
ar
X

iv
:0

81
0.

24
02

v1
  [

m
at

h.
A

C
] 

 1
4 

O
ct

 2
00

8 TOWARD A CLASSIFICATION OF PRIME IDEALS

IN PRÜFER DOMAINS

MARCO FONTANA1, EVAN HOUSTON2, AND THOMAS G. LUCAS3

Abstract. The primary purpose of this paper is give a classification scheme for the
nonzero primes of a Prüfer domain based on five properties. A prime P of a Prüfer
domain R could be sharp or not sharp, antesharp or not, divisorial or not, branched
or unbranched, idempotent or not. Based on these five basic properties, there are
six types of maximal ideals and twelve types of nonmaximal (nonzero) primes. Both
characterizations and examples are given for each type that exists.

1. Introduction

Throughout this paper we let R be an integral domain with quotient field K. For

most of the results, R is assumed to be a Prüfer domain with R 6= K. What we are

interested in is a classification scheme for the nonzero primes of R. We do this on an

individual basis for each prime rather than considering the collective types a particular

Prüfer domain admits in its entire spectrum of nonzero prime ideals.

Given a nonzero ideal I of R, we mainly consider the following algebraic objects

associated to I:

(I : I) := {z ∈ K | zI ⊆ I},
I−1 := (R : I) := {z ∈ K | zI ⊆ R},
Iv :=

(

I−1
)−1

,
T (I) :=

⋃{(R : In) | n ≥ 0},
Ω(I) := {z ∈ K | for each i ∈ I, zin(i) ∈ R for some n(i) ∈ Z+}

= (∗)
⋂{RQ | Q ranges over the prime ideals that do not contain I},

Θ(I) :=
⋂{RN | N ranges over the maximal ideals that do not contain I},
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with Ω(I) := K [respectively, Θ(I) := K] if every nonzero prime ideal contains I

[respectively, if every nonzero maximal ideal contains I ]. (For equation (∗), see [5,

Theorem 3.2].) For clarity, we use TR(I), ΩR(I) and ΘR(I) when the context involves

more than one ring. Obviously, for each nonzero ideal I:

R ⊆ (I : I) ⊆ I−1 ⊆ T (I) ⊆ Ω(I) ⊆ Θ(I).

Note that if P is a nonzero prime of a Prüfer domain R, then (P : P ) = RP ∩ Θ(P )

(see, for example, [17, Theorems 3.2 and 3.8]). In particular, (M : M) = R for each

maximal ideal M . By putting together Theorem 3.2, Lemma 3.3 and Proposition 3.9

of [17], we have that for a nonzero ideal I of a Prüfer domain R, I−1 a ring implies

I−1 =
√
I
−1

= (
√
I :

√
I). This combination is particularly useful when dealing with

primary ideals – if Q is P -primary and Q−1 is a ring, then Q−1 = P−1 = (P : P ).

Recall that a nonzero ideal I of an integral domain R is said to be divisorial if

I = Iv (= (R : (R : I))). It is known that a maximal ideal of a Prüfer domain

is divisorial if and only if it is invertible (see, for example, [17, Corollary 3.4] or

[7, Corollary 3.1.3]). A characterization for when a nonmaximal (nonzero) prime

of a Prüfer domain is divisorial is given in [6, Proposition 9]. This is one of the five

properties we are interested in. Another is simply whether or not the prime in question

is idempotent. A third is whether P is branched, meaning it has a proper P -primary

ideal, or unbranched (meaning it does not).

In [9], R. Gilmer introduced the notion of a sharp domain via “property (#)”. For

a domain R, he declared R to have property (#) (or to “satisfy (#)”) if for each pair

of nonempty subsets M and N of Max(R),
⋂{RMα |Mα ∈ M} =

⋂{RNβ
| Nβ ∈ N}

if and only if M = N . By default, a local domain is sharp. He proved that an

integral domain R (with more than one maximal ideal) is sharp if and only if for each

maximal ideal Mβ, RMβ
does not contain the intersection

⋂{RMα |Mα ∈ Mβ} where

Mβ = Max(R)\{Mβ} [9, Lemma 1]. In [18], K.A. Loper and the third named author

introduced the notion of a maximal ideal Mβ being sharp if RMβ
does not contain

⋂{RMα | Mα ∈ Mβ}. We extend this definition to say that a nonzero prime P is

sharp if RP does not contain Θ(P ). Whether a (nonzero) prime is sharp or not is the

fourth property we include in our classification scheme.
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The fifth property we consider comes from the characterizations of divisorial non-

maximal primes in Theorem 4.1.10 of [7], the proof given for Theorem 2.5 in [14] and

by several results in [19]. We say that a nonzero prime P of an integral domain R is

antesharp if each maximal ideal of (P : P ) that contains P , contracts to P in R. If

R is a Prüfer domain, each prime of (P : P ) is extended from R (see, for example, [9,

Theorem 1] or [10, Theorem 26.1]). Hence for R Prüfer, P is antesharp if and only

if it is a maximal ideal of (P : P ). In Proposition 2.3 below we give several other

characterizations for antesharp primes in Prüfer domains. Some are rather specific to

Prüfer domains, but two involving invertible ideals hold for all integral domains. It

is clear that a maximal ideal of a Prüfer domain is antesharp by default. The use of

“antesharp” for this property comes partially from the fact that if P is a sharp prime

of a Prüfer domain, then it is also an antesharp prime (see Corollary 2.4 below).

Throughout the paper, we will draw heavily on Gilmer’s characterization of branched

and unbranched primes [10, Theorem 23.3(e)]. With regard to the sharp condition,

we make frequent use of [9, Theorem 2] and [11, Corollary 2]. Other frequently cited

results include Corollary 3.1.8 and Theorems 3.1.2, 3.3.10 and 4.1.10 of [7]. Corollary

3.1.8 is a consequence of Proposition 2.3 and Theorem 3.8 of [17]. Theorem 3.1.2

also appears in [17] as Lemma 3.3 and Theorem 3.2. Theorem 3.3.10 is from [12] and

Theorem 4.1.10 is from [6].

2. Sharp and antesharp primes in Prüfer domains

We begin by giving several ways of characterizing sharp primes and antesharp primes

in Prüfer domains. Then we consider relations between these two properties and the

other three.

Remark 2.1. Let P be a nonzero prime of a Prüfer domain R. In [11, Corollary 2],

Gilmer and Heinzer proved that (in our terminology), P is sharp if and only if there is

a finitely generated ideal I contained in P such that each maximal ideal that contains

I also contains P (for P maximal this is [11, Theorem 2]). Also, the only time P−1

properly contains (P : P ) is when P is invertible [7, Corollary 3.1.8], and therefore

maximal. A simple consequence is that in all cases, (P : P ) = RP ∩Θ(P ) [7, Theorem

3.1.2]. It follows that P is sharp if and only if (P : P ) is a proper subset of Θ(P ).

Also, for a nonzero nonmaximal prime ideal P , we know that P is divisorial if and
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only if P−1 ( Θ(P ) or (R : Θ(P )) = P [7, Theorem 4.1.10]. Hence if P is a nonzero

nonmaximal prime that is sharp, then P is divisorial [5, Theorem 2.1]. Finally, note

that P is both branched and sharp if and only if P =
√
B for some finitely generated

ideal B. This is simply a combination of the characterization of “sharp” given above

and Theorem 23.3(e) in [10] – specifically, P is branched if and only if P is minimal

over some finitely generated ideal J ⊆ P . Hence if P is both branched and sharp,

then P =
√
B where B := I + J is such that P is minimal over the finitely generated

ideal J and I is a finitely generated ideal of R such that the only maximal ideals that

contain I are those that contain P .

Proposition 2.2. Let R be a Prüfer domain and let P be a nonzero prime ideal of

R. Then the following are equivalent.

(i) P is sharp.

(ii) There is a finitely generated ideal I ⊆ P such that the only maximal ideals that

contain I are those that contain P .

(iii) There is a prime ideal Q ⊆ P such that Q is the radical of a finitely generated

ideal with Θ(Q) = Θ(P ).

(iv) There is a prime ideal Q ⊆ P such that Q is the radical of a finitely generated

ideal and each maximal ideal that contains Q also contains P .

(v) There is a prime ideal Q ⊆ P such that Q is the radical of a finitely generated

ideal and each prime that contains Q is comparable with P .

(vi) There is a prime ideal Q ⊆ P such that Q is the radical of a finitely generated

ideal and each ideal that contains Q is comparable with P .

(vii) There is a finitely generated ideal I ⊆ P such that each ideal that contains I

is comparable with P .

Moreover, the prime ideal Q in the statements from (iii) to (vi) is sharp and branched.

Proof. The equivalence of (i) and (ii) is from [11, Corollary 2]. Clearly (vi) implies

(v), (v) implies (iv), (iv) implies (iii) and (iii) implies (ii).

Next we show that (i) implies (vi) and (vii).

Assume P is sharp and let I ⊆ P be a finitely generated ideal such that each

maximal ideal that contains I also contains P . Let Q be a prime minimal over I.

Then each maximal ideal M that contains Q also contains P . Since RM is a valuation
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domain (or because Spec(R) is treed), P must contain Q. It follows that Q is the

unique minimal prime of I and therefore, Q =
√
I .

For the rest, it suffices to start with an element r ∈ R\P such that rR + P 6= R,

then show that the ideal J = rR+I contains P . For this, we simply see what happens

when we localize at a maximal ideal. Clearly, if N is a maximal ideal that does not

contain I, then JRN = RN = PRN . On the other hand, if M is a maximal ideal

that contains I, then it also contains P . Since r is not in P and PRM ∩ R = P ,

JRM = IRM + rRM = rRM ) PRM . It follows that J ) P .

To finish we show (vii) implies (vi). Assume I is a finitely generated ideal of R with

I ⊆ P and each ideal containing I is comparable with P . Let Q be minimal over I.

Since Q is comparable with P , we must have Q ⊆ P . Since Spec(R) is treed, Q must

be the unique minimal prime of I so that Q =
√
I .

The last statement is a consequence of Remark 2.1. �

We next turn our attention to the antesharp property.

