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Topologically Defined Classes of Commutative Rings (*) ().
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Sunto. — In questo lavoro viene studiata Voperosione di somma amalgamaia [13] di spazi spei--
trali [24] ¢ vengono esaminale in detiaglic aleune proprieta algebriche degli amelli che inier®
vengono in tale operazione. Dei risullati otéenuti vengono poi fornite numerose applicazion”
alla teoria dei « D + m» doming di GILMER [19], a quella della seminormalizzazione di TRA
VERSO [38] ¢ a quella delle CPI-estensioni nel senso di BOISEN-SHELDON [5].

0. — Introduction.

Recently, several Authors have investigated problems relevant to commutative
unitary rings, dealing with topelogical methods and motivations (cf. for instance [5],
(81,191, [18],[241,[271,[28],[29],[31],[32],[35]). Inthe present paper, we demonstrate
various general results concerning the operation of «attaching of spectral spaces»
and the algebraic structure of the rings intervening in such an operation, taking into
consideration several different applications, principally to the theory of « D |- m»
domains introduced by Gitmer [19], to that of the CPI-extensions in the sense of
BorsEN-SEELDON [5] and to that of TRAVERS0’S seminormalization [38].

More precisely, in the first section we demonstrate practical results of comparison
between the closure of a subset of the prime spectrum of a ring in Zariski’s topology
and its closure in the constructible (or pateh) topology, and we apply the said results
to the study of the amalgamated sum of two spectral spaces. FERRAND [17] (and,
marginally, ANANTHARAMAN [1]) has also dealt with this study, but with different
motivations and applications to the problem of finite non-flat descent of schemes.
In Section 2, we apply the technigques and results of the preceeding section to build
up speetral spaces «attaching » (cf. [13]) a spectral space which has only one minimal
point to another spectral space which has only one maximal (= closed) point, over
such a closed point. This construction, expounded from an algebraic peint of view,
generalizes that concerning the « D +- ni» domains [19] [21] and permits the putting
in evidence and, hence, the elimination of the hypotheses and the unnatural restric-
tions submitted in the algebraic case. Some rvesults stated in this section, relevant
essentially to the topological and ordering properties of these spaces, are easily deduced

(*) Entrato in Redazione il 15 novembre 1978.
(**) Work performed under the auspices of C.N.R. (Gruppo Nazionale per le Strutture
Algebriche, Geometriche e Ioro Applieazioni).




from those of Section 1 and they generalize considerably analogous results, proven
by algebraic means, concerning the « £ | ni» domaing (GILMER |19], Parior [52],
Kreromr [26]). Further results of this paragraph, relevant to the transfer and
noelherianity properties, permit, in particular, a widening of knowledge of such
domains.

In Beetion 3, we start with the construetion of a spectral gpace by attaching o
gpeetral space, having only a finile number of maximal povints, with o zpectral space
having o uniguae minimal poinl, by amalgamating these points, Such o conzlreoaclion,
from an algebraic poinl of view, is elosely linked to that of « 8 — K 4 j» rings (cf.
Kagara [30, B 2.1 p. 204]), K being a local ring, R a semi-local ring dominating K
and i Jacobson’s radieal of . An algebraie-topological treatment of the rings arising
from this topologival-speciral conslruetion is developed on the basiz of the resulls
of Boction 1. Furlhermore, we give several examples in order to illustrate, by iterat-
ing the & glueing & amalgamating » process, how to build up speetral spaecs with
pre-determinaled topological and ordering peculiaritice, Therefore, this type of con-
gltruction comes in handy when in pursnit of examples and counnter examples role-
vanl 1o the problem, stated by Lewis [27] and founded on previous results proven
by RAPLAKSKY [26] and HocHsrer [24), of characterizing the partially ordered sets
isomorphically equivalent (as partially ordered zetz) to a prime spectrom of a ring,
endowed with the partial ordering associnled with Zariski’s topology (or, equivalenlly,
determined by €} (ef. also [8], [28]). Making use in the «loeal cage » of the construe-
tion examined in this paragraph, we show some nolable algetiraic-topological applica-
tions of it to the process ol o gloeing over pre-fixed pointa » and to the seminormality
(ef. Traverso [38]) and we outline the conneetions with the problem of ¢ glueing
prime ideals s (ef. PEDRINT [33]).

Tn the ksl section, we show how the problem, stated by Bolser and SEELDON [5],
of finding an overring of a given domain ) having Pospec (= prime spectrum endowed
only with the partinl-ordering structura defined by C) order-isomorphic to the subsel
of Pospes (D) consisting of all prime ideals of I comparabile tooa fixed ideal, can be
easily studied and solved, making nse of the techniqnes introduced in the present
paper. After hoving preliminarily recoversd the principal results relevant (o (he
CPI-extengions | 5], we supply fnrther resuliz for this theory, expecially wilh regard
to the problem of charaeterizing, making use only of 1he relation ¢, the Pospee of
the UPI-extension of a domain with respecl bo 2 non-prime ideal. Finally, this para.-
graph concludes with several regulls coneerning the transfer of properties resorting
essentially to topological and ordering propertics, and referring particnlarly to some
elugses of G-domaineg [18] [29] [36] and GD-domains |32 ]

1. — A topologically defined ring-theoretic operation.

Let A be o ring, we denote with X™regp. X""™"] the prime spectrum of the
ring A, X = Hpec (1), endowed with the Zarigki topology [resp. with the construe-
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tible (1) topology]. For every subset ¥ of X, we denote with Ad, (¥) [resp. Adgq( )]
the elosure of ¥ in X% [resp. X™™, and we set

Y = {reX|r iz a generization (*) in X% of p point of ¥}

Y — lee X|r is a gpeecialization (*} in X% of a point of ¥}.

It iz well known that the get X of all prime ideals of A can alse be viewed simply
ag a posel (i.e. partially ordered set) with respech to the sel-theorctic inelusion. After-
wards, we shall nse the locution the Pospec of A, or just Pospee (A), to refer to this
partially ordered set.

1t is easily szeen that the identity map idg: X" — X iz a continuous map,
therefore, for every ¥ o X, Adp,.(¥) S Ad, (V). Fuwthermore, every eclosed of
X2 heing stable for specinlizations, for every ¥ C X il happens that =¥ C Adg (V).

{1.1) Lewna. — Lef A be o rving and lef X — Spec (4). For every subset ¥ CX
it happens that:

Ad (¥ )= "(Ad, .(T)) .

Prnow. = From the remarks of the beginning of lhe present seetion, we deduce
that ®(Ad, 4 ¥)) € Adg, (¥). On the other hand, if m'e_&dz“("”{ﬁd(m“{f]]], then,
for every lundamental open set Lf) of X D(f) 2@, wehave D{f) N *(Adgnal X 1) 5= B
henee D(f] N Adgel Y ) 7= 8, becauze svery open set of X 3y sfable for penerizations.
Tn the compact space X9 [23] [31], Adg () and Dif} are closed sets, therefore:

0% (1 (Dif) 0 Adg(¥1) = (N mﬂ) N Ade (Y .
B frien

Being (] Dif) = "=}, we conclude that x e ™(Adg,.(T)).
Ted

Diflax

{1.2) REMAREK. — In general, for every subset ¥ of X, the following inelugion
hiolds:

Aol ¥ S P (A il TV -

{1) The eonstriwctible topology [23] [3, p. 48] or patch tepelegy [24] on & ig that topology
having, as subbase of elosed wete, all the clozed sets of X% and all the fnari-compast open
kets of X2, llence, a subbase of closed sets of XCutin given by {F(H|f e 4} [Dfi|f = A}
Il is vasily scen that a enbeet T of X is closed in Xt if, and only if, there exisls » ring-
homomorphism g: A4 — B guch that ¥ = og(Bpee (H)}.

