuously on a,e,p and ¥y o(p) = ¥(p), we get that the
degree of ¥, .(p) on A w.r.t. 0 is well-defined, for |a|] 4+ & small, and coincides with
deg(¥, A, 0). The latter one being nontrivial by assumption, for a and & > 0 small
we find a solution p, . € A of ¥, .(p) = 0.

In this way, the function

8(N + 1)?131Qa(2) — 375 Qu(2)[?
(12e?1Qa(2)[? + (2 = pa, )V — aQa(2)?)?
is a solution to Problem (20) with p = p, . for which the concentration property

28) easily follows. Since U, .(pge) = 0, we finally have that ¥(p,.) — 0 as
la| + & — 0. 0

ve = In

Proof of Theorem [ILIl To establish Theorem [T, we observe that in the homoge-
neous case ¢ = 0, K(z) = —2nNH(z,p) and the function ¥ becomes

dN+1 2w (N+2)h
V(p) = Sy (e w(N+2) p<z>) (p).

We will compute the total degree of this map by estimating its behavior near 92.
Let us observe that

(33) H(z,p)—%ln|z—ﬁ|—>0 in CNTH(Q) as p — 09,

where p € R?\ Q is the reflection of p with respect to 9. Let us stress that the
reflection map is well-defined for points in 2 that are near 9. The C°-validity of
[B3)) follows from the Maximum Principle applied to the harmonic function H(z, p)—
% In |z — p| by means of the asymptotic behavior

1, 2=
2 |z — 9P|
Elliptic regularity (see [I7]) then implies the validity of ([B3)).

Let us denote d = dist(p, 9Q). Then, from (B3], we obtain

1
H(z,p)—%ln|z—ﬁ\: — 0 unif. on 09, asp — 9.

1 ) 1
H(p,p) = 5 Infp =l +o(1) = 5—In(2d) + o(1),

1 zZ—p . _
1)~ Hpp) = 5 2P o) in o)
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as d — 0. We extend H(z,p) — H(p,p) holomorphically in Q by h,(z) with h,(p) =
0, and as d — 0, the expansion

]_ — D _
hy(2) = 5-In Zde +o(1) inCNY(Q)

holds. Since as d — 0,

6271'(N+2)hp(z) — (Z _p)N+2 (1 _|_0(1))

2d
in CN*T1(Q), we finally get that in the homogeneous case,
U(p) = (N +2)! =E (14 0(1))

as d — 0. But pz;f =vq(p+p/2), where vg(z) is the inward unit normal vector at
x € 00 and p+ p/2 is the projection of p onto the boundary. The winding number
of v along 0N is +1 and, by stability, we get that

deg (¥,0,95) = +1 #0

for 6 > 0 small. Here, Qs = {z € Q:d > J}.

Theorem [2.Tlthus applies with A = Qs to provide, for a and € > 0 small, p, . € Qs
and solutions v, to Problem (20) with p = p,  for which the concentration property
[@8) holds. Setting ¥.(z) = v.(z) — 4nNG(z,p), the function 1. is a solution to
Problem (f) with & = N, p = p,- and (28) rewritten in terms of w. as (I¥)). The
proof is concluded. (I
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