Proposition 2.3. Let P be a nonzero nonmaximal prime ideal of an integral domain

R. Then the following are equivalent.

(i) P is antesharp (i.e., each maximal ideal of (P : P ) that contains P contracts

to P in R).

(ii) For each a ∈ R\P , the ideal A = aR+ P is invertible.

(iii) For each prime Q of R that properly contains P , there is an invertible ideal

I ⊆ Q that properly contains P .

If R is Prüfer, then (i), (ii) and (iii) are also equivalent to the following.

(iv) P is a maximal ideal of (P : P )

(v) Each prime ideal of (P : P ) that contains P contracts to P in R and is a

maximal ideal of (P : P ).

(vi) For each prime Q of R that properly contains P , there is a finitely generated

ideal I ⊆ Q that properly contains P .

Proof. To see that (i) implies (ii), assume P is antesharp and let a ∈ R\P . Set

A := aR+P . As no prime ideal of R that properly contains P survives in (P : P ), we

must have A(P : P ) = (P : P ). Hence there are elements q ∈ (P : P ) and p ∈ P such



6 MARCO FONTANA, EVAN HOUSTON, AND THOMAS G. LUCAS

that qa + p = 1. It follows that q = (1 − p)/a ∈ a−1R
⋂

(P : P ) and thus q ∈ A−1.

Since p ∈ A, 1 ∈ AA−1 and (i) implies (ii).

Clearly (ii) implies (iii). To finish the general case we show (iii) implies (i). Let Q

be a prime ideal that properly contains P and let I ⊆ Q be an invertible ideal that

properly contains P . Since P ( I, PI−1 ⊆ R and PI−1I = P implies PI−1 ⊆ P .

Hence I−1 ⊆ (P : P ) and we have 1 ∈ II−1 ⊆ I(P : P ) ⊆ Q(P : P ). Thus

Q(P : P ) = (P : P ) and it follows that P is antesharp.

If R is Prüfer domain, then each prime of (P : P ) is uniquely extended from R

[10, Theorem 26.1]. Thus (i), (iv) and (v) are equivalent. Also each finitely generated

ideal is invertible, so (vi) is equivalent to (iii) finishing the equivalence of (i)–(vi) in

the Prüfer case. �

If R is not a Prüfer domain, then it is the still the case that (i) implies (vi). However,

the reverse implication does not hold in general, a simple example is the prime P =

(X,Y ) of the polynomial ring K[X,Y,Z] where K is a field. Also note that since each

invertible ideal of a local domain is principal, if R is local, then P is antesharp if and

only if it is divided; i.e., P compares with each principal ideal.

Corollary 2.4. Let P be a (nonzero) prime ideal of an integral domain R.

(1) If P is antesharp and not maximal, then it is divisorial.

(2) If R is a Prüfer domain and P is sharp (equivalently, (P : P ) ( Θ(P )), then

P is a maximal ideal of (P : P ) and antesharp as a prime of R. Moreover, if

P is sharp and not maximal, then it is both antesharp and divisorial.

Proof. Assume P is antesharp and not maximal and let a ∈ M\P where M is a

maximal ideal that contains P . Then by statement (ii) of Proposition 2.3, the ideals

A := aR + P and B := a2R + P are both invertible with B properly contained in A

since A 6= R. As both A and B are divisorial ideals that properly contain P , a cannot

be an element of P v. It follows that P = P v is divisorial.

If R is a Prüfer domain and P is sharp, then there is a finitely generated ideal I

contained in P and in no maximal ideal that does not contain P . For each prime Q

properly containing P , choose t ∈ Q \ P and set J := tR + I. For a maximal ideal

M , if M does not contain P , then PRM = IRM = JRM = RM . If M does contain

P , then we must have JRM ) PRM since PRM ∩ R = P and t ∈ J does not belong
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to P . Hence (Q ⊇) J ) P . The conclusions in the first sentence now follow from

Proposition 2.3. Apply statement (1) to verify the second statement in (2). �

Corollary 2.4 and Proposition 2.3 suggested the choice of the term “antesharp” – a

prime P (in a Prüfer domain) is antesharp if it is sharp, and while an antesharp prime

P need not contain a finitely generated ideal I contained only in the maximal ideals

that contain P , each prime that contains P will contain such a finitely generated ideal.

Several results are already known for prime ideals in Prüfer domains verifying dif-

ferent combinations of the properties of being divisorial, idempotent, branched, sharp

and antesharp. Our next goal is to pursue this study to reach a more complete classi-

fication of prime ideals in Prüfer domains. We start with maximal ideals. Recall that

if V is a valuation domain with maximal ideal M , then either every nonzero ideal is

divisorial (equivalently, M is invertible) or M is not divisorial and the other nondivi-

sorial ideals are those of the form aM for some nonzero a ∈ V (see [13, Lemma 5.2]

and [2, Lemma 4.2]).

Proposition 2.5. Let R be a Prüfer domain and let M be a branched maximal ideal.

Then the following are equivalent.

(i) M is sharp but not divisorial.

(ii) M is both sharp and idempotent.

(iii) M is idempotent and the radical of a finitely generated ideal.

(iv) M is not divisorial, but divisorial M -primary ideals exist.

(v) M is idempotent, but divisorial M -primary ideals exist.

Moreover, if M is idempotent and sharp, then each non-divisorial M -primary ideal

properly contained in M is of the form IM for some finitely generated M -primary

ideal I.

Proof. A (nonzero) maximal ideal of a Prüfer domain is divisorial if and only if it is

invertible (for instance, [7, Lemma 4.1.8]). Since M is a branched maximal ideal, it

is minimal over some finitely generated ideal I [10, Theorem 23.3]. Also M is sharp

if and only if it contains a finitely generated ideal J that is in no other maximal ideal

(Remark 2.1). In this case, M is the radical of the finitely generated ideal I + J .

Also, if M is not idempotent, then necessarily MRM = bRM for some b ∈ M ([7,
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Proposition 5.3.1 (1)] and [10, Theorem 17.3 (b)]). Thus, checking locally, we have

M = I+ bR, i.e. M is finitely generated and so, in particular, divisorial. Therefore, in

our situation, M is either idempotent or divisorial (but not both). It follows that (i),

(ii) and (iii) are equivalent and also that (iv) and (v) are equivalent. Also (iv) implies

(i) by [23, Proposition 2.2].

Assume M is sharp but not divisorial. Then M is not finitely generated but there

exists a finitely generated (and therefore divisorial) ideal B with
√
B = M . Since M

is maximal, B is M -primary. Thus (i) implies both (iv) and (v).

For the “Moreover” statement, assume M is branched and sharp but not divisorial.

By (iii), M = M2 and there is a finitely generated ideal B ( M with
√
B = M .

Let Q be a proper M -primary ideal that is not divisorial and let r ∈ M\Q. Since
√
Q = M =

√
B and B is finitely generated, then Q contains Bm for some positive

integer m. Since B is M -primary, checking locally shows that the finitely generated

ideal I := Bm + rR is a proper M -primary ideal that properly contains Q. Since Q

is not divisorial, we may choose r ∈ Qv\Q which puts I between Q and Qv. As I

is finitely generated and M -primary, we must have Qv = I and rRM = IRM . This

implies that QRM ( rRM = IRM and therefore QRM ⊆ rMRM = IMRM ( IRM

with no ideal properly between IMRM and IRM (since IRM is invertible). If Q 6= IM ,

there is an s ∈ IM\Q. As sRM ⊆ IMRM ( rRM = IRM , the finitely generated ideal

A = Bm + sR would be properly between Q and Qv = I which is absurd. Thus

Q = IM . �

Corollary 2.6. Let R be a Prüfer domain and let M be a branched nondivisorial

maximal ideal. Then the following are equivalent.

(i) M is non-sharp.

(ii) No M -primary ideal is divisorial.

(iii) (R : Q) = R, for each M -primary ideal Q.

Proof. The equivalence of (i) and (ii) is from the equivalence of statements (i) and (iv)

in Proposition 2.5 (see also, [23, Proposition 2.2]). For the equivalence of (ii) and (iii),

assume Q is an M -primary ideal. Then either Qv = R (equivalently (R : Q) = R) or

Qv ⊆M is a divisorial M -primary ideal (forcing M to be sharp). �
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Recall from above that for a nonzero ideal I, Ω(I) =
⋂{RQ | Q ranges over the

prime ideals that do not contain I} (= K, if each nonzero prime contains I). Our next

proposition adds to the list of equivalences given in [7, Theorem 3.3.10] for having P−1

a proper subset of Ω(P ).

Before stating the proposition we recall three useful facts about duals. First, for

any nonzero ideal I of an integral domain R (Prüfer or not), (II−1)−1 is always a ring

and always equal to (II−1 : II−1) [1, Proposition 7.2]. For the other two, start with a

nonzero prime P of a Prüfer domain such that P is the radical of a finitely generated

ideal and an ideal I such that P is minimal over I with IRP ( PRP . Then I−1 is not

a ring and each prime that properly contains P blows up in P−1 [19, Lemmas 21 and

22] (see also [7, Lemmas 4.2.25 and 4.2.26]).

Proposition 2.7. Let P be a nonzero branched prime of a Prüfer domain R. Then

the following are equivalent.

(i) P is sharp.

(ii) P is the radical of a finitely generated ideal.

(iii) PΩ(P ) = Ω(P ).

(iv) P−1 ( Ω(P ).

(v) If Q is a proper P -primary ideal, then

QQ−1 = P , whenever P is not maximal and

QQ−1 ⊇ P , whenever P is maximal.

(vi) There exists a proper P -primary ideal that is divisorial.

Proof. The equivalence of (i) and (ii) is from Remark 2.1, and the equivalence of (ii),

(iii) and (iv) is part of [7, Theorem 3.3.10].

Of the remaining implications, the one that is easiest to establish is (vi) implies (iv).

Since Ω(P ) is a ring that contains P−1, there is nothing to prove if P is invertible,

because in this case P−1 is not a ring [7, Theorem 3.1.2 and Corollary 3.1.3]. Thus we

may assume P−1 = (P : P ) [7, Corollary 3.1.8] and that there is a proper P -primary

ideal Q such that Q = Qv. If N is a prime that does not contain P , then Q−1 is

contained in RN . Thus Ω(P ) contains Q−1. It follows that P−1 ( Q−1 ⊆ Ω(P ).