(3] We say that # £ X ie a generization [resp. specialization] of a point y e X ily c Adg,(w)
|resp. T & Ad,, ly)]; el. [23, 0.2.1.2].
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In faet, it is straighilorward that Ad, (YY) = Adg (»¥) = ar[l'_.m P 1'}”, from
which the above inclusion follvws, We note that the stricl inelosion ean necuT, a8
the following cxample shows.

(1.3) ExAMPLR. — et X = Spec (Z), let ¥ be a non-finite proper subsel of Max (Z)
and let £ be the generic point of X. We know thal X iz the Alexandroff com-
pactitication of the dizerels space Max (Z) |18, Par. 2 Temme ot Rq. 1], hence
A, ¥) = YU [& and iherefors P(Adgna(Y)) = X. Whereas, »¥ — ¥ and
then Adg, 4 (*¥)= ¥ {£}.

Lot wrd — € be a ring-homomorphism and o: % — ¢ a surjeclive ring-
homomorphism. We denote hy 0 the pnll-back of 4 and B aover O {i.e.
D =A% B~ {a,b)cAxBlula) = vb)}), and by u:D > B, v':D = A the
regtrictions to £ of the canonieal projections. Tet X = Hpee {4y ¥ = 8pec (R,
d=1"5pee (€), W—258pee (D), a=":2Z X, B_"n:% > Y, o="4:T — W,
fl="': X » W. We get the following commutative dingrams ;

Iﬂl

D =T i P
#’l lu w'I Ta

The map #: Z < F baing a closed am‘haﬁixng, we identify Z with its image in ¥,
in order to simplify the notations.

(1.4) TuroreM, — With the foregoing notations and hypotheses, Tet XU, ¥ be the
tupological space obtained by altacking X to ¥, over the closed zet Z, by the continuous
map a (%), Then, X Ua ¥ {5 a spectral space [24] homeomorphie to Spee (D) (Y.

Proor. — From the definilion of D itself, we deduce immediately thal:

() " g a surjective homomorphism (and, therefore, ' iz a closed embedding;
we identily for greater convenience X wilh its image in W under j°).

(b) Let b = Ker (») and b = Ker (v'), then wlpth =B iy an isomorphism of
modules (subordinate o w': D — B), Thevafore, the conductor (%) of w' contoing b and,
hence, il is easily seen thal, for every hed, the canonical homomorphism Dy — Eom
i8 an isomorphism (f. also [8, Ch, 5 Par. 1 Ex. 16]).

(") X, T is tha quolicnt space of the digjoint nnion of X sod ¥, modulo the equivalenes
relation generated by: 2(2) ~ 2, for each ne 2 [13; Ch. 6, 6.1].

(1) We notice that a similar statement i contained in the unpubliched paper [17]. Wa
give here a simplified proof of if, making uge of Lemma (1.1).

(*) The conduclor of & ving-homomorphism f: A — 7 is, by definition, the ideal
i = Ann,(Coker (j)] = Ann,(B/Tm if1).
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Trom the last asseriion of the statement (3) we deduce, in parviicular, the olher
{following assertions:

(¢} For every prime ideal p of D, p 2D, if o 8 the unigue prime ideal of B such
that w'-34q) = 4, then q 3 b and B, = D,.

(@) The map =': ¥ = W restricled {o Y Z = "YW X) establishes a scheme-
isomorphism (and henee, in particular, an homeomorphism between topological spaces
and an order-isomorphisin bebween partially ordered sets) with W X (we notice
that X = F(b) and &'~"(X) = V(b) = Z).

The equality f'ex — x'sf allows us to atfirm that:

(¢) There evists o wnigue continuous map o: XU ¥ > W which commules the
Following diogram :

From the statements (a) and (d) it [ollows that:

(i a: XU, ¥ = W iz o bijective map; therefore, in particular W = X\ 2 { X).

To conclude, that is, Lo show that o is an homeomorphizm, it is suflicient to prove
that, it F ig a subsel of W sueh that &'-1(1) is & closed set of ¥ and §°(F) is closed
get of X, thun F is a closed set of W. By applying Twmma (1.1) we obtain that £
is a closed set if, and only if, £ = #{Adq,.(F)). We remark that Adg o (F) = F
(see Mote (1)}, in facl, if ' {4") = V(3) and i F=4F) = Fix) then I i3 the image,
under %4, of the specleum of the D-algebra e ) — A e Bis, e e (o) + 1, w'(2) | a).
Now, the eonclugion follows immedistely, because F' iz slable for specializations,
go heing P X and F 0 (WX,

(1.5) COROLLARY. — We preserve the notations and hypotheses of the beginning of
thiz seetion and of the preceding theorem (1.4},

(1) The map a — v Ya) establishes an isomorphism belween the tattice of all
the ideals of A and that of all the ideals of D containing b. This map defines, by reslric-
tion, an isomorphigm between Pospee (A) and the portinlly ordered subset of ozpec (D}
which consists of all the prime ideals of I} contoining b (this dsomorphism, obvivusly,
coineides with the one which can be deduced from the closed embedding fi': Spec (4) —
—» Hpee (IN).
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(2) Por eeery prime ideal q of B, q 20, the map § — w' §) extablishes a bijeo-
tivn, which presevves the inclusion, betiween the set of all the ideals of B which are primary
for q and the sel of all the ideals of D which arve primary for p = w' Yo D).

(3) The mop defined in the statement (2), by restriction to the prime ideals, deter-
mines  The isomorphizm Tospec (B T(B) =2 Pospee (Dy- V(D) deseribed formaerly
(1.4(dd}).

{4} If w: A — C ds injective [resp. surjective, of finite lype, integral, finite], then
#' 1 IV == B 4s anjective [resp. surjeelive, of findte type, integral, fludte].

(3] If A’ is the integral elosure of A in €, then D'— A" , B ix the integral elosure
of I in R,

(G If w is an injeetive homomorphise and if b ix o regulor ideal of B, then Tot (B =
= Tot (DY (where Tol (—) denote the total ring of fractions of the ving —).

(T) Tf w ix an injective homomerphism and if B iz an integral dvmain, then 1)
g an integral domain with the same field of quotients as B, and in this field B and D
have the same complele integral dlosure,

(B) Tf 7 ix the field of quotients of a pormal domain A and if B iz a normal domain
hen I ix o normal domain,

Froor. — For (1), (2}, (3}, (4) apply (1.4). (5) follows from (4} and[6, Ch. i p. L5].
The wveritieations ol (6}, (7) and (8) are straightforward (of. also [19, 22.5]).

(1.6) Cornrtiary., — We preserve the notalions and hypotheses of the heginning of
thig sectivn. W and Z ave noetherian spaces, if and only if, X and T are noetherion spaces.