It is nearly as easy to show that (v) implies (iv). As with the proof of (vi) implies

(iv), if some proper P -primary ideal Q is invertible, then P−1 ( Q−1 ( Ω(P ) since
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Ω(P ) is a ring that contains Q−1 (which is not a ring, since Q is invertible). Hence

to show (v) implies (iv) we may assume each proper P -primary ideal Q is such that

QQ−1 = P . Since we have also assumed P is branched, there are proper P -primary

ideals. Let Q be one such ideal. If P−1 = Ω(P ), then Q−1 = Ω(P ) as well since

it is always the case that P−1 ⊆ Q−1 ⊆ Ω(P ) (no matter whether R is a Prüfer or

not). Since P−1 is a ring, we have P−1 = RP ∩ Θ(P ) [7, Theorem 3.1.2]. Therefore,

P = QQ−1 = QP−1 ⊆ QRP ∩R = Q, leading to the contradiction that Q = P . Thus

we have that P−1 is properly contained in Ω(P ).

We next show that (ii) implies (v). Assume P =
√
I where I is a finitely generated

ideal of R. Then PΩ(P ) = Ω(P ) (since we know already that (ii)⇔(iii)) and therefore,

(P : P ) is a proper subring of Ω(P ). Since R is a Prüfer domain, each prime of (P : P )

is extended from R. Also, by [7, Lemma 4.2.26], each prime that properly contains P

blows up in (P : P ). Thus P is a maximal ideal of (P : P ).

Let Q be a proper P -primary ideal. Then Q−1 is contained in Ω(P ), and this

containment must be proper since Q−1 is a ring if and only if it equals (P : P ) [7,

Proposition 3.1.16], already known to be a proper subring of Ω(P ).

We first consider the case that P is maximal. If P is invertible, then so is Q [10,

Theorem 23.3(b)]. Thus we may assume P is not invertible. In this case P−1 = (P :

P ) = R [7, Corollary 3.1.8]. No maximal ideal other than P can contain QQ−1 so

either Q is invertible or QQ−1 is contained in P , making it a P -primary ideal whose

dual is a ring [7, Proposition 3.1.1 (2)]. In the latter case, apply [7, Lemma 4.2.25] to

see that we must have QQ−1 = P .

Now assume P is not maximal. In this case, P−1 = (P : P ) with P a maximal ideal

of (P : P ) [7, Corollary 3.1.8 and Lemma 4.2.26]. It is easy to show as above that

QP−1 ⊆ Q. Therefore, in particular, QQ−1P−1 ⊆ QQ−1. Thus P−1 ⊆ (R : QQ−1)

and we know that (R : QQ−1) ⊆ Q−1 ( Ω(P ). Since P is divisorial [7, Corollary

4.1.12], we have Q ⊆ QQ−1 ⊆ (QQ−1)v ⊆ P . Also, since there are no rings properly

between (P : P ) = P−1 and Ω(P ) [7, Theorem 3.3.7], we have P−1 = (QQ−1 :

QQ−1) = (R : QQ−1). As P is a maximal ideal of P−1, QQ−1 is a P -primary ideal in

P−1. By applying [7, Lemma 4.2.25], we deduce that QQ−1 = P .

To finish we show that (ii) implies (vi). Let B be a finitely generated ideal of R such

that P =
√
B. If P is maximal, then B2 is proper P -primary ideal that is divisorial.
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On the other hand, if P is not maximal, then we at least have that it is a maximal

ideal of P−1 = (P : P ), since no prime that properly contains P survives in P−1 [7,

Lemma 4.2.26]. In this case, we consider the ideal Q := B2P−1. Since P−1 is a ring

and P is a maximal ideal of P−1, Q 6= P and, clearly, it is P -primary in P−1 and,

therefore, in R (because Q ( PP−1 = P ( R). Since B is invertible as an ideal of R

and P−1 is a divisorial fractional ideal of R, Q is also a divisorial ideal of R. �

Even more is true for nonmaximal branched primes. The following rather odd

lemma is the key for a short proof that if P is a nonmaximal branched prime, then it

is sharp if and only if each P -primary ideal is divisorial.

Lemma 2.8. Let R be a Prüfer domain and let P be a nonzero nonmaximal branched

prime of R that is sharp. If Q is a proper P -primary ideal of R and B is an ideal

of R such that Q ( B ⊆ P , then there is a finitely generated ideal I of R such that

Q ( I ( B.

Proof. Let Q be a proper P -primary ideal and let B be such that Q ( B ⊆ P . Since P

is sharp and branched, there is a finitely generated ideal J such that
√
J = P (Remark

2.1). Since
√
Q = P and J is finitely generated, Jm ( Q for some m ≥ 1. Choose an

element t ∈ B\Q, then set A := tR+ Jm. Let N be a maximal ideal of R. If N does

not contain P , then RN = JmRN = QRN = ARN . On the other hand, if N contains

P , then QRN ∩ R = Q since Q is P -primary and therefore ARN properly contains

QRN , since t ∈ ARN \QRN and RN is a valuation domain. Hence Q ( A ⊆ B.

Let M be a maximal ideal that contains P and let s ∈M\P . Then ts ∈ P\Q since

Q is P -primary, t ∈ P\Q and s ∈ M\P . Thus tsRM properly contains (QRM ⊇) Q.

Let I := tsR + Jm, obviously I ⊆ A. Since Jm ( Q, ts ∈ P \ Q and s ∈ M \ P
we have QRM ( tsRM = tsRM + JmRM = IRM ( tRM = tRM + JmRM = ARM .

Let N be a maximal ideal distinct from M . If N does not contain P , we have RN =

JmRN = QRN = ARN = IRN . On the other hand, if N does contain P , we have

that tsRN properly contains QRN since QRN ∩ R = Q and ts /∈ Q. It follows that

Q ( I (⊆ A). Since, as we remarked above, IRM is a proper subset of ARM , we

conclude that Q ( I ( A ⊆ B. �

Using Lemma 2.8 we have the following extension of Proposition 2.7 to nonmaximal

primes.
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Proposition 2.9. Let P be a nonzero prime of a Prüfer domain R. If P is not

maximal, then the following are equivalent.

(i) P is both branched and sharp.

(ii) P is the radical of a finitely generated ideal.

(iii) There exists a proper P -primary ideal that is divisorial.

(iv) Proper P -primary ideals exist and each (proper) P -primary ideal is divisorial.

Proof. Since P is branched (i.e., proper P -primary ideals exist) if and only if it is

minimal over a finitely generated ideal, the first three statements are equivalent by

Proposition 2.7. Clearly (iv) implies (iii). Thus to complete the proof it suffices to

show that (i) implies (iv).

Assume P is a nonzero nonmaximal prime ideal that is both branched and sharp.

Then P is divisorial by Remark 2.1. Let Q be a proper P -primary ideal. Since P is

divisorial, Q ⊆ Qv ⊆ P . By Lemma 2.8, if there is an element t ∈ Qv\Q, then there

is a finitely generated (= invertible ideal) I such that Q ( I = Iv ( Qv which is

impossible. Hence Q = Qv. �

For the final results of this section we consider unbranched maximal ideals.

Proposition 2.10. Let R be a Prüfer domain and let M be an unbranched maximal

ideal. Then the following are equivalent:

(i) M is sharp.

(ii) There is a divisorial prime P contained in M that is contained in no other

maximal ideal.

(iii) There is a divisorial ideal contained in M that is contained in no maximal

ideal.

(iv) There is a sharp prime contained in M that is contained in no other maximal

ideal.

(v) There is a sharp branched prime contained in M that is contained in no other

maximal ideal.

(vi) There is a chain of sharp branched primes {Pα} such that
⋃

Pα = M and

R/Pα is a valuation domain for each Pα.
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Proof. Clearly, (v) implies (iv). The equivalence of (i) and (iii) is by [23, Proposition

2.2], as is the fact that (ii) implies (i).

If M is sharp, then there is a nonzero finitely generated ideal J ( M such that M

is the only maximal ideal containing J [9, Theorem 2]. Let P be a prime minimal over

J . Then P is branched by [10, Theorem 23.3(e)]. Also M is the only maximal ideal

that contains P and P =
√
J . Thus P is sharp, branched and not maximal. Therefore

P is divisorial by Corollary 2.4. Hence (i) implies both (ii) and (v).

Continuing with the notation of the previous paragraph, R/P must be a valuation

domain with M/P unbranched. Thus M =
⋃

Qβ where the Qβ’s range over the

nonmaximal primes of R that contain P . Each Qβ is contained in M and no other

maximal ideal. Also, each Qβ is sharp by Proposition 2.2. The subfamily {Pα}
consisting of the branched members of {Qβ} is such that

⋃

Pα = M . Moreover, each

R/Pα is a valuation domain. Thus (i) implies (vi).

To see that (vi) implies (v), simply note that if {Pα} is a chain of sharp branched

primes such that
⋃

Pα = M with R/Pα a valuation domain for each Pα, then any one

of the Pα’s will satisfy the statement in (v).

Finally assume there is a prime P ⊆ M that is sharp. Then there is a finitely

generated ideal I ⊆ P such that each maximal ideal that contains I also contains

P . If M is the only maximal ideal containing P , it is also the only maximal ideal

containing I. So (iv) implies (i) by Remark 2.1. �

The Prüfer domain in [19, Example 38] has an unbranched maximal ideal that is a

union of sharp branched primes, but is not itself sharp.

3. Classifying prime ideals

For a nonzero prime P of an integral domain R, we let Λ(P ) = 〈V,W,X,Y,Z〉 with

the five positions 〈–, –, –, –, –〉 corresponding to whether the prime is, respectively:

sharp (for short “S”), antesharp (for short “A”), divisorial (for short “D”), branched

(for short “B”), idempotent (for short “I”) or not (for short, respectively, “S/, A/, D/ ,

B/, I/”). In other terms, V ∈ {S,S/}, W ∈ {A,A/}, X ∈ {D,D/ }, Y ∈ {B,B/} and

Z ∈ {I, I/}. Since each maximal ideal is antesharp in a Prüfer domain, we drop the

reference to antesharp and use only the 4-tuple Λ(M) = 〈V,X,Y,Z〉 for the maximal
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ideal M . (The notation ΛR(P ) will be used when the context involves more than one

ring.)

We first consider the possible values of Λ(M) when M is a maximal ideal (of a

Prüfer domain). Of the sixteen 4-tuples, exactly six can occur:

〈S,D,B, I/〉 〈S,D/ ,B, I〉 〈S,D/ ,B/, I〉
〈S/ ,D/ ,B, I/〉 〈S/ ,D/ ,B, I〉 〈S/ ,D/ ,B/, I〉 .

For now we only characterize each of these six types and show that there can be no

others. In Section 4 we give examples of each type.

Theorem 3.1. Let M be a nonzero maximal ideal of a Prüfer domain R. Then the

only possible values for Λ(M) are 〈S,D,B, I/〉, 〈S,D/ ,B, I〉, 〈S,D/ ,B/, I〉, 〈S/ ,D/ ,B, I〉,
〈S/,D/ ,B, I/〉 and 〈S/,D/ ,B/, I〉.

More precisely,

(1) Λ(M) = 〈S,D,B, I/〉 if and only if R ( M−1 (i.e. M is invertible).

(2) The following are equivalent:

(2-i) Λ(M) = 〈S,D/ ,B, I〉.
(2-ii) M is not finitely generated, but there is a finitely generated ideal I such

that M =
√
I.

(2-iii) M is not locally principal, but M =
√
I for some finitely generated I.

(2-iv) M is not invertible, but there are proper M -primary ideals that are

divisorial.

In this case, R = M−1 = T (M) ( Ω(M) ⊆ Θ(M).

(3) The following are equivalent:

(3-i) Λ(M) = 〈S,D/ ,B/, I〉.
(3-ii) M =

⋃{Pα | Pα ( M, Pα ∈ Spec(R)} and R ( Θ(M).

(3-iii) M has no proper primary ideals and there is a divisorial ideal contained

in M and no other maximal ideal.

(3-iv) M has no proper primary ideals and there is a finitely generated ideal

contained in M and no other maximal ideal.

(3-v) M has no proper primary ideals and there is a sharp prime contained in

M and no other maximal ideal.

In this case, R = M−1 = T (M) = Ω(M) ( Θ(M).
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(4) The following are equivalent:

(4-i) Λ(M) = 〈S/ ,D/ ,B, I〉.
(4-ii) M is minimal over a finitely generated ideal, but neither the radical of a

finitely generated ideal nor locally principal.

(4-iii) there are proper M -primary ideals, none of these are divisorial and M

is not locally principal.

(4-iv) M is the radical of an ideal properly contained in M , no M -primary

ideal is divisorial and M is not locally principal.

In this case, R = M−1 = T (M) = Ω(M) = Θ(M).

(5) The following are equivalent:

(5-i) Λ(M) = 〈S/ ,D/ ,B, I/〉.
(5-ii) M is locally principal, but it is not the radical of a finitely generated

ideal.

(5-iii) M is locally principal, but no proper M -primary ideal is divisorial.

(5-iv) M is the radical of an ideal properly contained in M , no M -primary

ideal is divisorial and M is locally principal.

In this case, R = M−1 = T (M) = Ω(M) = Θ(M).

(6) The following are equivalent:

(6-i) Λ(M) = 〈S/ ,D/ ,B/, I〉.
(6-ii) M =

⋃{Pα | Pα ( M, Pα ∈ Spec(R)} and R = Θ(M).

(6-iii) M has no proper primary ideals and each finitely generated ideal con-

tained in M is contained in at least one other maximal ideal.

(6-iv) M has no proper primary ideals and each divisorial ideal contained in

M is contained in at least one other maximal ideal.

In this case, R = M−1 = T (M) = Ω(M) = Θ(M).

Proof. Since R is Prüfer, M is divisorial if and only if it is invertible. In such a case

M is branched, sharp and not idempotent. Thus 〈S,D,B, I/〉 is the only possiblity

with “D”. Also note that if M is unbranched, then it must be idempotent. So Λ(M)

cannot contain both B/ and I/. Moreover, by Proposition 2.5, Λ(M) = 〈S,D/ ,B, I/〉 is

also impossible. All that are left are the six listed above.

(1) We have observed that Λ(M) = 〈S,D,B, I/〉 holds if and only if M is invertible

and this happens if and only if R ( M−1 (for instance, [7, Corollary 3.1.3]).
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(2) The equivalence of (2-i) and (2-ii) follows easily from Remark 2.1, Proposition 2.5

and the fact that “not divisorial” and “not finitely generated” are equivalent notions

for maximal ideals in Prüfer domains. Clearly (2-ii) and (2-iv) are equivalent from

Proposition 2.5. It is obvious that (2-iii) implies (2-ii). Finally (2-i) implies (2-iii) by

Proposition 2.5 and the fact that in a Prüfer domain, a maximal ideal is idempotent

if and only if it is not locally principal.

Since M = M2, it is trivial that M−1 = T (M). The rest of the last statement

follows from [7, Theorem 3.3.10] and the assumption that M is sharp.

(3) Since R is a Prüfer domain, M is unbranched if and only if it is the union of

the primes properly contained in M [10, Theorem 23.3]. Thus (3-i) and (3-ii) are

equivalent. The equivalence of (3-v) and (3-iv) is from Proposition 2.2. Also from

Proposition 2.2, we have that (3-i) implies (3-v). It is obvious that (3-iv) implies

(3-iii). To finish the equivalence, we have that (3-iii) implies (3-i) by Proposition 2.10.

As in (2), the last statement follows from [7, Theorem 3.3.10] and from the fact

that M−1 = T (M) when M = M2.

(4) Since R is a Prüfer domain, M is locally principal if and only if M 6= M2. That

(4-i) implies (4-ii), (4-iii) and (4-iv) now follows from Corollary 2.6 and [10, Theorem

23.3]. Since M is maximal, the only real difference between the statements in (4-iii)

and (4-iv) is that in (4-iii) only the proper M -primary are required to be nondivisorial

but M not locally principal implies it is not invertible, so it is not divisorial. To see

that (4-iii) implies (4-ii) and (4-i), again apply Theorem 23.3 of [10] to see that M is

minimal over a finitely generated ideal. Next, use Corollary 2.6 and Remark 2.1 to

conclude that M is neither sharp nor the radical of a finitely generated ideal. Finally

to see that (4-ii) implies (4-i), the particular set of restrictions in (4-ii) clearly implies

M is branched, idempotent and not divisorial. Thus by (2), it is sharp if and only if

it is the radical of a finitely generated ideal. Hence (4-ii) implies (4-i).

The last statement always holds in a nonsharp case. So it holds here and in (5) and

(6) as well.

(5) By Corollary 2.6, [10, Theorem 23.3(e)] and (3) we have that (5-i) implies (5-iv).

It is obvious that (5-iv) implies (5-iii) and (5-iii) implies (5-ii). (5-ii) implies (5-i) by

Corollary 2.6, since M is neither idempotent nor divisorial.
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(6) As in (3), we use the fact that there are no proper M -primary ideals if and

only if M is the union of the primes that are properly contained in M [10, Theorem

23.3]. Also, M fails to be sharp if and only if each finitely generated ideal it contains

is contained in at least one other maximal ideal [11, Theorem 2]. Since an unbranched

prime must be idempotent, the equivalence of the first three statements is now clear.

Clearly, (6-iv) implies (6-iii). Finally, (6-i) implies (6-iv) by Proposition 2.10. �

For nonmaximal prime ideals P of a Prüfer domain, the possible values for Λ(P )

are described next. In Section 4 we will show with explicit constructions that all the

possible values for Λ(P ) and for Λ(M) are effectively attained. Of the thirty-two

possible 5-tuples, exactly twelve can (and do) occur:

〈S,A,D,B, I〉 〈S,A,D,B, I/〉 〈S,A,D,B/, I〉

〈S/ ,A,D,B, I〉 〈S/,A,D,B, I/〉 〈S/,A,D,B/, I〉
〈S/,A/,D,B, I〉 〈S/ ,A/,D,B, I/〉 〈S/ ,A/,D,B/, I〉

〈S/,A/,D/ ,B, I〉 〈S/ ,A/,D/ ,B, I/〉 〈S/ ,A/,D/ ,B/, I〉 .
We say that a nonzero prime P verifies (♮) if for each prime Q properly containing

P , there is a finitely generated ideal I of R such that P ( I ⊆ Q. By Proposition 2.3

this is equivalent to saying that P is antesharp.

Theorem 3.2. Let P be a nonzero nonmaximal prime ideal of a Prüfer domain. Then

the only possible values for Λ(P ) are 〈S,A,D,B, I〉, 〈S,A,D,B, I/〉, 〈S,A,D,B/, I〉,
〈S/,A,D,B, I〉, 〈S/,A,D,B, I/〉, 〈S/,A,D,B/, I〉, 〈S/ ,A/,D,B, I〉, 〈S/,A/,D,B, I/〉,
〈S/,A/,D,B/, I〉, 〈S/,A/,D/ ,B, I〉, 〈S/,A/,D/ ,B, I/〉, and 〈S/ ,A/,D/ ,B/, I〉. More precisely:

(1) The following are equivalent:

(1-i) Λ(P ) = 〈S,A,D,B, I〉.
(1-ii) PRP is not principal and P is the radical of a finitely generated ideal.

(1-iii) PRP is not principal and some proper P -primary ideal is divisorial.

(1-iv) PRP is not principal, proper P -primary ideals exist and each P -primary

ideal is divisorial.

(2) The following are equivalent:

(2-i) Λ(P ) = 〈S,A,D,B, I/〉.
(2-ii) PRP is principal and P is the radical of a finitely generated ideal.
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(2-iii) PRP is principal and some proper P -primary ideal is divisorial.

(2-iv) PRP is principal and each P -primary ideal is divisorial.

(2-v) P is an invertible ideal of (P : P ).