Proor. — Apply (1.4) and [6; Ch, 2 Par. 4, N. 2].

{1.7) BEMARE. - Tl is not troe, in general, that if 4 and B are noetherian rings then
A % o B 18 o noctherian ring. For inslance, if £ = K are two algebraically closed flelds,
if A =k B=K|T],(— K,ilv: K[T] — K iz the canonical surjective homomorphizm
T+ 0 and, fnally, if « 1% the inelosion & & &, then the ring & - £| 7’| is not o noe-
therian ring. In fact, the ideal ({0, aT)|a  K}) iz not finitely goncrated,

(1.8) P'roposiTion. — We preserve (he notations and hypothesez of the beginning of
thiz geetion. A ¥, 2 and C are noctherian rings, w' is a finite homomorphism if, ol oy
ify, A and It are noctherian rings and w is a finite homomorphism.

Proor. - We suppose that A x , B is a noctherian ring and thatl ' is a finite homo-
morphism. Then, 4 is nostherian, as a quotient ring of A 3 ; B and B is also noctherian,
because w' is of finite type [8, Cor. 7.7]. Furthermore, w: A%, B/d » B/b is neces-
sarily finite. Conversely, keeping in mind the statement (1.6(4)), it suffices to show

e P ——————— ===t
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that 4 %, B is noectherian and, to this end, it is enough to verity that b = Ker (2')
is an ideal of finite type. But this follows casily, since b is an ideal of finite type of 4
and % iz a finite homomorphism {cf, i1.4(b)) and [23; 0. 6.4. SJ}.

(1.9) ProrosITION. — We preserve the notations and kypotheses of the beginning of
the present section, 1f 8 s a multiplicatively closed set in the ving I, then indicating
H=t8), Hp= a8, 8= wot'{8) = vou'(8), we oldain that

L 7 ﬂ';‘ii *eple '51513 .

Converacly, if 8, iz a0 multiplicatively elosed sot of A and if Sy s a multiplicatively closed
set of B and if w(¥,) = w(8,) = §,, then HAL{K_._.-?U 8;'B = (8% g, B3] D

Proor. — The verilications are straightforward.

2. — Application to the v f) —m + constructions and to the composition of valuation
rings.

As we have already mentioned in the introduetion, in this scetion we apply tho
techniques and results of the preceding section to build up spectral spaces by + amalza-
mating » a spectral space having a unigue minimal point, with a spectral space hav-
ing only a unique maximal (— elosed) point, over this cloged point., The principal
applications of such a constroction conesrn the B +— m domaina[197, [21]. Tarticular
altention is devoled (o Mhe examination of the transfer properties, expecially with
regard Lo some classes of G-domeains [18], (257, [29], [36] and & D-domains [11],[12],[32].
On this subjecl, alter having explieitly shown many dilferent possibilities of consiroe-
tion of speectral spaces, we prove that the Artin-Tate theorem, coneerning the noethe-
riat (-domaing |10] [256], may in no wise be extended to the easc of G- domaing with
noctherian spectrum, Wo remark, among other things, that the costraetion of a valua-
tion ring by composition given by Nagata [30, p. 55| is ineluded, as a very particular
cage, in the one examined in this section.

Let (V,ut, B(V)) be a local ring, let D be o subdomain of k( V) and let £ be the
quotient fiold of I}, We now congider the following diagram:

Dy = DXy, VL D
u'T “
e

¥ > KV)

We quote X = Hpee (D), ¥ = Spee (V), P = Spee (B V Y, X, = 8pee (1)) and we
denote by y the cloged point of ¥, image of P under § = sv: # -+ ¥, by o the generic
point of X, image of P under ¢ = *4: £ —» X, and by 2 the point of X, image of I
nnder ¢ — (vou’) = *vou): P - X,, Lot a'="0": ¥ - X, and §'=2": ¥ - X,.

22 = dnnali di Mafemalica
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(2.1} ProPosITION. — With the notations and hypotheses of the beginning of this
geatian, we have:

(1) X, is a topological space homevmorphic to X \ta ¥y I X iz a scheme igo-
morphie to T fu} under o restricted to Y™ {u}.

(2) The closed embedding f': X = Spec (D) — X, = Bpee (1) hos the fwmags
cqual to *#iz} and i establishes an order-monomorphism of Pospec (1) indo Tospec (1),

(3) The eontinuows map o' : ¥ = Bpec (V) = X, = Spee (L) s injective, has
the dmage equal to “*{z} and cstablishes an order-monomorphism of Tospec (V) indo
Pospeo (Lh).

(41 Every prime ideal of X, is comparable with 2, more precisely X, = et 1 A ol 8
(5) dim (D) — dim (D) + dim (V).

(6) Pospec (1)) is a tree if, and only if, Pospec (D) is a tree and Pospec (V)
iz a totelly ordered sel.

(7) 8pee (Dy) is @ noetherian space if, and only if, Spee (D) and Spec (V) are
wnelherion spaces.

In the particular ease in which D — K is « ficld, we have the following commutative
diagram:
P Bl Tl il
1 |
A

¥ z Rl T)

therefore:

(8) ¢=": ¥ = 8Bpee (V) > ¥ — Bpee (F) is o homenmorphism and, hence, 4f
establishes an isomorphizm between Poszpec (V) and Pospec (V1.

(9] V is local ring.

(10) Tf jj is the unique elosed point of ¥, then g <My} - Y {if) i a seheme-
Thepreiic isomorphism.

Proor. — Apply (1.4}, (1.5} and (1.6).

(2.2) PRopORITION. — We preserve the notations and harpotheses of the beginning of
this section and of Proposition (2.1).

(1) For every prime ideal p 2 p, of the ring D, denoting by q the unique prime
ideal of D which corresponds to P (2.1(2)), we have: Dyfp = Diq. Tn particular if p = p.,
then Dyip, -~ 14
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() The wmap b —w" D) esfablishes an isomorphiem between the lattice of all
the ideals of D and that of all the ideals of Dy containing p,.

(3) We suppose now that K — k(V). For every prime ddeal p C b, of Iy, denoting
by q the wnique prime ideal of V which corresponds to b, we have: (D), ~ V. I'n parii-
ewlar, (L), = TF.

{4) We suppose thet ' — K CE(F). For every prime ideal q of V, ive denote
by 0 the prime ideal q 0 T, Tf g 7 m, then Yo Vi

(5 Inthe general case, 20 S K C RV, for every primeddeal q of V,4f 8 the wnigie
prime ideal of V associated with the prime ideal q of V, eorvesponding to the prime ideal
p S 9, of Dy, then we have: (D), =~ F; ~ V., When p = p,, (D), = F = Ky V.

(6} ff pis a prime ideal of I, containing the ideal p, and if q — B is the wndgue
prime ideal of D corresponding to p, then (D), = D X V.

(T) Dhe map a — w'—"{a) exlablishes a bijection, which preserves the ordering given
by C, belween the set of all the q-primary ideals of V, q being an arbitrary prime ideal
of V, q = m, and the set of all the p-primary ideols of Dy, being p = q O T4 & p.. When
K = E(F) such o bijection kolds also in the oase q = nn.

(8) If DS R(V), then the conductor T of w': Dy o> V colneides with p,.

() D, is an integral domain if, and only if, V iz an integral domain, Fn this
ease, I, and V have the same eomplete integral elozure in their common field of quotients.

(10) Ij D' s the integral closwre of D dn &(V), Then i P M Vi the inte-
gral cloxure of Dy dn V. If V is a valuation ring, then I, is the indegral closure of Iy
ire e field of gquotients.

ProoE. — For (1) and (2) of. (1.4{a)) and (1.5(1)). (3) and (4) follow from (1.4(e)},
(1.8 and (2.1, (103). (B) ensues [rom (3], (4) and {1.4{e}). (B) iz & particular case of
(1.9): in fact, if § = Iy~p, with p2p,, then w'(8)Cw'(Dyp,)s V-m. For (7)
ef. (1.3(2)). (8): we alveady know that p,C (1.4()). On the other hand, V being
a loeal ring, every element of V7om is a unit of V, therefore if @ e U5 p,, then @ gf,
becanse otherwise, f wonld be equal to the ideal (1) and henee, V' would be equal to Iy,
that is P = K — k{V). The statcment (9) i a partioular case of the slatements
{(1.5(f), (7). The frst pact of the statement (10) follows from (1.5(5)); the sccond
part can be proven using an argument guite similar to the one uzed to establish the
agserlion (1 S,

(2.3) THEokEM, — We preseree the nolations of the beginning of thiz seelion. Lhis a
noetherian domain if, and only if, V is a noetherion domain, 1) = K and [B(V): K] < oo

Proor. — From what is already known (ef, (1.8)), it suffices to show that the homo-
morphism w': Dy » V iz finite in order to conclude, passing to the gquotient rings,
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that « iz finite, D — K is a field and [B(V): K] < ca. Now, if p, 15 a fy-module of
finite type, then m — p, ¥ is a Dy-module of finite type (1.4(8)). L'urthermore,
Dy and Vohave the same field of quotients (2.2(%)) and the conductor of D, = V is
the ideal p,, which is a non-zero ideal, henee Vois a Di-moduole of finite type (of. also

[25, Ch. 1 Ex. 41 (a) p. 46]).

(2.4) TomormdM., — We preserve the notations of the beginning of thiz seelion. We
suppoge that & V) 4z the field of quotients of 1),

(1) Dy iz o voluation ring if, and only if, V end D ere valuelion rings.

(2) D, is a diserete valuation ring if, and only if, V iz a diserete valuation ring
and D = E(V) (i.e. D= V).

(3) I iz a Priifer domoedin if, and ondy 4f, I¥ and V are Prifer domoeins.

4y Dy ois o S-demain (V) if, ond only if, B and V are S-domains.

Proor. — (1) It i3 clear that if P, i3 a valuation ring, then V — (D)), and
I = Iy p, are also valuation rings. For the converse the verification is straightforward
|30, p. 35]. (2) follows from (1) and from (2.3). (3) cnsues from (1) and (2.2(6}),
bearing in mind that a Prifer domain is characterized by having all its localizations
at prime ideals equal to valuation rings, (1) is a gimaple congequence of (2.2(2) and (7)),

(2.5) REWARK. = Tf Lhe field of quotients K of T} ig isomorphic o a proper subficld
ol k(¥), by imposing on ¥ and 7 the properties of the Ly pe enounced above (cf. (2.4)),
we cannol conclude, in general, thal the same properety holda for I3, ag the following
cxample (concerning the statements (1)-(3)) showa.

(8.6) Brawere, — If V— KIT|, B — k, k being a proper subfield of K, and if
v K|T| = K, T =0, then D, — kx, KT is isomorphic to the subring k& 4+ TR[7]
uf B T, which is not s vuluation ring in its field of quotienls E[{T:I}

Ag regards the S-domaing, the difficulties mentioned in (2.5) rise sinee, in gencral,
wo eannot degeribe the behaviour of the m-primary ideals when we pase from V to £
On this subject, we reeall thot a prime ideal p of o commutative ring is called a branched
prime, when there exigts ol least one p-primary ideal i, b = p; otherwize, p is called
an unbravched prime. 1f m iz an unbranched prime ideal, we can strengthen the stale-
ment (2.4(1)) in the following manner; if 1) and V are S-domaing and m is unbranched
in V then D, iz an S-domain and p, iz unbranched (cf. 2.2(7)). Therefore, as a
gimple and direcl application of e lopological techuigques of Section 1, we have
reobtained, as a particular ease, the prineipal resulls coneerning the S-domains proven

in [26] using algebraic methods.

(1) CL [20] and [28].
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(2.7) TOGOREM. — We preserve the hypotheses and wolabives of the beginning of
the present seotion.
{w) D iz a -domain (}) =T iz a (-domain.
() D, iz o Goldman ring (*) <> V and D are Goldman vings.

{e) T ix a g-ring [resp. a loeally pgr domain| (1) <=V and D are g-rings [resp.
locally pgr domaing].

Tf e suppose that k(1) iz the field of quotients of D, then
{d) T, iz a strong -domain (*) <=V and D are strong G-domains.
(g} Iy i8 an i-domain (*) =V and D are i-domoins,

(y Iy is an open domain [rexp. a propen domain] (*) =V and I are open do-
meaing [resp. £ 45 an open domedn ond Vois o propen domein],

(1) Dy, iz & GD-domain (*) =V and I} are GD-domains.

{h)y Tf V iz o valuation ring the stolements (e}, (f) and (g) can be inverted.

Proow, = (a). IL sulliees to remark that the gencrie point of X, is openif, and only
if, the peneric point of ¥ is open. (). 1t is easily seen that X, is a 4';, topologieal space ()
if, and ouly if, X and ¥ are I'ptopological spaces, (¢). It is straightforward that X,
iz an Alexandroff-diserete topological spaee (%) if, and only if, ¥ and T are Alexan-

(%) A G-demain 1) ig an integral domain such that its fleld of guotients is a finitely gene-
rated almebra over I [26, 1.3]. Topologically, a redneed Ting is a -domain if, and eoly if,
ls prime spectrom is an irriducible apace and the genecie point is open [24, Th. 18] [18, Lemme 2].

7} A Goldman ring A is a Ting such that every prime ideal » is a G-ideal {lo. Alpis
Gdamain) [18] [35]. A reduced ring s » Golman ring if, and only if, its prime apectrum iz a ¥,
topulogieal gpace [18, Prop. 1]; of. alen the following Note (7).

() A gring A |35, Prop. 6] [15. Par, 8] is a ring such that for every prime ideal p
ol 4 there exists j & A pin auch a way that 4, = 4, A veduced ring A is a g.ring if, and only
if, Bpee (A) ia an Alexandroff-diserele lopologienl space; of. alao the follewing Note (L An
integrul g-ring ie ealled in [36] a {ecally por domatic.

(%) A strong G-domain A [38] i an integral domain such that every overring of 4 is equul
e A, for poma je= A.

(%) An i-domain [rosp. open doveain] A, with i as a field of quotients, is an inlegral domain
guch that for every overring B, AC BL K, Lhe map Jpee (B) — Bpee (4] is injactive [Tesp.
open]. A propew dowain A g an integral domain, euch that the map Bpee (B) - Bpee (4)
ig apen for every overring B, AC B % K; [32].