(3) The following are equivalent:

(3-i) Λ(P ) = 〈S,A,D,B/, I〉.
(3-ii) P has no proper P -primary ideals and there is a finitely generated ideal

I ⊆ P such that each ideal that contains I is comparable with P .

(3-iii) P has no proper P -primary ideals and there is a prime Q ( P such that

Q is the radical of a finitely generated ideal and each maximal (prime) ideal

that contains Q, also contains (is comparable with) P .

(4) The following are equivalent:

(4-i) Λ(P ) = 〈S/ ,A,D,B, I〉.
(4-ii) PRP is not principal, proper P -primary ideals exist, but P is the only

divisorial P -primary ideal and P verifies (♮).

(4-iii) PRP is not principal, P is minimal over some finitely generated ideal,

but each finitely generated ideal contained in P is contained in at least one

maximal ideal that does not contain P and P verifies (♮).

(4-iv) PRP is not principal, P is minimal over some finitely generated ideal,

but each finitely generated ideal contained in P is contained infinitely many

maximal ideals that do not contain P and P verifies (♮).

(5) The following are equivalent:

(5-i) Λ(P ) = 〈S/ ,A,D,B, I/〉.
(5-ii) PRP is principal, P verifies (♮) and is the only divisorial P -primary

ideal.

(5-iii) PRP is principal, each finitely generated ideal contained in P is con-

tained in at least one maximal ideal that does not contain P and P verifies

(♮).

(5-iv) PRP is principal, each finitely generated ideal contained in P is con-

tained in infinitely many maximal ideals that do not contain P and P verifies

(♮).

(6) The following are equivalent:

(6-i) Λ(P ) = 〈S/ ,A,D,B/, I〉.
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(6-ii) P is the only P -primary ideal, each finitely generated ideal contained in

P is contained in at least one maximal ideal that does not contain P and P

verifies (♮).

(6-iii) P is the only P -primary ideal, each finitely generated ideal contained in

P is contained in infinitely many maximal ideals that do not contain P and P

verifies (♮).

(7) The following are equivalent:

(7-i) Λ(P ) = 〈S/ ,A/,D,B, I〉.
(7-ii) PRP is not principal, proper P -primary ideals exist, but P is the only

divisorial P -primary ideal and P does not verify (♮).

(7-iii) PRP is not principal, P is divisorial and minimal over some finitely

generated ideal, but each finitely generated ideal contained in P is contained in

at least one maximal ideal that does not contain P and P does not verify (♮).

(7-iv) PRP is not principal, P is divisorial and minimal over some finitely

generated ideal, but each finitely generated ideal contained in P is contained

infinitely many maximal ideals that do not contain P and P does not verify

(♮).

(8) The following are equivalent:

(8-i) Λ(P ) = 〈S/ ,A/,D,B, I/〉.
(8-ii) PRP is principal, P is the only divisorial P -primary ideal and P does

not verify (♮).

(8-iii) PRP is principal, P is divisorial, each finitely generated ideal contained

in P is contained in at least one maximal ideal that does not contain Pand P

does not verify (♮).

(8-iv) PRP is principal, P is divisorial, each finitely generated ideal contained

in P is contained in infinitely many maximal ideals that do not contain P and

P does not verify (♮).

(9) The following are equivalent:

(9-i) Λ(P ) = 〈S/ ,A/,D,B/, I〉.
(9-ii) P is divisorial and the only P -primary ideal, each finitely generated ideal

contained in P is contained in at least one maximal ideal that does not contain

P and P does not verify (♮).
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(9-iii) P is divisorial and the only P -primary ideal, each finitely generated

ideal contained in P is contained in infinitely many maximal ideals that do not

contain P and P does not verify (♮).

(10) The following are equivalent:

(10-i) Λ(P ) = 〈S/,A/,D/ ,B, I〉.
(10-ii) PRP is not principal, P is not divisorial and it is minimal over some

finitely generated ideal, but each finitely generated ideal contained in P is con-

tained in at least one maximal ideal that does not contain P .

(10-iii) PRP is not principal, P is not divisorial and it is minimal over some

finitely generated ideal, but each finitely generated ideal contained in P is con-

tained infinitely many maximal ideals that do not contain P .

(11) The following are equivalent:

(11-i) Λ(P ) = 〈S/,A/,D/ ,B, I/, 〉.
(11-ii) PRP is principal, P is not divisorial and each finitely generated ideal

I ⊆ P is contained in at least one maximal ideal that does not contain P .

(11-iii) PRP is principal, P is not divisorial and each finitely generated ideal

I ⊆ P is contained in infinitely many maximal ideals that do not contain P .

(11-iv) PRP is principal, P is not divisorial and for each finitely generated

ideal I ⊆ P , there is an ideal containing I that is incomparable with P .

(12) The following are equivalent:

(12-i) Λ(P ) = 〈S/,A/,D/ ,B/, I〉.
(12-ii) P is the only P -primary ideal, P is not divisorial and each finitely

generated ideal contained in P is contained in at least one maximal ideal that

does not contain P .

(12-iii) P is the only P -primary ideal, P is not divisorial and each finitely

generated ideal contained in P is contained in infinitely many maximal ideals

that do not contain P .

Proof. Let P be nonzero, nonmaximal ideal of R. If P is sharp then (by Remark 2.1,

or Corollary 2.4) it is necessarily divisorial. Thus the eight cases 〈S, –,D/ , –, –〉, arising

from any values given to – are impossible. Moreover, if P is sharp, then it is also

antesharp by Corollary 2.4 so the four cases 〈S,A/,D, –, –〉, arising from any values

given to – are impossible. As with maximal ideals, clearly B/ implies I [10, Theorem
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23.3(e)]. So Λ(P ) cannot contain both I/ and B/, eliminating five more cases of the

form 〈–, –, –,B/, I/, 〉. Finally, we observed in Corollary 2.4 that a nonzero nonmaximal

antesharp prime ideal is necessarily divisorial cutting three more cases. The remaining

twelve (out of thirty-two) cases are those listed in the statement.

As in the maximal case, P is idempotent if and only if PRP is not principal. Also

as mentioned above, if it is unbranched, it must be idempotent. Thus PRP principal

is equivalent to P is branched and not idempotent. Also sharp implies antesharp and

antesharp implies divisorial by Corollary 2.4.

(1) By Proposition 2.7 [respectively, Proposition 2.9] (1-ii) and (1-iii) [respectively,

(1-ii) and (1-iv)] are equivalent. It is clear that (1-i) implies (1-iii). Finally, (1-

ii) implies (1-i) by Remark 2.1, Proposition 2.9 and by the fact that sharp implies

antesharp.

(2) As noted above, the condition “PRP is principal” is equivalent to “P is branched

and not idempotent”. Corollary 2.4 and Proposition 2.9 are the only other things

needed for the equivalence of (2-i) through (2-iv). Since R is Prüfer, P = P (P : P ) is

a prime ideal of (P : P ) and all other primes of (P : P ) are of the form Q′ = Q(P : P )

for some prime Q of R with RQ = (P : P )Q′ . In particular RP = (P : P )P and if N

is a maximal ideal of R that does not contain P , then N ′ = N(P : P ) is a maximal

ideal of (P : P ) that does not contain P and RN = (P : P )N ′ . If P is invertible as an

ideal of (P : P ), then it is maximal, divisorial, sharp, branched and locally principal

as a prime of (P : P ). Hence RP = (P : P )P does not contain ΘR(P ) = Θ(P :P )(P ).

Thus P is sharp, antesharp, divisorial, branched and not idempotent as a prime of

R. Conversely, if P is locally principal and the radical of a finitely generated ideal,

then there is a finitely generated ideal B ( P with
√
B = P and BRP = PRP . Since

we have already established that P is antesharp in this situation, checking locally in

(P : P ) shows that P = B(P : P ) is an invertible ideal of (P : P ).

(3) The equivalence of these three statements is by Proposition 2.2, Corollary 2.4

and the fact that an unbranched prime is idempotent.

Suppose I is a finitely generated ideal contained in P such that M1, M2, . . . , Mn are

the only maximal ideals that contain I and do not contain P . By choosing elements

ai ∈ P\Mi, we have a finitely generated ideal J := I+(a1, . . . , an) ( P such that each

maximal ideal that contains J also contains P . Hence P is sharp. So having P not
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sharp is also equivalent to each finitely generated ideal contained in P is contained in

infinitely many maximal ideals that do contain P . We use this equivalence in all of

the remaining cases.

(4) For this case, we again use that P is both idempotent and branched if and only

if PRP is not principal and P is minimal over a finitely generated ideal. Proposition

2.3 and Corollary 2.4 take care of establishing the equivalence of “P is divisorial and

antesharp” and “P verifies (♮)”. Use either Proposition 2.7 or Proposition 2.9 and the

characterization of “not sharp” above to finish this case.

(5) As in (2), PRP is principal if and only if P is branched and not idempotent.

Finish by using the rest of the argument for case (4).

(6) The definition of an unbranched prime together with the last two sentences from

the proof of (4) are all that is needed here.

(7, 8, and 9) By Proposition 2.3, P is not antesharp if and only if it does not verify

(♮). Thus Corollary 2.4 no longer applies, and we need to include the assumption P

is divisorial in (7-iii), (7-iv), (8-ii), (8-iii), (8-iv), (9-ii) and (9-iii). Other than that,

the proof for (7) is essentially the same as for (4), the one for (8) matches up with (5)

and the one for (9) with (6).

(10, 11 and 12) Match (10) with (7) and (4), (11) with (8) and (5), and (12) with

(9) and (6). Then replace “P is divisorial” by “P not divisorial” and finish using

appropriate parts of the respective proofs for (4), (5) and (6). �

4. Examples

The goal of the present section is to show, by giving explicit examples, that all the

cases considered in Theorem 3.1 and Theorem 3.2 are attained.

Let R be an integral domain and X an indeterminate over R. For each polynomial

f ∈ R[X], let c(f) denote the content of f (i.e. the ideal of R generated by the

coefficients of f). Recall that the Nagata ring R(X) is defined as follows:

R(X) := {f/g | f, g ∈ R[X] and c(g) = R} (cf. [21, page 18] and [10, Section 33]).