"} A GD-.demein A ig an integral domain such that Lhe ¢ geing-down o property holdsa
for avery overring B of A [11], [12]. [32].

(*) A Tpspace X (of. [4, 3.1], |9, Par. 6], [18]) i# » lopological epace such that for every
point z e X, the derived set {x}’ is a closed ser.

) An dlecandroff-dizerele topological spaee X s o Typ-space such that, for every suhapace
Fo X, Lhe following property halds:

Ad (¥ U Adyiy)

aEF

{cf. (4, Par. 5, [9, Par. 8], [18, Pare. 1]).
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drofi-diserete topological spaces. (@), TL is well known thal a slrong -domain 4
gimply o loeally pgr Prifer domain [36, Th. 3.6]. The conclusion [ollows from (o) and
{2-,-1[3]}. The slatements (), (f) and () follow casily from (2.1(2), (3), (4)) and (2.2(1),
(3)). (h). The statement (e) reverzes, because 2y is an i-domain if, and only if 1), « Iy
ig an i-extension, D) being the inlegral elosure of 7, in its fields of quotients, and I,
is a Irifer domain |32, 2.13]. Tn fact, in the prezenl «ituation D) = D' Xy, V whera
' ig the integral clogure of D' in E(¥) (2.2(10)). The statement (g) can be inverted:
it ix well-known that an integral domain A is a GD-domain, if and only if, A C Afu]
anlisfies G0 for every w in the field of quotients of A [12]. Therefors, if w¢ V, then
wlem, henee D[u] — Dy[{w1)2] — (). The reversibility of (f) now follows
from [32, 3.2 and 5.1]

(2.8) ProposITION. — If (V,m, K Vi) is a valuation ring containing, as subring,
a field k isomorphic to k(V), then there exists an isomorphism o D | m .o Th which
commules the following dingram:
D4m_.D
kdm = V

T'ROOF. — For the universalily property of £}, there exists a unique homomorphism
¢ which commutes the following diagram:

b
g
D4m--% 1y

e b
ko fes ol

D
4

o'

whare w'(s + ¥} = #l@) + ¥, vz 4+ y) =2 for all & D, yem. Thae verification
thul o @ bijective map is straighiforward,

The Proposition (2.8) ghows how the results of the present geation, deduced in a
natural and dircet way from the main statements of the previous gection, gencralize
gome of those which Garweg [19, Th, A p. 60],[21] and PAPIOR |32 3.27, 8.28, 5.26]
have proven for the Z) 4+ m domains, further widening the knowledge about this
theory.

{2.9) EXAMPLE. — Let k be an arbilrary non-finite field. Set K = k(X), D = &[X],
¥V = K[Y)y. Let w: 0 — KX]=k(X), v: V —s%(V) 2= K be the canenieal homo-

%
4
g
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morphisms., The TPospec of the domain Iy — Dxp V = kX]4 YEX ]['!-’][”E
S k(X, ¥) ean be represented by the following diagram:

LT RN #ama

Pospec (1))

{2.10) EXAMPLE. — Let k, K, ¥ be asin (2.9). Bet P — kX )y, and et w: I — K,
v: ¥ +E(V) == K be the ecanonical homomorphisms. The Pospec of the domain
Dy=Dxg VM X)i5y+ T'k[ﬁ"‘,l{l']{”g BA, ) can be represented by the follow-
ing diagramm:

Pogpee (I,

We note that D) and Ity are non-noctherian rings, even il 8pec (L) and Spec (1)
are noetherian topologieal spaces {2,1[7]}, Furthermore, It and I, are G-domaing
[E.T{a.]} and I, i3 a valuation ring. These examples show that none of the conditions
of the Artin-Tate Theorem (io. semi-loeality and dim< 1), which characterize the
noctherian &-domains [10, Th, 2.5|, holds in the cage of G-domains with noctherian
SpCotTa.

(2,11) ExampiE, — Let k& be an arbitrary field, Bet
K = EX], D= k‘lx.]l:x‘,u? V= E[YU 1":: L) Yp]q'rl,}',,...,rq] %
Let w: D =& ¢: V — K be the canonical homomerphiama. The Pospec of the do

main Iy = Dx g ¥ o MENT wooy X0 can be represcnted by a disgram of the
following type:

w? "y
LN ] l.l ’-. LN ]
Poapec (1) Fgdl s M —=n

Tn general, we can take K = k(X icl), D= 82X,/iel], ¥V = K[TF,|jed],.,
where T and J are arbitrary sets of indexes, ¥ i a multiplicative set of k[ X |ie I]
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and mt iz a maximal ideal of K[¥,|je 7] such that kim) ~ K. The properties of the
Pospec of the domain D, = Dx . V are easily deduced from those of Pospec {1}
and Pozpes (1),

3. — Applications to the seminormality and to the glucing of prime ideals,

In this seetion, we intend to build up a spectral space by o gplneing & amalramat-
ing & o speetral space having a finite number of maximal |{— cloged) points wiih
another having only one minimal point and wo develop an alpehraie-topological
study of the rings inlervening in snch o construction. Then, we apply this siud ¥y to
recover, in o natural and direct way, the main properties of the seminormalized of
a ring [38| and to enlarge the knowledge of this theory, especially in connection with
Lhe glueing process over points of a speetral space. Furthermore, we explicitly con-
slruch several examples to show how the s glueing & amalgamaling » Prioeess cores
in handy in studying spectral sets [27], [2R).

Firal: al all, we show that the « 4 + F(R)» rings (similar to the « 7 + m s do-
mains, ¢f. § 2} introdneed by Nacara [30, E.2.1 p. 204] and revided later by Lewis[27]
can be easily obtained and studied with the methods introduced in Par, 1.

Let (A, m, k) be a local ring and 8 o semi-local ring such that, for every maximal
idealm,, the ticld K, — kim,) = R, jm, 8, i1 an extension of the field Rl e

Let §: % — HK, he the vanonical monomoerphism, In the following commntative
im ]
diagram all the homomorphisms are canonieal:

! |

|I IQI&‘ . '1I' !

u'l' By =kxge B sk

IlI i | ’1 i |
i v

+ ¥ |
1! [ i
iy u p P
Boiolsl Lis TEN
i=1

et X = Spec (4), ¥ = Spec (H), ¥,=8pee(B), i —1,2, F =&peo (k), F—
) ;

—= Bpec { n EE}T =%l > X a="w:F=+¥,,y="PFP X, T M e e
TR

e=0:F > P =% T ¥, f="il =¥ I="0 P E pi=ft e . T
We denote by g, [resp. #.,#] the image of P into ¥, [resp. ¥,. X]. We identify
F'= {2, 20, .y 2} |resp. X] with ils image into ¥ [resp. Y, under the clused emhbeda-

a4

ing f [resp. f'],




(3.1) PROPOSITION. = We preserve (he snolations introdueed above,
i - ~— T
e PO T ey, YeXu Y,
(2) B, and B, are local rings.

(3) The conduetor of B info B, eolneides with the mowimal ideal 1, of By (kernel
of the homomorphism v'), which, & turn, is isomorphic o F(B) under §.

(4] The conduector of 41 By > B conlains the ideal n, of B, (kernel of the homo-
morphism ©"), which is dsomorphic to JF(B) wnder u'.

(B) ¥y~ fw} is scheme-theoretically isomorphic to ¥ F.

{6) L'or every prime ideal qof B, a=m, forall i = 1,2, ..., r, themap b — h N £,
extablishes o bijection, which preserves the dnelusion O, between the set of all the q-primary
ideals of B and the sct of all p-primary {deals of B,, where p —qn It E . Henoe, in
pariiowlar, by restrietion fo the set of oll the prime {deals, his map exlablishes an isomor-
phisgm betiween Pospec (B4 and Pogpee (B, {u}.

(71 Yo X de geheme-theoretically isomorphic to Y F.

(B) Lor every prime ideal q of B, g =m, for all i =1, 2, ..., ¢, he map b — w1 {h)
establishes a bijection, which preserves the dnclusion <, betiween the act of oll the g-primary
ideals of H, and the get of all p-primary of H,, where p = w'-Yq), p 2 .. In particular,
by restriction to the set of all the prime ideals, this map defines an dsemorphism botween
Togper (B F and Tospec { B, X

() Tf B iz a k-algebra '), then B, ix o E-algebre; more exoetly, B ~F 4+ %(8).

(L0 Tf B dowminates (*) A, then B, and B, dominate A more eeactly, B — 4 |
+ MEB) and By is 0 A-ring trivielly awgmenied ondo A, with 508 ox awgmentafion ideal
[28, D.18.1].

(11} B, [resp. By] {2 o noctherien ving and B is a By-algebra [reap. Boalyebra)
of finite type if, and only if, B iz ¢ noctherian ving [vesp. A and B are noctherian rings)
and [l k] < co when 1 =1,2, .., %

(12) B i a finite PBy-algebra (and olso a finite Bp-oalgebra) if, and only if,
[ R = en =

(13) Spec (&) [vesp. Bpec (4,)] 12 a noctherian space if, and only if, Bpec (B) is
a anetkerian space [resp, Spec (A) amd Spec (B) are nostherian spaces].

(14) Tf B ix an inlegral domain then B, i an indegral dowmain ond B and 8, have
the seme field of guotients, end in this field they have the seme complele integral dosure,

Proor. — (1) iz a particalar case of {1.4). (2) follows from (1). (3) and (4) are parti-
cular cases of (1.4(b)). (6) and (7) are particular cascs of the statement (1.4(d)),

i*) We mean, obviously, lhat k== E % TT K, coincidea with j.
{2} We mean that 4 C # 5 [T K, coinecides with w.
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whereas (B) and (8) are particular cases of the stalements (1.5(2), {33). (9) and (10}:
for 1he universality property of #, [resp. H.], there exisls a unigue homomorphism
k= B, [resp. A - » B,| which commutes the following diagrams:

1f we identify & [resp. 4] with itz image into B and B, |resp. into #, and B.] and n,
[resp. w, and n,] with §(B), then we have: B, 2k | Fil) [resp. B, 2 A - F(B) and
B, 2 A + %(B)]. Furthermore, if # € B~ 5(B) then v'(x} £ k C B, [resp. L & € By~GF(E),
then »'{x) —a + m with e d; if yc B Fif), then »'(y)e ] henee ¢ v'ix)
en, o= FB) [resp. *+ —acn, = FHB); ¥ ey en, =F(B)]. The statements (11)
and (12) follow from (1.8) and (1.5(1)}, bearing in mind that, in this case, the follow-
ing affirmations are equivalent: (i) j iz a homomorphism of Hnite type; (i) j iz a finile
homomorphism; (i) [K,: k] < oo, for all i = 1, 2, ..., . (13) follows from (1.6) and
(14) from (1.5{T)).

Proposition (3.1) provides o technigue eaxy lo visualize in order to build np new

spectral spaces and spectral sets (*) by the o glueing & amalgamating ¢ process.

(3.2) BXaWMPLE. — T ¥ is a valuation ring of rank # and W iz a valuation ring of
rank m and if K(V) = k(W) =k, then Vx, W = . is a ring, having a noetherian
spectrum, and the [ollowing piclure describes ity Pospec:

Pospec (4) M=#n-1 Tt =1

[ SLil]
B—ran

*y A parfially ordered set is termed speefral sct il it s isomorphic to the Pospec of some

ring [27], [28].
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Rxplicitly, when # — m = 1, We can lake a4 V and W two valualion rings ol
dimension 1 [reap. two diserete valualion rings] having the same realdue leld k.
The ring B—= Vx, W has a noetherian spectrum [resp. is noetherian]. When
n=1 =2, we can luke as ¥ the ring associnted wilth ihe valuation of the field
K = kiX, ¥) (k being an arbitrary field) with Z & Z (lexicographically ordered) as
value group, defined by the map f,: X — (1,0), ¥ (0,1}, and as W the ring asso-
cinted with the valuation (of the same field and with the same valuoe group) defined
by the map fg: X —(0,1) ¥ = (1, 0) (ef. [19, Par. 15], [22, Ex. 4.4], [26, Tix. 1))
1t is easy to show that E(V) — k(W) = & Bet @ — P, W, I m, and m, are (he
aximal ideals of the semilueal domain D —= V'~ W, it 19 easy to ghow thal kim,) —

o k(m,) = %, then the domain E = kX ymyx g P = F - (T has a Pospee of the
following type:

Pospec (L)

More generally, let {V,i=1,%, ..., v} be a family of valuation rings of the same
ficld, not two of which are comparable. If we suppose that every residue field E(V)

is an extension of one fixed field k (i = 1, 2, ..., r), then the domain I = X acral V)
i

hus a Pospee which can be represented by a diagram of the following type:

b

Pospec (F)

dllR AFF BEE

Obviously if we fix the field of quotients K of the domuin E (or D, or ¥, or W),
then we can find some rings 4, £, ¢, D', E' having the Tospee jgomorphic-respec-
lively-to that of 4, B, ¢, D, F, anid coeflicient field ¥'— K (the choiea of Lhe coef-
1 ficient ficld being guite arhitrary). Therelore, we can go vn glueing & amalgamating,

For instance, if 7' and % are integral domaing with the Pospee deseribed above and
it k= kim,) — kim,) = K, then the Pospec of ¢ — Xy, has the following
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form:

FPospec (7)

The preceding examples give an iden of how to use the glusing & amalgamating
process and suggest how to build up many other spectral sets with pre-estahlished
properties.

We purpose now Lo point out how the concept of seminormality [38] can he studisd
in a natural and direct way, by using the topologieal-algebraic technigues introduesd
above.