Theorem 4.1. Let P be a nonzero prime of a Prüfer domain R. Then PR(X) is a

prime in the Prüfer domain R(X) and P and PR(X) have the same type, i.e.:

ΛR(P ) = ΛR(X)(P (X)).
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We start by proving the following lemma which is likely known, but we are unable

to find a reference (T. Nishimura proved a similar statement for the v-operation for

the ring of polynomials R[X] with coefficients in an integral domain R [22, Proposition

7.1] and the third named author extended this result to the case of rings with zero

divisors [20, Lemma 5.1]).

Lemma 4.2. Let R be an integral domain. If I is a nonzero ideal of R, then I is

divisorial in R if and only if IR(X) is divisorial in R(X).

Proof. We first show that (R(X) : IR(X)) = (R : I)R(X) (even if I is not finitely

generated). Clearly, if t ∈ (R : I), then tIR(X) ⊆ R(X). So (R(X) : IR(X)) ⊇
(R : I)R(X). For the reverse containment, let z ∈ (R(X) : IR(X)) and let i be a

nonzero element of I. Then there is an element s ∈ R(X) such that z = s/i. Also

there is a polynomial g ∈ R[X] with unit content such that f := gs ∈ R[X]. So

gz = f/i ∈ K[X]. For each j ∈ I, gzj = fj/i ∈ R(X) ∩ K[X] = R[X]. It follows

that, for each coefficient bk of f , (bk/i)j ∈ R. So f/i ∈ (R : I)R[X] and we have

z = f/ig ∈ (R : I)R(X) as desired.

From the previous property, it follows immediately that, if H is a nonzero fractional

ideal of R, then (R(X) : HR(X)) = (R : H)R(X). The result follows. �

Proof. (Theorem 4.1) By Lemma 4.2, P is a divisorial ideal of R if and only if PR(X)

is a divisorial ideal of R(X).

It is easy to see that P 2R(X) = (PR(X))2, thus P is idempotent if and only if

PR(X) is idempotent.

It is well-known that if Q is a P–primary ideal of R then Q(X) is a P (X)–primary

ideal of R(X) [21, (6.17)] and, conversely, it is straightforward to verify that if H is a

P (X)–primary ideal of R(X) then Q := H ∩ R is a P–primary ideal of R. Therefore

P is branched if and only if PR(X) is branched.

It is clear that if P is sharp, then PR(X) is sharp. Conversely, let PR(X) be a

sharp prime ideal of R(X) and let H = (z1, z2, . . . , zn) ⊆ P (X) be a finitely generated

ideal of R(X) such that the only maximal ideals of R(X) that contain H are those

that contain P (X). Then, for each k, 1 ≤ k ≤ n, there exists a polynomial with unit

content g ∈ R[X] such that fk := zkg ∈ P [X]. Let ak,j, with 0 ≤ j ≤ tk, be the
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coefficients of the polynomial fk (of degree tk). Set I := (ak,j | 1 ≤ k ≤ n, 0 ≤ j ≤ tk).

Then clearly I is a finitely generated ideal of R contained in P . If I was contained in

some maximal ideal N , with P 6⊆ N , then clearly fk ∈ N [X] and so zk ∈ N(X), for

each k, with N(X) maximal ideal of R(X), with P (X) 6⊆ N(X) and this is impossible

since H 6⊆ N(X) by assumption. Therefore if P (X) is sharp, then P is also sharp.

Note that if P is a nonzero nonmaximal prime ideal of R then P−1 = (P : P ) and

P (X) is a nonzero nonmaximal prime ideal of R(X), hence (by the proof of Lemma

4.2) we have ((P (X) : P (X)) = P (X)−1 = (R(X) : P (X)) = (R : P )(X) = P−1(X) =

(P : P )(X). Thus P is maximal in (P : P ) (i.e. P is antesharp) if and only if P (X)

is maximal in ((P (X) : P (X)), (i.e. P (X) is antesharp). �

Theorem 4.3. Let M be a nonzero maximal ideal of a Prüfer domain T with cor-

responding residue field K. Let ϕ : T (X) → T (X)/M(X) ∼= K(X) be the canonical

projection and let R be the pullback of K[X](X) along M(X) (i.e. R := ϕ−1(K[X](X))),

then R is a Prüfer domain such that M(X) is a nonmaximal divisorial prime of R.

Also M(X) retains its other four properties, i.e. ΛR(M(X)) = 〈V,A,D,Y,Z〉 where

ΛT (X)(M(X)) = 〈V,X,Y,Z〉(= ΛT (M) by Theorem 4.1).

Proof. Since M(X) is a maximal ideal of T (X), it is the conductor of R into T (X).

Thus it is a divisorial prime of R that is not maximal (note that in R, M(X) =

ϕ−1(0) ( ϕ−1(XK[X](X)) =: M). By pullback properties [4], each maximal ideal of

R that does not contain M(X) is the contraction of a unique maximal ideal of T (X)

and M is the only maximal ideal of R that contains M(X). Thus it is easy to see

that M(X) is sharp [respectively: idempotent, branched, antesharp] in R if and only

if M(X) is sharp [respectively: idempotent, branched, antesharp] in T (X). Note that

since M is a maximal ideal of T , M is obviously antesharp in T and so M(X) is

antesharp in R. �

Since each nonzero nonmaximal prime P of a valuation domain is sharp and divi-

sorial and the (nonzero) maximal ideal M of a valuation domain is always sharp, the

valuation domains give the first easy examples for special values assumed by Λ(M)

and Λ(P ). In all of the examples, M will be used to denote the specific maximal

ideal of the desired type and P will be used to denote the specific prime ideal of the

desired type. For some pairs of examples, the specific prime P represents in the earlier
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example may appear in the later one with a new name. The pullback construction in

Theorem 4.3 is used in several examples, specifically in Examples 4.8–4.11. A related

construction is used in Examples 4.17 and 4.19.

Example 4.4. Λ(M) = 〈S,D,B, I/〉 (Case 1 of Theorem 3.1).

Take the maximal ideal M of a discrete valuation domain.

Example 4.5. Λ(M) = 〈S,D/ ,B, I〉 (Case 2 of Theorem 3.1).

Take V a one-dimensional valuation domain, not a DVR. In this case, M is both

branched and idempotent but it is not divisorial.

Example 4.6. Λ(P ) = 〈S,A,D,B, I〉 (Case 1 of Theorem 3.2).

Take a two-dimensional valuation domain V with height-one prime P such that VP

is not a DVR.

Example 4.7. Λ(P ) = 〈S,A,D,B, I/〉 (Case 2 of Theorem 3.2).

Take a two-dimensional valuation domain V with height-one prime P such that VP

is a DVR.

Example 4.8. Λ(M) = 〈S,D/ ,B/, I〉 (Case 3 of Theorem 3.1) and

Λ(P ) = 〈S,A,D,B/, I〉 (Case 3 of Theorem 3.2).

Start with a valuation domain V where the maximal ideal M is unbranched (hence,

in particular, M is not divisorial) then the same is true in V (X). We have Λ(M) =

〈S,D/ ,B/, I〉. Let K be the residue field V/M , let ϕ : V (X) → V (X)/M(X) ∼= K(X)

be the canonical projection and let R be the pullback of K[X](X) along M(X) (i.e.

R := ϕ−1(K[X](X))). It is easy to see that R is a valuation domain with P := M(X) a

divisorial nonmaximal prime that is unbranched and sharp (thus, antesharp) (Theorem

4.3). Thus ΛR(P ) = 〈S,A,D,B/, I〉.

Example 4.9. Λ(M) = 〈S/,D/ ,B, I〉 (Case 4 of Theorem 3.1) and

Λ(P ) = 〈S/,A,D,B, I〉 (Case 4 of Theorem 3.2).

Let T be the ring of algebraic integers and let M be a maximal ideal of T . Then M

is branched and idempotent (M has these properties, since TM is a one-dimensional

nondiscrete valuation domain), but M is not sharp since each nonunit is contained

in infinitely many maximal ideals. Thus Λ(M) = 〈S/,D/ ,B, I〉. Let K be the residue
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field T/M and let ϕ : T (X) → T (X)/M(X) ∼= K(X) be the canonical projection and

let R be the pullback of K[X](X) along M(X). Then, in R, the nonmaximal prime

ideal P := M(X) is not sharp but it is antesharp, divisorial, branched and idempotent

(Theorem 4.3). Hence ΛR(P ) = 〈S/,A,D,B, I〉.

Example 4.10. Λ(M) = 〈S/ ,D/ ,B, I/〉 (Case 5 of Theorem 3.1) and

Λ(P ) = 〈S/,A,D,B, I/〉 (Case 5 of Theorem 3.2).

LetD be an almost Dedekind domain that is not Dedekind (for instance [7, Example

8.2]) and let M be a maximal ideal of D that is not invertible (or, equivalently, not

divisorial). Thus Λ(M) = 〈S/ ,D/ ,B, I/〉. The ring D(X) is also an almost Dedekind

domain [10, Proposition 36.7] with M(X) maximal and not divisorial. So M(X) is

branched but not sharp in D(X). As above, let K be the residue field D/M and

let ϕ : D(X) → D(X)/M(X) ∼= K(X) be the canonical projection and let R be the

pullback of K[X](X) along M(X). Then P := M(X) is a nonmaximal prime ideal in

R, which is neither sharp nor idempotent, but it is antesharp, divisorial and branched

(Theorem 4.3). Thus ΛR(P ) = 〈S/,A,D,B, I/〉.

Example 4.11. Λ(M) = 〈S/ ,D/ ,B/, I〉 (Case 6 of Theorem 3.1) and

Λ(P ) = 〈S/,A,D,B/, I〉 (Case 6 of Theorem 3.2).

Let T be the Prüfer domain constructed in [19, Example 38] and let M be the

unbranched maximal ideal of T . In T , M is not divisorial and not sharp since each

finitely generated ideal contained in M is contained in infinitely many other maximal

ideals of T . Thus Λ(M) = 〈S/ ,D/ ,B/, I〉. As above, let K be the residue field T/M and

let ϕ : T (X) → T (X)/M(X) ∼= K(X) be the canonical projection and let R be the

pullback of K[X](X) along M(X). Then R is a Prüfer domain where P := M(X) is a

divisorial nonmaximal prime. In R it is antesharp and unbranched (and idempotent)

but not sharp (Theorem 4.3) so ΛR(P ) = 〈S/ ,A,D,B/, I〉.