(3.3) PROPOSITION. — Giten tiwo rings A C B, we suppose that A is a nostherian ring, _
B iz A-finite (hence, noetherian). For every v e X — Spec (A), we denote by B'™ the |
subring of B obtained by B glueing over (1) &, Let th, — {y,, Wy, ooy ¥a} be the fiber over @ '

n

of the cononical map Y = Spec (B) - X — Spee (). Set P, = || kiy), B,, = I
f=1 |

=4, &, B, "1%,- being the localization at the prime @ = p,, and let u,: kiz) = F, be
the eanonical monvmorphism. We have a commutative diagram of the following type:

B = L"%x=n, B » L' — kix) 5, B, — kix)

ot

i
i
3 SR HII:: ——

(1) L* iz a toecal ring; move precisely, L7 ~ Ay, + T, where F(B,) is the
Jucohson radical of B, which coineides (under the embedding 17— fi,, ) with the macimal
ideal of I7

(2) B* =~ K%
(3} The fdeal g = Ker (B* — kix)) is the unigiue prime ideal of H* such that
"N A=y,
(*) B¢ is the largeat subring of B, 4 C B'*, satislying the following conditions:

{i) there exirts a unigua point #'c Spee (B'T) over z;
fue v P ;

(i) the eanonical homomorphism Kz} = kiz') is an somorphism [38, p. 598].
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(4) Tf v, ix the prime ideal of B corresponding (i, logically, coinciding) with
4, €¥ (i=1,2,..,n), then the following diagram

i3 @ ogrtegion diagram.
{6) The conductor of £ inte B containg the prime ideal a* which colncides (under

]
the embedding 0° — B) with the dédeal [ 1,.
i=1
(6) For every fep,C A or, more generally, for every fea®C B, the eononical
homomorphism 17 =% B, is an isomorphism.  Henee, 4f ¥ denoles the Bpee of BT,
Yoo Filgo) ie scheme-theorelically isomorphic o Y Adg (D). In particular, for every
prime ddeal p g p, of A the eanonical homomorphism B = B, {2 an {somorphism.

(1) Tet 2y, v,€ X and let @, = [, o, ..., 4} be the fiber over x; of the map
ok
Y »X,i=1,2 Het F,=T]kis'"), i=1,2. AU the homomorphisms in the fol-
§=1
lowing commutative diagram:

H#L:T; — LTL-J-'l e Br-lx1 I

o B =+ 15— () X () X g, e (B, X By, ) > bl2) X b2
f Al el
| |
v v v
I - il e Bﬂ_x W -Bp - . -"-'1.1-L % -El.ﬂl

are coanonicel, Then:
B'-C.u'-it o B#; Y B fbw' o~ LH*‘.}:&; e {Bm}#u

wehere (B)™ dx the ring obloined by B™ glueinyg over 2, (§, § — 1, 2).
{8) Tj A ix seminormal (°) in B then there cvists a finite number of points i,

Byy weny e X in such o way that B v 1™ f2 {somorphic o A.

Prouvr. - (1): et (3.1(2), (10}). (2). 1f we identify f£i* with its image into B and
Ek(x) with itz image into Ry, (i =1,2,..,n), then B= — [he Blby,) € kiz) and
hly,) — bly,) foralli,§ = 1,2, ..., n}. The conclusion follows from [38, 1.4]. (3). From

{#) Cf. [38].
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the following commutative diagram:

i —— g ——— N}

e

T s k()

wa deduce that q* = Ker (8" — k(z)) iz a prime ideal guch that ¢* N A4 = p, =
— Wer {4 —» k(#)). The uniqueness follows from (2). The verification of (4) is straight-
forward. (5) and (6) are particular cases of (1.4(b), (e}, {(d)), bearing in mind that

Ady(®,) = V()r). The statement (7) ean he dedoeed by o direet verifleation,
im]

{#) follows from (7) and [38, Th. 2.1].

{5.4) REaarx. — We nole that, it A is an integral domain of dimension =21 and B
the field of quotients of A, then the seminormalization of 4 in B coincides with the
weak normalization in the sense of Expo [16, § 1, p. 341]. A construction quite gimilar
to the seminormalizaiion is the weak normalizalion introdueed in [2], with reference
to a problem of topological classification of algebraie varieties.

Another consiruction, having algebraic-geometrieal motivations as well, which
aan also be lrealed with the technigues introduces above, is the process ol glucing of
prime ideals (el [33], [37]). More precisely, given a noetherian ring B, two prime
ideals of it, p,, P, © &, and a izomorphizsm ¢: B/p, 5 B/, such that @l | Pip) —
= P+ Pofpe and gz B, + e = Blp + M ig the identity, then the problem con-
sigls in finding a subring A4 of B, which contains a prime ideal p ¢ 4 snch that
p— p, M P;, ond which ean be obtained by glusing over p (cf. Note (1)), From the
preeecding results, it ix easy to verify that the sclulion of this problem is given by
the ring k(P,) 7 gy« kip,y By Where the homomorphism B > k(p,) < k{p,) is 1he compo-
gition of the canonical homomorphisms B — By w B, , By, =4, — E(py) = kips) and
the homomorphism K{p,) — k(p;) = kip,) is the graph of the isomorphism &(p,) 75 ki)
deduced from g, Several geometrical examples ave disenssed in [33] and [37].

4, — Applications to the CPl-extensions.

This section is esseniially devoted to showing how the theory of the CPT-exten-
siong in the gense of BosEY and SHELHoN [] is included, as a particular ease, in the
theory developed in Seetion 1. Further results, especially concerning propertics of
transfer, related Lo the topological and orderving structure of {the prime spoeetrum,
are given here so as to enlarge and point out knowledge of the theory of the
CPI-exlensions.

Let R be a ring and g an ideal of B, set 4 = Rfa. We denote by #(a) the mulli-
plicativel¥ cloged subset of B complement in £ of the sel-theoretic nnion of the ele-
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ments of the family Fio) = {pli = T} of all the prime ideals of R, which, modunle a,
comsigt of zero-divisord AN Bia (1. Therelore, the ring € = Hia)—*4 1 isomorphic
{0 the total Ting of [ractions of A. Bet B = 8{a) U, ¥ = Hpee (4), ¥ = Bpec (B,
Z = #fpee (). In the tollowing diagran:

Ril= .J.‘,}Cﬂ-_ﬂ—z = A
l |
i 1.:
}
E.

2 —(
a1l the homomorphisms are sanonical. Set T = Spec (B), g0 — Spec (BY), o —= "4
b el 8 e R Y e i b M. S T Ry the universality
properiy of R, there cxists @ unigue homomorphism w: B _ RB* which ecommutes
the following diagram:

A
-.t:,,r/ 3 -'I-

S | ¥

w, and g heing the canonical homommorphisma. Het p = "w: g8 T oy, ="W,!
X T, yp="tp ¥ -+ T, and denoto by Via) the image of X into T and by Alal
the image of ¥ into I\

{(4.1) PROPOSITION. — We preserne the nolations of the beginning of this section.
y¢:B*+A iz o supjeofive homomorphism (te [ 18 @ cloged  embedding).

(2) If 0 = Ker (») and b — Ker (v'), then ']y b—+b iz o {module-theoretic)
isomorphism (we notice that b = Sia) o).

{ay b s contained in the eonductor of w:R"—+ B and, hence, for every b,
By = Bum and, for eeery prime ideal Q of B qbb, By =~ B, = R, where p = 4 )
ARba, pCl v
isl

(4) If we identify X awith its image, V(b), inle 7% yader f, then o' YTt
reatricted fo o' e X)) = ¥ 2 establishes a seheme-theorelie isomorphism with T X,

{(hy A% ix homenmorphic lo X\, X ofy which is the same, to Via) o os Alay wivey
henee, the image of the continyous injective map T -~ T coincides with Vo)) Ala)
(which is, thercfore, @ cloged got of TE).