Let D be a Prüfer domain with a nonmaximal prime Q such that Q−1 = D and

let X be an indeterminate over D. Then, in the Nagata ring S := D(X), the ideal

P := Q(X) is a nonmaximal prime with P−1 (= Q(X)−1) = S. Let K := DQ/QDQ.

Then SP /PSP is naturally isomorphic to K(X). Let ψP : SP → SP/PSP
∼= K(X)

be the canonical projection, let W := K[X](X) and let V be the pullback of W along

PSP (i.e. V := ψ−1
P (W )).
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Theorem 4.12. Let D, Q, S, P , W , V be as above and let R := V ∩ S.

(1) If ψ : S → K(X) is the canonical homomorphism (obtained by composition

of the natural inclusion j : S → SP with the canonical projection ψP : SP →
SP/PSP

∼= K(X)), then R = ψ−1(W ).

(2) P is a prime ideal of R and (P : P ) = (R : P ) = S.

(3) XR is a principal maximal ideal of R that properly contains P . Moreover,
⋂

n≥1X
nR = P .

(4) R is a Bézout domain.

(5) P is a divisorial nonmaximal prime ideal of R that is not antesharp.

Proof. (1) By well-known properties of pullbacks, V is a valuation domain having

SP as an overring and PSP as a prime nonmaximal ideal and clearly R = S ∩ V =

j−1(V ) = j−1(ψ−1
P (W )) = ψ−1(W ).

(2) Since PSP ( V , P (= PSP ∩ S = PSP ∩ R) is a prime (but not maximal)

ideal of R. By the proof of Lemma 4.2, (S : P ) = (D(X) : Q(X)) = (D : Q)D(X) =

D(X) = S. Thus S ⊆ (P : P ) ⊆ (R : P ) ⊆ (S : P ) = S.

(3) Set N := XV ∩ S. Then (1/X)N ⊆ V and (1/X)N ⊆ S since X is a unit of

S. It follows that N = XR. Also, for each nonunit a ∈ R\N , the element a+Xk is a

unit of V for each positive integer k (since V is a valuation domain with maximal ideal

XV and a ∈ V \XV ). On the other hand a ∈ S = D(X), thus we may write a = b/u

where b, u ∈ D[X] with c(u) = D. Clearly, for sufficiently large m, b+ uXm also has

unit content in D and therefore, (b + uXm)/u = a+Xm is a unit in D(X) = S and

so a+Xm is a unit in R, for sufficiently large m. It follows that N is a maximal ideal

of R.

Moreover, note that
⋂

n≥1X
nW = 0 and so, by the properties of the pullback

constructions, the maximal ideal XV (= ψ−1
P (XW )) of the valuation domain V (=

ψ−1
P (W )) is such that

⋂

n≥1X
nV = ψ−1

P (0) = PSP and so
⋂

n≥1X
nR = P .

(4) Let A = (a0, a1, . . . , an) be a finitely generated (nonzero) ideal of R. Without

loss of generality, we may assume AV = a0V . Each ai has the form bi/ui with bi, ui ∈
D[X] and c(ui) = D. There is no harm in assuming u = ui for each i. Recursively

define integers k0 := 0 and ki := deg(bi−1)+ki−1 +1. Then set b :=
∑

i biX
ki ∈ D[X].

It is easy to see that, in D, c(b) =
∑

i c(bi). Consider the element a := b/u (∈ D(X)).

Clearly, a ∈ A and from our assumption that AV = a0V , we have that aiX
kiV is
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properly contained in AV for each positive integer i. Thus AV = aV . We also have

aS = c(b)S = AS. Thus, as with N , we must have A = aR. Hence R is a Bézout

domain.

(5) That P is a divisorial (prime) ideal of R follows from the fact that P =
⋂

n≥1X
nR. On the other hand, P is not antesharp in R since (P : P ) = S where P is

not maximal. �

The assumption in Theorem 4.12 that Q has a trivial dual is a little stronger than

one needs to get a divisorial prime that is not antesharp. In fact, one can start with

an arbitrary nonempty set of nonzero nondivisorial primes and build a Prüfer domain

with a corresponding set of divisorial primes that are not antesharp whenever the

corresponding contraction to the original ring is not maximal. To set the notation for

the next theorem let Q := {Qα | α ∈ A} be a set of nonzero nondivisorial prime ideals

of a Prüfer domainD with |A| ≥ 2. Next let Y := {Yα | α ∈ A} be a set of algebraically

independent indeterminates over D and set S := D(Y). For each α ∈ A, let Pα =

Qα(Y), Kα = DQα/QαDQα and Yα = Y\{Yα}. Then the quotient field of S/Pα is

naturally isomorphic to Kα(Y). Let Vα be the pullback of Wα := Kα(Yα)[Yα](Yα)

along PαSPα (i.e. if ψPα : SPα → SPα/PαSPα
∼= Kα(Y) is the canonical projection,

then Vα := (ψPα)−1(Wα)). Finally, let R := (
⋂

α∈A Vα) ∩ S and let P ′
α := Pα ∩ R for

each α ∈ A.

Theorem 4.13. Let D, Q, Y, {Vα}, R, S and {P ′
α} be as above and let M := {Pα |

Qα ∈ Max(D)}.
(1) R has the same quotient field as S.

(2) Nα := YαVα ∩R is a principal maximal ideal of R generated by Yα.

(3) Each nonzero two-generated ideal of R is principal.

(4) R is a Bézout domain.

(5) Max(R) = {M ∩R |M ∈ Max(S)\M} ∪ {Nα | α ∈ A}.
(6) (R : P ′

α) = (
⋂{Vγ | γ ∈ A and Nγ + P ′

α = R}) ∩ (S : Pα).

(7) Each P ′
α is a divisorial prime ideal of R, and P ′

α is antesharp as ideal of R if

and only if Pα ∈ M (equivalently, Qα is a maximal ideal of D).

Proof. (1) Note that each Vα contains D[Y]. Thus R and S have the same quotient

field. For each Vα, we let vα be the corresponding valuation map.
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(2) It is clear that (1/Yα)Nα ⊆ Vα. Since Yα is a unit in all other Vβ’s and in S, we

also have (1/Yα)Nα ⊆ Vβ for each β and (1/Yα)Nα ⊆ S. It follows that Nα = YαR.

Clearly, Nα is a prime ideal of R.

(3 and 4) Let A be a two-generated ideal of R. Then without loss of generality

we may assume there are polynomials a, b, u ∈ D[Y] with c(u) = D such that A =

(a/u, b/u). Let m be a positive integer that is larger than the sum of the total degree

of b and the total degree of a. Next select two distinct members of Y, say Yβ and

Yγ . Set t = Y m
β + Y 2m+1

γ and d = at+ b. Since there is no overlap in degrees for the

individual terms in at and b and at least one of Yβ and Yγ is a unit in Vα, the value

of vα(d/u) is the minimum of vα(a/u) and vα(b/u). Thus (d/u)Vα = AVα. Since u

is a unit of S and there is no overlap in degrees for the individual terms in at and

b, (d/u)S = dS ⊆ AS = (a, b)S ⊆ c(d)S. Since D is Prüfer, there is a polynomial

f ∈ c(d)−1[Y] such that df has unit content in D and fc(d)S ⊆ S. Hence df is a unit

of S and we have c(d)S = dfc(d)S ⊆ (d/u)S ⊆ AS ⊆ c(d)S. Thus as with Nα, A is

principal. Therefore, R is Bézout and each Nα is a principal maximal ideal of R.

(5) Next we show Max(R) = {M ∩R |M ∈ Max(S)\M}∪{Nα | α ∈ A}. Clearly, if

Qα is a maximal ideal of D, then Pα is a maximal ideal of S, but P ′
α is not a maximal

ideal of R – it is properly contained in Nα. Let N be a maximal ideal of R. There is

nothing to prove if N = Nα for some α. To see that N is the contraction of a maximal

ideal of S, it suffices to show that RN contains S. Let u ∈ D[Y] be a polynomial with

unit content in D. Then u is a unit of S and it is unit in Vα if it is not a multiple of

Yα in D[Y]. Since u is a polynomial there are at most finitely many αi’s such that Yαi

divides u in D[Y]. Hence we may write u = Y n1

α1
· · ·Y nm

αm
w where w has unit content

in D and no Yα divides w in D[Y]. Thus w is unit in S and in each Vα which makes

it a unit of R. Since each Nα = YαR is a principal maximal, no Yα is contained in N .

It follows that u is a unit of RN and therefore, RN contains S.

(6) Now consider what happens to P ′
α = Pα∩R as a prime of R. Since Qα ( D ( Vβ

for each α and β, P ′
α contains Qα, and contracts to Qα in D. Note that if Qα ( Qβ,

then Nβ contains P ′
α but Nα does not contain P ′

β . Thus Nα survives in (R : P ′
β), but

both Nα and Nβ blow up in (R : P ′
α) since both are principal and properly contain

P ′
α.
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Since R is Prüfer, (R : P ′
α) is the intersection RP ′

α
and the localizations of R at the

maximal ideals that do not contain P ′
α [7, Theorem 3.1.2]. Since R ( S are Prüfer

domains with the same quotient field, RP∩R = SP for each (nonzero) prime P of S.

In particular, RP ′

α
= SPα and if Pβ is a maximal ideal of S, then SPβ

contains Vβ.

Thus (R : P ′
α) = (S : Pα) ∩ F (P ′

α) where F (P ′
α) =

⋂{Vγ | Nγ + P ′
α = R}.