{1y Mfa= &0, then Mo} can be talkon as equol o the family of all the minimal prime ireals
econtaining d.
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(6} Afa) = {p'p i a prime ideal of B such that pC | p,}.
il
(7) £} 1' i3 o noctherian space, then T is o noctherian space,

(8) The map h —n'~Y0) establishes an isomorphism between the latiive of all
the ideals of B conluining a and that of all the ideals of E" containing b.
(3] For every prime ddeal p of B, pt | p, pha, the map 0 —u' () induees
el
@ bijection between the set of all the p-primary ideals of B and the set of all q-primary
ideals of 1% where q is the wnique prime ideal of B® such that g M R — p. Tn partiewlar,
the injective map ¥ = 49 (ie. A(n) c I) preserves the ordering.

(10) Tf H(b) is the multiplicatively closed subsel of B® complement in B™ of Fla.,
with 0,N R — p,, and if B'= 8(0)" R then B" =~ A x R i

(11) If & is an integral dowmain, then B" is an integral domain with the same field
of guotiends of F.

(12) Yhere cwisle o wnique homomorphism p: (1| a) 'R — B" which commuics
the following diagram:
R—— (14 a-E

I

|
0 e +
T

The subspace of T image of Bpee (1 -+ a) 'R) eoincides with **Via)} (which s,
therefore, a closed subsel of V002t

(13) If It is normal and if Ria is integrally closed, E* is normal.

(14) ff a = p is o prime ideal of 1t, then 3: T + T estublizhes o homensmorphism
of T awith its dmage: Vip) U Alp).

I'roor, - For (1)-(9) ef. {(1.4), (1.5) and (1.8). {10). Tt is sufficient to remark
that S(p)7'E" is isomorphic to (o). For (11) of. (1.5(7)). The first part of the
slatement (12) follows from Lhe universality property of B Tn lfacl, thers exist
two homomorphizms @: (L -+ a) 'R = Rigy @l | a—a4a, gy {l +a) 'R — &la) 'R,
#{1 +a 21 + a (S8(a) containing 1 < q), which commute the following diagram:

140 "R—EsRin

o2l

Sy 'R —s €

Fuarthermore, V(a) is contained in the image of Spee ((1 + a)*R) into Spee (R),
henee *™V{a) is also contained in this image, On the other hand, if p is o prime ideal
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guch that p (1 a) =8 then p 4+ a+ (1), henee Vip) N Via) = Vip + a} = 0.
(18): ef. (L.6(5)). (14). In this ease, Fip)u, . A(p} ~ Fip)L) Aip), the cloged sot Z
consigting ol one point rolely.

(1.2) RuMARK. — (a) If B iz an integral domain, then B coineides with the C£1-
grtension, OB, o), of B with respect do q | 5]

(b} 1n genmeral, the continuous injeetive map 2 — 4 does nol extablish & homeo-
morphism of T with itz image. It is not diffieult to build up some explicit examples
for which yp: 7% = Fa) U A{a) i& neither o homeomorphizm nor an isomorphism of
ordered gets [5, Fix. 3.14]. Nevertheless, if @ = p is a prime ideal, T is homeomorphic
to “T'{nl L @t but, in general, it is not isomorphic in the scheme-theorelic meaning
[5, Ex. 2.11 and Prop. 2.12).

(4.3) TEaa. — We preserve the nolations of the heginning of this section. The con-
tinuous bijective map : T% — Via) W Adia) 15 a homeomorphizm if, and only if, the
eanonieal mep Via) L[ Ala) = Flap o Aln) is on identifieation (1),

Proor. - The statement follows easily from the theorem (V1.7.2) of [13], bearing
in mind (4.1.(5)) and [15,VI.6.1].

(4.4) Rwsmark. — It is easy to show that if the family Fla) is finite, then - I —
—+ Via) W A{a) is a homeomorphism, Via) — “Fia), Ala) — "Fla) and Z ~ Fia] N
v A{n) = Fin). This result ean be generalized in the lollowing way:

(4.5) PROPORITION. - We preserve the notutions of the beginning of this section.

T{ the ring A = Rja is guasi-regular (%) and if pC ] p, CE dmplies pCh, for somo
ial

indew i of T, then y: T — Via)u A{a) iz a homeomorphism, Vie) = i)y o) =

= ") and & ~ Fla) N dia) = Fia)

TROOF. — Sinee A is quagi-regnlar, the image of Z into X is homeomorphic to
Fla) {which is a2 compact subspace of X), hence the image of & into T, which eoineides
with Fia) m Afa), is still homasomorphic o Fla). Since J'.”I[l,'t]=_-1r.1[1,,mL{FUI]}, then
Via) — ™F(a) (1.1). Iurthermore, il p is a prime ideal of & such that pda and

pC | py, then p S, for some i € I. The conclusion follows from (4.1 (5]}, becansc
(=)

T® ~ Fla)u

inla Fial.

Afa) = Viayu, d{a), where j is the cmbedding of Fla)m A(a)

Jgon

(") A conlinuous surjective map f: X = F iw called an ddentifination map whenever a
subget. 7 of ¥ i3 an opeun sl il and only if, -3 V) is an open sel of X [18, VI.1.2]

(*y A ring is ealled guosi-regulor in the seuse of Endd [15], if ita total ring of fraclious is
regnlar {i.e. zero-dimensionsl and reduced).

4% — Annel 3 Mafemakics



apd  Mamrco Foxtana: Topologically defined elnsses of eommutotive rings

(4.6) PrROPOSTIION. — We preserve the nolations of the beginwing of this section.
Tet o be an ideal of T, then

(1) R iz o G-domain = B iz a G-domain.
(29 B ds @ Priifer domain — K i a Priifer dowmain.
(3) R is a Q) -domain (*) — Rt iz a Q-domoin.
(4) B ie an i-domain = Y fg awn i-domain,
(3) K i8 an open [resp. propen] domain == B" is an open [veap. propen)| domain.
(6) K is a GD-domain = 1 iy o GD-domeai,
(7) R iz a Goldman ring = 1" ig o Goldmon ring.
If we suppose thot the ring Rlo is quasi-rogular (as in (4.5)), then:

(8) B iz a g-ring [resp. o Tocally pyr domain] =- R ig a g-ring [resp. a locally
pyr domain].

(9) R is a strong G-domain = R ix a strong G-domain.

Tn particulor, if a = p is 4 prime ideal, ench one af the properties (1)-(4) tranafer
from E to R

Proor. — {1). We recall that R is o f-domain if, and only if, its fleld of
quolients K is = finitely sencrated R-algebra [25, Th. 18], (2). A DPriifer domuin is
characterized by having all its overrings integrally cloged. (3), (4), (8) and (6) are trivial
consequences ol the definitions. (7). It is rather easy to see that if T is a T'y-space,
then T° is a Tp-space; in fact, for every ring R, the counter-image in 7% of ihe set
of all the G-ideals of R, Gold (&), 1s always contained in the set of all the -ideals
of K9, Gold (B%). (8) E/a being quasi-regular, 2% ~ V(a)J Aa). It ig easy to ghow
now that if I is an Alexandrolf-digerete space then g% iz also an Alexandroff-
digerete space. The slatement {9 Lollow from (2) and (B},
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