(7) Note that P ′
α =

⋂

Nn
α which implies that P ′

α is a divisorial prime ideal of R since

Nα is invertible in R. If Pα is not a maximal ideal of S, then each ideal between (Pα)v

and Pα (properly containing Pα) survives in (S : Pα) and properly contains Pα. In

particular, there is a prime P of (S : Pα) that properly contains Pα. The contraction

of P to (R : P ′
α) is a prime that properly contains P ′

α. Hence P ′
α is not antesharp as

an ideal of R. �

For examples of primes satisfying cases 8 and 11 of Theorem 3.2, we use the ring

of integer-valued polynomials Int(Z) = {f ∈ Q[X] | f(n) ∈ Z for each n ∈ Z} as a

starting point. What makes Int(Z) particularly useful for our examples is the fact that

it is a completely integrally closed two-dimensional Prüfer domain [3, Sections V.2 and

VI.2]. Thus for each nonzero prime P , (P : P ) = Int(Z) and P is branched. In fact,

it is known that each nonzero prime of Int(Z) has a trivial dual [3, Section VIII.5].

Also, no nonzero prime is idempotent. Thus by Corollary 2.4 and Proposition 2.5, no

nonzero prime ideal is sharp and only the maximal ones are antesharp. Each height-one

nonmaximal prime is of the form Pf := fQ[X] ∩D where f ∈ Q[X] is an irreducible

polynomial (see [3, Proposition V.2.7]). For our purposes we use f(X) = X.

Example 4.14. Λ(P ) = 〈S/ ,A/,D/ ,B, I/〉 (Case 11 of Theorem 3.2).

Let D := Int(Z) and consider the prime ideal P := PX . Since DP = Q[X](X), PDP

is principal. Thus P is branched and not idempotent. It is not maximal, since (for

example) it is properly contained in the maximal ideal M = {f ∈ Int(Z) | f(0) ∈ 2Z}.
Thus by the remarks above, Λ(P ) = 〈S/,A/,D/ ,B, I/〉.

Example 4.15. Λ(P ) = 〈S/ ,A/,D,B, I/〉 (Case 8 of Theorem 3.2).

Start with the ring of integer-valued polynomials D := Int(Z) and the nonmaximal

prime Q := PX . As we remarked in the previous example, (with the new notation) we

have DQ = Q[X](X) and Q−1 = D. As in Theorem 4.12, let S := D(Y ), P := Q(Y )

and W := Q[Y ](Y ) (here using Y in place of the “X” in [4.12]). In this situation
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SP = Q(Y )[X](X) and V := ψ−1
P (W ) = Q[Y ](Y ) + XQ(Y )[X](X). Set R := V ∩ S.

Then (by Theorem 4.12) R is a Bézout domain and P is a nonmaximal divisorial

prime of R such that (P : P ) = (R : P ) = S. Since P is not maximal in S, P is not

antesharp in R. Also it is clear that P is branched and not idempotent in R (and in

S). Thus ΛR(P ) = 〈S/ ,A/,D,B, I/〉.

The last four examples are obtained using the ring of entire functions E as a base.

The best single reference for the results needed for constructing the examples is M.

Henriksen’s paper [16] (other useful references are [15], [10, pages 146-148 and Exercise

19 page 254] and [7, Section 8.1]). We will provide some, but not all the details of

the properties we need. Like the ring of integer-valued polynomials, E is completely

integrally closed. Unlike the ring of integer-valued polynomials, E is a Bézout domain

and it does have divisorial prime ideals, but each of these is a height-one principal

maximal ideal of the form Ma = (z − a)E for some uniquely determined a ∈ C.

Moreover, all other nonzero primes have infinite height, some branched and some

unbranched, each of these primes is contained in a unique maximal ideal and only the

maximal ones of these are not idempotent. Since E is a completely integrally closed

Prüfer domain, P−1 = (P : P ) = E except when P is an invertible, necessarily height-

one maximal, ideal (in which case P−1 ) (P : P ) = E). Also, E =
⋂{EMa | a ∈ C}.

Hence the height-one maximal ideals are the only sharp primes.

The examples will be based on two specific types of nonmaximal primes of E. First

a little notation. For a nonzero g ∈ E, we let Z(g) := {a ∈ C | g(a) = 0}. The

set Z(g) is nonempty if and only if g is not a unit. It is also the case that Z(g) is

countable with no limit points. For each a ∈ C, we let µg(a) denote the multiplicity

of a as a zero of g (equal to 0 if g(a) 6= 0, equal to n (≥ 1) if g(z)/(z − a)n is in

E but g(z)/(z − a)n+1 is not). Two entire functions g and h are associates if and

only if both Z(g) = Z(h) and µg(a) = µh(a) for each a. For convenience we set

µr(a) = ∞ if r is the zero function. By a theorem of Weierstrass, there are entire

functions e and f such that Z(e) = Z(f) is the set of positive integers with µe(n) = 1

and µf (n) = n for each positive integer n. Moreover, for any nonempty subset A of

Z(e) and any sequence of nonnegative integers {nk}, there is an entire function g such

that Z(g) = A with µg(k) = nk for each positive integer k (with nk = 0 when k /∈ A).

Let U be a nonprincipal ultrafilter on the positive integers (so no subset in U is finite).
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For r, s ∈ E, set r ≡ s if for each pair of positive integers n and m, there are sets

Un and Um in U such that nµr(k) ≥ µs(k) for each k ∈ Un and mµs(j) ≥ µr(j) for

each j ∈ Um. Based on this equivalence relation, the resulting equivalence classes are

totally ordered using [r] > [s] if for each n, there is a Un ∈ U such that µr(k) > nµs(k)

for each k ∈ Un. For r ∈ E with [r] > [e], there are pairs of entire functions a and c

such that r and a2c are associates with [r] = [a] (for example, there are entire functions

a and c such that µa(z) = ⌊µr(z)/2⌋ for each z and µc(z) = 1 whenever µr(z) is odd,

then r and a2c are associates with [r] = [a]).

The set M := {r ∈ E | [r] ≥ [e]} is a maximal ideal of E that is not idempotent

(in particular, e is not in M2) and it is minimal over the principal ideal (e). Also

the set P (M) := {r ∈ E | [r] > [e]} is a nonmaximal prime equal to
⋂

n≥1M
n.

Similarly, P f := {s ∈ E | [s] ≥ [f ]} and Pf := {s ∈ E | [s] > [f ]} are (nonmaximal)

prime ideals with M ) P (M) = Pe ) P f ) Pf =
⋂

n≥1 P
n

f ) (0). All four of M ,

P (M), P f and Pf have infinite height (in fact, there is an uncountable descending

chain of primes below Pf , and an uncountable chain between P (M) and P f ). Of

these four, only M is not idempotent (since [r] > [e] implies the existence of a pair

a, c ∈ E such that r = a2c and [r] = [a]), both M and P f are branched (P f is

minimal over (f)) while both P (M) and Pf are unbranched. The latter follows from

the fact that for any two nonzero entire functions g and h with [g] > [h] ≥ [e], there

are nonzero entire functions b and d such that [b] > [g] > [d] > [h] (for example, let

b, d ∈ E be such that Z(b) = Z(g) ∩ Z(e) with µb(k) = µg(k)
2 for each k ∈ Z(b) and

Z(d) = Z(g) ∩ Z(h) ∩ Z(e) with µd(j) = ⌊
√

µg(j)µh(j)⌋ for each j ∈ Z(d)). Thus

P (M) =
⋃

[r]>[e]Pr and Pf =
⋃

[g]>[f ] Pg. Also note that for P ∈ {M,P (M), P f , Pf},
P−1 = (P : P ) = E. Thus only M is antesharp, and as mentioned above, none are

sharp.

As in the previous examples, the specific prime of a certain type will be denoted

“P” in each of the examples below with P built from either P (M) = Pe or P f , as

defined above.

Example 4.16. Λ(P ) = 〈S/ ,A/,D/ ,B/, I〉 (Case 12 of Theorem 3.2).

For this example, use the prime P := P (M) defined above. Then P = Pe =
⋃{Pr |

[r] > [e]}, so P is unbranched, and therefore, idempotent. It is not maximal and
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P−1 = (P : P ) = E. Thus P is not divisorial, not antesharp and not sharp, so

Λ(P ) = 〈S/ ,A/,D/ ,B/, I〉.

Example 4.17. Λ(P ) = 〈S/ ,A/,D,B/, I〉 (Case 9 of Theorem 3.2).

For this example, set Q := P (M) = Pe. Then ΛE(Q) = 〈S/,A/,D/ ,B/, I〉 as we

remarked above. Thus by Theorem 4.1, the nonmaximal prime ideal P := Q(X)

of S := E(X) has the same type as Q. Let V be the pullback of W := K[X](X)

along PSP where K := EQ/QEQ and let R := V ∩ S. Then (by Theorem 4.12) P

is a divisorial unbranched nonmaximal prime ideal of R that is not antesharp. Hence

ΛR(P ) = 〈S/,A/,D,B/, I〉.

Example 4.18. Λ(P ) = 〈S/ ,A/,D/ ,B, I〉 (Case 10 of Theorem 3.2).

In this example, let P := P f = {r ∈ E | [r] ≥ [f ]} where [f ] > [e] with f and

e as above. Then as we discussed above, P is a nonzero nonmaximal prime that is

branched, idempotent and not divisorial, so Λ(P ) = 〈S/ ,A/,D/ ,B, I〉.

We finish the examples with a nonzero nonmaximal prime P that fits case 7 of

Theorem 3.2, Λ(P ) = 〈S/,A/,D,B, I〉.

Example 4.19. Λ(P ) = 〈S/ ,A/,D,B, I〉 (Case 7 of Theorem 3.2).

As in the previous example, start with Q := P f . In S := E(X), the prime P = QS

has the same type in S as Q has in E, namely ΛS(P ) = 〈S/,A/,D/ ,B, I〉. Let W and

V be as in Theorem 4.12. Then in R := V ∩ S, the prime (nonmaximal) ideal P is

still branched and idempotent and neither sharp nor antesharp, but it is divisorial in

R. Hence ΛR(P ) = 〈S/ ,A/,D,B, I〉.
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[7] Fontana, M., Huckaba, J., Papick, I.: Prüfer Domains. Monographs and Textbooks in Pure and

Applied Mathematics, 203. Marcel Dekker, New York 1996



34 MARCO FONTANA, EVAN HOUSTON, AND THOMAS G. LUCAS

[8] Gilmer, R.: A class of domains where primary ideals are valuation ideals. Math. Ann. 161 (1965),
247–254
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